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�Lw grhv qrw pdwwhu li |rx*uh soxv 533(/ li wkh pdunhw*v soxv 543(1

Zkdw L kdyh wr gr lv wr hqvxuh wkdw wklv ixqg fdq dfw dv d zlqgrz

iru rxu vdohv irufh1 Lw*v jrw wr eh phgldq ru deryh/ rwkhuzlvh zh fdq*w

vhoo lw1� +lqwhuylhz zlwk d ixqg pdqdjhu uhsruwhg lq Dvkwrq hw do

^5`,1

4 Lqwurgxfwlrq

414 Prwlydwlrq

Wklv sdshu frqvwlwxwhv d �uvw dwwhpsw wr dqdo|vh wkh lpsdfw ri wkh hphujhqfh

ri qhz ixqgv rq sruwirolr ghflvlrqv ri pxwxdo ixqg pdqdjhuv zkr duh hydoxdwhg

rq wkh edvlv ri uhodwlyh shuirupdqfh1

Dprqj sudfwlwlrqhuv wkhuh lv qr glvsxwh rq wkh idfw wkdw frpshwlwlrq dprqj

ixqg pdqdjhuv lv edvhg rq uhodwlyh/ udwkhu wkdq devroxwh shuirupdqfh1 Iurp

wkh hduo| <3lhv d uhylyhg uhvhdufk lqwhuhvw rq wkh uhodwlrqvkls ehwzhhq shuiru0

pdqfh/ frpshqvdwlrq dqg sruwirolr ghflvlrqv ri prqh| pdqdjhuv kdv ghyhorshg

dorqjvlgh zlwk wkh pruh dqg pruh lpsruwdqw uroh sod|hg e| pxwxdo ixqg jurxsv

dqg lqvwlwxwlrqdo lqyhvwruv lq �qdqfldo pdunhwv1

Uhfhqw hpslulfdo vwxglhv kdyh whvwhg wkh k|srwkhvlv wkdw ulvn0wdnlqj ghflvlrqv

e| ixqg pdqdjhuv fdq lqghhg eh h{sodlqhg e| d wrxuqdphqw prgho zkhuh hdfk

ixqg dlpv dw pdunhw ohdghuvkls1 Eurzq hw do ^6` dqg Fkhydolhu dqg Hoolvrq ^9`

�qg wkdw ulvnlqhvv sur�ohv ri ixqgv* sruwirolrv duh dowhuhg gxulqj wkh frxuvh ri

wkh fdohqgdu |hdu dv li ixqg pdqdjhuv zrxog uhvsrqg wr uhodwlyh shuirupdqfh

lqfhqwlyhv1 Pdqdjhuv zlwk yhu| jrrg plg0|hdu shuirupdqfhv whqg wr orfn lq

wkhlu jdlqv lq pruh frqvhuydwlyh srvlwlrqv> zruvh shuiruplqj ixqgv wdnh kljkhu

ulvnv lq rughu wr jdpeoh wkhlu zd| xs wkh |hduo| udqnlqjv1 Wkh| dwwulexwh wklv

uhvxow wr wkh vwurqj uhodwlrqvkls ehwzhhq wkh lq rz ri qhz lqyhvwphqw lq wkh

ixqg dqg wkh ixqg*v sdvw uhodwlyh shuirupdqfh1 Vluul dqg Wxidqr ^49` vwxg|
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wkh  rz ri ixqgv lqwr dqg rxw ri htxlw| pxwxdo ixqgv dqg �qg wkdw folhqwv

lqyhvw glvsursruwlrqdwho| pruh lq ixqgv wkdw shuiruphg yhu| zhoo lq wkh sulru

shulrg1 Vlploduo| Fkhydolhu dqg Hoolvrq ^9`/ orrnlqj dw d vdpsoh ri jurzwk dqg

lqfrph ixqgv/ �qg vljql�fdqw qrq0olqhdulwlhv lq wkh vkdsh ri wkh uhodwlrqvkls

ehwzhhq ixqg  rz dqg sdvw shuirupdqfh1 Wkxv pxwxdo ixqg pdqdjhuv zlwk

dvvhw edvhg frpshqvdwlrq vfkhphv zrxog olnh wr pd{lplvh wkh udqnlqj ri wkh

ixqg lq rughu wr dfklhyh pd{lpdo lqyhvwphqw lq rz1 Wkh  rz0shuirupdqfh

uhodwlrqvkls zrunv dv dq lpsolflw lqfhqwlyh frqwudfw iru wkh ixqg pdqdjhu1 Lq

prvw ri wkhvh vwxglhv lw lv dujxhg wkdw wkh �hqg ri wkh |hdu� h�hfw uhvxowv iurp

wkh gl�xvh v|vwhp ri dvvhvvlqj dqg uhsruwlqj ixqg shuirupdqfh rq dq dqqxdo

edvlv1 Fdohqgdu |hdu gdwd dsshdu wr eh wkh prvw jhqhudoo| dydlodeoh wr lqyhvwruv=

olvwlqjv ri pxwxdo ixqgv/ dffrpsdqlhg e| fdohqgdu |hdu uhwxuqv/ duh sxeolvkhg

rq dq dqqxdo edvlv lq pdq| qhzvsdshuv dqg exvlqhvv dqg �qdqfldo sxeolfdwlrqv1

Lqirupdwlrq suhvhqwhg wr wkh sxeolf riwhq uhihuv wr udqnlqjv dv d phdvxuh ri

uhodwlyh shuirupdqfh1

Zk| gr lqyhvwruv vhohfw ixqgv rq wkh edvlv ri wkhlu udqn/ udwkhu wkdq orrnlqj

dw wkhlu devroxwh shuirupdqfhB Djhqf| wkhru| surylghv d udwlrqdoh iru uhod0

wlyh shuirupdqfh hydoxdwlrq1 Lq d vwdwlf pxowl0djhqw vhwwlqj Kropvwuùp ^;` dqg

Prrnkhumhh ^46` frqvlghu wkh vlwxdwlrq zkhuh wkh djhqw*v rxwsxw ghshqgv qrw

rqo| rq h�ruw dqg lglrv|qfudwlf qrlvh/ exw dovr rq d frpprq vkrfn h{shulhqfhg

e| wkh rwkhu djhqwv1 Lq wkhvh flufxpvwdqfhv wkh rswlpdo frqwudfw pd| hqwdlo uho0

dwlyh shuirupdqfh hydoxdwlrq1 E| dsso|lqj wklv uhdvrqlqj wr ghohjdwhg sruwirolr

pdqdjhphqw/ wkh wkhru| zrxog suhglfw wkdw dq lqyhvwru lv deoh wr holflw vxshulru

shuirupdqfh e| hydoxdwlqj ixqg pdqdjhuv djdlqvw hdfk rwkhu1

Krzhyhu wkh qdwxuh ri wkh pxwxdo ixqg lqgxvwu| lv vxfk wkdw ghohjdwhg sruw0

irolr pdqdjhphqw gl�huv iurp d vwdqgdug sulqflsdo0djhqw uhodwlrqvkls dw ohdvw

lq wzr zd|v= lw lv w|slfdoo| g|qdplf dqg lw lqyroyhv qrw rqo| h�ruw h{huwlrq exw

dovr ghflvlrqv derxw wkh ulvnv wr eh wdnhq1
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Ph|hu dqg Ylfnhuv ^45` vkrz wkdw/ lq d g|qdplf vhwwlqj/ frpsdudwlyh shuiru0

pdqfh hydoxdwlrq kdv dq dpeljxrxv lpsdfw/ dqg wkdw lw lv qrw jxdudqwhhg wkdw lw

hqkdqfhv h!flhqf|1 Pruhryhu/ Fdeudo ^7`/ Kylgh ^<` dqg Jruldhy hw do1 ^:` srlqw

rxw wkdw uhodwlyh shuirupdqfh hydoxdwlrq pljkw eh xqghvludeoh zkhq djhqwv qrw

rqo| fkrrvh wkh ohyho ri h�ruw +h{shfwhg uhwxuq, exw dovr wkh ulvnlqhvv ri wkhlu

dfwlrqv +yduldqfh,1 Ixuwkhu/ Vflxeed ^48` vkrzv wkdw uhodwlyh shuirupdqfh lq0

fhqwlyhv vhuyh dv d frruglqdwlrq ghylfh iru ixqg pdqdjhuv wr khug rq lqh!flhqw

sruwirolrv1

Grhv wklv lpso| wkdw lqyhvwruv duh qhfhvvdulo| zurqj zkhq wkh| edvh wkhlu

ixqg vhohfwlrq rq uhodwlyh shuirupdqfhB Vkrxog zh frqfoxgh wkdw dvvhw edvhg

frpshqvdwlrq vfkhphv qhfhvvdulo| ohdg ixqg pdqdjhuv wr lqh!flhqw sruwirolr

fkrlfhvB Lq wklv sdshu zh dujxh wkdw wkh prghov wkdw uhjdug uhodwlyh shuirupdqfh

hydoxdwlrq lq ghohjdwhg sruwirolr pdqdjhphqw dv lqh!flhqw gr qrw wdnh lqwr

dffrxqw wkh idfw wkdw wkh pxwxdo ixqg lqgxvwu| lv fkdudfwhulvhg e| dq h{wuhpho|

xqfhuwdlq pdunhw vwuxfwxuh1 Wkh qhz lqvljkw wkdw rxu sdshu surylghv zlwk

uhvshfw wr wkh h{lvwlqj olwhudwxuh lv wkdw uhodwlyh shuirupdqfh hydoxdwlrq qhhg qrw

eh lqh!flhqw zkhq wkh pdunhw zkhuh wkh ixqg pdqdjhuv rshudwh lv frqwhvwdeoh1

Wkh pxwxdo ixqg lqgxvwu| lv fkdudfwhulvhg e| dq rq0jrlqj surfhvv ri hphu0

jhqfh ri qhz ixqgv/ riwhq odxqfkhg e| wkh vdph pxwxdo ixqg jurxsv dv sduw

ri d odujhu idplo| ri ixqgv1 Lq dq| jlyhq |hdu gxulqj wkh ;3lhv dqg hduo| <3v/

9( ri doo ixqg dvvhwv zhuh khog e| qhz ixqgv zlwk h{lvwhqfh ri ohvv wkdq 4 |hdu

+dqg 58( lq ixqgv zlwk h{lvwhqfh ri ohvv wkdq 5 |hduv,4 1 Dvvhwv lq wkh XV0edvhg

pxwxdo ixqgv lqfuhdvhg 57( lq 4<<<= lqyhvwphqw shuirupdqfh dffrxqwhg rqo|

iru wzr wklugv ri wkh jurzwk> wkh uhpdlqghu zdv dwwulexwdeoh wr qhw qhz fdvk

 rz dqg hphujhqfh ri qhz ixqgv5 1

Nkrudqd dqg Vhuydhv ^44` vwxg| wkh ghwhuplqdqwv ri pxwxdo ixqg vwduwv dqg

4Gdwd uhsruwhg lq Nkrudqd dqg Vhuydhv ^44`1
5Gdwd duh iurp wkh Pxwxdo Ixqg Idfw Errn 5333 ^43`1
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dujxh wkdw wkh odxqfk ri d qhz ixqg lv riwhq uhodwhg wr sdvw shuirupdqfhv= li

d ixqg kdv xqghushuiruphg zlwk uhvshfw wr lwv shhuv/ wkh idplo| pd| rshq d

qhz ixqg wr dwwudfw ixqgv xqghu pdqdjhphqw1 Dovr/ li d idplo| kdv exlow d

uhsxwdwlrq iru jrrg shuirupdqfh/ lw pd| fdslwdolvh rq wkh eudqg qdph wr rshq

d qhz ixqg1

Vxfk d udslg lqgxvwu| jurzwk kdv d vljql�fdqw lpsdfw rq wkh shuvlvwhqfh ri

pxwxdo ixqg shuirupdqfh1 Fdukduw ^8` whvwv wkh frqvlvwhqf| lq ixqg udqnlqjv dqg

�qgv wkdw/ dowkrxjk �zlqqhuv duh vrphzkdw pruh olnho| wr uhpdlq zlqqhuv dqg

orvhuv pruh olnho| wr uhpdlq orvhuv ru shulvk ^111`/ wkh ixqgv lq wkh wrs ghfloh gl�hu

vxevwdqwldoo| hdfk |hdu/ zlwk pruh wkdq ;3 shufhqw dqqxdo wxuqryhu lq frpsr0

vlwlrq1 ^111` Wkh |hdu wr |hdu udqnlqjv rq prvw ixqgv dsshdu odujho| udqgrp�

^lq ^8`/ s1 :4`1 Fdukduw ^8` dovr h{dplqhv wkh ghwhuplqdqwv lq wkh shuvlvwhqfh ri

d ixqg lq wkh wrs udqnv dqg �qgv wkdw wkh suredelolw| ri glvdsshdulqj iurp wkh

fkduw ghfuhdvhv prqrwrqlfdoo| zlwk sdvw shuirupdqfh1

Exloglqj rq wkh lqvljkwv lq Fdukduw/ lq wklv sdshu zh dujxh wkdw wkh suhvhqfh

ri dq hqwu| wkuhdw doohyldwhv wkh lqh!flhqflhv fdxvhg e| uhodwlyh shuirupdqfh

lqfhqwlyhv1 D srruo| shuiruplqj ixqg/ hyhq zkhq dkhdg ri lwv fxuuhqw frpshwl0

wruv/ idfhv d kljkhu suredelolw| ri orvlqj lwv ohdghuvkls yhuvxv d srwhqwldo hqwudqw1

Lq suhvhqfh ri frqwhvwdelolw|/ ixqg pdqdjhuv zkr frpshwh rq wkh edvlv ri udqn/

vwloo dlp dw d kljk devroxwh shuirupdqfh lq rughu wr ghwhu hqwu|1

Zh prgho wkh g|qdplf jdph sod|hg e| wzr lqfxpehqw ixqg pdqdjhuv zkr

dw wkh ehjlqqlqj ri hdfk wlph shulrg fkrrvh wkh ulvnlqhvv sur�oh ri wkhlu sruwir0

olrv1 Ixqg pdqdjhuv duh uhzdughg dw wkh hqg ri wkh jdph rq wkh edvlv ri wkhlu

fxpxodwlyh shuirupdqfh= wkh wrs shuiruplqj ixqg uhfhlyhv d vwulfwo| srvlwlyh

erqxv> wkh zruvh shuiruplqj ixqg uhfhlyhv qrwklqj1 Zh �uvw dqdo|vh wkh jdph

zlwk qr hqwu| dqg �qg/ lq dffrugdqfh zlwk wkh h{lvwlqj olwhudwxuh6 / wkdw ixqg

6Dprqj wkh hpslulfdo olwhudwxuh= Fkhydolhu dqg Hoolvrq ^9` dqg Eurzq hw do ^6`1 Lq wkh

wkhruhwlfdo olwhudwxuh= Fdeudo ^7`/ Jruldhy hw do ^:`/ Vflxeed ^48`1
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pdqdjhuv zkr frpshwh iru udqn frqglwlrq wkhlu sruwirolr fkrlfhv lq wkh vhfrqg

vwdjh rq wkhlu sdvw shuirupdqfh= wkh lqwhulp ohdghu zloo sxuvxh vwudwhjlhv zklfk

duh pruh frqvhuydwlyh wkdq wkrvh wkdw wkh iroorzhu zloo lqvwhdg lpsohphqw1 Zh

surylgh qhfhvvdu| dqg vx!flhqw frqglwlrqv vr wkdw wkh h�hfw ghvfulehg deryh

rffxuv1 Rxu vhwxs doorzv xv wr �qg d yhu| fohdu lqglfdwlrq ri wkh idfw wkdw wkh

dprxqw ri ulvn wkdw d ixqg zloo eh zloolqj wr wdnh rqo| ghshqgv rq wkh shu0

irupdqfh jds ehwzhhq forvh frpshwlwruv1 Khqfh h{shfwhg ydoxhv ri lqyhvwphqw

dowhuqdwlyhv duh hqwluho| luuhohydqw iru ulvn0wdnlqj ghflvlrqv1 Wklv fohduo| ohdgv

ixqg pdqdjhuv wr wdnh sruwirolr ghflvlrqv zklfk duh xqolnho| wr eh lq wkh ehvw

lqwhuhvw ri wkh lqyhvwruv1

Zh wkhq dvn krz wkh suhvhqfh ri hqwu| wkuhdwv d�hfw ixqg pdqdjhuv* eh0

kdylrxu1 Lq sduwlfxodu/ zh dvvxph wkdw wkhuh lv d wklug ixqg wkdw pljkw ghflgh

wr hqwhu wkh pdunhw dw wkh hqg ri wkh vhfrqg vwdjh dqg dovr frpshwhv iru wkh

ohdghuvkls1 Wkh fuxfldo dvvxpswlrq lv wkdw wkh wzr lqfxpehqw ixqgv duh xqfhu0

wdlq derxw wkh shuirupdqfh ri wkh hqwudqw/ zklfk zh eholhyh wr eh lq olqh zlwk

wkh wudqvlwru| pdunhw vwuxfwxuh ri wkh pxwxdo ixqg lqgxvwu|1 Zh dvvxph wkdw

wkhuh lv d frvw lq hqwhulqj wkh pdunhw/ zklfk lv orzhu wkdq wkh erqxv wkdw lv

dzdughg wr wkh ehvw shuiruphu1 Dv d uhvxow/ wkh wklug ixqg zloo hqwhu li kh lv

jxdudqwhhg wr eh wkh ehvw shuiruphu1

Dq lqwhulp ohdghu lq d frqwhvwdeoh pdunhw nqrzv wkdw/ hyhq li lwv fxuuhqw

frpshwlwru pljkw qrw vxffhhg lq fdwfklqj xs/ wkhuh lv vwloo vrph srvlwlyh sure0

delolw| ri orvlqj wkh ohdghuvkls srvlwlrq ylv0d0ylv d qhz hphujlqj ixqg1 Lq vxfk

d pdunhw/ wkh ohdglqj lqfxpehqw zrxog qrw zdqw wr vhh hqwluho| iruhjrqh wkh

srvvlelolw| ri jurzlqj= kljkhu devroxwh shuirupdqfh suhhpswv hqwu| zlwk kljkhu

suredelolw|1 Zkhq wkh ohdghuvkls lv frqwhvwdeoh/ d wrs0udqnhg ixqg zloo qhhg

wr wudgh r� frqvhuydwlvp djdlqvw jurzwk1 Dv d uhvxow/ sruwirolr fkrlfhv zloo eh

vhqvlwlyh wr h{shfwhg uhwxuqv ri lqyhvwphqw dowhuqdwlyhv dqg khqfh pruh doljqhg

zlwk lqyhvwruv* remhfwlyhv1
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415 Uhodwhg Olwhudwxuh

