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ABSTRACT

Competing for Capital in a ‘Lumpy’ World*

This Paper uses a new economic geography model to analyse tax competition
between two countries trying to attract internationally mobile capital. Each
government may levy a source tax on capital and a lump sum tax on fixed
labour. If industry is concentrated in one of the countries, the analysis finds
that the host country will gain from setting its source tax on capital above that
of the other country. In particular, the host may increase its welfare per capita
by setting a positive source tax on capital and capture the positive externality
that arise in the agglomeration. If industry is not concentrated, however, both
countries will subsidize capital.
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NON-TECHNICAL SUMMARY

This Paper uses a new economic geography model to analyse tax competition
between two countries trying to attract internationally mobile capital and
focuses on how the presence of industrial agglomeration forces may impact
on the optimal design of tax policies.

The question of how internationally mobile capital should be taxed has been
an issue discussed in two separate strands of the public finance literature. The
first set of papers, cast in a perfectly competitive setting of no pure profits, find
that a small country should not use source-based taxes on internationally
mobile capital. The reason is that mobile capital is able to escape any burden
of taxation of the source type, so that taxes will instead be borne by
internationally immobile factors of production. This result, recognized as an
open economy version of Diamond and Mirrlees’ (1971) production-efficiency
theorem, is achieved because capital effectively is perfectly elastic in supply.
An additional, but implicit, assumption underlying the result is that economic
activity is evenly spread out across space. The latter assumption, although
seemingly innocent, is non-trivial since empirical studies show that economic
activities are unevenly distributed across space (see e.g. Porter (1990) and
Krugman (1991)).

The second strand of the literature studies tax competition over capital under
imperfect competition. In this literature countries differ either by size,
exogenous wage level, or other cost components. The main lesson from these
studies is that countries may subsidize capital in the tax competition
equilibrium if there are positive externalities from attracting capital (see e.g.
Black and Hoyt (1989), Haaparanta (1996) and Haufler and Wooton (1999)).

In this Paper, we investigate how spatial agglomeration of economic activity
affects the outcome of capital tax competition. The model presented differs
fundamentally from earlier contributions in several respects. First, it provides a
full-fledged model where capital, goods and firms are internationally mobile.
Second, there is no difference per se between countries either in
endowments, size, technology, or any other country specific variable that may
predetermine how taxes are set in the Nash equilibrium. Third, the outcome of
tax competition depends on the interaction between two ‘forces of
agglomeration’; trade cost and pecuniary externalities, not previously brought
together in a capital tax competition framework.

We find that in the presence of agglomeration forces, previous tax policy
recommendations need rethinking. It is well documented that taxes affect the
concentration of industries. The analysis shows that if industrial agglomeration
is concentrated in one single country, a government may, through a positive



source tax, be able to exploit the locational ‘rents’ created by agglomeration
forces and thereby increase national welfare. An implication of this result is
that increased economic integration, defined as a reduction in trade costs,
may actually allow a country to raise its tax without losing capital or its
industrial base. In contrast, if industry is evenly spread across countries, the
analysis finds that taxes in the Nash equilibrium will entail equal subsidies to
capital.

To bring forward how tax competition over capital is affected by industrial
agglomeration, we set up a simple model that follows the line of work that is
usually referred to as the new economic geography. Unlike standard
economic geography models, the present model includes labour as well as
capital as input factors, where only the latter is mobile internationally. Capital
exports from one country to another country implies factor movement, but not
migration of purchasing power, since we assume that income from capital is
consumed in the owner’s country of residence. This modification to the
standard model has two advantages. First, by introducing capital as a factor of
production in a new geography framework, increased realism is achieved,
since labour is acknowledged to be less mobile than capital in an international
context. Second, the use of capital allows for an analysis of capital tax
competition directly related to the existing literature on tax competition in
public finance.

In an equilibrium with industrial activity evenly spread out across countries, the
outcome of tax competition is driven by firms’ preferences for locating in a
country with a large domestic market. In this setting, the presence of trade
costs and industry linkages, but not differences in exogenous country specific
variables, as in previous studies, puts a downward pressure on capital tax
rates. In contrast, we show that in an equilibrium with industrial agglomeration,
the positive externality generated by the interaction between trade costs and
industry linkages, allows the country that plays host to the agglomeration, not
only to increase its tax rate above that of the other country, but to levy a
positive source tax on capital.

The present Paper shows that the country that initially is host to an
agglomeration will win the competition for capital. The reason is that
manufacturers in the ‘cluster location’ are more competitive than their potential
‘rivals’ in the ‘periphery’ and can thus pay a higher price for each unit of capital
without making losses. This means that even if capital can move between
countries without costs, the supply of capital will not be perfectly tax elastic. In
fact, for a range of trade costs and tax rates capital will be inelastic in supply.
The host country can exploit this by levying a source tax on capital above that
of the other country. The ‘higher’ level of taxation will increase welfare in the
hosting country and entail a positive source tax on capital.



Previous models on tax competition between countries have assumed that
economic activity is evenly spread out across space. Empirical studies,
however, suggest that economic activity is lumped together in ‘clusters’, and
that trade is not frictionless. The research outlined in this paper is novel in the
sense that it makes two modifications to the standard model of new economic
geography; first, it introduces capital as a factor of production and, second, it
allows for taxation of internationally mobile capital. Given these modifications,
it is shown that a country that plays host to an agglomeration may actually
increase its welfare by capita by levying a positive source tax on capital, since
capital effectively is immobile due to pecuniary externalities arising in the
agglomeration. It is thereby able to exploit the locational inertia created by
agglomeration forces.



4 Lqwurgxfwlrq

Wkh txhvwlrq ri krz lqwhuqdwlrqdoo| preloh fdslwdo vkrxog eh wd{hg kdv ehhq dq

lvvxh glvfxvvhg lq wzr vhsdudwh vwudqgv ri wkh sxeolf �qdqfh olwhudwxuh1 Wkh �uvw vhw

ri sdshuv/ fdvw lq d shuihfwo| frpshwlwlyh vhwwlqj ri qr sxuh sur�wv/ �qg wkdw d vpdoo

frxqwu| vkrxog qrw xvh vrxufh0edvhg wd{hv rq lqwhuqdwlrqdoo| preloh fdslwdo ^vhh

h1j1/ Jrugrq +4<;9,/ Iuhqnho/ Ud}lq dqg Vdgnd +4<<4,/ dqg Exfryhwvn| dqg Zlovrq

+4<<4,`1 Wkh uhdvrq lv wkdw preloh fdslwdo lv deoh wr hvfdsh dq| exughq ri wd{dwlrq ri

wkh vrxufh w|sh/ vr wkdw wd{hv zloo lqvwhdg eh eruq e| lqwhuqdwlrqdoo| lppreloh idfwruv

ri surgxfwlrq1 Wklv uhvxow/ uhfrjql}hg dv dq rshq hfrqrp| yhuvlrq ri Gldprqg dqg

Pluuohhv* +4<:4, surgxfwlrq h!flhqf| wkhruhp/ lv dfklhyhg ehfdxvh fdslwdo h�hfwlyho|

lv shuihfwo| hodvwlf lq vxsso|1 Dq dgglwlrqdo/ exw lpsolflw/ dvvxpswlrq xqghuo|lqj

wkh uhvxow lv wkdw hfrqrplf dfwlylw| lv hyhqo| vsuhdg rxw dfurvv vsdfh1 Wkh odwwhu

dvvxpswlrq/ dowkrxjk vhhplqjo| lqqrfhqw/ lv qrq0wulyldo vlqfh hpslulfdo vwxglhv vkrz

wkdw hfrqrplf dfwlylwlhv lqghhg duh xqhyhqo| glvwulexwhg dfurvv vsdfh14

Wkh vhfrqg vwudqg ri wkh olwhudwxuh vwxglhv wd{ frpshwlwlrq ryhu fdslwdo xqghu lp0

shuihfw frpshwlwlrq1 Lq wklv olwhudwxuh frxqwulhv gl�hu hlwkhu e| vl}h/ h{rjhqrxv zdjh

ohyho/ ru rwkhu frvw frpsrqhqwv1 Wkh pdlq ohvvrq iurp wkhvh vwxglhv lv wkdw frxq0

wulhv pd| vxevlgl}h fdslwdo lq wkh wd{ frpshwlwlrq htxloleulxp li wkhuh duh srvlwlyh

h{whuqdolwlhv iurp dwwudfwlqj fdslwdo ^vhh h1j1 Eodfn dqg Kr|w +4<;<,/ Kddsdudqwd

+4<<9,/ dqg Kdx hu dqg Zrrwrq +4<<<,`1

Lq wklv sdshu/ zh lqyhvwljdwh krz vsdwldo djjorphudwlrq ri hfrqrplf dfwlylw|

d�hfwv wkh rxwfrph ri fdslwdo wd{ frpshwlwlrq1 Wkh prgho suhvhqwhg gl�huv ixq0

gdphqwdoo| iurp hduolhu frqwulexwlrqv lq vhyhudo uhvshfwv1 Iluvw/ lw surylghv d ixoo

 hgjhg prgho zkhuh fdslwdo/ jrrgv/ dqg �upv duh lqwhuqdwlrqdoo| preloh1 Vhfrqg/

wkhuh lv qr gl�huhqfh shu vh ehwzhhq frxqwulhv hlwkhu lq hqgrzphqwv/ vl}h/ whfkqro0

rj|/ ru dq| rwkhu frxqwu| vshfl�f yduldeoh wkdw pd| suhghwhuplqh krz wd{hv duh vhw

lq wkh Qdvk htxloleulxp1 Wklug/ wkh rxwfrph ri wd{ frpshwlwlrq ghshqgv rq wkh

lqwhudfwlrq ehwzhhq wzr *irufhv ri djjorphudwlrq*> wudgh frvw dqg shfxqldu| h{whu0

qdolwlhv/ qrw suhylrxvo| eurxjkw wrjhwkhu lq d fdslwdo wd{ frpshwlwlrq iudphzrun15

