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ABSTRACT

Tax Competition and Economic Geography*

Tax competition between two countries is considered in a trade-and-location
setting with differentiated products and monopolistic competition. There are
two groups of workers: mobile and immobile. Taxes are used for producing a
public good. It is shown that an equilibrium, with mobile workers dispersed
across countries, is destabilised by increased taxes on these and this is
shown to be true also for perfectly coordinated tax increases. It is also shown
that an agglomeration is taxable and that increasing public spending may
relax the tax pressure on immobile workers, which is consistent with
preserving an agglomeration for some levels of taxes.
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NON-TECHNICAL SUMMARY

This Paper develops a model with tax competition for mobile factors
between two regions or countries. The aim is to explore the feasibility of
different patterns of taxes and public expenditures in an environment where
we account for agglomeration forces due to the linkages introduced by
increasing returns to scale and trade costs.

Regional agreements of economic integration such as EU and NAFTA
aim at achieving free mobility of goods, people, capital and services. There is
a widespread recognition of the potential benefits of this in terms of higher
allocation efficiency and increased competition. At the same time, however,
local and national politicians, particularly in smaller regions, worry about the
locational effects that economic integration might have. As a consequence it
has been suggested that the next step must be harmonization of taxes.

There is an established line of research on ‘tax competition’ among
politically independent jurisdictions for mobile factors of production (see e.g.
Wildasin (1988) for an influential contribution). This literature, however, works
in an environment where the productive sector is modelled in a way that fails
to account for key aspects of modern economies, such as increasing returns
and product diversity. Recently, beginning with Krugman (1991) and Krugman
and Venables (1995) a general equilibrium framework has been developed
where the geographic distribution of mobile factors is endogenous and
responsive to incentives. The framework accounts for increasing returns and
product diversity and it envisages the geographical distribution of factors as a
result of opposing forces working in favour of concentration and dispersion
respectively. The analysis of the Paper employs a somewhat more tractable
version of the Krugman (1991) model developed by Forslid and Ottaviano
(1999).

The Paper starts by introducing the basic model with one sector
producing a homogenous good with only unskilled, immobile labour and one
sector producing a differentiated good with both immobile labour and mobile
labour being necessary inputs. Then follows an introduction of the notions of
dispersed equilibrium (industry and the mobile factor being dispersed across
the two countries) and agglomerated equilibrium (industry and the mobile
factor being concentrated in one country). These equilibria may be interpreted
as two industrialised countries (dispersed equilibrium) or one industrial and
one less developed (non-industrial) country (agglomerated equilibrium). A
crucial question then, addressed in the Paper, is the stability of these
equilibria as countries integrate economically.



The Paper then goes on to introduction of taxes, assuming that
immobile and mobile labour can be taxed at different proportional rates and to
specifying how tax revenue is used to produce a country-specific public good.
The analysis starts with the consequences of taxes in a dispersed equilibrium.
First, it is shown that taxes that are symmetric across factors, but may differ
between countries, do not undermine the stability of a dispersed equilibrium;
rather, tax changes lead to adjustments in the form of limited migration of
mobile labour. Second, it is shown that taxes that differ across factors (but are
symmetric across countries) do undermine a dispersed equilibrium. Third, the
general case is considered. It is shown that the stability of a dispersed
equilibrium is undermined in a way that depends positively on the ration
between the tax on mobile labour and the tax on immobile labour in each
country. Moreover, it is shown that, for each country, improving the situation
for mobile labour leads to immigration of such labour. Finally, political
equilibrium is characterized under the assumption that each country tries to
attract the mobile workers; it is shown that such an equilibrium is
characterized by ‘maximal’ taxation of immobile workers, but that it is not
necessarily characterized by a zero tax on immobile labour. Welfare aspects
of such an equilibrium are discussed.

Next, the Paper goes on to the effect of taxes in agglomerated
equilibrium. First, it is shown that the highest possible tax on the mobile factor
for the country hosting the agglomeration is a U-shaped function of trade
costs, in other words, it is not necessarily increasing with the tax on mobile
workers for low tax levels. It is not necessarily the case that keeping the public
sector minimal is the most efficient way of protecting immobile factors from
heavy taxation in competition for mobile factors. By comparing results for
dispersed equilibrium with results for agglomerated equilibrium, aspects of the
attractiveness to integrate with countries at different stages of economic
development are discussed.

The Paper concludes by stressing two key results. First, taxation of
mobile factors can have consequences for the viability of a dispersed
distribution of those factors even if such taxation is harmonized across
countries. Second, when an agglomeration has taken place, the
agglomeration economies creating it produce ‘taxable rents’ and taxes need
not be minimal on mobile factors once agglomeration has taken place.



4 Lqwurgxfwlrq

Uhjlrqdo djuhhphqwv ri hfrqrplf lqwhjudwlrq vxfk dv HX dqg QDIWD dlp dw dfklhylqj iuhh

prelolw| ri jrrgv/ shrsoh/ fdslwdo/ dqg vhuylfhv1 Wkhuh lv d zlghvsuhdg uhfrjqlwlrq ri wkh

srwhqwldo ehqh�wv ri wklv lq whupv ri kljkhu doorfdwlrq h!flhqf| dqg lqfuhdvhg frpshwlwlrq1 Dw

wkh vdph wlph/ krzhyhu/ orfdo dqg qdwlrqdo srolwlfldqv/ sduwlfxoduo| lq vpdoohu uhjlrqv/ zruu|

derxw wkh orfdwlrqdo h�hfwv hfrqrplf lqwhjudwlrq pljkw kdyh1 Lq sduwlfxodu/ wkhuh duh zlghvsuhdg

ihduv wkdw orfdwlrqdo frpshwlwlrq e| phdqv ri wd{hv zloo jurz pruh �hufh dv hfrqrplf lqwhjudwlrq

surfhhgv1 Dv d frqvhtxhqfh lw kdv ehhq vxjjhvwhg wkdw wkh qh{w vwhs pxvw eh kduprql}dwlrq ri

wd{hv1

Wkh dqdo|vlv ri wd{ frpshwlwlrq iru preloh idfwruv kdv d orqj wudglwlrq lq hfrqrplfv1 Wkh

srlqw ri ghsduwxuh iru wklv olwhudwxuh lv wkh frh{lvwhqfh ri lppreloh dqg preloh idfwruv ri sur0

gxfwlrq lq d jurxs ri srolwlfdoo| vryhuhljq mxulvglfwlrqv/ dqg wkh txhvwlrq wr zkdw h{whqw sxeolf

jrrgv fdq eh �qdqfhg e| phdqv ri wd{hv rq preloh idfwruv1 D uhfxuuhqw revhuydwlrq lv wkdw

wd{dwlrq ri wkh preloh idfwru zloo eh glvwruwhg grzqzdugv frpsduhg wr d vlwxdwlrq zkhuh doo

idfwruv zhuh lppreloh1 Wkh uhdvrq lv wkh reylrxv h{whuqdolw| wkdw rqh mxulvglfwlrq*v wd{ uhgxf0

wlrq h{huwv rq rwkhu mxulvglfwlrqv�wd{ uhyhqxh orvw e| rwkhuv zkhq preloh idfwruv pryh duh qrw

lqwhuqdolvhg1 Wklv h{whuqdolw| zdv revhuyhg e| h1j1 Rdwhv +4<:5, dqg Jrugrq +4<;6,/ dqg dv0

shfwv ri wkh vpdoo0qxpehu fdvh kdyh ehhq wuhdwhg e| h1j1 Zlogdvlq +4<;;, dqg gh Furpeuxjjkh

dqg Wxonhqv +4<<3,1 Wkh edvlf uhvxow wkdw wd{hv duh glvwruwhg grzqzdugv kdv ehhq txdol�hg

dorqj vhyhudo olqhv> Zlovrq +4<;:, ghylvhv d prgho zkhuh v|pphwulf mxulvglfwlrqv hqg xs fkduj0

lqj gl�huhqw wd{hv dqg zkhuh wklv/ lq wxuq/ ohdgv wr dq lqh!flhqw glvwulexwlrq ri sxeolf jrrgv

+dqg dq lqh!flhqw sdwwhuq ri wudgh,> Shuvvrq dqg Wdehoolql +4<<5, vkrz krz wd{ frpshwlwlrq

pd| eh plwljdwhg lq srolwlfdo htxloleulxp gxh wr yrwhuv* vwudwhjlfdoo| hohfwlqj pruh wd{0surqh

jryhuqphqwv1 Zlogdvlq +4<<:, ghyhorsv d prgho zlwk ulvn| kxpdq0fdslwdo lqyhvwphqw lq wkh

suhvhqfh ri wd{ frpshwlwlrq> kh vkrzv wkdw oderxu pdunhw lqwhjudwlrq lv xqdpeljxrxvo| ehqh�0

fldo li wkh lqyhvwphqwv fdq eh �qdqfhg sulydwho|/ zkhuhdv lw lv ghwulphqwdo wr lppreloh zrunhuv

li lw uhtxluhv wd{ �qdqfh1 Wkh pdlq irfxv ri wkh wd{ frpshwlwlrq olwhudwxuh lv wkh wd{dwlrq ri

preloh fdslwdo> wklv prgho/ rq wkh rwkhu kdqg/ lv wdloruhg wr dgguhvv wd{dwlrq ri preloh oderxu1

Zkhuhdv wklv lv vrphzkdw gl�huhqw/ erwk frqvwlwxwh h{dpsohv ri wd{dwlrq ri preloh idfwruv> wkh

vxevwdqwlyh gl�huhqfh ehwzhhq rxu sdshu dqg wkh wd{ frpshwlwlrq olwhudwxuh lv wkh zd| lq zklfk

wkh jrrgv vsdfh dqg wkh surgxfwlrq duh prghoohg1

D frpsohwho| gl�huhqw vwudqg ri olwhudwxuh lv wkh �qhz hfrqrplf jhrjudsk|� olwhudwxuh/ zklfk

dqdo|vhv wkh uhodwlrqvkls ehwzhhq wudgh lqwhjudwlrq dqg lqgxvwuldo orfdwlrq1 Lq d vhulhv ri vhplqdo

sdshuv e| Nuxjpdq +4<<4,/ Nuxjpdq dqg Yhqdeohv +4<<8, dqg Yhqdeohv +4<<9,/ lw lv vkrzq

krz hfrqrplf lqwhjudwlrq pd| ohdg wr lqfuhdvhg frqfhqwudwlrq ri lqgxvwuldo surgxfwlrq1 Wklv

olwhudwxuh lv edvhg rq wkh Vshqfh0Gl{lw0Vwljolw} iudphzrun ri lqfuhdvlqj uhwxuqv wr vfdoh dqg

prqrsrolvwlf frpshwlwlrq/ wrjhwkhu zlwk wudgh frvwv1 D nh| ihdwxuh lv wkdw wkhvh prghov glvsod|

k|vwhuhvlv lq orfdwlrq/ phdqlqj wkdw rqfh surgxfwlrq kdv djjorphudwhg lq d uhjlrq lw whqgv

wr jhw vwxfn wkhuh ehfdxvh ri ghpdqg dqg vxsso| olqndjhv1 Wkhvh olqndjhv duh dq lpsruwdqw
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h{sodqdwlrq iru wkh lqgxvwuldo foxvwhuv wkdw fdq eh revhuyhg lq pdq| uhdo zruog uhjlrqv vxfk dv

wkh pdqxidfwxulqj ehow ri wkh XV dqg wkh Hxurshdq �krw edqdqd�1 D frqvhtxhqfh ri wklv lv

wkdw preloh idfwruv pd| qrw uhvsrqg wr pdujlqdo fkdqjhv lq wd{ udwhv li wkh| duh orfnhg lq e|

wkh h{lvwhqfh ri dq lqgxvwuldo foxvwhu1 Wklv vwdqgv lq vwdun frqwudvw wr d vwdqgdug qhr0fodvvlfdo

iudphzrun/ zkhuh d pdujlqdo wd{ fkdqjh lq d uhjlrq ohdgv wr d pdujlqdo pryhphqw ri idfwruv1

