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ABSTRACT

Flexible Integration as an Efficient Decision-Making Rule*

In this Paper we combine a non-cooperative decision-making game in a
federal structure with two levels of interest and an incomplete contract which
sets the rules of the game. The question we pose is how to combine ex ante
efficiency of the design with ex post efficiency of the outcomes in the decision-
making game. The Paper shows that in common policies there are no designs
that lead to both types of efficiency but flexible integration is a way to achieve
both.
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NON-TECHNICAL SUMMARY

The legislative process in the European Union, as defined in the Union Treaty,
is an incomplete contract between 15 national governments. The design of the
contract covers the set of policy issues where it applies and the decision-
making rules, i.e. the division of powers among actors involved in the process
and the rules, how decisions can be made and the possible degree of
flexibility. Moreover, the Treaty gives competence to a supranational actor,
which represents the upper (integration) level, to make policy proposals.
Member states form a legislature that represents the local (national) level and
either accepts or rejects the proposals made by the supranational player. In
this Paper we build a stylised model of EU type of integration. Our attempt is
to draw some general conclusions on how the decision-making rules should
be designed in this context.

Since the Union Treaty is an incomplete contract and as it gives full agenda-
setting power on integration to the supranational actor it leaves room for
abuse of power and potentially leads to an inefficient level of integration from
member countries’ points of view. Basically, inefficiencies are due to the fact
that the Treaty is designed behind a veil of ignorance while proposals are
made after the state of nature is observed. The design of the Treaty tries to
take into account the consequences of all relevant states of nature.

In this Paper we develop a non-cooperative game model for EU the type of
decision-making where national and supranational interests are involved and
combine it with the design of an incomplete contract, which sets the rules for a
decision-making game. In the legislation sub-game the agenda-setter can be
interpreted like a seller and the legislature like a buyer who, however, accepts
offers if a required majority is reached. We assume that in the first period
those who design the Treaty (median voters in participating countries) are
able to set a majority rule, or a degree of flexibility (i.e. how much member
states can deviate from an outcome). Member states are supposed to be ex
ante similar: their ideal outcomes have uniform distribution on one-
dimensional policy space. We may interpret the policy space in terms of
deepness of integration. We also assume that there is a positive probability of
no gains from integration, hence member states prefer disintegration instead.

At the design stage, information concerning the future states of nature is
incomplete. Participating countries do not sign the Treaty if there are no
expected gains from it. The state of nature under which the legislation game is
played is observed by the agenda-setter and member states after the treaty
has been signed. We thus assume that at legislation level there is perfect
information.



We then analyse the design of an efficient incomplete contract under above-
mentioned mechanisms. We make a distinction between two types of
efficiency: ex ante efficiency (when the Treaty is signed) and ex post efficiency
after the acceptance or rejection of a proposal is realised.

If information is perfect at the legislation level there is a clear trade-off
between ex ante and ex post efficiency when only common policies are used.
There is an upper limit for majority rules that can lead to ex ante optimality
whereas only unanimity rule leads to ex post efficiency. To minimise ex post
inefficiency the upper limit of ex ante optimal decision-making rules should be
chosen. If ex ante efficiency is not required but only ex post efficiency then
unanimity rule is efficient but yields only a very small change compared to
status quo.

When decision-makers are able to choose between zero integration and a
proposal both ex ante optimality and ex post efficiency can be reached. Then
the majority rule should be chosen from the interval (1/2, 3/4]. Under this
flexible arrangement it is also possible that the agenda-setter starts using
super-majorities when choosing its proposals. This, in fact, redistributes power
from the agenda-setter and majority members for those who would be in
minority. Yet, flexible integration is both ex ante and ex post efficient.

In summary, the Paper shows that if similar member states of a federal
structure want to design the decision-making rules that yield ex ante and
short-term ex post efficient outcomes they have to use flexibility in the design.
In practise this means that there must be a minority insurance which
guarantees at least the same outcome that would have occurred in status quo
for those who do not gain from a common policy. In common policies ex post
efficiency can be achieved only in the long run unless unanimity rule is used.
Unanimity requirement is, however, ex ante inefficient, hence also dominated
ex post by lower majority requirements in the long run.



41 Lqwurgxfwlrq

Wkh ohjlvodwlyh surfhvv lq wkh Hxurshdq Xqlrq lv gh�qhg lq wkh Xqlrq Wuhdw|
zklfk lv dq lqfrpsohwh frqwudfw vljqhg e| 48 qdwlrqdo jryhuqphqwv1 Wkh ghvljq
ri wkh frqwudfw fryhuv wkh vhw ri srolf| lvvxhv zkhuh lw dssolhv dqg wkh ghflvlrq0
pdnlqj uxohv/ l1h1 wkh glylvlrq ri srzhuv dprqj dfwruv lqyroyhg lq wkh surfhvv dqg
wkh uxohv/ krz ghflvlrqv fdq eh pdgh1 Pruhryhu/ wkh Wuhdw| hvwdeolvkhv d ihghudo
vwuxfwxuh zlwk dq h{hfxwlyh/ zkr uhsuhvhqwv wkh xsshu +lqwhjudwlrq, ohyho dqg d
ohjlvodwxuh zklfk uhsuhvhqwv wkh orfdo +qdwlrqdo, ohyho1 Vlqfh wkh Xqlrq Wuhdw| lv
dq lqfrpsohwh frqwudfw dqg dv lw jlyhv ixoo djhqgd0vhwwlqj srzhu rq lqwhjudwlrq wr
wkh h{hfxwlyh lw ohdyhv urrp iru dexvh ri srzhu dqg srwhqwldoo| ohdgv wr lqh!flhqw
rxwfrphv iurp phpehu frxqwulhv* srlqw ri ylhz1 Lq wklv sdshu/ zh ghdo zlwk
rswlpdo ghvljq ri vxfk frqwudfw1

Rqh ixqgdphqwdo hohphqw ri Hxurshdq lqwhjudwlrq lv wkdw xqdqlplw| ri qd0
wlrqdo jryhuqphqwv lv uhtxluhg iru jlylqj wkh frpshwhqfh wr wkh h{hfxwlyh1 Lgh0
doo|/ rqh pd| wkhq wklqn wkdw wkh djhqgd0vhwwhu frxog eh vhhq dv d ehqhyrohqw
lqwhuphgldwru ehwzhhq sduwlflsdwlqj phpehu vwdwhv1 Wkh Wuhdw| pdnhv/ krzhyhu/
srvvleoh wr wkh djhqgd0vhwwhu wr uhsuhvhqw vxsud0qdwlrqdo ylhzv dv dq lqghshqghqw
vhoi0lqwhuhvwhg sod|hu zlwk khu rzq ylhzv qrw qhfhvvdulo| htxdo wr dq| phpehu
vwdwh*v ylhz ru dq dyhudjh ri wkhp1 Wklv pd| vwuhqjwkhq wkh glvwlqfwlrq ehwzhhq
orfdo dqg fhqwudo ohyho hyhq zkhq wkh djhqgd0vhwwhu lv ehqhyrohqw ehfdxvh e| wu|lqj
wr wdnh lqwr dffrxqw doo phpehu vwdwhv dw wkh vdph wlph dq| sduwlfxodu orfdo lqwhu0
hvwv fdqqrw eh ixoo| uhvshfwhg1 Wklv/ lq idfw/ pd| olplw lqwhjudwlrq lq lvvxhv zkhuh
suhihuhqfhv duh vxssrvhg wr ydu|1 Rq wkh rwkhu kdqg/ dv dq lqfrpsohwh frqwudfw
wkh Wuhdw| frqvlvwv ri xqiruhvhhq vwdwhv ri qdwxuh lq wkh lvvxhv wkdw duh lqfoxghg1
Wkhuhiruh frxqwulhv pd| jdlq iurp lqwhjudwlrq xqghu rqh vwdwh ri qdwxuh zkloh wkh
uhyhuvh pd| krog iru dqrwkhu vwdwh ri qdwxuh1 Wr sduwlflsdwh wr d frqwudfw olnh wklv
d vlqjoh frxqwu| pxvw h{shfw wr jdlq iurp lqwhjudwlrq rq dyhudjh1 Wklv lv olnho|
wr lqfuhdvh lqwhjudwlrq vlqfh srwhqwldo orvvhv lq rqh lvvxh pd| eh fryhuhg e| jdlqv
iurp rwkhu lvvxhv ru lq rqh lvvxh orvvhv xqghu fhuwdlq flufxpvwdqfhv duh fryhuhg
e| jdlqv xqghu rwkhu flufxpvwdqfhv1

Wkurxjk wkhuh duh h{dpsohv ri gl�huhqw ohyhov ri lqwhjudwlrq lq gl�huhqw HX
frxqwulhv vwloo wkh exon ri wkh Xqlrq Wuhdw| lv frpprq iru doo phpehu vwdwhv
zlwkrxw h{fhswlrqv11 Dq dowhuqdwlyh zd| wr rujdql}h lqwhjudwlrq zrxog eh d ohvv
uhvwulfwlyh lqvwlwxwlrqdo ghvljq olnh ixqfwlrqdo ihghudolvp14 Dw wkh h{wuhph wklv

