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ABSTRACT

Procurement Favouritism and Technology Adoption*

The design of cost minimizing procurement rules for the selection of
contractors among distinct technological groups requires the favouritism of
inefficient firms. It is unclear whether these policies provide incentives for
inefficient firms to adopt more efficient technologies. In this paper the
inefficient firm may adopt the efficient technology at some cost. Government
policy can be effective for an intermediate range of adoption costs. To induce
adoption, the government should commit to favour the (initially) inefficient firm,
despite both firms eventually having the same technology. Even with limited
government commitment, optimal favouritism provides more incentives for
technology adoption than a symmetric mechanism.
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NON-TECHNICAL SUMMARY

Public procurement has long been a main area of discrimination between
domestic and foreign firms. The issue has been a major concern at the World
Trade Organization. The Agreement on Government Procurement was an
important chapter in the Uruguay round. The countries approved a principle of
non-discrimination, while allowing for a differential treatment of the least
developed countries.

The economics literature has provided some useful results regarding this
issue. Auction theory has shown that, if the firms have different (ex-ante)
efficiencies, the government may gain from discriminating in favour of the
inefficient firms, in the sense that it will sometimes be selected even if it does
not reveal the lowest cost. By doing that, the government increases the
competitive pressure on the efficient firms. In trading-off the two effects the
government reduces the expected procurement cost by imposing some
degree of discrimination. This result has been used to understand government
discrimination in favour of domestic (inefficient) firms relative to foreign
(efficient) firms. But these are static arguments. They do not discuss the
(possibly perverse) incentives that the protectionism of inefficient firms may
have on their incentives for the adoption of more efficient technologies. The
objective of the present paper is to address this concern.

This paper considers a model where an inefficient firm must decide whether or
not to adopt cost reducing technologies. The main conclusion is that the
favouritism of inefficient firms promotes the adoption. Protection of the
inefficient firms increases not only the firms’ expected rents, but also the firms’
gross benefits from the adoption of a more efficient technology. Therefore, the
optimal procurement policy discriminates in favour of the (initially) inefficient
firms.

One interesting issue is to compare the equilibrium adoption rules in the paper
with the social welfare maximizing adoption rule under complete information.
To maximize the social welfare under complete information, adoption should
take place whenever the adoption cost is lower than the expected reduction in
the firms’ minimum cost, and the government should select the firm with the
lowest cost. The government’s costs and benefits from the adoption under
incomplete information differ from those of the social planner under complete
information. The government induces adoption by distorting the selection
probabilities in favour of the inefficient firms. Inducing the adoption has a cost,
as it increases the rents of inefficient firms. However, it also generates
benefits, in that it limits the rents of the efficient firms and it reduces the
expected minimum cost. The Paper shows that the government



overinternalizes the effects of adoption and that there is over-adoption
compared to the first best under complete information.

The issue of commitment is central to any discussion of favouritism in
auctions. It is particularly relevant when the concern is with long-term effects.
In this paper, two versions of the model, with varying degrees of government
commitment, are considered. The conclusion that favouritism may help
adoption is robust to changes on the degree of government commitment.

The paper discusses the protection of inefficient firms. It is useful for industrial
policy, in general. Even though it is not framed in terms of domestic and
foreign firms, the conclusions highlight some issues that are relevant to the
discussion about the protection of domestic firms in public procurement.
Nevertheless, the analysis is developed within a simple theoretical model so
the conclusions should not be read as a complete argument for fine-tuned
protection policies: that would certainly require a much more general analysis.
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Sxeolf surfxuhphqw kdv orqj ehhq d pdlq duhd ri glvfulplqdwlrq ehwzhhq grphvwlf dqg iruhljq

�upv1� Pdq| frxqwulhv kdyh +h{solflwo| ru lpsolflwo|, lpsohphqwhg fodxvhv wkdw idyru grphvwlf �upv1

Wkh lvvxh kdv ehhq d pdmru frqfhuq wr wkh ZWR1 Wkh Djuhhphqw rq Jryhuqphqw Surfxuhphqw

zdv dq lpsruwdqw fkdswhu lq wkh Xuxjxd| urxqg1 Wkh frxqwulhv dssuryhg d sulqflsoh ri qrq0

glvfulplqdwlrq/ zkloh doorzlqj iru d gl�huhqwldo wuhdwphqw ri wkh ohdvw ghyhorshg frxqwulhv1

Wkh hfrqrplfv olwhudwxuh kdv surylghg vrph xvhixo uhvxowv wr wklqn derxw wklv lvvxh1 Wkh edvlf

sureohp lv wkdw ri dq djhqw zkr zdqwv wr ex| d jrrg iurp rqh ri wzr srwhqwldo vhoohuv +�upv 4

dqg 5,/ zlwk xqnqrzq frvwv1 Dxfwlrq wkhru| +P|huvrq/ 4<;4, kdv vkrzq wkdw/ li wkh �upv kdyh

gl�huhqw +h{0dqwh, h�flhqflhv/ wkh ex|hu pd| jdlq iurp glvfulplqdwlqj lq idyru ri wkh lqh�flhqw

vhoohu/ lq wkh vhqvh wkdw lw zloo vrphwlphv eh vhohfwhg hyhq li lw grhv qrw uhyhdo wkh orzhvw frvw1

PfDihh dqg PfPloodq +4<;<, xvhg wklv uhvxow wr xqghuvwdqg jryhuqphqw*v glvfulplqdwlrq lq idyru

ri grphvwlf +lqh�flhqw, �upv uhodwlyh wr iruhljq +h�flhqw, �upv12

Exw/ wkrvh duh vwdwlf dujxphqwv1 Wkh| gr qrw glvfxvv wkh +srvvleo| shuyhuvh, lqfhqwlyhv wkdw

wkh surwhfwlrqlvp ri lqh�flhqw �upv pd| kdyh rq wkhlu lqfhqwlyhv iru wkh dgrswlrq ri pruh h�flhqw

whfkqrorjlhv1 Wkh remhfwlyh ri wkh suhvhqw sdshu lv wr dgguhvv wklv frqfhuq1 L frqvlghu d prgho

zkhuh dq lqh�flhqw �up pxvw ghflgh zkhwkhu ru qrw wr dgrsw frvw uhgxflqj whfkqrorjlhv1 Wkh pdlq

frqfoxvlrq lv wkdw wkh idyrulwlvp ri lqh�flhqw �upv surprwhv wkh dgrswlrq1� Surwhfwlrq lqfuhdvhv

qrw rqo| wkh �upv* h{shfwhg uhqwv/ exw dovr wkh �upv* jurvv ehqh�wv iurp wkh dgrswlrq ri d pruh

h�flhqw whfkqrorj|1 Wkhuhiruh/ xqohvv wkh frvw ri dgrswlqj wkh h�flhqw whfkqrorj| lv orz/ wkh

rswlpdo surfxuhphqw srolf| glvfulplqdwhv lq idyru ri wkh +lqlwldoo|, lqh�flhqw �upv1

