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ABSTRACT

Modelling and Identifying Central Banks’ Preferences*

We propose an approach to identify independently the parameters describing
the structure of the economy from those describing central bank preferences.
We first estimate a parsimonious structural model for US inflation, US output
gap and the world commodity price index. We then proceed to the
identification of central bank preferences by estimating, using Generalized
Method of Moments (GMM), the Euler equations for the solution of the
intertemporal optimization problem relevant to the central bank. The empirical
analysis of the structural model shows that the persistency of real interest
rates effects on aggregate demand is sufficient to generate an autoregressive
structure in any interest rate rule. From estimation of the Euler equations, we
infer that strict inflation targeting, together with real interest rate smoothing,
delivers an optimal policy rule capable of replicating the observed path of real
interest rates over the sample 1983:1-1998:3. Our empirical findings imply that
the output gap enters into the optimal interest rate rule only as a leading
indicator of future inflation and we reject the hypothesis that output
stabilization is an independent argument in the loss of function of the Fed.
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NON-TECHNICAL SUMMARY

A growing body of empirical literature has documented the usefulness of
interest rate rules as a convenient way to model and interpret central banks’
policy. Interest rate rules relate the setting of a short-term money market rate
(such as the Federal Funds rate in the US) to a central bank’s perception of
the inflation and output gaps. The plausibility of such rules has either been
simply postulated, or may be derived by solving the intertemporal optimization
problem for a suitable loss function. In the latter case, derivation of the interest
rate rule makes it clear that estimated coefficients can only be interpreted as
convolutions of the parameters describing central bank preferences and of
those determining the structure of the economy. This is a clear instance of the
well known Lucas critique. But, although this point is clear in theory,
somewhat surprisingly there are very few reported attempts in the literature to
recover the preferences parameters of the central bank from estimated
interest rate rules. This is even more surprising if one considers that a large
and influential strand of literature has been built on the untested assumption
that central bank preference for output stabilization may be at the origin of
observed inflation in many countries. Recently, some authors have expressed
a different opinion, suggesting that time inconsistency might not, after all, be
the most accurate characterization of central banks’ decision-making. Thus we
believe that it would be of some interest, to both sides of this controversy, if
more direct evidence on the determinants of central banks’ policy choices
were available.

On the empirical side a consensus view has emerged that estimated forward
looking interest rate rules are generally consistent with the ‘inflation targeting’
approach. One point which is left unresolved in this literature is, having
observed that central banks do react to observed output gaps (see e.g. for the
case of Germany), whether the finding that central banks do set interest rates
in response to both expected inflation and expected output gaps is compatible
with the (often stated as priority) inflation-control objective, or whether it is
indeed instrumental to it or both. To settle this issue, again, availability of more
direct evidence on whether central banks decisions are the outcome of trading
off output vs. inflation stabilization would be useful.

A related problem is that, to be able to match the data, simulated or estimated
interest rate rules have always needed to include a term in the lagged interest
rate. This can be rationalized by assuming some partial adjustment
mechanism between current interest rates and the equilibrium rate or, which is
perhaps less arbitrary, by assuming that interest rate smoothing enters as an
additional explicit objective into central banks’ preferences. However, this
point is really open to debate. For instance Sack (1998) and Rudebusch(1998)



have argued that the persistence of policy rates can instead be related to
persistence in the structure of the economy, while Brainard-type uncertainty
could explain the observed smooth response of policy rates to
macroeconomic conditions. Also, on this issue, we think that availability of
direct evidence might be helpful to settle the debate.

Accordingly, the first aim of this paper is to propose an approach which allows
independent identification of the parameters describing central bank
preferences from those characterizing the structure of the economy. This way
we can explore to what extent the policy decisions of a central bank have
been motivated, if at all, by the desire to stabilize output as an objective in its
own right. Having shown the potential of our methodology, we precisely
formulate and test alternative hypotheses, justifying the observed persistence
or sluggishness in the setting of interest rates.

Our model is applied to the US, as this has been both the most widely studied
case so far and it is the most natural (and perhaps only) example of an
(almost) closed economy. We first estimate the parameters describing the
structure of the economy by considering a parsimonious specification for
inflation, the output gap and the commodity price index. Our choice of
variables is driven by the wide consensus on the minimal set of
macroeconomic variables to analyse monetary policy-making. We then
proceed to the identification of central bank preferences, by Generalized
Method of Moments’ (GMM) estimation of the Euler equations, obtained as a
solution to the intertemporal optimization problem relevant to the central bank.
While previous literature has used the GMM methodology to estimate central
banks’ reaction functions, we observe that the natural objects of GMM
estimation are instead the first order conditions derived from the central banks’
optimization problem. Finally, we compare optimal and actual interest rate
behaviour, to select a structure of central bank’s preferences capable of
delivering the observed behaviour of policy rates.

Our empirical analysis of the structure of the economy shows that the
persistency of real interest rates in aggregate demand is sufficient to generate
an autoregressive structure in any interest rate rule. From the estimation of
Euler equations, we also infer that strict inflation targeting, together with real
interest rate smoothing, delivers an optimal interest rate rule capable of
replicating the observed path of real interest rates over the sample 1983:1-
1998:3. Our empirical findings imply that the output gap enters this rule only
as a leading indicator of future inflation, and reject the hypothesis that output
stabilization is an independent argument in the loss function of the Fed.
Moreover, any specification of the central bank preference which omits
interest rate smoothing delivers an optimal monetary policy rule which is far
too aggressive to be consistent with the observed data.



We believe that direct estimation of the Euler equation is the appropriate
approach to the identification of central bank preferences. Hopefully the
framework used in this paper can be extended to accommodate more
complex structural models and alternative hypotheses on central banks’
behaviour.



41 Lqwurgxfwlrq

D jurzlqj erg| ri hpslulfdo olwhudwxuh kdv hvwdeolvkhg lqwhuhvw udwh uxohv dv d
frqyhqlhqw zd| wr prgho dqg lqwhusuhw fhqwudo edqnv* srolf|1 Dq lqwhuhvw udwh
uxoh uhodwhv wkh vhwwlqj ri d vkruw0whup prqh| pdunhw udwh +vxfk dv wkh Ihghudo
Ixqgv udwh lq wkh XV, wr d fhqwudo edqn*v shufhswlrq ri wkh lq dwlrq dqg rxwsxw
jdsv1 Wkh sodxvlelolw| ri vxfk uxohv kdv hlwkhu ehhq vlpso| srvwxodwhg +dv lq
Wd|oru/ 4<<6/ iurp zklfk wklv olwhudwxuh ruljlqdwhv,/ ru pd| eh ghulyhg e| vroylqj
wkh lqwhuwhpsrudo rswlpl}dwlrq sureohp iru d vxlwdeoh orvv ixqfwlrq1 Lq wkh odwwhu
fdvh/ ghulydwlrq ri wkh lqwhuhvw udwh uxoh pdnhv lw fohdu wkdw hvwlpdwhg frh!flhqwv
fdq rqo| eh lqwhusuhwhg dv frqyroxwlrqv ri wkh sdudphwhuv ghvfulelqj fhqwudo edqn
suhihuhqfhv dqg ri wkrvh ghwhuplqlqj wkh vwuxfwxuh ri wkh hfrqrp|1 Exw/ dowkrxjk
wklv srlqw lv fohdu lq wkhru| +vhh h1j1 Vyhqvvrq/ 4<<9,/ vrphzkdw vxusulvlqjo| wkhuh
duh yhu| ihz uhsruwhg dwwhpswv lq wkh olwhudwxuh +Olssl/ 4<<; Fk1;> Fhffkhwwl/
PfFrqqhoo dqg Shuh}0Txlurv/ 4<<<, wr uhfryhu wkh suhihuhqfhv sdudphwhuv ri wkh
fhqwudo edqn iurp hvwlpdwhg lqwhuhvw udwh uxohv1 Wklv lv hyhq pruh vxusulvlqj li
rqh frqvlghuv wkdw d odujh dqg lq xhqwldo vwudqg ri olwhudwxuh +ruljlqdwlqj zlwk
Eduur dqg Jrugrq/ 4<;9, kdv surfhhghg iurp wkh dvvxpswlrq wkdw fhqwudo edqnv*
ghvluh wr vwdelol}h rxwsxw eh|rqg wkh qdwxudo udwh pd| eh dw wkh ruljlq ri pdq|
revhuyhg lq dwlrq hslvrghv1 Uhfhqwo|/ vrph dxwkruv +Srvhq/ 4<<6> Eolqghu/ 4<<:,
kdyh h{suhvvhg d gl�huhqw rslqlrq/ vxjjhvwlqj wkdw wlph lqfrqvlvwhqf| pljkw qrw/
diwhu doo/ eh wkh prvw dffxudwh fkdudfwhul}dwlrq ri fhqwudo edqnv* ghflvlrq pdnlqj1
Wkxv zh eholhyh wkdw lw zrxog eh ri vrph lqwhuhvw/ wr erwk vlghv ri wklv frqwuryhuv|/
li pruh gluhfw hylghqfh rq wkh ghwhuplqdqwv ri fhqwudo edqnv srolf| fkrlfhv zhuh
dydlodeoh1