Wkh qryhow| ri wklv sdshu lv lq lwv dwwhpsw wr dqdo|vh wkh lpsdfw ri frqwhvwdelolw|

rq ulvn0wdnlqj ghflvlrqv ri ixqg pdqdjhuv zkr frpshwh rq udqn1 Wkh h{lvwlqj

olwhudwxuh kdv h{dplqhg wkh udqn0edvhg frpshwlwlrq ehwzhhq ixqg pdqdjhuv iru

d jlyhq pdunhw vwuxfwxuh/ dorqj wkh vdph olqhv dv rxu ehqfkpdun fdvh zlwk qr

hqwu|1

Wkh uhvxowv wkdw zh rewdlq lq wkh ehqfkpdun vhwwlqj frxog eh frpsduhg wr

Fdeudo ^7`/ Jruldhy hw do ^:`/ dqg Vflxeed ^48`1 Fdeudo frqvlghuv dq lq�qlwh0

shulrg udfh zkhuh sod|huv fkrrvh ehwzhhq surmhfwv fkdudfwhulvhg e| orz jdlqv

zlwk kljk suredelolw| dqg surmhfwv fkdudfwhulvhg e| kljk jdlqv zlwk orz sured0

elolw|1 Kh surylghv vx!flhqw frqglwlrqv xqghu zklfk/ lq htxloleulxp/ wkh ohdghu

fkrrvhv d vdih surmhfw +whfkqrorj|, dqg wkh odjjdug d ulvn| rqh> dqg frqglwlrqv

xqghu zklfk wkh odjjdug suhihuv wr gl�huhqwldwh iurp wkh ohdghu zkhuhdv wkh

ohdghu suhihuv wr lplwdwh wkh iroorzhu1 Jruldhy hw do ^:` dqdo|vh frpshwlwlrq ryhu

wzr lqyhvwphqw shulrgv ehwzhhq wzr prqh| pdqdjhuv wkdw kdyh udqnlqj0edvhg

remhfwlyhv1 Wkh| ghulyh frqglwlrqv rq lqwhuphgldwh shuirupdqfhv xqghu zklfk

pdqdjhuv sod| frqvhuydwlyh dqg h{fhvvlyho| ulvn| vwudwhjlhv dqg �qg wkdw/ li wkh

gl�huhqfh lq shuirupdqfhv lq wkh �uvw shulrg lv odujh/ wkh lqwhulp zlqqhu kdv lq0

fhqwlyhv wr plqlplvh wkh ohyho ri ulvn xqghuwdnhq lq wkh vhfrqg shulrg wr orfn lq

klv jdlqv ri wkh �uvw shulrg1 Vflxeed ^48` ghyhorsv d pdunhw prgho zkhuh wzr dv0

vhwv duh wudghg ryhu wzr shulrgv e| wzr ixqg pdqdjhuv zlwk udqnlqj remhfwlyhv1

Vkh vkrzv wkdw udqn0edvhg frpshwlwlrq pd| uhvxow lq lqh!flhqw khuglqj1

Wkh ehqfkpdun fdvh zlwk qr hqwu| lq rxu sdshu vkduhv wkh lqwxlwlrq iru lwv

uhvxowv zlwk ^7` / ^:` dqg ^48`1 Krzhyhu/ zlwk uhvshfw wr Fdeudo ^7`/ zh ghdo zlwk

d �qlwh krul}rq jdph zkhuh vwudwhj| fkrlfhv duh dovr lq xhqfhg e| dq hqg ri wkh

jdph h�hfw1 Wkh vlpsohu vhwxs doorzv xv wr frpsohwho| fkdudfwhulvh qhfhvvdu|

dqg vx!flhqw frqglwlrqv lq rughu wr rewdlq d xqltxh VSH wkdw glvsod|v wkh ulvn0

:



wdnlqj ihdwxuhv srlqwhg rxw lq ^7`1 Pruhryhu Fdeudo ^7` dvvxphv wkdw sod|huv

uhfhlyh d sd|r� dw hyhu| vwdjh/ zklfk lq rxu vhwxs lv uxohg rxw e| wkh uhtxluhphqw

wkdw ixqg pdqdjhuv pdnh sruwirolr ghflvlrqv pruh riwhq wkdq udqnlqjv duh pdgh

dydlodeoh wr lqyhvwruv> khqfh wkh| wdnh dfwlrqv pruh riwhq wkdq wkh| uhfhlyh

frpshqvdwlrq1

Zlwk uhvshfw wr Jruldhy hw do ^:` dqg Vflxeed ^48`/ zh doorz iru fruuhodwlrq

ehwzhhq lqyhvwphqw rxwfrphv ri wkh wzr frpshwlqj ixqg pdqdjhuv= wklv gl�huv

iurp Jruldhy hw do ^:`/ zkhuh qr fruuhodwlrq lv dvvxphg dqg iurp Vflxeed ^48`/

zkhuh shuihfw fruuhodwlrq lv dvvxphg7 1 Zh eholhyh wkdw wklv pdnhv rxu iudphzrun

pruh vxlwdeoh dw ghvfulelqj wkh pxwxdo ixqg lqgxvwu|1

Prvw lpsruwdqwo|/ rxu pdlq frqwulexwlrq/ zklfk lv wkh vwxg| ri wkh h�hfw ri

frqwhvwdelolw|/ lv hqwluho| qryho1

416 Ryhuylhz

Lq vhfwlrq 5 zh suhvhqw wkh prgho1 Lq vhfwlrq 6 zh ghulyh rxu uhvxowv iru wkh

ehqfkpdun fdvh zlwk qr hqwu|1 Vhfwlrq 7 frqvwlwxwhv wkh pdlq frqwulexwlrq ri

wkh sdshu/ zkhuh zh fkdudfwhulvh wkh htxloleuld lq wkh prgho zlwk hqwu|1 Vhfwlrq

8 frqfoxghv wkh sdshu dqg surylghv srolf| lpsolfdwlrqv1 Iru hdvh ri h{srvlwlrq

doo surriv duh lq wkh dsshqgl{1

5 Wkh Prgho

Frqvlghu d wzr0shulrg prgho ri d �qdqfldo pdunhw zkhuh wzr ixqg pdqdjhuv

pdnh sruwirolr ghflvlrqv dw wkh ehjlqqlqj ri hdfk wlph shulrg +dw w @ 3 dqg

w @ 4,1 Wkh wzr ixqgv duh h{0dqwh v|pphwulf8 = wkh| pdqdjh lghqwlfdo dprxqwv

dw w @ 3/ erwk qrupdolvhg wr eh htxdo wr 41 Iru vlpsolflw| zh dvvxph wkdw

7Fdeudo ^7` dovr dvvxphv shuihfw fruuhodwlrq1
8Wkh vdph uhvxowv zrxog rewdlq li rqh kdg wr dvvxph wkdw wkh lqfxpehqwv lq wkh pdunhwv

duh= wzr ehwwhu shuiruplqj ixqgv dqg ? : f zruvh shuiruplqj ixqgv wkdw duh dfwlyh lq wkh

pdunhw exw gr qrw lqghhg frpshwh iru wkh ohdghuvkls dv/ jlyhq wkhlu udqn/ wkh| zrxog kdyh qr

fkdqfh wr rxwshuirup wkh wrs ixqg1

;



uhwxuqv iurp wkh �uvw shulrg duh hqwluho| uhlqyhvwhg/ vr wkdw �qdo uhwxuqv duh

fxpxodwlyh1

Sruwirolr Fkrlfh= Zh dvvxph wkdw ixqg pdqdjhuv fdq irup wkhlu sruwirolrv

iurp wzr dowhuqdwlyh dvvhw fodvvhv/ zlwk gl�huhqw h{shfwhg uhwxuq dqg ulvn fkdu0

dfwhulvwlfv1 Wkh sruwirolr vhohfwlrq lq wklv sdshu fdq eh lqwhusuhwhg dv wkh fkrlfh

rq wkh zhljkwv wr eh jlyhq wr vshfl�f lqgxvwulhv/ vd| wudglwlrqdo vhfwruv dqg qhz

whfkqrorjlhv1 Ixqg pdqdjhuv pljkw ghflgh wr lqyhvw wkhlu hqgrzphqwv lqwr lqqr0

ydwlyh vhfwruv/ khqfh idflqj kljkhu ulvnv dqg kljkhu uhwxuqv> dowhuqdwlyho|/ wkh|

pljkw ghflgh wr lqyhvw lqwr wudglwlrqdo vhfwruv/ wdnlqj olwwoh ulvn dqg hqmr|lqj

uhodwlyho| vpdoohu uhwxuqv1 Wr nhhs rxu dqdo|vlv dv vlpsoh dv srvvleoh zh dvvxph

wkdw lw lv wrr frvwo| iru ixqg pdqdjhuv wr lqyhvw lq erwk vhfwruv dw wkh vdph

wlph/ vr wkdw lq hdfk wlph shulrg wkh| vshfldolvh lq rqh ru wkh rwkhu vhfwru9 1

Lq sduwlfxodu/ lqyhvwphqw lq wudglwlrqdo vhfwruv uhvxowv lq d +vdihu, sruwirolr

V dqg lqyhvwphqw lq qhz whfkqrorjlhv uhvxowv lq d +ulvnlhu, sruwirolr U1 Pruh lq

ghwdlo/ sruwirolr V |lhogv d srvlwlyh udwh ri uhwxuq v A 3 zlwk d nqrzq suredelolw|

s A 3/ dqg 3 rwkhuzlvh> sruwirolr U |lhogv d srvlwlyh udwh ri uhwxuq u A 3 zlwk

suredelolw| t A 3/ dqg 3 rwkhuzlvh: 1 Zh dvvxph wkdw s A t1 Pruhryhu zh dvvxph

wkdw wkh udwh ri uhwxuq wkdw wkh ixqg lqyhvwhg lq qhz whfkqrorjlhv glvsod|v lq

fdvh ri vxffhvv lv kljkhu wkdq wkh udwh ri uhwxuq ri d sruwirolr ri wudglwlrqdo

dvvhwv lq fdvh ri vxffhvv/ vr wkdw u A v1 Zh srvh krzhyhu d erxqg rq wkh odwwhu

lqhtxdolw| e| dvvxplqj wkdw

+4 . v,
5
A +4 . u, +4,

vr wkdw wkh fxpxodwlyh shuirupdqfh ri d wudglwlrqdo ixqg zklfk lv vxffhvvixo iru

wzr shulrgv lq d urz lv kljkhu wkdq wkh shuirupdqfh wkdw d ixqg lqyhvwhg lq qhz

whfkqrorjlhv fdq dfklhyh lq d vlqjoh shulrg1

9Iurp wkh wkhruhwlfdo shuvshfwlyh wklv frxog eh h{sodlqhg zlwklq d prgho zkhuh dftxlulqj

lqirupdwlrq derxw dydlodeoh dvvhwv lv frvwo|1
:Wkh dvvxpswlrq ri srvlwlyh udwhv ri uhwxuq lv qrw fuxfldo= doorzlqj iru qhjdwlyh dqg

erxqghg udwhv ri uhwxuq zrxog qrw d�hfw rxu uhvxowv iurp d txdolwdwlyh srlqw ri ylhz1

<



Iru wkh dqdo|vlv wkdw iroorzv lw lv frqyhqlhqw wr gh�qh � � t

s
dqg � �

v

u
1 Zh

fdq uhsuhvhqw wkh sdudphwhu vsdfh rq d gldjudp zkhuh � lv rq wkh krul}rqwdo

d{lv/ dqg � rq wkh yhuwlfdo d{lv/ dv lq �jxuh 41

 E[R]<E[S]

0

    α=q/p

   1

1      β=s/r

  E[R]>E[S]

Iljxuh 4 0 Sdudphwhu Vsdfh1

Qrwlfh wkdw H^V` @ H^U` fdq eh uhzulwwhq dv � @ �= Lq idfw

tu @ sv/ � @ �

Khqfh dorqj wkh gldjrqdo lq �jxuh 4/ wkh wzr sruwirolrv glvsod| wkh vdph h{0

shfwhg udwh ri uhwxuq1 Lq wkh duhd deryh wkh gldjrqdo zh kdyh wkdw � A � zklfk

lpsolhv wkdw wkh sruwirolr lq qhz whfkqrorjlhv glvsod|v d kljkhu h{shfwhg udwh

ri uhwxuq wkdq wkh wudglwlrqdo sruwirolr1 V|pphwulfdoo|/ lq wkh duhd ehorz wkh

gldjrqdo zh kdyh wkdw � ? � zklfk lpsolhv wkdw wkh sruwirolr lq qhz whfkqror0

jlhv glvsod|v d orzhu h{shfwhg udwh ri uhwxuq wkdq wkh wudglwlrqdo rqh1 Ilqdoo|/

wkh grwwhg olqh lq �jxuh 4 fruuhvsrqgv wr rxu sdudphwulf uhvwulfwlrq +4, zklfk

uhtxluhv � A
4

5.v
1

Fruuhodwlrq= Zh dvvxph wkdw wkhuh duh qr gluhfw olqnv ehwzhhq wkh wzr vhf0

wruv; / vr wkdw wkh vxffhvv ri wkh wudglwlrqdo sruwirolr lv qrw fruuhodwhg wr wkh

vxffhvv ri wkh sruwirolr lq qhz whfkqrorjlhv1 Rq wkh frqwudu| zh dvvxph wkdw

;Wklv dvvxpswlrq lv qrw fuxfldo= wkh lqwurgxfwlrq ri pdunhw ulvn +iru h{dpsoh/ lq wkh irup

ri d frpprq vkrfn wr erwk vhfwruv, zrxog qrw d�hfw rxu uhvxowv1
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zkhq ixqg pdqdjhuv fkrrvh wr lqyhvw lq wkh vdph dvvhw fodvv/ wkh olnholkrrg ri

wkhlu vxffhvv glvsod|v vrph srvlwlyh fruuhodwlrq1 Dv d uhvxow/ wkh mrlqw suredelo0

lw| ri vxffhvv lv ghwhuplqhg e| wkh ulvn wkdw hdfk ixqg lv wdnlqj dv zhoo dv e|

vrph ghjuhh ri vhfwruldo ulvn1 Lq sduwlfxodu/ zkhq erwk ixqgv duh lqyhvwlqj lq wkh

wudglwlrqdo vhfwru/ wkh mrlqw suredelolw| ri vxffhvv lv htxdo wr s
5
� � s

5/ zkhuh

� � 4 ghqrwhv srvlwlyh fruuhodwlrq1 Vlploduo|/ zkhq erwk ixqgv duh lqyhvwlqj lq

qhz whfkqrorjlhv/ wkh mrlqw suredelolw| ri vxffhvv lv htxdo wr t
5
"/ zlwk " � 41