Wkh lvvxh ri frpplwphqw lv fhqwudo wr dq| glvfxvvlrq ri idyrulwlvp lq dxfwlrqv1 Lw lv sduwlfx0

oduo| uhohydqw zkhq rqh lv frqfhuqhg zlwk orqj whup h�hfwv1 L frqvlghu wzr yhuvlrqv ri wkh prgho
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zlwk ydu|lqj ghjuhhv ri jryhuqphqw*v frpplwphqw1e Wkh frqfoxvlrq wkdw idyrulwlvp pd| khos wkh

dgrswlrq grhv qrw ghshqg rq wkh ghjuhh ri jryhuqphqw*v frpplwphqw1D

Wkh prgho glvfxvvhv wkh surwhfwlrq ri lqh�flhqw �upv1 Lw lv xvhixo iru lqgxvwuldo srolf|/ lq

jhqhudo1 Hyhq wkrxjk/ lw lv qrw iudphg lq whupv ri grphvwlf dqg iruhljq �upv/ wkh frqfoxvlrqv

kljkoljkw vrph lvvxhv wkdw duh uhohydqw wr wkh glvfxvvlrq derxw wkh surwhfwlrq ri grphvwlf �upv lq

sxeolf surfxuhphqw1 Qhyhuwkhohvv/ wkh dqdo|vlv lv ghyhorshg zlwklq d vlpsoh wkhruhwlfdo prgho1 Vr/

wkh frqfoxvlrqv vkrxog qrw eh uhdg dv d frpsohwh dujxphqw iru �qh0wxqhg surwhfwlrq srolflhv1 Wkdw

zrxog fhuwdlqo| uhtxluh d pxfk jhqhudo dqdo|vlv1

Wkh vwuxfwxuh ri wkh sdshu lv wkh iroorzlqj1 Lq wkh qh{w vhfwlrq L suhvhqw wkh prgho/ zklfk

jhqhudol}hv wkh hqylurqphqw frqvlghuhg lq PfDihh dqg PfPloodq +4<;<,1 Vhfwlrq 6 ghulyhv wkh

rswlpdo phfkdqlvp xqghu jryhuqphqw*v ixoo frpplwphqw1 L vkrz krz idyrulqj wkh lqh�flhqw �upv

fuhdwhv dq lqfhqwlyh iru wkhlu dgrswlrq ri wkh h�flhqw whfkqrorj|1 D vlplodu dqdo|vlv lv fduulhg rxw

lq Vhfwlrq 7 iru wkh jryhuqphqw*v olplwhg frpplwphqw fdvh1 Vhfwlrq 8 frqfoxghv1 Wkh surriv dqg

vrph h{dpsohv duh surylghg lq wkh dsshqglfhv1

2 �L_i*�?} Wtt�it

L h{whqg wkh prgho xvhg lq PfDihh dqg PfPloodq +4<;<, wr doorz iru wkh srvvlelolw| ri whfkqrorj|

dgrswlrq1 Wkhuh duh wkuhh ulvn qhxwudo djhqwv= wkh jryhuqphqw dqg wzr �upv +�upv 4 dqg 5,1S

Wkhuh lv d vlqjoh uhsuhvhqwdwlyh sxeolf surmhfw wr eh frpsohwhg uhjdugohvv ri wkh �upv* h�flhqflhv/

ehfdxvh lw jhqhudwhv d yhu| odujh lqfuhdvh lq wkh frqvxphu vxusoxv1 Wkh jryhuqphqw lv lqwhuhvwhg

lq ghvljqlqj dq dxfwlrq wr vhohfw wkh �up wkdw zloo fduu| rxw wkh surmhfw lq d zd| wkdw plqlpl}hv

lwv h{shfwhg surfxuhphqw h{shqglwxuh1.

Wzr whfkqrorjlhv duh dydlodeoh= whfkqrorj| K dqg whfkqrorj| O1 Wkh frvwv ri wkh �upv duh

lqghshqghqwo| ghwhuplqhg dffruglqj wr wkh whfkqrorj| xvhg1 D �up zlwk whfkqrorj| m +m 5 iO>Kj,
zloo kdyh d frvw glvwulexwhg rq wkh lqwhuydo ^f

�
> �f`/ dffruglqj wr d srvlwlyh ghqvlw| j�+�, dqg fxpxodwlyh
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glvwulexwlrq ixqfwlrq J�+�,1 Wkh glvwulexwlrq JM+�, �uvw rughu vwrfkdvwlfdoo| grplqdwhv Ju+�,1H Lq

wklv vhqvh/ L vd| wkdw whfkqrorj| O lv pruh h�flhqw wkdq whfkqrorj| K1 L dvvxph wkdw erwk

glvwulexwlrq ixqfwlrqv duh orj0frqfdyh1

Wkh �upv duh h{0dqwh gl�huhqw1 Ilup 4 lv hqgrzhg zlwk whfkqrorj| K zkloh �up 5 lv hqgrzhg

zlwk whfkqrorj| O1 Ehiruh elgglqj iru wkh surmhfw/ �up 4 pd|/ dw frvw N/ dgrsw wkh h�flhqw

whfkqrorj|1

Wkh remhfwlyh ri wkh dqdo|vlv lv wkh lghqwl�fdwlrq ri wkh rswlpdo dxfwlrq/ xqghu wkhvh flufxp0

vwdqfhv1 D ixqgdphqwdo dvvxpswlrq lv wkdw wkh jryhuqphqw grhv qrw revhuyh �up 4*v whfkqrorj|

fkrlfh1 Wkhuhiruh/ wkh uxohv ri wkh phfkdqlvp iru wkh vhohfwlrq ri wkh frqwudfwru fdq qrw eh frq0

wlqjhqw rq wkh whfkqrorj| ri �up 41 Wklv suhyhqwv wkh xvh ri gluhfw vxevlglhv wr wkh dgrswlrq ri

wkh h�flhqw whfkqrorj|/ zklfk zrxog rwkhuzlvh wulyldoo| vroyh wkh sureohp1 Khqfh/ wkh jryhuqphqw

pd| rqo| vhohfw d frqwudfwru rq wkh edvlv ri wkh frvwv uhsruwhg dw wkh dxfwlrq1

Dv d prgholqj ghylfh L xvh wzr dowhuqdwlyh h{whqvlyh irup jdphv1 Lq wkh �uvw h{whqvlyh irup/

zklfk L uhihu wr dv wkh ixoo frpplwphqw fdvh/ wkh jryhuqphqw vwduwv e| ghflglqj dqg dqqrxqflqj

wkh uxohv iru dzduglqj wkh frqwudfw/ l1h1/ krz zloo wkh zlqqlqj �up eh vhohfwhg dqg sd|phqwv eh

ghwhuplqhg1 Lq d vhfrqg vwdjh/ �up 4/ nqrzlqj wkh dxfwlrq uxohv/ kdv dq rssruwxqlw| wr dgrsw

whfkqrorj| O/ surylghg lw pdnhv d �{hg sd|phqw ri N1 Ilqdoo|/ lq d wklug vwdjh/ hdfk �up sulydwho|

ohduqv lwv wuxh frvw iru ixo�oolqj wkh frqwudfw dqg pdnhv d uhsruw wr wkh jryhuqphqw/ zkr wkhq

dzdugv wkh frqwudfw dffruglqj wr wkh uxohv suhylrxvo| vshfl�hg> sd|phqwv wdnh sodfh/ dqg sd|r�v

duh uhdol}hg1 Wkh wlplqj ri wklv jdph lv ghslfwhg lq Iljxuh 41

!

Hyhqw

Wlph

Ghvljq ri
surfxuhphqw

uxohv

Gdwh 4

Fkrlfh ri
whfkqrorj|

Gdwh 5

Dxfwlrq

Gdwh 6

Iljxuh 4= Ixoo frpplwphqw fdvh= Wlplqj ri wkh ghflvlrqv1

Wkh vhfrqg h{whqvlyh irup jdph fruuhvsrqgv wr wkh olplwhg frpplwphqw fdvh1 Wkhq/ �up 4*v

dgrswlrq ghflvlrq dqg wkh ghvljq ri wkh dxfwlrq uxohv duh vlpxowdqhrxv1 Wkh wlplqj ri wkh vhfrqg

h{whqvlyh irup jdph lv uhsuhvhqwhg lq Iljxuh 51
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!