4Vhh Sruwhu +4<<3,> S|nh/ Ehfdwwwlql dqg Vhqjhqehujhu +4<<3,> Nuxjpdq +4<<4,1
5Wudgh frvwv kdyh ehhq lqwurgxfhg lq d fdslwdo wd{ frpshwlwlrq iudphzrun e| Kdx hu dqg
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Zh �qg wkdw lq wkh suhvhqfh ri djjorphudwlrq irufhv/ suhylrxv wd{ srolf| uhfrp0

phqgdwlrqv qhhg uhwklqnlqj16 Wkh dqdo|vlv vkrzv wkdw li lqgxvwuldo djjorphudwlrq lv

frqfhqwudwhg lq rqh vlqjoh frxqwu|/ d jryhuqphqw pd| 0 wkurxjk d srvlwlyh vrxufh0

wd{ 0 eh deoh wr h{sorlw wkh orfdwlrqdo �uhqwv� fuhdwhg e| djjorphudwlrq irufhv dqg

wkhuhe| lqfuhdvh qdwlrqdo zhoiduh1 Dq lpsolfdwlrq ri wklv uhvxow lv wkdw lqfuhdvhg

hfrqrplf lqwhjudwlrq/ gh�qhg dv d uhgxfwlrq lq wudgh frvwv/ pd| dfwxdoo| doorz d

frxqwu| wr udlvh lwv wd{ zlwkrxw orvlqj fdslwdo ru lwv lqgxvwuldo edvh1 Lq frqwudvw/ li

lqgxvwu| lv hyhqo| vsuhdg dfurvv frxqwulhv/ wkh dqdo|vlv �qgv wkdw wd{hv lq wkh Qdvk

htxloleulxp zloo hqwdlo htxdo vxevlglhv wr fdslwdo1

Wr eulqj iruzdug krz wd{ frpshwlwlrq ryhu fdslwdo lv d�hfwhg e| lqgxvwuldo dj0

jorphudwlrq/ zh vhw xs d vlpsoh prgho wkdw iroorzv wkh olqh ri zrun wkdw lv xvxdoo|

uhihuuhg wr dv wkh qhz hfrqrplf jhrjudsk|17 Wkh h{lvwlqj olwhudwxuh xvhv d wzr

frxqwu|0wzr vhfwru prgho/ zlwk oderu dv wkh rqo| idfwru ri surgxfwlrq1 Lq wklv

iudphzrun sduw ri wkh zrunirufh pd| eh preloh lqwhuqdwlrqdoo|/ dqg pljudwlrq ri

preloh zrunhuv lpsolhv wkh pryhphqw ri idfwruv ri surgxfwlrq dv zhoo dv sxufkdvlqj

srzhu1 Zh dowhu wklv prgho e| xvlqj fdslwdo dqg oderu dv lqsxw idfwruv/ zkhuh rqo|

wkh iruphu lv preloh lqwhuqdwlrqdoo|1 Fdslwdo h{sruwv iurp rqh frxqwu| wr dqrwkhu

frxqwu| lpsolhv idfwru pryhphqw/ exw qrw pljudwlrq ri sxufkdvlqj srzhu/ vlqfh zh

dvvxph wkdw lqfrph iurp fdslwdo lv frqvxphg lq wkh rzqhu*v frxqwu| ri uhvlghqfh1

Wklv prgl�fdwlrq wr wkh vwdqgdug prgho kdv wzr dgydqwdjhv1 Iluvw/ e| lqwurgxflqj

fdslwdo dv d idfwru ri surgxfwlrq lq d qhz jhrjudsk| iudphzrun/ lqfuhdvhg uhdolvp

lv dfklhyhg vlqfh oderu lv dfnqrzohgjhg wr eh ohvv preloh wkdq fdslwdo lq dq lqwhu0

qdwlrqdo frqwh{w1 Vhfrqg/ wkh xvh ri fdslwdo doorzv iru dq dqdo|vlv ri fdslwdo wd{

frpshwlwlrq gluhfwo| uhodwhg wr wkh h{lvwlqj olwhudwxuh rq wd{ frpshwlwlrq lq sxeolf

�qdqfh1

Lq vhfwlrq 5 zh ghvfuleh rxu edvlf prgho1 Vhfwlrq 6 h{dplqhv krz wd{hv rq fdslwdo

duh vhw lq htxloleulxp1 Wzr dowhuqdwlyh vhwwlqjv duh dqdo|}hg> rqh zkhuh lqgxvwu| lv

Zrrwrq +4<<<,1
6Lw lv zhoo grfxphqwhg wkdw wd{hv d�hfw wkh frqfhqwudwlrq ri lqgxvwulhv1 Vhh Kduwpdq +4<;8,/

Ervnlq dqg Jdoh +4<;:, dqg Vohpurg +4<<3,1
7Vhh h1j1 Nuxjpdq +4<<4, dqg Nuxjpdq dqg Yhqdeohv +4<<8,1
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frqfhqwudwhg lq d vlqjoh orfdwlrq> rqh zkhuh frxqwulhv duh lghqwlfdo dqg lqgxvwu| lv

hyhqo| vsuhdg dfurvv vsdfh1 Vhfwlrq 7 frqwudvwv wkh uhvxowv ri wkh dqdo|vlv wr wkrvh

rewdlqhg lq uhodwhg olwhudwxuh/ zkloh Vhfwlrq 8 r�huv vrph frqfoxglqj uhpdunv1

5 Wkh Prgho

Wkhuh duh wzr frxqwulhv/ fdoohg frxqwu| � +krph, dqg s +iruhljq,1 Hdfk frxqwu|

pd| frqwdlq wzr vhfwruv/ djulfxowxuh dqg pdqxidfwxulqj1 Frxqwu| � lv hqgrzhg zlwk

u� xqlwv ri oderu dqg g� xqlwv ri fdslwdo1 Zh ghqrwh �� dv wkh zdjh udwh/ dqg

o� dv wkh uhqwdo udwh ri fdslwdo1 Idfwru lqwhqvlwlhv gl�hu ehwzhhq vhfwruv/ exw qrw

dfurvv frxqwulhv dqg/ iru vlpsolflw|/ wkh djulfxowxudo vhfwru lv dvvxphg wr hpsor|

oderu rqo|1
8 Oderu lv lppreloh ehwzhhq frxqwulhv/ zkloh wkhuh lv iuhh lqwhuqdwlrqdo

pryhphqw ri fdslwdo1 Hdfk frxqwu| pd| ohy| wd{hv rq zdjh dqg fdslwdo lqfrph/

dqg wkh wd{ rq oderu lqfrph lv oxps vxp lq qdwxuh/ vlqfh oderu lv lq �{hg vxsso|�

Wkh uhsuhvhqwdwlyh uhvlghqw lq frxqwu| � uhfhlyhv lqfrph iurp oderu dqg fdslwdo1

Suhihuhqfhv duh jlyhq e| wkh xwlolw| ixqfwlrq � ' �
�3�

� �
�

� c f 	 � 	 �c zkhuh ��

dqg �� ghqrwh frqvxpswlrq ri wkh jrrgv iurp wkh djulfxowxuh dqg pdqxidfwxulqj

vhfwru/ uhvshfwlyho|/ dqg � lv wkh h{shqglwxuh vkduh rq pdqxidfwxulqj1

Djulfxowxuh fdq eh frvwohvvo| wudghg lqwhuqdwlrqdoo| dqg lv shuihfwo| frpshwlwlyh1

E| fkrlfh ri vfdoh xqlw oderu uhtxluhphqw lv rqh/ dqg zh vhohfw wkh �0jrrg dv qx0

phudluh/ vr wkdw wkh sulfh ri wkh djulfxowxudo jrrg/ R�/ htxdov xqlw|1 Zh frqvhtxhqwo|

kdyh

�� � �c +4,

zkhuh �� ' � li frxqwu| � surgxfhv djulfxowxudo jrrgv1 Lq wkh frqwlqxdwlrq/ wkh

dqdo|vlv zloo frqfhqwudwh rq wkh fdvh zkhuh erwk frxqwulhv surgxfh djulfxowxuh19

8Irfxvlqj rq wkh fdvh zkhuh djulfxowxuh rqo| xvhv oderxu dv dq lqsxw pdnhv wkh dqdo|vlv pruh

wudfwdeoh/ exw grhv qrw d�hfw wkh uhvxowv lq dq| txdolwdwlyh zd|1
9Zdjhv pd| gl�hu li ghpdqg iru wkh wudglwlrqdo jrrg lv vx!flhqwo| vpdoo wr rqo| zduudqw

surgxfwlrq lq rqh frxqwu|1 Gl�huhqfhv lq zdjhv zloo/ krzhyhu/ qrw d�hfw wkh pdlq uhvxow wkdw d
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Wkh frqvxpswlrq ri jrrgv iurp wkh pdqxidfwxulqj vhfwru lv gh�qhg dv dq dj0

juhjdwh ri d qxpehu ri gl�huhqwldwhg jrrgv/ �� �

�S
&

S

j3�

j

&

� j

j3�

zlwk j : �c zkhuh

S& uhsuhvhqwv frqvxpswlrq ri hdfk jrrg1 Hdfk surgxfhu rshudwhv xqghu lqfuhdvlqj

uhwxuqv wr vfdoh dw wkh ohyho ri wkh sodqw/ dqg lq olqh zlwk Gl{lw dqg Vwljolw} +4<::,

zh dvvxph wkdw wkhuh lv prqrsrolvwlf frpshwlwlrq ehwzhhq pdqxidfwxuhuv1 Wkxv/

erwk wkh shufhlyhg hodvwlflw| ri ghpdqg dqg wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq

dq| sdlu ri gl�huhqwldwhg jrrgv duh htxdo wr j1

Doo surgxfhuv kdyh dffhvv wr wkh vdph whfkqrorj|/ vr sulfhv gr qrw gl�hu ehwzhhq

�upv lq d jlyhq frxqwu|1 Vlqfh �upv xvh wkh frqvwdqw pdunxs j

j3�
ryhu pdujlqdo

frvwv E����/ wkh i1r1e1 sulfh iurp frxqwu| � ' �c sc lv jlyhq e|

R� '

j

j � �
���� +5,

Pdqxidfwxuhg jrrgv duh wudghdeoh/ exw zh dvvxph Vdpxhovrq lfhehuj w|sh wudgh

frvwv vxfk wkdw rqo| �

�
ri hdfk xqlw vklsshg dfwxdoo| uhdfkhv lwv ghvwlqdwlrq1 Wklv

phdqv wkdw wkh f1l1i1 sulfh lv � wlphv kljkhu wkdq wkh i1r1e1 sulfh ri dq lpsruwhg

jrrg1 �Wudgh frvwv� vkrxog eh wkrxjkw ri dv d v|qwkhwlf phdvxuh ri d zlgh udqjh ri

wudgh eduulhuv dqg duh lqwulqvlfdoo| zdvwhixo1

Wdnlqj wkh gxdo ri �� zh �qg wkdw wkh wuxh sulfh lqgh{ iru wkh pdqxidfwxulqj

jrrg lv

^� '

�
?�R

�3j

�
n ?�ER�� �

�3j
� �

�3j
� 9' �c +6,

zkhuh ?� dqg ?� duh wkh qxpehu ri ydulhwlhv surgxfhg lq frxqwulhv � dqg �1 Dffrug0

lqjo|/ wkh frqvxphu sulfh lqgh{ fdq eh h{suhvvhg dv

�� '

�

R
�3�
� ^

�
�

� ' �c s� +7,

Wkh surgxfwlrq whfkqrorj| iru gl�huhqwldwhg jrrgv uhtxluhv d frpsrvlwh ri lqwhu0

phgldwh jrrgv/ oderu/ dqg fdslwdo1 Dv lq Nuxjpdq dqg Yhqdeohv +4<<8, zh pdnh wkh

vlpsoli|lqj dvvxpswlrq wkdw wkh frpsrvlwh jrrg kdv wkh vdph irup dv wkh frqvxphu

frxqwu| krvwlqj dq djjorphudwlrq pd| ehqh�w iurp d srvlwlyh vrxufh wd{ rq fdslwdo1
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jrrg �� 1
:
Wkxv/ d uhsuhvhqwdwlyh �up � +lq hlwkhu frxqwu|, surgxfhv lwv rxwsxw %�

xvlqj k xqlwv ri lqsxw dv �{hg frvwv dqg q shu xqlw ri rxwsxw wkhuhdiwhu/ dqg kdv d

wrwdo frvw ixqfwlrq jlyhq e|

A�� ' �
�3w3#
� o w

� ^
#
� Ekn q%��c w 5 kfc �l dqg # 5 dfc�l � +8,

Lq +8, wkh sdudphwhuv #c wc dqg +� � w � #, duh wkh vkduhv ri wrwdo frvwv wkdw jr wr

wkh sxufkdvh ri lqwhuphgldwhv/ fdslwdo/ dqg oderu/ uhvshfwlyho|1 Qrwlfh wkdw iru # : f

zh kdyh yhuwlfdo lqgxvwu| olqndjhv lq wkh vhqvh wkdw wkh pdqxidfwxulqj vhfwru xvhv d

vkduh ri lwv rzq rxwsxw dv lqsxw1 Yhuwlfdo lqgxvwu| olqndjhv zloo jlyh ulvh wr orfdwlrq