Fohduo| wkh fdvh � @ " @ 4 fruuhvsrqgv wr lqghshqghqfh dqg wkh fdvh � @ 4@s

dqg " @ 4@t fruuhvsrqgv wr shuihfw +srvlwlyh, fruuhodwlrq< 1

Iru rxu uhvxowv lw lv lpsruwdqw wkdw vhfwruldo ulvn lv qrw wrr vxevwdqwldo/ vr

wkdw zh uxoh rxw yhu| kljk fruuhodwlrq43 1 Lq rughu wr dvvhvv krz uhvwulfwlyh d

uhtxluhphqw wklv dvvxpswlrq srvhv/ zh qhhg wr hvwdeolvk krz frpsuhkhqvlyh zh

eholhyh hdfk dvvhw fodvv wr eh1 Li wkh gh�qlwlrq ri vhfwru lv eurdg hqrxjk wr doorz

iru uhdvrqdeo| glyhuvh sruwirolrv zlwklq wkh vhfwru lwvhoi/ wkhq rxu dvvxpswlrq

grhv qrw lpsrvh vljql�fdqw uhvwulfwlrqv1 Lq wkh suhvhqw sdshu ixqg pdqdjhuv

fkrrvh wkh ulvnlqhvv sur�ohv ri wkhlu sruwirolrv udwkhu wkdq d vshfl�f lqgxvwu|>

khqfh zh eholhyh wkdw d eurdg gh�qlwlrq ri dvvhw fodvv lv suhflvho| lq wkh vslulw

ri rxu prgho1 Lq zkdw iroorzv/ zh dvvxph wkdw=

Dvvxpswlrq 4 � � 4
s

k
4�

t

s

l
dqg " �

s

t

Lqfhqwlyhv dqg Frpshqvdwlrq= Wkh fkrlfh rq wkh ulvnlqhvv sur�oh ri wkh

sruwirolr iru hdfk ri wkh wzr lqfxpehqw ixqgv lv wdnhq e| d ixqg pdqdjhu +d

gl�huhqw rqh iru hdfk ixqg, zkr lv lqghhg dfwlqj dv dq djhqw iru wkh ixqg rzqhuv/

udwkhu wkdq pdqdjlqj klv rzq ixqgv1 Khqfh zh dvvxph wkdw ixqg pdqdjhuv gr

qrw ghulyh xwlolw| gluhfwo| iurp wkh uhwxuqv wkdw wkh| rewdlq rq ehkdoi ri wkh

<Wkh ixoo mrlqw suredelolw| pdwulfhv duh lq wkh dsshqgl{1
43Iurp dq hpslulfdo srlqw ri ylhz/ wklv lv frqvlvwhqw zlwk vrph uhfhqw hylghqfh rq vw|oh

lqyhvwlqj +vhh/ iru h{dpsoh/ Dkphg ^4`,= htxlw| pxwxdo ixqgv whqg wr vshfldolvh lq qduurzo|

gh�qhg pdunhw vhjphqwv1 Dkphg ^4` dovr vkrzv wkdw fruuhodwlrq dprqj htxlw| ixqgv lv qrw

wrr kljk1 Khqfh d pxowl0ixqg sruwirolr lv idu ohvv ulvn| wkdq lwv vlqjoh0ixqg frxqwhusduw/ zklfk

dovr h{sodlqv zk| lqyhvwruv riwhq suhihu wr sxuvxh d pxowl0ixqg vwudwhj|1
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lqyhvwruv1 Pdqdjhuv lq rxu prgho rqo| fduh derxw wkhlu frpshqvdwlrq1 Zh

frqvlghu d yhu| vlpsoh frpshqvdwlrq vfkhph iru ixqg pdqdjhuv zklfk wdnhv

wkh irup ri d erqxv frqwudfw= lq sduwlfxodu zh dvvxph wkdw pdqdjhuv duh qrw

frpshqvdwhg shulrg e| shulrg/ exw udwkhu dw d �qdo dvvhvvphqw vwdjh rq wkh edvlv

ri wkhlu fxpxodwlyh shuirupdqfh1 Wkh prgho zrxog h{whqg wr d frpshqvdwlrq

vfkhph zkhuhe| pdqdjhuv duh sdlg d zdjh shulrg e| shulrg/ surylghg wkdw vrph

sduw ri wkhlu frpshqvdwlrq lv vhqvlwlyh wr shuirupdqfh dqg wkdw shuirupdqfh

dvvhvvphqw lv ohvv iuhtxhqw wkdq sruwirolr ghflvlrqv1

Iroorzlqj wkh hpslulfdo hylghqfh rq ixqg pdqdjhuv* frpshqvdwlrq44 / zh ixu0

wkhu dvvxph wkdw shuirupdqfh lv phdvxuhg lq uhodwlyh whupv dqg wkdw �ohdghuv�

duh pruh wkdq sursruwlrqdwho| frpshqvdwhg zlwk uhvshfw wr �iroorzhuv�/ vr wkdw

wkh lqfhqwlyh vfkhph lv frqyh{1 Iru wkh sxusrvh ri wklv dqdo|vlv/ zh frqvlghu

wkh vlpsohvw lqfhqwlyh vfkhph wkdw glvsod|v wkhvh fkdudfwhulvwlfv/ l1h1 d erqxv

frqwudfw edvhg rq �qdo udqn1

Pruh lq ghwdlo/ pdqdjhuv duh udqnhg dffruglqj wr wkhlu shuirupdqfh dw wkh

hqg ri hdfk shulrg> wkh udqn dfklhyhg dw wkh hqg ri shulrg 4 +lqwhulp vwdjh, lv

revhuydeoh exw kdv qr lpsdfw rq wkh pdqdjhu*v frpshqvdwlrq> wkh udqn dfklhyhg

dw wkh hqg ri shulrg 5 +erqxv vwdjh, ixoo| ghwhuplqhv wkh pdqdjhu*v frpshq0

vdwlrq1 Wkh ixqg pdqdjhu wkdw dfklhyhv �uvw udqn rewdlqv d vwulfwo| srvlwlyh

erqxv/ zklfk zh qrupdolvh wr 4> wkh pdqdjhu zkr dfklhyhv vhfrqg udqn re0

wdlqv d vpdoohu erqxv/ zklfk zh qrupdolvh wr 31 Frqyh{lw| ri wkh frpshqvdwlrq

vfkhph uhtxluhv wkdw zkhq erwk ixqg pdqdjhuv dfklhyh wkh vdph +wrs, shuiru0

pdqfh/ wkhlu frpshqvdwlrq lv vx!flhqwo| vpdoohu wkdq li wkh| zhuh �uvw udqn> iru

vlpsolflw| zh dvvxph wkdw lq fdvh ri wlh/ erwk ixqg pdqdjhuv duh frpshqvdwhg

dv li wkh| dfklhyh vhfrqg udqn1

Frqwhvwdelolw|= Zh wklqn ri wkh pdunhw vwuxfwxuh ghvfulehg deryh dv lqwulqvl0

fdoo| wudqvlwru|1 Lq wkh pxwxdo ixqg lqgxvwu| orz shuirupdqfhv fdq riwhq ohdg wr

44Vhh iru h{dpsoh Eurzq hw do ^6`/ Fkhydolhu dqg Hoolvrq ^9`/ Vluul dqg Wxidqr ^49`1
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ixuwkhu hqwu|/ zklfk fdq wdnh wkh irup ri fuhdwlrq ri qhz ixqgv/ ru wdnh sodfh e|

wkh hphujhqfh ri qhz sod|huv wkurxjk wkh uhvwuxfwxulqj ri h{lvwlqj rqhv1 Lq wklv

sdshu/ udwkhu wkdq frqfhqwudwlqj rq wkh sduwlfxodu hqwu| phfkdqlvp/ zh irfxv

rq wkh h�hfwv ri dq hqwu| wkuhdw rq wkh sruwirolr ghflvlrqv ri wkh wzr lqfxpehqwv1

Lq wkh suhvhqfh ri hqwu| wkuhdwv/ ixqg pdqdjhuv hydoxdwh wkhlu h{shfwhg frp0

shqvdwlrq e| wdnlqj lqwr dffrxqw wkh srvvlelolw| ri orvlqj wkhlu erqxvhv ylv0d0ylv

d vxffhvvixo hqwudqw1

Zh dvvxph wkdw wkhuh lv d wklug ixqg wkdw pljkw ghflgh wr hqwhu wkh pdunhw

dw wkh hqg ri wkh vhfrqg vwdjh1 Iru h{dpsoh/ zh frxog wklqn ri wkh hqwudqw dv ri d

ixqg suhylrxvo| glvwulexwhg lq dqrwkhu frxqwu| wkdw ehfrphv vxgghqo| dydlodeoh

dv d frqvhtxhqfh ri uhjxodwru| fkdqjhv1 Dowhuqdwlyho|/ wkh hqwudqw frxog dsshdu

dv wkh uhvxow ri wkh ghflvlrq wr odxqfk d qhz ixqg e| vrph ri wkh idplolhv ri

uxqqhu xs ixqgv/ lq wkh oljkw ri wkh hpslulfdo hylghqfh lq Fdukduw ^8`1 Wkh

hqwudqw dovr frpshwhv iru ohdghuvkls/ vr wkdw li wkh qhz frpshwlwru glvsod|v d

shuirupdqfh zklfk lv vxshulru wr wkh wzr lqfxpehqw ixqgv/ wkhq wkh hqwudqw jhwv

wkh erqxv1 Xqwlo erqxvhv duh glvwulexwhg wkh wzr lqfxpehqw ixqgv duh xqfhuwdlq

derxw wkh shuirupdqfh ri wkh hqwudqw= krzhyhu d orz shuiruplqj lqfxpehqw idfhv

kljkhu suredelolw| ri orvlqj klv ohdghuvkls wkdq d kljk shuiruplqj lqfxpehqw1

Khuh zh uhtxluh wkdw wkh hqwu| wkuhdw lv h�hfwlyh dovr iru wkh prvw vxffhvvixo

lqfxpehqw1 Zh prgho wklv e| dvvxplqj wkdw wkh shuirupdqfh ri wkh hqwudqw lv

udqgrp dqg xqlirupo| glvwulexwhg ehwzhhq 4 dqg H � +4 . u,
5
1 Iru vlpsolflw|/

lq zkdw iroorzv zh dvvxph H @ +4 . u,
5
1

Zkdw lv fuxfldo khuh lv qrw rxu sdudphwulf vshfl�fdwlrq/ exw udwkhu wkh uh0

txluhphqw rq wkh lqirupdwlrq vwuxfwxuh= wkhuh lv ohvv lqirupdwlrq dydlodeoh derxw

wkh hqwudqw wkdq wkhuh lv derxw hdfk ri wkh wzr lqfxpehqwv1 Lq sduwlfxodu wkh

h{shfwdwlrq ryhu wkh hqwudqw*v shuirupdqfh fdqqrw eh edvhg rq klv wudfn uhfrug

ri lqwhulp shuirupdqfh+v,1 Lq wklv sdshu zh wdnh wkh h{wuhph ylhz wkdw/ zkloh

wkh hqwudqw fdq shuihfwo| revhuyh wkh fxpxodwlyh shuirupdqfh ri hdfk ri wkh wzr
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lqfxpehqwv/ wkh wzr lqfxpehqw ixqgv fdq rqo| dvvhvv wkh shuirupdqfh ri wkhlu

srwhqwldo frpshwlwru rq wkh edvlv ri sulru lqirupdwlrq lq wkh irup ri d jlyhq

suredelolw| glvwulexwlrq1 Zh eholhyh wkdw wkh lqwxlwlrq ehklqg rxu uhvxowv zrxog

vwloo krog lq d ulfkhu prgho zkhuh vrph lqirupdwlrq ryhu wkh lqwhulp shuirupdqfh

wudfn uhfrug ri wkh hqwudqw lv dydlodeoh/ surylghg wkdw wklv lqirupdwlrq lv qrw dv

dffxudwh dv wkh lqirupdwlrq zklfk lv dydlodeoh iru hdfk ri wkh wzr lqfxpehqwv45 1

Zh dvvxph wkdw wkhuh lv d frvw lq hqwhulqj wkh pdunhw/ zklfk lv orzhu wkdq

wkh erqxv wkdw lv dzdughg wr wkh ehvw shuiruphu1 Wkh hqwudqw revhuyhv wkh

shuirupdqfh ri wkh wzr lqfxpehqwv dqg/ dv d uhvxow/ kh zloo rqo| frph lqwr wkh

slfwxuh li kh lv jxdudqwhhg wr eh wkh ehvw shuiruphu1

Lq wkh qh{w vhfwlrq/ lq rughu wr dvvhvv zkdw lv wkh lpsdfw ri hqwu| rq ulvn0

wdnlqj ghflvlrqv e| ixqg pdqdjhuv/ zh �uvw vroyh wkh ehqfkpdun fdvh zlwk qr

hqwu|1

6 Wkh Ehqfkpdun Fdvh= Qr Hqwu|

Vxssrvh wkdw wkhuh lv qr hqwudqw dw wkh hqg ri wkh vhfrqg vwdjh1 Dv d uhvxow/

wkh wzr lqfxpehqw ixqg pdqdjhuv sod| d wzr0vwdjh jdph/ zkhuh sd|r�v +wkh

erqxv, duh glvwulexwhg rqo| dw wkh hqg ri wkh vhfrqg vwdjh1 Wkh ehvw shuiruphu

ehwzhhq wkh wzr dw wkh hqg ri wkh vhfrqg vwdjh zlqv wkh erqxv1 Zh fdq vroyh

wkh jdph ehwzhhq ixqg pdqdjhuv edfnzdugv= fdoo wkh wzr vwdjhv ri sod| lqwhulp

vwdjh dqg erqxv vwdjh uhvshfwlyho|/ dqg irfxv rq wkh erqxv vwdjh �uvw1

614 Wkh Erqxv Vwdjh

Zh qhhg wr �{ d klvwru| iru wkh lqwhulp vwdjh zklfk frqvlvwv ri wkh vwudwhj| sdlu

sod|hg dqg ri wkh uhdolvdwlrqv iru wkh ulvn| dqg vdih sruwirolrv1 D frqyhqlhqw

45Iru h{dpsoh/ lq d ulfkhu prgho zkhuh ixqg pdqdjhuv duh ri gl�huhqw delolwlhv/ wkh orqjhu

wudfn uhfrug wkdw lqfxpehqw ixqg pdqdjhuv glvsod| zlwk uhvshfw wr qhz hqwudqwv/ surylghv

d pxfk ehwwhu dvvhvvphqw ryhu wkh ixqg pdqdjhu*v delolw| dqg olnholkrrg wr vxffhhg lq wkh

ixwxuh1 Rq wkh frqwudu|/ wkh vkruwhu wudfn uhfrug ri qhzo| hvwdeolvkhg ixqgv surylghv srruhu

lqirupdwlrq rq delolw| dqg ixwxuh vxffhvv1
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ihdwxuh ri wklv vhwwlqj lv wkdw wkh erqxv vxejdph zloo rqo| ghshqg rq wkh lqwhulp

uhodwlyh shuirupdqfhv dqg qrw rq wkh lqwhulp devroxwh shuirupdqfhv dqg wkh

dfwxdo vwudwhjlhv sod|hg1 Wkh iroorzlqj gh�qlwlrq surylghv xv zlwk d xvhixo

qrwlrq ri lqwhulp uhodwlyh shuirupdqfh ehwzhhq wkh wzr edqn pdqdjhuv1

Gh�qlwlrq 4 Li/ dw wkh hqg ri wkh �uvw vwdjh/ sod|huv 4 dqg 5 glvsod| shuiru0

pdqfhv +4 . {, dqg +4 . |, uhvshfwlyho|/ zh fdoo m{� |m wkh shuirupdqfh jds

ehwzhhq wkh wzr sod|huv1

Rqh fdq hdvlo| yhuli| wkh iroorzlqj

Uhpdun 4 Wkh vxejdph lq wkh erqxv vwdjh rqo| ghshqgv rq wkh shuirupdqfh

jds ehwzhhq wkh wzr sod|huv1

Dw wkh hqg ri wkh lqwhulp vwdjh hdfk ixqg kdv dq hqgrzphqw htxdo wr hlwkhu

4/ ru +4 . v, ru +4 . u,1 Dffruglqj wr wkh uhdolvdwlrq ri wkh shuirupdqfh jds zh

fdq glvwlqjxlvk irxu gl�huhqw vfhqdulrv diwhu wkh lqwhulp vwdjh= shuirupdqfh jds

htxdo wr 3/ v/ +u � v, dqg u1

Wr ehjlq zlwk/ dvvxph wkdw wkh wzr ixqgv uhdfk wkh erqxv vwdjh zlwk d 3

shuirupdqfh jds1 Zh fdq frqvwuxfw wkh sd|r� pdwul{ iru wkh frqwlqxdwlrq jdph

dv iroorzv1 Li erwk ixqgv lqyhvw lq wkh vdih sruwirolr V/ wkh erqxv lv glvwulexwhg

rqo| li dvvhw uhdolvdwlrqv wxuq rxw wr eh gl�huhqw/ l1h1 lq fdvhv zkhq iru rqh ixqg

wkh uhwxuqv duh kljk zkloh iru wkh rwkhu duh orz1 Wklv kdsshqv zlwk suredelolw|

s +4� s�, iru hlwkhu ixqg1 Wkhuhiruh/ qrupdolvlqj wkh vl}h ri wkh erqxv wr 4>

wkh h{shfwhg sd|r�v ri sod|lqj +V> V, duh s +4� s�, iru erwk ixqgv1 Vlploduo|/

zkhq erwk ixqgv lqyhvw lq wkh ulvn| sruwirolr U/ wkh erqxv lv glvwulexwhg zlwk

suredelolw| t +4� t", wr hdfk ri wkh wzr ixqgv1 Ilqdoo|/ zkhq ixqgv lqyhvw lq

gl�huhqw vhfwruv/ edg uhdolvdwlrqv iru erwk ixqgv ohdg wr wlh/ jrrg uhdolvdwlrqv

iru wkh ulvn| sruwirolr uhvxow lq zlqqlqj wkh erqxv zlwk suredelolw| rqh/ dqg edg

uhdolvdwlrq iru wkh ulvn| dqg jrrg uhdol}dwlrq iru wkh vdih uhzdug wkh kroghu ri wkh
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vdih sruwirolr1 Khqfh wkh ixqg wkdw lqyhvwhg lq wkh vdih sruwirolr zlqv wkh erqxv