Wklv sdshu xvhv wkh Iruvolg dqg Rwwdyldqr +4<<<, yhuvlrq ri wkh Nuxjpdq +4<<4, prgho wr

vwxg| wkh h�hfw ri wd{hv rq wkh orfdwlrq ri pdqxidfwxulqj surgxfwlrq1 Wkh prgho lv h{whqghg

e| lqfoxglqj sursruwlrqdo wd{hv rq wkh wzr fdwhjrulhv ri oderxu/ dqg wd{ uhyhqxhv duh vshqw rq

frxqwu|0vshfl�f sxeolf jrrgv1 Dqdo|vlqj wd{ frpshwlwlrq lq dq hfrqrplf0jhrjudsk| iudphzrun

pdnhv lw srvvleoh wr xqyhlo irufhv devhqw lq wkh wudglwlrqdo wd{ frpshwlwlrq olwhudwxuh1 Iluvw/ wkh

vfrsh iru wd{dwlrq ghshqgv fuxfldoo| rq zhwkhu surgxfwlrq lv djjorphudwhg ru glvshuvhg1 Wkh

lqhuwld lqwurgxfhg e| djjorphudwlyh irufhv frqvwlwxwhv d ixqgdphqwdo uhdvrq iru wd{hv qrw wr

eh cplqlpdo* zkhq wkh preloh idfwru lv frqfhqwudwhg�orfdwlrq hfrqrplhv wkhq surgxfh wd{deoh

uhqwv1 +Wklv irufh kdv ehhq lghqwl�hg lq vrphzkdw gl�huhqw frqwh{wv e| Oxghpd dqg Zrrwrq

+4<<;, dqg e| Nlqg/ Plghoiduw0Nqduyln dqg Vfkmhoghuxs +4<<;,1, Vhfrqg/ wkh vwdelolw| ri dq

htxloleulxp zkhuh wkh preloh idfwru lv glvshuvhg pd| eh d�hfwhg e| wd{hv1 Lq sduwlfxodu wd{hv

wkdw uhglvwulexwh ehwzhhq preloh dqg lppreloh idfwruv fdq kdyh gudpdwlf h�hfwv rq wkh orfdwlrq

ri surgxfwlrq1 Lq idfw/ lw wxuqv rxw wkdw hyhq shuihfwo| frruglqdwhg wd{ lqfuhdvhv rq wkh preloh

idfwru pd| ghvwdelolvh d v|pphwulf htxloleulxp1 Lq frqwudvw/ wd{ fkdqjhv wkdw duh xqlirup dfurvv

idfwruv rqo| kdyh judgxdo h�hfwv rq wkh orfdwlrq ri surgxfwlrq1 Wkhvh revhuydwlrqv kdyh/ dv idu

dv zh nqrz/ qrw ehhq pdgh suhylrxvo|1

Ihz dwwhpswv kdyh ehhq pdgh wr gdwh wr dgguhvv lvvxhv ri wd{ frpshwlwlrq lq dq hfrqrplf0

jhrjudsk| iudphzrun1 Dq lpsruwdqw h{fhswlrq lv Oxghpd dqg Zrrwrq +4<<;,1 Lq d iudphzrun

zlwk krprjhqhrxv0jrrg roljrsro| dqg prylqj frvwv +dv rssrvhg wr wkh gl�huhqwldwhg0surgxfw

dssurdfk wdnhq khuh,/ wkh| irfxv rq wkh h�hfwv ri lqwhjudwlrq rq wkh lqwhqvlw| ri wd{ frpshwl0

wlrq1 Wkh| frqfoxgh wkdw lqwhjudwlrq lqwhusuhwhg dv ghfuhdvlqj wudgh frvwv/ frqwudu| wr srsxodu

qrwlrqv/ dwwhqxdwhv wd{ frpshwlwlrq> lqwhjudwlrq lqwhusuhwhg dv lqfuhdvhg oderxu prelolw| kdv

pl{hg h�hfwv1 Rqh nh| frqfoxvlrq ri Oxghpd dqg Zrrwrq lv frq�uphg ehorz> wkh lqhuwld uhvxow0

lqj iurp frqfhqwudwlrq ri wkh preloh idfwru lq rqh uhjlrq jlyhv/ hvvhqwldoo|/ ulvh wr d uhqw wkdw

lv wd{deoh1 Wklv odwwhu frqfoxvlrq lv eruqh rxw dovr lq Nlqg/ Plghoiduw0Nqduyln dqg Vfkmhoghuxs

+4<<;,> pruh suhflvho| wkh| vkrz wkdw d frxqwu| krvwlqj dq djjorphudwlrq pd| �qg lw rswlpdo

wr ohy| d vrxufh0edvhg wd{ rq fdslwdo lqfrph1

Wkh sdshu lv rujdqlvhg dv iroorzv1 Lq Vhfwlrq 5/ wkh prgho lv ghyhorshg dqg wkh vwdelolw|

surshuwlhv ri d v|pphwulf htxloleulxp duh uhodwhg wr wkh sdudphwhuv ri wkh prgho�lq sduwlfxodu

wkh h�hfwv ri ydu|lqj wudgh frvwv duh frqvlghuhg1 Lq Vhfwlrqv 6 dqg 7/ wd{hv duh lqwurgxfhg>

wkh dqdo|vlv �uvw ghdov zlwk wkh surshuwlhv ri cv|pphwulf* htxloleuld�l1h1 htxloleuld zkhuh wkh

preloh idfwru lv glvshuvhg�dqg wkhq jrhv rq wr wkh surshuwlhv ri htxloleuld zkhuh wkh preloh

idfwru lv frqfhqwudwhg lq rqh frxqwu|1 Vhfwlrq 8 lv d frqfoxvlrq1
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5 Wkh Prgho

Wklv sdshu xvhv wkh Iruvolg dqg Rwwdyldqr +4<<<, yhuvlrq ri wkh Nuxjpdq +4<<4, prgho1 Txdol0

wdwlyho| wkh prgl�hg prgho ehkdyhv h{dfwo| olnh wkh ruljlqdo prgho exw lq dgglwlrq lw lv dqdo|wl0

fdoo| vroydeoh1 Dq dgglwlrqdo dwwudfwlyh ihdwxuh ri wkh prgl�hg prgho lv wkdw wkh jhrjudsklfdoo|

preloh idfwru fdq eh lqwhusuhwhg dv vnloohg oderxu zkloh xqvnloohg oderxu lv lppreloh1 Wklv pdnhv

wkh prgho pruh dssolfdeoh lq d Hxurshdq frqwh{w14 Wkh prgho lv h{whqghg e| lqfoxglqj sur0

sruwlrqdo wd{hv rq wkh wzr fdwhjrulhv ri oderxu/ dqg wd{ uhyhqxhv duh vshqw rq frxqwu|0vshfl�f

sxeolf jrrgv1

514 Edvlfv

Wkhuh duh wzr frxqwulhv/ 4 dqg 5 +lqwhufkdqjhdeo| uhihuuhg wr dv uhjlrqv,/ dqg wzr vhfwruv1 D

krprjhqhrxv jrrg lv surgxfhg zlwk d frqvwdqw0uhwxuqv whfkqrorj| xvlqj rqo| xqvnloohg oderxu/

zkloh gl�huhqwldwhg pdqxidfwxuhv duh surgxfhg zlwk lqfuhdvlqj0uhwxuqv whfkqrorjlhv xvlqj erwk

vnloohg dqg xqvnloohg oderxu1 Hdfk uhjlrq kdv OL xqvnloohg zrunhuv zklfk duh jhrjudsklfdoo|

lppreloh1 Vnloohg zrunhuv/ dprxqwlqj wr O7` zruogzlgh/ fdq pljudwh ehwzhhq frxqwulhv1 Doo

lqglylgxdov kdyh wkh xwlolw| ixqfwlrq

X @ F>
�F�3>

� J� > +4,

zkhuh � 5 +3> 4, dqg � A 3 duh frqvwdqwv/ F� lv frqvxpswlrq ri wkh krprjhqrxv jrrg/ dqg J

lv wkh ohyho ri d sxeolf jrrg surgxfhg lq wkh uhjlrq zkhuh wkh lqglylgxdo uhvlghv1 Pdqxidfwxuhv

hqwhu wkh xwlolw| ixqfwlrq wkurxjk wkh lqgh{ F� zklfk lv gh�qhg e|

F� @

%
�[
�'�

f
Ej3��*j
�

&j*Ej3��
> +5,

Q ehlqj wkh qxpehu ri ydulhwlhv frqvxphg/ f� ehlqj wkh dprxqw ri ydulhw| l frqvxphg/ dqg

� A 4 ehlqj wkh hodvwlflw| ri vxevwlwxwlrq1

Hdfk frqvxphu vshqgv d vkduh � ri klv lqfrph/ \ / rq pdqxidfwxuhv/ dqg ghpdqg iru ydulhw|

l lv

{� @ �� s3j�S�
&'� s

�3j
&

�\= +6,

Wkh xqlw idfwru uhtxluhphqw ri wkh krprjhqhrxv jrrg lv rqh xqlw ri xqvnloohg oderxu1 Wklv

jrrg lv iuhho| wudghg/ dqg vlqfh zh dovr fkrrvh wklv jrrg dv qxphudluh zh kdyh s� @ zL @ 4

+zL ehlqj wkh zdjh ri xqvnloohg zrunhuv, lq erwk frxqwulhv1

Lq wkh surgxfwlrq ri gl�huhqwldwhg jrrgv/ vnloohg zrunhuv rqo| hqwhu wkh �{hg frvw> wklv pd|

eh lqwhusuhwhg dv wkh frvw ri U)G ru khdgtxduwhu vhuylfhv1 Wkh yduldeoh frvwv rqo| frqvlvw

ri zdjhv wr xqvnloohg zrunhuv1 Wkh zruog vxsso| ri vnloohg zrunhuv O7` lv frqvwdqw vr wkdw

4Wkhuh lv hylghqfh wkdw pruh kljko| hgxfdwhg oderxu lv pruh preloh> vhh h1j1 Shghuvhq +iruwkfrplqj,1
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O7� . O72 @ O7` / zkhuh O7� lv wkh qxpehu ri vnloohg zrunhuv lq uhjlrq m1 Wkh frvw ri surgxflqj

{� xqlwv ri pdqxidfwxuhg frpprglw| l lq uhjlrq m lv

"� @ �z7
� . �{�> +7,

zkhuh z7
� lv wkh zdjh udwh ri vnloohg oderxu lq uhjlrq m/ � lv wkh �{hg frvw ri vnloohg oderxu/ dqg