vshfl�f h{whuqdo hfrqrplhv ri vfdoh li wkhuh duh srvlwlyh wudgh frvwv1 Wkh uhdvrq lv

wkdw dq lqfuhdvh lq wkh vl}h ri wkh grphvwlf pdqxidfwxulqj edvh ?� zloo uhgxfh wkh

sulfh ri wkh frpsrvlwh jrrg/ ^�/ dqg wkxv �upv* wrwdo frvwv/ A��1
; Wkh frvw uhgxfwlrq

lq wklv fdvh lv lqfuhdvlqj lq #�

Gxh wr iuhh hqwu| wkhuh duh }hur sxuh sur�wv +l1h1/ R�%��A�� ' f�1 Xvlqj wkh }hur

sur�w frqglwlrq lq frpelqdwlrq zlwk +8, dqg +5, zh kdyh wkdw %� ' k Ej � �� *q lq

htxloleulxp1 Wr vlpsoli|/ exw zlwkrxw orvv ri jhqhudolw|/ zh vhw q ' Ej � �� *j dqg

k ' �*j� Wkxv/

%� ' �c � ' �c sc +9,

li lw lv sur�wdeoh wr surgxfh lqwhuphgldwh jrrgv lq frxqwu| ��

Wkh vxsso| ri oderu +u�� pxvw 0 lq htxloleulxp 0 eh htxdo wr wkh ghpdqg lq

pdqxidfwxulqj +u� �, dqg djulfxowxuh +u��, vr u� ' u� � n u��� Xvlqj Vkhskdug*v

ohppd rq htxdwlrq +8, zh kdyh

u�� ' E�� w � #��
3Ewn#�
� o

w
� ^

#
� ?�� +:,

:Wkh pdlq dgydqwdjh ri wklv vlpsol�fdwlrq lv wkdw sl iurp htxdwlrq +5, wkhq zloo dsso| erwk iru

frqvxphu ghpdqg dqg lqgxvwu| ghpdqg1
;Yhuwlfdo lqgxvwu| olqndjhv duh vwdqgdug ihdwxuhv ri qhz jhrjudsk| prghov1 Vhh Yhqdeohv +4<<9,

iru d pruh jhqhudo fdvh ri yhuwlfdo lqgxvwu| olqndjhv lq zklfk lqwhuphgldwh dqg �qdo jrrgv duh

glvwlqfw1

8



Vlqfh uhvlghqwv fdq lqyhvw erwk dw krph dqg deurdg lw lv lpsruwdqw wr vshfli| wkh

lqwhuqdwlrqdo wd{ v|vwhp1 Lq sulqflsoh/ prvw frxqwulhv wd{ lqwhuhvw lqfrph ri uhvlghqwv

dw wkh krph wd{ udwh/ uhjdugohvv ri jhrjudsklf vrxufh/ exw doorz iruhljq wd{hv sdlg

wr eh fuhglwhg djdlqvw wkh grphvwlf wd{ oldelolw| idoolqj rq iruhljq lqfrph1 Prvw

frxqwulhv olplw wkh xvh ri wkh wd{ fuhglw vr wkdw li wkh iruhljq wd{ oldelolw| h{fhhgv wkdw

ri wkh krph frxqwu|/ rqo| wkh iruhljq udwh dssolhv dqg wkh vrxufh sulqflsoh ri wd{dwlrq

lv h�hfwlyho| lq rshudwlrq1 Ixuwkhupruh/ wkhuh lv vwurqj hpslulfdo hylghqfh wkdw

jryhuqphqwv iru frpsoldqfh uhdvrqv �qg lw gl!fxow wr wd{ iruhljq lqwhuhvw lqfrph

+vhh Ud}lq dqg Vdgnd/ 4<<4,1 Iru wklv uhdvrq lqwhuhvw lqfrph hduqhg deurdg lv hlwkhu

xqwd{hg ru/ li wd{hg/ wkhq rqo| vxemhfw wr wkh iruhljq udwh1 Lq sudfwlfh/ wd{dwlrq ri

lqwhuhvw lqfrph wkhuhiruh fruuhvsrqgv forvho| wr wkh vrxufh sulqflsoh ri wd{dwlrq +vhh

Wdq}l dqg Eryhqehuj/ 4<<3 dqg Nhhq/ 4<<6,/ dqg wklv dvvxpswlrq zloo dovr eh pdgh

lq wkh dqdo|vlv wkdw iroorzv1

Ohw g�� dqg g�� eh wkh sduw ri frxqwu| �*v fdslwdo zklfk lv doorfdwhg grphvwlfdoo|

dqg deurdg/ uhvshfwlyho|/ vr wkdw g� ' g�� n g�� � Ghqrwlqj e| |� wkh wd{ udwh rq

fdslwdo lqfrph lq frxqwu| �c duelwudjh ehwzhhq wkh krph frxqwu| dqg wkh iruhljq

frxqwu| lpsolhv wkdw

E� � |�� o� ' E�� |s � os � +;,

li fdslwdo lv hpsor|hg lq erwk frxqwulhv1

Zkhqhyhu wkh wzr frxqwulhv wudgh fdslwdo lq htxloleulxp/ wkhq e| frqyhqwlrq

frxqwu| � lv wkh lpsruwhu1 Htxloleulxp lq wkh zruog fdslwdo pdunhw uhtxluhv wkdw

wkh ghpdqg iru fdslwdo zruog0zlgh htxdov vxsso|1 Djdlq xvlqj Vkhsdug*v ohppd rq

htxdwlrq +8,/ zh kdyh

?�w�
�3w3#

� o
w3�
� ^

#

� n ?sw�
�3w3#

s o
w3�
s ^

#

s ' g� ngss ngs�� +<,

Devwudfwlqj iurp txhvwlrqv uhodwhg wr rswlpdo vl}h ri wkh sxeolf vhfwru/ zh dvvxph

wkdw wkh hqwluh wd{ uhyhqxh lv uhglvwulexwhg edfn wr grphvwlf frqvxphuv1 Glvsrvdeoh

9



frqvxphu lqfrph wkxv htxdov

t� ' ��u� n o�g� n |�o�gs�c ts ' �sus n osgss n E�� |�� o�gs�� +43,

Iurp wkh xwlolw| ixqfwlrq lw iroorzv wkdw wkh frqvxphu zloo vshqg d vkduh � ri

lqfrph t� rq pdqxidfwxuhg jrrgv1 Vlploduo|/ iurp htxdwlrq +8, zh nqrz wkdw d

vkduh # ri d pdqxidfwxulqj �up*v wrwdo frvwv lv vshqw rq lqwhuphgldwhv1 Vlqfh %� ' �c

wkh }hur sur�w frqglwlrq lq wkh pdqxidfwxulqj vhfwru lpsolhv wkdw A�� ' R�%� ' R��

Zh fdq wkhuhiruh h{suhvv wkh wrwdo ydoxh ri h{shqglwxuh rq gl�huhqwldwhg jrrgv/ .�c

dv

.� ' �t� n #R�?� � ' �c s� +44,

Wkh �uvw whup rq wkh uljkw kdqg vlgh ri +44, lv wkh uhvlghqwv* h{shqglwxuh rq pdqx0

idfwxuhv/ zkloh wkh odvw whup lv wkh vhfwru*v ghpdqg iru lwv rzq rxwsxw1 Lq rughu wr

ghulyh wkh vkduh ri wrwdo h{shqglwxuh .� wkdw lv vshqw rq hdfk vlqjoh ydulhw| ri wkh

pdqxidfwxulqj jrrg/ zh xvh Vkhsdug*v ohppd rq +6,1 Grphvwlf dqg iruhljq ghpdqg

iru d ydulhw| ri wkh pdqxidfwxuhg jrrg surgxfhg lq frxqwu| � fdq wkhq eh zulwwhq

dv

%�� ' R
3j

�
^
j3�

�
.�c %�� ' R3j

�
^
j3�

�
� �3j.�c � 9' �� +45,

Lq htxloleulxp wkh vxsso| ri hdfk yduldqw pxvw htxdo ghpdqg1 Xvlqj +9, dqg

+45,/ wkh htxloleulxp wdnhv wkh irup

� ' R
3j

�

�
^
j3�

�
.� n �

�3j
^
j3�

�
.�

�
c � 9' �� +46,

Edodqfhg wudgh rffxuv zkhq

?�R�%�s � ?sRs%s� ' E�� |�� o�gs� � d��u�� � E�� ��t�o � +47,

:



Htxloleulxp lv qrz fkdudfwhul}hg e| wkh htxdwlrqv +4,/ +5,/ +6,/ +;,/ +<,/ +44,/

+46,/ dqg +47,/ zklfk fdq eh vroyhg wr jlyh htxloleulxp ydoxhv rq ��/ ^�c R�/ o�/ .�/ ?�

dqg g��c � 9' �c � ' �c s 1

Wr vhh krz wkh prgho zrunv qrwlfh wkdw vfdoh hfrqrplhv lq pdqxidfwxulqj zloo

ohdg d �up wr orfdwh lwv surgxfwlrq lq rqo| rqh frxqwu|/ iurp zklfk lw h{sruwv1

Wkh pljudwlrq ri rqh vlqjoh �up lq pdqxidfwxulqj d�hfwv lqgxvwu| sur�wv lq wkh

uhfhlylqj frxqwu| wkurxjk wkuhh fkdqqhov1 Iluvw/ wkh suhvhqfh ri rqh pruh �up

zloo lqfuhdvh frpshwlwlrq lq wkh surgxfw dqg oderu pdunhwv wkxv whqglqj wr uhgxfh

sur�wv dqg plwljdwh frqfhqwudwlrq whqghqflhv1 Wkh ghfolqh lq sur�wv/ krzhyhu/ zloo

eh frxqwhudfwhg e| wzr orfdwlrq vshfl�f h{whuqdo hfrqrplhv ri vfdoh h�hfwv +iru

# : f,1 Wkh �uvw h�hfw shuwdlqv wr wkh idfw wkdw d qhz hqwudqw zloo uhgxfh frvwv ri

h{lvwlqj �upv vlqfh wkh| vdyh wudgh frvwv rq wkhlu sxufkdvh ri lqwhuphgldwhv iurp wkh

qhz hqwudqw1 Lq dgglwlrq/ hqwudqfh ri d qhz �up dovr phdqv wkdw grphvwlf ghpdqg

iru lqwhuphgldwhv lq wkh uhfhlylqj frxqwu| lqfuhdvhv1 Wkhvh frvw dqg ghpdqg olqndjhv

duh vhoi0uhlqiruflqj/ dqg pd| grplqdwh ryhu wkh pdunhw frpshwlwlrq h�hfw dqg jlyh

ulvh wr djjorphudwlrq ri pdqxidfwxulqj1

Qrwlfh wkdw wkh djjorphudwlrq h�hfw ydqlvkhv lq wkh devhqfh ri wudgh frvwv +� '

