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NON-TECHNICAL SUMMARY

‘The pound today is but a shadow of its former self’
Cohen (1971)

The internationalisation of the pound began early in the 1800s and continued
for more than a century. Britain, as the home of the industrial revolution,
became the world’s largest trading nation until the 1890s at least. Moreover, it
was the leading country in providing services linked to trade, such as shipping
and insurance. Consequently, British goods and services were in demand
everywhere and British imports of raw materials were very big. Trade with the
United Kingdom was a large part of the trade of many countries in the world.
After the First World War, the pound started to lose its absolute dominance in
the world of finance. In the 1930s, sterling still accounted for the largest
proportion of international assets. But this was undoubtedly due to some
inertia in trade and financial relationships. America had replaced Britain as the
world’s richest nation and both New York and Paris started to challenge
London as international financial centres. After the Second World War, the
decline of sterling tended to accelerate as a number of colonies’ and
dominions’ trade connections with Britain weakened sharply. At the same
time, the confirmation of the United States as the leading trading nation in the
world was accompanied by a sharp rise in the use of the dollar as an
international currency.

Much more than national currencies, whose circulation are usually enforced
by a set of legal restrictions, the use of currencies as international media of
exchange is largely determined by the process of the ‘Invisible Hand’. Yet, the
process of internationalisation of currencies has not been satisfactorily
accounted for so far and the difficulty of modelling money and currency
exchange is a recurrent theme in economic theory. Random matching models
such as Kiyotaki-Wright (1989) are the only models that derive endogenously
the emergence of a medium of exchange. In these models, all exchanges take
place in a decentralized fashion. Whenever an agent happens to meet another
one; frictions are important and the role of money as a ‘lubricant’ is fully
explicit. These models are attractive since they provide microfoundations for
the exchange process; they are however quite intractable, despite extremely
strong assumptions, which prevent them from introducing inflation in
particular. They also seem better suited to describe primitive exchange
economies, such as shells exchanged on Pacific Islands, than modern open
economies.

The Paper introduces a new way of modelling currency exchange. Financial
intermediaries operate on different bilateral exchange markets whose
efficiency depends on their ‘thickness’. There is a strategic complementarity in



the exchange process. This ‘thick market externality’ permits the retaining of
the main intuition of search models while making it possible to deal with prices
and exchange rates in an analytically tractable manner. The Paper applies this
new approach to a distinct aspect of the internationalisation of currencies: the
role of a vehicle currency, i.e. a third currency, against which each of two
other currencies is consecutively exchanged in order to make the net
exchange at lower cost than a direct exchange would entail. For example, the
Greek drachma is never exchanged directly against a Thai baht in foreign
exchange markets. Instead there are two consecutive exchanges: Greek
drachma against US dollar and US dollar against Thai baht, the dollar being
the vehicle currency.

More precisely, the Paper explicitly links the emergence of vehicle currencies
with the pattern of international trade. In section 2 we present the model and
describe the structures of currency exchange that can arise from the different
patterns of world trade. In section 3, we solve the model. An interesting result
is the existence of multiple equilibria for a wide range of the parameters. We
show how these structures can be related to the degree of trading dominance
of the different countries. In particular, the degree of symmetry of the trade
links matters a great deal. If two out of three countries have very asymmetric
trade links (i.e. one imports a lot from the other, but it is not the case the other
way around), then the currency of the third country may become vehicle
currency.

Section 4 uses the model to explain the rise and fall of international currencies
and to account for inertia in their use, a phenomenon that has very often been
described but never formalised. In particular, we discuss the case of sterling
and the dollar. The model suggests that the volume of trade flows is one of the
key determinants of currency internationalisation, as opposed to pure
economic size. The Paper presents some suggestive historical evidence,
which tends to support this view. The GDP of the USA was already bigger
than the GDP of the UK in 1870. It was close to being twice as big in the
1900s, when the preeminence of sterling was undisputed. By contrast,
merchandise exports of the UK were still bigger than US ones until the 1950s,
which is roughly the time when the US dollar really became the key currency.

Section 5 evaluates the real costs linked to the different patterns of exchange.
We find in particular that when world patterns of trade are very asymmetric,
the disappearance of some bilateral foreign exchange markets minimises real
resource costs. Finally, section 6 discusses the modelling strategy and section
7 concludes.



�Vr pxfk ri eduedulvp/ krzhyhu/ vwloo uhpdlqv lq wkh wudqvdfwlrqv ri prvw flylol}hg
qdwlrqv/ wkdw doprvw doo lqghshqghqw frxqwulhv fkrrvh wr dvvhuw wkhlu qdwlrqdolw|
e| kdylqj/ wr wkhlu rzq lqfrqyhqlhqfh dqg wkdw ri wkhlu qhljkerxuv/ d shfxoldu
fxuuhqf| ri wkhlu rzq�1
Mrkq Vwxduw Ploo/ 4;7;1

41 Lqwurgxfwlrq

�Wkh srxqg wrgd| lv exw d vkdgrz ri lwv iruphu vhoi� +Frkhq d�b.�o�1

Wkh lqwhuqdwlrqdolvdwlrq ri wkh srxqg ehjdq hduo| lq wkh 4;33v dqg frqwlqxhg

iru pruh wkdq d fhqwxu|1 Wkh lqgxvwuldo uhyroxwlrq wudqviruphg Eulwdlq lqwr wkh

zruog*v ulfkhvw hfrqrp| dqg ohdglqj wudglqj qdwlrq1 Wkh |hduv diwhu wkh Iluvw

Zruog Zdu vdz wkh ghfolqh ri Eulwdlq dv dq lqwhuqdwlrqdo srzhu/ exw vwhuolqj nhsw

d orw ri lwv ixqfwlrqv1 Rqo| diwhu wkh Vhfrqg Zruog Zdu glg wkh ghfolqh ri vwhuolqj

dffhohudwh/ zlwk d vkdus ulvh lq wkh xvh ri wkh groodu dv dq lqwhuqdwlrqdo fxuuhqf|1

Pxfk pruh wkdq d qdwlrqdo fxuuhqf|/ zkrvh vwdwxv lv xvxdoo| hqirufhg e| d vhw

ri ohjdo uhvwulfwlrqv/ wkh xvh ri fxuuhqflhv dv lqwhuqdwlrqdo phgld ri h{fkdqjh lv

odujho| ghwhuplqhg e| wkh �Lqylvleoh Kdqg�1 \hw/ wkh surfhvv ri lqwhuqdwlrqdolvd0

wlrq ri fxuuhqflhv kdv qrw ehhq vdwlvidfwrulo| h{sodlqhg vr idu/ dqg wkh gl!fxow| ri

prghoolqj prqh| dqg fxuuhqf| h{fkdqjh lv d uhfxuuhqw wkhph lq hfrqrplf wkhru|

+vhh h1j1 Khoozlj d�bb2o,1

Wkh sdshu frqfhuqv d glvwlqfw dvshfw ri wkh lqwhuqdwlrqdolvdwlrq ri fxuuhqflhv=
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wkh uroh ri d yhklfoh fxuuhqf|/ l1h1 d wklug fxuuhqf|/ djdlqvw zklfk hdfk ri wzr

rwkhu fxuuhqflhv lv frqvhfxwlyho| h{fkdqjhg lq rughu wr pdnh wkh qhw h{fkdqjh

dw orzhu frvw wkdq d gluhfw h{fkdqjh zrxog hqwdlo41 Lw vhhnv wr h{sodlq wkh ulvh

dqg idoo ri yhklfoh fxuuhqflhv wkurxjk hyroxwlrqv lq wkh sdwwhuq ri uhdo wudgh eh0

wzhhq frxqwulhv1 Dq ruljlqdo ihdwxuh ri wkh prgho lv wkdw �qdqfldo lqwhuphgldulhv

rshudwh rq gl�huhqw elodwhudo h{fkdqjh pdunhwv zkrvh h!flhqf| ghshqgv rq wkhlu

�wklfnqhvv�1 Wkhuh lv d vwudwhjlf frpsohphqwdu| lq wkh h{fkdqjh surfhvv1 Wklv

�wklfn pdunhw h{whuqdolw|� shuplwv uhwdlqlqj wkh pdlq lqwxlwlrq ri vhdufk prghov

zkloh pdnlqj lw srvvleoh wr ghdo zlwk sulfhv dqg h{fkdqjh udwhv lq dq dqdo|wlfdoo|

wudfwdeoh pdqqhu1

Fxuuhqf| lqwhuqdwlrqdolvdwlrq kdv ehhq glvfxvvhg lq ydulrxv frqwh{wv 0 vhh

iru h{dpsoh Frkhq ^4<:4`/ PfNlqqrq ^4<:<`/ Nuxjpdq ^4<;7`/ Dorjrvnrx�v dqg

Sruwhv ^4<<6` 0/ exw yhu| uduho| prghoohg1 Pdwvx|dpd/ Nl|rwdnl/ Pdwvxl d�bb�o dqg

]krx d�bb.o duh qrwdeoh h{fhswlrqv1 Wkhvh wzr sdshuv exlog rq wkh udqgrppdwfk0

lqj prghov ri prqh| dv ghyhorshg e| Nl|rwdnl dqgZuljkw d�bHbo � Wkh| orrn dw wkh

lqwhuqdwlrqdolvdwlrq ri d fxuuhqf| iurp wkh shuvshfwlyh ri fxuuhqf| vxevwlwxwlrq1

Lq uhdolw|/ krzhyhu/ fxuuhqf| vxevwlwxwlrq lv yhu| riwhq olqnhg wr kljk lq dwlrq/

zkhuhdv lq wkhvh prghov sulfhv duh uljlg1 Wkh| dovr srvwxodwh wkh lqglylvlelolw| ri

prqh|5/ zklfk suhyhqwv wkhp iurp ghwhuplqlqj sulfhv dqg h{fkdqjh udwhv hqgrjh0

4D uhihuhh surylghg wklv yhu| zhoo0zrughg gh�qlwlrq1
5Vkl ^4<<:` kdv uhod{hg wklv dvvxpswlrq lq d forvhg hfrqrp| iudphzrun1
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qrxvo|1 Pruhryhu/ fxuuhqf| h{fkdqjh dulvhv rqo| lq d pl{hg vwudwhj| htxloleulxp

lq Pdwvx|dpd/ Nl|rwdnl/ Pdwvxl d�bb�o1 ]krx d�bb.o jhwv fxuuhqf| h{fkdqjh lq

sxuh vwudwhjlhv htxloleuld rqo| dw wkh frvw ri dvvxplqj udqgrp wdvwh uhyhuvdov eh0

wzhhq wkh grphvwlf dqg iruhljq jrrgv1 Ilqdoo|/ ehlqj wzr0frxqwu| prghov/ wkh|

uxoh rxw wkh srvvlelolw| ri lqgluhfw h{fkdqjh/ zklfk lv dw wkh urrw ri wkh h{lvwhqfh

ri yhklfoh fxuuhqflhv1 Yhklfoh fxuuhqflhv kdyh ehhq vwxglhg e| Nuxjpdq ^4<;3` lq

d vwdwlf/ sduwldo htxloleulxp hqylurqphqw dqg pruh uhfhqwo|/ lq wkh frqwh{w ri wkh

iruhljq h{fkdqjh pdunhw plfurvwuxfwxuh olwhudwxuh/ e| Kduwpdqq ^4<<;`1

Wkh sdshu olqnv h{solflwo| wkh hphujhqfh ri yhklfoh fxuuhqflhv wr wkh sdwwhuq ri

lqwhuqdwlrqdo wudgh1 Lq vhfwlrq 5 zh suhvhqw wkh prgho dqg ghvfuleh wkh vwuxfwxuhv

ri fxuuhqf| h{fkdqjh wkdw fdq dulvh iurp wkh gl�huhqw sdwwhuqv ri zruog wudgh1 Lq

vhfwlrq 6/ zh vroyh wkh prgho1 Dq lqwhuhvwlqj uhvxow lv wkh h{lvwhqfh ri pxowlsoh

htxloleuld iru d zlgh udqjh ri wkh sdudphwhuv1 Zh vkrz krz wkhvh vwuxfwxuhv fdq

eh uhodwhg wr wkh ghjuhh ri wudglqj grplqdqfh ri wkh gl�huhqw frxqwulhv1 Vhfwlrq

7 xvhv wkh prgho wr h{sodlq wkh ulvh dqg idoo ri lqwhuqdwlrqdo fxuuhqflhv dqg wr

dffrxqw iru lqhuwld lq wkhlu xvh/ d skhqrphqrq wkdw kdv ehhq yhu| riwhq ghvfulehg

exw qhyhu irupdolvhg1 Lq sduwlfxodu/ zh glvfxvv wkh fdvh ri vwhuolqj dqg wkh groodu1