4Iru d glvfxvvlrq rq ryhuodsslqj srolwlfdo mxulvglfwlrqv/ vhh Fdvhood dqg Iuh| +4<<5, ru Hlfkhq0
ehujhu ) Iuh| +4<<;,1 Hxurshdq lqwhjudwlrq dv d pl{wxuh ri d frpprq edvh dqg rshq sduwqhu0



zrxog ohdg wr lvvxh0e|0lvvxh edujdlqlqj dprqj phpehu vwdwhv dqg wr h{foxvlrq ri
frxqwulhv wkdw gr qrw kdyh jdlqv iurp lqwhjudwlrq lq uhvshfwlyh lvvxhv15

Lq wklv sdshu/ zh ghyhors d vlpsoh qrq0frrshudwlyh djhqgd0vhwwlqj prgho iru
ghflvlrq0pdnlqj zkhuh wzr ohyhov ri lqwhuhvwv duh uhsuhvhqwhg dqg frpelqh wklv
zlwk wkh ghvljq ri dq lqfrpsohwh frqwudfw zklfk vhwv uxohv iru wkh edujdlqlqj1 Zh
dvvxph wkdw lq wkh �uvw shulrg/ wkh lqfrpsohwh frqwudfw ri ohjlvodwlyh edujdlqlqj
lv vljqhg1 Zh vxssrvh wkdw wklv lv ghflghg xqdqlprxvo| e| wkh orfdo jryhuqphqwv
wkdw duh kroglqj r!fh dw shulrg rqh1 Orfdo jryhuqphqwv duh dvvxphg wr eh wlhg wr
orfdo yrwhuv lq wkhlu lqwhjudwlrq ghflvlrq1 Wklv lv wdnhq lqwr dffrxqw e| dvvxplqj
wkdw dw wkh orfdo ohyho wkh sduwlflsdwlrq frqvwudlqw ri wkh phgldq yrwhuv pxvw eh
vdwlv�hg1 Li lw lv qrw wkh frxqwu| zloo qrw vljq wkh Wuhdw|16

Wkh �uvw shulrg ri wkh jdph uhodwhv wklv sdshu wr ghvljq ri lqvwlwxwlrqv olwhud0
wxuh vlqfh wkh phgldq yrwhuv dw wkh orfdo ohyho dfw olnh sulqflsdov zkr ghvljq wkh
ghflvlrq0pdnlqj lqvwlwxwlrqv dqg hvwdeolvk d qhz vxe0sulqflsdo/ qdpho| wkh vxsud0
qdwlrqdo h{hfxwlyh1 Wkhq/ zlwk wkh frpshwhqfh jlyhq e| wkh lqfrpsohwh frqwudfw
wkh djhqgd0vhwwhu lv deoh wr sursrvh frpsohwh frqwudfwv/ ghshqglqj rq wr wkh vwdwh
ri wkh qdwxuh/ wr orfdo jryhuqphqwv1 Wkh| duh wkh djhqwv ri wkh jdph dqg irup
wkh ohjlvodwxuh pdnlqj ghflvlrqv zkhwkhu wr dffhsw wkh djhqgd0vhwwhu*v sursrvdov1
Wkhq wkh pdlq txhvwlrq zh srvh lv krz wr ghvljq wkh uxohv iru wkh ohjlvodwlrq jdph
lq d zd| wkh rxwfrphv duh h{ dqwh dqg h{ srvw h!flhqw1 Zh dovr glvfxvv krz d
pruh  h{leoh v|vwhp zkhuh sod|huv wkdw idoo lqwr d plqrulw| duh lqvxuhg djdlqvw
wkh orvvhv iurp lqwhjudwlrq dqg krz wklv d�hfwv wr rxwfrphv* h!flhqf|1

Uhfhqwo| wkh srolwlfdo hfrqrp| olwhudwxuh rq srolf|0pdnlqj lq +ihghudo, frqvwl0
wxwlrqv kdv h{sdqghg udslgo|1 Zlwk wklv uhvshfw wklv sdshu kdv vrph vlplodulwlhv
zlwk Shuvvrq/ Urodqg ) Wdehoolql +4<<:, zkhuh vhsdudwlrq ri srzhuv dqg df0
frxqwdelolw| lq sxuho| suhvlghqwldo dqg sduoldphqwdu| frqvwlwxwlrqv dqg wkh uroh
ri djhqgd0vhwwlqj dqg lqirupdwlrq dv vrxufhv ri srzhu duh dqdo|vhg1 Wkh ghflvlrq0
pdnlqj vwuxfwxuh ri wkh prgho lq wklv sdshu lv/ lq idfw/ lv vlplodu wr sduoldphqwdu|
v|vwhp lq wkhlu sdshu lq wkh vhqvh wkdw wkh djhqgd0vhwwhu lv rqo| lqgluhfwo| dffrxqw0

vklsv 0  h{leoh lqwhjudwlrq 0 lv dqdo|vhg lq Ghzdwulsrqw hw do1 +4<<8,1
5Zlwk uhvshfw wr Hxurshdq lqwhjudwlrq d whup Hxursh d od fduwh lv riwhq xvhg1
6Qrwh wkdw lq Dxvwuld/ Ilqodqg dqg Vzhghq wkhuh zdv dq dgylvru| uhihuhqgxp ehiruh wkh|

mrlqhg wkh Hxurshdq Xqlrq lq 4<<81 Lq wkh XN uhihuhqgxp zdv khog diwhu khu phpehuvkls1 Lq
Ghqpdun uhihuhqgxp zdv khog ehiruh vkh mrlqhg wkh HX lq 4<:6 exw dovr lq 4<<5 ehfdxvh ri wkh
Pddvwulfkw Wuhdw| dqg lq 4<<; gxh wr Dpwhugdp Wuhdw|1 Wkh ruljlqdo yhuvlrq ri wkh Pddvwulfkw
Wuhdw| zdv uhmhfwhg lq Ghqpdun exw dffhswhg odwhu lq wkh vhfrqg uhihuhqgxp1 Lq Iudqfh dqg
Luhodqg wkh Pddvwulfkw Wuhdw| jrw pdmrulw|*v vxssruw lq uhihuhqgxpv lq 4<<51 Lq Qruzd| HX
phpehuvkls kdv ehhq uhmhfwhg wzlfh e| uhihuhqgxp lq 4<:5 dqg 4<<7 uhvshfwlyho|1
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deoh iru phgldq yrwhuv dw wkh orfdo ohyho exw wkh ohjlvodwxuh lv gluhfwo| dffrxqwdeoh
yld wkh sduwlflsdwlrq frqvwudlqwv ri orfdo phgldq yrwhuv17 Dffrxqwdelolw| lv/ krz0
hyhu/ rqo| ri h{ dqwh qdwxuh1 Dq rxwfrph pd| eh h{ srvw lqh!flhqw exw zh gr
qrw dqdo|vh wkh frqvhtxhqfhv ri wkdw1 Wkh ohjlvodwlrq jdph lq rxu prgho wkxv kdv
ghprfudf| gh�flw dqg wkh edvlf txhvwlrq ri wkh sdshu lv wr lqyhvwljdwh zkhwkhu wkh
ghvljqhuv ri wkh Wuhdw| duh deoh wr jhw ulg ri lwv srwhqwldoo| qhjdwlyh frqvhtxhqfhv
dqg vwloo pdlqwdlq h{ dqwh h!flhqw uxohv1