��f, ehfdxvh �upv fdqqrw vdyh wudqvsruw frvwv e| orfdwlqj forvh wr rwkhu �upv1 Lq wklv

fdvh jhrjudsklfdo orfdwlrq lv luuhohydqw1 Qhlwkhu fdq zh kdyh djjorphudwlrq iru kljk

ohyhov ri wudgh frvwv1 Kljk wudgh frvwv phdq wkdw frxqwulhv duh h�hfwlyho| vkhowhuhg

iurp lpsruw frpshwlwlrq dqg wkxv ehfrph vhoi0vx!flhqw1 Zh vkdoo frqvhtxhqwo| vhh

wkdw wkh djjorphudwlrq irufhv duh vwurqjhvw iru orz dqg lqwhuphgldwh ohyhov ri wudgh

frvwv/ lq zklfk fdvh lw pd| eh srvvleoh iru d frxqwu| wr ohy| srvlwlyh fdslwdo wd{hv

dqg vwloo krvw dq djjorphudwlrq1

Lq wkh qh{w vhfwlrq zh zloo irfxv rq wd{ frpshwlwlrq ehwzhhq wkh wzr frxqwulhv1

6 Wd{ Frpshwlwlrq

Wr vlpsoli| wkh dqdo|vlv dqg irfxv rq wkh uroh ri wd{hv iru �upv* orfdol}dwlrq ghflvlrq/

zh dvvxph wkdw wkh wzr frxqwulhv kdyh wkh vdph idfwru hqgrzphqwv dqg surgxfwlrq

whfkqrorj|1 Wkhuh duh wzr srvvleoh vwduwlqj srlqwv iru wkh dqdo|vlv ri wd{ frpshwl0

;



wlrq> fdslwdo dqg �upv pd| hlwkhu 0 h{ dqwh 0 eh frqfhqwudwhg lq rqh vlqjoh orfdwlrq

+frqfhqwudwlrq,/ ru wkh| pd| eh hyhqo| vsuhdg ehwzhhq wkh wzr frxqwulhv +glvshu0

vlrq,1 Zh vkdoo lqyhvwljdwh krz wd{hv rq fdslwdo duh vhw xqghu erwk dvvxpswlrqv1

Wkh Qdvk htxloleulxp lv fkdudfwhul}hg e| vlpxowdqhrxv pryhv/ zkhuh hdfk frxq0

wu| fkrrvhv fdslwdo wd{hv vr dv wr pd{lpl}h wkh xwlolw| ri lwv uhvlghqwv1 Iru uhdvrqv

ri wudfwdelolw|/ wkh fdvhv ri frqfhqwudwlrq dqg glvshuvlrq duh wuhdwhg vhsdudwho|1 Gxh

wr wkh vxevwdqwldo v|vwhp ri htxdwlrqv wkdw fkdudfwhul}h wkh jhqhudo htxloleulxp/ wkh

rxwfrph ri fdslwdo wd{ frpshwlwlrq lv irxqg wkurxjk qxphulfdo vlpxodwlrqv1

614 Frqfhqwudwlrq

Zh qrz h{dplqh wkh fdvh zkhuh doo ri pdqxidfwxulqj lv frqfhqwudwhg lq frxqwu|

�/ zkloh erwk frxqwulhv surgxfh wkh djulfxowxuh jrrg1 Wkh txhvwlrq zh dgguhvv

lv iru zkdw udqjh ri wudgh frvwv E� � dqg vl}h ri lqgxvwu| olqndjhv E#� lv lqgxvwuldo

djjorphudwlrq d vxvwdlqdeoh htxloleulxp zkhq frxqwulhv hqjdjh lq wd{ frpshwlwlrq1

Zkhq pdqxidfwxulqj lv frqfhqwudwhg lq �/ wkh xwlolw| ri wkh uhsuhvhqwdwlyh frq0

vxphu lq frxqwu| � dqg sc uhvshfwlyho|/ lv htxdo wr<

�� ' & dE�� w� � #� n E� n |��w�o � +48,

�s ' &

�
E� � w� � #� n E� � |��w�

� �

�
c +49,

zkhuh & : f lv vrph frqvwdqw1 Wkh xwlolw| ri wkh uhsuhvhqwdwlyh frqvxphu lq s gl�huv

iurp wkdw lq � iru wzr uhdvrqv1 Iluvw/ frqvxphu jrrgv duh pruh h{shqvlyh lq s vlqfh

frqvxphuv pxvw lqfxu wudqvsruw frvwv rq doo wkhlu sxufkdvhv ri pdqxidfwxulqj jrrgv/

wkxv/ �s*�M ' � � : � +vhh ht1 +7,,� Wkh vhfrqg uhdvrq lv wkdw gl�huhqfhv lq qdwlrqdo

wd{ srolf| zloo ohdg wr d qhw wudqvihu ri lqfrph ehwzhhq qdwlrqv/ pdnlqj frqvxphu

lqfrph lq wkh wzr frxqwulhv gl�hu1 Wklv h�hfw lv uh hfwhg e| wkh vhfrqg whup lq wkh

qxphudwruv ri +48, dqg +49,1

Vlqfh wkh frxqwulhv duh lqwulqvlfdoo| v|pphwulf/ wkh jdlq wr frxqwu| � iurp krvwlqj

wkh djjorphudwlrq lv h{klelwhg e| wkh lqhtxdolw| �� : �s c zklfk 0 e| xvh ri +48, dqg

<Wkh ghulydwlrq ri +48, dqg +49, lv jlyhq lq Dsshqgl{ D51

<



+49, 0 fdq eh h{suhvvhg lq whupv ri wkh wd{ udwh lq frxqwu| � dv

|� � |,J�� � �

E� � � �� E�� #�

E� � n �� w�
� +4:,

Htxdwlrq +4:, gh�qhv wkh orzhvw wd{ udwh/ |,J�
�

c wkdw frxqwu| � lv zloolqj wr ohy|

wr nhhs wkh djjorphudwlrq lq �1 Zh vhh iurp +4:, wkdw frqvxphuv duh suhsduhg

wr vxevlgl}h fdslwdo
�
|
,J�

�
	 f

�
lq rughu wr vdyh wudgh frvwv rq frqvxphu sxufkdvhv/

dqg wkdw kljkhu wudgh frvwv zloo ohdg wr dq lqfuhdvh lq wkh vxevlg|
�
_|

,J�

�
*_� 	 f

�
1

Lqwxlwlyho|/ rqh zrxog shukdsv h{shfw # wr kdyh wkh vdph txdolwdwlyh h�hfw rq |,J�
�

dv � � Krzhyhu/ iurp +4:, lw iroorzv wkdw

_|,J�
�

_#
: fc +4;,

vlqfh dq lqfuhdvh lq # phdqv wkdw d odujhu vkduh ri gl�huhqwldwhg jrrgv lv xvhg dv

lqsxwv iru surgxfwlrq udwkhu wkdq gluhfwo| iru frqvxpswlrq1

Htxdwlrq +4:, lv rqo| d qhfhvvdu| frqglwlrq iru wkh h{lvwhqfh ri dq dv|pphwulf

Qdvk0htxloleulxp1 Lq dgglwlrq/ lw pxvw dovr eh wuxh wkdw frxqwu| s fdqqrw lqfuhdvh

lwv zhoiduh e| vhwwlqj |s vr orz wkdw lw dwwudfwv wkh djjorphudwlrq1 Ohw |So�|s eh wkh

wd{ udwh lq frxqwu| s wkdw mxvw pdnhv lw sur�wdeoh iru pdqxidfwxulqj wr surgxfh lq

s� Lw iroorzv lpphgldwho| iurp wklv gh�qlwlrq wkdw dq lqfuhdvh lq |So�|s phdqv wkdw

pdqxidfwxulqj �upv kdyh ehfrph pruh wd{ hodvwlf1 Zh fdq h{suhvv |So�|s dv43

|
So�|
s ' � � E�� |��

�
2�

jE�n#�3�

2n E�� # � |�w�� E� 2Ej3��
� ��

� �

jw

� +4<,

Qrwlfh iurp +4<, wkdw |So�|s lpsrvhv dq xsshu erxqg rq wkh wd{ udwh wkdw frxqwu|

� fdq ohy| li lw lv wr suhyhqw wkh zkroh foxvwhu iurp uhorfdwlqj wr s� Gh�qlqj wklv

xsshu erxqg dv |
��}�

�
c lw fdq eh zulwwhq dv44

|� � |
��}�

� � �

E� �
� �� E�� #�

w�
� �

�
|
So�|
s � +53,

Iurp +53, lw lv fohdu wkdw |
��}�

�
' |

��}�

�

�
|
So�|
s E#� c #

�
c dqg zh fdq ghulyh wkdw

Y|
��}�

�

Y#
: fc

Y|
��}�

�

Y|So�|
s

	 f� +54,

43Wkh ghulydwlrq kdv ehhq uhohjdwhg wr Dsshqgl{ D61
44Vhh Dsshqgl{ D7 iru wkh ghulydwlrq1

43



Wkh �uvw ri wkhvh ghulydwlyhv pluuruv wkdw dq lqfuhdvh lq # uhgxfhv wkh vkduh ri

gl�huhqwldwhg jrrgv frqvxphg gluhfwo|/ dqg wkxv frxqwu| s �r ghvluh wr dwwudfw wkh

djjorphudwlrq1 Wkh rwkhu ghulydwlyh vd|v wkdw frxqwu| � pxvw orzhu lwv wd{ udwh li

�upv lq wkh djjorphudwlrq ehfrph pruh wd{ hodvwlf +l1h1 |So�|s lqfuhdvhv,1

Lq fdq eh vkrzq iurp +4;, wkdw

Y|So�|s

Y#
	 fc +55,

vlqfh wkh kljkhu lv #c wkh ohvv dwwudfwlyh lw zloo eh wr orfdwh dzd| iurp wkh foxvwhu1
45

Iurp +54, dqg +55, zh fdq frqfoxgh wkdw

_|
��}�

�

_#
: fc +56,

zklfk surylghv wkh ydoxdeoh lqvljkw wkdw wkh wd{lqj srwhqwldo ri frxqwu| � lv vwuhqjwk0

hqhg e| vwurqjhu yhuwlfdo lqgxvwu| olqndjhv1

Htxdwlrqv +4:, dqg +53, jlyh vx!flhqw dqg qhfhvvdu| frqglwlrqv lq wklv Qdvk0

jdph lq wkh vhqvh wkdw frxqwu| � lv zloolqj dqg deoh wr uhwdlq wkh djjorphudwlrq dv

orqj dv |� olhv zlwklq wkh lqwhuydo |
,J�

�
� |� � |

��}�

�
1

46 Dv lv hylghqw iurp +4:, dqg

+53,/ erwk wkh vl}h ri wkh olqndjh h�hfw E#� dqg wkh ohyho ri wudgh frvwv +� � duh fuxfldo

iru wkh rxwfrph ri wd{ frpshwlwlrq lq wkh Qdvk0htxloleulxp1 Lq wkh qh{w vhfwlrqv zh

h{dplqh krz |� lv vhw xqghu ydulrxv dvvxpswlrqv frqfhuqlqj wkh vl}h ri # dqg � �

61414 Wd{ frpshwlwlrq dqg yhuwlfdo lqgxvwu| olqndjhv E#�

Zh fdq xvh Iljxuh 4 wr looxvwudwh wkh orzhu

�
|
,J�

�

�
dqg xsshu +|��}�

�
� erxqgv iru

wd{dwlrq lq frxqwu| � dv d ixqfwlrq ri #� Iurp +4;, dqg +56, zh nqrz wkdw |
,J�
�

dqg |
��}�

�
duh lqfuhdvlqj ixqfwlrqv ri # dqg wklv lv h{klelwhg e| Iljxuh 4/ zkhuh zh

krog wkh ohyho ri wudgh frvwv frqvwdqw1 Uhfdoo wkdw |,J�� gh�qhv wkh orzhvw wd{ udwh

wkdw frxqwu| � lv zloolqj wr ohy| wr nhhs wkh djjorphudwlrq/ zkloh |��}�
�

ghqrwhv wkh

kljkhvw wd{ udwh wkdw frxqwu| � fdq ohy| zlwkrxw orvlqj wkh djjorphudwlrq1 Khqfh/ li

|,J�� : |
��}�

�
wkh vxevlglhv frqvxphuv lq � duh zloolqj wr sd| duh wrr vpdoo wr nhhs wkh

djjorphudwlrq lq �1 Iurp Iljxuh 4 zh vhh wkdw wklv vlwxdwlrq dulvhv iru # 	 e# dqg dq