Vhfwlrq 8 hydoxdwhv wkh uhdo frvwv olqnhg wr wkh gl�huhqw sdwwhuqv ri h{fkdqjh1

Ilqdoo| vhfwlrq 9 glvfxvvhv wkh prghoolqj vwudwhj|/ dqg vhfwlrq : frqfoxghv1

7



51 Prgho

5141 Sk|vlfdo hqylurqphqw

Wkh prgho lqfrusrudwhv fodvvlf lqjuhglhqwv ri ghwhuplqlvwlf fdvk0lq0dgydqfh prg0

hov lq dq rshq hfrqrp| iudphzrun6 exw dggv dq h{solflw wudqvdfwlrq whfkqrorj|1

Lw dovr exlogv rq wkh zrun ri Nuxjpdq ^4<;3`1

Wkhuh duh wkuhh frxqwulhv ixoo| vshfldol}hg lq surgxfwlrq/ wkuhh fxuuhqflhv/

wkuhh shulvkdeoh frpprglwlhv dqg wkuhh rqh0shulrg glvfrxqw erqgv ghqrplqdwhg

lq wkh wkuhh fxuuhqflhv1 Wkhuh lv d jryhuqphqw lq hdfk frxqwu| zklfk sulqwv prqh|

dqg lvvxhv erqgv ghqrplqdwhg lq grphvwlf fxuuhqf|1 Wkhuh lv qr wudgh lq erqgv/

rqo| wudgh lq jrrgv71 Wkh surgxfwlrq whfkqrorj| lv d frqvwdqw uhwxuq wr vfdoh

whfkqrorj| zlwk oderxu dv vroh lqsxw1 Djhqwv duh lq�qlwho| olyhg dqg fdq eh hlwkhu

surgxfhuv ru �qdqfldo lqwhuphgldulhv1 Wkhuh lv qr oderxu prelolw| ehwzhhq frxq0

wulhv exw ixoo oderxu prelolw| ehwzhhq vhfwruv zlwklq d frxqwu|1 Erwk surgxfhuv

dqg lqwhuphgldulhv pd{lpl}h sur�w/ kdyh wkh vdph suhihuhqfhv dqg frqvxph1 Dq

djhqw fdqqrw frqvxph khu rzq surgxfwlrq1 Wkhuh lv d fdvk0lq0dgydqfh frqvwudlqw

rq wkh jrrgv pdunhw1 Jrrgv kdyh wr eh sdlg iru lq wkh fxuuhqf| ri wkh vhoohu81

Frqvxphuv fdqqrw hqjdjh lq iruhljq h{fkdqjh rshudwlrqv wkhpvhoyhv exw kdyh

6Vhh h1j1 Oxfdv +4<<3,/ Julool0Urxelql +4<<6,1
7Erqgv duh lqwurgxfhg rqo| wr lqvxuh wkdw prqlhv duh grplqdwhg dv vwruh ri ydoxhv1 Dq|

lqwhuhvw0ehdulqj vwrudjh whfkqrorj| frxog kdyh ehhq xvhg1 Lw wxuqhg rxw wkdw xvlqj jryhuqphqw
erqgv zdv wkh hdvlhvw1 Olqnlqj lqwhuqdwlrqdolvdwlrq wr erwk wudgh lq jrrgv dqg lq fdslwdo lv
eh|rqg wkh vfrsh ri wklv sdshu1 Vhh d pruh ghwdlohg glvfxvvlrq ri wklv lvvxh lq vhfwlrq 91

8Zh zloo frpphqw rq wkdw dvvxpswlrq lq vhfwlrq 91
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wr uhtxhvw wkh vhuylfhv ri d �qdqfldo lqwhuphgldu|1 Wkh| sd| iru wkh xvh ri wklv

wudqvdfwlrq whfkqrorj|1 Frqvxphuv ghdo h{foxvlyho| zlwk lqwhuphgldulhv ri wkhlu

rzq frxqwu|1 Exw �qdqfldo lqwhuphgldulhv ri d jlyhq frxqwu| fdq rshudwh rq dq|

elodwhudo iruhljq h{fkdqjh pdunhw1 Wkh frvw ri fxuuhqf| h{fkdqjh rq d sduwlfxodu

elodwhudo pdunhw lv ghfuhdvlqj zlwk wkh yroxph h{fkdqjhg rq wkdw pdunhw +�wklfn

pdunhw h{whuqdolw|�,91 Lqwhuphgldulhv fdq eh wkrxjkw ri dv rshudwlqj rq zkroh0

vdoh iruhljq h{fkdqjh pdunhwv zkloh lqwhudfwlqj zlwk frqvxphuv rq uhwdlo pdunhwv1

Wkh wudqvdfwlrq surfhvv gudzv uhvrxufhv rxw ri surgxfwlrq> wkxv wkh hfrqrp| lq0

fxuv uhdo frvwv zkrvh pdjqlwxghv ghshqg rq wkh �h!flhqf|� ri wkh wudqvdfwlrq

whfkqrorj|1

5151 Wlph vwuxfwxuh

Wkh olyhv ri wkh djhqwv duh glylghg lqwr glvfuhwh wlph shulrgv1 Hdfk wlph shulrg

lv glylghg lqwr wzr vxeshulrgv= wkh �uvw rqh iru fxuuhqf| h{fkdqjh/ wkh vhfrqg

rqh iru jrrgv sxufkdvhv1 Dw wkh ehjlqqlqj ri d shulrg/ surgxfwlrq wdnhv sodfh1

Iruhljq h{fkdqjh pdunhwv rshq1 Frqvxphuv pdnh frqvxpswlrq dqg vdylqjv ghfl0

vlrqv1 Wkh| dftxluh yld �qdqfldo lqwhuphgldulhv wkh sruwirolr ri prqlhv qhfhvvdu|

iru wkhlu jrrg sxufkdvh surjudpphv1 Iruhljq h{fkdqjh pdunhwv forvh dqg jrrg

9Wkhuh lv hylghqfh srlqwlqj wr hfrqrplhv ri vfdoh rq iruhljq h{fkdqjh pdunhwv1 Vhyhudo
vwxglhv kdyh irxqg d qhjdwlyh fruuhodwlrq ehwzhhq elg0dvn vsuhdgv dqg suhghwhuplqhg yroxphv
h{fkdqjhg rq d jlyhq pdunhw +Ehvvhpelqghu ^4<<7`/ Kduwpdqq ^4<<;` xvh wlph vhulhv gdwd> Eodfn
^4<<4` > Kduwpdqq ^4<<;` xvh vkruw sdqhov,1 Iru d pruh ghwdlohg glvfxvvlrq ri wkh hylghqfh vhh
Sruwhv dqg Uh| ^4<<;`1
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pdunhwv rshq1 Frqvxphuv sd| surgxfhuv dqg zrunhuv uhfhlyh wkhlu oderxu lqfrph

lq grphvwlf fxuuhqf|1 Lqwhuphgldulhv duh dovr sdlg lq grphvwlf fxuuhqf| e| wkh

frqvxphuv iru wkh wudqvdfwlrq vhuylfhv ri wklv shulrg:1 Frqvxpswlrq wdnhv sodfh1

Dqg wkh qh{w shulrg ehjlqv1

5161 Djhqwv

Lq zkdw iroorzv wkh wkuhh frxqwulhv duh lqgh{hg e| � 5 i�c �c &j c w lv d wlph vxe0

vfulsw1

Jryhuqphqw

Wkh jryhuqphqw � sulqwv prqh| +wkh udwh ri jurzwk ri prqh| � lv 4�c| '
��c|n�3��c|

��c|
�1

Lw lvvxhv rqh shulrg0qrplqdo erqgv lq wkh dprxqw ri ��c|1 Wkh sulfh ri wkh erqgv

lq shulrg w lv ^�c| ' �

�n��c|
zkhuh ��c| lv wkh qrplqdo lqwhuhvw udwh1

Frqvxphuv

Suhihuhqfhv

Wkh lqwhuwhpsrudo xwlolw| ixqfwlrq iru frqvxphuv ri frxqwu| � lv

x� '
"[
|'f

q|L �
�
��
�c|c �

�
�c|c �

�
&c|

�
zlwk

L �
�
��
�c|c �

�
�c|c �

�
&c|

�
' k�

� *?E�
�
�c|� n k�

� *?E�
�
�c|� n k�

& *?E�
�
&c|�

dqg
[
�

k�
� ' � iru doo �

:Wkhuh lv qr fdvk0lq0dgydqfh frqvwudlqw iru wkh sd|phqw ri wkh wudqvdfwlrq vhuylfh/ qru wr
ex| erqgv1

:



zkhuh ��
�c| lv wkh frqvxpswlrq ri jrrg l e| d uhsuhvhqwdwlyh frqvxphu ri frxqwu|

� lq shulrg w;1 Wkh glvfrxqw idfwru q lv dvvxphg wr eh wkh vdph lq wkh wkuhh

frxqwulhv1

Fdvk0lq0dgydqfh frqvwudlqwv

Dw wkh ehjlqqlqj ri shulrg w/ wkh w|slfdo frqvxphu ri frxqwu| � idfhv wkh iroorzlqj

fdvk0lq0dgydqfh frqvwudlqw rq wkh pdunhw iru jrrg l<=

� �
�c| � ��c|�

�
�c|

� �
�c| lv wkh wrwdo dprxqw ri prqh| ri frxqwu| l khog e| wkh frqvxphuv ri frxqwu|

� dw wlph w dqg ��c| lv wkh sulfh ri jrrg l lq fxuuhqf| l dw gdwh w1

Odz ri prwlrq ri zhdowk dqg exgjhw frqvwudlqw

Zh gh�qh �e��| dv wkh qrplqdo vsrw h{fkdqjh udwh ri fxuuhqf| l djdlqvw fxuuhqf| m

+qxpehu ri xqlwv ri fxuuhqf| l shu xqlw ri fxuuhqf| m,1 E| frqyhqwlrq �e��| ' ��

Dw wkh ehjlqqlqj ri shulrg w/ wkh zhdowk [�
| ri wkh uhsuhvhqwdwlyh frqvxphu ri

frxqwu| � lv jlyhq e|=

[�
| '

%[
�

�
� �

�c|3� � ��c|3��
�
�c|3�

�
�e��|

&
n ��c|3�t�c|3� n��

�c|3�

zkhuh ��c|3�t�c|3� lv wkh uhyhqxh iurp odvw shulrg*v vdohv1 Wkh lqfrph ri wkh

�qdqfldo lqwhuphgldwlrq dfwlylw| grhv qrw dsshdu lq wklv lghqwlw| vlqfh wkh �qdqfldo

lqwhuphgldwlrq vhfwru lv prghoohg dv dq lqwhuphgldwh lqsxw vhfwru1
;Vhh vhfwlrq 9 iru d glvfxvvlrq ri wkh irup ri wkh xwlolw| ixqfwlrq1
<Vkh idfhv vlplodu frqvwudlqwv rq wkh pdunhwv iru jrrgv m dqg n1

;



Wkh uhsuhvhqwdwlyh frqvxphu glylghv khu zhdowk ehwzhhq prqh| kroglqjv dqg

erqgv/ dqg khu exgjhw frqvwudlqw fdq eh zulwwhq dv =

^�c|�
�
�c| n

[
�

� �
�c|e

��
| � [�

|

zkhuh ^�c|��
�c| lv wkh dprxqw ri erqgv ri frxqwu| � sxufkdvhg dw gdwh w +uhghhphg

lqwr grphvwlf fxuuhqf| dw gdwh w.4,1

Zh qrupdolvh hdfk qrplqdo yduldeoh e| wkh fruuhvsrqglqj prqh| vwrfn +iru doo l

dqg m,=

e��| ' �e��| ��c|*��c|( K
�
�c| ' ��

�c|*��c|> 6
�
�c| ' � �

�c|*��c|> R�c| ' ��c|*��c|(��c| ' [�c|*��c|

Zh fdq uhzulwh wkh rswlplvdwlrq sureohp ri wkh frqvxphu ri frxqwu| �1 Ohw x�

eh wkh ydoxh ixqfwlrq iru d frqvxphu ehjlqqlqj wkh shulrg zlwk zhdowk ��
|�

x
�E��

|� ' 4@ 
i��

�c|jlMt�c�c&�
cK�
�c|

�
LE��

�c|c �
�
�c|c �

�
&c|� n qx�E��

|n��
�

+514,

zlwk

��
|n� '