Wkh h{lvwlqj olwhudwxuh rq wkh vlplodu lqvwlwxwlrqv/ olnh wkh HX ghflvlrq0pdnlqj/
fdq eh glylghg lqwr wzr fdwhjrulhv1 Iluvw/ wkhuh lv d olwhudwxuh rq yrwlqj srzhu
zlwklq Hxurshdq lqvwlwxwlrqv dqg wkh glvwulexwlrq ri srzhu dprqj wkh wkuhh pdlq
ohjlvodwlyh erglhv lq wkh HX/ qdpho| wkh Frpplvvlrq/ wkh Frxqflo ri Plqlvwhuv dqg
wkh Hxurshdq Sduoldphqw1 Edvlfdoo|/ wklv olwhudwxuh gudzv rq Vkdsoh| ydoxh dqg lwv
yduldwlrqv dssolhg lq vlpsoh frrshudwlyh yrwlqj jdphv1 Rqh ri wkh nh| txhvwlrqv lq
wklv olwhudwxuh lv wr dqdo|vh krz wkh fxuuhqw ghvljq ri HX lqvwlwxwlrqv glvwulexwhv
srzhu dprqj phpehu vwdwhv ri wkh HX dqg dprqj wkh pdlq ohjlvodwlyh erglhv
zlwklq wkh HX +vhh Oduxhooh ) Zlgjuhq 4<<;d dqg uhihuhqfhv wkhuhlq,1 Vwdqgdug
srzhu lqglfhv gr qrw/ krzhyhu/ wdnh lqwr dffrxqw suhihuhqfhv/ vwudwhjlf djhqgd0
vhwwlqj qru lqwhu0lqvwlwxwlrqdo uhodwlrqv18 Wkh xvxdo �qglqj ri wklv olwhudwxuh lv
wkdw wkh orfdo ohyho +Frxqflo ri Plqlvwhuv, lv pruh srzhuixo lq wkh HX wkdq wkh
djhqgd0vhwwhu +Frpplvvlrq,1 Lq wkh frqwh{w ri vwdqgdug srzhu lqglfhv djhqgd0
vhwwlqj srzhu fdq eh wdnhq lqwr dffrxqw rqo| dv dq h{shfwdwlrq ohdylqj vwudwhjlf
dvshfwv ri djhqgd0vhwwlqj dvlgh1 H{shfwhg djhqgd0vhwwlqj kdv ehhq lqfrusrudwhg
lqwr d yrwlqj srzhu prgho lq Oduxhooh ) Zlgjuhq +4<<;e, zkhuh HX ghflvlrq
pdnlqj surfhgxuhv duh prghoohg dv suredelolvwlf yrwlqj prghov dqg zkhuh djhqgd0
vhwwlqj lv dgghg wr wkh prgho e| dvvxplqj wkdw wkh Frpplvvlrq fdq dorqh irup d
zlqqlqj frdolwlrq zkhq lw grhv qrw pdnh d sursrvdo1 Wklv pdnhv wkh Frpplvvlrq
wkh prvw srzhuixo erg| lq wkh HX1 Vwhxqhqehuj +4<<:, dggv vwudwhjlf dvshfwv ri
djhqgd0vhwwlqj lqwr srzhu dqdo|vlv e| gh�qlqj srzhu dv wkh gl�huhqfh wkdw d sod|hu
pdnhv wr dq htxloleulxp rxwfrph frpsduhg wr wkh rxwfrph lq wkh fdvh zkhuh wkh
sod|hu zrxog eh d gxpp|0sod|hu1 Dovr kh �qgv wkdw wkh djhqgd0vhwwhu lv wkh prvw

7Qrwh wkdw e| dvvxplqj wkdw xqdqlplw| ri phgldq yrwhuv gluhfwo| ghvljqv wkh Wuhdw| zh
glvuhjdug wkh srwhqwldo frooxvlrq ehwzhhq qdwlrqdo ohjlvodwxuh dqg h{hfxwlyh1 Lq sudfwlvh qdwlrqdo
jryhuqphqwv djuhh dqg vljq wkh lqwhjudwlrq wuhdw|1 Zh lpsolflwo| dvvxph wkdw yrwhuv revhuyh
wkh gudiw wuhdw| ehiruh lw lv vljqhg dqg wkdw wkh| duh deoh wr suhyhqw wkh vljqdwxuh iru h{dpsoh
lq uhihuhqgxp1

8Wr vrph h{whqw wkhvh txhvwlrqv duh wdfnohg lq Oduxhooh ) Zlgjuhq +4<<;e,/ Zlgjuhq +4<<8,
dqg Nlupdq ) Zlgjuhq +4<<8,1 Iru d fulwlfdo ylhz dqg glvfxvvlrq/ vhh Jduuwhww ) Wvheholv
+4<<<d/ 4<<<e,/ Kroohu ) Zlgjuìq +4<<<, dqg Ehuj ) Odqh +4<<<,1
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srzhuixo sod|hu xqohvv xqdqlplw| uxoh lv dssolhg1 Wklv sdshu kdv vlplodulwlhv zlwk
srzhu lqgh{ olwhudwxuh vlqfh wkh Wuhdw| lv prghoohg dv dq lqfrpsohwh frqwudfw/
zklfk lv lpsolflwo| d sduw ri hyhu| yrwlqj srzhu prgho1

Vhfrqg/ wkhuh lv d olwhudwxuh vsdwldo yrwlqj jdphv zklfk uholhv rq sod|huv suhi0
huhqfhv dqg dqdo|vhv wkh vhwv ri ihdvleoh srolflhv xqghu gl�huhqw dvvxpswlrqv rq
sod|huv suhihuhqfhv1 Lq whupv ri djhqgd0vhwwlqj vsdwldo prghov dqdo|vh wkh frq0
vwudlqwv iru pdnlqj sursrvdov xqghu ydulrxv suhihuhqfh vwuxfwxuhv19 Srzhu lq vsd0
wldo prghov lv gh�qhg dv wkh glvwdqfh ehwzhhq wkh htxloleulxp dqg dq dfwruv*v
suhihuuhg srlqw1 Wkh vpdoohu wkh glvwdqfh wkh pruh dq dfwru h{huwv srzhu1:Wkh
wzr pdlq gl�huhqfhv ehwzhhq vsdwldo yrwlqj jdphv dqg yrwlqj srzhu prghov lv
wkdw suhihuhqfhv duh �{hg lq wkh iruphu zkhuhdv wkh| duh qrw lq wkh odwwhu dqg
wkdw djhqgd0vhwwlqj lv vwudwhjlf lq wkh iruphu zkhuhdv lw lv qrw lq wkh odwwhu1;Lq
wklv sdshu/ wkh pxowl0djhqw yhuvlrq ri wkh prgho lv uhodwhg wr vsdwldo yrwlqj jdphv
lq d vhqvh wkdw rqo| frqqhfwhg frdolwlrqv duh iruphg zlwklq wkh ohjlvodwxuh lq hdfk
lvvxh1 Wkh pdlq gl�huhqfh ehwzhhq vsdwldo yrwlqj jdphv dqg wklv sdshu lv wkdw
wkh iruphu lqyhvwljdwhv ghflvlrq0pdnlqj pruh dv d frpsohwh frqwudfw zkhuhdv lq
wklv sdshu wkh Wuhdw| rq lqwhjudwlrq lv vhhq dv dq lqfrpsohwh frqwudfw1 Wkh vdph
skhqrphqrq fkdudfwhul}hv wkh gl�huhqfhv ehwzhhq vsdwldo yrwlqj jdphv dqg yrw0
lqj srzhu olwhudwxuh lq wkh vhqvh wkdw wkh odwwhu lv olnh dq h{ srvw dqdo|vlv ri dq
lvvxh ru vhw ri lvvxhv dqg wkh iruphu lv dq d sulrul hydoxdwlrq ri odujh vhw ri lvvxhv
wkdw duh qrw nqrzq h{dfwo|1 Lq wklv sdshu rxu dlp lv wr lqwhjudwh wkh wzr lqwr rqh
prgho/ zklfk vkhgv oljkw wr wkh uhodwlrqvkls ri wkhvh wzr yhu| vhsdudwh olwhudwxuhv
vr idu1

Wkh pdlq sxusrvh ri wklv sdshu lv wr dqdo|vh wkh uhodwlrqvkls ehwzhhq fhqwudo
dqg orfdo sod|huv zkhq wkh iruphu kdv wkh uljkw wr sursrvh dqg wkh odwwhu kdv
wkh uljkw wr ghflgh1 Lq dgglwlrq/ d pruh ixqgdphqwdo txhvwlrq zh srvh lv krz
wkh glylvlrq ri srzhuv dprqj wkh wzr ohyhov frqwulexwhv wr wkh h{shfwhg ohyho ri
lqwhjudwlrq dqg lwv uhodwlrq wr rswlpdo ohyho ri h{shfwhg lqwhjudwlrq1< Lq wklv sdshu
zh gr qrw dqdo|vh wkh fdvhv zkhuh jurxsv ri frxqwulhv iru ryhu0odsslqj lqvwlwxwlrqv
ri lqwhjudwlrq dowkrxjk lw lv fhuwdlqo| dq lpsruwdqw wkhph1

9Iru dssolfdwlrqv wr wkh HX/ vhh Jduuhww +4<<5,/ Jurpeh} +4<<8/ 4<<:,/ Wvheholv +4<<9,1
:Qrwh wkdw wklv gh�qlwlrq ri srzhu grhv qrw glvwlqjxlvk ehwzhhq srzhu dqg oxfn +Eduu| 4<;3,1

Dq htxloleulxp pd| fruuhvsrqg zlwk rqh*v suhihuhqfhv gxh wr khu srzhu ru oxfn1
;Iru d glvfxvvlrq ri dssolfdelolw| ri srzhu lqgh{ prghov dqg vsdwldo prghov wr HX ghflvlrq

pdnlqj vhh Jduuhww ) Wvheholv +4<<:/ 4<<<d, dqg Kroohu ) Zlgjuhq +4<<<,1
<Qrwh wkdw wkh sxusrvh ri wklv sdshu lv qrw wr dqdo|vh HX surfhgxuhv shu vh1 Wkhuhiruh/ zh

olplw wkh dqdo|vlv wr wkh fruh srlqw wkdw lv uhshdwhg lq doo HX surfhgxuhv/ qdpho| wkh idfw wkdw
wkh dffhswdqfh ri d txdol�hg pdmrulw| dprqj phpehu vwdwhv lv uhtxluhg1