Rq wkh hpslulfdo vlgh d frqvhqvxv ylhz kdv hphujhg wkdw hvwlpdwhg iruzdug
orrnlqj lqwhuhvw udwh uxohv duh jhqhudoo| frqvlvwhqw zlwk wkh �lq dwlrq wdujhwlqj�
dssurdfk1 Wkh wkhruhwlfdo prghov sxw iruzdug e| Vyhqvvrq dqg frdxwkruv lq
d qxpehu ri sdshuv +Vyhqvvrq/ 4<<: dqg 4<<;/ Uxghexvfk dqg Vyhqvvrq/ 4<<;,
surylgh wkh irxqgdwlrqv iru wkh hpslulfdo hvwlpdwlrq ri wkhvh uxohv1 Hpslulfdo
uhvhdufk kdv jhqhudoo| irxqg hylghqfh wkdw fhqwudo edqnv gr uhdfw wr revhuyhg
rxwsxw jdsv +vhh h1j/ iru wkh fdvh ri Jhupdq|/ Fodulgd/ Jdol dqg Jhuwohu/ 4<<:,1
Krzhyhu/ lw lv riwhq xqfohdu lq wklv olwhudwxuh zkhwkhu wkh idfw wkdw fhqwudo edqnv
vhw lqwhuhvw udwhv lq uhvsrqvh wr erwk h{shfwhg lq dwlrq dqg h{shfwhg rxwsxw jdsv
lv frpsdwleoh zlwk wkh +riwhq vwdwhg dv sulrulwdu|, lq dwlrq0frqwuro remhfwlyh/ ru
zkhwkhu lw lv lqghhg lqvwuxphqwdo wr lw +dv lw zrxog eh wkh fdvh lq wkh hyhqw ri
djjuhjdwh ghpdqg vkrfnv/ dv lq Vyhqvvrq/ 4<<9/ dqg Jrrgiulhqg dqg Nlqj/ 4<<:,1
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Wr vhwwoh wklv lvvxh/ djdlq/ dydlodelolw| ri pruh gluhfw hylghqfh rq zkhwkhu fhqwudo
edqnv ghflvlrqv duh wkh rxwfrph ri wudglqj r� rxwsxw yv1 lq dwlrq vwdelol}dwlrq
zrxog eh xvhixo1

D uhodwhg sureohp lv wkdw/ wr eh deoh wr pdwfk wkh gdwd/ vlpxodwhg ru hvwlpdwhg
lqwhuhvw udwh uxohv kdyh dozd|v qhhghg wr lqfoxgh d whup lq wkh odjjhg lqwhuhvw udwh1
Wklv fdq eh udwlrqdol}hg e| dvvxplqj vrph sduwldo dgmxvwphqw phfkdqlvp ehwzhhq
fxuuhqw lqwhuhvw udwhv dqg wkh htxloleulxp udwh ru 0 zklfk lv shukdsv ohvv duelwudu|
0 e| dvvxplqj wkdw lqwhuhvw udwh vprrwklqj hqwhuv dv dq dgglwlrqdo h{solflw remhf0
wlyh lqwr fhqwudo edqnv* suhihuhqfhv +dv dujxhg lq Jrrgiulhqg/ 4<;:,1 Krzhyhu/ wklv
srlqw lv uhdoo| rshq wr ghedwh1 Iru lqvwdqfh Vdfn +4<<;, dqg Uxghexvfk +4<<;,
kdyh dujxhg wkdw wkh shuvlvwhqfh ri srolf| udwhv fdq lqvwhdg eh uhodwhg wr shu0
vlvwhqfh lq wkh vwuxfwxuh ri wkh hfrqrp|/ zkloh Eudlqdug w|sh xqfhuwdlqw| frxog
h{sodlq wkh revhuyhg vprrwk uhvsrqvh ri srolf| udwhv wr pdfurhfrqrplf frqgl0
wlrqv1 Zh eholhyh wkdw/ wr vhwwoh wkh ghedwh dovr rq wklv lvvxh/ lw zrxog eh txlwh
khosixo li pruh gluhfw hylghqfh zhuh dydlodeoh1

Dffruglqjo|/ wkh �uvw dlp ri wklv sdshu lv wr sursrvh dq dssurdfk zklfk doorzv
wr lghqwli| wkh sdudphwhuv ghvfulelqj fhqwudo edqn suhihuhqfhv vhsdudwho| iurp
wkrvh fkdudfwhul}lqj wkh vwuxfwxuh ri wkh hfrqrp|1 Wr wklv sxusrvh/ zkloh suhyl0
rxv olwhudwxuh kdv xvhg wkh JPPphwkrgrorj| wr hvwlpdwh fhqwudo edqnv* uhdfwlrq
ixqfwlrqv/ zh revhuyh wkdw d pruh qdwxudo remhfw iru JPP hvwlpdwlrq duh lqvwhdg
wkh �uvw rughu frqglwlrqv ghulyhg iurp d fhqwudo edqn*v rswlpl}dwlrq sureohp1
Edvhg rq wklv hvwlpdwlrq/ zh wkhq frpsduh rswlpdo dqg dfwxdo lqwhuhvw udwh eh0
kdylru/ wr vhohfw d vwuxfwxuh ri fhqwudo edqn*v suhihuhqfhv fdsdeoh ri gholyhulqj wkh
revhuyhg ehkdylru ri srolf| udwhv1Wkxv zh fdq h{soruh wr zkdw h{whqw prqhwdu|
srolf| ghflvlrqv kdyh ehhq prwlydwhg/ li dw doo/ e| wkh ghvluh wr vwdelol}h rxwsxw
dv dq remhfwlyh lq lwv rzq uljkw41 Rq wkh edvlv ri wkh vdph dssurdfk/ zh fdq
dovr suhflvho| irupxodwh dqg whvw dowhuqdwlyh k|srwkhvhv mxvwli|lqj wkh revhuyhg
shuvlvwhqfh ru voxjjlvkqhvv lq wkh vhwwlqj ri lqwhuhvw udwhv1

Zh dsso| wklv phwkrgrorj| wr wkh XV/ dv wklv kdv ehhq erwk wkh prvw zlgho|
vwxglhg fdvh vr idu dqg lv dovr wkh prvw qdwxudo +dqg shukdsv rqo|, h{dpsoh ri
dq +doprvw, forvhg hfrqrp|1 Zh frqvlghu d sduvlprqlrxv vshfl�fdwlrq iru lq d0
wlrq/ wkh rxwsxw jds dqg wkh frpprglw| sulfh lqgh{1 Wklv fkrlfh ri yduldeohv lv
gulyhq e| wkh zlgh frqvhqvxv rq wkh plqlpdo vhw ri pdfurhfrqrplf yduldeohv wr

4Dowkrxjk zh gr qrw glvfxvv zkhwkhu wkh glvfuhwlrqdu| ehkdylru ri wkh fhqwudo edqn ohdgv wr
wkh hphujhqfh ri dq lq dwlrq eldv +lq idfw zh dvvxph wklv lvvxh dzd| e| vhwwlqj srwhqwldo rxwsxw
dv wkh wdujhw ohyho iru rxwsxw,/ lq sulqflsoh rxu phwkrgrorj| frxog eh h{whqghg wr dgguhvv wklv
lvvxh hpslulfdoo|1
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dqdo|}h prqhwdu| srolf| pdnlqj +vhh/ iru h{dpsoh/ Fkulvwldqr/ Hlfkhqedxp dqg
Hydqv/4<<;,1 Dffruglqjo|/ rxu sdshu lv vwuxfwxuhg dv iroorzv1 Lq vhfwlrq 5 zh
looxvwudwh wkh lghqwl�fdwlrq sureohp uhodwhg wr lqwhuhvw udwh uxohv dqg vhw rxw rxu
vwudwhj| iru hpslulfdo lqyhvwljdwlrq1 Lq vhfwlrq 6 zh suhvhqw wkh hvwlpdwhv ri d
vpdoo vwuxfwxudo prgho ri wkh XV hfrqrp|1 Lq wkh vhfwlrq 7/ zh lghqwli| sdudph0
whuv ghvfulelqj fhqwudo edqn*v suhihuhqfhv iurp wkh JPP hvwlpdwlrq ri wkh srolf|
pdnhu*v Hxohu htxdwlrqv/ zklfk kdyh ehhq rewdlqhg dv d vroxwlrq wr wkh lqwhuwhp0
srudo rswlpl}dwlrq sureohp ri wkh fhqwudo edqn1 Zh wkhq surfhhg wr hydoxdwh
rswlpdo dqg dfwxdo lqwhuhvw udwh ehkdylru1 Dv erwk wkh vwulfw dqg  h{leoh lq dwlrq
wdujhwlqj prghov duh uhmhfwhg/ zh �qdoo| h{dplqh wr zkdw h{whqw uhdo lqwhuhvw udwh
vprrwklqj lv d sodxvleoh dgglwlrqdo wdujhw lq wkh fhqwudo edqn*v remhfwlyh ixqfwlrq1
Vhfwlrq 8 frqfoxghv1