Hyhqw

Wlph

Fkrlfh ri
whfkqrorj|

dqg
Ghvljq ri

surfxuhphqw
uxohv

Gdwh 4

Dxfwlrq

Gdwh 5

Iljxuh 5= Olplwhg frpplwphqw fdvh= Wlplqj ri wkh ghflvlrqv1

Wkh dqdo|vlv lv fduulhg rxw e| frpsxwlqj shuihfw Ed|hvldq htxloleuld lq hdfk h{whqvlyh irup jdph1

Wkh fdvh ri ixoo frpplwphqw lv vwxglhg lq wkh qh{w vhfwlrq/ iroorzhg e| wkh olplwhg frpplwphqw

fdvh lq Vhfwlrq 71

� A�i �T|�4@* �iU�@?�t4 �?_ih 6�** �L44�|4i?|

Wkh jryhuqphqw zdqwv wr vhw xs d phfkdqlvp wkdw plqlpl}hv lwv h{shfwhg surfxuhphqw frvw/

zlwkrxw revhuylqj wkh �up*v frvwv qru wkh whfkqrorj| fkrvhq e| �up 41 L xvh wkh Uhyhodwlrq

Sulqflsoh +P|huvrq/ 4<:<, wr zrun zlwk uhyhodwlrq phfkdqlvpv/ wkdw vshfli| vhohfwlrq suredelolwlhv

+s�> s2, dqg h{shfwhg sd|phqwv +w�> w2, dv ixqfwlrqv ri wkh �upv* uhsruwhg frvwv1 Lq wkh dqdo|vlv L

zloo irfxv rq wkh vhohfwlrq suredelolwlhv dqg wkh rq �up 4*v htxloleulxp fkrlfh ri whfkqrorj|1

Jlyhq d phfkdqlvp/ zh pd| frpsxwh wkh sur�w ri �up 4 ehiruh lw fkrrvhv lwv whfkqrorj| +h{0

dqwh sur�w/ ghqrwhg e| ��
�/ zlwk m 5 iO>Kj, ru diwhu �up 4 nqrzv lwv frvw dqg ehiruh wkh dxfwlrq

wdnhv sodfh +lqwhulp sur�w/ ghqrwhg e| ��+f�,,1 Wkhvh sur�wv duh jlyhq e|=b

��+f�, � w�+f�,� f� HCuis�+f�> f2,j +4,

��
� � HC� i��+f�,j �N L+m, > m 5 iO>Kj > +5,

zkhuh L+K, @ 3 dqg L+O, @ 4/ dqg wkh h{shfwdwlrq lq +4, lv frpsxwhg uhodwlyh wr �up 5*v frvw1�f

Ilup 4 zloo fkrrvh lwv whfkqrorj| dw wkh h{0dqwh ohyho1 Lq htxloleulxp/ lw zloo dgrsw whfkqrorj| O/

li dqg rqo| li �u
� � �M

� 1��

Wkh jryhuqphqw zloo lqihu wkh htxloleulxp ehkdylru ri �up 41 Lw zloo frpplw wr d vhohfwlrq

phfkdqlvp wkdw plqlpl}hv lwv h{shfwhg frvw= HC� iw�+f�,j . HCuiw2+f2,j zkhuh m +m 5 iO>Kj, lv
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wkh whfkqrorj| fkrvhq lq htxloleulxp e| �up 41

D vroxwlrq wr wkh jryhuqphqw*v sureohp lv rewdlqhg lq wzr vwhsv1�2 Lq wkh �uvw vwhs/ L frqvwuxfw

wkh plqlpxp frvw phfkdqlvpv wr lqgxfh �up 4 wr xvh hlwkhu whfkqrorj|1 Lq wkh vhfrqg vwhs/ L

frpsduh wkh frvwv ri wkrvh phfkdqlvpv1 Wkh jryhuqphqw vkrxog wkhq lpsohphqw wkh ohvv h{shqvlyh

phfkdqlvp ri wkh wzr1

Wkh plqlpxp frvw phfkdqlvp wr lqgxfh �up 4 wr nhhs whfkqrorj| K vroyhv d plqlpl}dwlrq

sureohp vxemhfw wr wkh vwdqgdug lqwhulp lqfhqwlyh frpsdwlelolw|/ lqglylgxdo udwlrqdolw| dqg ihdvl0

elolw| frqvwudlqwv/ h{sdqghg zlwk wkh qr0dgrswlrq frqvwudlqw/ �M
� � �u

� 1 Wkh odwwhu hqvxuhv �up 4*v

lqfhqwlyh frpsdwlelolw| zkhq fkrrvlqj lwv whfkqrorj|1 Wklv vhhpv wr eh d frpsolfdwhg sureohp1

Krzhyhu/ li lw lv rswlpdo iru wkh jryhuqphqw wkdw �up 4 nhhsv whfkqrorj| K/ wkh qr0dgrswlrq frq0

vwudlqw zloo qrw eh elqglqj1�� Vr/ wkhuh lv qr orvv ri jhqhudolw| lq ljqrulqj wkh qr0dgrswlrq frqvwudlqw

lq wklv dqdo|vlv1 Wkh sureohp lv wkhq wkh vdph dv lq PfDihh dqg PfPloodq +4<;<,1

Gh�qh wkh ixqfwlrqv=

M�+f, � f.
J�+f,

j�+f,
> +6,

zklfk duh wkh h{shfwhg frvwv wr wkh jryhuqphqw ri vhohfwlqj d �up wkdw guhz frvw f iurp whfkqrorj|

m +m 5 iO>Kj,1 Wkhvh duh uhihuuhg wr dv wkh yluwxdo frvwv1 Gxh wr wkh dv|pphwu| ri lqirupdwlrq/

wkh vhohfwhg �up lv deoh wr h{wudfw iurp wkh jryhuqphqw d sd|phqw wkdw h{fhhgv lwv wuxh frvw1 Lw

jhwv dq lqirupdwlrqdo uhqw1 Wkh vhfrqg whup lq +6, phdvxuhv wkh �up*v lqirupdwlrqdo uhqw1

Iurp wkh orj0frqfdylw| ri wkh glvwulexwlrq ixqfwlrqv/ wkh yluwxdo frvwv duh lqfuhdvlqj ixqfwlrqv1

Khqfh/ L pd| gh�qh }M+f, dv=

}M+f, @ MM3�
+Mu+f,, = +7,

Wkh plqlpxp frvw phfkdqlvp lv ghvfulehg lq wkh iroorzlqj sursrvlwlrq +PfDihh dqg PfPloodq/

4<;</ Wkhruhp 4,1

�2A�i @TThL@U� �t t�4�*@h |L |�i |�L t|iT ThLUi_�hi �? BhLtt4@? @?_ O@h| E�bH�� uLh |�i �_i?|��U@|�L? Lu |�i
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Sursrvlwlrq 4 Vxssrvh wkdw wkh jryhuqphqw zdqwv �up 4 wr xvh whfkqrorj| K1 Wklv lv grqh dw

plqlpxp h{shfwhg frvw e| vhohfwlqj �up 4 li dqg rqo| li f� � }M+f2,1

L zloo uhihu wr wkh phfkdqlvp wkdw dfklhyhv wkh plqlpxp h{shfwhg frvw dv wkh plqlpxp frvw

qr0dgrswlrq phfkdqlvp1 L zloo ghqrwh wkh suredelolw| wkdw �up l +l 5 i4> 5j, lv vhohfwhg xqghu wklv

phfkdqlvp zkhq frvwv duh f� dqg f2 e| sM� +f�> f2,1

Vrph ri wkh glvfxvvlrq wkurxjkrxw wkh sdshu lv derxw idyrulwlvp ri �up 41 Jlyhq d phfkdqlvp/

L zloo vd| wkdw lw idyruv �up 4/ li wkh kljkhvw frvw wkdw ohdgv wr wkh vhohfwlrq ri �up 4 h{fhhgv �up 5*v

frvw1 Wkxv/ wkh plqlpxp frvw qr0dgrswlrq phfkdqlvp idyruv �up 4 li }M+f�, A f�1 Wklv krogv li

dqg rqo| li JM+f,@Ju+f, lv lqfuhdvlqj lq f +PfDihh dqg PfPloodq/ 4<;</ Wkhruhp 6,1

Wkh vlwxdwlrq ehfrphv pruh frpsoh{ li wkh jryhuqphqw zdqwv wr lqgxfh �up 4 wr dgrsw whfk0

qrorj| O1 Qrz wkh phfkdqlvp pxvw eh ghvljqhg wr wdnh lqwr frqvlghudwlrq wkh dgrswlrq frqvwudlqw/

�u
� � �M

� / wkdw fdq qrw lq jhqhudo eh uhod{hg1�e

L lqwurgxfh d qhz ixqfwlrq=

�M+f> �, � f.
Ju+f,

ju+f,
� �

Ju+f,�JM+f,

ju+f,
> +8,

zkhuh � lv wkh pxowlsolhu ri wkh dgrswlrq frqvwudlqw lq wkh jryhuqphqw*v plqlpl}dwlrq sureohp1