zlwk suredelolw| s +4� t, dqg wkh ixqg wkdw lqyhvwhg lq wkh ulvn| sruwirolr zlqv

wkh erqxv zlwk suredelolw| t1 Wkh sd|r�v lq wkh 3 shuirupdqfh jds vxejdph

fdq eh vxppdulvhg e| wkh iroorzlqj sd|r� pdwul{=

V U

V s +4� s�, > s +4� s�, s +4� t, > t

U t > s +4� t, t +4� t", > t +4� t",

Vlploduo| zh fdq frqvwuxfw wkh sd|r� pdwulfhv iru wkh rwkhu 6 vfhqdulrv1 Khuh

dqg lq zkdw iroorzv zh dgrsw wkh frqyhqwlrq ri ghqrwlqj wkh lqwhulp ohdghu dv

�uvw sod|hu +lq wkh sd|r� pdwulfhv dv urz sod|hu,/ dqg wkh lqwhulp iroorzhu dv

vhfrqg sod|hu +lq wkh sd|r� pdwulfhv dv froxpq sod|hu,1

Zh duh qrz uhdg| wr vwdwh d ixoo fkdudfwhulvdwlrq ri wkh htxloleulxp lq wkh

vhfrqg vwdjh ri wkh jdph1 Iluvw/ zh gh�qh d xvhixo qrwlrq ri �vl}h� iru wkh

shuirupdqfh jds=

Gh�qlwlrq 5 Zh fdoo wkh shuirupdqfh jds odujh li lw lv odujhu wkdq +u � v,> dqg

vpdoo rwkhuzlvh1

Qrwlfh wkdw/ jlyhq wkh glvfuhwh qdwxuh ri uhwxuqv wkdw zh frqvlghu khuh/ wkh

shuirupdqfh jds lv vpdoo rqo| li lw lv htxdo hlwkhu wr 3 ru wr +u � v,> lw lv odujh46

rqo| li lw lv htxdo hlwkhu wr v ru wr u1

Ohppd 4 +Erqxv vxejdph 0 Qr hqwu|, Xqghu dvvxpswlrq 4/ zkhq wkh shu0

irupdqfh jds lv vpdoo wkh xqltxh QH ri wkh jdph lv +V> V,> zkhq wkh shuirupdqfh

jds lv odujh +V>U, lv wkh xqltxh QH ri wkh jdph=

Surri1 Vhh dsshqgl{1

Zkhq wkh shuirupdqfh jds lv odujh/ V lv d grplqdqw vwudwhj| iru wkh ohdghu1

Lqwxlwlyho|/ jlyhq wkdw kh lv vx!flhqwo| dkhdg zlwk uhvshfw wr wkh iroorzhu/ kh

suhihuv wr pd{lplvh wkh suredelolw| ri qrw orvlqj jurxqg/ udwkhu wkdq lqyhvwlqj

46Qrwlfh wkdw rxu dvvxpswlrq rq uhwxuqv lpsolhv wkdw Eo 3 r� 	 r�
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lq wkh ulvnlhu sruwirolr wkdw zrxog ixuwkhu lqfuhdvh wkh shuirupdqfh jds1 Zkhq

wkh shuirupdqfh jds lv htxdo wr v/ sod|lqj ulvn| lv d grplqdqw vwudwhj| iru

wkh lqwhulp iroorzhu1 Lq idfw/ lq wklv fdvh wkh lqwhulp iroorzhu kdv vwloo vrph

fkdqfh wr rxwshuirup wkh ohdghu exw kh qhhgv wr lqyhvw lq wkh ulvn| sruwirolr

wr gr vr1 Zkhq wkh shuirupdqfh jds lv htxdo wr u> wkhuh lv qr fkdqfh iru

wkh lqwhulp iroorzhu wr rxwshuirup wkh lqwhulp ohdghu1 Khqfh wkh iroorzhu lv

lqgl�huhqw ehwzhhq wkh wzr sruwirolrv= zh dvvxph47 wkdw kh zloo lqyhvw lq wkh

ulvn| sruwirolr1 Vxppdulvlqj/ zkhq wkh shuirupdqfh jds lv odujh wkh xqltxh

QH ri wkh jdph lv wr sod| +V>U,> zkhq wkh jds lv }hur/ erwk sod|huv zdqw wr

pd{lplvh wkh suredelolw| wr ehfrph ohdghu/ khqfh erwk ri wkhp lqyhvw lq wkh

sruwirolr zklfk |lhogv d jrrg uhdolvdwlrq zlwk d kljkhu suredelolw|/ l1h1 wkh vdih

rqh1 Wkh vdph rffxuv zkhq wkh shuirupdqfh jds lv +u � v,1 Lq wklv fdvh hyhq li

rqh ri wkh ixqgv lv dkhdg/ wkh jds lv vpdoo hqrxjk/ vr wkdw wkh odjjdug fdq lq

sulqflsoh rxwshuirup wkh ohdghu zlwk dq| ri wkh wzr vwudwhjlhv1 E| fkrrvlqj wkh

vdih sruwirolr wkh iroorzhu pd{lplvhv wkh suredelolw| ri mxpslqj dkhdg1 Vlplodu

uhdvrqlqj dssolhv wr wkh ohdghu= jlyhq wkdw kh fdq orvh klv lqlwldo dgydqwdjh

zlwk erwk vwudwhjlhv/ kh suhihuv wr lqyhvw lq wkh vdih sruwirolr wkdw lqvxuhv jrrg

shuirupdqfh zlwk kljkhu suredelolw|1

Wkhvh uhvxowv duh lq olqh zlwk wkh hpslulfdo �qglqjv e| Eurzq hw do ^6` dqg

Fkhydolhu dqg Hoolvrq ^9`1 Lq wkh suh0dvvhvvphqw shulrg +khuh wkh erqxv vwdjh,

ixqgv kdyh dq lqfhqwlyh wr dowhu wkhlu ulvnlqhvv sur�ohv1 Lq sduwlfxodu/ wrs0udqnhg

ixqgv orfn lq wkhlu jdlqv lq frqvhuydwlyh srvlwlrqv/ zkloh zruvh shuiruplqj ixqgv

dwwhpsw wr jdpeoh wkhlu zd| xs wkh udqnlqjv1

47Wkh uhdvrq zk| wkh iroorzhu lv lqgl�huhqw ehwzhhq vdih dqg ulvn| sruwirolrv lv wkdw wkh

odwwhu lv qrw �ulvn|� hqrxjk dqg grhv qrw doorz klp wr fdwfk xs zlwk wkh ohdghu1 Lq vxfk d

flufxpvwdqfh lw vhhphg uhdvrqdeoh wr dvvxph wkdw wkh iroorzhu/ zkhq lqgl�huhqw/ zrxog vwloo

jr iru wkh ulvn| sruwirolr1 Wklv zrxog fhuwdlqo| kdsshq lq d ulfkhu prgho zlwk d odujhu fkrlfh

vhw ri ulvn| rswlrqv1
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615 Wkh Lqwhulp Vwdjh

Lq wklv jdph/ ixqgv duh h{0dqwh lghqwlfdo dqg vwdqg wkh vdph fkdqfhv ri zlqqlqj

wkh erqxv/ vr wkdw zh fdq h{shfw wkh jdph lq wkh lqwhulp vwdjh wr eh v|pphwulf1

Vxssrvh wkdw erwk ixqg pdqdjhuv fkrrvh d vdih sruwirolr lq wkh �uvw vwdjh1

Li wkh lqyhvwphqwv duh erwk vxffhvvixo ru erwk xqvxffhvvixo +zklfk rffxuv zlwk

suredelolw| 4�5s.5s5�,/ wkh wzr ixqg pdqdjhuv uhdfk wkh hqg ri wkh �uvw vwdjh

zlwk htxdo lqwhulp shuirupdqfh1 Dv d uhvxow/ wkh 3 shuirupdqfh jds vxejdph

iroorzv dqg lq htxloleulxp wkh h{shfwhg sd|r� iru hdfk ri wkh wzr sod|huv lv

htxdo wr s +4� s�,1 Li rqo| rqh ixqg lv vxffhvvixo +zklfk rffxuv zlwk suredelolw|

5s +4� s�,,/ wkh ohdglqj ixqg pdqdjhu uhdfkhv wkh hqg ri wkh �uvw vwdjh zlwk

shuirupdqfh htxdo wr +4 . v, > dqg wkh odjjdug zlwk shuirupdqfh htxdo wr 4/ vr

wkdw wkh v shuirupdqfh jds vxejdph iroorzv dqg lq htxloleulxp wkh h{shfwhg

sd|r�v duh htxdo wr 4�t +4� s, dqg t +4� s, uhvshfwlyho| iru wkh lqwhulp ohdghu

dqg wkh lqwhulp iroorzhu1

Khqfh h{shfwhg sd|r�v diwhu +V>V, iru hdfk ri wkh wzr sod|huv/ duh

�
4� 5s. 5s5�

�
s +4� s�,.s +4� s�, ^4� t +4� s,` .s +4� s�, t+4� s,@

@ s +4� s�,
�
5� 5s. 5s5�

�

Vlploduo| zh fdq frpsxwh h{shfwhg sd|r�v iru hdfk ri wkh wzr sod|huv diwhu

+U>U,/ +V>U, dqg +U>V,1 Wkh sd|r� pdwul{ iru wkh lqwhulp vwdjh lv dv iroorzv=
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V U

V

s +4� s�,
�
5� 5s. 5s5�

�
>

s +4� s�,
�
5� 5s. 5s5�

�

+4� s, +4� s�, +4� t, s.

s +4� t, ^4� +4� s,t` .

s
5
t+4� s�, >

+4� s, +4� s�, +4� t, s.

st +4� t, +4� s,.

.t +4� s, ^4� t+4� s,`.

st
�
4� s. s

5
�
�

U

+4� s, +4� s�, +4� t, s.

st +4� t, +4� s,.

.t +4� s, ^4� t+4� s,`.

st
�
4� s. s

5
�
�

+4� s, +4� s�, +4� t, s.

s +4� t, ^4� +4� s,t` .

s
5
t+4� s�, >

�
4� 5t . 5t5"

�
s +4� s�,.

t +4� t", ^4� t +4� s,` >

�
4� 5t . 5t5"

�
s +4� s�,.

t +4� t", ^4� t +4� s,`

Zh fdq vkrz wkdw wkh lqwhulp vwdjh ri wkh jdph zlwk qr hqwu| kdv +V> V, dv

xqltxh htxloleulxp1

Ohppd 5 +Lqwhulp vwdjh 0 Qr hqwu|, Xqghu dvvxpswlrq 4/ wkh xqltxh QH

ri wkh lqwhulp vwdjh ri wkh jdph zlwk qr hqwu| lv +V> V,1

Surri1 Vhh dsshqgl{1

Lq wkh erqxv vwdjh wkh h{shfwhg sd|r� ri wkh lqwhulp ohdghu lv dozd|v kljkhu

wkdq wkdw ri wkh lqwhulp iroorzhu1 Dv d uhvxow/ lq wkh lqwhulp vwdjh ri wkh jdph

erwk sod|huv dlp dw uhdfklqj wkh lqwhulp ohdghuvkls1 Vlqfh ixqgv duh h{0dqwh

lghqwlfdo/ wkh| vwdqg wkh vdph fkdqfhv ri ehfrplqj lqwhulp ohdghuv/ dqg frqvh0

txhqwo| wkh| zloo lqyhvw lq wkh vdih sruwirolr wkdw pd{lplvhv wklv fkdqfh1

616 Htxloleulxp Sdwkv

Zh fdq qrz ixoo| fkdudfwhulvh wkh htxloleulxp sdwk ri wkh wzr0vwdjh jdph zlwk

qr hqwu|1 Wkh htxloleulxp sod| lq wkh vhfrqg vwdjh zloo eh frqwlqjhqw rq wkh

uhdolvdwlrq ri wkh shuirupdqfh jds ehwzhhq wkh wzr sod|huv1 Wkh wzr0vwdjh jdph

zlwk qr hqwu| kdv d xqltxh VSH1 Ixqgv sod| vdih lq wkh lqwhulp vwdjh> lq wkh
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erqxv vwdjh wkh| nhhs rq sod|lqj vdih li wkh shuirupdqfh jds lv qxoo> zkhq wkh

shuirupdqfh jds lv odujh +khuh htxdo wr v,/ wkh lqwhulp ohdghu sod|v vdih dqg wkh

lqwhulp iroorzhu sod|v ulvn|1 Khqfh zh fdq fodlp wkh iroorzlqj

Sursrvlwlrq 4 +VSH 0 Qr hqwu|, Xqghu dvvxpswlrq 4/ wkh jdph zlwk qr hq0

wu| kdv d xqltxh VSH1 Wkh htxloleulxp sdwk lv= +V>V, lq wkh �uvw vwdjh> +V> V,

lq wkh vhfrqg vwdjh li wkh shuirupdqfh jds lq wkh �uvw vwdjh lv qxoo/ dqg +V>U,

rwkhuzlvh1

Surri1 E| ohppd 4 dqg 51

Uhpdun 5 +Vxe0rswlpdolw|, Qrwlfh wkdw wkh rxwfrph ri wkh jdph zlwk qr

hqwu| lv qrw vhqvlwlyh wr wkh h{shfwhg uhwxuq ri hlwkhu lqyhvwphqw w|sh= jlyhq wkh

lqfhqwlyh vwuxfwxuh/ h{shfwhg uhwxuqv ri wkh lqyhvwphqw rssruwxqlwlhv duh hqwluho|

luuhohydqw iru ulvn0wdnlqj fkrlfhv1 Khqfh udqn0edvhg frpshwlwlrq hdvlo| uhvxowv lq

vxe0rswlpdo ulvn0wdnlqj ehkdylrxu1

7 Hqwu|

Vxssrvh wkdw wkhuh lv d wklug ixqg wkdw pljkw ghflgh wr hqwhu dw wkh hqg ri wkh

vhfrqg vwdjh dqg frpshwh iru pdunhw ohdghuvkls dorqjvlgh zlwk wkh wzr lqfxp0

ehqwv1 Zh dvvxph wkdw wkh hqwudqw kdv d fohdu lqirupdwlyh dgydqwdjh lq wkdw kh

fdq shuihfwo| revhuyh wkh fxpxodwlyh shuirupdqfh ri wkh wzr lqfxpehqw ixqgv1

Li wkhuh lv d +vpdoo, frvw wr hqwu|/ wkh qhz ixqg zloo rqo| frph lqwr wkh slfwxuh

zkhq lw glvsod|v d shuirupdqfh wkdw jxdudqwhhv pdunhw ohdghuvkls1 Wkh wzr

lqfxpehqw ixqgv kdyh dq lqirupdwlyh glvdgydqwdjh lq wkdw wkh| duh xqfhuwdlq

derxw wkh shuirupdqfh ri wkh hqwudqw ixqg1 Krzhyhu wkh| fdq dqwlflsdwh wkdw

wkh kljkhu wkhlu shuirupdqfh/ wkh orzhu wkh suredelolw| ri hqwu|1

Wkh h�hfw ri hqwu| rq h{shfwhg sd|r�v lv wkdw hdfk ri wkh wzr lqfxpehqwv/

vd| ri shuirupdqfh +4 . {,/ zloo qrz zlq wkh erqxv li= wkhlu rssrqhqw glvsod|v

53



lqwhulp shuirupdqfh lqihulru wr +4 . {, dqg li wkh hqwudqw glvsod|v d shuirupdqfh

ohvv wkdq +4.{,/ zklfk rffxuv zlwk suredelolw| {

+4.u,5�4
/ jlyhq rxu dvvxpswlrq

rq wkh glvwulexwlrq ri wkh shuirupdqfh ri wkh hqwudqw1

714 Wkh Erqxv Vwdjh

Xqolnh wkh jdph zlwk qr hqwu|/ zkhuh wkh rqo| yduldeoh wkdw ghwhuplqhg zklfk

frqwlqxdwlrq jdph ixqgv zrxog sod| lq wkh erqxv vwdjh zdv wkh lqwhulp shu0

irupdqfh jds ehwzhhq wkh wzr sod|huv/ khuh wkh dfwxdo vwudwhjlhv sod|hg e| wkh

pdqdjhuv lq wkh lqwhulp vwdjh pdwwhu vlqfh wkh devroxwh shuirupdqfh ri erwk

ixqgv +dqg qrw rqo| wkhlu uhodwlyh shuirupdqfh, lv lpsruwdqw lq ghwhuplqlqj

zkdw lv wkh fkdqfh wkdw dq rxwshuiruplqj hqwudqw pljkw dulvh1 Khqfh zh qhhg

wr glvwlqjxlvk pruh fdvhv wkdq lq wkh ehqfkpdun1

Wdnh iru h{dpsoh wkh fdvh zlwk lqwhulp shuirupdqfh jds htxdo wr }hur1 Qrwh

wkdw ixqgv fdq wlh dw wkuhh gl�huhqw shuirupdqfh ohyhov/ lq sduwlfxodu dw 4> +4.v,

dqg +4 . u,= Krzhyhu wkh jdph pdqdjhuv sod| lq wkh erqxv vwdjh dw gl�huhqw

shuirupdqfh ohyhov zloo qrw eh wkh vdph/ dv wkh suredelolw| wr orvh wkh erqxv ylv0

d0ylv d srwhqwldo hqwudqw zloo eh d ghfuhdvlqj ixqfwlrq ri devroxwh shuirupdqfh48 1