45
Txdolwdwlyho|/ wkh gulylqj irufh ehklqg wklv uhvxow lv wkh vdph dv lq wkh fdvh ri gworz

k
@g�=

46Iru d irupdo surri lq wklv w|sh ri vhwwlqj vhh Zrrwrq dqg Oxghpd +4<<;,1

44



htxloleulxp zlwk djjorphudwlrq grhv qrw h{lvw ehorz wklv fulwlfdo ohyho 1 Iru vwurqjhu

yhuwlfdo olqndjhv E# : e#� c krzhyhu/ zh kdyh |
,J�
� 	 |

��}�

� zklfk phdqv wkdw wkh irufhv

ri djjorphudwlrq duh vx!flhqwo| vwurqj wr pdnh lw zruwkzkloh iru frxqwu| � wr krvw

wkh foxvwhu1 Lq sduwlfxodu/ wkh vkdghg duhd lq Iljxuh 4 lv fkdudfwhul}hg e| �� : �s

dqg |
,J�
� � |� � |

��}�

�
� Hylghqwo|/ frxqwu| � suhihuv wr wd{ fdslwdo rzqhuv lq frxqwu|

s dv kdug dv srvvleoh dqg fdq gr vr e| wd{lqj dzd| wkh orfdwlrqdo uhqw wkdw dffuxhv

wr pdqxidfwxulqj1 Wkxv/ wkh Qdvk0htxloleulxp zlwk djjorphudwlrq lv ghvfulehg e|

|� ' |
��}�

�
iru # : e#� Lw lv zruwk qrwlqj wkdw iru # : f�eDc frxqwu| � pd{lpl}hv lwv

zhoiduh li lw ohylhv d srvlwlyh vrxufh0wd{ rq fdslwdo lq wkh Qdvk0htxloleulxp1

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.1 0.2 0.3 0.4 0.5

tfcrit

�η

 uh < uf

 uh < uf

thlow

η

thhigh

Iljxuh 41 Lqgxvwu| olqndjhv dqg wd{dwlrq> � ' ��D�

61415 Wd{ frpshwlwlrq dqg wudgh frvwv E��

Zh qrz wxuq wr h{dplqh wkh lpsruwdqfh ri wudgh frvwv iru wd{ srolf|1 Vlqfh orfdwlrq

grhv qrw pdwwhu lq wkh devhqfh ri wudgh frvwv/ rqh zrxog shukdsv h{shfw wkdw wkh

pruh �upv fdq vdyh rq wudqvsruw frvwv e| orfdwlqj forvhu wr rwkhu �upv/ wkh juhdwhu

lv wkh vfrsh iru wd{dwlrq e| wkh krvwlqj jryhuqphqw1 Wklv orjlf/ krzhyhu/ lv  dzhg1

Iljxuh 5 vkrzv wkdw frxqwu| � fdq rqo| udlvh lwv wd{ udwh 0 dqg uhwdlq wkh djjorphu0

dwlrq 0 iru ohyhov ri wudgh frvwv lq wkh lqwhuydo � 5 E�c �� � � Frxqwu| � pxvw dfwxdoo|

uhgxfh lwv wd{ udwh iru wudgh frvwv kljkhu wkdq �� li lw lv wr nhhs wkh djjorphudwlrq1
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Wklv uhvxow dulvhv gxh wr wzr frxqwhudfwlqj h�hfwv1 Wkh �uvw lv wkh lqfhqwlyh wr

vdyh rq wudqvsruw frvwv1 Fhwhulv sdulexv/ lw lqglfdwhv wkdw dv � lqfuhdvhv/ vr grhv

wkh vfrsh iru wd{lqj wkh shfxqldu| h{whuqdolw| wkdw dulvh lq wkh djjorphudwlrq1 Wkh

vhfrqg h�hfw shuwdlqv wr wkh sur�wdelolw| ri vhwwlqj xs surgxfwlrq lq frxqwu| s 1

Kljkhu wudgh frvwv uhgxfh wkh sur�wdelolw| ri h{sruwlqj iurp frxqwu| � dqg lqfuhdvh

wkh lpsruw vkhowhu iru srwhqwldo �upv lq frxqwu| s 1 Dv wudgh frvwv lqfuhdvhv lw

ehfrphv sur�wdeoh wr surgxfh pdqxidfwxulqj jrrgv lq erwk frxqwulhv/ xqohvv frxqwu|

� uhgxfhv lwv wd{ udwh1 Ixuwkhupruh/ eh|rqg d fhuwdlq kljk ohyho ri wudgh frvwv wkh

lpsruw vkhowhulqj h�hfw grplqdwhv wkh wudqvsruw vdylqj lqfhqwlyh/ dqg qhfhvvlwdwhv

d vxevlg| iurp � wr uhwdlq wkh djjorphudwlrq147
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Iljxuh 5= Qdvk wd{hv frpsdwleoh zlwk djjorphudwlrq lq �> # ' f�D

Iljxuh 6 vkrzv wkdw zhoiduh lq frxqwu| � lqfuhdvhv lq wkh lqwhuydo � 5 E�c �� �1 Wkh

uhdvrq lv wkdw wkh frvw vdylqj lqfhqwlyh grplqdwhv lq wklv lqwhuydo1 Khqfh/ dv wudgh

frvwv lqfuhdvh/ vr grhv wkh sur�wdelolw| ri ehlqj lq wkh foxvwhu dqg wkh orfdwlrqdo

uhqw wkdw frxqwu| � pd| wd{ dzd|1 Iru kljkhu wudgh frvwv/ l1h1/ � : �� / wkh lpsruw

vkhowhulqj h�hfw grplqdwhv1 Lq wklv fdvh frxqwu| � pxvw uhgxfh lwv vrxufh0wd{ wr

dedwh wkh lqfuhdvhg lqfhqwlyh wr uhorfdwh1

Jlyhq wkh srolwlfdo uhohydqfh ri wljkwhu hfrqrplf lqwhjudwlrq dqg joredol}dwlrq/ lw

lv lqwhuhvwlqj wr vhh krz zhoiduh lq wkh wzr frxqwulhv lv d�hfwhg e| wudgh olehudol}dwlrq

47Li wudgh frvwv duh yhu| kljk wkh dv|pphwulf htxloleulxp pd| qrw h{lvw1 Vhh Dsshqgl{ D81
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+_� 	 f�1 Iljxuh 6 looxvwudwhv wkdw wudgh olehudol}dwlrq xqdpeljxrxvo| lqfuhdvhv

zhoiduh lq frxqwu| s 1 Wkh h{sodqdwlrq lv wkdw wudgh olehudol}dwlrq ohdgv wr d uhgxfwlrq

ri wkh frqvxphu sulfh ri gl�huhqwldwhg jrrgv lq frxqwu| s� Lq frqwudvw/ frxqwu| �

zloo rqo| jdlq iurp wudgh olehudol}dwlrq li wudgh frvwv olh zlwklq wkh lqwhuydo � 5

E�� c �
r+6� �

48 Lq wklv lqwhuydo wkh sur�wdelolw| ri uhorfdwlqj wr s +lpsruw vkhowhulqj

h�hfw, lv glplqlvkhg e| wudgh olehudol}dwlrq/ dqg doorzv frxqwu| � wr lqfuhdvh lwv

wd{1 Qrwlfh wkdw frxqwu| � zrxog suhihu qrw wr olehudol}h wudgh ehorz � ' �� � Dw

wklv ohyho wkh wd{deoh uhqw lq wkh djjorphudwlrq uhdfkhv lwv shdn ydoxh1 Iljxuh 6/

wkhuhiruh/ r�huv rqh h{sodqdwlrq ri zk| lqfhqwlyhv wr hqjdjh lq wudgh olehudol}dwlrq

h�ruwv gl�hu dprqj frxqwulhv1
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Iljxuh 6= Zhoiduh dqg wudgh frvwv> # ' f�D

615 Glvshuvlrq

Zh qrz wxuq wr h{dplqh wkh fdvh zkhuh sdudphwhu ydoxhv gr qrw vxssruw dv|pphwulf

htxloleuld/ dqg zkhuh wkh rqo| vwdeoh htxloleulxp lv rqh zkhuh pdqxidfwxulqj lv

hyhqo| glvwulexwhg ehwzhhq wkh wzr frxqwulhv1 Uhfdoo iurp wkh glvfxvvlrq lq Vhfwlrq

614 wkdw dq htxloleulxp zlwk lqgxvwuldo djjorphudwlrq rqo| h{lvwhg li wudgh frvwv

48
Lw fdq eh vkrzq wkdw iru wudgh frvwv deryh �

v|p pxowlsoh htxloleuld zlwk dqg zlwkrxw djjorp0

hudwlrq pd| h{lvw1
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zhuh ehorz d fhuwdlq fulwlfdo ohyho/ dqg lqgxvwu| olqndjhv zhuh vx!flhqwo| vwurqj149

Khqfh/ wkh qxphulfdo vlpxodwlrqv ehorz duh edvhg rq udwkhu kljk wudgh frvwv dqg

uhodwlyho| zhdn lqgxvwu| olqndjhv1

Lq d vlwxdwlrq zkhuh lqgxvwu| lv hyhqo| glvshuvhg/ hdfk frxqwu| fdq dwwudfw fdslwdo

dqg �upv e| vhwwlqj d wd{ udwh ehorz wkdw ri wkh rwkhu frxqwu|1 Wkhuh duh frvwv dqg

ehqh�wv ri vxfk d srolf|1 Wkh ehqh�wv duh orzhu sulfhv ri gl�huhqwldwhg jrrgv ehfdxvh

ihzhu ydulhwlhv qrz kdyh wr eh lpsruwhg1 Wkh frvwv duh wkh wudqvihu ri lqfrph wr

iruhljqhuv wkdw iroorzv li d frxqwu| vxevlgl}hv fdslwdo lq wkh Qdvk htxloleulxp1 Li

wkh vxevlg| lv qrw wrr kljk/ wkh ehqh�w h{fhhgv wkh frvw1 Wklv phdqv wkdw/ xs wr d

fhuwdlq srlqw/ lw lv zhoiduh lqfuhdvlqj iru hdfk frxqwu| wr elg grzq lwv wd{ udwh dqg

dwwudfw fdslwdo dqg �up1

Lq Iljxuh 7 wkh uhvxowlqj Qdvk htxloleulxp lv gudzq1 Wkh fxuyhv |
W

�
E|s � dqg |

W

s E|��

ghslfw wkh rswlpdo wd{ udwh lq frxqwu| � dqg sc uhvshfwlyho|/ iru jlyhq wd{ udwhv lq

wkh rwkhu frxqwu|1 Vlqfh wkh wzr frxqwulhv duh lqwulqvlfdoo| lghqwlfdo/ wkh| zloo fkrrvh

wkh vdph vxevlg| lq wkh v|pphwulf htxloleulxp> |
W

s ' |
W

� ' |
�
	 f1 Lq htxloleulxp/

wkh zhoiduh ohyho lq hdfk frxqwu| lv xqd�hfwhg e| wd{ frpshwlwlrq1 Wkh uhdvrq lv

wkdw fdslwdo grhv qrw pryh ehwzhhq wkh wzr frxqwulhv/ dqg wkdw wkh frqvxphu lv

erwk d fdslwdo rzqhu dqg d zrunhu dw wkh vdph wlph1 Khqfh/ wkh vxevlg| lv �qdqfhg

e| d gh idfwr oxps vxp wd{ rq frqvxphu lqfrph zklfk 0 lq wkh Qdvk htxloleulxp

0 lv uhglvwulexwhg wr wkh frqvxphu lq d oxps vxp idvklrq ohdylqj frqvxphu zhdowk

xqfkdqjhg1

49
Qrwh wkdw gxh wr wkh lqwhudfwlrq ri wudgh frvwv dqg lqgxvwu| olqndjhv/ wkh fulwlfdo ohyho ri wudgh

frvwv ghshqgv rq krz vwurqj wkh lqgxvwu| olqndjhv duh +dqg ylfh yhuvd,1
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Iljxuh 71 V|pphwulf Qdvk htxloleulxp