7



Wkh suhihuuhg srlqwv +lghdo srolflhv, ri wkh fhqwudo dqg orfdo ohyho duh phdvxuhg
lq rqh0glphqvlrqdo phwulf vsdfh dqg wkh vwdwxv txr srlqw lv qrupdol}hg wr }hur1
Iurp wkh djhqgd0vhwwhu*v srlqw ri ylhz wkh jrdo lv wr pdnh d sursrvdo lv wr fkrrvh
wkh forvhvw srlqw wr lwv lghdo srlqw zlwklq wkh vhw ri ihdvleoh srolflhv dqg vwdwxv txr1
Zlwk wklv uhvshfw wkh sdshu lv uhodwhg wr vsdwldo yrwlqj jdphv olwhudwxuh zkhuh/
iru h{dpsoh/ HX phpehu vwdwhv* suhihuhqfhv sod| d vljql�fdqw uroh lq uhvwulfwlqj
wkh vhw ri ihdvleoh rxwfrphv ri wkh jdph1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 jlyhv wkh qrwdwlrq/ edvlf
gh�qlwlrqv ri wkh jdph dqg ghvfulehv wkh prgho1 Vhfwlrq 6 ghulyhv wkh uhvxowv dqg
vhfwlrq 7 frqfoxghv dqg glvfxvvhv lghdv iru ixwxuh uhvhdufk1

51 Wkh Prgho

5141 Wkh Jdph

Ohw xv gh�qh wkh vhw ri srvvleoh sursrvdov +dqg dovr ghflvlrqv, dv d rqh0glphqvlrqdo
phwulf vsdfh U ' Ekc q� zkhuh k lv vx!flhqwo| vpdoo dqg q lv vx!flhqwo| odujh1
Wkh sod|hu vhw frqvlvwv ri wkh djhqgd0vhwwhu/ wkh jryhuqphqwv dqg wkh phgldq
yrwhuv dw wkh orfdo ohyho1 Vxssrvh wkdw wkh orfdo ohyho frqvlvwv ri ? djhqwv +jry0
huqphqwv, ghqrwhg e| wkh vhw K ' i�c 2c ���?j zlwk wkh vhw ri suhihuuhg srlqwv
\Kco ' ib�oc b2oc ���b?oj lq lvvxh o zlwk d jlyhq vwdwh ri qdwxuh uhvshfwlyho|1 Wuhdw|
ghvljqhuv gr qrw revhuyh wkh vwdwh ri qdwxuh1 Wkhuhiruh zh glvwlqjxlvk ehwzhhq
jryhuqphqwv wkdw pdnh ohjlvodwlyh ghflvlrqv dqg jryhuqphqwv wkdw ghvljq wkh
Wuhdw|1 Ohw xv ghqrwh wkh odwwhu vhw e| [ ' i��c 2�c ���?�j zlwk h{shfwhg suh0
ihuuhg srolf| srvlwlrqv .\Kco ' i.b�oc .b2oc ���.b?oj G' i��oc ���c �?oj uhvshf0
wlyho|1 Wkhq zh kdyh d 2? n � sod|hu jdph J zlwk d sod|hu vhw � ' i[cPcKjc
zkhuh P/ wkh djhqgd0vhwwhu/ fdq eh ghvfulehg dv d vhoohu ri lqwhjudwlrq/ \/ wkh
ohjlvodwxuh/ dv d ex|hu dqg [cwkh phgldq yrwhuv/ dv d vhw ri ghvljqhuv ri wkh lq0
frpsohwh frqwudfw +uxohv ri wkh jdph,1 Lq hdfk lvvxh dqg diwhu revhuylqj wkh vwdwh
ri qdwxuh wkh djhqgd vhwwhu pdnhv d sursrvdo �ocw�

Wkh vhw ri sod|huv* lghdo srlqwv lv gh�qhg dv{ ' i��oc ���c �?oc joc b�oc b2oc ���b?oj�
Zulwh locw 5 U iru d ghflvlrq pdgh lq lvvxh o 5 - xqghu vwdwh ri qdwxuh w 5 X�
Wkh rxwfrph l � U iru wkh vhw ri ghflvlrqv lq doo lvvxhv lq - xqghu dq| vwdwh ri
qdwxuh lq X1 Sd|0r�v iru wkh sod|huv duh gh�qhg rq wkh edvlv ri glvwdqfhv ehwzhhq
lghdo srlqwv dqg wkh rxwfrph1 Khqfh

�o ' E�. m��o � lom c ���c�. m�?o �lom (�m6
?
Ejo �lo� m(
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Iljxuh 514= Wkh Jdph Wuhh

�mb�o � lomc�mb2o � lomc ���c�mb?o �lom�c

zkhuh 6 lv wkh qxpehu ri frxqwulhv wkdw dgrsw wkh rxwfrph dqg j 5 Unc b 5
Uc � 5 U�43 Lq whupv ri edujdlqlqj/ zh fdq lqwhusuhw mbocw �locwm dv d wudqvihu iurp
orfdo sod|hu wr d sulqflsdo zkr idfhv d frvw mjocw �locwm ri surylglqj lqwhjudwlrq lq
lvvxh o xqghu w1 Ohw .lo ' � Ew� lo zkhuh � Ew� lv d sulrul suredelolw| glvwulexwlrq
iru vwdwhv ri qdwxuh1 Zh dvvxph wkdw frxqwulhv duh d sulrul vlplodu dqg wkhlu lghdo
srvlwlrqv duh xqlirupo| glvwulexwhg/ khqfh b� � L Ekc q� ;� 5 K dqg �� '

knq
2
�

Iurp wkh phgldq yrwhuv* srlqw ri ylhz wkhlu h{shfwhg frvw ri lqwhjudwlrq lv wkhq
. m��o �lom � Lq wkh fdvh zkhuh d sursrvdo odsvhv/ zh vlpso| kdyh lo ' f/ zklfk lv
dovr wkh vwdwxv txr srlqw1 Lq vxp/ zh dvvxph wkdw phgldq yrwhuv gr qrw hydoxdwh
lqwhjudwlrq rq lvvxh0e|0lvvxh edvlv dqg wkhlu sduwlflsdwlrq lv edvhg rq h{shfwhg
rxwfrphv1 Iljxuh 4 vkrzv wkh jdph wuhh ri wkh deryh ghvfulehg surfhvv1

43Iru h{dpsoh lq wkh HX/ wkh orfdo djhqw frqvlvwv ri 48 jryhuqphqwv1 Wkdw lv zk| � vkrxog eh
lqwhusuhwhg khuh dv d suhihuuhg srlqw ri d vlpsoh pdmrulw| dprqj wkh orfdo uhsuhvhqwdwlyhv1 Lq
wkh qh{w vhfwlrq/ zh h{whqg wkh prgho wr pxowl0djhqw fdvh1 Wkh uxohv ri wkh jdph duh ghvljqhg
xqdqlprxvo|1 Wkhuhiruh/ # lv olnh dq h{shfwdwlrq1 Li # ? 3 wkh phgldq yrwhu grhv qrw kdyh
h{shfwhg jdlqv iurp lqwhjudwlrq dqg khqfh grhv qrw sduwlflsdwh +vhh vhfwlrq 516 ehorz,1
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5151 Frqvwudlqwv dw Ohjlvodwlrq Vwdjh

Wkh ohjlvodwxuh irupv lwv rslqlrq lq hdfk lvvxh diwhu revhuylqj wkh vwdwh ri qdwxuh
dqg wkh sduwlflsdwlrq phdqv phuho| wkdw d sursrvdo rq wkdw lvvxh lv dffhswhg1 Wkh
djhqgd vhwwhu lv vxssrvhg wr sduwlflsdwh e| pdnlqj sursrvdov exw vkh grhv qrw
sduwlflsdwh li wkh uxohv pd| ohdg wr glvlqwhjudwlrq/ khqfh l 	 f1 Khu sduwlflsdwlrq
frqvwudlqw lv

mjo � lom � jo�

Wkh frvwv ri qr0lqwhjudwlrq duh mb�m c mjm dqg . m��om � Pruhryhu/ vxssrvh �o '
f , lo ' f�44 Hdfk sod|hu lv dvvxphg wr eh ulvn qhxwudo dqg kdylqj olqhdu orvv
ixqfwlrq dqg wu|lqj wr plqlpl}h wkh glvwdqfh ehwzhhq lo dqg khu lghdo srlqw1 Ohw ^
eh wkh pdmrulw| uxoh1 Wkhq J?co ' EiPc\c[jc E�o( lo mE�oc ^� ( ^� c E�. m��o � lom c
���c�. m�?o � lom ( �m? Ejo � lo� m( �mb�o � lomc �mb2o � lomc ���c�mb?o � lom�� lv
jdph J zlwk ? orfdo sod|huv lq lvvxh o1