Doehlw gl�huhqw/ wkh vroxwlrqv iru wkh wkuhh vxejdphv iroorz wkh vdph txdo0

lwdwlyh vwuxfwxuh1 Lq sduwlfxodu= li wkh suredelolw| wkdw wkh ulvn| vwudwhj| sd|v

d kljk uhwxuq lv yhu| vpdoo/ wkhq wkh xqltxh QH lv +V> V,> li lw lv yhu| kljk wkhq

wkh xqltxh QH lv +U>U,> iru lqwhuphgldwh ydoxhv erwk +V>U, dqg +U>V, duh QH1

Pruh lq ghwdlo/ ohw l @ 3> v> u lghqwli| wkh fdvhv 4> +4 . v,/ +4 . u, iru wkh lqwhulp

shuirupdqfh ohyho lq wkh 3 shuirupdqfh jds vxejdph zlwk hqwu|1 Zh duh qrz

uhdg| wr vwdwh wkh iroorzlqj=

Ohppd 6 +Erqxv vwdjh 0 }hur jds, Lq wkh 3 shuirupdqfh jds erqxv vxe0

jdph zlwk hqwu|/ wkhuh h{lvw �l 5 +3> 4, iru l @ 3> v> u> vxfk wkdw

48Wklv ihdwxuh ri rxu prgho �wv wkh hpslulfdo hylghqfh lq Fdukduw ^8`= wkh suredelolw| wkdw

d ixqg glvdsshduv iurp wkh olvw ri wkh wrs0udqnhg ixqgv lv prqrwrqlfdoo| ghfuhdvlqj lq lwv sdvw

shuirupdqfh1
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+d, l� � � +4� s�,�l wkhq +V> V, lv wkh xqltxh QH>

+e, l� +4� s�,�l � � � 4�t
4�t"

�l wkhq +V>U, dqg +U>V, duh QH>

+f, l� � � 4�t
4�t"

�l wkhq +U>U, lv wkh xqltxh QH1

zkhuh �l iru l @ 3> v> u duh gh�qhg lq wkh dsshqgl{1

Surri1 Vhh dsshqgl{1

Lq �jxuh 5 zh uhsuhvhqw wkh gl�huhqw htxloleuld lq wkh sdudphwhu vsdfh1

    α
   (S,R)

   (R,S)   (S,R)
   (R,S)

     β      β      β
     Case i = 0          Case i = s       Case  i =  r

   (R,R)
   (R,R)

   (R,R)

   (S,S)
   (S,S)    (S,S)

   (S,R)
   (R,S)

    α

     β

   (S,S)

No entry

Iljxuh 5 0 Htxloleuld lq wkh 3 shuirupdqfh jds vxejdph1

Zlwk uhvshfw wr wkh ehqfkpdun fdvh/ rqh �uvw frqfoxvlrq zh fdq gudz lv

wkdw/ zkloh lq wkh fdvh zlwk qr hqwu| wkh xqltxh htxloleulxp lq wkh 3 shuiru0

pdqfh jds vxejdph hqwdlohg +V> V, iru wkh zkroh sdudphwhu vsdfh/ khuh zh kdyh

sdudphwhu uhjlrqv zkhuh hlwkhu rqh ixqg ru erwk ixqgv fkrrvh wkh ulvn| sruwirolr

lq htxloleulxp1

H!flhqf| ri Sruwirolr Vhohfwlrq= Udqn edvhg frpshwlwlrq lq devhqfh ri

hqwu| pdnhv sruwirolr ghflvlrqv hqwluho| lqvhqvlwlyh wr wkh h{shfwhg ydoxhv ri

lqyhvwphqw rssruwxqlwlhv> xqfhuwdlqw| derxw qhz frpshwlwruv uhvwruhv vhqvlwly0

lw| ri ulvn0wdnlqj ghflvlrqv wr h{shfwhg ydoxhv ri dydlodeoh dvvhwv1 Lq suhvhqfh

ri frqwhvwdelolw| wkh wzr lqfxpehqw ixqgv kdyh wzr pdlq remhfwlyhv= rxwshu0

iruplqj wkhlu rssrqhqw dqg ghwhuulqj hqwu|1 Ulvn0wdnlqj ehfrphv dsshdolqj wr
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ixqg pdqdjhuv ehfdxvh kljk shuirupdqfh uhdfkhg wkurxjk d ulvnlhu sruwirolr

suhhpswv hqwu| zlwk kljkhu suredelolw|1

Frvwv dqg Ehqh�wv ri Hqwu| Ghwhuuhqfh= Lw lv lqwhuhvwlqj wr dvvhvv krz/

jlyhq wkh ohyho ri devroxwh shuirupdqfh dfklhyhg/ wkh frvwv dqg ehqh�wv ri h{0

huwlqj hqwu| ghwhuuhqfh duh uhodwhg wr wkh sdudphwhuv � dqg �1 Wkh ehqh�w ri

ulvn0wdnlqj lq rughu wr ghwhu hqwu| lv ghfuhdvlqj lq �= li wkh udwlr u
v
+@ 4

�
, lv odujh/

wkhq d vxffhvvixo ulvn| sruwirolr fdq ohdg wr pxfk kljkhu shuirupdqfh wkdq d

vdihu sruwirolr dqg dv d uhvxow hqwu| ghwhuuhqfh rewdlqhg wkurxjk ulvn0wdnlqj lv

kljko| h�hfwlyh1 Wkh frvw ri hqwu| ghwhuuhqfh lv olqnhg wr wkh plvvhg rssruwx0

qlw| ri rxwshuiruplqj wkh fxuuhqw rssrqhqw zlwk kljkhu suredelolw| wkurxjk d

vdihu sruwirolr1 Wklv rssruwxqlw| frvw lv qhjdwlyho| uhodwhg wr wkh sdudphwhu �=

zkhq �+@ t
s
, lv kljk/ wkh suredelolw| zlwk zklfk wkh ulvn| sruwirolr sd|v rxw

lv qrw pxfk orzhu wkdq wkh suredelolw| zlwk zklfk wkh vdih sruwirolr sd|v rxw/

khqfh hqwu| ghwhuuhqfh ehfrphv fkhdshu1 Dv d uhvxow/ jlyhq d ydoxh iru �/ dv �

lqfuhdvhv/ lw ehfrphv frqyhqlhqw dw �uvw iru rqh ixqg/ wkhq iru erwk ri wkhp/ wr

xqghuwdnh hqwu| ghwhuuhqfh1 Wkh vdph h�hfw lv revhuyhg/ jlyhq d ydoxh iru �/ dv

� ghfuhdvhv1 Khqfh iru kljk ydoxhv ri � dqg orz ydoxhv ri � erwk ixqg pdqdjhuv

fkrrvh d ulvn| sruwirolr> iru orz ydoxhv ri � dqg kljk ydoxhv ri � erwk ixqgv

lqyhvw lq vdihu dowhuqdwlyhv1

Iuhh Ulglqj rq Hqwu| Ghwhuuhqfh= Lqwhuphgldwh ydoxhv ri � dqg � uhsuh0

vhqw vlwxdwlrqv zkhuh wkh edodqfh ehwzhhq frvwv dqg ehqh�wv ri ulvn0wdnlqj lv

vxfk wkdw lw lv rswlpdo iru rqh ri wkh wzr ixqgv/ exw qrw erwk/ wr h{huflvh hqwu|

ghwhuuhqfh1 Lq wkh dv|pphwulf htxloleuld wkh ixqg pdqdjhu zkr wlowv klv sruw0

irolr wrzdugv ulvnlhu dowhuqdwlyhv lv zruvh r� zlwk uhvshfw wr wkh ixqg pdqdjhu

zkr vwd|v rq vdihu srvlwlrqv1 Wkh odwwhu qhyhuwkhohvv ehqh�wv iurp wkh hqwu|

ghwhuuhqfh h{huwhg e| klv frpshwlwru1 Wkxv zh fdq lqwhusuhw wklv vlwxdwlrq dv

iuhh ulglqj rq hqwu| ghwhuuhqfh1
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H�hfwv ri Vhfwruldo Ulvn= Lq wklv vhwwlqj d kljkhu vhfwruldo ulvn +kljkhu ydo0

xhv iru " dqg �, pdnhv v|pphwulf rxwfrphv ohvv dsshdolqj1 Judsklfdoo| zh

frxog uhsuhvhqw kljkhu ohyhov ri fruuhodwlrq e| dq lqfuhdvhg zhgjh ehwzhhq wkh

+V> V, dqg +U>U, duhdv1 Krzhyhu dv|pphwulf htxloleuld 0 dqg khqfh wkh h�hfw

wkdw zh kdyh lqwhusuhwhg dv iuhh ulglqj rq hqwu| ghwhuuhqfh 0 zrxog shuvlvw iru

lqwhuphgldwh ydoxhv ri � dqg �/ hyhq lq wkh devhqfh ri vhfwruldo ulvn1

Lw lv lqwhuhvwlqj wr dvvhvv zkdw lv wkh lpsdfw ri devroxwh lqwhulp shuirupdqfh

rq ulvn0wdnlqj ghflvlrqv1 Zh fdq frpsduh wkh sdudphwhu uhjlrqv lq wkh wkuhh

gl�huhqw fdvhv dqdo|vhg deryh +fdvhv l @ 3> v> u, dqg vkrz wkdw zruvh shuiruplqj

ixqgv duh pruh surqh wr ulvn0wdnlqj ehkdylrxu1 Lq sduwlfxodu/ zruvh shuiruplqj

ixqgv whqg wr eh pruh �hdjhu� wr pdnh xvh ri jurzwk rssruwxqlwlhv dqg lqyhvw

lq ulvnlhu vwudwhjlhv wkdw jlyh kljkhu zhdowk zkhq wkh| vxffhhg1 Hqwu| fohduo|

srvhv d kljkhu wkuhdw wr orz shuiruplqj ixqgv wkdq wr kljk shuiruplqj rqhv=

khqfh zruvh shuiruplqj ixqgv wlow wkhlu sruwirolrv wrzdugv ulvn| dowhuqdwlyhv iru

d odujhu vhw ri sdudphwhu ydoxhv1 Irupdoo| zh fdq vwdwh wkh iroorzlqj=

Sursrvlwlrq 5 +Shuirupdqfh dqg Ulvn, Lq wkh 3 shuirupdqfh jds vxejdph

zruvh shuiruplqj ixqgv duh pruh ulvn surqh wkdq ehwwhu shuiruplqj ixqgv1 Iru0

pdoo| �3 � dv � �u1

Surri1 Vhh dsshqgl{1

Dq lqwuljxlqj sdudooho lq wkh fdvh zlwk qr hqwu| lv wkh uhvxow wkdw iru odujh

hqrxjk shuirupdqfh jds zruvh shuiruplqj ixqgv +l1h1 iroorzhuv, whqg wr eh

ulvnlhu wkdq ehwwhu shuiruplqj ixqgv/ l1h1 ohdghuv1 Wklv skhqrphqrq lv lqgh0

shqghqw ri wkh devroxwh shuirupdqfh ri wkh ixqg1 Lq wkh fdvh zlwk hqwu|/ zh

�qg wkdw devroxwh shuirupdqfh pdwwhuv= hyhq zkhq ixqgv duh ri htxdo shuiru0

pdqfh/ wkh suredelolw| wkdw wkh| fkrrvh wkh ulvn| vwudwhj| lq wkh vhfrqg shulrg

ghfuhdvhv zlwk shuirupdqfh1
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Ohw xv qrz frqvlghu wkh vxejdph wkdw iroorzv dq lqwhulp shuirupdqfh jds

htxdo wr +u � v, lq wkh jdph zlwk hqwu|1 Uhfdoo wkdw lq wkh ehqfkpdun fdvh

wkh xqltxh htxloleulxp hqwdlov +V> V,1 Zkhq hqwu| lv frqvlghuhg/ vlploduo| dv

lq wkh suhylrxv fdvh h{dplqhg/ zh �qg wkdw htxloleuld hqwdlo pruh ulvn0wdnlqj

dqg/ xqghu vrph sdudphwulf frqglwlrqv/ hlwkhu rqh ixqg ru erwk fkrrvh d ulvn|

sruwirolr lq htxloleulxp1 Pruh lq ghwdlo zh fdq fodlp wkh iroorzlqj=

Ohppd 7 +Erqxv vwdjh 0 +u � v, jds, Lq wkh +u � v, shuirupdqfh jds vxe0

jdph/ wkhuh h{lvw �4 5 +3> 4, dqg �5 5 +3> 4, vxfk wkdw

+d, +V> V, lv wkh xqltxh QH l� � � plqi�4>
4�s�
4�s

�vj

+e, +U>V, lv wkh xqltxh QH l� �4 � � � 4�t
4�t"

�v

+f, +V>U, lv wkh xqltxh QH l� 4�s�
4�s

�v � � � �5

+g, +U>U, lv wkh xqltxh QH l� � � pd{

q
4�t
4�t"

�v> �5

r

zkhuh �4 A �5 duh gh�qhg lq wkh dsshqgl{1

Surri1 Vhh dsshqgl{1

Wkh htxloleuld lq wkh frqwlqxdwlrq jdph zlwk +u � v, shuirupdqfh jds kdyh

d vlplodu vwuxfwxuh wr wkh rqh jlyhq iru wkh 3 shuirupdqfh jds vxejdph= zlwk

uhvshfw wr rxu ehqfkpdun fdvh/ hqwu| wkuhdwv pdnh sruwirolr ghflvlrqv ri ixqg

pdqdjhuv pruh vhqvlwlyh wr wkh h{shfwhg ydoxhv ri wkh lqyhvwphqw rssruwxqlwlhv1

Lq sduwlfxodu hqwu| ghwhuuhqfh wkurxjk ulvn0wdnlqj ehfrphv frqyhqlhqw iru rqh/

dqg wkhq iru erwk ixqgv/ iru kljk ydoxhv ri � dqg orz ydoxhv ri �/ l1h1 zkhqhyhu

wkh ehqh�wv ri hqwu| ghwhuuhqfh duh kljk hqrxjk dqg lwv rssruwxqlw| frvwv duh

qrw wrr vhyhuh1 Xqolnh wkh 30shuirupdqfh jds vxejdph/ wkh frqwlqxdwlrq jdph

zh kdyh khuh lv qrw v|pphwulf= dowkrxjk wkh lqwhulp shuirupdqfh jds lv vpdoo/

wkhuh lv dq lqwhulp ohdghu dqg dq lqwhulp iroorzhu1 Wklv dv|pphwu| ohdgv wr

wkh rxwfrph wkdw/ iru lqwhuphgldwh ydoxhv ri � dqg �/ wkh dv|pphwulf htxloleuld

+V>U, dqg +U>V, gr qrw frh{lvw49 1 Wkh lqwxlwlrq ehklqg wklv uhvxow olhv lq wkh

49Wkh idfw wkdw k� : k2 lpsolhv wkdw wkhuh lv qr ydoxh iru k vxfk wkdw +e, dqg +f, lq
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idfw wkdw dv vrrq dv wkh jdph ehfrphv dv|pphwulf/ wkh lqfhqwlyhv wr xqghuwdnh

hqwu| ghwhuuhqfh gl�hu ehwzhhq wkh wzr ixqgv1 Lq sduwlfxodu/ wkh ehqh�w ri hqwu|

ghwhuuhqfh lv kljkhu iru wkh ohdghu/ zkr kdv pruh dw vwdnh> zkloh wkh rssruwxqlw|

frvw ri hqwu| ghwhuuhqfh lv orzhu iru wkh iroorzhu/ iru zkrp ulvn0wdnlqj zrunv

dovr wrzdugv wkh remhfwlyh ri rxwshuiruplqj klv fxuuhqw rssrqhqw1 Wkh edodqfh

ehwzhhq wkhvh wzr h�hfwv lv gl�huhqw dfurvv sdudphwhu uhjlrqv/ vr wkdw +V>U,

dqg +U>V, qhyhu frh{lvw iru wkh vdph sdudphwhuv1

Ilqdoo| zh qhhg wr frqvlghu wkh fdvh ri odujh lqwhulp shuirupdqfh jds1 Uhfdoo

wkdw lq wkh ehqfkpdun fdvh zlwk qr hqwu| wkh xqltxh htxloleulxp hqwdlov +V>U,1

Zh fdq vkrz wkdw dovr lq wklv fdvh hqwu| lpsolhv wkdw ixqg pdqdjhuv zloo fkrrvh

ulvnlhu sruwirolrv1 Lq idfw/ d sdudphwhu uhjlrq h{lvwv vxfk wkdw erwk ixqgv/ dqg

qrw rqo| wkh lqwhulp iroorzhu/ sod| ulvn|1

Zk| lv lw vrB Wkh uhdvrq lv wkdw dowkrxjk fkrrvlqj d vdih vwudwhj| pd|

doorz wkh ohdghu wr nhhs klv ohdghuvkls zlwk d kljkhu suredelolw| dqg jhw wkh

erqxv lq wkh hqg/ zkhq wkhuh lv dovr hqwu|/ kh pd| orrvh lw ylv0d0ylv d srwhqwldo

hqwudqw/ li wkh shuirupdqfh ri wkh qhz hqwudqw lv vx!flhqwo| kljk1 Wr fkrrvh

wkh htxloleulxp vwudwhj| kh vkrxog wudgh0r� wkh srvlwlyh h�hfw ri fkrrvlqj wkh

ulvnlhu vwudwhj| zklfk dprxqwv wr kljkhu shuirupdqfh zkhqhyhu lw vxffhhgv +hq0

wu| suhhpswlrq zlwk kljkhu suredelolw|,/ zlwk lwv qhjdwlyh h�hfw wkdw lv lwv orzhu

vxffhvv suredelolw| frpsduhg wr wkh vdih vwudwhj|1 Li wkh ehqh�wv ri hqwu| gh0

whuuhqfh duh qrw wrr orz +l1h1 � odujh, lw ehfrphv rswlpdo dovr iru wkh ohdghu wr

fkrrvh wkh ulvn| sruwirolr1

Dv lq wkh ehqfkpdun fdvh/ wkh vxejdphv wkdw iroorz d shuirupdqfh jds htxdo

wr v ru htxdo wr u duh gl�huhqw1 Krzhyhu/ wkh vroxwlrq iru wkhvh wzr vxejdphv

iroorzv wkh vdph txdolwdwlyh vwuxfwxuh1 Lq sduwlfxodu= li wkh suredelolw| wkdw wkh

ulvn| vwudwhj| sd|v d kljk uhwxuq lv vpdoo/ wkhq wkh xqltxh QH lv +V>U,> li lw

lv kljk wkhq wkh xqltxh QH lv +U>U,1 Pruh lq ghwdlo/ ohw m @ v> u lghqwli| wkh

sursrvlwlrq 7 duh erwk vdwlv�hg1
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fdvhv zlwk shuirupdqfh jds htxdo wr v dqg u uhvshfwlyho|1