� wkh uhtxluhphqw ri xqvnloohg oderxu shu xqlw {1 Zh zloo fkrrvh xqlwv ri vnloohg oderxu vr wkdw

� @ 41 Wudglqj wkh pdqxidfwxuhg jrrg lqyroyhv d iulfwlrqdo wudgh frvw ri wkh �lfhehuj� irup=

lq rughu iru rqh xqlw ri wkh jrrg wr duulyh/ � A 4 xqlwv pxvw eh vklsshg1

Sur�w pd{lplvdwlrq e| �upv/ xqghu wkh Fkdpehuolqldq odujh jurxs dvvxpswlrq/ ohdgv wr

sulfh

s� @
�

� � 4
�> +8,

ri hdfk gl�huhqwldwhg frpprglw|> fkrrvlqj xqlwv ri { vr wkdw � @ +� � 4,@� jlyhv s� @ 41 Li

wkhuh lv iuhh hqwu|/ wkh h{fhvv ri yduldeoh uhyhqxh ryhu yduldeoh frvw pxvw suhflvho| fryhu wkh

�{hg frvw +gursslqj vxshuvfulsw V rq preloh0zrunhu zdjhv,/

+4� �,{� @ z� > +9,

lpso|lqj wkdw

{� @ �z� = +:,

515 Vkruw0uxq htxloleulxp

Lq wkh vkruw uxq/ wkh doorfdwlrq ri vnloohg zrunhuv lv wdnhq wr eh �{hg1 Ixoo hpsor|phqw ri wklv

idfwru lpsolhv wkdw wkh qxpehu ri �upv lq uhjlrq m/ q� / vdwlv�hv

q� @ O7� > q2 @ O72 = +;,

Wkh prgho lv forvhg e| wkh P0vhfwru pdunhw0fohdulqj frqglwlrqv/ zkhuh wkh ohiw0kdqg vlghv

+vxsso|, duh ghulyhg iurp +:, dqg wkh uljkw0kdqg vlghv iroorz iurp wkh ghpdqg ixqfwlrqv lq +6,

h{sorlwlqj wkdw doo ydulhwlhv kdyh surgxfhu sulfh 4/

�z� @
4

q� . !q2
�\� .

!

!q� . q2
�\2> +<,

�z2 @
!

q� . !q2
�\� .

4

!q� . q2
�\2= +43,

Wkh remhfw ! @ ��3j/ udqjlqj ehwzhhq 3 dqg 4/ vwdqgv iru �iuhhqhvv� ri wudgh +3 lv dxwdufk|

dqg 4 lv }hur wudgh frvwv,1 Lqfrphv duh jlyhq e|

\� @ OL .z�O
7
� > \2 @ OL .z2O

7
2 = +44,

7



Htxdwlrqv +;,/ +<,/ +43,/ dqg +44, ghwhuplqh wkh qrplqdo zdjh lq hdfk uhjlrq iru jlyhq idfwru

vwrfnv1 Wkh hqgrzphqw ri vnloohg oderxu ghwhuplqhv wkh vl}h ri wkh pdqxidfwxulqj vhfwru dqg

wkhuhiruh dovr wkh iudfwlrq ri xqvnloohg oderxu wkdw lv doorfdwhg wr pdqxidfwxulqj1 Wkh dprxqw

ri xqvnloohg oderxu lq pdqxidfwxulqj htxdov q�{1 Vxevwlwxwlqj { dqg q iurp +:, dqg +;, jlyhv

q�{ @ +�� 4,z7O7 1 Zh uxoh rxw fruqhu vroxwlrqv e| dvvxplqj wkdw +�� 4,z7O7 ? OL / zklfk

hqvxuhv wkdw wkh djulfxowxudo vhfwru lv dfwlyh lq erwk uhjlrqv1

516 Orqj0uxq htxloleulxp

Lq wkh orqj uxq/ wkh vnloohg zrunhuv duh preloh ehwzhhq uhjlrqv dqg uhvsrqvlyh wr wkh lqfhqwlyhv

surylghg e| wkh uhodwlyh xwlolwlhv dwwdlqdeoh lq wkh wzr uhjlrqv1 Wkh lqgluhfw xwlolw| ri d zrunhu

lv

Y� @

�
�z�
S�

�>

� ++4� �,z�,
�3> �J�

� @ nz�S
3>
� J�

� +45,

zkhuh S� lv wkh lghdo FHV sulfh lqgh{ lq uhjlrq m/

S� @ +q� . !q2,
�*E�3j� > S2 @ +!q� . q2,

�*E�3j� = +46,

Zh duh jrlqj wr irfxv rq wzr nlqgv ri htxloleuld1 Rq wkh rqh kdqg/ zh zloo frqvlghu cv|pphw0

ulf htxloleuld*/ ru pruh jhqhudoo| cglvshuvhg htxloleuld*> l1h1/ htxloleuld zkhuh wkh preloh idfwru lv

qrw frqfhqwudwhg lq rqh uhjlrq1 Rq wkh rwkhu kdqg zh zloo ghdo zlwk cfrqfhqwudwhg htxloleuld*/

ru cdjjorphudwhg htxloleuld*> l1h1/ htxloleuld zkhuh doo pdqxidfwxulqj surgxfwlrq lv frqfhqwudwhg

lq rqh uhjlrq1

517 Vwdelolw|

Ehfdxvh ri wkh v|pphwu| ri wkh wzr uhjlrqv wkhuh dozd|v h{lvwv dq htxloleulxp zlwk O7� @ O72 @

O7`@5/ dqg doo rwkhu remhfwv htxdo dfurvv uhjlrqv1 Frqvlghu �uvw wklv v|pphwulf htxloleulxp

zlwk sxeolf jrrgv dqg wd{hv h{foxghg iurp wkh dqdo|vlv +irupdoo|= zlwk J uhpryhg iurp wkh

xwlolw| ixqfwlrq,1 Lq wkh fdvh ri iuhh wudgh +! @ 4, lw lv hdv| wr fkhfn wkdw uhdo zdjhv duh dozd|v

htxdo1 Wklv lv qr vxusulvh vlqfh glvwdqfh glvdsshduv iurp wkh prgho zkhq wudgh frvwv duh }hur1

Frqvhtxhqwo| wkh htxloleulxp doorfdwlrq ri zrunhuv lv xqghwhuplqhg1 Zkhq wudgh frvwv duh

lq�qlwh/ +! @ 3,/ wkh uhodwlyh xwlolw| lv jlyhq e|

� @
z�S

3>
�

z2S
3>
2

@

�
O�

O2

� >
j3�

3�

= +47,

Wkh v|pphwulf htxloleulxp lv vwdeoh li � ? � � 4/ zklfk lv dvvxphg wr krog1 Wklv frqglwlrq

fruuhvsrqgv wr wkh �qr0eodfn0kroh� frqglwlrq lq wkh ruljlqdo fruh0shulskhu| prgho15

Wkh wzr vshfldo fdvhv ri iuhh wudgh dqg surklelwlyh wudgh frvwv +! @ 4 dqg ! @ 3, fdq eh

dqdo|vhg dqdo|wlfdoo| lq prvw orfdwlrq prghov1 Wkh pruh lqwhuhvwlqj fdvh ri lqwhuphgldwh wudgh

5Vhh Ixlmlwd/ Nuxjpdq dqg Yhqdeohv +4<<<,1

8



frvwv lv/ krzhyhu/ qrw dqdo|wlfdoo| wudfwdeoh lq vwdqgdug prghov1 Khuh/ gxh wr wkh vlpsolflw|

ri wkh ghpdqg ixqfwlrqv lq +<, dqg +43,/ zh fdq vroyh wkh prgho dqdo|wlfdoo| iru jhqhudo wudgh

frvwv1 Wklv jlyhv wkh uhodwlyh uhdo zdjh dffruglqj wr=

� @
z�S

3>
�

z2S
3>
2

@
���+!2 � 4,� ��+!� 4,2 . +�. �,!2 . � � �

��+!2 � 4, . ��+!� 4,2 . 5�!

�
!�. 4� �

�. !+4� �,

� >
�3j

> +48,

zkhuh � � O7� @+O
7
� . O72 ,1 Htxdwlrq +48, h{suhvvhv wkh uhodwlyh uhdo zdjh dv d ixqfwlrq ri wkh

vwdwh yduldeoh � dqg sdudphwhuv ri wkh prgho1

Wzr djjorphudwlrq irufhv duh dw zrun1 Rq wkh ghpdqg0vlgh/ pruh vnloohg zrunhuv dqg �upv

lq d uhjlrq lpso| d odujhu pdunhw dqg wkhuhiruh d pruh dwwudfwlyh sodfh iru dgglwlrqdo �upv dqg

vnloohg zrunhuv wr orfdwh1 Rq wkh vxsso|0vlgh/ d odujhu uhjlrq surgxfhv pruh ydulhwlhv orfdoo| dqg

wkhuhiruh/ zlwk srvlwlyh wudgh frvwv/ kdv d orzhu sulfh lqgh{1 Wklv lpsolhv d kljkhu uhdo zdjh/

zklfk dwwudfwv hyhq pruh vnloohg oderxu dqg �upv1 Lq htxdwlrq +48, wklv vxsso| olqn fdq eh vhhq

dv wkh odvw uljkw0kdqg vlgh sduhqwkhvlv1 Djdlqvw wkh djjorphudwlrq irufhv vwdqg wudgh frvwv dv d

glvshuvlrq irufh1 Kljkhu wudgh frvwv pdnh lw ohvv dwwudfwlyh wr vhuyh pdunhwv yld h{sruwv/ zklfk

whqgv wr glvshuvh surgxfwlrq1

Iljxuh 4 sorwv uhodwlyh xwlolw| +zklfk/ vlqfh sxeolf jrrgv duh devhqw/ lv vlpso| uhodwlyh uhdo

zdjhv, dv d ixqfwlrq ri wkh sursruwlrq ri pdqxidfwxulqj zrunhuv uhvlglqj lq frxqwu| 4/ �/ iru

gl�huhqw ohyhov ri wudgh frvwv1 Iru kljk wudgh frvwv wkh v|pphwulf htxloleulxp lv vwdeoh/ dv wkh

frvw ri vxsso|lqj d pdunhw e| h{sruwv lv wrr odujh1 Iru orzhu wudgh frvwv djjorphudwlyh irufhv

frph wr grplqdwh/ zklfk ohdgv wr d fruh0shulskhu| rxwfrph/ dqg iru lqwhuphgldwh wudgh frvw

wkh srvvlelolw| ri lqwhuphgldwh dv|pphwulf htxloleuld dsshduv1 Wkhvh htxloleuld duh/ krzhyhu/

xqvwdeoh1 Wklv prgho/ wkxv/ ehkdyhv txdolwdwlyho| h{dfwo| dv wkh Nuxjpdq +4<<4, prgho1 Iljxuh

4 sorwv +48, iru � @ 6/ � @ 3=6> dqg gl�huhqw ohyhov ri wudgh frvwv1

Lw lv dovr vwudljkwiruzdug wr hydoxdwh dqdo|wlfdoo| wkh vwdelolw| ri gl�huhqw htxloleuld e|

gl�huhqwldwlqj +48, zlwk uhvshfw wr � dqg hydoxdwlqj wkh ghulydwlyh lq wkh htxloleulxp ri lqwhuhvw1