Wkh ixqfwlrq �M+�>�, lv wkh dgmxvwhg yluwxdo frvw ri vhohfwlqj �up 4/ diwhu whfkqrorj| O kdv ehhq

dgrswhg1 Li wkh dgrswlrq frqvwudlqw lv qrw elqglqj/ � @ 3 dqg �M+f> 3, @ Mu+f,1 Rwkhuzlvh/ � A 3

dqg �M+f>�, ? Mu+f,1

Wkh h{suhvvlrq ri �M+�>�, fdq eh xqghuvwrrg lq wkh iroorzlqj zd|1 Wkh �uvw wzr whupv lq +8, duh

wkh yluwxdo frvw ri �up 4 li lw dgrswv whfkqrorj| O zlwkrxw uhtxlulqj dq| glvwruwlrq lq wkh vhohfwlrq

phfkdqlvp1 Li wkh dgrswlrq frqvwudlqw lv elqglqj/ wkh jryhuqphqw zloo glvwruw wkh vhohfwlrq uxohv

wr surylgh dq lqfuhdvh lq �up 4*v +jurvv, lqirupdwlrqdo uhqwv dqg lqgxfh wkh �up wr dgrsw1 Exw

qrw doo wkh +jurvv, lqirupdwlrqdo uhqwv zloo eh ghyrwhg wr wkh sd|phqw ri wkh dgrswlrq frvw1 Rqo|

wkrvh lq h{fhvv ri wkh uhqwv wkdw wkh �up frxog uhwdlq e| h{huflvlqj lwv rswlrq ri qrw wr dgrsw/ l1h1/

Ju+�,�JM+�,1 Wkh +pdujlqdo, ydoxh ri wkhvh uhqwv wr wkh jryhuqphqw lv �
�
Ju+�,�JM+�,

�
1 Wklv
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whup pxvw wkhq eh uhgxfhg iurp wkh yluwxdo frvw wr jhw wkh dssursuldwh phdvxuh ri wkh jryhuqphqw*v

frvw iurp vhohfwlqj �up 41

Wkh dgmxvwhg yluwxdo frvw qhhg qrw eh dq lqfuhdvlqj ixqfwlrq1 D ixoo dqdo|vlv ri wkh sureohp

zrxog wkhq lqyroyh wkh frqvlghudwlrq ri wzr fdvhv= wkh uhjxodu fdvh/ li �M+�>�, lv lqfuhdvlqj> dqg wkh

qrq0uhjxodu fdvh/ rwkhuzlvh1 Wkh vroxwlrq wr wkh uhjxodu fdvh lv hdv| wr lghqwli|1 Wr wkh frqwudu|/

wr vroyh wkh sureohp lq wkh qrq0uhjxodu fdvh rqh pxvw dsso| d vwdqgdug lurqlqj surfhgxuh xvhg wr

fkdudfwhul}h qrq0uhjxodu rswlpdo dxfwlrqv +vhh/ iru h{dpsoh/ P|huvrq/ 4<;4,1 Wklv juhdwo| lqfuhdvhv

wkh whfkqlfdo gl�fxowlhv ri wkh dqdo|vlv zlwkrxw dgglqj pxfk wr rxu xqghuvwdqglqj ri wkh sureohp1

Iru h{dpsoh/ wkh edvlf surshuwlhv ri wkh rswlpdo vhohfwlrq phfkdqlvpv/ vxfk dv wkrvh uhodwhg wr wkh

glvfulplqdwlrq ehwzhhq wkh �upv/ duh vlplodu lq wkh uhjxodu dqg qrq0uhjxodu fdvhv1 Khqfh/ wr irfxv

rq wkh hvvhqwldo uhvxowv/ L kdyh olplwhg wkh dqdo|vlv lq wklv vhfwlrq wr wkh uhjxodu fdvh1�D Lq wklv fdvh

L pd| gh�qh �}+f>�, dv=

�}+f>�, @ �M3�+Mu+f,, = +9,

Sursrvlwlrq 5 Vxssrvh wkdw wkh jryhuqphqw zdqwv wr lqgxfh �up 4 wr dgrsw whfkqrorj| O1 Wklv

lv grqh dw plqlpxp h{shfwhg frvw e| vhohfwlqj �up 4 li dqg rqo| li f� � �}+f2>�,1

Wkh sursrvlwlrq fryhuv wzr fdvhv1 Li dgrswlrq lv qrw wrr frvwo|/ wkh dgrswlrq frqvwudlqw zloo

qrw eh elqglqj/ vr � @ 3 dqg �}+f>�, @ f1 Wkh wzr �upv zloo eh htxdoo| wuhdwhg/ zlwk wkh orzhvw

frvw �up ehlqj vhohfwhg1 Ilup 4 dgrswv whfkqrorj| O/ sd|lqj N rxw ri lwv lqirupdwlrqdo uhqwv1 Rq

wkh frqwudu|/ li dgrswlrq lv vx�flhqwo| h{shqvlyh/ wkh frqvwudlqw zloo eh elqglqj dqg � A 31 Wkh

rswlpdo phfkdqlvp zloo wkhq gl�huhqwldwh wkh wzr �upv1 Wkh eldv lqwurgxfhg lv fkdudfwhul}hg lq

wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 6 Li wkh dgrswlrq frqvwudlqw lv elqglqj/ wkh phfkdqlvp wkdw lqgxfhv wkh dgrswlrq ri

whfkqrorj| O dw plqlpxp h{shfwhg frvw idyruv �up 41

Wkh qhhg iru idyrulwlvp ri �up 4 lv jhqhudo dqg/ xqolnh wkh plqlpxp frvw qr0dgrswlrq phfkdqlvp/

lw grhv qrw uho| rq dq| ixuwkhu dvvxpswlrq1 Wklv lv vr ehfdxvh/ li wkh dgrswlrq frqvwudlqw lv

elqglqj/ �up 4 fdq rqo| eh lqgxfhg wr dgrsw whfkqrorj| O li lwv lqirupdwlrqdo uhqwv +jurvv ri wkh

�D�? i @4T*i Lu |�i ?L?�hi}�*@h U@ti �t tL*�i_ �? |�i �TTi?_� �
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dgrswlrq frvw, duh lqfuhdvhg qrq0xqlirupo| ryhu w|shv1 Wr dfklhyh wklv wdujhw/ dqg jlyhq lwv odfn ri

lqirupdwlrq/ wkh jryhuqphqw pxvw eldv wkh vhohfwlrq uxoh wrzdugv �up 41

L pd| qrz pryh wr wkh ghvfulswlrq ri wkh ryhudoo rswlpdo ghflvlrq/ zklfk lv grqh lq uhihuhqfh wr

wkh ohyho ri wkh dgrswlrq frvw1

Sursrvlwlrq 7 Wkhuh h{lvw ydoxhv �Nu dqg �NM / zlwk 3 ? �Nu ? �NM / vxfk wkdw wkh plqlpxp

h{shfwhg frvw phfkdqlvp kdv wkh iroorzlqj surshuwlhv=

41 Li N � �Nu/ wkh jryhuqphqw zloo vhohfw �up 4 li dqg rqo| li f� � f2/ dqg wkh odwwhu dgrswv

whfkqrorj| O>

51 Li �Nu ? N � �NM / wkh jryhuqphqw zloo vhohfw �up 4 li dqg rqo| li f� � �}+f2>�,/ lqgxflqj lw

wr dgrsw whfkqrorj| O>

61 Li N A �NM / wkh jryhuqphqw zloo vhohfw �up 4 li dqg rqo| li f� � }M+f2,/ dqg wkh odwwhu nhhsv

whfkqrorj| K1

Wkh uhvxow lq wkh sursrvlwlrq lv vxppdul}hg lq Iljxuh 61 Dw orz dgrswlrq frvwv/ wkh �up zlwk

wkh orzhvw surgxfwlrq frvw lv vhohfwhg1 Dw lqwhuphgldwh dgrswlrq frvwv wkhuh lv idyrulwlvp ri �up 4/

zklfk lqgxfhv dgrswlrq ri wkh orz frvw whfkqrorj|1 Dw kljk dgrswlrq frvwv/ �up 4 nhhsv whfkqrorj|

K/ srvvleo| ehlqj idyruhg1

!