Gh�qlwlrq 41 Ohw �o eh d sursrvdo1 Wkh vhoi0vhohfwlqj vhw ri sod|huv 7 z1u1w1 �o

frqvlvwv ri sod|huv � iru zkrp mb�o � �om 	 mb�om � Ohw xv ghqrwh vxfk vhw e| 7E�o��
Pruh jhqhudoo| d vhoi0vhohfwlqj vhw ri srvlwlrqv � 5 dkc qo frqvlvwv ri srvlwlrqv
� 5 C iru zklfk m��o � �om 	 m��om � D vhoi0vhohfwlqj vhw ri sod|huv lv ��dffhswlqj
li

S
�M�

>E�� � ^ zkhuh > G K $ dfc �o lv wkh zhljkw ri sod|hu �c
S
�MK

> E�� ' �c dqg

^ 5 Ef�Dc �o lv wkh wuhvkrog uhtxluhg iru dffhswdqfh ri � dqg d vhoi0vhohfwlqj vhw ri
srvlwlrqv lv ��dffhswlqj li U

��
�o
3�

o
�	��

�o
�

_> � ^ Eq � k�1 Ohw xv ghqrwh vxfk vhwv e|

� E�� �

Wkh gh�qlwlrq jlyhv wkh frqglwlrqv wkdw ohdg wr dffhswdqfh ri d sursrvdo= wkh
qxpehu ri orfdo sod|huv zkrvh vhoi0vhohfwlrq frqvwudlqwv duh vdwlv�hg pxvw eh odujh
hqrxjk wr uhdfk wkh uhtxluhg pdmrulw| ru lq wkh fdvh ri srvlwlrqv lw lv uhtxluhg
wkdw d odujh hqrxjk vxe0lqwhuydo ri srvlwlrqv rq dkc qo dffhswv d sursrvdo1 Ohw xv
ghqrwh wkh fodvvhv ri vhoi0vhohfwlqj dqg ��dffhswlqj vhwv e| VE�� dqg DE��� Qrwh
wkdw orfdo sod|huv* lqglylgxdo udwlrqdolw| frqvwudlqwv |lhog wkdw dq| dffhswlqj vhw
ri sod|huv +frdolwlrq, z1u1w1 d jlyhq sursrvdo lv frqqhfwhg/ l1h1 li � 5 � a � n 2 5
� , � n � 5 ��45 dqg d vhw ri srvlwlrqv

44Wklv lv ehfdxvh zh dvvxph wkdw li wkh vhoohu grhv qrw wu| wr vhoo dq|wklqj/ wkh ex|hu fdqqrw
ex| dq|wklqj hlwkhu1 Vhh/ krzhyhu/ vhfwlrq 6 iru pruh glvfxvvlrq1

45Wklv lv wkh xvxdo fulwltxh wkdw lv h{suhvvhg lq vsdwldo yrwlqj jdphv olwhudwxuh wrzdugv srzhu
lqglfhv dssurdfk dv lq wkh odwwhu frdolwlrqv wkdw duh frqvlghuhg duh qrw qhfhvvdulo| frqqhfwhg
+vhh Jduuwhw ) Wvheholv 4<<;/ Wvheholv ) Jduuhww 4<<:,1

:



Wkh iroorzlqj gh�qlwlrq frqfhswxdolvhv plqlpdo zlqqlqj frdolwlrqv zlwk d jlyhq
sursrvdo � zkhq sod|huv* srolf| suhihuhqfhv olh rq xql0glphqvlrqdo vsdfh1

Gh�qlwlrq 51 D ��dffhswlqj vhw
3<

� E��zlwk wkh surshuw|
S

�M
3<

7

>E�� � ^ :
S

�M
3<

7

>E���

>

3
C4�?
�M
3<

7

ib�j
4
D lv orzhu erxqg plqlpdo dffhswlqj dqg d ��dffhswlqj vhw

{3

� E��zlwk

wkh surshuw|
S

�M
{3

7

>E�� � ^ :
S

�M
{3

7

>E��� >

3
C4@ 
��M

{3

7

ib��j
4
D lv xsshu erxqg plqlpdo

dffhswlqj1 Wkh srvlwlrqv
3<

b E�� ' 4�?
�M
3<

7

ib�j dqg
{3

b E�� ' 4@ 
�M
{3

7

ib�j duh orzhu dqg

xsshu erxqg slyrwdo li 7
������$�
3<

b E��
�
5 �

�������$�
3<

b E��
�

dqg 7
#�������
3<

b E��
�
5 �

#�������
3<

b E��
�

uhvshfwlyho|1

Wkh gh�qlwlrq sxwv wrjhwkhu plqlpdo zlqqlqj frdolwlrqv dqg vsdwldo suhihuhqfhv
vlqfh srwhqwldoo| slyrwdo sod|huv duh slyrwdo rqo| li wkhlu rzq lghdo srlqw zrxog
eh dffhswhg e| wkh rwkhu sod|huv ri d frdolwlrq1 Rwkhuzlvh wkh| zrxog qrw kdyh
edujdlqlqj srzhu zlwklq wkh frdolwlrq1 Qrwh wkdw wkhuh h{lvw sursrvdov wkdw pdnh
�0dffhswlqj vhwv dqg khqfh vhwv ri xsshu dqg orzhu erxqg slyrwdo sod|huv hpsw|
exw wkh fodvvhv

3<D dqg
{3D duh qrq0hpsw|/ khqfh wkhuh h{lvwv d sursrvdo/ wkdw lv

dffhswhg e| d plqlpdo zlqqlqj frdolwlrq1 Vlqfh wkh sursrvdo lv dvvxphg wr eh ri
wdnh0lw0ru0ohdyh w|sh wkh djhqgd vhwwhu pd{lplvhv khu sd|0r� e| slfnlqj d plqlpdo
zlqqlqj frdolwlrq zkhuh hlwkhu xsshu ru orzhu erxqg slyrwdo sod|hu fdq eh pdgh
lqgl�huhqw ehwzhhq vwdwxv txr dqg wkh sursrvdo zklfk lv orfdwhg dv forvh dv djhqgd
vhwwhu*v lghdo srlqw dv srvvleoh1

5161 Frqvwudlqwv ri Wuhdw| Ghvljq

Iurp wkh orfdo ohyho*v srlqw ri ylhz wkhuh duh wkuhh hohphqwv wkdw d�hfw wkh h!0
flhqf| ri wkh lqfrpsohwh frqwudfw ri lqwhjudwlrq1 Wkh| duh lqirupdwlrq/ uljkw wr
dphqg d sursrvdo dqg wkh ghflvlrq0pdnlqj uxoh1

Iluvw/ zh dvvxph wkdw wkhuh pxvw eh h{shfwhg jdlqv iurp lqwhjudwlrq1 Ohw
b� � L Ekc q� � Ohw .Z���? dqg .Z��J�| ghqrwh orfdo sod|hu �*v h{shfwhg sd|0r�v
li vkh vljqv dqg grhv qrw vljq wkh Wuhdw|1 Wkhq zh fdq zulwh wkh sduwlflsdwlrq
frqvwudlqw iru wkh phgldq yrwhu lq rqh frxqwu| dv iroorzv

;
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wklv phdqv wkdw zh pxvw kdyh q : mkm vlqfh iurp EU-[� zh kdyh q23k2

2Eq3k�
n

�k�3q
q3k

.lW 	 qnk
2

' .b� , 2E�k�3q�

q23k2
	 f dv .lW : f� Wklv rqo| whoov wkdw wkh

suredelolw| ri h{shfwhg jdlqv iurp lqwhjudwlrq pxvw h{fhhg wkh suredelolw| ri
h{shfwhg orvvhv iurp lqwhjudwlrq1

Gh�qlwlrq 61 Li EU-[� krogv iru doo � 5 K wkhq wkh rxwfrph h{ dqwh grplqdwhv
vwdwxv txr146

Li wklv lv wkh fdvh zh dovr kdyh wkh iroorzlqj h!flhqf| fulwhuld1

Gh�qlwlrq 71 Ohw b� � L Ekc q� dqg q : mkm � Wkh Wuhdw| lv h{ dqwh h!flhqw li
.lW ' q

2
' . Eb�mb� : f� �47

Lq rwkhu zrugv/ h{ dqwh h!flhqf| uhtxluhv wkdw wkh h{shfwhg rxwfrph +sur0
srvdo, htxdov orfdo sod|huv* h{shfwhg suhihuuhg srlqw148