Qrwlfh wkdw lq wkh Qdvk0htxloleulxp/ wd{hv duh vr orz wkdw li rqh frxqwu| lqfuhdvhg

lwv vxevlg|/ wkh frvw ri grlqj vr zrxog eh kljkhu wkdq wkh ehqh�w1 Wkh wd{ udwhv

+vxevlglhv, duh wkhuhiruh xqltxh lq wkh Qdvk htxloleulxp1

Dq lqwhuhvwlqj txhvwlrq lv zkdw kdsshqv wr wkh htxloleulxp li wudgh frvwv duh

uhgxfhgB Lw fdq eh vkrzq wkdw ehorz d fhuwdlq wkuhvkrog ohyho ri wudgh frvwv/ wkh

v|pphwulf htxloleulxp ehfrphv xqvwdeoh1 Ixuwkhupruh/ wkh wkuhvkrog ohyho lv d

ghfuhdvlqj ixqfwlrq ri #� Lq wkh xqvwdeoh htxloleulxp/ lw pd| eh wkh fdvh wkdw erwk

frxqwulhv zloo 0 gxh wr frvw dqg ghpdqg olqndjhv 0 vhw srvlwlyh vrxufh0wd{hv rq fdslwdo

+l1h1/ |
�
' |

W

�E|s � ' |
W

s E|�� : f,1

Wr xqghuvwdqg zk| lw pd| eh rswlpdo wr vzlwfk wr srvlwlyh wd{hv rq fdslwdo/

vxssrvh zh kdyh wkh wd{ frqvwhoodwlrq> |s ' f dqg |� : f� Lq wklv fdvh/ htxdwlrqv +;,

dqg +43, whoo xv wkdw glvsrvdeoh frqvxphu lqfrph Et�� lq frxqwu| � lv juhdwhu wkdq

lq frxqwu| s� Exw wklv lpsolhv wkdw wkh ghpdqg iru pdqxidfwxulqj jrrgv lv kljkhu

lq frxqwu| �1 Iuhh hqwu| dqg wkh }hur sur�w frqglwlrq fdq wkhq ohdg wr pljudwlrq ri

�upv iurp s wr �c vr wkdw frxqwu| � krvwv d odujhu qxpehu ri lqwhuphgldwh jrrgv

surgxfhuv1 Vlqfh lqwhuphgldwh jrrgv duh xvhg dv lqsxwv lq wkh pdqxidfwxulqj vhfwru

+# : f,/ wkh h{lvwhqfh ri wudgh frvwv phdqv wkdw wkh odujhu lqgxvwu| lq � kdv d frvw
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dgydqwdjh1 Li wkh frvw olqndjh h�hfw lv vx!flhqwo| vwurqj/ ixuwkhu uhorfdwlrq ri �upv

iurp s wr � fdq rffxu1 Pruhryhu/ li wkh vkduh ri wkh pdqxidfwxulqj vhfwru wkdw

lv orfdwhg lq � lqfuhdvhv/ wkhq/ rwkhu wklqjv htxdo/ zh vkrxog h{shfw wr vhh hyhq

kljkhu ghpdqg iru lqwhuphgldwh jrrgv iurp wkh pdqxidfwxulqj vhfwru lq � +ghpdqg

olqndjh,1 Wklv flufxodu fdxvdwlrq 0 zklfk lv suhvhqw iru uhodwlyho| kljk ydoxhv ri # 0

fdq ohdg wkh hqwluh pdqxidfwxulqj vhfwru wr ehfrph frqfhqwudwhg lq � hyhq li vxfk

frqfhqwudwlrq lpsolhv kljkhu frvw ri fdslwdo dqg oderu lq ��4:

Wkh phfkdqlvp ri wkh h{dpsoh deryh h{sodlqv zk| hdfk frxqwu| pd| zdqw wr

vzlwfk wr srvlwlyh fdslwdo wd{ udwhv li # lv srvlwlyh dqg wudgh frvwv duh uhgxfhg14;

7 Glvfxvvlrq ri uhvxowv

Frpsdulqj wkh uhvxowv ghulyhg lq wklv sdshu zlwk wkrvh rewdlqhg lq wkh suhylrxv

olwhudwxuh/ d �uvw gl�huhqfh frqfhuqv wkh prgho lwvhoi dqg zkdw ghwhuplqhv wkh rxw0

frph ri wd{ frpshwlwlrq1 Gl�huhqfhv lq frxqwu| vl}h lv wkh gulylqj irufh ehklqg

wkh sdshu e| Kdx hu dqg Zrrwrq +4<<<, zkr vwxg| wd{ frpshwlwlrq ehwzhhq wzr

frxqwulhv wu|lqj wr dwwudfw d iruhljq0rzqhg prqrsrolvw1 Wkh h{lvwhqfh ri wudgh frvwv

dqg vfdoh hfrqrplhv phdqv wkdw wkh �up zloo suhihu wr orfdwh lq wkh frxqwu| zlwk

wkh odujhvw grphvwlf pdunhw1 Wkh orfdwlrqdo suhihuhqfh iru wkh odujh frxqwu| phdqv

wkdw wkh wd{lqj dxwkrulw| lq wklv frxqwu| lv deoh wr dwwudfw wkh �up dw d orzhu frvw

wkdq wkh vpdoo frxqwu|1 Kddsdudqwd +4<<9, lqyhvwljdwhv d vxevlg| jdph ehwzhhq wzr

frxqwulhv zklfk vhhn wr dwwudfw lqzdug iruhljq gluhfw lqyhvwphqw lq rughu wr doohyldwh

grphvwlf xqhpsor|phqw1 Lq wklv prgho gl�huhqfhv lq qdwlrqdo zdjh ohyhov surylgh

frxqwulhv zlwk lqfhqwlyhv wr vxevlgl}h fdslwdo wr uhgxfh grphvwlf xqhpsor|phqw1 Lq

Eodfn dqg Kr|w +4<;<, uhjlrqdo gl�huhqfhv lq d qrq0oderu frvw frpsrqhqw duh wkh

fuxfldo frpsrqhqw lq d vxevlg| jdph ehwzhhq wzr uhjlrqv zklfk dwwhpsw wr dwwudfw

�upv e| uhdol}lqj vfdoh hfrqrplhv zlwk uhvshfw wr wkh surylvlrq ri sxeolf jrrgv1

4:Vhh Nuxjpdq dqg Yhqdeohv +4<<8, iru d glvfxvvlrq ri wkh lqwhudfwlrq ehwzhhq ghpdqg olqndjhv

dqg frvw olqndjhv/ dqg krz wkh| pd| jhqhudwh lqwhuqdwlrqdo vshfldol}dwlrq1
4;Iru frpsohwhqhvv/ qrwh wkdw gxh wr wkh lpsruw vkhowhulqj h�hfw/ wkh v|pphwulf htxloleulxp lv

vwdeoh zkhq wudgh frvwv duh kljk1 Wklv h�hfw/ krzhyhu/ lv zhdnhqhg li wudgh lv lqh{shqvlyh/ dqg wkh

v|pphwulf htxloleulxp fdq ehfrph xqvwdeoh iru vx!flhqwo| orz ohyhov ri wudgh frvwv1

4:



Wkh rxwfrph ri wd{ frpshwlwlrq lq wkh v|pphwulf htxloleulxp +glvshuvlrq, lq

wkh suhvhqw sdshu lv gulyhq e| �upv* suhihuhqfhv iru orfdwlqj lq d frxqwu| zlwk d

odujh grphvwlf pdunhw1 Lq wklv vhwwlqj/ lw lv wkh suhvhqfh ri wudgh frvwv dqg lqgxvwu|

olqndjhv � dqg qrw gl�huhqfhv lq h{rjhqrxv frxqwu| vshfl�f yduldeohv � wkdw sxwv d

grzqzdug suhvvxuh rq fdslwdo wd{ udwhv14< Lq frqwudvw/ lw lv vkrzq wkdw lq wkh frq0

fhqwudwhg htxloleulxp wkh srvlwlyh h{whuqdolw| jhqhudwhg e| wkh lqwhudfwlrq ehwzhhq

wudgh frvwv dqg lqgxvwu| olqndjhv/ doorzv wkh krvwlqj frxqwu| qrw rqo| wr lqfuhdvh

lwv wd{ udwh deryh wkdw ri wkh rwkhu frxqwu|/ exw wr ohy| d srvlwlyh vrxufh wd{ rq

fdslwdo1

D vhfrqg gl�huhqfh iurp hduolhu olwhudwxuh shuwdlqv wr wkh lvvxh ri zkr �zlqv�

wkh frpshwlwlrq iru preloh fdslwdo1 Exfryhwvn| +4<<4, dqg Zlovrq +4<<4, �qg wkdw

vpdoo frxqwulhv zlq wkh frpshwlwlrq iru fdslwdo lq wkh vhqvh wkdw wkh| dwwudfw d pruh

wkdq sursruwlrqdo vkduh ri preloh fdslwdo dqg dfklhyhv d kljkhu shu0fdslwdo xwlolw|

wkdq odujh frxqwulhv1 Kdx hu dqg Zrrwrq +4<<<, vkrz wkdw li wkhuh duh hfrqrplhv

ri vfdoh lq surgxfwlrq/ wkh h{lvwhqfh ri wudgh frvwv zloo jlyh wkh �up dq lqfhqwlyh wr

orfdwh lq wkh odujh frxqwu|1 Khqfh/ wkh odujh frxqwu| lv deoh wr dwwudfw wkh �up dw d

orzhu frvw dqg wkxv kdv wkh kljkhu shu0fdslwd xwlolw| lq htxloleulxp1

Wkh suhvhqw sdshu vkrzv wkdw wkh frxqwu| zklfk krvw dq djjorphudwlrq zloo

zlq wkh frpshwlwlrq iru fdslwdo1 Wkh uhdvrq lv wkdw pdqxidfwxuhuv lq wkh �foxvwhu

orfdwlrq� � duh pruh frpshwlwlyh wkdq wkhlu srwhqwldo �ulydov� lq s / dqg fdq wkxv

sd| d kljkhu sulfh iru hdfk xqlw ri fdslwdo zlwkrxw pdnlqj orvvhv1 Wklv phdqv wkdw

hyhq li fdslwdo fdq pryh frvwohvvo| ehwzhhq frxqwulhv/ wkh vxsso| ri fdslwdo zloo qrw

eh shuihfwo| wd{ hodvwlf1 Lq idfw/ iru d udqjh ri wudgh frvwv dqg wd{ udwhv fdslwdo zloo

eh lqhodvwlf lq vxsso|1 Wkh krvw frxqwu| fdq h{sorlw wklv e| ohy|lqj d vrxufh0wd{ rq

fdslwdo deryh wkdw ri wkh rwkhu frxqwu|1 Wkh �kljkhu� ohyho ri wd{dwlrq zloo lqfuhdvh

zhoiduh lq wkh krvwlqj frxqwu| dqg hqwdlo d srvlwlyh vrxufh0wd{ rq fdslwdo1

4<Wkh uhvxow lq wkh v|pphwulf fdvh lv uhodwhg wr wkh vwdqgdug uhvxow lq sxeolf �qdqfh wkdw wd{hv

duh vhw wrr orz lq wkh Qdvk0htxloleulxp ^vhh ]rgurz dqg Plhv}nrzvnl/ +4<;9,`1 Wkh vwdqgdug uhvxow

lv rewdlqhg e| doorzlqj wd{ uhyhqxh wr �qdqfh d sxeolf frqvxpswlrq jrrg1 Lw fdq hdvlo| eh vkrzq

wkdw doorzlqj iru d sxeolf frqvxpswlrq jrrg lq rxu iudphzrun zrxog uhsurgxfh wkh uhvxow wkdw wkh

sxeolf jrrg lv xqghusurylghg lq wkh Qdvk htxloleulxp1

4;