Wkh v|pphwulf htxloleulxp +� @ 3=8, ehfrphv xqvwdeoh iru wudgh frvwv orzhu wkdq d fhuwdlq

�euhdnsrlqw�> lq whup ri iuhhqhvv/ !/ wkh euhdnsrlqw lv jlyhq e|=

!euhdn @
+� � �,+� � 4� �,

+� . �,+� . �� 4,
= +49,

Wkh euhdnsrlqw lv ghfuhdvlqj lq � dqg lqfuhdvlqj lq � e| lqvshfwlrq1 D odujhu h{shqglwxuh

vkduh rq pdqxidfwxulqj/ �/ lqfuhdvhv djjorphudwlrq irufhv/ zklfk lpsolhv wkdw wkh v|pphwulf

htxloleulxp lv vwdeoh iru d vpdoohu udqjh ri wudgh frvwv1 D odujhu � zrunv lq wkh rssrvlwh gluhfwlrq

vlqfh lw lpsolhv d orzhu pdun0xs lq pdqxidfwxulqj dqg wkhuhiruh orzhuv djjorphudwlrq irufhv1

Qh{w/ zh wxuq wr wkh djjorphudwhg htxloleulxp1 Wkh fruh0shulskhu| htxloleulxp fdqqrw eh

vxvwdlqhg iru wudgh frvwv deryh wkh �vxvwdlqsrlqw�/ zklfk�lq whupv ri iuhhqhvv�lv jlyhq e|=

9



Iljxuh 4= Vwdelolw| iru Gl�huhqw Ohyhov ri Wudgh Frvwv

τ=1.285

τ=1.293

τ=1.293

0.997

0.998

0.999

1

1.001

1.002

1.003

ρ

0 0.2 0.4 0.6 0.8 1λ

!vxvw @

v
+�2 � � � �+6� � 4,,+� � �,

+�2 � � . �+6� � 4,,+� . �,
= +4:,

Dv lq wkh Nuxjpdq +4<<4, prgho !vxvw ? !euhdn/ zklfk lpsolhv k|vwhuhvlv lq orfdwlrq1 Rqfh

wkh fruh0shulskhu| htxloleulxp lv uhdfkhg/ wudgh frvwv kdyh wr ulvh deryh wkh euhdnsrlqw +zklfk

suhvhuyhv wkh v|pphwulf htxloleulxp, ehiruh wkh djjorphudwhg htxloleulxp ehfrphv xqvwdeoh

+frpsduh �jxuh 7 zklfk sorwv vwdeoh htxloleuld djdlqvw wd{hv,1 Dv � jrhv wrzdugv }hur wkh

pdqxidfwxulqj vhfwru glvdsshduv/ dqg wkh euhdnsrlqw dqg vxvwdlqsrlqw erwk frqyhujh wr rqh1

6 Wd{hv�glvshuvhg htxloleulxp

Zh zloo dvvxph wkdw wkh wzr uhjlrqv fdq lpsrvh sursruwlrqdo wd{hv/ w�� rq xqvnloohg0oderxu

lqfrph dqg w�� rq vnloohg0oderxu lqfrph/ lqlwldoo| wdnlqj wd{hv dv ixoo| h{rjhqrxv1 Qrwh wkdw

vlqfh dyhudjh wd{hv duh wkh nh| ghwhuplqdqw ri wkh orqj0uxq htxloleulxp/ wklv vshfl�fdwlrq pd|

eh vhhq dv vkruwkdqg iru pruh jhqhudo wd{ vwuxfwxuhv wkdw duh deoh wr wd{ wkh wzr fdwhjrulhv ri

zrunhuv gl�huhqwo|1 Ixuwkhupruh/ zh zloo dvvxph wkdw wkhuh lv dq xsshu erxqg rq wkh srvvlelolwlhv

wr wd{ lppreloh oderxu> lq suhflvh whupv/ zh zloo dvvxph wkdw/ w�� � W�1 Wklv uhvwulfwlrq kdv

d qdwxudo lqwhusuhwdwlrq dv hlwkhu d vxevlvwhqfh uhtxluhphqw/ ru dv d sur{| iru vrph nlqg ri

srolwlfdo frqvwudlqw1

Zh zloo dvvxph wkdw wd{ uhyhqxh lv xvhg wr surgxfh d uhjlrq0m sxeolf jrrg/ dqg wr dyrlg

lqwudfwdeoh lqwhudfwlrqv/ zh zloo dvvxph wkdw wkh sxeolf jrrg lv surgxfhg e| phdqv ri wkh

dyhudjh frqvxpswlrq edvnhw> l1h1/ d iudfwlrq 4 � � ri wkh wd{ uhyhqxh lv vshqw rq djulfxowxudo

jrrgv/ dqg d iudfwlrq � rq pdqxidfwxuhv1 Dq lpsolfdwlrq ri wklv lv wkdw ghwhuplqdwlrq ri

:



vkruw0uxq htxloleulxp lv lqghshqghqw ri wd{hv1 Wkh dprxqw ri wkh sxeolf jrrg lv htxdo wr wkh

h{shqglwxuh +lq qxphudluh xqlwv,

J� @ w�� O
L . w�� z�O

7
� = +4;,

Ehiruh zh wxuq wr wkh dqdo|vlv zh qrwh wkdw lq rughu iru vnloohg zrunhuv wr vwd| lq hdfk ri

wkh uhjlrqv/ lw pxvw eh wuxh wkdw wkh udwlr ehwzhhq wkh lqgluhfw xwlolwlhv ri preloh zrunhuv lq

wkh wzr uhjlrqv pxvw eh rqh1 Lq irupdo whupv +zkhuh zh kdyh idfwruhg rxw frqvwdqwv iurp wkh

lqgluhfw xwlolw| ixqfwlrq,/

� @
z�S

3>
� +4� w�� ,J�

�

z2S
3>
2 +4� w�2 ,J�

2

@ 4= +4<,

Zkhq shuiruplqj ydulrxv frpsdudwlyh vwdwlfv h{huflvhv rq d glvshuvhg htxloleulxp�l1h1/ dq|

htxloleulxp gh�qhg e| +4<,�lw pd| vhhp wkdw wklv uhodwlrqvkls lv qhfhvvdulo| xsvhw1 Dv zloo

eh vkrzq/ krzhyhu/ htxloleulxp lv uhvwruhg e| pljudwlrq ri preloh oderxu1 Zh zloo nhhs wr wkh

ruljlqdo prgho e| dvvxplqj wkdw zrunhuv p|rslfdoo| pljudwh wr wkh pruh dwwudfwlyh uhjlrq> dv

orqj dv wkh vwdelolw| ri wkh glvshuvhg htxloleulxp lv suhvhuyhg/ pljudwlrq ri zrunhuv zloo wkxv

uhvwruh htxloleulxp gh�qhg e| +4<, zkhq wd{hv fkdqjh1 Dv zloo dovr eh fohdu ehorz/ krzhyhu/

wd{hv pd| fkdqjh wkh vwdelolw| surshuwlhv ri d glvshuvhg htxloleulxp1

614 Vwdelolw| dqg frpsdudwlyh vwdwlfv ri wkh glvshuvhg htxloleulxp

Dv zh kdyh qrwhg/ devhqw wd{hv wkhuh lv dozd|v d v|pphwulf htxloleulxp/ dqg zkhqhyhu wudgh

frvwv duh vx!flhqwo| kljk wklv htxloleulxp lv vwdeoh1 Zh zloo qrz h{soruh krz wkh v|pphwulf

htxloleulxp�dqg pruh jhqhudoo| dq| glvshuvhg htxloleulxp�lv d�hfwhg e| wd{ udwhv dqg wkh

uhvxowlqj dprxqwv ri sxeolf jrrgv surylghg1 Wkh uhodwlyh xwlolw| lv rewdlqhg e| vxevwlwxwlqj +4;,

lqwr +4<,1 Qrwh wkdw qrplqdo zdjhv gr qrw ghshqg rq wd{hv vlqfh wd{hv gr qrw hqwhu htxdwlrqv

+;,/ +<,/ +43,/ dqg +44,1 Wkh h�hfw ri wd{hv fdq wkhuhiruh eh dqdo|vhg vhsdudwho| iurp wkh

ghwhuplqdwlrq ri zdjhv dq sulfh lqglfhv1

Wd{hv wkdw duh v|pphwulf ehwzhhq idfwruv exw gl�hu ehwzhhq frxqwulhv Frqvlghu �uvw

wkh h�hfw ri wd{hv wkdw gl�hu ehwzhhq frxqwulhv exw duh v|pphwulf ehwzhhq vhfwruv> w�� @ w�� @ w�

dqg w�2 @ w�2 @ w21 Wkh uhodwlyh xwlolw| ri wkh wzr uhjlrqv lv qrz

� @
z�S

3>
� +4� w�,w

�
�

�
OL . �O7`z�

��
z2S

3>
2 +4� w2,w

�
2

�
OL . +4� �,O7`z2

�� = +53,

Vlqfh qrplqdo zdjhv gr qrw ghshqg rq wd{hv/ wkh h�hfw ri wd{hv fdq eh dqdo|vhg vhsdudwho| iurp

zdjhv dqg sulfh lqglfhv lq +53,1 Fohduo| wkh h�hfw ri wd{hv lv ehoo0vkdshg lq wkh vhqvh wkdw orz

wd{hv/ rq wkh rqh kdqg/ lpso| d orz surylvlrq ri sxeolf jrrgv zklfk ghfuhdvhv wkh dwwudfwlyhqhvv

ri d orfdwlrq/ zkhuhdv kljk wd{hv/ rq wkh rwkhu kdqg/ lpso| d odujh ghfuhdvh lq glvsrvdeoh lqfrph

;



Iljxuh 5= Fkdqjhv lq wkh Jhqhudo Wd{ Ohyho

t1=0.35, t2=0.3

t1=t2=0.3
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ρ   
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zklfk lv djdlq qhjdwlyh iru xwlolw|1 Wkh zhoiduh pd{lplvlqj wd{ lv wW @ �@+4.�,/ zklfk lqfuhdvhv

zlwk wkh lpsruwdqfh ri sxeolf jrrgv lq xwlolw|/ �1

Iljxuh 5 vkrzv d qxphulfdo h{dpsoh iru � @ 4=9> � @ 7/ � @ 4 dqg � @ 3=61 Iru wkhvh

sdudphwhu ydoxhv/ wd{hv duh ehorz wW vr frxqwu| 4 dwwudfwv pruh zrunhuv dv lw lqfuhdvhv wd{hv1