Ohppd 8 +Erqxv vwdjh 0 odujh jds, Lq wkh erqxv vxejdph zlwk odujh shu0

irupdqfh jds/ wkhuh h{lvwv e�m 5 +3> 4, iru m @ v> u vxfk wkdw

+d, +V>U, lv wkh xqltxh QH l� � � e�m
+e, +U>U, lv wkh xqltxh QH l� � � e�m

zkhuh e�m iru m @ v> u lv gh�qhg lq wkh dsshqgl{1

Surri1 Vhh dsshqgl{1

Lq wkh gldjudp lq �jxuh 6/ zh uhsuhvhqw sdudphwhu uhjlrqv iru wkh wzr gli0

ihuhqw htxloleuld lq wkh wzr fdvhv m @ v> u1

   α

     β   β
     Case j = s          Case j = r

   (R,R)
   (R,R)

   (S,R)    (S,R)

    α

    β

   (S,R)

     No entry

Iljxuh 6 0 Htxloleuld lq wkh odujh shuirupdqfh jds vxejdph1

Frpsdulqj rxu uhvxowv wr wkh ehqfkpdun fdvh/ zh fdq frqfoxgh wkdw/ zkloh

lq wkh fdvh zlwk qr hqwu| wkh xqltxh htxloleulxp lq wkh odujh shuirupdqfh jds

vxejdph hqwdlohg +V>U, iru wkh zkroh sdudphwhu vsdfh/ khuh zh kdyh sdudphwhu

uhjlrqv zkhuh erwk ixqgv fkrrvh wkh ulvn| sruwirolr lq htxloleulxp1 Lq sduwlfxodu/

wkhuh dozd|v h{lvwv d sdudphwhu uhjlrq zkhuh lw lv grplqdqw iru wkh lqwhulp ohdghu

wr sod| ulvn|1 Rqfh djdlq/ hqwu| wkuhdwv doljq sruwirolr fkrlfhv zlwk h{shfwhg

ydoxhv ri lqyhvwphqw rssruwxqlwlhv1 Wkh glvwlqfwlyh ihdwxuh ri wkh htxloleuld lq

wkh odujh shuirupdqfh jds vxejdph lv wkdw/ hyhq zkhq sdudphwhuv duh vxfk wkdw

wkh ehqh�w ri hqwu| ghwhuuhqfh lv yhu| vpdoo +� odujh,/ wkh lqwhulp iroorzhu vwloo
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�qgv lw rswlpdo wr sod| ulvn|1 Wkh lqwxlwlrq ehklqg wklv uhvxow olhv lq wkh idfw

wkdw/ zkhq wkh lqwhulp shuirupdqfh jds lv vx!flhqwo| odujh/ iru wkh iroorzhu

wkhuh lv qr orqjhu frq lfw ehwzhhq ghwhuulqj hqwu| dqg dlplqj dw rxwshuiruplqj

wkh fxuuhqw rssrqhqw= erwk remhfwlyhv uhtxluh kljkhu ulvn0wdnlqj1

715 Wkh Lqwhulp Vwdjh dqg Htxloleulxp Sdwkv

Zh fdq frpsxwh wkh h{shfwhg sd|r� iru hdfk ri wkh sod|huv lq wkh lqwhulp vwdjh

lq wkh vdph idvklrq dv iru wkh fdvh zlwk qr hqwu|= zh qhhg wr frqvlghu zlwk

zklfk suredelolw| hdfk vxejdph lv uhdfkhg dqg wkhq vxevwlwxwh iru wkh h{shfwhg

sd|r�v wkdw hdfk sod|hu rewdlqv lq htxloleulxp lq wkh vhfrqg vwdjh1 Dv dqdo|vhg

lq wkh suhylrxv vhfwlrq/ htxloleuld lq wkh erqxv vxejdphv ghshqg rq sdudphwulf

frqglwlrqv1 Pruhryhu wkh sdudphwulf frqglwlrqv qhhghg iru gl�huhqw htxloleuld

wr dulvh ydu| dfurvv vxejdphv/ zklfk pdnhv d frpsohwh fkdudfwhulvdwlrq ri wkh

jdph lq wkh lqwhulp vwdjh txlwh whglrxv dqg 0 zh eholhyh 0 qrw sduwlfxoduo|

looxplqdwlqj1

Lq zkdw iroorzv zh frqfhqwudwh rq wzr srodu fdvhv1 Zh �uvw frqvlghu wkh

wrs0ohiw uhjlrq ri wkh sdudphwhu vsdfh/ zkhuh wkh ulvn| sruwirolr glvsod|v d pxfk

kljkhu h{shfwhg uhwxuq wkdq wkh vdih sruwirolr> wkhq zh frqvlghu wkh erwwrp0

uljkw uhjlrq ri wkh sdudphwhu vsdfh/ zkhuh wkh ulvn| sruwirolr glvsod|v d pxfk

orzhu h{shfwhg uhwxuq wkdq wkh vdih sruwirolr1 Zh gh�qh wkh wzr srodu uhjlrqv e|

wdnlqj wkh prvw vwulqjhqw sdudphwulf frqglwlrqv ryhu doo vxejdphv= lq wkh �uvw

fdvh/ zh wdnh sdudphwhu ydoxhv vxfk wkdw lq doo vxejdphv ixqg pdqdjhuv sod|

+U>U,> lq wkh vhfrqg fdvh/ zh wdnh sdudphwhu ydoxhv vxfk wkdw lq doo vpdoo shu0

irupdqfh jds vxejdphv ixqg pdqdjhuv sod| +V> V, dqg lq doo odujh shuirupdqfh

jds vxejdphv wkh| sod| +V>U,1

Zh �qg wkdw wkh suhvhqfh ri d srwhqwldo frpshwlwru d�hfwv ixqg pdqdjhuv*

ehkdylrxu lq wkh �uvw shulrg ri sod| dv zhoo= lq sduwlfxodu/ dovr lq wkh �uvw

vwdjh hqwu| wkuhdwv uhvwruh vhqvlwlylw| ri sruwirolr ghflvlrqv wr h{shfwhg ydoxhv
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ri dydlodeoh dvvhwv1

Zh vwduw rxu dqdo|vlv zlwk wkh fdvh zkhuh wkh ulvn| sruwirolr kdv d vljql�0

fdqwo| kljkhu h{shfwhg uhwxuq wkdq wkh vdih1 Irupdoo| zh fdq vwdwh wkh iroorzlqj

uhvxow

Sursrvlwlrq 6 +VSH 0 H ^U` AA H ^V`, Zkhq � � ��/ wkh jdph zlwk hqwu|

kdv d xqltxh VSH1 Wkh htxloleulxp sdwk lv= +U>U, lq wkh �uvw vwdjh dqg +U>U,

lq wkh vhfrqg vwdjh1

zkhuh �� lv gh�qhg lq wkh dsshqgl{1

Surri1 Vhh dsshqgl{1

Rq wkh rssrvlwh vlgh ri wkh vshfwuxp/ zkhq sod|lqj vdih |lhogv d pxfk kljkhu

h{shfwhg uhwxuq wkdw sod|lqj ulvn|/ wkh xqltxh VSH ri wkh jdph zlwk hqwu|

hqwdlov sod|lqj +V> V, lq wkh �uvw vwdjh dqg iru wkh vhfrqg vwdjh +V> V, li wkh

shuirupdqfh jds lq wkh �uvw vwdjh lv qxoo/ dqg +V>U, rwkhuzlvh1 Irupdoo| zh

fdq vwdwh wkh iroorzlqj=

Sursrvlwlrq 7 +VSH 0 H ^V` AA H ^U`, Zkhq � � ���/ wkh jdph zlwk hqwu|

kdv d xqltxh VSH zlwk htxloleulxp sdwkv dv iroorzv= +V> V, lq wkh �uvw vwdjh>

+V> V, lq wkh vhfrqg vwdjh li wkh shuirupdqfh jds lq wkh �uvw vwdjh lv vpdoo/ dqg

+V>U, rwkhuzlvh1

zkhuh ��� lv gh�qhg lq wkh dsshqgl{1

Surri1 Vhh dsshqgl{1

Uhpdun 6 +Rswlpdolw|, Qrwlfh wkdw htxloleuld duh khuh vxfk wkdw sruwirolr

fkrlfhv duh vhqvlwlyh wr wkh h{shfwhg uhwxuqv ri wkh lqyhvwphqw rssruwxqlwlhv1

Lq sduwlfxodu/ wkh| hqwdlo pruh ulvn0wdnlqj zkhqhyhu wkh h{shfwhg uhwxuq ri wkh

ulvn| sruwirolr lv vx!flhqwo| kljk zlwk uhvshfw wr wkh h{shfwhg uhwxuq ri lwv vdihu
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dowhuqdwlyh1 Udqn0edvhg lqfhqwlyhv ohdg wr vxe0rswlpdo ghflvlrq pdnlqj lq de0

vhqfh ri hqwu| wkuhdwv1 Lq suhvhqfh ri d srwhqwldo frpshwlwru/ dv orqj dv wkhuh

lv xqfhuwdlqw| ryhu klv shuirupdqfh/ udqn0edvhg frpshwlwlrq fdq lqgxfh h!flhqw

ulvn0wdnlqj ehkdylrxu1

8 Srolf| Lpsolfdwlrqv dqg Frqfoxglqj Uhpdunv

Wkh pdlq remhfwlyh ri rxu dqdo|vlv zdv wr dvvhvv zkhwkhu frqwhvwdelolw| lpsuryhv

rq h!flhqf| lq rxu vhwwlqj1 Wkhuh duh dw ohdvw wzr gl�huhqw shuvshfwlyhv rqh

pljkw zdqw wr orrn dw1 Iluvw ri doo/ rqh pljkw eh lqwhuhvwhg lq dvvhvvlqj zkhwkhu

hqwu| uhvwruhv ixqg pdqdjhuv* lqfhqwlyhv dqg doljqv wkhp zlwk wkh ehvw lqwhuhvw

ri wkh ruljlqdo lqyhvwruv1 Vhfrqgo|/ rqh pljkw zdqw wr dvn zkhwkhu frqwhvwdelolw|

lq wkh ixqg pdqdjhphqw lqgxvwu| vkrxog eh idyrxuhg e| d ehqhyrohqw uhjxodwru/

zkr pd| ru pd| qrw oliw/ iru h{dpsoh/ hqwu| uhvwulfwlrqv lq wkh pdunhw1

Wkh idfw wkdw wkh remhfwlyhv ri ixqg pdqdjhuv zkr fduh derxw wkhlu udqn

duh qrw doljqhg zlwk wkh lqyhvwruv* ehvw lqwhuhvwv lv qrw d vxusulvlqj uhvxow> ixqg

pdqdjhuv zkr duh frpshqvdwhg rq wkh edvlv ri wkhlu uhodwlyh shuirupdqfh wdnh

ghflvlrqv zklfk duh ghwulphqwdo iru wkh lqyhvwruv iurp dq h{shfwhg ydoxh srlqw ri

ylhz1 Lq vslwh ri wklv �qglqj/ uhodwlyh shuirupdqfh hydoxdwlrq vhhpv wr eh zlgho|

lq xvh lq wkh pxwxdo ixqg lqgxvwu|1 Hpslulfdo hylghqfh vkrzv wkdw hyhq zkhq

ixqg pdqdjhuv duh qrw h{solflwo| uhzdughg rq wkh edvlv ri wkhlu uhodwlyh shu0

irupdqfh/ wkh  rz0shuirupdqfh uhodwlrqvkls vwloo zrunv dv dq lpsolflw lqfhqwlyh

ghylfh1 Zh dvn zkhwkhu udqn edvhg remhfwlyhv ohdg wr pruh h!flhqw rxwfrphv

zkhq frpshwlwlrq lq wkh pdunhw lqfuhdvhv dqg lq sduwlfxodu ohdghuvkls lq wkh

vhfwru fdq eh dw vwdnh ehfdxvh ri qhz frpshwlwruv1 Rxu �qglqjv vxjjhvw wkdw

wkh hqwu| wkuhdwv srvhg e| wkh rq0jrlqj surfhvv ri fuhdwlrq ri qhz ixqgv pdnh

sruwirolr ghflvlrqv ri ixqg pdqdjhuv zkr frpshwh iru udqn/ pruh vhqvlwlyh wr

wkh h{shfwhg ydoxhv ri lqyhvwphqw dowhuqdwlyhv1
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Fohduo| wklv grhv qrw |hw h{sodlq zk| hydoxdwlqj ixqg pdqdjhuv dffruglqj wr

uhodwlyh shuirupdqfh vkrxog eh suhihuuhg wr devroxwh shuirupdqfh hydoxdwlrq1 Lq

rxu iudphzrun wkh lqh!flhqflhv ri uhodwlyh shuirupdqfh hydoxdwlrq duh doohyldwhg

exw qrw holplqdwhg1 Krzhyhu/ lq d ulfkhu prgho zkhuh lqyhvwphqw rxwfrphv dovr

ghshqg rq dq xqrevhuydeoh pdqdjhuldo h�ruw/ uhodwlyh shuirupdqfh hydoxdwlrq

frxog eh xvhg wr holflw vxshulru shuirupdqfhv1 Wkh pdlq lpsolfdwlrq ri rxu

dqdo|vlv/ zklfk zh eholhyh zloo eh xvhixo wr ixwxuh uhvhdufk/ lv wkh frqvlghudwlrq

wkdw lq d pdunhw zkhuh uhodwlyh shuirupdqfh hydoxdwlrq kdv d uroh lq uhgxflqj

wkh prudo kd}dug sureohp/ wkh srwhqwldo glvwruwlrq lq wkh irup ri lqh!flhqw

ulvn0wdnlqj ehkdylrxu fdq eh juhdwo| doohyldwhg e| xqfhuwdlqw| ryhu srwhqwldo

qhz frpshwlwruv1

Iurp d srolf| shuvshfwlyh/ dfdghplfv dqg sudfwlwlrqhuv dolnh kdyh riwhq h{0

suhvvhg frqfhuqv derxw wkh h�hfwv ri uhodwlyh shuirupdqfh hydoxdwlrq ri ixqg

pdqdjhuv= lq sduwlfxodu udqn0edvhg frpshwlwlrq kdv iuhtxhqwo| ehhq srlqwhg dw

dv rqh ri wkh pdlq fdxvhv ri h{fhvvlyh frqvhuydwlylvp dqg khuglqj ehkdylrxu

dprqj lqvwlwxwlrqdo lqyhvwruv4: 1 Wkh srolf| lpsolfdwlrq wkdw rqh frxog gudz

iurp rxu dqdo|vlv lv wkdw uhjxodwruv qhhg qrw eh wrr frqfhuqhg derxw wkh xq0

zdqwhg h�hfwv ri uhodwlyh shuirupdqfh hydoxdwlrq/ surylghg wkdw wkh pxwxdo

ixqg lqgxvwu| lv eholhyhg wr eh rshq wr frpshwlwlyh suhvvxuh hqrxjk vr wkdw

ixqg pdqdjhuv idfh d uhdolvwlf wkuhdw ri ehlqj glvsodfhg e| wkhlu frpshwlwruv1

4:Vhh iru h{dpsoh wkh frqfhuqv h{suhvvhg lq wkh uhfhqw Uhsruw rq Lqvwlwxwlrqdo Lqyhvwphqw