NOrz ydoxh

Qrq idyrulwlvp" !

�Nu

Ilup 4 dgrswv
whfkqrorj| O

" !

Phglxp ydoxh �NM

Idyrulwlvp" !

Ilup 4 nhhsv
whfkqrorj| K

!"

Kljk ydoxh

Iljxuh 6= Htxloleulxp ehkdylru1

Rqh lqwhuhvwlqj lvvxh lv wr frpsduh wkh htxloleulxp dgrswlrq uxoh lq wklv prgho zlwk wkh vrfldo

zhoiduh pd{lpl}lqj dgrswlrq uxoh xqghu frpsohwh lqirupdwlrq1

Sursrvlwlrq 8 Xqghu frpsohwh lqirupdwlrq/ vrfldo zhoiduh zrxog eh pd{lpl}hg zkhq dgrswlrq

zrxog wdnh sodfh li dqg rqo| li N � �Nu1

Wr pd{lpl}h wkh vrfldo zhoiduh xqghu frpsohwh lqirupdwlrq/ �up 4 vkrxog dgrsw whfkqrorj|

O zkhqhyhu wkh dgrswlrq frvw lv orzhu wkdq wkh h{shfwhg uhgxfwlrq lq wkh plqlpxp frvw/ dqg

;



wkh jryhuqphqw vkrxog vhohfw wkh �up zlwk wkh orzhvw frvw1 Xqghu lqfrpsohwh lqirupdwlrq/ li wkh

dgrswlrq frqvwudlqw lv qrw elqglqj/ wkh jryhuqphqw zloo vhohfw wkh �up zlwk wkh orzhvw frvw/ dqg

wkh ehqh�w ri �up 4 iurp dgrswlrq lv h{dfwo| htxdo wr wkh uhgxfwlrq lq wkh h{shfwhg plqlpxp frvw1

Ilup 4 kdv wkh vdph lqfhqwlyhv wr dgrsw/ xqghu wkhvh flufxpvwdqfhv/ dv wkh vrfldo sodqqhu lq wkh

frpsohwh lqirupdwlrq fdvh1

Wkh jryhuqphqw*v frvwv dqg ehqh�wv iurp �up 4*v dgrswlrq xqghu lqfrpsohwh lqirupdwlrq gl�hu

iurp wkrvh ri wkh vrfldo sodqqhu xqghu frpsohwh lqirupdwlrq1 Xqghu lqfrpsohwh lqirupdwlrq/ wkh

jryhuqphqw lqgxfhv dgrswlrq e| glvwruwlqj wkh vhohfwlrq suredelolwlhv lq idyru ri �up 41 Lqgxflqj

wkh dgrswlrq kdv d frvw= lw lqfuhdvhv �up 4*v lqirupdwlrqdo uhqwv1 Exw lw dovr jhqhudwhv ehqh�wv= lw

olplwv �up 5*v lqirupdwlrqdo uhqwv dqg lw uhgxfhv wkh h{shfwhg plqlpxp frvw1 Zkhq N lv voljkwo|

deryh �Nu wkh frvw lv qhjoljleoh zkloh wkh ehqh�wv duh erxqghg dzd| iurp }hur1 Vr wkh jryhuqphqw

ryhulqwhuqdol}hv wkh h�hfwv ri dgrswlrq dqg wkhuh lv ryhu0dgrswlrq frpsduhg wr wkh �uvw ehvw xqghu

frpsohwh lqirupdwlrq1�S

e A�i �T|�4@* �iU�@?�t4 �?_ih w�4�|i_ �L44�|4i?|

Wkh rswlpdo phfkdqlvp ghvfulehg lq wkh suhylrxv vhfwlrq uholhv rq wkh dvvxpswlrq wkdw wkh jry0

huqphqw frpplwv wr wkh vhohfwlrq uxohv ehiruh �up 4 fkrrvhv lwv whfkqrorj|1 Krzhyhu/ zkhq wkh

dgrswlrq pxvw eh lqgxfhg/ wkh jryhuqphqw*v frpplwphqw ehfrphv d pdmru lvvxh1 Hyhq wkrxjk

wkh �upv zloo h{0srvw eh whfkqrorjlfdoo| lghqwlfdo/ dqg +lq htxloleulxp, hyhu|rqh zloo nqrz lw/ wkh

jryhuqphqw vkrxog glvfulplqdwh lq idyru ri �up 41 Xqghu olplwhg frpplwphqw wklv phfkdqlvp

zloo qrw eh srvvleoh1 Mxvw diwhu �up 4 kdg fkrvhq lwv whfkqrorj| +kdylqj dgrswhg wkh orz frvw

rqh,/ wkh jryhuqphqw zrxog fkdqjh wkh uxohv1 Lw zrxog zdqw wr vhohfw wkh orzhvw frvw �up1 Dq0

wlflsdwlqj wklv ehkdylru/ �up 4 zrxog qrw dgrsw wkh h�flhqw whfkqrorj|1 Lq wklv vhfwlrq/ L dqdo|}h

wkh sureohp zkhq wkh jryhuqphqw kdv olplwhg frpplwphqw rqo|1 Wklv lv prghoohg e| dvvxplqj

wkdw wkh jryhuqphqw*v ghvljq ri wkh surfxuhphqw uxohv dqg �up 4*v fkrlfh ri whfkqrorj| duh grqh

vlpxowdqhrxvo|1

Wr frpsxwh wkh htxloleulxp zlwk jryhuqphqw*v olplwhg frpplwphqw/ L ghvfuleh �uvw wkh eh0
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kdylru ri wkh jryhuqphqw1 Ohw � eh wkh suredelolw| wkdw �up 4 nhhsv whfkqrorj| K dqg a� eh wkh

jryhuqphqw*v eholhi derxw wkdw suredelolw|1 Wkhq/ iurp wkh srlqw ri ylhz ri wkh jryhuqphqw/ �up 4

zloo gudz lwv frvw iurp d fxpxodwlyh glvwulexwlrq ixqfwlrq +4� a�,Ju+�,. a�JM+�,1 Ohw wkh +eholhyhg,
yluwxdo frvw ri �up 4 eh ghqrwh e| aM+f> a�,/ l1h1=

aM+f> a�, @ f.
+4� a�,Ju+f, . a�JM+f,

+4� a�,ju+f, . a�jM+f,
=

Wklv ixqfwlrq lv frqwlqxrxv/ vdwlvi|lqj aM+f> 3, @ Mu+f, dqg aM+f> 4, @ MM+f,1 Pruhryhu/ L dvvxph

wkdw lw lv dq lqfuhdvlqj ixqfwlrq ri f1 Khqfh/ L gh�qh wkh ixqfwlrq a}+f> a�, dv=

a}+f> a�, @

;A?
A=

�f li aM+�f> a�, ? Mu+f,/

aM3�+Mu+f,> a�, rwkhuzlvh1
+:,

Sursrvlwlrq 9 Li wkh jryhuqphqw eholhyhv wkdw �up 4 nhhsv whfkqrorj| K zlwk suredelolw| a�/ lwv

ehvw uhso| zloo eh wr vhohfw �up 4 li dqg rqo| li f� � a}+f2> a�,1

Wklv sursrvlwlrq ghvfulehv d idplo| ri jryhuqphqw*v ehvw uhso| phfkdqlvpv/ lqgh{hg e| wkh

eholhi a�1 Zkhq a� htxdov 3/ lw fruuhvsrqgv wr d v|pphwulf dxfwlrq/ wkh rswlpdo rqh jlyhq wkdw erwk