51 Lqwhuhvw udwh uxohv dqg fhqwudo edqnv* suhihuhqfhv

Wkh vxffhvvixo zrun e| Wd|oru +4<<6, kdv uhylyhg lqwhuhvw lq wkh hvwlpdwlrq ri
fhqwudo edqnv* uhdfwlrq ixqfwlrqv1 Wkh yhu| vlpsoh/ p|rslf/ iudphzrun xvhg lq
wkh ruljlqdo sdshu kdv ehhq h{whqghg wr wkh JPP hvwlpdwlrq ri iruzdug orrnlqj
lqwhuhvw udwh uxohv +Fodulgd/ Jdol dqg Jhuwohu/ 4<<: dqg 4<<;,/ zkhuh lqwhuhvw udwh
duh prghoohg dv d ixqfwlrq ri odjjhg lqwhuhvw udwhv/ wkh jds ehwzhhq wkh h{shfwhg
dqg wdujhw udwhv ri lq dwlrq dqg wkh jds ehwzhhq fxuuhqw +ru h{shfwhg, dqg ixoo
fdsdflw| rxwsxw1 Lw lv shukdsv vxusulvlqj wkdw wkh JPP phwkrgrorj| kdv ehhq
xvhg wr hvwlpdwh uhdfwlrq ixqfwlrqv/ zkloh wkh rswlpl}dwlrq sureohp ri wkh fhqwudo
edqnv surylghv �uvw rughu frqglwlrqv zklfk duh lqvwhdg d pruh qdwxudo remhfw ri
JPP hvwlpdwlrq1 Zh wkxv sursrvh dq dowhuqdwlyh hpslulfdo urxwh/ edvhg rq wkh
hvwlpdwlrq ri d vpdoo vwuxfwxudo prgho iru wkh hfrqrp| dqg ri wkh Hxohu htxdwlrqv
iru wkh vroxwlrq ri wkh fhqwudo edqnv* rswlplvdwlrq sureohp1 Wklv vwudwhj| doorzv
wkh lghqwl�fdwlrq ri wkh sdudphwhuv ghvfulelqj fhqwudo edqnv* suhihuhqfhv1 Zh wkhq
jhqhudwh lqwhuhvw udwhv iurp wkh rswlpdo uxoh dqg frpsduh wkhp zlwk revhuyhg
srolf| udwhv1 Wklv doorzv wkh vhohfwlrq ri wkh ehvw prgho wr ghvfuleh wkh dfwxdo
ehkdylru ri wkh fhqwudo edqn1

Rxu srlqw fdq eh pdgh frqvlghulqj wkh vlpsohvw srvvleoh yhuvlrq ri wkh lq0
 dwlrq wdujhwlqj sureohp1 Wkh fhqwudo edqn idfhv wkh iroorzlqj lqwhuwhpsrudo
rswlplvdwlrq sureohp=

��?�6�5e .|

"[
�'f

B�u|n� +514,
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zkhuh=

u '
�

2

k
EZ| � ZW�2 n b%2|

l
+515,

zkhuh .| ghqrwhv h{shfwdwlrqv frqglwlrqdo xsrq wkh lqirupdwlrq vhw dydlodeoh
dw wlph w / B lv wkh uhohydqw glvfrxqw idfwru/ Z| lv lq dwlrq dw wlph w / ZW lv wkh
wdujhw ohyho ri lq dwlrq/ % uhsuhvhqwv ghyldwlrqv ri rxwsxw iurp lwv qdwxudo ohyho/
b lv d sdudphwhu zklfk ghwhuplqhv wkh ghjuhh ri  h{lelolw| lq lq dwlrq wdujhwlqj1
Zkhq b ' f wkh fhqwudo edqn lv gh�qhg dv d vwulfw lq dwlrq wdujhwhu1 Dv wkh
prqhwdu| lqvwuxphqw lv wkh srolf| udwh/ �| / wkh vwuxfwxuh ri wkh hfrqrp| pxvw eh
ghvfulehg wr rewdlq dq h{solflw irup iru wkh srolf| uxoh1 Zh frqvlghu wkh iroorzlqj
vshfl�fdwlrq iru djjuhjdwh vxsso| dqg ghpdqg lq d forvhg hfrqrp|5=

%|n� ' q%%| � qo

�
�| � .|Z|n��

b
o
�
n �_|n� +516,

Z|n� ' Z| n k%%| n �r|n� +517,

Dv vkrzq lq Vyhqvvrq +4<<:,/ wkh �uvw rughu frqglwlrqv iru rswlpdolw| pd| eh
zulwwhq dv iroorzv=

_u

_�|
' E.|Z|n2 � ZW� ' �

b

Bk%&
.|%|n� +518,

& ' � n
Bb&

b n Bk2
%&

+519,

E| xvlqj E2�e� lq E2��� zh rewdlq=

.|Z|n2 ' .|Z|n� n k%dq%%| � qoE�| � .|Z|n��
b
o�o +51:,

dqg e| vxevwlwxwlqj E2�.�lq E2�D� zh ghulyh dq lqwhuhvw udwh uxoh=

�| '
b
o nZW n

#
� n k%qo

k%qo

$
E.|Z|n� � ZW� n +51;,

n
q%

qo

%| n
b

Bk%&

�

k%qo

.|%|n�

5Dowhuqdwlyho| wkh vxsso| htxdwlrq frxog eh uhirupxodwhg wr lqfoxgh d iruzdug orrnlqj whup
lq lq dwlrq h{shfwdwlrqv1 Pruhryhu lq dq rshq0hfrqrp| erwk ghpdqg dqg vxsso| htxdwlrqv
zrxog lqfoxgh whupv lq wkh uhdo h{fkdqjh udwh dqg iruhljq sulfhv1 Wklv dgglwlrqv zrxog lpso|
qhz fkdqqhov ri prqhwdu| srolf| wudqvplvvlrq wr rxu sureohp/ zlwkrxw dowhulqj lwv ixqgdphqwdo
vwuxfwxuh1
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D qxpehu ri frpphqwv rq wklv uxoh duh lq rughu=

� Li wkh uxoh lv hvwlpdwhg dv d vlqjoh htxdwlrq/ wkhq wkh �wwhg sdudphwhuv duh
frqyroxwlrqv ri wkh sdudphwhuv ghvfulelqj fhqwudo edqnv suhihuhqfhv +ZWc bc B,
dqg ri wkrvh ghvfulelqj wkh vwuxfwxuh ri wkh hfrqrp| Ek%c qoc q%c

b
o� � Wkxv

wkh hvwlpdwhg sdudphwhuv lq wkh lqwhuhvw udwh uxohv duh qrw �ghhs� lq wkh
vhqvh ri Oxfdv +4<:9,1

� Dv wkh vwuxfwxuh ri wkh hfrqrp| fdqqrw eh lghqwl�hg iurp wkh hvwlpdwlrq ri
wkh uxoh rqo|/ lw lv lpsrvvleoh wr dvvhvv li wkh uhvsrqvhv ri fhqwudo edqnv wr
rxwsxw dqg lq dwlrq duh frqvlvwhqw zlwk wkh sdudphwhuv ghvfulelqj wkh lp0
sdfw ri wkh srolf| lqvwuxphqw rq wkhvh yduldeohv1 Qrwh/ iru h{dpsoh/ wkdw wkh
hvwlpdwlrq ri dq lqwhuhvw udwh uxoh uhodwlqj wkh srolf| udwh wr wkh rxwsxw jds
dqg wr wkh ghyldwlrq ri h{shfwhg lq dwlrq iurp wdujhw grhv qrw khos wr glv0
wlqjxlvk d vwulfw lq dwlrq wdujhwhuEb ' f / lq wkh whuplqrorj| ri Vyhqvvrq� c
iurp d  h{leoh lq dwlrq wdujhwhu Eb : f� �

� Hfrqrphwulf lghqwl�fdwlrq ri wkh uxoh uhtxluhv wkh wlplqj dvvxpswlrq wkdw
wkh fhqwudo edqn fdq vhw srolf| udwhv lq uhvsrqvh wr frqwhpsrudqhrxv pdfur
yduldeohv lq wkh hfrqrp|/ exw srolf| udwhv gr qrw kdyh d frqwhpsrudqhrxv
lpsdfw rq wkrvh yduldeohv1 Wklv dvvxpswlrq lv frpprqo| xvhg wr lghqwli|
YDU prghov ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp1