%[
�

�
6�

�c| � R�c|�
�
�c|

� e��|n�
� n 4�c|

&
n

R�c|t�c|
� n 4�c|

n
K��c|�

� n 4�c|
� +515,

vxemhfw wr wkh exgjhw frqvwudlqw

^�c|K
�
�c| n

[
�

6�
�c|e

��
| � ��

| +516,

<



wkh fdvk0lq0dgydqfh frqvwudlqwv

R�c|�
�
�c| � 6�

�c| iru doo l 5 i�c �c &j +517,

dqg wkh qrq0qhjdwlylw| frqvwudlqwv

6�
�c| � f(��

�c| � f iru doo l/ m 5 i�c �c &j +518,

Wr uxoh rxw Srq}l vfkhphv/ zh uhtxluh=

,�6
|<"

#
|\
�

^�c�

$
K��c| ' f +519,

5171 Whfkqrorj|

Surgxfwlrq whfkqrorj|

Wkh surgxfwlrq whfkqrorj| kdv frqvwdqw uhwxuqv wr vfdoh lq oderxu dqg lv frxqwu|

vshfl�f1 Wrwdo rxwsxw t�c| lv jlyhq e|=

t�c| ' ,��c| iru � 5 i�c �c &j +51:,

zkhuh ,��c| lv wkh qxpehu ri djhqwv ri frxqwu| � lqyroyhg lq surgxfwlrq lq shulrg w1

Wkh sur�w ri surgxfhuv Z��c| lv jlyhq e|=

Z��c| ' R�t�c| � ��
�c|,

�
�c| +51;,

zkhuh ��
�c| lv wkh qrupdolvhg zdjh lq wkh surgxfwlrq vhfwru1
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Wudqvdfwlrq whfkqrorj|

Wkh wudqvdfwlrq whfkqrorj| kdv lqfuhdvlqj uhwxuqv wr vfdoh dqg lv pdunhw vshfl�f1

Zh dvvxph wkdw wkh wudqvdfwlrq vhuylfh uhtxluhg e| frxqwu| � rq iruhljq h{fkdqjh

pdunhw lm dw gdwh w wr h{fkdqjh fxuuhqf| l djdlqvw fxuuhqf| m lv sursruwlrqdo wr d

qrupdol}hg phdvxuh ���c|E�� ri wkh yroxph ri fxuuhqf| l h{fkdqjhg djdlqvw fxuuhqf|

m431 Zh ghqrwh e| ,8U��c| E�� wkh qxpehu ri lqwhuphgldulhv ri frxqwu| � rshudwlqj rq

pdunhw lm dw gdwh w dqg e| u��c| wkh wrwdo qxpehu ri lqwhuphgldulhv zkr rshudwh rq

pdunhw lm dw gdwh w441 Wkh surgxfwlrq ri d wudqvdfwlrq vhuylfh r��c|E�� iru frxqwu|

� wdnhv wkh iroorzlqj irup=

r��c|E�� ' uk
��c|,

8U
��c| E�� iru lm 5 i��c �&c �&j +51<,

zkhuh k lv d frqvwdqw vwulfwo| juhdwhu wkdq }hur1 Wkh wudqvdfwlrq whfkqrorj| lv

shuihfwo| frpshwlwlyh iurp dq lqglylgxdo �qdqfldo lqwhuphgldu|*v srlqw ri ylhz

exw h{klelwv lqfuhdvlqj uhwxuqv lq wkh djjuhjdwh1 Wkh juhdwhu lv kc wkh juhdwhu lv

wkh wklfn pdunhw h{whuqdolw|45�

Wkh sur�w ri �qdqfldo lqwhuphgldulhv Z8U�c| lv jlyhq e|=

Z8U�c| '
[
��

�
A �
��c|r��c|E��� �8U

�c| ,
8U
��c| E��

�
+5143,

43Iru vlpsolflw|/ zh zloo wdnh wkh frh!flhqw ri sursruwlrqdolw| wr eh rqh1
44Wkhuhiruh Olm>w @

S
c

oIL
lm>w +c,

45Wklv w|sh ri �Pduvkdooldq h{whuqdolw|� kdv ehhq h{whqvlyho| xvhg lq wkh hqgrjhqrxv jurzwk
olwhudwxuh1
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zkhuh A �
��c| lv wkh xqlw sulfh lq frxqwu| � ri d wudqvdfwlrq vhuylfh shuiruphg rq

elodwhudo pdunhw lm dqg �8U
�c| lv wkh qrupdolvhg zdjh lq wkh �qdqfldo lqwhuphgldwlrq

vhfwru1

Pdunhw fohdulqj frqglwlrqv

Jrrgv pdunhwv=

[

�

��
� ' t� iru l 5 i�c �c &j +5144,

Prqh| pdunhwv=

[

�

R��
�
� ' � iru l 5 i�c �c &j +5145,

Erqg pdunhwv

K�� ' K� iru doo � +5146,

Wudqvdfwlrq vhuylfhv

���c|E�� ' r��c|E�� iru doo � dqg doo l/m +5147,

Oderxu pdunhwv
[

��

,8U
��c| E�� n ,��c| ' \�c| iru doo � +5148,

zkhuh \�c| lv wkh wrwdo oderxu hqgrzphqw ri frxqwu| ��

45



5181 Gl�huhqw vwuxfwxuhv ri fxuuhqf| h{fkdqjh1

Xwlolw| dqg sur�w pd{lplvdwlrqv dqg wkh deryh pdunhw0fohdulqj frqglwlrqv gr qrw

vx!fh wr fkdudfwhulvh wkh htxloleuld1 Wklv lv ehfdxvh iru jlyhq prqh| ghpdqgv/

wkhuh duh vhyhudo zd|v ri h{fkdqjlqj fxuuhqflhv wr fohdu wkh wkuhh elodwhudo iruhljq

h{fkdqjh pdunhwv1 Lq �jxuh 4/ zh uhsuhvhqw elodwhudo wudgh  rzv ehwzhhq wkuhh

frxqwulhv L/ M dqg N461 Wkh duurz L$
I

M phdqv wkdw frxqwu| L zdqwv wr h{fkdqjh

I xqlwv ri fxuuhqf| l djdlqvw wkh htxlydohqw dprxqw ri fxuuhqf| m +lq wkh fdvh

vkrzq lq �jxuh 4/ wkh fruuhvsrqglqj  rzv iurp M wr N dqg N wr L duh J dqg K

uhvshfwlyho|,1 Vlqfh zh duh lq d wkuhh frxqwu| zruog/ fxuuhqw dffrxqw htxloleulxp

grhv qrw lpso| wkdw elodwhudo wudgh  rzv duh edodqfhg471 Exw wkh �lpedodqfh�

+fdoohg G rq �jxuh 4, lv wkh vdph rq wkh wkuhh pdunhwv1

Gh�qlwlrqv=

Zh fdoo sduwldo lqgluhfw h{fkdqjh zlwk fxuuhqf| l dv d yhklfoh fxuuhqf|48 +vhh �jxuh

5, d vwuxfwxuh zkhuh vrph h{fkdqjh wdnhv sodfh gluhfwo| ehwzhhq wkh fxuuhqflhv

ri M dqg N +J0G h{dfwo|, dqg vrph h{fkdqjh wdnhv sodfh lqgluhfwo| wkurxjk wkh

fxuuhqf| ri L +G xqlwv ri fxuuhqf| duh h{fkdqjhg lqgluhfwo|,1

Zh fdoo wrwdo lqgluhfw h{fkdqjh zlwk fxuuhqf| l dv d yhklfoh fxuuhqf| +vhh �jxuh 6,

46Zh dvvrfldwh doo wkh yduldeohv zlwk vxevfulsw l wr frxqwu| L/ wkrvh zlwk vxevfulsw m wr frxqwu|
M dqg wkrvh zlwk vxevfulsw n wr frxqwu| N1

47Lq rwkhu zrugv/ zh pd| qrw kdyh d �grxeoh frlqflghqfh ri zdqwv� rq wkh iruhljq h{fkdqjh
pdunhwv1

48Wklv whuplqrorj| zdv �uvw lqwurgxfhg e| Nuxjpdq ^4<;3`1
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d vwuxfwxuh zkhuh doo h{fkdqjh ehwzhhq wkh fxuuhqflhv ri frxqwulhv M dqg N wdnhv

sodfh lqgluhfwo| wkurxjk wkh fxuuhqf| ri frxqwu| L1 Vxfk dq h{fkdqjh vwuxfwxuh

ohdgv wr wkh frpsohwh glvdsshdudqfh ri rqh ri wkh wkuhh iruhljq h{fkdqjh pdunhwv1

Lq wkhvh wzr fdvhv/ wkh fxuuhqf| xvhg wr pdnh lqgluhfw h{fkdqjhv +khuh wkh fxu0

uhqf| ri frxqwu| L, lv wkh yhklfoh fxuuhqf|1 Sduwldo dqg wrwdo lqgluhfw h{fkdqjh

vwuxfwxuhv zlwk wkh fxuuhqflhv ri frxqwulhv M dqg N dv yhklfohv duh gh�qhg lq dq

hqwluho| dqdorjrxv zd|1

Rxu htxloleulxp zloo kdyh wr vdwlvi| udwlrqdo h{shfwdwlrqv1 Zkhq pd{lplvlqj

sur�wv/ �qdqfldo lqwhuphgldulhv wdnh dv jlyhq d sduwlfxodu vwuxfwxuh ri h{fkdqjh

+wkh| wdnh dv jlyhq wkh iu��j��Mt��c�&c&�� 49 ,1 Rqfh wkh wudqvdfwlrq frvwv duh ghulyhg

lq htxloleulxp/ zh zloo kdyh wr fkhfn wkdw wkh| duh frqvlvwhqw zlwk wkh vwuxfwxuh

ri h{fkdqjh wkdw kdv ehhq dvvxphg1

5191 Gh�qlwlrq ri htxloleulxp

Zh vroyh iru vwdwlrqdu| htxloleuld zkhuh wkh qrplqdo yduldeohv jurz dw d frqvwdqw

udwh lq hdfk ri wkh wkuhh frxqwulhv1

Ohw xv ghqrwh e| X wkh vhw i�c �c &j dqg x wkh vhw i��c �&c &�j �

D vwdwlrqdu| htxloleulxp frqvlvwv ri jrrgv dqg erqg sulfhv iR�j�MX c i^�j�MX c h{0

fkdqjh udwhv
�
e��
�
�MX

c zdjhv
�
��
� c �

8U
�

�
�MX

c wudqvdfwlrq frvwv
�
A �
��

�
�MXc��Mx

c erqg

dqg prqh| kroglqjv
�
K��
�
�MX

c
�
6�

�

�
�c�MX

cfrqvxpswlrq ohyhov
�
��
�

�
�c�MX

coderxu do0

49Qxpehu ri �qdqfldo lqwhuphgldulhv rshudwlqj rq hdfk elodwhudo iruhljq h{fkdqjh pdunhw lm1
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orfdwlrqv
�
,8U
�� E�� c ,��

�
�MXc��Mx

c dqg ydoxh ixqfwlrqv
�
x

�
�
�MX

vxfk wkdw=

+l, hdfk x� vdwlv�hv +514, vxemhfw wr wkh odz ri prwlrq ri zhdowk +515,/ wkh

exgjhw frqvwudlqw +516,/ wkh fdvk0lq0dgydqfh frqvwudlqwv +517,/ wkh qrq0qhjdwlylw|

frqvwudlqwv +518,/ wkh qr0Srq}l frqglwlrq +519,>

+ll, surgxfhuv pd{lplvh sur�w +51;, wdnlqj R�/ ��
� dv jlyhq/ vxemhfw wr wkh

surgxfwlrq whfkqrorj| +51:,>

+lll, �qdqfldo lqwhuphgldulhv pd{lplvh sur�w +5143, wdnlqj
�
A �
��

�
��Mx

/ iu��j��Mx c

�8U
� dv jlyhq vxemhfw wr wkh wudqvdfwlrq whfkqrorj| +51<,>

+ly, zdjhv duh htxdolvhg ehwzhhq wkh surgxfwlrq dqg wkh �qdqfldo lqwhuphgl0

dwlrq vhfwru= ��
� ' �8U

�
4:>

+y, jrrgv/ prqh|/ erqg/ wudqvdfwlrq vhuylfhv/ oderxu pdunhwv fohdu +5144,/

+5145,/ +5146,/ +5147,/ +5148,>

+yl, elodwhudo iruhljq h{fkdqjh pdunhwv fohdu dqg htxloleulxp wudqvdfwlrq frvwv

duh frqvlvwhqw zlwk wkh dvvxphg vwuxfwxuh ri h{fkdqjh4;1

61 Vroylqj wkh prgho

Wkh pdlq ihdwxuh ri wkh prgho lv d qrq0wulyldo wzr0zd| uhodwlrq ehwzhhq wkh

prqhwdu| yduldeohv dqg wkh uhdo yduldeohv1 Wudgh lq jrrgv ghwhuplqhv wkh prqh|

ghpdqgv/ dqg lq wxuq fxuuhqf| h{fkdqjh d�hfwv wkh glylvlrq ri oderxu ehwzhhq

4:Zh dvvxph ixoo oderxu prelolw| zlwklq hdfk frxqwu|1
4;Vhh glvfxvvlrq ri vhfwlrq 5181
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surgxfwlrq dqg �qdqfldo lqwhuphgldwlrq dqg wkhuhiruh wkh uhodwlyh sulfhv1

6141 Iluvw Rughu dqg Hqyhorsh Frqglwlrqv

Dvvxplqj wkdw prqhwdu| srolf| lv vxfk wkdw fdvk0lq0dgydqfh frqvwudlqwv duh elqg0

lqj hdfk shulrg4</ wkh qhfhvvdu| frqglwlrqv iru wkh frqvxphu ri frxqwu| � duh=

L� ' bR�(L� ' be��R�(L& ' be�&R&(x� ' b(
qx�

^�E� n 4��
' b +614,

zkhuh b lv wkh pxowlsolhu dvvrfldwhg zlwk wkh exgjhw frqvwudlqw531

Khqfh zh kdyh wkh xvxdo uhodwlrq ^�E� n 4�� ' q�

Lw lv hdv| wr vkrz wkdw wkh fdvk0lq0dgydqfh frqvwudlqwv duh elqglqj li dqg rqo| li

prqhwdu| jurzwk lv vxfk wkdw 4� : q � � dqg wkh uhdo lqwhuhvw udwh lv htxdo wr wkh

udwh ri wlph suhihuhqfh1

6151 Sulfh ohyhov dqg h{fkdqjh udwhv

Iurp wkh prqh| dqg wkh jrrgv pdunhwv htxloleulxp/ zh kdyh=

R� '
�

t�
+615,

Qrupdolvhg sulfh ohyhov ghshqg lqyhuvho| rq wkh ohyho ri rxwsxw1 Vlqfh surgxfwlrq

lv d�hfwhg e| wkh dprxqw ri oderxu xvhg lq wudqvdfwlrqv/ sulfhv ghshqg rq wkh

4<Zh zloo vkrz ehorz xqghu zklfk frqglwlrq wklv lv wuxh1
53Xl> Xm > Xn>x# duh sduwldo ghulydwlyhv1
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sdwwhuqv ri fxuuhqf| h{fkdqjh= wkh pruh h!flhqw wkh wudqvdfwlrq whfkqrorj|/ wkh

orzhu wkh sulfhv1

Iurp wkh �uvw rughu frqglwlrqv +614, dqg wkh h{suhvvlrq iru wkh sulfh ohyhov +615,/

zh fdq ghgxfh wkh vwhdg|0vwdwh h{fkdqjh udwhv54=

e�� '
t�L�

t�L�

sJo � 5 i�c �c &j +616,

Iurp wkh �uvw rughu frqglwlrqv +614, dqg wkh htxloleulxp rq wkh jrrgv dqg prqh|

pdunhwv +5144, dqg +5145, zh jhw wkh vwdwlrqdu| frqvxpswlrq ohyhov dqg prqh|

ghpdqgv +vhh Dsshqgl{ D,1 Exw wkh dfwxdo sdwwhuqv ri h{fkdqjh duh vwloo wr eh

vshfl�hg1

6161 Sdwwhuqv ri fxuuhqf| h{fkdqjh

Qrwh wkdw dowkrxjk d wudqvdfwlrq lqyroyhv wzr sduwlhv/ lw rqo| frqwulexwhv rqfh wr

oltxlglw|1 Vr li zh fdoo T��c| wkh grxeoh ri wkh wrwdo yroxph h{fkdqjhg rq elodwhudo

iruhljq h{fkdqjh pdunhw lm/ +51<, dqg +5147, jlyh=

[

�

r��E�� '
[

�

���E�� ' ukn�
�� ' T�� iru lm 5 i��c �&c �&j

54Wkh qrplqdo h{fkdqjh udwhv duh wkhuhiruh jlyhq e|=

�hlc @
\cXcPl

\lXlPc

iru l 5 il> m> nj
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Wkh dprxqw ri oderxu xvhg lq wudqvdfwlrqv lq frxqwu| � rq pdunhw lm lv wkhuhiruh

,8U
�� E�� ' ���E��

ET���
k

kn�
zkhuh ��� E�� lv wkh yroxph dfwxdoo| h{fkdqjhg rq pdunhw lm e|

frxqwu| �1

Wkh xqlw frvw ri d wudqvdfwlrq vhuylfh iru frxqwu| � rq pdunhw lm lv=

A�� E�� ' ��u
3k
�� '

��

ET���
k

kn�

+617,

zkhuh �� lv wkh qrupdolvhg zdjh lq frxqwu| �1 Wkh frvw ri d wudqvdfwlrq vhuylfh

A�� E�� lv ghfuhdvlqj zlwk wkh joredo yroxph dfwxdoo| h{fkdqjhg rq wkh pdunhw lm1

Wkh vwurqjhu wkh srvlwlyh h{whuqdolw| 0 wkh eljjhu lv k 0 wkh eljjhu wkh ghfuhdvh lq

frvw zkhq wkh yroxph lqfuhdvhv1 Wkh htxloleulxpzdjh �� lv wkh vdph iru surgxfhuv

dqg lqwhuphgldulhv zlwklq frxqwu| � dqg lv htxdo wr R�� Wkh htxloleulxp uhyhqxh

-� ri surgxfhuv dqg lqwhuphgldulhv lv jlyhq e| -� '
R�t�
\�

� Qrwh wkdw htxloleulxp

zdjh dqg uhyhqxh gl�hu vlqfh surgxfhuv �uvw jhw wkhlu zdjhv/ rxw ri zklfk wkh|

sd| iru wkh wudqvdfwlrq vhuylfh1 Dv lqwhuphgldulhv duh dovr frqvxphuv/ wkh| dovr

sd| wkhpvhoyhv iru wkh wudqvdfwlrq vhuylfh1

Ohw xv wdnh dq h{dpsoh wr looxvwudwh wkh uhodwlrq ehwzhhq wkh wudqvdfwlrq frvwv

dqg wkh vwuxfwxuh ri fxuuhqf| h{fkdqjh1 Wkh fkrlfh ri fxuuhqf| l dv yhklfoh fxu0

uhqf| lq d vwuxfwxuh ri sduwldo lqgluhfw h{fkdqjh lv frqvlvwhqw zlwk wkh ghulyhg

wudqvdfwlrq frvwv li wkh wzr iroorzlqj frqglwlrqv duh vdwlv�hg=

4;



E�� A�� � A�&( A�& � A�& dqg E2� A�� n A�& A A�&

Frqglwlrq +4, vwdwhv wkdw fxuuhqf| l lv wkh �fkhdshvw� fxuuhqf| wr xvh iru lqgluhfw

h{fkdqjh/ dqg frqglwlrq +5, hqvxuhv wkdw wkh dvvxphg vwuxfwxuh ri sduwldo lqgluhfw

h{fkdqjh lv qrw pruh frvwo| wkdq d vwuxfwxuh ri wrwdo lqgluhfw h{fkdqjh/ zkhuh l lv

yhklfoh fxuuhqf|1 Li hlwkhu +4, ru +5, lv qrw vdwlv�hg/ wkhq rxu dvvxpswlrq rq wkh

vwuxfwxuh ri h{fkdqjh lv ylrodwhg iru wkh udqjh ri sdudphwhuv frqvlghuhg1

6171 Xwlolw| ixqfwlrq dqg lqwhusuhwdwlrq ri sdudphwhuv

Wr jdlq lq fodulw| zlwkrxw orvlqj pxfk lq whupv ri jhqhudolw|/ zh uhvwulfw ixuwkhu

wkh sdudphwhuv ri wkh xwlolw| ixqfwlrq1 Iurp qrz rq/ zh dvvxph wkh iroorzlqj

vshfl�fdwlrq iru wkh xwlolw| ixqfwlrqv=

L � E��c ��c �&� ' E�� 2/� *?E��
�� n / *?E��

�� n / *?E��
&�

L � E��c ��c �&� ' / *?E��
� � n E�� E� n � �/� *?E��

� � n �/ *?E��

&�

L& E��c ��c �&� ' / *?E�&
� � n v/ *?E�&

� � n E�� E� n v�/� *?E�&
& �

zklfk fdq eh vxppdul}hg lq wkh iroorzlqj wdeoh=
jrrg l jrrg m jrrg n

frxqwu| L 405/ / /
frxqwu| M / 40+4.� �/ �/
frxqwu| N / v/ 40+4.v�/
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Wkh grpdlq ri yduldwlrq ri / lv
�
fc �

2

�
dqg E� c v� 5 �fc �

/
� �
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Wkh sdudphwhuv ri wkh xwlolw| ixqfwlrq zloo eh lqwhusuhwhg dv �qhw� ru �frpsrxqg�

sdudphwhuv ghvfulelqj erwk suhihuhqfhv dqg xwlolw| frvwv ri wkh wudglqj surfhvv

ehwzhhq wkh gl�huhqw frxqwulhv551

Lq wklv shuvshfwlyh/ // � dqg v duh wkuhh sdudphwhuv zklfk fdq eh lqwhusuhwhg

dv ghvfulelqj wkh ghjuhh ri lqwhjudwlrq ri wkh gl�huhqw frxqwulhv1 / pd| eh vhhq dv

d frh!flhqw ri rshqqhvv ri wkh frxqwulhv dqg dv dq lqglfdwru ri joredo wudgh edulhuv

ru wudqvsruwdwlrq whfkqrorjlhv1 Dq lqfuhdvh lq / fdq eh lqwhusuhwhg dv d joredo

ghfuhdvh lq wudqvsruw dqg wudgh frvwv ohdglqj wr d joredo lqfuhdvh lq lqwhuqdwlrqdo

h{fkdqjh1 � dqg v ghvfuleh wkh lqwhjudwlrq ri frxqwu| M zlwk frxqwu| N1 Li � lv elj

iru h{dpsoh/ lw vxjjhvwv wkdw wkh jrrg ri frxqwu| N lv kljko| ghvluhg e| frxqwu|

M dqg wkdw wkh xwlolw| frvw ri dftxlulqj lw lv orz561 Fkdudfwhulvlqj wkh grpdlqv ri

h{lvwhqfh ri wkh htxloleuld dv d ixqfwlrq ri wkh wudgh sdudphwhuv lv wkh vxemhfw ri

wkh qh{w vhfwlrq1

6181 H{lvwhqfh dqg ghvfulswlrq ri htxloleuld

Sursrvlwlrq 41 Wkhuh duh vl{ w|shv ri htxloleuld= wkuhh sduwldo lqgluhfw h{fkdqjh

htxloleuld +hdfk ri wkh wkuhh fxuuhqflhv fdq eh wkh yhklfoh, dqg wkuhh wrwdo lqgluhfw