�upv kdyh wkh vdph whfkqrorj|1 Zkhq a� htxdov 4/ lw fruuhvsrqgv wr wkh rswlpdo dxfwlrq zkhq lw lv

nqrzq wkdw �up 4 kdv nhsw whfkqrorj| K1 Vrph surshuwlhv ri wkh idplo| ri ehvw uhso| phfkdqlvpv

duh surylghg lq wkh ohppdv wkdw iroorz1

Ohppd 4 Wkh jryhuqphqw*v ehvw uhso| wr a� A 3 zloo idyru �up 4 li dqg rqo| li JM+f,@Ju+f, lv

lqfuhdvlqj lq f1

Wklv ohppd jhqhudol}hv Wkhruhp 6 lq PfDihh dqg PfPloodq +4<;<,1 Wkh frqglwlrq iru idyrulwlvp

ri �up 4 lv xqfkdqjhg dv orqj dv �up 4 lv eholhyhg wr nhhs whfkqrorj| K zlwk srvlwlyh suredelolw|1

Wkh uhpdlqlqj ri wkh dqdo|vlv lv grqh xqghu wkh dvvxpswlrq wkdw wkh frqglwlrq lq Ohppd 4 lv

vdwlv�hg/ vr wkdw wkh jryhuqphqw*v ehvw uhso| phfkdqlvpv idyru �up 41

Wkh jryhuqphqw*v ehvw uhso| wr a�� idyruv �up 4 pruh wkdq lwv ehvw uhso| wr a�f li a}+f2> a��, A

a}+f2> a�f,1

Ohppd 5 Jlyhq a�f dqg a�� lq ^3> 4`/ wkh jryhuqphqw*v ehvw uhso| wr a�� idyruv �up 4 pruh wkdq lwv

ehvw uhso| wr a�f li dqg rqo| li a�� A a�f1
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Ohppd 6 Jlyhq a�f dqg a�� lq ^3> 4`/ �up 4*v +jurvv, ehqh�w iurp wkh dgrswlrq ri whfkqrorj| O lv

odujhu zkhq idflqj wkh jryhuqphqw*v ehvw uhso| wr a�� wkdq zkhq idflqj wkh jryhuqphqw*v ehvw uhso|

wr a�f li dqg rqo| li a�� A a�f1

PfDihh dqg PfPloodq +4<;<, fkdudfwhul}hg wkh rswlpdo phfkdqlvp zkhq whfkqrorj| dgrswlrq

lv qrw srvvleoh1 Wkh vwduwlqj srlqw iru wklv sdshu zdv wr vwxg| zkhwkhu wkh rswlpdo idyrulwlvp ri

dq lqh�flhqw �up zrxog hurgh lwv lqfhqwlyhv wr ehfrph pruh h�flhqw1 Ohppd 6 vkrzv wkdw/ wr wkh

frqwudu|/ dprqj wkh jryhuqphqw*v ehvw uhso| phfkdqlvpv wkh plqlpxp frvw qr0dgrswlrq phfkdqlvp

lv wkh rqh wkdw surylghv wkh odujhvw lqfhqwlyhv iru �up 4 wr dgrsw pruh h�flhqw whfkqrorjlhv1

Ohw ph qrz wxuq wr �up 4*v ehkdylru1 Vxssrvh wkdw wkh jryhuqphqw lv sod|lqj d ehvw uhso| wr

a�1 Ohw a�+a�, eh wkh odujhvw dgrswlrq frvw wkdw �up 4 lv zloolqj wr sd|/ jlyhq wkdw phfkdqlvp/ l1h1/�.

a�+a�, @

] 7S

S
7

�
4�Ju+a}3�+f�> a�,,

� �
Ju+f�,�JM+f�,

�
gf� =

Iurp Ohppd 6/ a�+�, lv dq lqfuhdvlqj +frqwlqxrxv, ixqfwlrq1 Wkh ehvw uhso| +fruuhvsrqghqfh, ri

�up 4 lv wkhq jlyhq e|=

&+a�>N, @

;AAAA?
AAAA=
i3j li N ? a�+a�,

^3> 4` li N @ a�+a�,

i4j li N A a�+a�,

=

Lw iroorzv wkdw/ iru dq| N A 3/ &+�>N, kdv d xqltxh �{hg srlqw1 Wkhuhiruh/ wkhuh lv d xqltxh

htxloleulxp wkdw lv fkdudfwhul}hg lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq : Wkhuh h{lvw ydoxhv aNu dqg aNM / zlwk 3 ? aNu ? aNM / vxfk wkdw/ lq htxloleulxp=

41 Li N � aNu/ �up 4 zloo dgrsw whfkqrorj| O zlwk suredelolw| 4 dqg wkh jryhuqphqw zloo vhohfw

lw li dqg rqo| li f� � f2>

51 Li aNu ? N � aNM / �up 4 zloo nhhs whfkqrorj| K zlwk suredelolw| � 5 &+�>N,/ dqg wkh

jryhuqphqw zloo vhohfw lw li dqg rqo| li f� � a}+f2> �,>

61 Li N A aNM / �up 4 zloo nhhs whfkqrorj| K zlwk suredelolw| 4/ dqg wkh jryhuqphqw zloo vhohfw

lw li dqg rqo| li f� � }M+f2,1

�.A�i i Thitt�L? uLh 	VE	w� U@? Mi LM|@�?i_ hiT*�U@|�?} |�i t|iTt uLh |�i �_i?|��U@|�L? Lu �gu @?_ �gM �? |�i ThLLu
Lu �hLTLt�|�L? e�
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Wkh pdlq frqfoxvlrq gudzq iurp wklv dqdo|vlv lv wkdw/ hyhq frqvwudlqlqj wkh jryhuqphqw*v

wr olplwhg frpplwphqw/ wkh rswlpdo idyrulwlvp ri �up 4 grhv qrw holplqdwh wkh lqfhqwlyhv iru

whfkqrorj| dgrswlrq1 Wr wkh frqwudu|/ lw pd| surprwh wkh dgrswlrq ri wkh orz frvw whfkqrorj|1

Iurp wkh surriv ri Sursrvlwlrqv 7 dqg :/ lw iroorzv wkdw �Nu @ aNu dqg �NM � aNM 1 Vr/ olnh lq wkh

fdvh ri jryhuqphqw*v ixoo frpplwphqw/ wkhuh lv ryhu0dgrswlrq frpsduhg wr wkh frpsohwh lqirupdwlrq

�uvw ehvw1 Krzhyhu/ wkh h{fhvvlyh dgrswlrq lv qrz orzhu wkdq xqghu jryhuqphqw*v ixoo frpplwphqw/

ehfdxvh �NM � aNM dqg wkh dgrswlrq suredelolw| lv qrz ohvv wkdq 4 iru N 5 + aNu> aNM,1

D �L?U*�_�?} +i4@h!t

Wkhuh kdyh ehhq vrph sdshuv surylglqj dujxphqwv wr udwlrqdol}h wkh zlghvsuhdg idyrulwlvp ri

grphvwlf �upv lq surfxuhphqw frqwudfwv1 D nh| dujxphqw kdv ehhq wr vkrz wkdw jryhuqphqwv

pd| jdlq iurp surwhfwlqj lqh�flhqw grphvwlf �upv/ ehfdxvh wkdw sxwv frpshwlwlyh suhvvxuh rq

h�flhqw iruhljq �upv/ uhgxflqj wkh jryhuqphqw*v surfxuhphqw frvw1 Wkdw dujxphqw kdv krzhyhu

ehhq ghyhorshg lq d vkruw whup shuvshfwlyh1 Rqh pd| zrqghu zkhwkhu e| surwhfwlqj lqh�flhqw �upv

wkh jryhuqphqw zloo hurgh wkhlu lqfhqwlyhv wr dgrsw pruh h�flhqw whfkqrorjlhv1 Li vr/ d idyrulwlvp

srolf| frxog eh kdupixo lq wkh orqj whup1

Lq wklv sdshu/ L orrnhg dw d prgho lq zklfk wkh ghflvlrq ri whfkqrorj| dgrswlrq e| dq lqh�flhqw