Wkh wd{ fkdqjh/ krzhyhu/ grhv qrw d�hfw wkh vorsh ri wkh uhodwlyh lqgluhfw xwlolw| fxuyh> dv

zloo eh hoderudwhg rq ehorz/ wklv lv gxh wr wkh wd{ rq preloh zrunhuv qrw fkdqjlqj uhodwlyh

wr wkh wd{ rq lppreloh zrunhuv1 Wklv w|sh ri jhqhudo wd{ fkdqjhv zloo/ wkhuhiruh/ qrw fdxvh

fdwdvwursklfdo djjorphudwlrq1 Udwkhu/ wd{hv wkdw duh xqlirup dfurvv idfwruv zloo d�hfw wkh ohyho

ri pdqxidfwxulqj surgxfwlrq lq d frxqwu| frqwlqxrxvo|1 Lq idfw/ wklv fdvh orrnv pxfk olnh wkh

vwdqgdug uhvxow lq d qhrfodvvlfdo prgho zkhuh d pdujlqdo fkdqjh lq wd{dwlrq zloo kdyh d pdujlqdo

h�hfw rq orfdwlrq1

Wd{hv wkdw uhglvwulexwh ehwzhhq idfwruv Qh{w zh dvvxph wkdw wd{hv duh v|pphwulf eh0

wzhhq frxqwulhv exw doorz wkhp wr gl�hu ehwzhhq vhfwruv> w�� @ w�2 @ w� > w�� @ w�2 @ w�> exw

w� 9@ w�= Wd{hv qrz uhglvwulexwh ehwzhhq wkh wzr idfwruv1 Wkh uhodwlyh xwlolw| lv jlyhq e|

� @
z�S

3>
�

�
OL w� . �O7`z�w

�
��

z2S
3>
2

�
OL w� . +4� �,O7`z2w�

�� = +54,

Frqvlghu �uvw d kljkhu wd{ rq preloh zrunhuv1 Dv zloo eh glvfxvvhg ehorz/ wkh whup z�O
7
�

lqfuhdvhv zlwk lppljudwlrq/ wklv ehlqj rqh vrxufh ri wkh srwhqwldo lqvwdelolw| ri d glvshuvhg

htxloleulxp1 D kljkhu w� pdjql�hv wkh h�hfw ri wkh whup z�O7� / dqg wklv lv wkh uhdvrq iru kljk

wd{hv rq preloh oderxu wr ghvwdelolvh d glvshuvhg htxloleulxp1 D kljkhu w�/ rq wkh frqwudu|/

ghfuhdvhv wkh uhodwlyh lpsruwdqfh ri wd{ uhyhqxhv iurp vnloohg zrunhuv dqg vwdelolvhv wkh htxl0

<



Iljxuh 6= Uhglvwulexwlqj Wd{hv

tm=0.7

tm=0.5
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oleulxp1 Wkh lqwxlwlrq lv wkdw wkh �whfkqrorj|� ri sxeolf0jrrg surylvlrq dggv dq dgglwlrqdo

djjorphudwlyh irufh wr wkh prgho> wklv wkurxjk wkh hfrqrplhv�hvvhqwldoo| dq lqvwdqfh ri vfdoh

hfrqrplhv�ri d odujhu srsxodwlrq vkdulqj wkh frvw ri d jlyhq ohyho ri surylvlrq ri wkh sxeolf

jrrg1 Wkh vwuhqjwk ri wklv irufh dw d glvshuvhg htxloleulxp ghshqgv rq wkh dprxqw ri sxeolf

jrrg wkdw lv �qdqfhg iurp preloh0oderxu lqfrph> wkh kljkhu duh wd{hv rq preloh oderxu�dqg

frqvhtxhqwo| wkh pruh ri wkh sxeolf jrrg lv surylghg�wkh vwurqjhu lv wkh uhdvrq wr uhvlgh lq d

pruh srsxorxv uhjlrq1

Iljxuh 6 surylghv d qxphulfdo h{dpsoh iru � @ 7/ � @ 3=6/ � @ 4/ dqg � @ 4=681 Wd{hv rq

xqvnloohg zrunhuv duh khog dw 316 zkloh wd{hv rq vnloohg zrunhuv duh fkdqjhg v|pphwulfdoo| lq

erwk frxqwulhv1

Wd{ fkdqjhv fdq wkxv kdyh gudpdwlf h�hfwv rq wkh orfdwlrq ri pdqxidfwxulqj1 Frpsdu0

lqj zlwk Iljxuh 4/ d kljkhu wd{ rq vnloohg zrunhuv kdv txdolwdwlyho| wkh vdph h�hfw dv wudgh

olehudolvdwlrq�lw urwdwhv wkh uhodwlyh lqgluhfw xwlolw| dqwl0forfnzlvh1 Dv wd{hv rq vnloohg oderxu

duh vhw deryh d fulwlfdo ydoxh�wkh �euhdnsrlqw��wkh v|pphwulf htxloleulxp fhdvhv wr eh vwdeoh1

Iru d frxqwu| zruu|lqj derxw orvv ri pdqxidfwxulqj dv d frqvhtxhqfh ri hfrqrplf lqwhjudwlrq/

wd{hv ehfrph lpshudwlyh1 D wd{ wkdw uhglvwulexwhv iurp lppreloh idfwruv wr preloh idfwruv zloo

frxqwhudfw wkh h�hfwv ri hfrqrplf lqwhjudwlrq1 Sxw gl�huhqwo|/ li frxqwulhv lqwhjudwh hfrqrplfdoo|

kduprql}dwlrq ri wd{hv pd| qrw vx!fh wr suhvhuyh wkh orfdwlrq ri lqgxvwu|1 Kduprql}dwlrq dqg

orzhulqj ri wd{hv rq vnloohg zrunhuv +ru lqfuhdvlqj wd{hv rq xqvnloohg zrunhuv, pd| eh qhfhvvdu|1

Iljxuh 7 vkrzv wkh frq�jxudwlrq ri orqj0uxq htxloleuld iru gl�huhqw wd{ ohyhov rq vnloohg

zrunhuv1 Wkh v|pphwulf htxloleulxp +� @ 3=8, fhdvhv wr eh vwdeoh dv wd{hv duh lqfuhdvhg deryh

wkh �euhdnsrlqw/� dw zklfk d elixufdwlrq rffxuv1 Dw wklv srlqw doo pdqxidfwxulqj +dqg vnloohg
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Iljxuh 7= Vwdeoh orqj uxq htxloleuld
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zrunhuv, djjorphudwh lq rqh ri wkh uhjlrqv1 Wkh �jxuh looxvwudwhv wkh lpsruwdqw ihdwxuh ri wklv

w|sh ri prgho wkdw lw glvsod|v k|vwhuhvlv lq orfdwlrq= Rqfh wkh wd{ udwh lv pryhg pdujlqdoo|

deryh wkh euhdnsrlqw dqg d fruh0shulskhu| vwuxfwxuh lv hvwdeolvkhg/ lw lv qrw hqrxjk wr orzhu

wd{hv edfn wr lwv suhylrxv ohyho wr uh0hvwdeolvk d v|pphwulf htxloleulxp> wd{hv kdyh wr eh orzhuhg

zhoo ehorz wkh euhdnsrlqw +wr wkh �vxvwdlqsrlqw�, ehiruh d v|pphwulf htxloleulxp djdlq ehfrphv

vwdeoh dqg wkh fruh0shulskhu| vwuxfwxuh fhdvhv wr eh vwdeoh1

Jhqhudo wd{ fkdqjhv�vwdelolw| Zh zloo vwduw wkh jhqhudo dqdo|vlv e| frqvlghulqj wkh vwd0

elolw| surshuwlhv ri wkh fdvh zlwk jhqhudo wd{hv= w�� > w�� > w
�
2 > w�2 1 Dv lv lqglfdwhg e| �jxuhv 5 dqg

6/ wkh lpsdfw ri wd{hv rq wkh vwdelolw| ri d glvshuvhg htxloleulxp ghshqgv rq wkh uhodwlrqvkls

ehwzhhq wd{hv rq preloh oderxu dqg wd{hv rq lppreloh oderxu1 Wkh gluhfwlrq ri wklv h�hfw wxuqv

rxw wr klqjh rq wkh idfw wkdw vnloohg0oderxu lqfrph/ z�O7� / lqfuhdvhv dv pruh vnloohg zrunhuv pryh

wr d uhjlrq> wklv fdq eh vkrzq e| vroylqj wkh prgho16 Gxh wr wklv idfw�wrwdo preloh0oderxu

zdjhv lqfuhdvlqj zlwk wkh qxpehu ri preloh zrunhuv�d glvshuvhg htxloleulxp lv ghvwdelolvhg e|

wd{hv rq preloh zrunhuv> wklv lv vkrzq lq wkh Dsshqgl{1 Ixuwkhupruh/ lw fdq eh vkrzq wkdw

wkh h{whqw wr zklfk d glvshuvhg htxloleulxp lv ghvwdelolvhg ghshqgv rq wd{hv wkurxjk wkh udwlrv

w�� @w�� lq wkh uhvshfwlyh uhjlrqv/ dqg wkdw lw ghshqgv srvlwlyho| rq hdfk ri wkhp> wkh dujxphqw

fdq irxqg lq wkh Dsshqgl{1 Wklv surshuw| zdv uh hfwhg deryh�wd{hv wkdw zhuh v|pphwulf

6Hydoxdwhg dw wkh v|pphwulf htxloleulxp _�u7*_b ' H�j>u�*
�
Ej 3 >�EEj n >��2 n 2j�n j 3 >�

�
: f/

zkhuh b lv wkh sursruwlrq ri preloh zrunhuv uhvlglqj lq frxqwu| 41
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ehwzhhq idfwruv wxuqhg rxw qrw wr d�hfw vwdelolw|/ zkloh uhglvwulexwlyh wd{hv wxuqhg rxw wr gr vr1

Jhqhudo wd{ fkdqjhv�frpsdudwlyh vwdwlfv Frqvlghu qh{w wkh jhqhudo frpsdudwlyh vwdw0

lfv ri d glvshuvhg htxloleulxp1 Dv lv lqglfdwhg e| �jxuh 5/ wkh frpsdudwlyh vwdwlfv ri wkh vkduh ri

kljk0vnloohg zrunhuv lq uhjlrq 4/ �/ dv d ixqfwlrq ri wd{hv kdv wkh qdwxudo surshuw| wkdw�dw d vwd0

eoh htxloleulxp�pdnlqj uhjlrq 4 pruh dwwudfwlyh wr kljk0vnloohg zrunhuv ohdgv wr lppljudwlrq1

Wklv pd| eh vhhq irupdoo| e| qrwlqj wkdw/ e| lpsolflw gl�huhqwldwlrq ri +4<,/ iru } @ D>P /

g�

gw5�
@ �C�@Cw5�

C�@C�
= +55,

Vlqfh C�@C� ? 3 dw d vwdeoh htxloleulxp/ d wd{ fkdqjh zloo ohdg wr lppljudwlrq suhflvho| li �

lqfuhdvhv> wkdw lv/ suhflvho| li wkh uhodwlyh lqgluhfw xwlolw| ri d kljk0vnloohg zrunhu lqfuhdvhv lq

uhjlrq 41 Vlploduo|/ dq| fkdqjh lq uhjlrq05 wd{hv wkdw pdnhv uhjlrq 5 ohvv dwwudfwlyh iru preloh

zrunhuv zloo ohdg wr lppljudwlrq lq frxqwu| 41 Reylrxvo|/ d frpsohwho| v|pphwulf dujxphqw

dssolhv wr frxqwu| 51

Ilqdoo|/ frqvlghu wkh dfwxdo lpsdfw ri wd{ fkdqjhv lq wkh jhqhudo fdvh ri +4<, zlwk qr frq0

vwudlqw rq wkh sdwwhuq ri wd{hv1 Wd{hv lqwurgxfh d idfwru

�� @ +4� w�� ,
�
OL w�� . �O7`z�w

�
�

��
+56,

pxowlso|lqj wkh uhdo zdjh lq frxqwu| 4/ dqg d vlplodu idfwru iru frxqwu| 51 Vlqfh