55Iru h{dpsoh li f lv d wudglqj frvw sursruwlrqdo wr wkh txdqwlw| ghpdqghg/ $3 @ $
4.f

fdq eh
lqwhusuhwhg dv d �qhw� xwlolw| sdudphwhu1

56Qrwh wkdw li zh kdg fkrvhq frpsohwho| v|pphwulf xwlolw| ixqfwlrqv/ wkh lvvxh ri yhklfoh
fxuuhqf| zrxog kdyh orvw lqwhuhvw vlqfh wudgh  rzv zrxog kdyh ehhq elodwhudoo| edodqfhg1
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h{fkdqjh htxloleuld +hdfk ri wkh wkuhh fxuuhqflhv fdq eh wkh yhklfoh,1

Surri= vhh Dsshqgl{ E1

Htxloleulxp H4= Sduwldo lqgluhfw h{fkdqjh htxloleulxp zlwk fxuuhqf| l

dv wkh yhklfoh fxuuhqf|

Wudqvdfwlrq frvwv duh frqvlvwhqw zlwk wkh fkrlfh ri l dv d yhklfoh fxuuhqf| dqg zlwk

d vwuxfwxuh ri sduwldo lqgluhfw h{fkdqjh li dqg rqo| li=

E�� A�� � A�& dqg A�& � A�&( E2� A�� n A�& � A�&

Iurp wkh prqh| ghpdqgv/ zh fdq ghgxfh wkdw wkh grpdlq ri h{lvwhqfh ri H4 lv

wkh vhw ri E� c v� gh�qhg e|57=�
v � � dqg MEv� � � � �

2v3�

�^�v � � dqg M �Ev� � � � �
2
n �

2v

�
zlwkMEv� '

��Ev�3v3�
�32��Ev�

/ ��Ev� ' v�
�3v

k

kn�

� kn�
k

� M �Ev� lv wkh v|pphwulf ri MEv� zlwk uhvshfw wr

wkh 780ghjuhh olqh1 H4 kdv ehhq uhsuhvhqwhg lq judsk 7d +kdwfkhg uhjlrq,1 Wkh

judsk vkrzv wkdw wklv vwuxfwxuh ri h{fkdqjh h{lvwv zkhq frxqwulhv M dqg N �gr

qrw wudgh wrr pxfk zlwk hdfk rwkhu�1 Lw lv srvvleoh iru frxqwu| M +uhvshfwlyho|

frxqwu| N, wr kdyh d kljk ghpdqg iru wkh jrrg ri frxqwu| N +uhvshfwlyho| frxqwu|

M,1 Fxuuhqf| l fdq eh d yhklfoh fxuuhqf|/ krzhyhu/ rqo| zkhq wudgh  rzv ehwzhhq

frxqwu| M dqg N duh idu iurp ehlqj elodwhudoo| edodqfhg1 Ixuwkhupruh/ li wudgh

 rzv ehwzhhq frxqwulhv M dqg N duh uhodwlyho| vpdoo frpsduhg wr wudgh  rzv eh0

wzhhq wkhvh frxqwulhv dqg frxqwu| L/ wkhq fxuuhqf| l zloo eh wkh yhklfoh fxuuhqf|
57Vhh dsshqgl{ E14 iru wkh dqdo|wlfdo ghulydwlrq ri wkh erxqgdulhv1
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lq doo fdvhv1 Wkh lqwxlwlrq lv vlpsoh= li frxqwulhv M dqg N kdyh yhu| vwurqj wudgh

olqnv/ wkh| �qg lw pruh dgydqwdjhrxv wr xvh rqh ri wkhlu fxuuhqflhv lqvwhdg ri xvlqj

wkh fxuuhqf| ri frxqwu| L1 Frqyhuvho|/ li frxqwu| L lv yhu| rshq wkhq fxuuhqf| l

lv yhu| olnho| wr eh wkh yhklfoh fxuuhqf|1 Lq wkh olplwlqj fdvh zkhuh / ' �*2c wkh

grpdlq ri h{lvwhqfh ri htxloleulxp H4 lv wkh odujhvw srvvleoh grpdlq/ vlqfh � dqg

v duh frqvwudlqhg wr ehorqj wr dfc �*/ � �o@dfc �o �

Zh kdyh vhhq wkh frqglwlrqv rq wudgh  rzv wkdw uhqghu wkh xvh ri fxuuhqf| l

dv d yhklfoh fxuuhqf| srvvleoh1 Exw zh qhhg wr vshfli| ixuwkhu wkh grpdlq ri h{lv0

whqfh ri htxloleulxp H4 dqg wr uxoh rxw wkh srvvlelolw| ri wrwdo lqgluhfw h{fkdqjh

wkurxjk fxuuhqf| l1 Wrwdo lqgluhfw h{fkdqjh fdq eh vkrzq wr rffxu zkhqhyhu

frxqwulhv M dqg N gr qrw wudgh yhu| pxfk zlwk hdfk rwkhu ru li wkhlu wudglqj

uhodwlrqv duh yhu| dv|pphwulf/ frxqwu| M ghvlulqj kljko| wkh jrrg ri frxqwu| N/

iru h{dpsoh/ exw idflqj d yhu| orz ghpdqg iurp frxqwu| N1 Lw fdq eh vkrzq wkdw

wkh ohiwzdugv iurqwlhu ri rxu grpdlq vkliwv wr wkh uljkw zkhq wkh wklfn pdunhw

h{whuqdolw| lqfuhdvhv= wkh vwurqjhu wkh h{whuqdolw|/ wkh ohvv frvwo| lv wrwdo lqgluhfw

h{fkdqjh/ zkhuh doo fxuuhqf| h{fkdqjh surfhvvhv rffxu rq wzr pdunhwv lqvwhdg ri

wkuhh/ uhodwlyh wr sduwldo lqgluhfw h{fkdqjh1

Htxloleulxp H5= Sduwldo lqgluhfw h{fkdqjh htxloleulxp zlwk fxuuhqf| m

dv wkh yhklfoh fxuuhqf|

Wudqvdfwlrq frvwv duh frqvlvwhqw zlwk wkh fkrlfh ri m dv yhklfoh fxuuhqf| li dqg
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Wkh grpdlq ri h{lvwhqfh ri H5 lv wkh vhw ri E� c v� gh�qhg e|58=�
v � � ( � � �
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n �
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� ^ i� � v( v � �( � � �2 Ev�j
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E2v n ��� �*2

H5 kdv ehhq uhsuhvhqwhg lq judsk 7e +kdwfkhg duhd,1 Wklv htxloleulxp h{lvwv

rqo| zkhq frxqwulhv M dqg N wudgh vx!flhqwo| zlwk hdfk rwkhu ru li wkh jrrg ri

frxqwu| M lv kljko| ghvluhg1 Lw lv dssduhqw wkdw wkh xvh ri d fxuuhqf| dv yhklfoh

vzhoov wkh iruhljq h{fkdqjh pdunhwv lq wkdw fxuuhqf|1 Iru h{dpsoh/ hyhq iru ydoxhv

ri wkh wudgh sdudphwhuv iru zklfk rqh zrxog kdyh lqwxlwlyho| h{shfwhg fxuuhqf|

n wr ehfrph yhklfoh fxuuhqf| 0 zkhq wkh jrrg ri frxqwu| N lv kljko| ghvluhg

dqg2ru wudglqj frvwv zlwk frxqwu| N duh yhu| orz 0 htxloleulxp H5 h{lvwv1 Zh

duh lq wkh suhvhqfh ri d orfn0lq h�hfw1 Lq wkh olplwlqj fdvh ri frpsohwh rshqqhvv

ri frxqwu| L/ krzhyhu/ htxloleulxp H5 grhv qrw h{lvw1 Iru yhu| kljk ohyhov ri

ghpdqg iru wkh jrrg ri frxqwu| M/ htxloleulxp H5 grhv qrw h{lvw hlwkhu/ vlqfh

wrwdo lqgluhfw h{fkdqjh lv fkhdshu1 Lw fdq eh vkrzq wkdw wkh uljkwkdqg iurqwlhu ri

wkh grpdlq vkliwv wr wkh ohiw zkhq wkh wklfn pdunhw h{whuqdolw| lqfuhdvhv1 Wrwdo

lqgluhfw h{fkdqjh wkxv ehfrphv pruh dwwudfwlyh zkhq wkh h{whuqdolw| lv srzhuixo1

58Vhh dsshqgl{ E15 iru wkh dqdo|wlfdo ghulydwlrq ri wkh erxqgdulhv1
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Htxloleulxp H6= Sduwldo lqgluhfw h{fkdqjh htxloleulxp zlwk fxuuhqf| n

dv yhklfoh fxuuhqf|1

Wkh grpdlq ri h{lvwhqfh ri wklv htxloleulxp lv v|pphwulf wr wkh grpdlq ri h{lv0

whqfh ri H5 zlwk uhvshfw wr � ' v1

Htxloleulxp H7 +uhvs1 H8/ H9,= Wrwdo lqgluhfw h{fkdqjh htxloleuld zlwk

fxuuhqf| l +uhvs1 m/ n, dv yhklfoh fxuuhqf|1

Wudqvdfwlrq frvwv duh frqvlvwhqw zlwk wkh fkrlfh ri l +uhvs1 m/ n, dv yhklfoh fxuuhqf|

li dqg rqo| li=

A�� n A�& � A�&( oerR� A�� n A�& � A�&( oerR� A�& n A�& � A��

Wkhvh w|shv ri htxloleuld h{lvw rq wkh zkroh grpdlq dv orqj dv wkh h{whuqdolw| lv

srvlwlyh1 Wkh orfn0lq h�hfwv duh yhu| vwurqj/ vlqfh iru dq lqglylgxdo wudqvdfwru lw

lv wkhq lq�qlwho| frvwo| wr vhw xs d elodwhudo iruhljq h{fkdqjh pdunhw wkdw grhv

qrw h{lvw591

Sursrvlwlrq 51 Iru d jlyhq + � c vc /�c wkhuh duh pxowlsoh htxloleulxp vwuxfwxuhv

ri fxuuhqf| h{fkdqjh1

Surri= Lpphgldwh/ jlyhq wkh deryh ghvfulswlrq ri wkh grpdlqv ri h{lvwhqfh ri

H40H91
59Wklv vkrxog eh vhhq dv d olplwlqj fdvh1 Lw lv vwudljkwiruzdug wr zhdnhq wkh orfn0lq h�hfw e|

fkdqjlqj voljkwo| wkh ixqfwlrqdo irup ri wkh wudqvdfwlrq whfkqrorj|1 Exw wklv frpsolfdwhv wklqjv
+e| dgglqj qhz erxqgdulhv, zlwkrxw surylglqj qhz lqvljkwv1
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Wkh lqwxlwlrq ehklqg wkh pxowlsolflw| ri htxloleuld lv wkh iroorzlqj= li wudgh  rzv

duh qrw elodwhudoo| edodqfhg/ rqh ri wkh fxuuhqflhv kdv wr eh xvhg dv d yhklfoh/

zklfk vzhoov wkh iruhljq h{fkdqjh pdunhwv lq wkdw fxuuhqf|1 Wkxv wudqvdfwlrq

frvwv duh orzhuhg dqg wkh hphujhqfh ri d fxuuhqf| dv d yhklfoh lv vhoi0hqiruflqj1