� Lq rughu wr pdnh E2�H� frqvlvwhqw zlwk wkh gdwd/ wkh uxoh kdv ehhq lqwhusuhwhg
dv gholyhulqj �wdujhw� lqwhuhvw udwhv/ dqg d voxjjlvk dgmxvwphqw ri dfwxdo wr
wdujhw udwhv kdv ehhq lpsrvhg +Fodulgd/ Jdol dqg Jhuwohu/ 4<<:,1 Gluhfw
hvwlpdwlrq ri wkh srolf| uxoh grhv qrw doorz wr lghqwli| d vwuxfwxuh ri fhqwudo
edqn*v suhihuhqfhv zklfk lv frqvlvwhqw zlwk lqwhuhvw udwh vprrwklqj1

� Wkhuh lv rqo| rqh hpslulfdo lpsolfdwlrq ri wkh uxoh zklfk fdq eh frqiurqwhg
zlwk wkh gdwd lqghshqghqwo| iurp wkh lghqwl�fdwlrq ri wkh sdudphwhuv ri
lqwhuhvw/ qdpho| zkhwkhu wkh sdudphwhu ghvfulelqj wkh uhdfwlrq ri srolf|
udwhv wr d jds ehwzhhq h{shfwhg dqg wdujhw lq dwlrq lv odujhu wkdq rqh1 Lq
idfw d prqhwdu| srolf| zklfk dffrpprgdwhv fkdqjhv lq lq dwlrq/ Y�|

Y.|Z|n�
�

� czloo qrw lq jhqhudo frqyhujh wr wkh wdujhw udwh ZW1 Wklv hpslulfdo suhglfwlrq
lv wkh rqh zklfk kdv dwwudfwhg prvw ri wkh glvfxvvlrq rq hvwlpdwhg prqhwdu|
srolf| uxohv +Vhh djdlq Fodulgd/ Jdol dqg Jhuwohu/ 4<<:,1

Lq rughu wr surylgh d ehwwhu pdsslqj iurp fhqwudo edqnv* ehkdylru wr wkhlu
suhihuhqfhv zh sursrvh dq dowhuqdwlyh vwudwhj|1 Iluvw/ hvwlpdwh wkh vwuxfwxuh ri

9



wkh hfrqrp| wr lghqwli| wkh sdudphwhuv ri wkh djjuhjdwh vxsso| dqg ghpdqg ixqf0
wlrqv1 Vhfrqg/ hvwlpdwh wkh Hxohu htxdwlrq iru wkh vroxwlrq ri wkh lqwhuwhpsrudo
sureohp wr lghqwli| fhqwudo edqnv suhihuhqfhv1 Lq wklv vwhs +dqg lq uhihuhqfh wr
wkh vlpsoh h{dpsoh dqdo|}hg deryh,/ jlyhq wkh nqrzohgjh ri k%dqg qo / zh fdq
lghqwli| gluhfwo|/ iurp wkh hvwlpdwlrq ri wkh �uvw rughu frqglwlrqv E2�D�/ wkh b

dqg ZW dvvrfldwhg wr hdfk dvvxphg ydoxh ri wkh glvfrxqw udwh/ B 1 Wklug/ whvw li
wkh prqhwdu| srolf| uxoh frqvlvwhqw zlwk wkh vwuxfwxuh ri wkh hfrqrp| dqg wkh
suhihuhqfhv ri wkh fhqwudo edqn pdwfkhv wkh dfwxdo ehkdylru ri srolf| udwhv1

61 D vw|ol}hg uhsuhvhqwdwlrq ri wkh vwuxfwxuh ri wkh XV

hfrqrp|

Wkh �uvw vwhs ri rxu hpslulfdo vwudwhj| lv wkh hvwlpdwlrq ri d vpdoo vwuxfwxudo
prgho iru wkh XV hfrqrp|/ wr ghulyh wkh hpslulfdo frxqwhusduw ri htxdwlrqv E2�e�0
E2��� lq wkh vw|ol}hg h{dpsoh ri wkh suhylrxv vhfwlrq1 Wkh hpslulfdo olwhudwxuh
rq wkh XV prqhwdu| wudqvplvvlrq phfkdqlvp kdv uhfhqwo| uhdfkhg d frqvhqvxv
+Fkulvwldqr/ Hlfkhqedxp dqg Hydqv/ 4<<;, rq wkh plqlpdo vhw ri yduldeohv qhhghg
wr ghvfuleh frqjuxhqwo| wkh XV djjuhjdwh ghpdqg dqg vxsso| iru wkh dqdo|vlv ri
prqhwdu| srolf|1 Iroorzlqj wklv ohdg/ zh frqfhqwudwh rq wkuhh pdfurhfrqrplf
yduldeohv= wkh rxwsxw jds/ lq dwlrq dqg wkh frpprglw| sulfh lqgh{/ dqg xvh
txduwhuo| gdwd iru wkh shulrg 4<9304<<;1 Wkh rxwsxw jds lv phdvxuhg dv wkh
shufhqwdjh gl�huhqfh ehwzhhq JGS dqg wkh Krgulfn0Suhvfrww �owhuhg vhulhv iru
JGS zlwk vprrwklqj sdudphwhu vhw wr 49331 Wklv lv lq olqh zlwk wkh dssurdfk
iroorzhg lq wkh uhfhqw hpslulfdo olwhudwxuh rq prqhwdu| srolf| uxohv/ zlwk zklfk zh
zdqw wr gluhfwo| frpsduh rxu uhvxowv16 Lq dwlrq lv phdvxuhg e| dqqxdo orj FSL
fkdqjhv1 Frpprglw| sulfhv kdyh ehhq h{whqvlyho| xvhg dv d ohdglqj lqglfdwru iru
lq dwlrq lq wkh uhfhqw YDU olwhudwxuh rq wkh prqhwdu| wudqvplvvlrq phfkdqlvp/
wr rewdlq d vroxwlrq iru wkh �sulfh sx}}oh�1 Zh phdvxuh wkhp zlwk wkh LPI sulfh
lqgh{ iru doo frpprglwlhv1

Rxu edvholqh vshfl�fdwlrq lv d YDU iru wkhvh wkuhh yduldeohv/ iru wkh shulrg
4<9304<;61 Sdudphwhuv duh vwdeoh dfurvv wkh wzr vxevdpsohv 4<9304<;5 dqg 4<;60
4<<;/ exw pruh suhflvho| hvwlpdwhg ryhu wkh ixoo vdpsoh1 Wkhuhiruh/ zh kdyh
pdlqwdlqhg wklv odujhu vdpsoh iru wkh hvwlpdwlrq ri wkh vwuxfwxudo prgho/ hyhq

6Lq idfw/ txdgudwlf ghwhuplqlvwlf wuhqgv duh riwhq xvhg dv dq dowhuqdwlyh wr KS �owhulqj1 Zh
kdyh pdgh h{shulphqwv zlwk wkhvh wzr dowhuqdwlyh phdvxuhv iru wkh f|foh dqg irxqg wkdw wkh|
gholyhu yhu| vlplodu uhvxowv1

:



li zh uhvwulfw rxuvhoyhv wr wkh vkruwhu vdpsoh 4<;604<<; iru wkh hvwlpdwlrq ri
wkh srolf| uxoh +vhh ehorz/ vhfwlrq 714,1 Odjv ri wkh srolf| udwh duh lqfoxghg dv
h{rjhqrxv yduldeohv17 Zh wdnh wklv dxjphqwhg YDU dv wkh uhgxfhg irup ri rxu
vwuxfwxudo prgho1 Gldjqrvwlf vwdwlvwlfv iru wkh uhgxfhg irup duh uhsruwhg lq Wdeoh
41

Lqvhuw Wdeoh 4 khuh

Wkh gldjqrvwlf whvwv gholyhu vdwlvidfwru| uhvxowv/ diwhu wkh lqwurgxfwlrq ri gxp0
plhv wr wdnh fduh ri rxwolhuv jhqhudwhg e| vkrfnv wr wkh frpprglw| sulfh lqgh{1

Lqvhuw Wdeoh 5 khuh

Wkh ixoo vshfl�fdwlrq ri wkh vwuxfwxudo prgho lv ghvfulehg lq Wdeoh 51 Zh uh0
surgxfh ehorz/ iru hdvlhu uhihuhqfh/ wkh vwuxfwxuh ri wkh hvwlpdwhg prgho/ zlwkrxw
gxpplhv=