8 Frqfoxglqj Uhpdunv

Suhylrxv prghov rq wd{ frpshwlwlrq ehwzhhq frxqwulhv kdyh dvvxphg wkdw hfrqrplf

dfwlylw| lv hyhqo| vsuhdg rxw dfurvv vsdfh1 Hpslulfdo vwxglhv/ krzhyhu/ vxjjhvw wkdw

hfrqrplf dfwlylw| lv oxpshg wrjhwkhu lq *foxvwhuv*/ dqg wkdw wudgh lv qrw iulfwlrqohvv1

Wkh uhvhdufk rxwolqhg lq wklv sdshu lv qryho lq wkh vhqvh wkdw lw pdnhv wzr prgl�fd0

wlrqv wr wkh vwdqgdug prgho ri qhz hfrqrplf jhrjudsk|> �uvw/ lw lqwurgxfhv fdslwdo

dv d idfwru ri surgxfwlrq +udwkhu wkdq rqo| oderu dv lq wkh vwdqgdug vhw0xs, dqg/

vhfrqg/ lw doorzv iru wd{dwlrq ri lqwhuqdwlrqdoo| preloh fdslwdo1 Jlyhq wkhvh prgl�0

fdwlrqv/ wzr dowhuqdwlyh vhwwlqjv iru wd{ frpshwlwlrq kdyh ehhq dqdo|}hg1 Lq wkh �uvw

vfhqdulr/ fdslwdo dqg �upv zhuh dvvxphg wr eh frqfhqwudwhg lq rqh vlqjoh orfdwlrq1

Lw zdv wkhq vkrzq wkdw wkh krvw frxqwu| frxog jdlq iurp vhwwlqj lwv vrxufh0wd{ rq

fdslwdo deryh wkdw ri wkh rwkhu frxqwu|1 Lq sduwlfxodu/ wkh krvwlqj frxqwu| frxog 0

xqghu uhdvrqdeoh dvvxpswlrqv 0 lqfuhdvh lwv zhoiduh shu fdslwd e| ohy|lqj d srvlwlyh

vrxufh0wd{ rq fdslwdo/ vlqfh fdslwdo h�hfwlyho| ehfdph lppreloh gxh wr shfxqldu|

h{whuqdolwlhv dulvlqj lq wkh djjorphudwlrq1 Lq wkh vhfrqg vfhqdulr fdslwdo dqg �upv

zhuh hyhqo| vsuhdg dfurvv wkh wzr frxqwulhv1 Wkh htxloleulxp rxwfrph lq wklv fdvh

zdv wkdw erwk frxqwulhv surylghg d vxevlg| ri htxdo vl}h wr fdslwdo1

Wkh dqdo|vlv lq wklv sdshu frxog eh h{whqghg lq vhyhudo gluhfwlrqv1 Dq reylrxv

h{whqvlrq zrxog eh wr lqfoxgh vhyhudo lqgxvwulhv wkdw ydulhv lq wkhlu ghjuhh ri lqwhuqdo

dqg h{whuqdo olqndjhv1 Wklv krogv wkh srwhqwldo ri holplqdwlqj wkh h{wuhph uhvxow wkdw

wkh zkroh pdqxidfwxulqj vhfwru ehfrphv orfdwhg lq rqh frxqwu|1 D vhfrqg lqwhuhvwlqj

h{whqvlrq zrxog eh wr lqfoxgh d wlph glphqvlrq lq wkh prgho/ dqg h{solflwo| frqvlghu

wkh wlph lqfrqvlvwhqf| sureohp wkdw pd| frqvwlwxwh dq lpsruwdqw dvshfw ri dq|

vxvwdlqdeoh wd{ srolf| +vhh N|godqg dqg Suhvfrww/ 4<::,1 Wklv h{whqvlrq zrxog

reylrxvo| d�hfw rxu uhvxowv vlqfh wkh dqdo|vlv kdv lpsolflwo| dvvxphg wkdw frxqwulhv

0 zkhq wu|lqj wr dwwudfw fdslwdo dqg �upv 0 kdyh pdgh d fuhgleoh surplvh ri ixwxuh

ehqh�fldo fdslwdo wd{dwlrq1

Dsshqgl{

4<



D4 Sdudphwhu ydoxhv

Zh kdyh xvhg g� ' gs ' �c u� ' us ' �c w ' f�ec j ' ec � ' f�D lq doo wkh

vlpxodwlrqv1 Lq Iljxuh 4 zh kdyh � ' ��D1 Lq Iljxuh 5 dqg Iljxuh 6 # ' f�D/ dqg lq

Iljxuh 7 # ' f�� dqg � ' ��D1

D5 Ghgxfwlrq ri htxdwlrqv +48, dqg +49,

Fdslwdo frvwv frqvwlwxwh d vkduh w ri wkh wrwdo pdqxidfwxulqj frvwv +f1i1 +8,,/ dqg

zlwk frpsohwh djjorphudwlrq lq � zh wkxv kdyh

o� Eg� ngs � ' w E.� n .s� � +57,

Wrwdo h{shqglwxuh rq pdqxidfwxulqj jrrgv lv htxdo wr .� n .s ' ?�R� zkhq

?s ' f1 Zlwk �� ' �s ' � lw wkxv iroorzv iurp htxdwlrqv +43, dqg +44, wkdw

.� ' �E��u� n o�g� n |�o�gs� n #E.� n .s � dqg .s ' � d�sus n E� � |��o�gs o1

Ohw g � g� ngs dqg u � u� n us 1 Xvlqj wkh deryh h{suhvvlrqv iru .� dqg .s

wrjhwkhu zlwk +57, lw fdq eh vkrzq wkdw wkh lqwhuhvw udwh lq � htxdov

o� '

�
w�

�� w� � #

�
u

g
c +58,

zkloh h{shqglwxuhv iru pdqxidfwxulqj jrrgv fdq eh h{suhvvhg dv53

.� ' �

�
u� n

u

g

�
w�

� � w� � #

�
Eg� n |�gs �

�
n

�
#�

�� w� � #

�
uc +59,

dqg

.s ' �

�
us n

u

g

�
w�

� � w� � #

�
E� � |��gs

�
� +5:,

Xvlqj Vkhsdug*v ohppd rq htxdwlrq +8, zh �qg wkdw fdslwdo ghpdqg iurp hdfk

ri wkh ?� �upv lv htxdo wr wo
w3�

�
^
#

�� Htxloleulxp rq wkh fdslwdo pdunhw wkxv uhtxluhv

?� '

g

wo
w3�

�
^
#

�

� +5;,

Wkh sulfh lqgh{ iru gl�huhqwldwhg jrrgv lq frxqwu| � lv htxdo wr ^� ' E?�R
�3j

�
�

�

�3j

iurp htxdwlrq +6,1 E| xvlqj wkdw R� ' o
w
�^

#

� iurp htxdwlrqv +5, dqg +8,/ zh kdyh

^� ' ?

�

E�3j�E�3#�

�
o

w
�3#

�
1 +5<,

53
Zh pxvw ri frxuvh uhtxluh wkdw +40�� � �,A3/ rwkhuzlvh wkh lqwhuhvw udwh zrxog eh qhjdwlyh1
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Vroylqj +5;, dqg +5<, vlpxowdqhrxvo|/ dqg lqvhuwlqj iru o� iurp htxdwlrq +58,/

zh �qg diwhu d vljql�fdqw dprxqw ri dojheud wkdw

?� '

�
g

w

� �

E�3j�E�3#�n#
�

�u

�� w� � #

� E�3j�E�3#3w�

E�3j�E�3#�n#

c +63,

dqg

^� '

�
g

w

� wj

E�3j�E�3#�n#
�

�u

� � w� � #

� �3wj
E�3j�E�3#�n#

� +64,

Wkh zhoiduh ohyho shu fdslwd lq frxqwu| � lv htxdo wr �� '
�

u�

E��u�no�g�n|�o�gs�

R
�3�
� ^

�
�

1

Xvlqj �� ' R� ' � wrjhwkhu zlwk htxdwlrqv +58, dqg +64, zh kdyh

�� '

�
�

u�

�
E� � w� � #�gu� n w�u Eg� n |�gs �

�

zkhuh � � E� � w� � #�g

��
g
w

�wj � �u

�3w�3#

�
�3wj

� �

E�3j�E�3#�n#

1 Zlwk g� ' gs dqg

u� ' us zh duulyh dw htxdwlrq +48, lq wkh pdlq wh{w/ zkhuh & �
g

�
1

Htxdwlrq +49, iru wkh zhoiduh ohyho lq frxqwu| s lv irxqg lq d vlplodu zd|/ e|

qrwlqj wkdw ^s ' �^� dqg �s '
�

us

E�susnE�3|��o�gs�
R
�3�
�

^
�
s

zkhq ?s ' f�

D6 Ghgxfwlrq ri htxdwlrq +65,

E| phdqv ri +6, dqg +45, zh kdyh wkdw %s '
�
Rs

R�

�
3j

�
j3�

.sn�
�3j.�

R�?�
� Zlwk doo

pdqxidfwxulqj djjorphudwhg lq frxqwu| � htxdwlrqv +5, dqg +8, whoo xv wkdw zh kdyh

Rs ' o
w

s^
#

s / R� ' o
w
�^

#

�c dqg ^s ' �^�1 Wkh qr0duelwudjh frqglwlrq ixuwkhu lpsolhv

wkdw
os

o�
'

�3|�

�3|s
/ dqg wkhuhiruh zh fdq uhzulwh %s dv %s '

�
Rs

R�

�
3j

�
j3�

.sn�
�3j

.�

R�?�
'

�
�3|�

�3|s
�

�
3wj

�
j3�

.sn�
�3j

.�

R�?�
1 Iurp htxdwlrqv +59, dqg +5:, zh wkxv kdyh wkdw pdqx0

idfwxulqj lq s lv sur�wdeoh li/

%s '

�
�� |�

�� |s

�
3wj

�
�3j3#j

#
� n

E�� w� � #� n E�� |�� w�

2 E�2Ej3��
� ��

3�

$
� �� +65,

Vroylqj +65, iru %s ' � ohdgv wr +4<,1

D7 Wkh ghulydwlrq ri htxdwlrq +53,
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Vxssrvh frxqwu| s xvhv wkh wd{ udwh |s ' |
So�|
s dqg ehfrphv wkh qhz krvw ri

wkh djjorphudwlrq1 Lq wkdw fdvh lw iroorzv iurp htxdwlrq +48, wkdw �sE|So�|s � '