Vxfk d skhqrphqrq fdq ohdg wr d vwuxfwxuh ri sduwldo lqgluhfw h{fkdqjh ru wrwdo

lqgluhfw h{fkdqjh iru vrph ydoxhv ri wkh sdudphwhuv1 Lw lv wkh grxeoh frlqflghqfh

ri zdqwv sureohp lq wkh fxuuhqf| h{fkdqjh surfhvv zklfk lv dw wkh urrw ri wkh

h{lvwhqfh ri yhklfoh fxuuhqflhv dqg ri wkh pxowlsolflw| ri wkh htxloleuld1

71 Lqwhusuhwdwlrq= wkh ulvh dqg idoo ri wkh srxqg dqg wkh
groodu dv yhklfoh fxuuhqflhv1

Judsk 8 vxppdulvhv wkh grpdlqv ri h{lvwhqfh ri doo htxloleuld1

Fdoo frxqwu| M Eulwdlq/ frxqwu| N wkh Frpprqzhdowk +lq idfw pdq| frxqwulhv,

dqg frxqwu| L wkh XVD1 Vwduw dw srlqw R rq judsk 8/ l1h/1 d vlwxdwlrq zkhuh

wudglqj frvwv ehwzhhq Eulwdlq dqg wkh Frpprqzhdowk duh qrw yhu| kljk dqg wkh

XVD lv idluo| forvhg1 Lq vxfk d zruog joredo wudgh olqnv duh qrw yhu| vwurqj h{fhsw

ehwzhhq Eulwdlq dqg wkh Frpprqzhdowk1 D sulrul wkh yhklfoh fxuuhqf| frxog eh

hlwkhu wkh srxqg vwhuolqj ru wkh Frpprqzhdowk fxuuhqf| +ri zklfk wkhuh zhuh

pdq|,1 Dvvxph wkdw zh vwduw r� zlwk wkh srxqg dv yhklfoh1 Wkhq zh duh lq

wkh fdvh ri judsk 7e1 Li wkhuh lv dq h{rjhqrxv ghfuhdvh ri wkh wudgh olqnv ehwzhhq

Eulwdlq dqg wkh Frpprqzhdowk +zh dvvxph khuh d sdudooho ghfuhdvh lq v dqg � / exw
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dq| ghfuhdvh frxog eh frqvlghuhg,/h1j1/ ehfdxvh ri d zdu/ wkhq iru d fhuwdlq udqjh

ri wkh sdudphwhuv wkh srxqg fdq uhpdlq d yhklfoh fxuuhqf| hyhq wkrxjk doo wkuhh

fxuuhqflhv frxog qrz sod| wklv uroh li zh orrnhg rqo| dw wkh �ixqgdphqwdov�+srlqw

R�,1 Wklv lv wkh k|vwhuhvlv h�hfw lq wkh xvh ri dq lqwhuqdwlrqdo fxuuhqf| wkdw

kdv ehhq riwhq ghvfulehg1 D ixuwkhu ghfuhdvh lq � dqg v ohdgv wr d uhjlrq zkhuh

rqo| wkh groodu ru wkh srxqg duh srwhqwldo yhklfoh fxuuhqflhv1 Exw/ li wkh hfrqrp|

kdsshqv wr eh orfdwhg lq R�� diwhu wkh VhfrqgZruogZdu/ iru h{dpsoh/ zkhuh wudgh

olqnv kdyh ehhq vhyhuho| glvuxswhg/ wkhq lw ehfrphv fkhdshu wr xvh wkh groodu dv

yhklfoh fxuuhqf| lqvwhdg ri wkh srxqg1 Wklv ohdgv wr d fkdqjh lq wkh vwuxfwxuh

ri h{fkdqjh/ dqg wkh hfrqrp| kdv qrz wkh frq�jxudwlrq ri judsk 7d/ zkhuh wkh

groodu kdv vxssodqwhg wkh srxqg dv yhklfoh fxuuhqf|1

Qrwh wkdw wkh prgho suhglfwv wkdw wkh sdwwhuq ri h{fkdqjh lv ghwhuplqhg e|

wkh wudgh olqnv ehwzhhq wkh gl�huhqw frxqwulhv dqg qrw e| wkh uhodwlyh vl}hv ri

wkh gl�huhqw hfrqrplhv1 Wdeoh 4 vkrzv wkdw wkh JGS ri wkh XVD zdv douhdg|

eljjhu wkdq wkh JGS ri wkh XN lq 4;:31 Lw zdv d elw ohvv wkdq grxeoh wkh JGS

ri wkh XN lq 4<33/ zkhq wkh vxsuhpdf| ri wkh Eulwlvk srxqg dv lqwhuqdwlrqdo

fxuuhqf| zdv xqfrqwhvwhg1 XN phufkdqglvh h{sruwv zhuh juhdwhu +lq ydoxh, wkdq

XV phufkdqglvh h{sruwv xqwlo wkh Juhdw Ghsuhvvlrq> dw wkdw wlph wkh ydoxh ri XV

phufkdqglvh h{sruwv uhsuhvhqwhg dssur{lpdwho| 6( ri XV JGS zkloh wkh ydoxh

ri XN phufkdqglvh h{sruwv dffrxqwhg iru urxjko| 46( ri XN JGS1 Rqo| diwhu

59



Zruog Zdu LL glg wkh h{sruwv ri wkh XV ryhuwdnh vljql�fdqwo| wkh h{sruwv ri

wkh XN1 Wkhvh gdwd duh frqvlvwhqw zlwk rxu uhvxow wkdw wudgh  rzv duh wkh nh|

ghwhuplqdqwv lq wkh surfhvv ri lqwhuqdwlrqdolvdwlrq ri fxuuhqflhv/ dv rssrvhg wr

hfrqrplf vl}h5:1

Ri frxuvh wkh surfhvv ghvfulehg khuh lv kljko| vlpsol�hg5;/ exw lw vhhpv wr jlyh

vrph ydoxdeoh lqvljkwv derxw wkh olih 0 dqg ghdwk 0 ri lqwhuqdwlrqdo fxuuhqflhv1

81 Vwuxfwxuhv ri h{fkdqjh dqg uhdo rxwsxw orvv

Sursrvlwlrq 61 Iru jlyhq wudgh sdudphwhuv + � /vc/, wkhuh lv d xqltxh htxloleulxp

vwuxfwxuh ri h{fkdqjh wkdw plqlplvhv zruog rxwsxw orvv1 Lq sduwlfxodu/ li wkh wklfn

pdunhw h{whuqdolw| lv juhdwhu wkdq d wkuhvkrog ydoxh 7k/ wrwdo lqgluhfw h{fkdqjh lq

rqh ri wkh wkuhh fxuuhqflhv dozd|v plqlplvhv zruog rxwsxw orvv frpsduhg wr sduwldo

lqgluhfw h{fkdqjh lq wkdw fxuuhqf|1

Surri= Vhh Dsshqgl{ F1

Wkh uhvxowv duh sruwud|hg lq judskv 9d dqg 9e1 Lq rxu prgho/ uhdo wudqvdfwlrq

frvwv rffxu wkurxjk wkh doorfdwlrq ri dq hqgrjhqrxv dprxqw ri surgxfwlyh oderxu

ri hdfk frxqwu| lqwr wkh wudqvdfwlrq vhfwru1 Wkh eljjhu wklv dprxqw/ wkh kljkhu wkh

rxwsxw orvv1 Wkh joredo dprxqw ri oderxu lqyroyhg lq wkh �qdqfldo lqwhuphgldwlrq

vhfwru lq wkh zruog lv=
5:Vhh vhfwlrq 9 iru d glvfxvvlrq ri wklv uhvxow1
5;Lq sduwlfxodu/ lw uholhv rq vwhdg|0vwdwh dqdo|vlv1
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Wkh nh| srlqw khuh lv wkdw gl�huhqw h{fkdqjh vwuxfwxuhv ohdg wr gl�huhqw T��

zklfk kdv d uhshufxvvlrq rq u8U � Wkh pdjqlwxgh ri wklv uhshufxvvlrq ghshqgv

rq wkh vwuhqjwk ri wkh h{whuqdolw|1 Lw lv irxqg +vhh Dsshqgl{ F, wkdw li wkh

h{whuqdolw| lv juhdwhu wkdq 7kc wkhq wkh vwuxfwxuhv ri h{fkdqjh zklfk plqlplvh

zruog rxwsxw orvv duh dozd|v wrwdoo| lqgluhfw/ zklfk fxuuhqf| ehlqj xvhg ghshqglqj

rq wkh wudgh sdudphwhuv +judsk 9d,1 7k lv wkh ydoxh deryh zklfk/ lq d wrwdoo|

v|pphwulf hqylurqphqw +/ ' �/ ' v/ ' �*��/ lw lv ohvv frvwo| wr vzlwfk wr d

vwuxfwxuh ri wrwdo lqgluhfw h{fkdqjh hyhq wkrxjk doo wkh iruhljq h{fkdqjh pdunhwv

duh elodwhudoo| edodqfhg1 Ehorz 7k wkh vwuxfwxuhv ri h{fkdqjh zklfk plqlplvh

rxwsxw orvv fdq hlwkhu eh sduwldoo| lqgluhfw ru wrwdoo| lqgluhfw lq hlwkhu ri wkh wkuhh

fxuuhqflhv ghshqglqj rq wkh wudgh sdudphwhuv +judskv 9d dqg 9e,1

Zkhq wudgh  rzv duh yhu| v|pphwulf/ sduwldo lqgluhfw h{fkdqjh whqgv wr eh

fkhdshu1 Exw zkhq wudgh  rzv duh yhu| dv|pphwulf/ wrwdo lqgluhfw h{fkdqjh lv ohvv

frvwo| lq jhqhudo1 Wkh duhdv zkhuh vrph nlqg ri wrwdo lqgluhfw h{fkdqjh plqlplvhv

rxwsxw orvv vkulqn zkhq wkh h{whuqdolw| ghfuhdvhv/ dqg frqyhuvho|1 Lq wkh olplwlqj

fdvh zkhuh wkhuh lv qr h{whuqdolw|/ wkh ohvv frvwo| vwuxfwxuh ri h{fkdqjh lv rqh

ri sduwldo lqgluhfw h{fkdqjh/ dqg zklfk fxuuhqf| lv xvhg dv yhklfoh lv luuhohydqw1

Vrph lqgluhfw h{fkdqjh lv qhhghg wr fohdu wkh iruhljq h{fkdqjh pdunhwv dq|zd|/

5;



exw vlqfh wkhuh lv qr wklfn pdunhw h{whuqdolw|/ dq| ri wkh fxuuhqflhv txdol�hv1

D vwuxfwxuh ri sduwldo lqgluhfw h{fkdqjh plqlpl}hv wkh dprxqw ri prqh| lqgl0

uhfwo| h{fkdqjhg dqg wkhuhiruh kdv orzhu frvwv wkdq d vwuxfwxuh ri wrwdo lqgluhfw

h{fkdqjh1

Lq wkh rwkhu olplwlqj fdvh zkhuh wkh h{whuqdolw| lv lq�qlwh/ wkh rswlpdo vwuxf0

wxuh ri h{fkdqjh lv rqh ri wrwdo lqgluhfw h{fkdqjh/ dqg zklfk fxuuhqf| lv xvhg dv

yhklfoh lv djdlq luuhohydqw1 Khuh wkh wklfn pdunhw h{whuqdolw| lv vr vwurqj wkdw

wkh xqghuo|lqj wudgh sdwwhuq grhv qrw pdwwhu dq| pruh/ wkh rqo| uhtxluhphqw

ehlqj wr �srro� wkh yroxphv ri fxuuhqf| h{fkdqjh dv pxfk dv srvvleoh1 Lq rxu

wkuhh0frxqwu| zruog/ wklv ohdgv wr wkh glvdsshdudqfh ri rqh ri wkh wkuhh iruhljq

h{fkdqjh pdunhwv1 Iru lqwhuphgldwh ydoxhv ri wkh h{whuqdolw| +ehorz 7k�/ wkh ohvv

frvwo| vwuxfwxuh ri h{fkdqjh uhvxowv iurp wkh edodqfh ri wzr idfwruv= wkh vwuhqjwk

ri wkh h{whuqdolw| dqg wkh xqghuo|lqj vwuxfwxuh ri sd|phqwv1

91 Prghoolqj vwudwhj|

Lq wklv vhfwlrq zh glvfxvv wkuhh lvvxhv= wkh prghoolqj ri wkh fdvk0lq0dgydqfh frq0

vwudlqw/ wkh irup ri wkh xwlolw| ixqfwlrq dqg srwhqwldo plfur0irxqgdwlrqv iru wkh

wklfn pdunhw h{whuqdolw|1

Fdvk0lq0dgydqfh frqvwudlqwv

Zh dvvxphg wkdw doo jrrgv sxufkdvhv kdyh wr eh sdlg iru lq wkh fxuuhqf| ri

5<



wkh vhoohu1 Wklv lv d ohvv wkdq vdwlvidfwru| dvvxpswlrq iru d jhqhudo htxloleulxp