�up lv h{solflwo| frqvlghuhg1 Wkh frqfoxvlrqv zhuh wkh iroorzlqj1 Li wkh frvw ri vzlwfklqj wr wkh

qhz whfkqrorj| lv vx�flhqwo| orz/ frpsduhg wr wkh lqfuhdvh lq wkh �upv* sur�wv/ wkh dujxphqwv iru

idyrulqj wkh lqh�flhqw �upv lq wkh doorfdwlrq ri frqwudfwv duh orvw> lqghhg wkh jryhuqphqw vkrxog

rswlpdoo| frpplw qrw wr glvfulplqdwh lq idyru ri wkh lqh�flhqw �upv/ suhvvxulqj wkhp wr ehfrph

pruh h�flhqw1 Rq wkh rwkhu kdqg/ li wkh dgrswlrq frvw lv vx�flhqwo| kljk/ uhodwlyh wr wkh �upv*

sur�wv/ wkh lqh�flhqw �upv zloo qrw kdyh wkh �qdqfldo fdsdflw| wr dgrsw/ hyhq wkrxjk lw zrxog eh

lq wkh jryhuqphqw*v lqwhuhvw wkdw wkh| gr vr1 Lq wklv fdvh/ wkh jryhuqphqw vkrxog glvfulplqdwh lq

idyru ri wkh lqh�flhqw �upv/ ohwwlqj wkhp lqwhuqdol}h vrph ri wkh ehqh�wv ri whfkqrorj| dgrswlrq1

Wkh suhylrxv vlwxdwlrq udlvhv vrph frpplwphqw lvvxhv1 Wkh jryhuqphqw zrxog kdyh wr idyru

vrph �upv/ zkloh dw wkh wlph ri wkh dxfwlrq doo ri wkhp zrxog eh gudzlqj wkhlu frvwv iurp wkh vdph

whfkqrorj|1 Hyhq dvvxplqj wkdw wkh jryhuqphqw fdq qrw frpplw wr vxfk d vwudwhj|/ L vkrzhg wkdw

wkh lqfhqwlyhv iru whfkqrorj| dgrswlrq duh rswlpdoo| surylghg e| idyrulqj wkh lqh�flhqw �upv1
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Wkh dqdo|vlv dovr vkrzhg wkdw wkhuh zloo eh ryhu0dgrswlrq/ uhodwlyh wr wkh ixoo lqirupdwlrq �uvw

ehvw1 Wkh jryhuqphqw xvhv wklv glvwruwlrq wr olplw wkh �upv* lqirupdwlrqdo uhqwv/ dqg wkxv wkh

h{shfwhg surfxuhphqw frvw1 Wklv uhvxow uhodwhv wr frqfoxvlrqv lq vhyhudo sdshuv wkdw vkrz wkdw wkh

sulqflsdo pd| olplw wkh h{shfwhg surfxuhphqw frvw xqghu lqfrpsohwh lqirupdwlrq lpsrvlqj vrph

glvwruwlrq rq rwkhu yduldeohv wkdw duh uhohydqw iru wkh ixo�oophqw ri wkh frqwudfw1

Wklv sdshu lv d �uvw vwhs wrzdugv d pruh frpsohwh dqdo|vlv ri wkh orqj uxq lpsdfwv ri glvfulpl0

qdwru| sudfwlfhv lq surfxuhphqw1 Lw rshqv xs wkh srvvlelolw| ri dgglwlrqdo uhvhdufk1 Iru h{dpsoh/ d

pruh jhqhudo prgho frxog doorz iru wkh srvvlelolw| wkdw qhlwkhu ri wkh �upv vwduwv zlwk wkh h�flhqw

whfkqrorj|/ dqg erwk frxog/ dw vrph frvw/ dgrsw d pruh h�flhqw whfkqrorj|1 Wkhq/ wkh jryhuqphqw

zloo kdyh wr edodqfh wkh ehqh�wv ri idyrulqj hlwkhu �up1 Zklfk �up zloo wkh jryhuqphqw idyru lq

vxfk d vhwwlqjB Zloo wkh jryhuqphqw zdqw wr idyru wkh ohdvw h�flhqw �up/ vr wkdw ryhu wlph/ �upv

dowhuqdwh lq lpsohphqwlqj wkh ohdglqj whfkqrorj|B Ru/ wr wkh frqwudu|/ zloo wkh jryhuqphqw zdqw

wr surprwh whfkqrorjlfdo dv|pphwu|B Wkh uhvxowv lq wklv dqg sdvw sdshuv vhhp wr vxjjhvw wkdw wkh

jryhuqphqw rxjkw wr idyru wkh ohdvw h�flhqw �up1 Exw/ ehlqj dw d frpshwlwlyh glvdgydqwdjh/ wkh

lqfhqwlyhv iru wklv �up wr yroxqwdulo| dgrsw wkh prvw h�flhqw whfkqrorj| duh juhdwhu wkdq wkrvh iru

wkh ohdglqj �up1 Khqfh/ wkhuh pd| eh vrph qhhg wr idyru wkh whfkqrorjlfdoo| prvw dgydqfhg �up1

Lw lv xqfohdu zklfk h�hfw zloo grplqdwh1

�TTi?_� � �hLLut

�� �hLLu |�@| LT|�4@* @_LT|�L? 4@) Mi �?_�Ui_ �? |�i u�** UL44�|4i?| U@ti

Wkh dgrswlrq frqvwudlqw xqghu ixoo frpplwphqw fdq eh zulwwhq lq wkh iroorzlqj zd|=

HCu

�] 7S

S�

S�+{, g{

�
� HCM

�] 7S

S�

S�+{, g{

�
@

] 7S

S
7

�
Ju+f�,�JM+f�,

�
S�+f�, gf� � N = +D4,

Iurp wkh dvvxpswlrq wkdw JM+�, �uvw rughu vwrfkdvwlfdoo| grplqdwhv Ju+�, lw iroorzv wkdw wkh ohiw

kdqg vlgh ri +D4, lv pd{lpl}hg li S�+f�, @ 4/ iru doo f�1 Wkxv/ wkh pd{lpxp frvw ri dgrswlrq

iru zklfk wkh jryhuqphqw pd| vwloo lqgxfh �up 4 wr dgrsw lv jlyhq e|
U 7S
S
7
+Ju+f�, � JM+f�,,gf�1

Xvlqj vxfk d vhohfwlrq uxoh lpsolhv dq h{shfwhg surfxuhphqw frvw htxdo wr �f1 Wklv lv odujhu wkdq

wkh plqlpxp h{shfwhg surfxuhphqw frvw li whfkqrorj| O lv qrw dgrswhg1 Khqfh/ jlyhq wkdw wkh

46



h{shfwhg frvw ri lpsohphqwlqj O lv frqwlqxrxv dqg lqfuhdvlqj lqN/ rqh frqfoxghv wkdw wkh dgrswlrq

frqvwudlqw fdq eh vdwlv�hg iru dgrswlrq frvwv iru zklfk wkh jryhuqphqw pd| rswlpdoo| zdqw wr lqgxfh

�up 4 wr dgrsw whfkqrorj| O1

�2 �hLLu Lu �hLTLt�|�L? 2

Wkh sureohp ri d ixoo| frpplwwhg jryhuqphqw wkdw zdqwv wr lqgxfh �up 4 wr dgrsw fdq eh zulwwhq

dv=

plq
tR�cR2cb�

HCufCu

q
�M+f�> �, s�+f�> f2, . Mu+f2, s2+f�> f2,

r
. �N

v1w1

;AAAAAAA?
AAAAAAA=

+f� � f��, +S�+f�,� S�+f
�
�,, � 3

s�+f�> f2, . s2+f�> f2, @ 4

s�+f�> f2, � 3

� � 3

l @ 4> 5 =

+S4,

Ljqrulqj wkh prqrwrqlflw| frqvwudlqwv rq S�+f�,/ Sureohp +S4, lv olqhdu lq wkh vhohfwlrq sured0

elolwlhv/ s�+�> �,1 Wkxv wkh vhohfwlrq uxohv=

�s�+f�> f2>�, @

;A?
A=
4 li �M+f�>�, � Mu+f2,

3 rwkhuzlvh1
+D5,

�s2+f�> f2>�, @ 4� �s�+f�> f2>�, > +D6,

duh +sduw ri, wkh vroxwlrq wr wkh sureohp1 Iurp wkh idfw wkdw �M+�> �, dqg Mu+�, duh lqfuhdvlqj

ixqfwlrqv/ wkhvh vhohfwlrq uxohv vdwlvi| wkh prqrwrqlflw| frqvwudlqwv1 Pruhryhu/ �M+f�>�, � Mu+f2, /
f� � �}+f2> �, Ilqdoo|/ � lv ghwhuplqhg wkurxjk wkh frpsohphqwdu| vodfnqhvv frqglwlrqv=�H