%| ' q�%|3� � q2%|3� � q�

�
�|32 � .|32Z|3��

b
o
�
n qe

�
�|3� �.|3�Z|32�

b
o
�

n�_| +614,

Z| ' kf n k�Z|3� � k2Z|3e n k�Z|3D n ke%|3� n kD{e,RS6| n �r| +615,

{e,RS6| ' �f n ��{e,RS6|3� � �2{e,RS6|32 n �S| +616,

Doo sdudphwhuv duh srvlwlyh1 Zh wdnh fduh ri wkh suhvhqfh ri h{shfwdwlrqv e|
hvwlpdwlqj wkh v|vwhp vlpxowdqhrxvo| dqg e| lpsrvlqj wkh dssursuldwh furvv0
htxdwlrq uhvwulfwlrqv1 Lq sduwlfxodu=

.|3�3�Z|3� ' kf n k�Z|3�3� � k2Z|3�3e n k�Z|3�3D n ke%|3�3� n kD{e,RS6|3�

iru m@4/51 Vlqfh wkh vwuxfwxudo prgho E����0E���� lpsrvhv ixuwkhu uhvwulfwlrqv uho0
dwlyh wr wkh uhgxfhg irup/ zh whvw wkhvh e| frpsdulqj wkh xquhvwulfwhg uhgxfhg
irup zlwk wkh uhvwulfwhg uhgxfhg irup lpsolflw lq wkh vwuxfwxudo prgho1 Rq wkh
edvlv ri wkh rxwfrph ri wkh whvw8 zh frqfoxgh wkdw wkh udwkhu vwdqgdug vwuxfwxuh

7Wkh frqwhpsrudqhrxv srolf| udwh lv rplwwhg/ iroorzlqj wkh frqyhqwlrqdo dssurdfk wr lghq0
wl�fdwlrq +vhh Fkulvwldqr/ Hlfkhqedxp dqg Hydqv/ 4<<;,1

8Dv vkrzq e| Khqgu| +4<<9,/ wkh uhohydqw whvw vwdwlvwlf lv glvwulexwhg dv d "5 zlwk d qxpehu
ri ghjuhhv ri iuhhgrp htxdo wr wkh qxpehu ri ryhulghqwli|lqj uhvwulfwlrqv lq wkh vwuxfwxudo prgho1
Lq rxu fdvh zh kdyh 75 ryhu0lghqwli|lqj uhvwulfwlrqv dqg wkh revhuyhg ydoxh iru wkh "5 lv :;134/
zlwk d wdlo suredelolw| ri 313391 Krzhyhu zkhq zh fruuhfw iru wkh vpdoo vdpsoh vl}h dv vxjjhvwhg
e| Vlpv +4<;4,/ wkh ydoxh ri wkh vwdwlvlwlf lv uhgxfhg wr 6:184/ zlwk d wdlo suredelolw| ri 3139; 1
Khqfh wkh uhvwulfwlrqv duh qrw uhmhfwhg zkhq wkh fruuhfwlrq lv lpsohphqwhg/ dowkrxjk wkh| zrxog
eh zlwkrxw fruuhfwlrq1

;



ri wkh prgho E����0 E���� lv qrw lqfrqvlvwhqw zlwk wkh gdwd/ dowkrxjk wkhuh pljkw
eh vrph urrp iru lpsurylqj rq rxu vshfl�fdwlrq19

Htxdwlrq E���� lghqwl�hv djjuhjdwh ghpdqg1 Qrwh wkh shuvlvwhqfh ri wkh h�hfw
ri uhdo lqwhuhvw udwhv rq ghpdqg1 Dv zh vkrz lq wkh qh{w vhfwlrq/ wklv mxvwl�hv
dq dxwruhjuhvvlyh vwuxfwxuh lq wkh lqwhuhvw udwh uxoh/ hyhq zkhq wkh fhqwudo edqn
grhv qrw fduh iru lqwhuhvw udwhv vprrwklqj 1 Zh dovr qrwh wkdw zh fdq lghqwli| wkh
htxloleulxp orqj0whup lqwhuhvw udwh dv=

b
o ' qf

q�3qe
� Rxu sdudphwhu hvwlpdwhv lpso|

dq htxloleulxp uhdo udwh durxqg wzr shu fhqw1
Htxdwlrq E��2� lghqwl�hv djjuhjdwh vxsso|1 Erwk frpprglw| sulfh lq dwlrq dqg

wkh odjjhg rxwsxw jds duh vljql�fdqw1 Wdnlqj lqwr dffrxqw wkh g|qdplf vwuxfwxuh
ri djjuhjdwh ghpdqg dqg vxsso|/ lw wdnhv derxw qlqh prqwkv iru prqhwdu| sro0
lf| wr kdyh d �uvw lpsdfw rq lq dwlrq1 Dovr/ iurp E���� wkhuh lv qr vljql�fdqw
ihhgedfn iurp uhdo XV prqhwdu| srolf| udwhv wr frpprglw| sulfh lq dwlrq/ khqfh
frpprglw| sulfh lq dwlrq pd| eh frqvlghuhg vwurqjo| h{rjhqrxv iru wkh hvwlpd0
wlrq ri wkh sdudphwhuv ri lqwhuhvw lq wkh djjuhjdwh ghpdqg dqg vxsso| htxdwlrqv1
Rxu hvwlpdwhv iru wkh sdudphwhuv lq wkh prgho duh yhu| forvh wr wkrvh rewdlqhg
e| Uxghexvfk dqg Vyhqvvrq+4<<;,/ zkr dgrsw d vlplodu vshfl�fdwlrq rq d voljkwo|
gl�huhqw vdpsoh1 Wkh lpsdfw h�hfw ri prqhwdu| srolf| rq lq dwlrq/ phdvxuhg
e| 0q�ke / lv vpdoo dqg/ jlyhq wkh shuvlvwhqfh lq wkh rxwsxw jds dqg lq dwlrq/
lw wdnhv d udwkhu orqj0wlph iru prqhwdu| srolf| wr dfklhyh lwv orqj0uxq lpsdfw ri

3Eq�3qe�ke
E�3q�nq2�E�3k�nk23k��

� Wkh lpsdfw dqg wkh orqj0uxq h�hfwv duh hvwlpdwhg uhvshf0
wlyho| dw 03134 dqg 0317:1

71 Lghqwli|lqj fhqwudo edqn suhihuhqfhv

Lghqwl�fdwlrq ri fhqwudo edqn suhihuhqfhv lv dfklhyhg e| vshfli|lqj d orvv ixqfwlrq
dqg e| plqlpl}lqj lw lqwhuwhpsrudoo| zlwk uhvshfw wr wkh prqhwdu| srolf| lqvwux0
phqw/ vxemhfw wr wkh frqvwudlqw jlyhq e| wkh vwuxfwxuh ri wkh hfrqrp|1 Zh frqvlghu
lq wxuq vwulfw lq dwlrq wdujhwlqj/  h{leoh lq dwlrq wdujhwlqj dqg wkh frpelqdwlrq
ri lq dwlrq wdujhwlqj zlwk uhdo lqwhuhvw udwh vprrwklqj1

9E| frpsdulqj wkh uhgxfhg irup zlwk wkh vwuxfwxudo prgho zh qrwh wkdw wkh vwdwlvwlf iru
wkh ydolglw| ri wkh uhvwulfwlrqv lqfuhdvhv gh�qlwho| zkhq wkh lpsdfw ri wkh lqwhuhvw udwhv rq wkh
vxsso| ixqfwlrq lv vhw wr }hur1 Doorzlqj iru d gluhfw h�hfw ri prqhwdu| srolf| rq wkh vxsso| vlgh
lv dq lqwhuhvwlqj srvvlelolw|/ zklfk zh sodq wr frqvlghu lq ixwxuh zrun1

<



7141 Vwulfw lq dwlrq wdujhwlqj

Fhqwudo edqn*v suhihuhqfhv duh ghvfulehg e| wkh iroorzlqj lqwhuwhpsrudo orvv ixqf0
wlrq=

.|

�[
�'f

B�u|n� +714,

zkhuh .| ghqrwhv h{shfwdwlrqv frqglwlrqdo xsrq wkh lqirupdwlrq vhw dydlodeoh
dw wlph w / B lv wkh glvfrxqw idfwru dssolhg e| wkh fhqwudo edqn/ dqg � wkh ohqjwk
ri lwv krul}rq1 Wkh orvv ixqfwlrq O lv vshfl�hg dv=

u '
�

2

k
EZ| � ZW�2

l
+715,

zkhuh Z| lv lq dwlrq dw wlph w dqg ZW lv wkh wdujhw ohyho ri lq dwlrq1 Wkh
fhqwudo edqn plqlpl}hv Ee���0Ee����xqghu wkh frqvwudlqwv E����0E����1 Wkh �uvw
rughu frqglwlrqv iru rswlpdolw| duh=