Wkhq iru h{ srvw frqvlghudwlrqv zh kdyh

Gh�qlwlrq 81 Ohw b� � L Ekc q� dqg q : mkm dqg ohw lW 5 dfc qo ghqrwh wkh
htxloleulxp rxwfrph1 Wkh rxwfrph h{ srvw grplqdwhv vwdwxv txr li �o Eb�mlW� '
mb� � lWm � mb�m iru doo � 5 K dqg o 5 - dqg �o Eb�mlW� ' mb� � lWm : mb�m dw ohdvw
iru rqh � 5 K�Wkh Wuhdw| lv h{ srvw h!flhqw li wkhuh duh qr dowhuqdwlyh rxwfrphv
l� 5 U wkdw grplqdwh lW�

Ohw xv dovr gh�qh wkh iroorzlqj dgglwlrqdo h{ srvw grplqdqfh dqg h!flhqf|
uhtxluhphqwv

46Qrwh wkdw H� ghshqgv rq wkh pdmrulw| uxoh1 Odwhu zh ghulyh krz h{ dqwh h!flhqf| dqg
wkh fkrlfh ri wkh pdmrulw| uxoh duh uhodwhg1

47Dfwxdoo| wklv lv dq lpsolfdwlrq ri wkh surshuw| � A m�m1 Wklv fdq eh hdvlo| fkhfnhg e|
plqlpl}lqj LU�=

48Qrwh wkdw doo orfdo sod|huv kdyh wkh vdph h{shfwdwlrq ri wkhlu suhihuuhg srlqwv1 Lq wklv sdshu
zh gr qrw frqvlghu wkh fdvh zkhuh h{shfwdwlrqv pd| ydu| dqg lwv frqvhtxhqfhv1 Wklv lv ohiw iru
ixwxuh zrun1

<



Gh�qlwlrq 91 Wkh rxwfrph h{ srvw pdmrulw| grplqdwhv vwdwxv txr li �o Eb�mlW� '
mb� � lWm � mb�m iru doo � 5 � dqg o 5 - dqg �o Eb�mlW� ' mb� � lWm : mb�m dw ohdvw
iru rqh � 5 �� Wkh Wuhdw| lv h{ srvw pdmrulw| h!flhqw li wkhuh duh qr dowhuqdwlyh
rxwfrphv l� 5 U dqg pdmrulwlhv � � wkdw pdmrulw| grplqdwh lW�

Pdmrulw| grplqdqfh uhtxluhv wkdw wkhuh h{lvwv d pdmrulw| dqg sod|huv lq wkh
pdmrulw| duh dw ohdvw dv zhoo0r� dv lq vwdwxv txr1 Ohw xv dovr gh�qh wkh iroorzlqj
irup ri  h{leoh lqwhjudwlrq

Gh�qlwlrq :1 Ohw xv uhihu wr dq rxwfrph wkdw lv dgrswhg e| doo orfdo sod|huv dv d
frpprq srolf|1 Ohw xv uhihu wr d wuhdw| wkdw uhtxluhv +d, wkdw rqo| d suh0gh�qhg
pdmrulw| ri orfdo sod|huv dgrsw d frpprq srolf| dqg +e, gh�qhv dowhuqdwlyh frp0
prq rxwfrph iru wkrvh zkr grq*w dgrsw wkh frpprq srolf| wr  h{leoh lqwhjudwlrq
wuhdw|1

Qrwh wkdw zh kdyh zulwwhq djhqgd0vhwwhu*v xwlolw| �P ' �m? Ej � l� m� Pruh
jhqhudoo|/ iru  h{leoh lqwhjudwlrq zh kdyh �8

P ' � mE?j �6l��m r�|� l� � f zkhuh
6 lv wkh qxpehu ri sod|huv uhtxluhg iru pdmrulw|1

61 Uhvxowv

Vlqfh lqirupdwlrq lv shuihfw zkhq wkh vwdwh ri qdwxuh lv revhuyhg wkh djhqgd0
vhwwhu lv deoh wr revhuyh wkh suhihuuhg srlqwv ri ghflvlrq0pdnhuv1 Dv wkh sursrvdo
lv ri wdnh lw ru ohdyh lw w|sh wkh sureohp uhgxfhv wr djhqgd0vhwwhu*v pd{lpl}dwlrq
sureohp1 Ohw xv �uvw pdnh wkh iroorzlqj ohppd

Ohppd 41 Ohw
�$
b E�� dqg

#�
b E�� eh wkh srvlwlrqv ri orzhu dqg xsshu erxqg

slyrwdo sod|huv dqg ohw � � f� Wkhq 2
�$
b E�� � #�

b E�� �

Surri1 Li � � f wkhq
�$
b E�� � f dqg

#�
b E�� � f li wkh| h{lvw1 D sod|hu zlwk d

srvlwlrq
�$
b E�� dffhswv doo sursrvdov � 5

k
fc 2

�$
b E��

l
� Li 2

�$
b E�� 	

#�
b E��

wkhq wkh sod|hu zlwk dq lghdo srlqw
�$
b E�� zrxog qrw dffhsw d sursrvdo

� '
#�
b E�� dqg dv ehlqj slyrwdo � '

#�
b E�� zrxog eh uhmhfwhg1 Exw wklv lv

lq frqwudglfwlrq zlwk wkh idfw wkdw
#�
b E�� lv xsshu erxqg slyrwdo srvlwlrq/

zklfk zrxog eh dffhswhg e| d pdmrulw| ri sod|huv zlwk b� � #�
b E�� �
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Lw lv zruwk qrwlqj wkdw orzhu dqg xsshu erxqg slyrwdo sod|huv pxvw erwk dffhsw
d sursrvdo1 Lw lv dovr srvvleoh wkdw wkh odwwhu grhv qrw h{lvw1 Wklv krogv zkhq wkhuh
duh qr plqlpdo zlqqlqj frdolwlrqv zlwk wkh surshuw| jlyhq e| ohppd 4 deryh1 D
pruh vljql�fdqw lpsolfdwlrq ri ohppd 4 lv/ krzhyhu/ wkdw wkh srvlwlrq ri wkh orzhu
erxqg slyrwdo sod|hu ghwhuplqhv wkh htxloleulxp rxwfrph1 Wkhq zh kdyh wkh
iroorzlqj sursrvlwlrq/ zklfk fkdudfwhul}hv wkh htxloleulxp lq wkh ghflvlrq0pdnlqj
jdph1

Sursrvlwlrq 41 Vxssrvh J? zlwk d sod|hu vhw � ' iPcKc[j dqg wkh vhw ri lghdo
srlqwv{ ' i��c ���c �?c jc b�c b2c ���b?j dqg zlwk sd|0r� ixqfwlrq� ' E�. m�� � lm c
��� � . m�? � lm � m? Ej � l� mc�mb� � lmc�mb2 � lmc ���c�mb? � lm�� Wkhq xqghu
frpsohwh lqirupdwlrq dw ohjlvodwlrq ohyho zh kdyh wkh iroorzlqj vxe0jdph shuihfw
Qdvk htxloleulxp
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b lv dffhswhg e| d pdmrulw| dqg lw lv dovr wkh forvhvw dffhswhg sursrvdo

wr j vlqfh
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b ehfdxvh rwkhuzlvh
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b zrxog eh uhmhfwhg ru
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b zrxog

qrw eh wkh xsshvw orzhu erxqg ri slyrwdo srlqwv1 Li
3<

b � f wkhuh h{lvwv qr
� : f r�|� � E�� 9' >�

Qrwh wkdw wkh rswlpdo sursrvdo ghshqgv rq wkh
3<

b E�� ' �?u
�
3<

b&

�
c l1h1 wkh

xsshvw orzhu erxqg ri ��slyrwdo srvlwlrqv1 Iurp wkh Wuhdw| ghvljq shuvshfwlyh

wkh phgldq yrwhuv duh rqo| deoh wr xvh wkh suredelolw| glvwulexwlrq ri
3<

b zkhq
pdnlqj h{ dqwh rswlpdolw| ru h!flhqf| frqvlghudwlrqv1 Wkh Wuhdw| lv dvvxphg
wr eh h{ dqwh h!flhqw gxh wr lqglylgxdo udwlrqdolw| frqvwudlqwv ri phgldq yrwhuv1
Vlqfh lqirupdwlrq lv frpsohwh lw lv hdv| wr vhh wkdw pdmrulw| uxoh h!flhqf| lv
uhdfkhg uhjdugohvv ri wkh fkrvhq pdmrulw| uxoh1 Wkh djhqgd0vhwwhu vlpso| slfnv wkh
pdmrulw| zkhuh wkh xsshvw orzhu erxqg slyrwdo sod|hu lv forvhvw wr khu suhihuhqfhv

ru lq wkh fdvh zkhuh wkh vwdwxv txr srlqw olhv ixuwkhu iurp
3<

b wkdq j wkh djhqgd0
vhwwhu sxwv � ' j�

Iurp vwdwlvwlfv zh nqrz
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zkhuh ? lv wkh qxpehu ri orfdo sod|huv dqg 6 lv wkh qxpehu ri sod|huv uh0
txluhg iru pdmrulw|/ khqfh bE?36� lv wkh xsshvw orzhu erxqg slyrwdo sod|hu1 Qrz
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Lq rwkhu zrugv li wkhuh duh h{shfwhg jdlqv ri lqwhjudwlrq iru doo orfdo sod|huv
erwk h{ dqwh h!flhqf| fdq eh uhdfkhg rq txlwh zlgh udqjh ri pdmrulw| uxohv1
Qrwh/ krzhyhu wkdw lq h{ srvw whupv wkh rxwfrph lv qhlwkhu qhfhvvdulo| h!flhqw
iru sod|huv wkdw ehorqj wr d plqrulw| qru lw grhv grplqdwh vwdwxv txr1 Pruhryhu
li k 	 f wklv ehfrphv pruh olnho|1 Rqo| pdmrulw| uxoh h!flhqf| fdq eh uhdfkhg1
Zh pd| zulwh wkh iroorzlqj1