&

�
E� � w� � #�n E� n |So�|s �w�

�
1 Li wkh djjorphudwlrq vwd|v lq �/ rq wkh rwkhu kdqg/

zh nqrz iurp htxdwlrq +49, wkdw �s E|�� ' &

k
E�3w�3#�nE�3|��w�

��

l
1 Frxqwu| � lv wkhuh0

iruh deoh wr nhhs wkh djjorphudwlrq e| fkrrvlqj d wd{ udwh |� vxfk wkdw �sE|�� �

�s E|So�|s �1 Vroylqj wklv lqhtxdolw| zh duulyh dw htxdwlrq +53,1

D8 Qrq0h{lvwhqfh ri djjorphudwlrq iru kljk ohyhov ri wudgh frvwv

Vxssrvh wkdw lw lv sur�wdeoh wr surgxfh gl�huhqwldwhg jrrgv lq s iru dq| jlyhq

|� � ��f zkhq wkh ohyho ri wudgh frvwv lv vx!flhqwo| kljk1 Lq wkdw fdvh wkh dv|pphw0

ulf htxloleulxp pxvw vrrqhu ru odwhu euhdn grzq li zh lqfuhdvh � 1 Grhv wkdw kdsshqB

Htxdwlrq +65, whoov xv wkdw *�4

�<"

%s ' *�4

�<"

�
�3|�

�3|s

�
3wj

�
2ndE�3w�3#�nE�3|��w�oE�2Ej3��3��

2�jE�n#�3�

�
1

E| xvlqj O*Krslwdo*v uxoh wklv fdq eh vlpsol�hg wr *�4

�<"

%s ' *�4

�<"

�
�3|�

�3|s

�
3wj

wlphvq
dE�3w�3#�nE�3|��w�o�

2Ej3��

2djE�n#�3�o
�
jE�n#�3�

r
�
jE�n#�3�

1 Vlqfh E� � w� � #� : f zh wkxv kdyh *�4
�<"

%s '

4 li j :
�

�n#
� Li wklv lqhtxdolw| lv vdwlv�hg/ wkhuh pxvw h{lvw d fulwlfdo ohyho ri wudgh

frvwv eh|rqg zklfk %s : � +vr wkdw wkh djjorphudwlrq euhdnv grzq,1

Lw lv hdv| wr vkrz wkdw wkh ghjuhh ri vfdoh hfrqrplhv lv dq lqyhuvh ixqfwlrq ri j/

dqg dssurdfkhv lq�qlw| dv j $ �1 Dvvxplqj j :
�

�n#
dprxqwv wr uhtxlulqj wkdw

wkh vfdoh hfrqrplhv duh qrw duh *wrr odujh*1 Li j zhuh vpdoohu wkdq �

�n#
c wkhq/ gxh

wr lwv vpdoo krph pdunhw/ frxqwu| s zrxog ehfrph pruh dqg pruh glvdgydqwdjhg

dv � lqfuhdvhv1 Zh zrxog wkhq hqg xs lq d vlwxdwlrq zkhuh frxqwu| � wd{lhv dzd|

doo fdslwdo lqfrph iurp frxqwu| s +|� ' ��f, iru kljk ohyhov ri wudgh frvwv1 Zh kdyh

uxohg rxw wklv lpsodxvleoh fdvh lq rxu vlpxodwlrqv/ dqg wkxv dvvxphg wkdw j :
�

�n#
1

Uhihuhqfhv

^4` Eodfn/ G1D1/ dqg Kr|w/ Z1H1/ 4<;<1 Elgglqj iru �upv1 Dphulfdq Hfrqrplf

Uhylhz :</ 457<045891

^5` Ervnlq/ P1 M1/ dqg Jdoh/ Z1J1/ 4<;:1 Qhz uhvxowv rq wkh h�hfwv ri wd{ srolf| rq

wkh lqwhuqdwlrqdo orfdwlrq ri lqyhvwphqw1 Lq= Ihogvwhlq/ P1 +hg1,= Wkh H�hfwv ri
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Wd{dwlrq rq Fdslwdo Dffxpxodwlrq1 D Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk

Surmhfw Uhsruw/ Xqlyhuvlw| ri Fklfdjr Suhvv/ Fklfdjr dqg Orqgrq1

^6` Exfryhwvn|/ V1/ 4<<41 Dv|pphwulf wd{ frpshwlwlrq1 Mrxuqdo ri Xuedq Hfrqrplfv

63/ 49:04;41

^7` Exfryhwvn|/ V1 dqg M1 G1 Zlovrq/ 4<<41 Wd{ frpshwlwlrq zlwk wzr lqvwuxphqwv1

Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv <9/ 65<06741

^8` Gldprqg/ S dqg M1D1 Pluuohhv/ 4<:41 Rswlpdo wd{dwlrq dqg sxeolf surgxfwlrq

L= Surgxfwlrq h!flhqf|1 Dphulfdq Hfrqrplf Uhylhz 94/ ;05:1

^9` Gl{lw/ D1 N1 dqg M1 H1 Vwljolw}/ 4<::1 Prqrsrolvwlf frpshwlwlrq dqg rswlpxp

surgxfw glyhuvlw|1 Dphulfdq Hfrqrplf Uhylhz 9:/ 5<:063;1

^:` Iuhqnho/ M1 D1/ D1 Ud}lq dqg H1 Vdgnd/ 4<<41 Lqwhuqdwlrqdo Wd{dwlrq lq dq

Lqwhjudwhg Zruog/ PLW Suhvv/ Fdpeulgjh Pdvv1

^;` Jrugrq/ U1/ 4<;91 Wd{dwlrq ri lqyhvwphqw dqg vdylqjv lq d zruog hfrqrp|1

Dphulfdq Hfrqrplf Uhylhz :8/ 43;9044351

^<` Kddsdudqwd/ S1/ 4<<91 Frpshwlwlrq iru iruhljq gluhfw lqyhvwphqw1 Mrxuqdo ri

Sxeolf Hfrqrplfv 96/ 47404861

^43` Kduwpdq/ G1 J1/ 4<;81 Wkh zhoiduh h�hfwv ri d fdslwdo lqfrph wd{ lq dq rshq

hfrqrp|1 QEHU Zrunlqj sdshu Qr1 48841

^44` Kdx hu/ D1/ Zrrwrq/ L1/ 4<<<1/ Frxqwu| vl}h dqg wd{ frpshwlwlrq iru iruhljq

gluhfw lqyhvwphqw1 Mrxuqdo ri Sxeolf Hfrqrplfv :4/ 454046<1

^45` Md�h/ Dgdp/ E1/ Wudmwhqehuj/ P1 dqg Khqghuvrq/ U1/ 4<<61 Jhrjudsklf orfdol}d0

wlrq ri nqrzohgjh vslooryhuv dv hylghqfhg e| sdwhqw flwdwlrqv1 Txduwhuo| Mrxuqdo

ri Hfrqrplfv 43;/ 8::08<;1

^46` Nhhq/ P1/ 4<<61 Wkh zhoiduh hfrqrplfv ri wd{ fr0ruglqdwlrq lq wkh Hxurshdq

Frppxqlw|= D vxuyh|1 Ilvfdo Vwxglhv 47/ 480691
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^47` Nuxjpdq/ S1/ 4<<41 Lqfuhdvlqj uhwxuqv dqg hfrqrplf jhrjudsk|1 Mrxuqdo ri

Srolwlfdo Hfrqrp| <</ 7;607<<1

^48` Nuxjpdq/ S1 dqg D1 M1 Yhqdeohv/ 4<<31 Lqwhjudwlrq dqg wkh Frpshwlwlyhqhvv

ri Shulskhudo Lqgxvwu|1 Lq F1 Eolvv dqg M1 Eudjd gh Pdfhgr +hgv1,/ Xqlw| zlwk

glyhuvlw| lq wkh Hxurshdq Hfrqrp|= wkh Frppxqlw|*v Vrxwkhuq Iurqwlhu/ Fdp0

eulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

^49` Nuxjpdq/ S1 dqg D1 M1 Yhqdeohv/ 4<<81 Joredol}dwlrq dqg wkh Lqhtxdolw| ri

Qdwlrqv1 Txduwhuo| Mrxuqdo ri Hfrqrplfv 443/ ;8:0;;31

^4:` N|godqg/ I1H1 dqg H1F1 Suhvfrww/ 4<::1 Uxohv udwkhu wkdq glvfuhwlrq= wkh lq0

frqvlvwhqf| ri rswlpdo sodqv/ Mrxuqdo ri Sxeolf Hfrqrplfv ;8/ 7:607<41

^4;` Oxghpd/ U1G1 dqg L1 Zrrwrq/ 4<<<1 Uhjlrqdo lqwhjudwlrq/ wudgh dqg pljudwlrq>

Duh ghpdqg olqndjhv uhohydqw lq HxurshB Lq= Idlql/ U1/ gh Phor/ M1/ ]lp0

phupdq/ N1 +Hgv1,/ Wudgh dqg idfwru prelolw|1 Fdpeulgjh Xqlyhuvlw| Suhvv/

Fdpeulgjh/ lq suhvv1

^4<` Sruwhu/ P1/ 4<<31 Wkh Frpshwlwlyh Dgydqwdjh ri Qdwlrqv1 Qhz \run= Iuhh

Suhvv1

^53` S|nh/ I1/ Ehfdwwlql/ J1 dqg Z1 Vhqjhqehujhu +hgv,/ 4<<31 Lqgxvwuldo glvwulfwv

dqg lqwhu0�up frrshudwlrq lq Lwdo|1 Jhqhyd= Lqwhuqdwlrqdo Lqvwlwxwh iru Oderxu

Vwxglhv1

^54` Ud}lq/ D1 dqg H1 Vdgnd/ 4<<41 H!flhqw lqyhvwphqw lqfhqwlyhv lq wkh suhvhqfh

ri fdslwdo  ljkw1 Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv 64/ 4:404;41

^55` Vplwk/ D1 dqg W1 Yhqdeohv/ 4<;;1 Frpsohwlqj wkh lqwhuqdo pdunhw lq wkh Hxur0

shdq Frppxqlw|= Vrph lqgxvwu| vlpxodwlrqv1 Hxurshdq Hfrqrplf Uhylhz 65/

4834048581

^56` Vohpurg/ M1/ 4<<31 Wd{ kdyhqv/ wd{ edujdlqv dqg wd{ dgguhvvhv= Wkh h�hfw ri

wd{dwlrq rq wkh vsdwldo doorfdwlrq ri fdslwdo1� Lq= K1 Vlhehuw +hg1,/Uhiruplqj

Fdslwdo Lqfrph Wd{dwlrq/ Prku/ Wxelqjhq1
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^57` Wdq}l/ Y1 dqg O1D1 Eryhqehuj/ 4<<31 Lv wkhuh d qhhg iru kduprql}lqj fdslwdo

lqfrph wd{hv zlwklq HF frxqwulhvB/ lq= K1 Vlhehuw +hg1,/ Uhiruplqj fdslwdo

lqfrph wd{dwlrq +Prku/ Wxelqjhq,/ 4:404<:1

^58` Yhqdeohv/ D1 M1/ 4<<9/ Htxloleulxp Orfdwlrq ri Yhuwlfdoo| Olqnhg Lqgxvwulhv1

Lqwhuqdwlrqdo Hfrqrplf Uhylhz 6:/ 674068<1

^59` J1 ]rgurz dqg S1 Plhv}nrzvnl/ 4<;91 Sljrx/ Wlherxw/ surshuw| wd{dwlrq dqg

wkh xqghusurylvlrq ri orfdo sxeolf jrrgv1 Mrxuqdo ri Xuedq Hfrqrplfv 4</ 6890

6:31

^5:` Zlovrq/ M1G1/ 4<<41 Wd{ frpshwlwlrq zlwk lqwhuuhjlrqdo gl�huhqfhv lq idfwru

hqgrzphqwv1 Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv 54/ 75607841
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