�[
�'f

B�.|n� EZ|n�n� � ZW�
YZ|n�n�

Y�|n�

' f � ' �c ���c � +716,

zkhuh/ gxh wr wkh olqhdulw| ri wkh vwuxfwxuh ri wkh hfrqrp|/ wkh whupv YZ|n�n�

Y�|n�

duh frqvwdqw1 Vyhqvvrq +4<<9, qrwhv wkdw wkhuh lv d vlpsoh vroxwlrq wr wklv sureohp1
Lq idfw/ wkh vwuxfwxuh ri wkh hfrqrp| lv vxfk wkdw Z|n�n� fdq eh frqwuroohg e| �|n�

dqg lw lv qrw d�hfwhg e| �|n�n�/ �|n�n2����c vr hdfk �|n� fdq eh fkrvhq vxfk wkdw
.|n� EZ|n�n� � ZW� ' f� Xvlqj wkh odz ri lwhudwhg h{shfwdwlrqv/ zh pd| zulwh=
.|n� EZ|n�n� � ZW� ' fc iru l :61 Wkh �uvw rughu frqglwlrqv Ee��� fdq wkxv eh
vlpsol�hg dv=

.| EZ|n� � ZW� ' f +717,

Ee�e� lv wkh qdwxudo remhfw wr eh hvwlpdwhg e| JPP/ dowkrxjk lq wklv vlpsoh
fdvh wkh hvwlpdwlrq zrxog qrw eh yhu| lqirupdwlyh/ dvw lw zrxog mxvw vhw ZW wr wkh
vdpsoh phdq ri lq dwlrq1 Ee�e� dovr lpsolhv wkdw wkh wkuhh0shulrg dkhdg h{shfwd0
wlrq ri wkh ghyldwlrq ri lq dwlrq iurp lwv wdujhw lv ruwkrjrqdo wr doo lqirupdwlrq
dydlodeoh dw wlph w1: Iurp wkh srolf| ylhzsrlqw/ vwulfw lq dwlrq wdujhwlqj lpsolhv

:Vxfk ruwkrjrqdolw| surshuwlhv frxog eh h{sorlwhg wr shuirup mrlqw whvwv ri wkh uhohydqw vshf0
l�fdwlrq ri fhqwudo edqn suhihuhqfhv wrjhwkhu zlwk wkh k|srwkhvlv ri udwlrqdo h{shfwdwlrqv1
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dq h{wuhpho| djjuhvvlyh prqhwdu| srolf|/ fdsdeoh ri fdqfhoolqj iurp wkh g|qdplf
surfhvv ri lq dwlrq h{shfwdwlrqv wkh vwlfnlqhvv hperglhg lq wkh dxwruhjuhvvlyh
vwuxfwxuh ri dfwxdo lq dwlrq1 Dv d whvw ri wkh vwulfw lq dwlrq wdujhwlqj prgho zh
�uvw ghulyh wkh lpsolhg rswlpdo lqwhuhvw udwhv uxoh dqg wkhq frpsduh wkh suhglfwhg
dqg dfwxdo srolf| udwhv1 Lq rughu wr ghulyh wkh rswlpdo lqwhuhvw udwh uxoh/ frqvlghu
wkdw=

.|Z|n� ' kf n k�.|Z|n2 n k2Z|3� n k�Z|32 n ke.|%|n2 n kD.|{e,RS6|n� +718,

dqg=

.|%|n2 ' q�.|%|n� � q2%|3� � q�

�
�| � e.|Z|n��

b
o
�
n qe

�
�|3� � e.|3�Z|�

b
o
�

+719,
Wkhq/ e| xvlqj Ee�D� dqg Ee�S� lq Ee�e�/ zh kdyh=

ZW ' kf n k�.|Z|n2 n k2Z|3� n k�Z|32 n kD.|{e,RS6|n� n +71:,

keq�.|%|n� � keq2%|3� n

�keq�

�
�| � .|Z|n��

b
o
�
n keqe

�
�|3� � e.|3�Z|�

b
o
�

Uhduudqjlqj Ee�.� zh rewdlq wkh iroorzlqj txdvl0vwdqgdug iruzdug0orrnlqj lq0
whuhvw udwh uxoh=

�
�| �.|Z|n��

b
o
�

'
qe

q�

�
�|3� � .|3�Z|�

b
o
�

+71;,

n
�

q�ke

Ekf n k�.|Z|n2 n k2Z|3� n k�Z|32 � ZW�

n Eq�.|%|n� � q2%|3��
�

q�
n

kD

q�ke
.|{e,RS6|n�

Qrwh wkdw wkh rswlpdo uxoh ihdwxuhv lqwhuhvw udwh shuvlvwhqfh hyhq li lqwhuhvw udwh
vprrwklqj grhv qrw hqwhu lqwr wkh fhqwudo edqn*v suhihuhqfhv1 Vxfk shuvlvwhqfh
lv hqwluho| gxh wr wkh g|qdplf vwuxfwxuh ri wkh hfrqrp| +dv qrwhg dovr e| Vdfn/
4<<;,1 Wkh sdudphwhuv hvwlpdwhg iurp wkh vwuxfwxudo prgho looxvwudwh krz djjuhv0
vlyh zrxog wkh rswlpdo prqhwdu| srolf| eh xqghu vwulfw lq dwlrq wdujhwlqj1 Dv wkh
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srlqw hvwlpdwhv ri q� dqg ke duh uhvshfwlyho| 3145 dqg 3144/ wkh rswlpdo uhdfwlrq
ixqfwlrq zrxog ihdwxuh d sdudphwhu rq Ekf n k�.|Z|n2 n k2Z|3� n k�Z|32 � ZW� ri

derxw rqh kxqguhg
�
' �

q� ke

�
1 Wr frpsduh dfwxdo dqg rswlpdo lqwhuhvw udwh ehkdy0

lru +frqglwlrqdo rq vwulfw lq dwlrq wdujhwlqj, zh hvwlpdwh e| JPP wkh iroorzlqj
xquhvwulfwhg htxdwlrq=

�
�|3� � .|3�Z|�

b
o
�

' Sf n S�
�
�| � .|Z|n��

b
o
�

+71<,

nS2 Ekf n k�.|Z|n2 n k2Z|3� n k�Z|32 � ZW�

nS� Eq�.|%|n� � q2%|3�� n Se.|{e,RS6|n�

Li dfwxdo dqg rswlpdo lqwhuhvw udwhv gr qrw v|vwhpdwlfdoo| glyhujh/ wkhq ED�
vkrxog gholyhu d frqjuxhqw vshfl�fdwlrq iru wkh lqwhuhvw udwh dqg wkh iroorzlqj
uhvwulfwlrqv vkrxog qrw eh uhmhfwhg=

S� '
q�
qe

c S2 ' �
�

qeke

c S� ' �
�

qe
c Se ' �

kD

qeke

Wkh lqwhuhvw udwh uxoh kdv ehhq hvwlpdwhg rq wkh vdpsoh 4<;604<<;/ vlqfh wkh
srolf| uhjlph lv olnho| wr gl�hu lq wkh suh0 dqg srvw04<;6 vdpsohv1 Wkh dssur0
suldwh JPP hvwlpdwru wdnhv lqwr dffrxqw wkh h{lvwhqfh ri d PD+5, vwuxfwxuh lq
wkh uhvlgxdov/ jhqhudwhg e| kdylqj wkuhh0shulrgv dkhdg h{shfwdwlrqv lq wkh �uvw
rughu frqglwlrqv1 Wkh uhvxowv uhsruwhg lq Wdeoh 6 fohduo| looxvwudwh wkdw zkloh ED�
lv eurdgo| frqvlvwhqw zlwk wkh gdwd/ wkh deryh uhvwulfwlrqv duh ryhuzkhoplqjo|
uhmhfwhg1

Lqvhuw Wdeoh 6 khuh

Zh frqfoxgh wkdw wkh vwulfw lq dwlrq wdujhwlqj prgho lghqwl�hv fruuhfwo| wkh
yduldeohv wr zklfk wkh Ihg uhdfwv/ exw grhv qrw suhglfw fruuhfwo| wkh pdjqlwxgh
ri wkh frh!flhqwv1 Lq idfw/ wkh dfwxdo uhvsrqvh ri wkh Ihg wr wkh uhohydqw yduldeohv
lv pxfk vprrwkhu wkdq wkh rqh suhglfwhg e| wkh vwulfw lq dwlrq wdujhwlqj prgho1

7151 Ioh{leoh lq dwlrq wdujhwlqj

Xqghu  h{leoh lq dwlrq wdujhwlqj/ fhqwudo edqn suhihuhqfhv duh vwloo ghvfulehg e|
wkh lqwhuwhpsrudo orvv ixqfwlrq=