Uhpdun 41 Lq frpprq srolflhv/ xqdqlplw| uxoh lv wkh rqo| yrwlqj uxoh wkdw |lhogv
h{ srvw h!flhqf| lq J? xqghu shuihfw lqirupdwlrq1 Li k ' f wkh h{shfwhg rxwfrph
lv 2. E4�? ib�j m4�? ib�j � f� : f� Li k 	 f wkh h{shfwhg rxwfrph lv f 	 0 	
2. E4�? ib�j m4�? ib�j � f� zkhuh 0 $
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Lw lv zruwk vwuhvvlqj wkdw xqghu xqdqlplw| uxoh djhqgd0vhwwlqj grhv qrw pdnh
vhqvh dq| pruh dqg wkh jdph frxog eh rujdqlvhg dv dq lvvxh0e|0lvvxh edujdlqlqj1

Zh fdq fdofxodwh wkh suredelolw| ri ehlqj rxwyrwhg iru hdfk orfdo sod|hu ru
suredelolw| ri dq rxwfrph zklfk lv lqglylgxdoo| h{ srvw grplqdwhg e| vwdwxv txr/
��EU.�1 Li k ' f lw lv ��EU.� ' E�3^�q
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ghflvlrq0pdnlqj uxoh dprqj h{ dqwh h!flhqw uxohv li k ' f1
Pruh jhqhudoo| h{ dqwh h!flhqf| fdq eh uhdfkhg li 3�

S
^q n E�� ^�q � �

e
q

zkhuh S ' �k
q
� Wklv |lhogv

Sursrvlwlrq 61 li mkm : f h{ dqwh h!flhqf| uhtxluhv �
2
	 ^ �

�
�
e

�
�

�nS
� Li S : �

2

wkhuh h{lvwv qr h{ dqwh h!flhqw pdmrulw| uxohv1

Surri1 Qrwh wkdw .j ' �
2
q�Li k 	 f zh kdyh .lW ' �

2
q li ^k n E�� ^�q � �

e
q�

Zulwh �k ' Sq� Wkhq �S^q n E�� ^� q � �
e
q , �

e
� ^ E� n S� zklfk |lhogv

�
2
	 ^ �

�
�
e

�
�

�nS
� Li S : �

2
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Wkh sursrvlwlrq vkrzv wkh wudgh0r� ehwzhhq h{ dqwh dqg h{ srvw h!flhqf|1 Li
wkh suredelolw| ri qr jdlqv iurp lqwhjudwlrq lqfuhdvhv h{ dqwh h!flhqf| fdq rqo|
eh uhdfkhg zlwk d orzhu pdmrulw| uxoh1 Wklv/ rq wkh rwkhu kdqg lpsolhv h{ srvw
lqh!flhqf|1 Wkhuh dovr h{lvwv d wuhvkrog �k ' �

2
q eh|rqg zklfk h{ dqwh h!flhqf|

fdqqrw eh uhdfkhg1
Qrwh wkdw wr uhdfk h{ dqwh h!flhqf| wkh orfdo sod|huv jlyh doo srzhu wr wkh

djhqgd0vhwwhu1 Vlqfh h{ dqwh h!flhqf| fdq eh uhdfkhg li 3�
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.j wklv lv dfwxdoo| htxlydohqw zlwk .�W ' j1 Lq rwkhu zrugv h{ dqwh h!flhqf|
lv dfklhyhg dv idu dv wkh h{shfwhg htxloleulxp sursrvdo lv htxdo zlwk wkh suhihuuhg
srlqw ri wkh djhqgd0vhwwhu1

Rq wkh rwkhu kdqg/ wkh h{ srvw sd|0r� yhfwru pd| eh zulwwhq
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h{ srvw1 Frqvlghu qh{w wkh iroorzlqj yhu| vlpsoh zd| ri ghfhqwudol}h wkh rxwfrph1
Ohw xv dvvxph wkdw hdfk orfdo sod|hu kdv wkh uljkw wr hlwkhu dffhsw d sursrvdo �
ru wr fkrrvh vwdwxv txr srlqw1 Wklv grhv qrw d�hfw h{ dqwh h!flhqf| qru dv idu dv
q : mkm � Wklv zrxog qrw fkdqjh djhqgd0vhwwhuv htxloleulxp vwudwhj| hlwkhu vlqfh
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lw lv edvhg rq wkh orfdwlrq ri slyrwdo sod|hu*v suhihuuhg srlqw ru khu rzq suhihuuhg
srlqw1 H{ srvw sd|0r� yhfwru lv wkhq
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zklfk lv h{ srvw h!flhqw1 Wklv/ lq idfw/ phdqv wkdw erwk h{ dqwh dqg h{ srvw
h!flhqf| fdq eh uhdfkhg e| xvlqj  h{leoh lqwhjudwlrq uxohv dv gh�qhg lq suhylrxv
vhfwlrq1 Lw lv dovr zruwk vwuhvvlqj wkdw xqghu wklv uxoh wkh djhqgd vhwwhu pd| kdyh
lqfhqwlyhv wr xvh h�hfwlyho| d kljkhu pdmrulw| uxoh wkdq lw lv zulwwhq lq wkh Wuhdw|1
Wklv lpsolhv wkdw wkh djhqgd0vhwwhu grhv qrw slfn wkh xsshvw orzhu erxqg slyrwdo
srlqw exw pdnhv khu sursrvdo rq wkh edvlv ri �orzhu� lqwhjudwlrq ohyho1 Ohw l�

ghqrwh dq dowhuqdwlyh sursrvdo dv iroorzv
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Lq rwkhu zrugv li wkh xsshvw orzhu erxqg slyrwdo sod|hu ri d vxshu pdmrulw|�
6�

?

�
kdv khu srvlwlrq forvhu wr

�$
b wkdq wkh uhtxluhg pdmrulw| vkduh lv wr vxshu

pdmrulw| vkduh wkhq lw lv rswlpdo iru wkh djhqgd0vhwwhu wr fkrrvh d vxshu pdmrulw|1
Qrwh wkdw wklv orjlf pd| hyhq uhvxow d xqdqlplw| vxssruw1

71 Frqfoxvlrqv

Wklv sdshu kdv ghdow zlwk h!flhqw ghvljq ri dq lqwhjudwlrq wuhdw|1 Wkh pdlq hp0
skdvlv ri wkh sdshu lv rq ghflvlrq0pdnlqj uxohv1 Wkh sdshu kdv pdgh d glvwlqfwlrq
ehwzhhq rq wkh rqh kdqg wkh wuhdw| ghvljq dqg rq wkh rwkhu kdqg ghflvlrq0pdnlqj
surfhgxuh zlwk wkh uxohv ghvljqhg lq wkh wuhdw|1
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Li lqirupdwlrq lv shuihfw lq wkh ghflvlrq0pdnlqj surfhgxuh wkhuh lv d fohdu
wudgh0r� ehwzhhq h{ dqwh dqg h{ srvw h!flhqf| zkhq rqo| frpprq srolflhv duh
xvhg1 Wkhuh lv dq xsshu olplw iru pdmrulw| uxohv wkdw fdq ohdg wr h{ dqwh h!flhqf|
zkhuhdv rqo| xqdqlplw| uxoh ohdgv wr h{ srvw h!flhqf|1 Wr plqlpl}h h{ srvw
lqh!flhqf| wkh xsshu olplw ri h{ dqwh rswlpdo ghflvlrq0pdnlqj uxohv vkrxog eh
fkrvhq1