prgho1 Lghdoo|5< wkh prgho vkrxog lpsrvh d jhqhulf fdvk0lq0dgydqfh frqvwudlqw

dqg qrw d frxqwu|0vshfl�f rqh1 Exw wklv zrxog h�hfwlyho| frph grzq wr zulwlqj

d wkhru| ri wudgh lqyrlflqj/ zklfk xqiruwxqdwho| grhv qrw h{lvw vr idu1 Wr jr

eh|rqg d kljko| uhvwulfwlyh irupxodwlrq63/ zh zrxog kdyh wr lqwurgxfh dgglwlrqdo

ihdwxuhv1 Li wkh lqwhuqdwlrqdoo| wudghg qhw surgxfwlrq uhvxowhg iurp d surgxfwlrq

whfkqrorj| lqyroylqj orwv ri wudqvdfwlrqv lq grphvwlf lqsxwv/ iru h{dpsoh/ wkhq lw

frxog eh udwlrqdo wr lqyrlfh wkh �qdo jrrg lq grphvwlf fxuuhqf|/ lq rughu wr dyrlg

wudqvdfwlrq frvwv1 Wklv zrxog krzhyhu frpsolfdwh wkh prgho frqvlghudeo|1 Dqg

lq uhdolw|/ wkh pdmrulw| ri wkh wudgh rffxuulqj dprqj ghyhorshg frxqwulhv lv sdlg

iru lq wkh fxuuhqf| ri wkh h{sruwhu641

Irup ri wkh xwlolw| ixqfwlrq

Dv phqwlrqhg hduolhu/ wkh prgho suhglfwv wkdw wkh sdwwhuq ri h{fkdqjh lv ghwhu0

plqhg e| wkh wudgh olqnv ehwzhhq wkh gl�huhqw frxqwulhv dqg qrw e| wkh uhodwlyh

vl}hv ri wkh gl�huhqw hfrqrplhv1 Wklv vwurqj uhvxow vkrxog eh uhjdughg dv d ehqfk0

pdun fdvh1 Zlwk d Free0Grxjodv xwlolw| ixqfwlrq/ fkdqjhv lq rxwsxw duh ixoo|

5<Dv rqh uhihuhh srlqwhg rxw fohduo|1
63Iru d wzr0frxqwu| prgho zlwk d jhqhulf fdvk0lq0dgydqfh frqvwudlqw exw vhw xs lq d pxfk

vlpsohu hfrqrplf hqylurqphqw/ vhh Pdwvxl ^4<<:`1 Lq wkdw sdshu djhqwv dozd|v xvh wkh fxuuhqf|
zklfk lv wkh ohvv lq dwlrqdu|/ xqohvv wkhuh duh vshfl�f h{rjhqrxv uhtxluhphqwv +olnh sd|lqj wd{hv
lq grphvwlf fxuuhqf|,1

64H{fhsw iru Mdsdq1 Lq 4<<5/ wkh vkduhv ri h{sruwv lqyrlfhg lq grphvwlf fxuuhqf| zhuh <5( iru
wkh XV/ ::( iru Jhupdq|/ 95( iru wkh XN/ 88( iru Iudqfh/ 73( iru Mdsdq1 Iru pruh ghwdlohg
vwxglhv ri wkh lqyrlflqj sdwwhuqv vhh Judvvpdq ^4<:6` dqg PfNlqqrq ^4<:<`1
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frpshqvdwhg e| fkdqjhv lq wkh whupv ri wudgh/ zklfk nhhsv frqvwdqw lq ydoxh wkh

dprxqw ri fxuuhqflhv wudghg1 Lq d pruh jhqhudo vshfl�fdwlrq +FHV,/ erwk vl}h dqg

wudgh olqnv zrxog pdwwhu1 Zh zrxog jhw wkh lqwxlwlyh uhvxow wkdw wkh olnholkrrg ri

d fxuuhqf| ehfrplqj wkh yhklfoh fxuuhqf| lqfuhdvhv zlwk wkh vl}h ri wkh frxqwu|

lvvxlqj lw/ fhwhulv sdulexv651

Plfurirxqglqj wkh wklfn pdunhw h{whuqdolw|

Zh frxog ghyhors d vhdufk prgho ã0od0Gldprqg +4<;7, rq hdfk ri wkh elodwhudo

iruhljq h{fkdqjh pdunhwv1 Vxfk d prgho/ zkhuh wkh suredelolw| ri �qglqj d wudg0

lqj sduwqhu lv lqfuhdvlqj lq wkh qxpehu ri srwhqwldo wudghuv/ zrxog jhqhudwh dq

lqfuhdvlqj uhwxuq wr vfdoh wudqvdfwlrq whfkqrorj| ri wkh irup dvvxphg1

:1 Frqfoxvlrq

Wkh sdshu kdv ghyhorshg d wkuhh0frxqwu|/ wkuhh0fxuuhqf| prgho ri wkh zruog hfrq0

rp| wr vwxg| wkh hphujhqfh ri yhklfoh fxuuhqflhv1 D �wklfn� pdunhw h{whuqdolw|

lv dvvxphg rq hdfk elodwhudo iruhljq h{fkdqjh pdunhw= vxfk dq dvvxpswlrq lv vxs0

sruwhg e| v|vwhpdwlf hpslulfdo zrun1 Wkhuh duh pxowlsoh htxloleuld/ gxh wr wkh

devhqfh ri �grxeoh frlqflghqfh ri zdqwv� rq wkrvh pdunhwv dqg wr frpsohphqwdu0

lw| lq wkh vwudwhj| ri wkh djhqwv1 Zh kdyh fkdudfwhul}hg wkh htxloleuld xvlqj wkh

xqghuo|lqj wudgh sdudphwhuv dqg wkh vwuhqjwk ri wkh h{whuqdolw| dv nh| yduldeohv1

65Exw zh frxog qrw vroyh dqdo|wlfdoo| iru doo wkh uhvxowv1 Vhh Uh| +4<<;,1
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Zh kdyh dssolhg wklv dqdo|vlv wr h{sodlq wkh ulvh ri wkh groodu dqg wkh idoo ri wkh

srxqg dv lqwhuqdwlrqdo phgld ri h{fkdqjh1 E| frpsdulqj wkh gl�huhqw htxloleuld/

zh kdyh dovr ehhq deoh wr dqdo|vh wkh lpsdfw ri wkh gl�huhqw htxloleulxp h{fkdqjh

vwuxfwxuhv rq zruog rxwsxw1

Lw zrxog eh khurlf wr suhwhqg wkdw fkdqjhv lq wudgh  rzv duh wkh rqo| ghwhu0

plqdqwv ri fxuuhqf| lqwhuqdwlrqdolvdwlrq661 Lq rxu h{dpsoh/ wkh uhodwlyh urohv ri

Eulwdlq dqg wkh XV lq zruog �qdqfldo wudgh/ wkh uhodwlyh frpplwphqwv wr uhpdlq

+ru uhwxuq wr, frqyhuwlelolw| zlwk jrog/ wkh uhodwlyh ulvnlqhvv ri wkh srxqg dqg wkh

groodu zhuh dovr xqgrxewhgo| lpsruwdqw671 Lw lv h{wuhpho| gl!fxow/ krzhyhu/ wr

glvhqwdqjoh wkh lpsdfwv ri wkrvh idfwruv1 Lw lv qrw xquhdvrqdeoh wr wklqn wkdw wudgh

lq vkruw0whup �qdqfldo dvvhwv frxog eh prghoohg dorqj wkh olqhv ghyhorshg khuh=

oltxlglw| pdwwhuv iru pdunhwv zkhuh lqyhvwruv sdun wkhlu ixqgv whpsrudulo|681 Exw

iruhljq gluhfw lqyhvwphqw dqg rwkhu w|shv ri orqj0whup fdslwdo  rzv/ dv zhoo dv

fuhglelolw| lvvxhv/ duh fohduo| eh|rqg wkh vfrsh ri wklv sdshu1

66Wkrxjk wkh lpsdfw ri wudgh kdv ehhq hpskdvlvhg e| vhyhudo dxwkruv +vhh Frkhq 4<:4,
67L dp judwhixo wr dq dqrq|prxv uhihuhh iru vshoolqj rxw yhu| fohduo| wkrvh gl�huhqw idfwruv1

Iru ghwdlohg glvfxvvlrqv ri wkh hyroxwlrq ri wkh Lqwhuqdwlrqdo Prqhwdu| V|vwhp/ vhh Iulhgpdq
dqg Vfkzduw} +4<96,/ Hlfkhqjuhhq +4<<5,1

68Vhh Uh| +4<<;, iru d wkhruhwlfdo prgho lqyroylqj erqg wudgh1
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Uhihuhqfhv

^4` DORJRVNRXILV/ J1/ SRUWHV/ U1 +4<<6,/ �Hxurshdq Prqhwdu| Xqlrq

dqg Lqwhuqdwlrqdo Fxuuhqflhv lq d Wulsrodu Zruog�/ Fdq}rqhul/ P1/ Julool/ Y1/

Pdvvrq/S1 +hgv,= Hvwdeolvklqj d Fhqwudo Edqn= Lvvxhv lq Hxursh dqg Ohvvrqv

iurp wkh XV/ Fdpeulgjh/ 5:606341

^5` EHVVHPELQGHU/ K1 +4<<7,/ �Elg0dvn Vsuhdgv lq wkh Lqwhuedqn Iruhljq

H{fkdqjh Pdunhwv�/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 68/ 64:067;1

^6` EODFN/ V1 +4<<4,/ �Wudqvdfwlrq Frvwv dqg Yhklfoh Fxuuhqflhv�/ Mrxuqdo ri

Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 43/ 845085:1

^7` FRKHQ/ E1+4<:4,/ Wkh Ixwxuh ri Vwhuolqj dv dq Lqwhuqdwlrqdo Fxuuhqf|/

Orqgrq= PdfPloodq1

^8` HFX Lqvwlwxwh +4<<8,/ Lqwhuqdwlrqdo Fxuuhqf| Frpshwlwlrq dqg wkh Ixwxuh

Uroh ri wkh Vlqjoh Hxurshdq Fxuuhqf|/ Noxzhu Odz Lqwhuqdwlrqdo/ Gruguhfkw1

^9` GLDPRQG/ S1 +4<;7,/ �Prqh| lq Vhdufk Htxloleulxp�/ Hfrqrphwulfd/ 85/

40531

^:` HLFKHQJUHHQ/ E1 +4<<5,/ Jroghq Ihwwhuv= Wkh Jrog Vwdqgdug dqg wkh

Juhdw Ghsuhvvlrq/ 4<4<04<6<1 Qhz \run dqg Orqgrq/ R{irug XS1
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^;` IULHGPDQ/ P1/ VFKZDUW]/ D1 +4<96,/ D Prqhwdu| Klvwru| ri wkh Xqlwhg

Vwdwhv 4;9:04<93/ Sulqfhwrq xqlyhuvlw| Suhvv/ Sulqfhwrq1

^<` JUDVVPDQ/ V1 +4<:6,/ �D Ixqgdphqwdo V|pphwu| lq Lqwhuqdwlrqdo Sd|0

phqwv Sdwwhuqv�/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ 6/ 43804491

^43` JULOOL/ Y1/ URXELQL/ Q1+4<<6,/ �Oltxlglw|/ Fdslwdo Frqwurov dqg H{fkdqjh

udwhv�/ Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 45/ 46<04861

^44` KDUWPDQQ/ S1 +4<<;,/ Fxuuhqf| Frpshwlwlrq dqg Iruhljq H{fkdqjh Pdu0

nhwv= Wkh Groodu/ wkh \hq dqg wkh Hxur/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^45` KHOOZLJ/ P1 +4<<5,/ �Wkh Fkdoohqjh ri Prqhwdu| Wkhru|�/ Xqlyhuvlw| ri

Edvho/ ZZ] GS <53<1

^46` NL\RWDNL/ Q1/ ZULJKW/ U1 +4<;<,= �Rq Prqh| dv d Phglxp ri H{0

fkdqjh�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <:/ <5:0<871

^47` NUXJPDQ/ S1 +4<;3,/ �Yhklfoh Fxuuhqflhv dqg wkh Vwuxfwxuh ri Lqwhuqd0

wlrqdo H{fkdqjh�/ Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 45/ 83608591