.|

�[
�'f

B�u|n� +7143,
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zkloh wkh orvv ixqfwlrq O lv qrz=

u '
�

2

k
EZ| � ZW�2 n b%2|

l
+7144,

zkhuh b lv d zhljkw zklfk ghwhuplqhv wkh ghjuhh ri  h{lelolw| lq lq dwlrq
wdujhwlqj1 Wkh fhqwudo edqn lv vxemhfw wr wkh frqvwudlqwv jlyhq e| E����0E����1 Wkh
�uvw rughu frqglwlrqv fdq eh zulwwhq dv=

.|

�[
�'f

B�.| EZ|n� � ZW�
YZ|n�

Y�|
n .|

�[
�'f

B�b.|%|n�

Y%|n�

Y�|
' f +7145,

Lq wklv fdvh wkh ulfk g|qdplfv ri wkh frqvwudlqwv zrxog whqg wr jhqhudwh frp0
solfdwhg Hxohu htxdwlrqv/ zlwk pdq| froolqhdu whupv1 Wklv froolqhdulw| zrxog eh dq
lqfuhdvlqj ixqfwlrq ri wkh ohqjwk ri wkh dvvxphg krul}rq/ � � Wr rewdlq d pdqdjh0
deoh vroxwlrq zh vlpsoli| wkh sureohp dqg frqvlghu d rqh0|hdu krul}rq E� ' e�1;

Wkh frqglwlrqv iru rswlpdolw| pd| wkxv eh zulwwhq=

b.|%|n2
Y%|n2

Y�|
n Bb.|%|n�

#
Y%|n�

Y�|
n
Y%|n�

Y%|n2

Y%|n2

Y�|

$
+7146,

nB2b.|%|ne
Y%|ne

Y%|n�

#
Y%|n�

Y�|
n
Y%|n�

Y%|n2

Y%|n2

Y�|

$

nB.| EZ|n� � ZW�

#
YZ|n�

Y%|n2

Y%|n2

Y�|

$

nB2.| EZ|ne � ZW�

#
YZ|ne

Y%|n�

#
Y%|n�

Y�|
n
Y%|n�

Y%|n2

Y%|n2

Y�|

$
n
YZ|ne

YZ|n�

#
YZ|n�

Y%|n2

Y%|n2

Y�|

$$

' f

dqg/ vxevwlwxwlqj iru wkh hvwlpdwhg sdudphwhuv=

�b.|%|n2q� n Bb.|%|n� Eqe � q�q�� n B2b.|%|neq� Eqe � q�q��

;Wklv fkrlfh lv vxssruwhg e| hylghqfh lq wkh �Juhhqerrn�/ zklfk sxeolvkhv +zlwk d �yh0
|hdu ghod|, uhdo0wlph Ihg iruhfdvwv iru lq dwlrq dqg xqhpsor|phqw xs wr irxu txduwhuv dkhdg1
Pruhryhu/ zh kdyh fkhfnhg wkh urexvwqhvv ri rxu fkrlfh ri wkh krul}rq fdq e| h{whqglqj lw e| rqh
shulrg/ dqg whvwlqj li wkh dgglwlrqdo yduldeohv lqyroyhg lq wkh Hxohu htxdwlrq dwwudfw vljql�fdqw
frh!flhqwv1 Zh kdyh grqh vr e| vhwwlqj � @ 8> lq doo rxu hpslulfdo dssolfdwlrqv dqg irxqg
vxssruw iru wkh fkrlfh � @ 7=
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�B.| EZ|n� � ZW�keq� n B2.| EZ|ne � ZW�ke Eqe � q� E� n q���

' f +7147,

zklfk fdq eh uhduudqjhg dv=

.|Z|n� ' ZW n B.| EZ|ne � ZW�

#
qe � q� E� n q��

q�

$
n

�b

#
.|%|n2

�

keB
� .|%|n�

Eqe � q�q��

keq�

� B.|%|ne
q� Eqe � q�q��

keq�

$
+7148,

Wkh fruuhvsrqglqj xquhvwulfwhg htxdwlrq lv wkhq<=

.|Z|n� ' Sf n B.| EZ|ne � Sf� S� � .|%|n2
S2

B
n .|%|n�S� n B.|%|neSe +7149,

Hvwlpdwlrq uhvxowv iru ht1Ee��S� dqg d Zdog whvw ylv0ã0ylv ht1Ee��D� duh uhsruwhg
lq Wdeoh 71 Qrwh wkdw zh fdq whvw wkh ydolglw| ri wkh wkhruhwlfdo prgho +l1h1
wkh  h{leoh lq dwlrq wdujhwlqj k|srwkhvlv, lqghshqghqwo| iurp wkh lghqwl�fdwlrq
ri ZW dqg b�Iru lqvwdqfh/ frqvlghu wkh frh!flhqw rq wkh ghyldwlrq ri h{shfwhg
lq dwlrq dw wlph w.7= wkh uhvwulfwlrq S� '

�
qe3q�E�nq��

q�

�
lv lqghshqghqw iurp

wkh lghqwl�fdwlrq ri ZW dqg b� V|pphwulfdoo|/ li wkh uhvwulfwlrqv lpsolhg e| ht1
Ee��D� zhuh dffhswhg/ wkhq zh zrxog eh ohiw zlwk rqo| wzr suhihuhqfh sdudphwhuv
wr eh hvwlpdwhg= ZW dqg b� Krzhyhu/ orrnlqj dw wkh hvwlpdwhv ri wkh xquhvwulfwhg
prgho zh lpphgldwho| vhh wkdw wkh Hxohu htxdwlrq ghulyhg iurp  h{leoh lq dwlrq
wdujhwlqj lv qrw frqvlvwhqw zlwk wkh gdwd1 Lq idfw wkh srlqw hvwlpdwh ri f� lv dv kljk
dv 31;:/ vr wkdw wkh uhvwulfwlrq S� '

�
qe3q�E�nq��

q�

�
' ���2e lv fohduo| uhmhfwhg143

Wklv vxjjhvwv wkdw dfwxdo lqwhuhvw udwhv duh srvlwlyho| fruuhodwhg/ zkloh dffruglqj
wr wkh rswlpdo uxoh ri htxdwlrq Ee��D�wkh| vkrxog eh qhjdwlyho| fruuhodwhg1 Khqfh
dfwxdo prqhwdu| srolf| kdv ehhq e| idu ohvv djjuhvvlyh wkdq zkdw zrxog eh lpsolhg
xqghu  h{leoh lq dwlrq wdujhwlqj1 Dovr wkh hvwlpdwhv ri S2c S�c dqg Secdowkrxjk rqo|
pdujlqdoo| vljql�fdqw/ kdyh d gl�huhqw vljq iurp wkdw suhglfwhg e| wkh wkhruhwlfdo
prgho1

<Iroorzlqj d frpprq sudfwlfh lq wkh hpslulfdo olwhudwxuh rq wkh vlpxodwlrq ri lqwhuhvw udwh
uxohv/ zh kdyh �{hg wkh glvfrxqw udwh � @ 1<:8/ zklfk lpsolhv d glvfrxqw udwh ri 518(1 Li � lv
ohiw xquhvwulfwhg/ zh rewdlq d qhjdwlyh srlqw hvwlpdwh/ dowrxjk kdugo| vljql�fdqw1

43Zh dovr fkhfnhg wkdw wkh frq�ghqfh lqwhuydov rq f4dqg
�
�
7
��

6
+4.�

4
,

�
6

�
gr qrw ryhuods/ vr wkdw

wkh uhvxowv ri wkh whvw duh urexvw wr wkh h{solflw frqvlghudwlrq ri xqfhuwdlqw| rq doo wkh hvwlpdwhg
sdudphwhuv1
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Lqvhuw Wdeoh 7 khuh

Vlqfh wkh hvwlpdwhg sdudphwhuv lq wkh Hxohu htxdwlrq duh vljql�fdqwo| gl�huhqw
iurp wkrvh suhglfwhg e| wkh  h{leoh lq dwlrq wdujhwlqj prgho/ wkhuh zrxog eh qr
srlqw lq ghulylqj wkh lpsolflw lqwhuhvw udwh uxoh dqg frpsduh lw zlwk wkh gdwd1