�

#
N �

] 7S

S
7

�
Ju+f�,�JM+f�,

�
�S�+f�>�, gf�

$
@ 3 +D7,

] 7S

S
7

�
Ju+f�,�JM+f�,

�
�S�+f�>�, gf� � N +D8,

� � 3 = +D9,

�HW �ti ���ES�(b� |L _i?L|i ,CO t�R�ES�c S2(b���
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�� �hLLu Lu �hLTLt�|�L? �

Xqghu wkh uhjxodulw| dvvxpswlrq/ idyrulwlvp ri �up 4 lpsolhv �M+f>�, ? Mu+f,1 Wklv frqglwlrq fdq eh

zulwwhq dv �
�
Ju+f,�JM+f,

�
A 3/ zklfk krogv ehfdxvh � A 3 dqg JM+f, �uvw rughu vwrfkdvwlfdoo|

grplqdwhv Ju+f,1

�e �hLLu Lu �hLTLt�|�L? e

Wdnh �S�+f�>�, dv gh�qhg lq wkh surri ri Sursrvlwlrq 51 Ohw ��+�, eh wkh odujhvw dgrswlrq frvw wkdw

�up 4 lv zloolqj wr sd|/ jlyhq wkdw phfkdqlvp=

��+�, @

] 7S

S
7

�
Ju+f�,�JM+f�,

�
�S�+f�> �, gf�

@

] 7S

S
7

�
Ju+f�,�JM+f�,

��
4�Ju+�}3�+f�> �,,

�
gf� = +D:,

�Nu uhvxowv iurp +D:, zkhq � @ 3> wkhq �}3�+f�> �, @ f� dqg=

�Nu @

] 7S

S
7

�
Ju+f�,�JM+f�,

� �
4�Ju+f�,

�
gf� = +D;,

Ohw �M vdwlvi| wkh iroorzlqj frqglwlrq=�b

HCufCu

+
2[

�'�

Mu+f�, �s�+f�> f2> �
M,

,
@ HCMfCu

q
MM+f�, s

M
� +f�> f2, . Mu+f2, s

M
2 +f�> f2,

r
> +D<,

l1h1/ �M lv wkh ydoxh ri � iru zklfk wkh jryhuqphqw*v h{shfwhg frvw iurp wkh plqlpxp frvw phfkdqlvp

wkdw lqgxfhv �up 4 wr dgrsw whfkqrorj| O lv wkh vdph dv wkdw iurp wkh plqlpxp frvw qr0dgrswlrq

phfkdqlvp1 Ohw �NM eh jlyhq iurp +D:, zkhq � @ �M / l1h1=

�NM @

] 7S

S
7

�
Ju+f�,�JM+f�,

��
4�Ju+�}3�+f�> �

M,
�
gf� = +D43,

Iurp +D;,/ �Nu A 31 Pruhryhu/ iurp +D;, dqg +D43,=

�NM � �Nu @

] 7S

S
7

�
Ju+f�,�Ju+�}3�+f�>�

M,,
� �

Ju+f�,�JM+f�,
�
gf� A 3 >

�bA�i *iu| �@?_ t�_i �? E�b� �t �?Uhi@t�?} �? bM � Oi?Uic bM �t �?�^�i�
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ehfdxvh �}3�+f�>�
M, ? f�1

Wr frqfoxgh wkh surri/ L qhhg wr vkrz wkdw �NM lv qrw orzhu wkdq wkh odujhvw dgrswlrq frvw wkdw

�up 4 lv zloolqj wr sd| zkhq idflqj wkh plqlpxp frvw qr0dgrswlrq phfkdqlvp/ l1h1/

�NM �
] 7S

S
7

�
4�Ju+}M+f�,,

� �
Ju+f�,�JM+f�,

�
gf� = +D44,

Vxssrvh lw lv qrw1 Frqvlghu wkh iroorzlqj idplo| ri phfkdqlvpv= �upv uhsruw wkhlu frvwv> zlwk sure0

delolw| 4�� wkh jryhuqphqw vhohfwv �up 4 li f� � f2 dqg zlwk suredelolw| � wkh jryhuqphqw vhohfwv

�up 4 li f� � }M+f2,1 Dv � fkdqjhv frqwlqxrxvo| iurp 3 wr 4/ �up 4*v +jurvv, ehqh�w iurp dgrswlrq

fkdqjhv frqwlqxrxvo| iurp �Nu wr
U 7S
S
7
+4�Ju+}M+f�,,,+J

u+f�,�JM+f�,,gf�/ dqg wkh h{shfwhg sur0

fxuhphqw frvw frqwlqxrxvo| lqfuhdvhv xs wr HCMfCu

q
MM+f�,s

M
� +f�> f2, . Mu+f2,s

M
2 +f�> f2,

r
1 Wkhq/

wkhuh zrxog eh N A �NM iru zklfk wkh jryhuqphqw zrxog zdqw wr lqgxfh �up 4*v dgrswlrq/ zklfk

frqwudglfwv wkh gh�qlwlrq ri �NM 1 Wkxv/ +D44, krogv1

�D �hLLu Lu �hLTLt�|�L? D

Wkh dgrswlrq ri whfkqrorj| O lpsuryhv vrfldo zhoiduh xqghu frpsohwh lqirupdwlrq li N � �NW/ zlwk

�NW jlyhq e|=

�NW @ HCMfCu iplqif�> f2jj � HCufCu iplqif�> f2jj = +D45,

Wklv htxdwlrq fdq eh vlpsol�hg wr=

�NW @ HCMfCu if2 .plqif� � f2> 3jj � HCufCu if2 .plqif� � f2> 3jj
@ HCufCu ipd{if2 � f�> 3jj � HCMfCu ipd{if2 � f�> 3jj
@

] 7S

S
7

Ju+f�,
�
4�Ju+f�,

�
gf� �

] 7S

S
7

JM+f�,
�
4�Ju+f�,

�
gf�

@ �Nu >

zkhuh wkh odvw htxdolw| frphv iurp wkh gh�qlwlrq ri �Nu/ zkloh wkh rwkhuv iroorz iurp dojheudlf

pdqlsxodwlrqv1

�S �hLLu Lu �hLTLt�|�L? S

Ilup 4 vkrxog eh vhohfwhg li dqg rqo| li aM+f�> a�, � Mu+f2,/ zklfk lv htxlydohqw wr f� � a}+f2> a�,1
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Wkhuh zloo eh idyrulwlvp ri �up 4 li dqg rqo| li
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uhjxodu fdvh,1 Wkh ixqfwlrq �M+�>�, lv ghfuhdvlqj lq d qhljkerukrrg ri 41 Lw zloo eh ehorz 4/ wkh
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XB}t|Bae 7� +4<<8,1 _Surprwlqj Idlu Frpshwlwlrq lq Sxeolf Surfxuhphqw/% Mrxuqdo ri Sxeolf

Hfrqrplfv/ 8;+5,/ 5;6~63:1

b7 �|"�At �BAB}j6jA| �NAt�,|BA|te BAa .�iNj`��V 7��-N,BAa �ji}ji < �Bi|Aji�

.�iNj`��V Y|B,�B +4<;;,1 Wkh Frvw ri Qrq0Hxursh lq Sxeolf Vhfwru Surfxuhphqw= Uhvhdufk

rq wkh Frvw ri Qrq0Hxursh/ Edvlf Ilqglqjv/ Yro1 8 +Sduwv D dqg E,1 Frpplvvlrq ri wkh

Hxurshdq Frppxqlwlhv/ R�fh iru R�fldo Sxeolfdwlrqv ri wkh Hxurshdq Frppxqlwlhv/ Ox{0

hperxuj1
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