C��
Cw��

@ +4� w�� ,OL�
�
OL w�� . �O7`z�w

�
�

��3�
A 3> +57,

kljk wd{hv rq lppreloh zrunhuv duh dozd|v frqgxflyh wr nhhslqj preloh zrunhuv1 Khqfh/ li

frxqwu| 4 kdv vxfk dq remhfwlyh/ lw zloo vhw w�� @ W�1 Wkh h�hfw ri kljkhu w�� lv jlyhq e|

C��
Cw��

@

�
+4� w�� ,�O7`z��

OL w�� . �O7`z�w��
� 4

��
OL w�� . �O7`z�w

�
�

��
> +58,

dqg frxqwu| 4 zloo zlvk wr lqfuhdvh lw dv orqj dv wklv h{suhvvlrq lv srvlwlyh1 H{suhvvlrq +58, lv

ghfuhdvlqj lq w�� / dqg lw lv srvlwlyh dw w�� @ 3 surylghg wkdw

�O7`z�� A OL w�� > +59,

wkdw lv/ surylghg wkdw wkh lqfrph ri kljk0vnloohg zrunhuv lq uhjlrq 4 zhljkwhg e| wkh lpsruwdqfh

ri wkh sxeolf jrrg lq xwlolw| lv odujh hqrxjk uhodwlyh wr wkh wd{ uhyhqxh iurp lppreloh zrunhuv1

Li +59, lv vdwlv�hg/ +58, lv }hur dw

w�� @
�O7`z�� �OL w��
�O7`z�+4 . �,

= +5:,

D frxqwu| zlvklqj wr dwwudfw preloh zrunhuv zloo lqfuhdvh w�� wr wkh srlqw zkhuh �� lv qr orqjhu

lqfuhdvlqj1 Surylghg wkdw +59, lv vdwlv�hg dw w�� @ W�/ lw lv wkxv rswlpdo�iurp d vwulfwo|

orfdwlrqdo srlqw ri ylhz�wr wd{ wkh preloh zrunhuv dw d srvlwlyh udwh1 Wkh lqwxlwlrq iru wklv

uhvxow lv wkdw wkh wd{ uhyhqxhv iurp xqvnloohg zrunhuv gr qrw uhvxow lq d kljk hqrxjk surylvlrq

ri sxeolf jrrgv/ dqg wkhuhiruh vnloohg zrunhuv suhihu d srvlwlyh wd{ udwh1
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Glvfxvvlrq Li srolwlfldqv rqo| fduh derxw wkh ohyho ri pdqxidfwxulqj surgxfwlrq wkh dqdo|vlv

deryh ohdgv wr wkh iroorzlqj frqfoxvlrqv= Zkhq wd{hv duh vshqw rq sxeolf jrrgv/ lw pd| eh

rswlpdo iru d frxqwu|�hyhq li lw lv frqvlghulqj rqo| orfdwlrqdo dvshfwv�wr wd{ wkh preloh

idfwru dw d srvlwlyh udwh1 Lqghhg/ d kljkhu jhqhudo wd{ udwh fdq ohdg wr pruh lqgxvwu| li wd{

udwhv duh lqlwldoo| orz> hyhq li wd{hv duh kljk/ krzhyhu/ dq lqfuhdvlqj jhqhudo wd{ udwh +l1h1/ d

wd{ udwh xqlirup dfurvv vhfwruv, ohdgv wr d judgxdo orvv ri lqgxvwu| udwkhu wkdq d fdwdvwursklfdo

djjorphudwlrq1

Wkh txhvwlrq ri glvwulexwlrq ri wd{hv ehwzhhq preloh dqg lppreloh zrunhuv/ rq wkh frqwudu|/

ehfrphv fulwlfdo1 Dowkrxjk d srvlwlyh wd{ rq wkh preloh idfwru pd| vhuyh wr pdnh d orfdwlrq

pruh dwwudfwlyh zkhq wkh pd{lpdo wd{ uhyhqxhv iurp wkh lppreloh idfwru duh lqvx!flhqw/ lw lv

qhyhuwkhohvv wuxh wkdw d wd{ lqfuhdvh rq preloh zrunhuv zloo ghvwdelolvh d glvshuvhg htxloleulxp1

Wkh lpsruwdqw srlqw lv wkdw uhglvwulexwlyh wd{hv d�hfw wkh djjorphudwlyh irufhv/ dqg wkh| fdq

wkhuhiruh kdyh gudpdwlf h�hfwv rq wkh htxloleulxp frq�jxudwlrq ri lqgxvwu|1 D kljkhu wd{ udwh

rq preloh zrunhuv ghvwdelolvhv wkh v|pphwulf htxloleulxp dqg pd| ohdg wr d gudpdwlf orvv ri

lqgxvwu| gxh wr vhoi0uhlqiruflqj djjorphudwlrq irufhv1 Lpsruwdqwo|/ wklv zloo eh wkh fdvh hyhq li

wkh kljk wd{hv rq vnloohg zrunhuv duh kduprql}hg ehwzhhq frxqwulhv1

615 Srolwlfdo htxloleulxp

Ohw xv frqwhpsodwh wkh deryh uhvxowv lq wkh oljkw ri frpshwlwlrq ehwzhhq wzr frxqwulhv iru preloh

zrunhuv1 Vlqfh zrunhuv pryh phfkdqlfdoo| wrzdugv wkh frxqwu| zlwk d kljkhu lqgluhfw xwlolw|/ lw

lv fohdu wkdw dq| vlwxdwlrq zkhuh d frxqwu| grhv qrw pd{lpl}h wkh lqgluhfw xwlolw| ri lwv preloh

zrunhuv fdqqrw eh dq htxloleulxp= Wkh frxqwu| lq txhvwlrq frxog lpsuryh wkh vlwxdwlrq ri wkh

preloh zrunhuv suhvhqwo| uhvlglqj wkhuh dqg dw wkh vdph wlph fuhdwh dq lq rz ri zrunhuv1

Wkxv/ d srolwlfdo htxloleulxp pxvw eh d vlwxdwlrq zkhuh hdfk frxqwu| pd{lpl}hv

Y� @ nz�S
3>
� +4� w�� ,

�
OL w�� . O7� z�w

�
�

��
+5;,

vxemhfw wr wkh vxevlvwhqfh frqvwudlqw iru lppreloh zrunhuv1 Dv zh kdyh vhhq deryh/ wklv vroxwlrq

hqwdlov wkh vxevlvwhqfh frqvwudlqw ehlqj elqglqj/ w�� @ W�1 Zh kdyh dovr vhhq wkdw wkh rswlpdo

wd{ udwh rq preloh zrunhuv lv vwulfwo| srvlwlyh li frqglwlrq +59, lv vdwlv�hg dw w�� @ W�1

Li wkh frxqwulhv duh ixoo| v|pphwulf/ wklv vkrzv wkh h{lvwhqfh ri d ixoo| v|pphwulf srolwlfdo

htxloleulxp> l1h1/ dq htxloleulxp zlwk � @ 4@5/ z� @ z2/ dqg zlwk wd{hv vdwlvi|lqj w�� @ w�2 @ W�

dqg w�� @ w�2 @ w�W/ w�W ehlqj wkh vroxwlrq wr +5:, li frqglwlrq +59, lv vdwlv�hg dw w�� @ W�/

dqg }hur rwkhuzlvh1

Wklv frqfoxvlrq pxvw eh txdol�hg li �srolwlfdo0htxloleulxp wd{hv��l1h1/ wd{hv pd{lplvlqj

+5;,�duh vr kljk wkdw wkh v|pphwulf htxloleulxp lv ghvwdelolvhg +fi1 �jxuh 6,1 Vlqfh zh gr qrw

prgho wkh g|qdplfv ri wkh euhdn0grzq ri d glvshuvhg htxloleulxp/ zh fdqqrw pdnh gh�qlwlyh

vwdwhphqwv derxw �wudqvlwlrq ydoxhv� ri sdudphwhuv zlwk uhvshfw wr wkh wzr nlqgv ri htxloleuld1

Lw vhhpv fohdu/ krzhyhu/ wkdw wkh v|pphwulf htxloleulxp zloo euhdn grzq zkhq lw lv xqvwdeoh

dw wd{hv pd{lplvqj Y� lq +5;,�lw lv qrw lq wkh lqwhuhvw ri dq| frxqwu| wr uhgxfh wd{hv rq
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preloh zrunhuv ehorz wklv ohyho xqlodwhudoo| vlqfh wkdw frxqwu| vhhpv wr eh wkh olnho| orvhu lq wkh

frqwhvw iru krvwlqj wkh djjorphudwlrq1 Wkxv/ rqfh wudgh0frvwv duh orz hqrxjk wr xqghuplqh wkh

v|pphwulf htxloleulxp dw srolwlfdo0htxloleulxp wd{ udwhv/ djjorphudwlrq vhhpv wr eh wkh olnho|

rxwfrph1

Wkh hphujhqw frqfoxvlrqv duh wkdw zkhuhdv wkh qrwlrq wkdw lppreloh idfwruv duh olnho| wr

eh wd{hg yhu| khdylo| gxh wr frpshwlwlrq iru preloh zrunhuv lv vxssruwhg/ wkh qrwlrq wkdw wklv

ohdgv wr yhu| orz wd{hv iru preloh zrunhuv wkhpvhoyhv lv qrw1

Zhoiduh dvshfwv Wkh zhoiduh frqvhtxhqfhv ri wkh deryh uhvxowv duh h{wuhpho| fohdu0fxw/ doehlw

txlwh lpsruwdqw1 Lq vkruw/ li wkh remhfwlyh lv wr dwwudfw preloh zrunhuv dqg wkh dfwlylwlhv frplqj

zlwk preloh oderxu/ wkh srolwlfdo htxloleulxp lv rqh zkhuh wkh zhoiduh ri preloh zrunhuv lv

pd{lpl}hg vxemhfw wr d ihdvlelolw| frqvwudlqw ghulyhg iurp wkh h{whqw wr zklfk lppreloh oderxu

fdq eh wd{hg1 Wklv rxwfrph lv/ reylrxvo|/ xqolnho| wr frlqflgh zlwk dq xqfrqvwudlqhg zhoiduh

rswlpxp1 Rqh vkrxog qrwlfh/ krzhyhu/ wkdw wkh vlwxdwlrq frqvlghuhg�yl}1 rqh zkhuh zrunhuv duh

frvwohvvo| preloh dqg zkhuh wkhlu xwlolwlhv duh htxdolvhg dfurvv frxqwulhv�lv d yhu| frpshwlwlyh

rqh> dv zloo eh fohdu ehorz/ wkh lqhuwld lpsolhg e| djjorphudwlrq lv d plwljdwlqj idfwru1

7 Wd{hv�djjorphudwhg htxloleulxp

Zkhqhyhu wudgh frvwv duh vpdoo hqrxjk/ wkhuh lv dq htxloleulxp zkhuh rqh frxqwu| lv wkh krvw

ri doo pdqxidfwxulqj1 Frqvlghu d vlwxdwlrq zkhuh doo pdqxidfwxulqj lv frqfhqwudwhg lq frxqwu|

41 Wkh vdohv ri d �up lq wklv uhjlrq lv jlyhq e|

U� @
�

Q
+\� . \2,> +5<,

zkhuh Q ghqrwhv wkh wrwdo qxpehu ri pdqxidfwxulqj �upv lq wkh zruog1 Wkh vdohv ri wkh �uvw

�up wkdw pryhv wr uhjlrq 5 lv

U2 @
�

Q
+!\� . !3�\2,= +63,

Lq rughu wr dwwudfw zrunhuv wr uhjlrq 5 wkh �upv pxvw sd|

z2 @ �3>
+4� w�� ,J�

�

+4� w�2 ,J�
2

z�> +64,

zkhuh z� @ 5�OL@+� � �,O7` iurp htxdwlrqv +;,/ +<,/ +43,/ dqg +44,1 Li wkh udwlr ri vdohv

+sur�wv, lv odujhu wkdq wkh udwlr ri frvwv wkh �up zloo ghihfw iurp uhjlrq 41 Wkh frqglwlrq iru

wklv wr kdsshq lv jlyhq e|=

� @ �3>
�
� E�3j�

� . �

5�
. � Ej3��

� � �

5�

�
+4� w�2 ,J�

2

+4� w�� ,J�
�

A 4= +65,

D frqglwlrq iru dq hvwdeolvkhg djjorphudwlrq wr eh vwdeoh lv wkhuhiruh � � 41 Wkh h{suhvvlrq

fdq eh ghfrpsrvhg lqwr wzr idfwruv�rqh ghshqglqj rq wudgh frvwv dqg wkh rwkhu sdudphwhuv
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Iljxuh 8= H�hfw ri wudgh frvwv

0.97

0.98

0.99

1

1.01

1.02

1.03

1.04

1.05

1.06

1
1.