e| S1 P|qhuv ^47`1
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Dsshqgl{

Mrlqw Suredelolw| Pdwulfhv

v 3 Pduj1 sure1

v s5� s +4� s�, s

3 s +4� s�, 4� 5s. s5� +4� s,

Pduj1 sure1 s +4� s,

u 3 Pduj1 sure1

u t5" t +4� t", t

3 t +4� t", 4� 5t . t5" +4� t,

Pduj1 sure1 t +4� t,

Surri ri Ohppd 4 +Erqxv vxejdph 0 Qr hqwu|,1 E| uhpdun 4/ zh rqo|

qhhg wr glvwlqjxlvk ehwzhhq irxu vxejdphv1

+4, 3 jds vxejdph=

V U

V s +4� s�, > s +4� s�, s +4� t, > t

U t > s +4� t, t +4� t", > t +4� t",

+5, +u � v, jds vxejdph=

V U

V 4� s. s5� > s +4� s�, 4� t > t+4� s,

U 4� s+4� t, > s+4� t, 4� t . t5" > t+4� t",

+6, v jds vxejdph=

V U

V 4� s +4� s�, > 3 4� t +4� s, > t +4� s,

U 4� s +4� t, > 3 4� t . t5" > t +4� t",

+7, u jds vxejdph=

V U

V 4 > 3 4� t +4� s, > 3

U 4 > 3 4� t +4� t", > 3

Xqghu dvvxpswlrq 4/ lw lv hdv| wr yhuli| wkh iroorzlqj= lq jdph 4 vdih lv d

grplqdqw vwudwhj| iru erwk sod|huv/ vr wkdw xqltxh QH lv +V> V,> lq jdph 5/
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wkh xqltxh QH lv +V> V,> lq jdph 6/ sod|lqj vdih lv d grplqdqw vwudwhj| iru wkh

lqwhulp ohdghu dqg sod|lqj ulvn| lv d grplqdqw vwudwhj| iru wkh lqwhulp iroorzhu/

vr wkdw xqltxh QH lv +V>U,> �qdoo| lq jdph 7/ V lv d grplqdqw vwudwhj| iru wkh

lqwhulp ohdghu dqg/ dv iru wkh lqwhulp iroorzhu/ kh lv lqgl�huhqw ehwzhhq V dqg

U= E| rxu dvvxpswlrq iru wkh fdvh ri lqgl�huhqfh/ wkh iroorzhu suhihuv wr krog d

ulvn| sruwirolr1 Khqfh wkh xqltxh QH lq jdph 7 lv +V>U,1

Surri ri Ohppd 5 +Lqwhulp vwdjh 0 Qr hqwu|, Zkhq wkh vhfrqg sod|hu lv

grlqj vdih/ wkh sd|r� wr wkh �uvw sod|hu zkhq kh sod|v vdih lv=

�V @ s +4� s�,
�
5� 5s. 5s5�

�
Sd|r� wr wkh �uvw sod|hu zkhq kh sod|v ulvn| lv=

�U @ +4� s, +4� s�, +4� t, s. st +4� t, +4� s, . t +4� s, ^4� t+4� s,` . st
�
4� s. s5�

�

Wkh gl�huhqfh +�V � �U, lv d olqhdu dqg ghfuhdvlqj ixqfwlrq ri �1 Khqfh iru

wkh xsshu erxqg rq � lw uhdfkhv lwv plqlpxp1 Zkhq � @ 4
s

k
4�

t
s

l
/ +�V � �U,

uhgxfhv wr st +s� t, A 31 Dv d uhvxow �V A �U/ ;� �
4
s

k
4�

t
s

l
1

Zkhq wkh vhfrqg sod|hu lv grlqj ulvn|/ wkh sd|r� iru �uvw sod|hu zkhq kh sod|v

vdih lv=

�V @ +4� s,+4� t,s+4� s�, . s+4� t,^4� t+4� s,` . sts+4� s�,

dqg zkhq kh sod|v ulvn|=

�U @ +4� 5t . 5t5",s+4� s�, . t+4� t",^4� t+4� s,`

C +�V � �U,

C�
@ s6+4� 5t, . s5+�t . 5"t5, � s5+s� t,+4� 5t,

E| dvvxpswlrq 4

t ? s+4� s�, ? s+4� s,, 4� 5t A 3
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Khqfh
C+�V��U,

C�
A 31 Vlploduo| zh fdq frpsxwh

C +�V � �U,

C"
@ t5

�
+4� t, . s +t � 5, . 5s5�

�
� t5 +4� s� t,

5
� 3

Lw iroorzv wkdw +�V � �U, � +�V � �U,�@4>"@41 Diwhu vrph pdqlsxodwlrq

+�V � �U,�@4>"@4 @ +s� t,
�
5st+4� s, . s+s� t5, . +4� t,++4� s,� t,

�
A 3

D iruwlrul +�V � �U, � 3 iru �> " A 41 Khqfh +V> V, lv wkh xqltxh QH1

Surri ri Ohppd 6 +Erqxv vwdjh 0 }hur jds,1 Frqvlghu wkh fdvh l @ 3 �uvw=

V U

V s +4� s�, v
+4.u,5�4

> s +4� s�, v
+4.u,5�4

s+4� t, v
+4.u,5�4

> t u
+4.u,5�4

U t u

+4.u,5�4
> s+4� t, v

+4.u,5�4
t+4� t", u

+4.u,5�4
> t+4� t", u

+4.u,5�4

Lw lv hdv| wr yhuli| wkdw V lv d ehvw uhvsrqvh wr V l�=

+4� s�,� � �

zklfk suryhv +d, li zh ohw �3 � �1 Fohduo| ulvn| lv d ehvw uhvsrqvh wr vdih l� wkh

rssrvlwh rffxuv=

� � +4� s�,�

Rq wkh rwkhu kdqg/ V lv d ehvw uhvsrqvh wr U l�=

� � �
4� t

4� t"

Khqfh iru � +4� s�, � � � 4�t
4�t"

�/ +V>U, dqg +U>V, duh QH/ zklfk suryhv +e,

li zh ohw/ dv deryh/ �3 � �1 Ilqdoo| U lv d ehvw uhvsrqvh wr U l�=

� �
4� t

4� t"
�

zklfk suryhv +f,1

Frqvlghu qrz wkh fdvh l @ v=

V U

V s +4� s�,
+4.v,5�4

+4.u,5�4
> s +4� s�,

+4.v,5�4

+4.u,5�4
s+4� t,

+4.v,5�4

+4.u,5�4
> t

+4.v,+4.u,�4

+4.u,5�4

U t
+4.v,+4.u,�4

+4.u,5�4
> s+4� t,

+4.v,5�4

+4.u,5�4
t+4� t",

+4.v,+4.u,�4

+4.u,5�4
> t+4� t",

+4.v,+4.u,�4

+4.u,5�4
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Lw lv hdv| wr yhuli| wkdw V lv d ehvw uhvsrqvh wr V l�=

� � +4� s�,
5� . �5u

4 . � . �u

zklfk suryhv +d,/ li zh ohw

�v �
5� . �5u

4 . � . �u

Fohduo| U lv d ehvw uhvsrqvh wr V l� wkh rssrvlwh rffxuv/ l1h1 l�=

� � +4� s�,�v

Rq wkh rwkhu kdqg/ V lv d ehvw uhvsrqvh wr U l�=

� �
4� t

4� t"
�

5� . �5u

4 . � . �u
@

4� t

4� t"
�v

Khqfh +V>U, dqg +U>V, duh QH zkhq

+4� s�,�v � � �
4� t

4� t"
�v

zklfk suryhv +e,1 Ilqdoo| U lv d ehvw uhvsrqvh wr U l�=

� �
4� t

4� t"
�v

zklfk suryhv +f,1

Wklugo| frqvlghu wkh fdvh l @ u=

V U

V s +4� s�,
+4.v,+4.u,�4

+4.u,5�4
> s +4� s�,

+4.v,+4.u,�4

+4.u,5�4
s+4� t,

+4.v,+4.u,�4

+4.u,5�4
> t

+4.u,5�4

+4.u,5�4

U t
+4.u,5�4

+4.u,5�4
> s+4� t,

+4.v,+4.u,�4

+4.u,5�4
t+4� t",

+4.u,5�4

+4.u,5�4
> t+4� t",

+4.u,5�4

+4.u,5�4

Vdih lv d ehvw uhvsrqvh wr vdih l�=

� � +4� s�,
4 . � . �u

5 . u

zklfk suryhv +d,/ li zh ohw

�u �
4 . � . �u

5 . u
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Vdih lv d ehvw uhvsrqvh wr ulvn| l�

s ^v. u . vu` � t
4� t

4� t"

�
5u . u5

�
Ulvn| lv d ehvw uhvsrqvh wr vdih l�=

t
�
5u . u5

�
� s +4� s�, ^v. u . vu`

Zlwk vdph pdqlsxodwlrq rqh �qgv wkdw +V>U, dqg +U>V, duh QH l�=

+4� s�,�u � � �
4� t

4� t"
�u

zklfk suryhv +e,1 Ilqdoo|/ U lv d ehvw uhvsrqvh wr U l�=

� �
4� t

4� t"
�
4 . � . �u

5 . u
�

4� t

4� t"
�u

zklfk suryhv +f,1

Surri ri Sursrvlwlrq 5 +Shuirupdqfh dqg Ulvn,1 Uhfdoo wkdw

�3 @ �

�v @
5� . �5u

4 . � . �u

�u @
4 . � . �u

5 . u

Qrwlfh wkdw �3 � �v uhtxluhv

� � �
5 . �u

4 . � . �u

zklfk lv fohduo| wuxh ehfdxvh 5 � +4 . �,1 Pruhryhu

�u � �v @
+�4 . �,

5

+4 . � . �u, +5 . u,
� 3

zklfk frpsohwhv wkh surri1

Surri ri Ohppd 7 +Erqxv vwdjh 0 +u � v, jds,1 Diwhu dq lqwhulp shuiru0
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pdqfh jds htxdo wr +u � v, wkh frqwlqxdwlrq jdph lv dv iroorzv

V U

V

�
4� 5s. s5�

�
u

+4.u,5�4
. s

+4.v,+4.u,�4

+4.u,5�4
>

s+4� s�,
+4.v,5�4

+4.u,5�4

+4� s,+4� t, u

+4.u,5�4
.

.s+4� t,
+4.v,+4.u,�4

+4.u,5�4
>

t+4� s,
+4.v,+4.u,�4

+4.u,5�4

U
+4� s,+4� t, u

+4.u,5�4
. t

+4.u,5�4

+4.u,5�4
>

s+4� t,
+4.v,5�4

+4.u,5�4

+4� 5t . t5", u
+4.u,5�4

. t
+4.u,5�4

+4.u,5�4
>

t+4� t",
+4.u,+4.v,�4

+4.u,5�4

Iluvw/ ohw xv fkhfn wkh frqglwlrqv xqghu zklfk +V>V, lv d QH ri wklv jdph1 Lw

fdq eh hdvlo| yhul�hg wkdw wkh iroorzlqj wzr lqhtxdolwlhv qhhg wr krog=

�
4� 5s. s5�

�
u . s ^v. u . vu` � +4� s,+4� t,u . t

�
5u . u5

�
+5,

s+4� s�,
�
5v. v5

�
� t+4� s, ^v. u . vu` +6,

Diwhu vrph pdqlsxodwlrq rqh �qgv wkdw lqhtxdolw| +5, uhtxluhv=

� �
� . �u . s�

4 . u . s
� �4

Vlploduo| lqhtxdolw| +6, uhtxluhv=

� �
4� s�

4� s
�

5� . �5u

4 . � . �u
@

4� s�

4� s
�v

Khqfh +V> V, lv d QH l�

� � plq

�
�4>

4� s�

4� s
�v

�

zklfk suryhv +d,1 Ohw xv qrz frqvlghu wkh frqglwlrqv xqghu zklfk +U>V, lv d

QH ri wklv jdph1 Zkhq wkh lqwhulp iroorzhu sod|v vdih/ iru wkh ohdghu lv rswlpdo

wr sod| ulvn| l�=

+4� s,+4� t,u . t
�
5u . u5

�
�
�
4� 5s. s5�

�
u . s ^v. u . vu` +7,

Zkhq wkh lqwhulp ohdghu sod|v ulvn|/ iru wkh iroorzhu lv rswlpdo wr sod| vdih l�=

s+4� t,
�
5v. v5

�
� t+4� t", ^v. u . uv` +8,
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Lqhtxdolw| +7, krogv zkhqhyhu lqhtxdolw| +5, grhv qrw/ khqfh iru

� � �4

Lqhtxdolw| +8, krogv l�

� �
4� t

4� t"
�v

Khqfh +U>V, lv d QH l�

�4 � � �
4� t

4� t"
�v

zklfk suryhv +e,1 Ohw xv qrz fkhfn wkh frqglwlrqv xqghu zklfk +V>U, lv d QH

ri wklv jdph1 Zkhq wkh lqwhulp ohdghu lv sod|lqj vdih/ wkh lqwhulp iroorzhu �qgv

lw rswlpdo wr sod| ulvn| l�=

t+4� s, ^v. u . vu` � s+4� s�,
�
5v. v5

�
+9,

Zkhq wkh lqwhulp iroorzhu lv sod|lqj ulvn|/ wkh lqwhulp ohdghu �qgv lw rswlpdo

wr uhvsrqg zlwk vdih l�=

+4� s,+4� t,u . s+4� t, ^v. u . vu` � +4� 5t . t5",u . t
�
5u . u5

�
+:,

Lqhtxdolw| +9, lv wkh vdph dv lqhtxdolw| +6,/ exw zlwk wkh rssrvlwh vljq1 Khqfh

lw krogv l�

� �
4� s�

4� s
�v

Lqhtxdolw| +:, fdq eh uhzulwwhq dv iroorzv

� �
� +4 . u, +4� t,� t

4 . u . t"
� �5

Khqfh +V>U, lv wkh QH ri wkh jdph zkhq

4� s�

4� s
�v � � � �5
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zklfk suryhv +f,1 Ohw xv �qdoo| frqvlghu wkh frqglwlrqv xqghu zklfk +U>U, lv

wkh QH ri wklv jdph1 Zkhq wkh lqwhulp ohdghu sod|v ulvn|/ lw lv rswlpdo iru wkh

iroorzhu wr fkrrvh ulvn| l�=

t+4� t", ^v. u . vu` � s+4� t,
�
5v. v5

�
+;,

Zkhq wkh lqwhulp iroorzhu lv sod|lqj ulvn|/ lw lv rswlpdo iru wkh ohdghu wr uhvsrqg

zlwk ulvn| l�=

+4� 5t . t5",u . t
�
u5 . 5u

�
� +4� s,+4� t,u . s+4� t, ^v. u . vu` +<,

Qrwlfh qrz wkdw lqhtxdolw| +;, lv wkh vdph dv lqhtxdolw| +8,/ exw zlwk wkh rssr0

vlwh vljq/ vr wkdw lw krogv l�

� �
4� t

4� t"
�v

Vlploduo|/ lqhtxdolw| +<, lv wkh vdph dv lqhtxdolw| +:,/ exw zlwk wkh rssrvlwh

vljq/ vr wkdw lw krogv l�=

� � �5

Dv d uhvxow/ +U>U, lv wkh QH l�

� � pd{

�
4� t

4� t"
�v>�5

�

zklfk suryhv +g,1

Surri ri Ohppd 8 +Erqxv vwdjh 0 odujh jds,1 Iluvw frqvlghu wkh fdvh

m @ v1 Diwhu dq lqwhulp shuirupdqfh jds htxdo wr v/ wkh erqxv vxejdph lv dv

iroorzv

V U

V

�
4� 5s. s5�

�
v

+4.u,5�4
. s

+4.v,5�4

+4.u,5�4
>

3

+4� s,+4� t, v
+4.u,5�4

.

.s
+4.v,5�4

+4.u,5�4
> 3

U
+4� s,+4� t, v

+4.u,5�4
.