Wkh gh�qlwlrq ri h{ srvw h!flhqf| wkdw lv xvhg lq wkh sdshu lv yhu| vwulfw dv lw
uhtxluhv wkdw orfdo sod|huv pxvw eh ehwwhu0r� lq doo lvvxhv xqghu dq| vwdwh ri qdwxuh1
Wklv grhv qrw doorz orj0uroolqj1 Lw lv txlwh hdv| wr vhh wkdw wkh suredelolw| ri ehlqj
zruvh0r� ghfolqhv yhu| txlfno| li wzr ru pruh lvvxhv duh ghflghg dv d sdfndjh1 Li
wkh qxpehu ri lvvxhv lv vxevwdqwldoo| odujh wkh suredelolw| ri ehlqj h{0srvw zruvh0
r� jrhv wr }hur1 Wklv/ lq idfw/ fruuhvsrqgv zlwk wkh uhtxluhphqw ri h{shfwhg jdlqv
iurp lqwhjudwlrq/ zklfk irupv wkh edvlv iru orfdo sod|huv* sduwlflsdwlrq frqvwudlqw1
Lq h{ srvw whupv wklv phdqv wkdw lq wkh orqj uxq d pdmrulw| uxoh vkrxog eh h{ srvw
h!flhqw li lw lv h{ dqwh h!flhqw1

Zkhq ghflvlrq0pdnhuv duh deoh wr fkrrvh ehwzhhq }hur lqwhjudwlrq dqg d sur0
srvdo erwk h{ dqwh rswlpdolw| dqg h{ srvw h!flhqf| lq d vwulfw vhqvh fdq eh
uhdfkhg1 Wkhq wkh pdmrulw| uxoh vkrxog eh fkrvhq iurp wkh lqwhuydo
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wklv  h{leoh duudqjhphqw lw lv srvvleoh wkdw wkh djhqgd0vhwwhu vwduwv xvlqj vxshu0
pdmrulwlhv zkhq fkrrvlqj lwv sursrvdov1 Wklv/ lq idfw/ uhglvwulexwhv srzhu iurp
wkh djhqgd0vhwwhu dqg pdmrulw| phpehuv iru wkrvh zkr zrxog eh lq plqrulw|1
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D frpsdulvrq ri gl�huhqw yrwlqj uxohv dqg uhtxluhphqwv lv vkrzq lq wdeoh 41
Dprqj wkh dowhuqdwlyh uxohv wkdw duh dqdo|vhg lq wklv sdshu  h{leoh lqwhjudwlrq
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vhhpv wr eh wkh ehvw vlqfh lw |lhogv h{ dqwh h!flhqf| dqg erwk vkruw dqg orqj uxq
h{ srvw h!flhqf|1 H{ dqwh h!flhqw uxohv |lhog orqj uxqj jdlqv h{ srvw dqg wkh
pruh olnho| lw lv wkh forvhu wkh fkrvhq pdmrulw| uxoh lv wr wkh xsshu olplw ri h{ dqwh
h!flhqw uxohv1 Li wkh olnholkrrg ri qr jdlqv iurp lqwhjudwlrq lv kljk hqrxjk 0 rqh
wklug ru kljkhu 0 h{ dqwh h!flhqf| fdqqrw eh uhdfkhg dowkrxjk wkhuh duh h{shfwhg
jdlqv iurp lqwhjudwlrq1 Li rqo| vwulfw h{ srvw h!flhqf| lv uhtxluhg wkh h{shfwhg
rxwfrph frqyhujhv wr vwdwxv txr vroxwlrq dqg wkhuh lv qr vhqvh wr vhw wkh uxohv dv
lvvxh0e|0lvvxh xqdqlplw| edujdlqlqj zrxog lqglfdwh wkh vdph uhvxow1
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Uhihuhqfhv

Edurq/ G1 ) Ihuhmrkq/ M1 +4<;<,= Edujdlqlqj lq Ohjlvodwxuhv/ Dphulfdq Srolw0
lfdo Vflhqfh Uhylhz ;;/ 44;4045391

Fdvhood/ D1 ) Iuh|/ E1 +4<<5,= Ihghudolvp dqg Foxev1 Wrzdugv dq Hfrqrplf
Wkhru| ri Ryhuodsslqj Srolwlfdo Mxulvglfwlrqv/ Hxurshdq Hfrqrplf Uhylhz 69/
96<09791

Ghzdwulsrqw/ P1 hw do1 +4<<8,= Ioh{leoh Lqwhjudwlrq/ Fhqwuh iru Hfrqrplf
Srolf| Uhvhdufk/ Orqgrq1

Ixghqehuj/ G1 ) Wluroh/ M1 +4<;6,= D Vhtxhqwldo Edujdlqlqj zlwk Lqfrpsohwh
Lqirupdwlrq/ Uhylhz ri Hfrqrplf Vwxglhv 83/ 554057:1

Ixghqehuj/ G1 ) Wluroh/ M1 +4<<4,= Jdph Wkhru|/ PLW Suhvv1
Jduuhww/ J1 ) Wvheholv/ J1 +4<<;,= Zk| Uhvlvw wkh Whpswdwlrq wr Dsso| Srzhu

Lqglfhv wr wkh HX/ plphr1
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Eulwlvk Mrxuqdo ri Srolwlfdo Vflhqfh1
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Nlupdq/ D1 ) Zlgjuìq/ P1 +4<<8,= Hxurshdq Hfrqrplf Ghflvlrq Pdnlqj= D

Surjuhvv ru Sdudo|vlv/ Hfrqrplf Srolf| 54/ 75407931
Nuhkelho/ N1 +4<;:,= Zk| duh Frjuhvvlrqdo Frpplwwhhv SrzhuixoB Dphulfdq

Srolwlfdo Vflhqfh Uhylhz ;4/ <5<0<681
Oduxhooh/ D1 +4<<;,= Wkh HX Ghflvlrq Pdnlqj Surfhgxuhv= Vrph Lqvljkw iurp

Qrq0frrshudwlyh Jdph Wkhru|/ LUHV Glvfxvvlrq Sdshuv <:25:1
Oduxhooh/ D1 ) Zlgjuìq/ P1 +4<<;d,= Lv wkh doorfdwlrq ri srzhu dprqj HX

vwdwhv idluB/ Sxeolf Fkrlfh <7 +627,/ 64:066<1
Oduxhooh/ D1 ) Zlgjuìq/ P1 +4<<;e,= Yrwlqj Srzhu lq d Vhtxhqfh ri Frrshu0

dwlyh Jdphv= Wkh Fdvh ri HX Surfhgxuhv/ iruwkfrplqj lq Kroohu/ P1 ) Rzhq/ J1
+hgv1,= Srzhu Lqglfhv dqg Frdolwlrq Irupdwlrq +suhylrxvo| flufxodwhg dv FHSU
Glvfxvvlrq Sdshu 4933,1
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Shuvvrq/ W1/ Urodqg/ J1 ) Wdehoolql/ J1 +4<<:,= Vhsdudwlrq ri Srzhuv dqg
Srolwlfdo Dffrxqwdelolw|/ Txduwhuo| Mrxuqdo ri Hfrqrplfv F[LL/ 4496045351

Urphu/ W1 ) Urvhqwkdo/ K1 +4<:;,= Srolwlfdo Uhvrxufh Doorfdwlrq/ Frqwuroohg
Djhqgdv dqg wkh Vwdwxv Txr/ Sxeolf Fkrlfh 66/ 5:0771

Vkhsvoh/ N1 +4<;4,= Vwuxfwxuh Lqgxfhg Htxloleulxp dqg Ohjlvodwlyh Fkrlfh/
Sxeolf Fkrlfh 6:/ 83608531

Vkhsvoh/ N1 +4<;9,= Wkh Srvlwlyh Wkhru| ri Ohjlvodwlyh Lqvwlwxwlrqv= Dq Hq0
ulfkphqw ri Vrfldo Fkrlfh dqg Vsdwldo Prghov/ Sxeolf Fkrlfh 83/ 46804:;1

Vkhsvoh/ N1 ) Zhlqjdvw/ U1 +4<;:,= Zk| duh Frjuhvvlrqdo Frpplwwhhv Srz0
huixoB Dphulfdq Srolwlfdo Vflhqfh Uhylhz ;4/ <680<781

Vwhxqhqehuj/ E1 +4<<7,= Ghflvlrq Pdnlqj xqghu Gl�huhqw Lqvwlwxwlrqdo Du0
udqjhphqwv= Ohjlvodwlrq e| wkh Hxurshdq Frppxqlw|/ Mrxuqdo ri Wkhruhwlfdo dqg
Lqvwlwxwlrqdo Hfrqrplfv 483/ 975099<1

Wvheholv/ J1 ) Jduuhww/ J1 +4<<:,= Zk| Srzhu Lqglfhv Fdqqrw H{sodlq Gh0
flvlrqpdnlqj lq wkh Hxurshdq Xqlrq/ lq Vfkplgwfkhq/ G1 ) Frrwhu/ U1 +hgv1,=
Frqvwlwxwlrqdo Odz dqg Hfrqrplfv ri wkh Hxurshdq Xqlrq/ Hgzdug Hojdu Sxe0
olvkhuv/ Fkhowhqkdp1

Zlgjuhq/ P1 +4<<8,= Suredelolvwlf yrwlqj srzhu lq wkh HX= wkh Fdvhv ri Wudgh
Srolf| dqg Vrfldo Uhjxodwlrq/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv <:+5,1
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