02
1.

04
1.

06
1.

08 1.
1

1.
12

1.
14

1.
16

1.
18 1.

2

τ

η

ri wkh prgho/ dqg rqh ghshqglqj rq wd{hv�hdfk zlwk wkh surshuw| wkdw lqfuhdvlqj lw pdnhv

frqfhqwudwlrq lq frxqwu| 4 ohvv olnho|1

Frqvlghu �uvw wkh idfwru dvvrfldwhg zlwk wudgh frvwv=

� @ �3>
�
� E�3j�

� . �

5�
. � Ej3��

� � �

5�

�
= +66,

Wklv whup lv qrq0prqrwrqlf lq wudgh frvwv dv vkrzq lq Iljxuh 8/ zklfk sorwv � iru � @ 7 dqg

� @ 3=61

Iru d odujh udqjh ri wudgh frvwv wkh vfrsh iru wd{dwlrq ri wkh preloh idfwru lv lqfuhdvlqj

zlwk wudgh lqwhjudwlrq +idoolqj wudgh frvwv, uhdfklqj d pd{lpxp dw wkh erwwrp ri wkh X0fxuyh

lq Iljxuh 81 +Wklv uhvxow fdq dovr eh irxqg lq Nlqg hw do1 +4<<;,1, Lqwhuhvwlqjo| wkh uhodwlrq

ehwzhhq wd{hv dqg wudgh frvwv duh h{dfwo| wkh rssrvlwh lq wkh fdvh zlwk glvshuvhg surgxfwlrq/

zkhuh orzhu wudgh frvwv ghfuhdvhv wkh vfrsh iru wd{dwlrq ri vnloohg oderxu1 Iru yhu| orz wudgh

frvwv +wkh grzqzdug vorslqj vhjphqw lq Iljxuh 8,/ krzhyhu/ wudgh olehudolvdwlrq djdlq ghfuhdvhv

wkh vfrsh iru wd{dwlrq ri wkh preloh idfwru1

Qh{w frqvlghu wkh idfwru ghshqglqj rq wd{hv> ehfdxvh ri frqfhqwudwlrq/

J� @ w�� O
L . w�� z�O

7 @ w�� O
L . w��

5�OL

+� � �,
> dqg J2 @ w�2 O

L > +67,
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dqg lqvhuwlqj wklv lqwr +65,/ zh kdyh wkh iroorzlqj idfwru�wkh odvw idfwru ri +65,/

� @
+4� w�2 ,

�
w�2 O

L
��

+4� w�� ,
�
w�� O

L . w�� 5�OL@+� � �,
�� @

+4� w�2 ,
�
w�2
��

+4� w�� ,
�
w�� . w�� 5�@+� � �,

�� > +68,

+djdlq zlwk wkh surshuw| wkdw lqfuhdvlqj lw pdnhv frqfhqwudwlrq lq frxqwu| 4 ohvv olnho|,1 Frq0

vlghulqj frpelqdwlrqv ri wd{hv wkdw nhhs � frqvwdqw dw �f/ zh fdq vroyh iru w�� / jhwwlqj/

w�� @

�
+4� w�2 ,

�f+4� w�� ,

��*�

w�2 � 5�

+� � �,
w�� = +69,

Wklv h{suhvvlrq vkrzv frpelqdwlrqv ri wd{ udwhv wkdw �nhhs djjorphudwlyh irufhv frqvwdqw�> h1j1/

li �f lv fkrvhq lq vxfk d zd| wkdw � lq +65, lv htxdo wr rqh/ lw vkrzv wkh orzhvw wd{ rq lppreloh

oderxu�wkh orzhvw w���wkdw lv frqvlvwhqw zlwk djjorphudwlrq lq frxqwu| 41

D kljkhu wd{ udwh rq orzvnloohg zrunhuv pdnhv d orfdwlrq pruh dwwudfwlyh iru wkh preloh vnloohg

zrunhuv/ vlqfh lw lpsolhv d kljkhu surylvlrq ri sxeolf jrrgv1 Wkhuhiruh li uhjlrq 5 lqfuhdvhv lwv

wd{ udwh rq orzvnloohg zrunhu*v lqfrph vr pxvw uhjlrq 4 wr pdlqwdlq wkh uhodwlyh dwwudfwlyhqhvv ri

uhjlrq 4 iru vnloohg zrunhuv1 Ixuwkhu/ d kljkhu wd{ rq vnloohg zrunhu*v lqfrph lq uhjlrq 5 pdnhv

wklv uhjlrq xqdpeljxrxvo| ohvv dwwudfwlyh> wkh vpdoo pdvv ri zrunhuv wkdw pryhv wr uhjlrq 5 jhw d

qhjoljleoh vkduh ri wkh sxeolf jrrgv sdlg e| wkh wd{1 D wd{ rq uhjlrq04 vnloohg zrunhu*v lqfrph kdv

wzr rssrvlqj h�hfwv rq wkh dwwudfwlyhqhvv ri d uhjlrq> lw ghfuhdvhv glvsrvdeoh lqfrph ri vnloohg

zrunhuv/ exw lw dovr lqfuhdvhv wkh surylvlrq ri sxeolf jrrgv1 Wkhvh wzr h�hfwv duh uh hfwhg e|

wkh wzr UKV whupv lq htxdwlrq +69,1 Iru yhu| kljk wd{ udwhv wkh �uvw whup zloo dozd|v grplqdwh

lpso|lqj wkdw kljkhu wd{hv rq vnloohg oderxu pdnhv wkh orfdwlrq ohvv dwwudfwlyh1 Iru orz wd{

udwhv/ krzhyhu/ lw lv srvvleoh wkdw wkh vhfrqg whup grplqdwhv vr wkdw wkh lqfuhdvhg surylvlrq ri

sxeolf jrrgv dvvrfldwhg zlwk kljkhu wd{hv pdnhv wkh orfdwlrq pruh dwwudfwlyh1 Iljxuh 9 vkrzv

wkh orzhvw wd{ rq orz0vnloohg zrunhuv frpsdwleoh zlwk djjorphudwlrq lq frxqwu| 4 dv d ixqfwlrq

ri wkh wd{ rq kljk0vnloohg zrunhuv lq vxfk d fdvh1

Wkxv/ wkh lqvljkw wkdw dq djjorphudwlrq frqvwlwxwhv d vrphzkdw lppreloh wd{ edvh lv eruqh

rxw lq wklv frqwh{w dv zhoo1 Wkh srwhqwldo iru wkh vhw ri ihdvleoh wd{hv wr eh X0vkdshg dv lqglfdwhg

lq Iljxuh 9 kdv dq lqwhusuhwdwlrq= Dv rqh pryhv dorqj wkh fxuyh/ wkh dprxqw ri sxeolf jrrgv

lqfuhdvhv17 Wklv phdqv wkdw wkh sxeolf vhfwru lv plqlpdo dw w�� @ 3> wklv/ krzhyhu/ lv qrw wkh

srlqw zkhuh wkh wd{ rq orz0vnloohg zrunhuv lv plqlpdo1 Khqfh/ wkhuh lv qrw d wudgh0r� ehwzhhq

surwhfwlqj dq lppreloh wd{ edvh iurp khdy| wd{dwlrq dqg vxvwdlqlqj sxeolf h{shqglwxuhv lq wklv

uhjlrq1 Dowkrxjk wklv lv phuho| d srvvlelolw|/ dqg dowkrxjk lw lv wuxh rqo| iru vpdoo wd{hv/ lw lv

dq lpsruwdqw txdol�fdwlrq ri wkh zlghvsuhdg qrwlrq wkdw wklv lv dq xqdyrlgdeoh wudgh0r�18

Rqh pd| qrwh wkdw wkh vxevlvwhqfh frqvwudlqw iru lppreloh zrunhuv/ w�� � W��zklfk

wxuqhg rxw wr eh elqglqj lq srolwlfdo htxloleulxp lq wd{ frpshwlwlrq zkhq pdqxidfwxulqj zdv

7Wklv lv reylrxv= dv rqh pryhv wr wkh uljkw/ |�� lqfuhdvhv dqg wkh xwlolw| ri kljk0vnloohg zrunhuv lv khog frqvwdqw>

wkxv sxeolf0jrrg surylvlrq pxvw lqfuhdvh1
8Judqwhg/ zkhq wdnlqj dvshfwv vxfk dv wkh frqwhqw ri sxeolf h{shqglwxuhv lqwr dffrxqw/ wkh olnholkrrg ri d

grzqzdug0vorslqj sduw ri wkh fxuyh pd| eh vpdoohu vwloo1
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Iljxuh 9= Wd{hv frqvlvwhqw zlwk djjorphudwlrq

t1
M

t1
A

increasing tax revenue

glvshuvhg�qhhg qrw eh elqglqj lq dq| rqh ri wkh frxqwulhv lq srolwlfdo htxloleulxp lq wd{ frp0

shwlwlrq zkhq pdqxidfwxulqj lv frqfhqwudwhg1 Wd{hv frqvlvwhqw zlwk wkh krvw frxqwu| nhhslqj

wkh djjorphudwlrq zhuh ghvfulehg deryh> iru wkh rwkhu frxqwu|/ pd{lpl}lqj wkh zhoiduh iru wkh

uhpdlqlqj�lppreloh�zrunhuv vhhpv wr eh wkh reylrxv jrdo/ dqg wklv lv olnho| wr lqyroyh ohvv

wkdq pd{lpdo wd{hv1 Lq wklv vhqvh/ wkh djjorphudwhg fdvh lv wkxv vrphzkdw ohvv frpshwlwlyh1