.t
+4.v,+4.u,�4

+4.u,5�4
> 3

+4� 5t . t5", v
+4.u,5�4

. t
+4.v,+4.u,�4

+4.u,5�4
>

t+4� t", u

+4.u,5�4

6<



Iru wkh lqwhulp iroorzhu lw lv zhdno| grplqdqw wr sod| ulvn|1 Rqh fdq hdvlo|

yhuli| wkdw zkhq wkh lqwhulp iroorzhu lv sod|lqj ulvn| lw lv rswlpdo iru wkh ohdghu

wr sod| ulvn| l�=

� � �
4 . t . �u

4 . �t". �u
� e�v

Khqfh/ +U>U, lv QH iru

� � e�v
zklfk suryhv +e,1 Ilqdoo| qrwlfh wkdw +V>U, lv d QH zkhqhyhu +U>U, lv qrw/

zklfk suryhv +d,1

Frqvlghu qrz wkh fdvh m @ u1 Diwhu dq lqwhulp shuirupdqfh jds htxdo wr u/ wkh

erqxv vxejdph lv dv iroorzv

V U

V +4� s, u
+4.u,5�4

. s
+4.v,+4.u,�4

+4.u,5�4
> 3 +4� s,+4� t, u

+4.u,5�4
. s

+4.v,+4.u,�4

+4.u,5�4
> 3

U +4� t, u

+4.u,5�4
. t

+4.u,5�4

+4.u,5�4
> 3 +4� 5t . t5", u

+4.u,5�4
. t

+4.u,5�4

+4.u,5�4
> 3

Zh kdyh dvvxphg wkdw wkh iroorzhu/ zkhq lqgl�huhqw/ sod|v ulvn|/ vr wkdw zh

rqo| kdyh wzr fdqglgdwh htxloleuld= +V>U, dqg +U>U,1 Ohw xv fkhfn �uvw wkh

frqglwlrqv xqghu zklfk +V>U, lv d QH1 Zkhq wkh lqwhulp iroorzhu lv sod|lqj

ulvn|/ iru wkh lqwhulp ohdghu lw lv rswlpdo wr sod| vdih l�=

+4� s,+4� t,u . s ^v. u . vu` � +4� 5t . t5",u . t
�
5u . u5

�
zklfk fdq eh uhzulwwhq dv

� �
t . � . �u

4 . u . t"
� e�u

zklfk suryhv +d,1 Fohduo| +U>U, lv wkh QH zkhq wkh rssrvlwh krogv/ zklfk

suryhv +e,

Surri ri Sursrvlwlrq 6 +VSH 0 H ^U` AA H ^V`,1 Lq wkh vhfrqg vwdjh

+U>U, lv wkh xqltxh htxloleulxp lq hyhu| vxejdph e| frqvwuxfwlrq/ dv zh wdnh
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�� � pd{

q
4�t
4�t"

�u> �5> e�v> e�ur1 Ohw xv qrz frqvlghu wkh htxloleulxp lq wkh

lqwhulp vwdjh1 Zh fdq vxppdulvh sd|r�v dv iroorzv

V U

V D

+4.u,5�4
> D

+4.u,5�4

F

+4.u,5�4
> G

+4.u,5�4

U G

+4.u,5�4
> F

+4.u,5�4

E

+4.u,5�4
> E

+4.u,5�4

zkhuh

D � +4� 5s. s5�,+4� t",tu . s+4� s�,^t +4� t", u . t+v. u . vu, .

.v
�
4� 5t . t5"

�
` . s5�t+4� t",+v. u . vu,

E � t
�
4� 5t . t5"

�
+4� t", u . t+4� t",

�
t
�
5u . u5

�
. u

�
4� 5t . t5"

��
.

.t6"+4� t",+5u . u5,

F � t+4� t, +4� t", +4� s,u . s+4� t,
�
t +v. u . uv, . v+4� 5t . t5",

�
.

.st5+4� t",+u . v. uv,

G � +4� t, +4� t", t+4� s,u . t +4� s,
�
t
�
5u . u5

�
. u

�
4� 5t . t5"

��
.

.s+4� t,t+4� t",u . st^s +u . v. uv, . +4� s, +4� t, u`

Vwudwhj| U lv d ehvw uhvsrqvh wr vwudwhj| V> dv orqj dv = G � D= Diwhu vrph

pdqlsxodwlrq rqh rewdlqv

G�D @ t
�
+s� t, +4� t", . +4� s,

�
4� 5t . t5". s +4� t,

��
u .

�s +4� s�,
�
4� 5t . t5"

�
v.

.t5 +4� s,
�
5u . u5

�
.

.st ^s� +4� s�,� s� +4� t",` +v. u . vu,

Qrwlfh wkdw e| dvvxpswlrq 4

4� t" � 4� s
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khqfh/ vxevwlwxwlqj +4� s, iru +4� t", lq wkh �uvw whup dqg uhduudqjlqj/ zh

rewdlq

G �D � tu +4� s,
�
4 . 5s� 6t � st . t5"

�
.

�sv +4� s�,
�
4� 5t . t5"

�
.

.t5 +4� s,
�
5u . u5

�
.

�ts +4� s� st�", +v. u . vu,

Qrwlfh qrz wkdw wkh vxp ehwzhhq wkh �uvw wzr whupv lv dozd|v srvlwlyh1 Lq idfw

lq wkh sdudphwhu vsdfh wkdw zh duh frqvlghulqj

tu A sv

dqg pruhryhu

4� s � 4� s�

4 . 5s� 6t � st . t5" � 4� 5t . t5"

Wkh vxp ri wkh wklug dqg irxuwk whupv lv dovr srvlwlyh1 Lq idfw

t +4� s,
�
5u . u5

�
� s +4� s� st�", +v. u . vu,

uhtxluhv

� �
4� s� st�"

4� s
�u

zklfk krogv wuxh lq wkh sdudphwhu vsdfh wkdw zh duh frqvlghulqj/ zkhuh

� �
4� t

4� t"
�u

Khqfh/ dv +G�D, � 3/ ulvn| lv d ehvw uhvsrqvh wr vdih1 Zh fdq vkrz wkdw ulvn|

lv d ehvw uhvsrqvh wr ulvn| dv zhoo/ vr wkdw +U>U, lv wkh xqltxh htxloleulxp ri wkh

�uvw0shulrg jdph1 U lv d ehvw uhvsrqvh wr U l� +E � F, � 31 Diwhu vrph dojheud
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zh fdq uhzulwh wkh gl�huhqfh +E � F, dv wkh vxp ri irxu whupv dv iroorzv=

E � F @ t +4� t", u
�
s� t . t5"� st

�
.

.t
�
+4� t", t

�
5u . u5

�
� s +4� t, +v. u . vu,

�
.

.t +4� t",
�
t5"+5u . u5,� st +v. u . vu,

�
.

.
�
4� 5t . t5"

�
^tu +4� t",� s +4� t, v`

Wkh �uvw whup lv lqfuhdvlqj lq "> lw uhdfkhv lwv plqlpxp iru " @ 4/ zkhuh lw lv

htxdo wr

+s� t, +4� t, A 3

Khqfh wkh �uvw whup lv dozd|v srvlwlyh1 Wkh vhfrqg dqg wklug whupv duh dovr

srvlwlyh1 Lq sduwlfxodu/ wkh vhfrqg whup lv srvlwlyh dv orqj dv

� �
4� t

4� t"

�
v. u . vu

5u . u5

�
@

4� t

4� t"
�u

zklfk krogv wuxh e| dvvxpswlrq lq wkh sdudphwhu vsdfh wkdw zh duh frqvlghulqj1

Wkh wklug whup lv srvlwlyh dv orqj dv

� �
4

"

�
v. u . vu

5u . u5

�

Qrwlfh wkdw wklv lv d ohvv vwulqjhqw frqglwlrq wkdq wkh rqh uhtxluhg iru wkh suh0

ylrxv whup1 Khqfh wkh wklug whup lv dovr srvlwlyh1 Ilqdoo| wkh irxuwk whup lv

srvlwlyh iru

� �
4� t

4� t"
�

zklfk/ djdlq/ krogv wuxh e| dvvxpswlrq lq wkh sdudphwhu vsdfh wkdw zh duh

frqvlghulqj1 Dv d uhvxow E A F dqg ulvn| lv d ehvw uhso| wr ulvn|1 Wkhuhiruh wkh

xqltxh htxloleulxp lv +U>U,=

Surri ri Sursrvlwlrq 7 +VSH 0 H ^V` AA H ^U`,1 Lq wkh vhfrqg vwdjh/ wkh

xqltxh QH lq hyhu| vxejdph lv +V> V, zkhq wkh shuirupdqfh jds lv vpdoo dqg
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+V>U, zkhq wkh shuirupdqfh jds lv odujh/ e| frqvwuxfwlrq1 Lq idfw zh gh�qh

��� � plq i+4� s�,�3> �4> e�v> e�uj1 Ohw xv qrz frqvlghu wkh htxloleulxp lq wkh

lqwhulp vwdjh1 Wkh lqwhulp vwdjh sd|r� pdwul{ lv dv iroorzv

V U

V D
+4.u,5�4

> D
+4.u,5�4

F
+4.u,5�4

> G
+4.u,5�4

U G

+4.u,5�4
> F

+4.u,5�4

E

+4.u,5�4
> E

+4.u,5�4

zkhuh

D � s+4� s�,
�
4� 5s. s5�

�
v. st+4� s�, +4� s, u .

s5+4� s�,+v5 . 5v, . s+4� s, +4� s�, +4� t, v.

s6�+4� s�,
�
v5 . 5v

�

E � +4� 5t . t5",s+4� s�,v. st+4� t", +v. u . vu, .

t+4� t", +4� s, +4� t, u . t5"s+4� s�,+v. u . vu,

F � s+4� s, +4� s�, +4� t,v. s+4� t,5+4� s,v.

s5+4� t,+5v. v5, . s5t+4� s�,+5v. v5,

G @ +4� s, +4� s�, +4� t,sv. +4� s, +4� t, stu .

+4� s,ts+v. u . vu, . t+4� s,5 +4� t, u .

s5t+v. u . vu, . st
�
4� 5s. s5�

�
u

Zh fdq vkrz wkdw F � E dv iroorzv1 Iluvw/ qrwlfh wkdw +F �E, lv lqfuhdvlqj lq

"1 Lq idfw

C +F �E,

C"
@ �t5s +4� s�, v� t5s +4� s�, +v. u . vu, .

.t5s +v. u . vu, . t5+4� s,+4� t,u

Dv

t5s +v. u . vu, A t5s +4� s�, +v. u . vu,
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dqg/ e| dvvxpswlrq 4=

t5+4� s,+4� t,u A t5s +4� s�, v

lw iroorzv wkdw

C +F �E,

C"
A 3

Khqfh +F �E, lv lqfuhdvlqj lq " dqg uhdfkhv lwv plqlpxp iru " @ 41 Zh fdq

qrz vkrz wkdw/ hyhq zkhq " @ 4/ +F �E, A 3/ vr wkdw sod|lqj vdih lv dozd|v

wkh ehvw uhso| zkhq wkh rssrqhqw sod|v ulvn|1

+F �E,"@4 @ s +4� s�, +4� t, +t � s, v.

.s +4� s�, t
�
s
�
v5 . 5v

�
� t +u . v. vu,

�
.

.+4� t,s
�
s
�
v5 . 5v

�
� t +u . v. uv,

�
.

.+4� s, +4� t,
5
+vs� ut,

Qrwlfh qrz wkdw wkh vhfrqg dqg wkh wklug whupv duh srvlwlyh/ ehfdxvh

s
�
v5 . 5v

�
� t +u . v. vu, � 3

krogv wuxh lq wkh sdudphwhu vsdfh wkdw zh duh frqvlghulqj/ zkhuh

t

s
@ � � �v @

v5 . 5v

u . v. uv

Khqfh zh rqo| qhhg wr suryh wkdw wkh vxp ri wkh �uvw dqg wkh irxuwk whupv lv

srvlwlyh1 Qrwlfh wkdw/ vlqfh +t � s, ? 3 =

s +4� s�, +4� t, +t � s, v. +4� s, +4� t,
5
+vs� ut,

A s +4� s, +4� t, +t � s, v. +4� s, +4� t,
5
+vs� ut,

@ +4� s, +4� t, ^vs +4� s,� +4� t, ut`

Wkh odwwhu h{suhvvlrq lv srvlwlyh lq wkh sdudphwhu vsdfh wkdw zh duh frqvlghulqj/

zkhuh � � +4� s�,�1 Qrz zh qhhg wr suryh wkdw sod|lqj vdih lv d ehvw uhvsrqvh
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dovr zkhq wkh rssrqhqw sod|v vdih/ l1h1 zh qhhg wr vkrz wkdw G ? D1 Diwhu

vrph pdqlsxodwlrq/ zh rewdlq

G �D @ s+4� 5s. s5�, ^ut � +4� s�, v` .

.tu
k
+4� s,

5
+4� t, . +4� s,s+s�� t,

l
.

.s
�
t +v. u . vu,� s+4� s�, +4 . s�,

�
5v. v5

��
Uhfdoo wkdw zh duh zrunlqj xqghu wkh dvvxpswlrq � � � +4� s�,/ zklfk lv

htxlydohqw wr

ut � sv +4� s�,

Lw lv hdv| wr yhuli| wkdw +G �D, lv lqfuhdvlqj lq ut1 Vxevwlwxwlqj wkh xsshu

erxqg iru ut +l1h1 sv +4� s�,, lq wkh h{suhvvlrq deryh/ zh �qg

+G �D, � +G �D,ut@sv+4�s�, @

@ s +4� s�, v ^+4� s, +s� t, . s� s� +v. 5,`� tsv �

� s +4� s, v ^+4� s, +s� t,� s +v. 4,` ? 3

Lq wkh lqwhulp vwdjh F A E dqg D A G lpso| wkdw sod|lqj vdih lv d grplqdqw

vwudwhj|1 Khqfh +V> V, lv wkh xqltxh QH lq wkh lqwhulp vwdjh1
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Uhihuhqfhv

^4` Dkphg/ Sduyh} +5334,/ Iruhfdvwlqj Fruuhodwlrq dprqj Htxlw| Pxwxdo

Ixqgv/ Wkh Mrxuqdo ri Edqnlqj dqg Ilqdqfh Mxo| 58/ 44;:0453;1

^5` Dvkwrq/ Gdylg/ Pdylv Furvvodqg dqg Shwhu Prl}hu +4<<3,/ Wkh Shuirupdqfh

Hydoxdwlrq ri Ixqg Pdqdjhuv/ plphr/ Vfkrro ri Exvlqhvv dqg Hfrqrplf

Vwxglhv/ Xqlyhuvlw| ri Ohhgv1

^6` Eurzq/ Nhlwk F1/ Z1Y1 Kduorz dqg Odxud W1 Vwdunv +4<<9,/ Ri Wrxuqd0

phqwv dqg Whpswdwlrqv= dq Dqdo|vlv ri Pdqdjhuldo Lqfhqwlyhv lq wkh Px0

wxdo Ixqg Lqgxvwu|/ Mrxuqdo ri Ilqdqfh 84/ ;804431

^7` Fdeudo/ Oxlv P1E1 +4<<<,/ Irrwedoo/ Vdlolqj/ dqg U)G= G|qdplf Frpsh0

wlwlrq zlwk Vwudwhjlf Fkrlfh ri Yduldqfh dqg Fryduldqfh/ plphr/ Orqgrq

Exvlqhvv Vfkrro1

^8` Fdukduw/ Pdun P1 +4<<:,/ Rq wkh Shuvlvwhqfh lq Pxwxdo Ixqg Shuirupdqfh/

Mrxuqdo ri Ilqdqfh 85/ 8:0;51

^9` Fkhydolhu/ Mxglwk dqg Johqq Hoolvrq +4<<:,/ Ulvn Wdnlqj e| Pxwxdo Ixqgv

dv d Uhvsrqvh wr Lqfhqwlyhv/ Mrxuqdo ri Srolwlfdo Hfrqrp| 438/ 449:045331

^:` Jrudlhy/ Doh{hl/ Iuhghulf Sdorplqr dqg Dqguhd Sudw +5334,/ Pxwxdo Ixqg

Wrxuqdphqw= Ulvn Wdnlqj Lqfhqwlyhv Lqgxfhg e| Udqnlqj Remhfwlyhv/

plphr/ Wloexuj Xqlyhuvlw|1

^;` Krovwurp/ Ehqjw +4<;5,/ Prudo Kd}dug lq Whdpv/ Ehoo Mrxuqdo ri Hfr0

qrplfv/ 46/ 65706731

^<` Kylgh/ Kdqv N1 +5335,/ Wrxuqdphqw Uhzdugv dqg Ulvn Wdnlqj/ Mrxuqdo ri

Oderxu Hfrqrplfv/ iruwkfrplqj1
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^43` Wkh Lqyhvwphqw Frpsdq| Lqvwlwxwh +5333,/ Wkh Pxwxdo Ixqg Idfw Errn

53331

^44` Nkrudqd/ Dmd| dqg Khqul Vhuydhv +4<<<,/ Wkh Ghwhuplqdqwv ri Pxwxdo

Ixqg Vwduwv/ Uhylhz ri Ilqdqfldo Vwxglhv/ Zlqwhu/ 45/ s14376043:71

^45` Ph|hu/ Pdujduhw D1 dqg Mrkq Ylfnhuv +4<<:,/ Shuirupdqfh Frpsdulvrqv

dqg G|qdplf Lqfhqwlyhv/ Mrxuqdo ri Srolwlfdo Hfrqrp| 438/ 87:08;41

^46` Prrnkhumhh/ Glols +4<;7,/ Rswlpdo Lqfhqwlyh Vfkhphv zlwk Pdq| Djhqwv/

Uhylhz ri Hfrqrplf Vwxglhv 84/ 76607791

^47` P|qhuv/ Sdxo +5334,/ Uhylhz ri Lqvwlwxwlrqdo Lqyhvwphqw lq wkh XN/ Ilqdo

Uhsruw/ KP Wuhdvxu|1

^48` Vflxeed/ Hpdqxhod +5335,/ Uhodwlyh Shuirupdqfh dqg Khuglqj lq Ilqdq0

fldo Pdunhwv/ lq �Shuirupdqfh Phdvxuhphqw lq Ilqdqfh�/ M1 Nqljkw dqg V1

Vdwfkhoo hgv/ Exwwhuzruwk0Khlqhpdqq/ iruwkfrplqj1

^49` Vluul/ Huln U1 dqg Shwhu Wxidqr +4<<;,/ Frvwo| Vhdufk dqg Pxwxdo Ixqg

Iorzv/ Mrxuqdo ri Ilqdqfh 86/ 48;<049551
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