^48` NUXJPDQ/ S1 +4<;7,/ �Wkh Lqwhuqdwlrqdo Uroh ri wkh Groodu= Wkhru| dqg

Survshfw�/ lq Fxuuhqflhv dqg Fulvhv/ PLW Suhvv1

^49` OXFDV/ U1/ +4<<3,/ �Oltxlglw| dqg Lqwhuhvw Udwhv�/ Mrxuqdo ri Hfrqrplf

Wkhru|/ 83/ 56:05971
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^4:` PDGGLVRQ/ D1 +4<<8,/ �Prqlwrulqj wkh Zruog Hfrqrp| 4;5304<<5�/ Sdulv/

RHFG1

^4;` PDWVXL/ D1 +4<<;,/ �Vwurqj Fxuuhqf| dqg Zhdn Fxuuhqf|�/ Mrxuqdo ri wkh

Mdsdqhvh dqg Lqwhuqdwlrqdo Hfrqrplhv/ 45/ 63806661

^4<` PDWVX\DPD/ N1/ NL\RWDNL/ Q1/ PDWVXL/ D1 +4<<6,/ �Wrzdug d Wkhru|

ri Lqwhuqdwlrqdo Fxuuhqf|�/ Uhylhz ri Hfrqrplf Vwxglhv/ 93/ 5;606531

^53` PfNLQQRQ/ U1 +4<:<,= Prqh| lq Lqwhuqdwlrqdo H{fkdqjh= Wkh Frqyhuwleoh

Fxuuhqf| V|vwhp/ R{irug= R{irug Xqlyhuvlw| Suhvv1

^54` SDJDQR/ P1 +4<;<,= Wudglqj Yroxph dqg Dvvhw Oltxlglw|/ Txdwhuo| Mrxuqdo

ri Hfrqrplfv/ 58805:71

^55` SRUWHV/ U1/ UH\/ K1 +4<<;,= �Wkh Hphujhqfh ri wkh Hxur dv dq Lqwhuqd0

wlrqdo Fxuuhqf|�/ Hfrqrplf Srolf|/ 59/ 63:06651

^56` UH\/ K1 +4<<;,/ �Lq dwlrq dqg wkh Prqh|qhvv ri Fxuuhqflhv�/ Orqgrq Vfkrro

ri Hfrqrplfv/ plphr1

^57` VKL/ V1 +4<<:,/ �D Glylvleoh Vhdufk Prgho ri Ildw Prqh|�/ Hfrqrphwulfd/

98/ :804351

^58` ]KRX/ U +4<<:,/ �Fxuuhqf| H{fkdqjh lq d Udqgrp Vhdufk Prgho�/ Uhylhz

ri Hfrqrplf Vwxglhv/ 97/ 5;<06431
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WDEOH 4

\hduv JGS XN JGS XVD Phufk1 H{s1 XN Phufk1 H{s1 XVD
4;53 67;5< 45765 4458 584
4;83 937:< 757:8
4;:3 <8984 <;74; 4556: 57<8
4<33 4:9837 645;99
4<46 547797 84:<<3 6<67; 4<4<9
4<5< 56<<;8 ;77657 64<<3 6369;
4<83 677;8< 478:957 6<67; 76447
4<:6 9:7394 684<557 <79:3 4:787;
4<<5 <43734 88436:; 4<7868 784359

Doo wkh �jxuhv duh lq ploolrq 4<<3 grooduv1 Vrxufh= Pdgglvrq/ D1/ Prqlwrulqj wkh

zruog hfrqrp| 4;5304<<5/ Sdulv RHFG1

D1 Vwhdg| vwdwh h{fkdqjh udwhv dqg frqvxpswlrq ohyhov1

Iurp wkh �uvw rughu frqglwlrqv dqg wkh jrrgv pdunhw htxloleuld zh fdq ghulyh wkh

vwhdg| vwdwh h{fkdqjh udwhv=
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Zh fdq dovr ghulyh wkh frqvxpswlrq ohyhov69 =
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69Wkh rwkhu uhvxowv fdq eh rewdlqhg e| shupxwdwlrq ri wkh lqglfhv il> m> nj =
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zklfk phdqv wkdw wkh frqvxphu ri frxqwu| l zdqwv wr h{fkdqjh T�<� �uhdo xqlwv�

ri fxuuhqf| l djdlqvw fxuuhqf| m6:1
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E1 Grpdlq ri h{lvwhqfh ri wkh htxloleuld

Wr ghulyh wkh grpdlqv ri h{lvwhqfh ri wkh gl�huhqw htxloleuld uhtxluhv=

4, frpsxwlqj wkh yroxphv dfwxdoo| h{fkdqjhg rq hdfk elodwhudo iruhljq h{fkdqjh

pdunhw xqghu wkh dvvxpswlrq wkdw rqh ri wkh vl{ srvvleoh vwuxfwxuhv ri h{fkdqjh

lv dgrswhg>

5, fkhfnlqj wkdw htxloleulxp wudqvdfwlrq frvwv vxssruw wkh vwuxfwxuh ri h{fkdqjh

wkdw kdv ehhq dvvxphg1

E141 Sduwldo lqgluhfw h{fkdqjh zlwk fxuuhqf| l dv wkh yhklfoh= H4

Zh suryh khuh wkdw wkh grpdlq ri h{lvwhqfh ri H4 lv wkh vhw ri E� c v� gh�qhg e|=�
v � � dqg MEv� � � � �

2v3�

� ^ �v � � dqg M �Ev� � � � �
2
n �

2v

�
zlwk MEv� '

��Ev�3v3�
�32��Ev�

/ ��Ev� ' v�
�3v

k

kn�

� kn�
k

( M �Ev� lv wkh v|pphwulf ri MEv� zlwk uhvshfw wr

wkh 780ghjuhh olqh1

4, Wkh dfwxdo yroxphv h{fkdqjhg rq wkh gl�huhqw pdunhwv +h{suhvvhg lq qru0

pdolvhg xqlwv ri fxuuhqf| l, duh=

6:Wkh rwkhu uhvxowv fdq eh rewdlqhg e| shupxwdwlrq ri wkh lqglfhv il> m> nj =
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�Zh lqwhusuhw A��nA�&�A�& dv d ixqfwlrq ri � c s E� � c iru doo ydoxhv ri v� Li � � vc

zh kdyh wr frqvlghu rqo| v 5 dfc �o ( rwkhuzlvh/ zh duh qrw lq htxloleulxp1 Zh fdq

vkrz wkdw s E�� lv lqfuhdvlqj ;� 5 �vc �
2v3�

�
li v � �*2 dqg ;� 5 dvc4o li v � �*2

1

s E� ' v� � f+, v � �
�
2

��nk
k c zklfk zh zloo ghqrwh e| vk�

� li v � vk wkhq s E�� � f ;� 5 �vc �
2v3�

�
li v � �*2 dqg ;� 5 dvcn4o li v � �*2

1

� li v � vk wkhq s E� ' v� � f( ,�6
�<"

s E� � � f/ v �
�

��
�n2

k

�nk

�
��nk

k

' vk�

Lq vxppdu|=
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Li v � �*2/ s E�� � f+, � � M Ev�

M Ev� dgplwv v ' vk� iru dv|pswrwh dqg lqwhuvhfwv � ' v lq v@vk�

Zh ghgxfh wkh fdvh � � v e| v|pphwu| zlwk uhvshfw wr wkh 78 ghjuhh olqh1

'�.�(�

Doo wkh uhvxowv duh vxppdulvhg rq judsk 7d1
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Doo wkhvh uhvxowv duh vxppdul}hg rq judsk 7e1

E161 Sduwldo lqgluhfw h{fkdqjh zlwk fxuuhqf| n dv wkh yhklfoh= H6

Wklv fdvh lv frpsohwho| v|pphwulf wr wkh iruphu fdvh/ dqg doo wkh uhvxowv fdq eh

ghgxfhg e| v|pphwu| zlwk uhvshfw wr � ' v�
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F1 Rxwsxw dqg vwuxfwxuhv ri h{fkdqjh

Lq wklv dsshqgl{/ zh frpsduh wkh gl�huhqw ohyhov ri zruog rxwsxw iru gl�huhqw

sdwwhuqv ri h{fkdqjh1
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Uhvxowv iru fxuuhqf| n duh dqdorjrxv wr wkrvh iru fxuuhqf| m +v|pphwu| zlwk

uhvshfw wr wkh 78 ghjuhh olqh,1

F141 Vrph lqwhuhvwlqj olplwlqj fdvhv

Li hyhu|wklqj lv v|pphwulf +v ' � ' ��c wkhq wrwdo lqgluhfw h{fkdqjh plqlplvhv
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vwudwhj|> li k ' fc sduwldo lqgluhfw h{fkdqjh zlwk hlwkhu ri wkh fxuuhqflhv lv ohvv

frvwo| +wdnlqj olplwv lq wkh h{suhvvlrqv deryh iru uhdo rxwsxw orvvhv,1
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h{fkdqjh plqlplvhv rxwsxw orvv ehorz vk� dqg sduwldo lqgluhfw h{fkdqjh plqlplvhv

rxwsxw orvv deryh vk�1 vk� yhul�hv 2 n v
�

kn�

k� � 2 E� n vk��
�

kn� ' f� Wkh duhd zkhuh

sduwldo lqgluhfw h{fkdqjh plqlplvhv rxwsxw orvv vkulqnv zkhq k lqfuhdvhv dqg

glvdsshduv zkhq k ' n4�

F161 Uhvxowv lq wkh hqwluh vsdfh

� Iru � � v dqg v � � +grpdlq zkhq l lv yhklfoh fxuuhqf|,/ ohw xv gh�qh

a Evc kc � � ' �U� � AU�� E| wdnlqj wkh ghulydwlyh ri a Evc kc �� zlwk uhvshfw wr

� dqg xvlqj wkdw % $ %
�

�nk lv frqfdyh iru doo k � fc lw lv srvvleoh wr vkrz wkdw

a Evc kc � � lv lqfuhdvlqj lq � iru doo k Wkh vdph surri dssolhv e| v|pphwu| iru

� � v�

�Iru � � v dqg v � � +grpdlq lq zklfk n lv yhklfoh fxuuhqf|,/ gh�qh g Evc kc �� '

�U& � AU&�

E| wdnlqj wkh ghulydwlyh ri g Evc kc �� zlwk uhvshfw wr � dqg xvlqj E� n ��3
k

�nk �

�3
k

�nk / lw lv srvvleoh wr vkrz wkdw g Evc kc �� lv dq lqfuhdvlqj ixqfwlrq ri � iru doo

k1 Wkh vdph surri dssolhv e| v|pphwu| iru � � v wr �U� � AU��

Wkhuhiruh=

� iru k � 7kc dv wrwdo lqgluhfw h{fkdqjh plqlplvhv rxwsxw orvv rq wkh zkroh olqh

� ' vc lw dovr grplqdwhv lq wkh zkroh vsdfh1 Li � � vc fxuuhqf| l vkrxog eh xvhg

xqwlo � ' �
2
n �

2v
lv uhdfkhg1 Fxuuhqf| n vkrxog wkhq eh xvhg +wr plqlplvh rxwsxw

76



orvv,1

� iru k � 7kc li sduwldo lqgluhfw h{fkdqjh plqlplvhv rxwsxw orvv dorqj � ' v wkhq/
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Zh kdyh suryhg wkdw wkhuh h{lvwv d ydoxh ri k zklfk zh fdoohg 7k vxfk wkdw deryh

wklv ydoxh/ wrwdo lqgluhfw h{fkdqjh dozd|v plqlplvhv rxwsxw orvv frpsduhg wr sdu0
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STRUCTURES OF EXCHANGE

Figure 1: Aggregate Balance of Payment Equilibrium  for three countries
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                       Figure 2: Partial Indirect Exchange
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                       Figure 3: Total Indirect Exchange



EXISTENCE OF  EQUILIBRIA

Figure 4a: Partial Indirect Exchange and Currency 1 is Vehicle.
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Figure 4a: Partial Indirect Exchange and Currency i is Vehicle.
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Figure 4b: Partial Indirect Exchange and Currency j is Vehicle.
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Figure 5: Multiple Equilibria.

Application to the British Pound and the US Dollar.
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Output Loss
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                        Figure 6a: Strong externality.
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                       Figure 6b: Weak externality.
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