714 Frpsdulqj wkh v|pphwulf dqg wkh djjorphudwhg fdvh

Shukdsv wkh prvw vdolhqw ihdwxuh ri wkh dqdo|vlv lv wkdw wkh qdwxudo lqyhuwhg X0vkdsh ri xwlolw|

dv d ixqfwlrq ri wd{hv zkhq wd{hv duh xvhg wr �qdqfh sxeolf jrrgv �vxuylyhv� wd{ frpshwlwlrq/

erwk lq d glvshuvhg htxloleulxp dqg lq dq djjorphudwhg htxloleulxp1 Wklv lv wuxh lq wkh vhqvh

wkdw wkhuh duh irufhv whqglqj wr nhhs wd{ udwhv srvlwlyh dovr rq preloh oderxu lq erwk nlqgv ri

htxloleuld�dowkrxjk wkh vwuhqjwk ri wkhvh irufhv duh prghudwhg e| wd{ frpshwlwlrq1 Dqrwkhu

lpsruwdqw ihdwxuh ri wkh dqdo|vlv lv wkdw wd{hv rq preloh oderxu lq dgglwlrq wr uhshoolqj preloh

oderxu dovr ghvwdelolvh glvshuvhg htxloleuld1

D qrwhzruwk| gl�huhqfh ehwzhhq wkh v|pphwulf dqg wkh djjorphudwhg htxloleuld lv wkdw

wkh uhodwlrq ehwzhhq wudgh olehudolvdwlrq dqg wkh vfrsh iru wd{hv rq preloh idfwruv duh h{dfwo|

uhyhuvh lq wkh wzr htxloleuld iru d odujh udqjh ri wudgh frvwv +wkh vhjphqw zlwk srvlwlyh vorsh lq

Iljxuh 8,1 Dqrwkhu zd| wr sxw wklv lv wkdw/ lq wklv prgho/ lw pdwwhuv zlwk zkrp d uhjlrq ru

frxqwu| lv lqwhjudwlqj1 D kljko| lqgxvwuldolvhg frxqwu|/ fdulqj derxw lwv lqgxvwuldo edvh/ zrxog

jdlq pruh wd{ lqghshqghqfh dv wudgh lv olehudol}hg zlwk d ghyhorslqj frxqwu|/ vlqfh wkh uhdvrq
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iru wdul�0mxpslqj lqwr wkh ghyhorslqj frxqwu| lv glplqlvkhg19 Li wkh vdph frxqwu| olehudolvhv

wudgh djdlqvw dqrwkhu kljko| lqgxvwuldolvhg frxqwu|/ krzhyhu/ wkh uhvxow lv vwurqjhu frpshwlwlrq

iru preloh vnloohg zrunhuv1 Wklv jlyhv ohvv vfrsh iru lqghshqghqw wd{dwlrq1

8 Frqfoxvlrq

Wklv sdshu dqdo|vhv wkh h�hfw ri wd{hv dqg sxeolf jrrgv rq wkh orfdwlrq ri preloh idfwruv xvlqj

d �qhz hfrqrplf jhrjudsk|� prgho1 Lq wkhvh prghov �upv idfh shfxqldu| h{whuqdolwlhv lq odujh

pdunhwv/ zklfk fuhdwhv djjorphudwlyh irufhv dv zhoo dv k|vwhuhvlv lq orfdwlrq1 Wkh sdshu frqwdlqv

vhyhudo frqfoxvlrqv1 Fkdqjhv lq wkh ryhudoo wd{ ohyho kdyh orfdwlrqdo h�hfwv txlwh vlplodu wr wkrvh

lq wkh vwdqgdug wd{ frpshwlwlrq olwhudwxuh/ zkhuh wd{ fkdqjhv jlyh judgxdo h�hfwv rq orfdwlrq ri

preloh idfwruv1 Wd{hv wkdw d�hfw wkh glvwulexwlrq ehwzhhq preloh dqg lppreloh idfwruv/ krzhyhu/

fdq kdyh gudpdwlf h�hfwv vlqfh wkh| d�hfw wkh djjorphudwlyh irufhv1 D vpdoo uhglvwulexwlrq iurp

preloh zrunhuv wr lppreloh zrunhuv pd| uhqghu dq htxloleulxp zlwk preloh oderxu glvshuvhg

xqvwdeoh/ dqg fdxvh d fdwdvwursklfdo djjorphudwlrq zkhuh doo pdqxidfwxulqj surgxfwlrq dqg doo

vnloohg zrunhuv hqg xs lq rqh frxqwu|1 Qrwdeo|/ wklv h�hfw fdq uhvxow iurp d wd{ lqfuhdvh wkdw

lv shuihfwo| frruglqdwhg dfurvv frxqwulhv�wkh lqvwdelolw| ruljlqdwhv lq kljk wd{ ohyhov rq preloh

zrunhuv shu vh/ qrw iurp gl�huhqw wd{hv dfurvv frxqwulhv1

Iurp wkh wudgh dqg orfdwlrq olwhudwxuh lw lv zhoo nqrzq wkdw wudgh olehudol}dwlrq pd| wulj0

jhu djjorphudwlrq1 Dv looxvwudwhg lq wklv sdshu wklv rxwfrph pd| eh dyrlghg�ru dw ohdvw

vxvshqghg�e| fkdqjlqj wd{hv vr dv wr uhglvwulexwh iurp wkh lppreloh idfwru wr wkh preloh

idfwru1 Lq wkh idfh ri hfrqrplf lqwhjudwlrq wkxv/ vkliwlqj ri wkh wd{ exughq iurp preloh oderxu

wr lppreloh oderxu pd| eh dq h�hfwlyh phdqv wr kdow frqfhqwudwlrq ri wkh preloh zrunhuv1

Dqrwkhu frqfoxvlrq wkdw iroorzv iurp wkh dqdo|vlv lv wkdw dq djjorphudwlrq/ rqfh hvwdeolvkhg/

surgxfhv uhqwv wkdw duh wd{deoh/ dqg wkdw wd{hv duh qrw jhqhudoo| gulyhq grzq wr vrph plqlpxp

lq wkh frxqwu| krvwlqj dq djjorphudwlrq1 Wklv revhuydwlrq kdv ehhq pdgh suhylrxvo| e| Nlqg

hw do1 +4<<;, dqg e| Oxghpd dqg Zrrwrq +4<<;,1 Pruhryhu/ rxu prgho srlqwv wr wkh srvvlelolw|

wkdw iru vrph wd{ ohyhov/ wkhuh lv qrw d wudgh0r� ehwzhhq surwhfwlqj lppreloh zrunhuv iurp

h{fhvvlyh wd{dwlrq dqg vxvwdlqlqj d fhuwdlq ohyho ri sxeolf0jrrg surylvlrq�wkh plqlpdo wd{ rq

lppreloh zrunhuv frqvlvwhqw zlwk nhhslqj wkh djjorphudwlrq ri preloh zrunhuv lv qrw qhfhvvdulo|

hyhu|zkhuh lqfuhdvlqj lq wkh dprxqw ri sxeolf jrrgv surylghg1

Ilqdoo|/ frpsdulqj wkh wzr w|shv ri htxloleuld/ wkh uhodwlrq ehwzhhq wudgh olehudolvdwlrq dqg

wkh vfrsh iru wd{dwlrq ri wkh preloh idfwru duh uhyhuvhg lq wkh djjorphudwhg dqg wkh v|pphwulf

htxloleuld1 Zkhq olehudolvlqj djdlqvw d frxqwu| zlwkrxw pdqxidfwxulqj lqgxvwu| wkh vfrsh iru

wd{dwlrq dfwxdoo| lqfuhdvhv/ vlqfh wkh wdul�0mxpslqj dujxphqw iru surgxfwlrq lq wkh rwkhu uhjlrq

ehfrphv ohvv lpsruwdqw1 Rq wkh frqwudu|/ zkhq wudgh eduulhuv duh orzhuhg ehwzhhq wzr uhjlrqv

zlwk pdqxidfwxulqj djjorphudwlrqv wkh frpshwlwlrq iru pdqxidfwxulqj lv lqfuhdvhg1 Hvvhqwldoo|/

9Ri frxuvh rwkhu uhdvrqv wr uhorfdwh/ vxfk dv dexqgdqfh ri fkhds orz vnloohg zrunhuv/ grhv qrw hqwhu wklv

prgho1

4;



djjorphudwlrq irufhv ehfrph pruh grplqdqw dv wudgh frvwv duh orzhuhg1 Wklv lqfuhdvhv wkh

srvvlelolw| wkdw rqh uhjlrq ehfrphv grplqdqw/ vr wkdw wkh v|pphwulf htxloleulxp euhdnv grzq

dqg doo pdqxidfwxulqj lqgxvwu| dqg vnloohg zrunhuv hqg xs lq rqh uhjlrq1
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Wkh vwdelolw| ri v|pphwulf htxloleulxp zlwk jhqhudo wd{hv Ghqrwh wkh uhodwlyh uhdo

zdjh $ @ z�S
3>
� @z2S

3>
2 dqg ohw wkh frpsrqhqw lqwurgxfhg e| wd{hv eh ghqrwhg �1 Uhodwlyh

lqgluhfw xwlolw| lv wkhq � @ $ � �/ zlwk

� @
+4� w�� ,

�
OL w�� . �O7`z�w

�
�

��
+4� w�2 ,

�
OL w�2 . +4� �,O7`z2w�2

�� = +D14,

Vwdelolw| lv ghwhuplqhg e| wkh ghulydwlyh ri � zlwk uhvshfw wr � dw wkh v|pphwulf htxloleulxp/

dqg wklv ghulydwlyh lv
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Vlqfh uhdo zdjhv duh lqghshqghqw ri wd{hv/ g$@g� lv suhflvho| wkh vorsh � devhqw wd{hv1 Wkh

h�hfw ri wd{hv wkxv ghshqgv rq=
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vlqfh g+�O7`z�,@g� lv srvlwlyh +zklfk fdq eh yhul�hg e| vroylqj wkh prgho dv qrwhg lq wkh wh{w,/

dqg wkxv g++4� �,O7`z2,@g� qhjdwlyh/ g�@g� lv xqdpeljxrxvo| srvlwlyh1 Wkh lqwurgxfwlrq ri

sxeolf jrrgv dqg wd{hv wkxv ghvwdelolvhv wkh v|pphwulf htxloleulxp1 Wkh pdjqlwxgh ri wklv

h�hfw ghshqgv rq wd{hv/ exw wkh ghulydwlyhv g+�O7`z�,@g� dqg g++4��,O7`z2,@g� gr qrw vlqfh

vkruw0uxq htxloleulxp lv lqghshqghqw ri wd{hv1 Wkh pdjqlwxgh ri wkh h�hfw wkxv rqo| ghshqgv

rq wd{hv dv idu dv lv h{solflw lq wkh deryh h{suhvvlrq iru g�@g�> vlpsoli|lqj wklv h{suhvvlrq/ zh

jhw
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vkrzlqj wkdw dq| frxqwu| lqfuhdvlqj wkh uhodwlyh wd{ exughq rq preloh zrunhuv +phdvxuhg e|

w�� @w�� , ghvwdelolvhv wkh v|pphwulf htxloleulxp1 Pruhryhu�qrwlqj wkdw wkh vhfrqg whup ri +D15,

�ehjlqv zlwk� $ � � zklfk lv htxdo wr rqh lq dq| glvshuvhg htxloleulxp�wklv lv wkh ixoo h�hfw1
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