7161 Uhdo lqwhuhvw udwh vprrwklqj

Dv d srvvleoh vroxwlrq wr wkh uhmhfwlrq ri wkh prghov ghvfulehg lq vhfwlrqv 714 dqg
715/ zh lqwurgxfh d uhdo lqwhuhvw udwh vprrwklqj remhfwlyh lq wkh fkdudfwhul}dwlrq
ri fhqwudo edqn*v suhihuhqfhv144 Wkh orvv ixqfwlrq lv prgl�hg dffruglqjo|=

u '
�

2

k
EZ| � ZW�2 n > dE�| � .|Z|n� � o�� E�|3� �.|3�Z| � o�o2 n b%2|

l

Wkh �uvw rughu frqglwlrqv duh=

�B2b.|%|n2q� n B�b.|%|n� Eqe � q�q�� n Beb.|%|neq� Eqe � q�q�� n

�B�.| EZ|n� � ZW�keq� n Be.| EZ|ne � ZW�ke Eqe � q� E� n q��� n +714:,

n> E� n B�
�
�| � .|Z|n��

b
o
�
� > E�|3� � .|3�Z| � o�� >B

�
.|�|n� � .|Z|n2�

b
o
�

' f

Iru wkh sxusrvh ri hvwlpdwlrq/ wkh| fdq eh zulwwhq dv=

�
�|3� � .|3�Z|�

b
o
�

' E� n B�
�
�| � .|Z|n��

b
o
�
� B

�
.|�|n� � .|Z|n2�

b
o
�

�
B�

>
.| EZ|n� � ZW�keq�

n
Be

>
.| EZ|ne � ZW�ke Eqe � q� E� n q���

�
B2

>
b.|%|n2q� n

B�

>
b.|%|n� Eqe � q�q��

n
Be

>
b.|%|neq� Eqe � q�q�� +714;,

Uhvxowv duh uhsruwhg lq Wdeoh 81

44Vhh Jrrgiulhqg/ 4<;:/ Vyhqvvrq/ 4<<;/ dqg Zdovk/ 4<<; Fk143/ iru d glvfxvvlrq ri wklv lvvxh1
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Lqvhuw Wdeoh 8 khuh

Wkuhh sdudphwhuv duh hvwlpdwhg = d frqvwdqw/ zklfk lv d frqyroxwlrq ri
b
o

dqg ZW/ �
>
dqg b� Vlqfh wkh hvwlpdwh ri wkh odwwhu lv qrw vljql�fdqwo| gl�huhqw

iurp }hur/ zh uhmhfw wkh k|srwkhvlv ri  h{leoh lq dwlrq wdujhwlqj fxp lqwhuhvw udwh
vprrwklqj dqg uh0hvwlpdwh wkh htxdwlrq e| lpsrvlqj b ' f� Wkh uhvxowv iru wkh
uhvxowlqj vwulfw lq dwlrq wdujhwlqj fxp lqwhuhvw udwh vprrwklqj prgho duh uhsruwhg
lq Wdeoh 91 Wkh srlqw hvwlpdwh iru > lv 315;9/ zlwk d <8 shu fhqw frq�ghqfh lqwhuydo
udqjlqj iurp 3143 wr 317:1 Furvv0htxdwlrq uhvwulfwlrqv duh qrw uhmhfwhg dqg wkh
delolw| ri wkh prgho wr wudfn dfwxdo lqwhuhvw udwhv lv txlwh jrrg/ dv vkrzq lq Iljxuh
4

Lqvhuw Wdeoh 9 khuh
Lqvhuw Iljxuh 4 khuh

Zh frqfoxgh wkdw wkh k|srwkhvlv ri vwulfw lq dwlrq wdujhwlqj fxp uhdo lqwhuhvw
udwh vprrwklqj/ gholyhuv dq lqwhuhvw udwh uxoh zklfk �wv zhoo wkh revhuyhg sdwk ri
lqwhuhvw udwhv1 D qrwdeoh lpsolfdwlrq ri wkh �qglqj wkdw b ' f lv wkdw/ vlqfh 4<;6/
wkh uroh ri rxwsxw jdsv lq ghwhuplqlqj prqhwdu| srolf| kdv ehhq wkdw ri d ohdglqj
lqglfdwru ri lq dwlrq dqg qrw ri dq lqghshqghqw srolf| wdujhw1

81 Frqfoxvlrqv

Lq wklv sdshu zh ghyhorshg dq dssurdfk wr lghqwli| fhqwudo edqnv* suhihuhqfhv/
zklfk gl�huv iurp wkh vwdqgdug sudfwlfh ri hvwlpdwlqj xquhvwulfwhg +iruzdug0
orrnlqj, lqwhuhvw udwh uxohv1 Vlqfh hvwlpdwhg sdudphwhuv lq d prqhwdu| srolf| uxoh
duh frqyroxwlrqv ri �ghhs� sdudphwhuv ghvfulelqj fhqwudo edqnv* suhihuhqfhv dqg
wkrvh ghvfulelqj wkh vwuxfwxuh ri wkh hfrqrp|/ lw lv qrw srvvleoh wr lghqwli| fhqwudo
edqnv* suhihuhqfhv iurp wkh gluhfw hvwlpdwlrq ri prqhwdu| srolf| uxohv1 Krzhyhu
vxfk suhihuhqfhv fdq eh qdwxudoo| lghqwl�hg iurp wkh �uvw rughu frqglwlrqv ri wkh
fhqwudo edqnv* lqwhuwhpsrudo rswlpl}dwlrq sureohp iru d jlyhq vwuxfwxuh ri wkh
hfrqrp|1

Zh dssolhg rxu dssurdfk wr wkh XV/ wdnhq dv dq h{dpsoh ri d forvhg hfrqrp|1
Zh �uvw hvwlpdwhg wkh sdudphwhuv ghvfulelqj wkh vwuxfwxuh ri wkh hfrqrp| e| frq0
vlghulqj d sduvlprqlrxv vshfl�fdwlrq iru lq dwlrq/ wkh rxwsxw0jds dqg wkh frp0
prglw| sulfh lqgh{1 Qh{w/ zh hvwlpdwhg e| JPP wkh Hxohu htxdwlrqv rewdlqhg
iurp wkh �uvw rughu frqglwlrqv iru rswlpdolw| xqghu wkh dowhuqdwlyh k|srwkhvhv
wkdw fhqwudo edqn suhihuhqfhv duh ghvfulehg e| vwulfw lq dwlrq wdujhwlqj/  h{leoh
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lq dwlrq wdujhwlqj dqg wkhq e| + h{leoh ru vwulfw, lq dwlrq wdujhwlqj zlwk uhdo
lqwhuhvw udwh vprrwklqj1

Rxu hpslulfdo dqdo|vlv ri wkh vwuxfwxuh ri wkh hfrqrp| kdv vkrzq wkdw wkh
shuvlvwhqf| ri uhdo lqwhuhvw udwhv lq djjuhjdwh ghpdqg lv vx!flhqw wr jhqhudwh dq
dxwruhjuhvvlyh vwuxfwxuh lq dq| lqwhuhvw udwh uxoh1 Iurp wkh hvwlpdwlrq ri Hxohu
htxdwlrqv/ zh dovr lqihu wkdw vwulfw lq dwlrq wdujhwlqj wrjhwkhu zlwk uhdo lqwhuhvw
udwh vprrwklqj gholyhuv dq rswlpdo lqwhuhvw udwh uxoh zklfk forvho| uhsolfdwhv wkh
revhuyhg sdwk ri uhdo lqwhuhvw udwhv ryhu wkh vdpsoh 4<;6=404<<;=61 Wkhvh �qglqjv
dovr lpso| wkdw wkh rxwsxw jds hqwhuv wkh lqwhuhvw udwh uxoh rqo| dv d ohdglqj
lqglfdwru ri ixwxuh lq dwlrq/ dqg uhmhfw wkh k|srwkhvlv wkdw rxwsxw vwdelol}dwlrq lv
dq lqghshqghqw dujxphqw lq wkh orvv ixqfwlrq ri wkh Ihg1

Zh eholhyh wkdw gluhfw hvwlpdwlrq ri wkh Hxohu htxdwlrq lv dq dssursuldwh ds0
surdfk wr wkh lghqwl�fdwlrq ri fhqwudo edqn suhihuhqfhv1 Krshixoo| wkh iudphzrun
xvhg lq wklv sdshu fdq eh h{whqghg wr dffrpprgdwh pruh frpsoh{ vwuxfwxudo
prghov dqg dovr dowhuqdwlyh k|srwkhvhv rq fhqwudo edqnv* ehkdylru1

Uhihuhqfhv

^4` Eduur U1M1 dqg G1E1 Jrugrq +4<;9, �D srvlwlyh wkhru| ri prqhwdu| srolf|
lq d qdwxudo udwh prgho�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <4/ 8;<0943

^5` Ehuqdqnh E1V1 dqg L1 Plkry +4<<;, �Phdvxulqj prqhwdu| srolf|�/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ 446/ 6/ ;9<0<35

^6` Eolqghu D1V1 +4<<:, �Zkdw fhqwudo edqnhuv frxog ohduq iurp dfdghplfv0dqg
ylfh yhuvd�/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ yro144 qr15/ 604<

^7` Eudlqdug Z1 +4<9:, �Xqfhuwdlqw| dqg wkh h�hfwlyhqhvv ri prqhwdu| srolf|�/
Dphulfdq Hfrqrplf Uhylhz/ 7440766

^8` Fhffkhwwl V1J1/ P1P1 PfFrqqhoo dqg J1 Shuh}0Txlurv +4<<<, �Srolf|pdnhuv
uhyhdohg suhihuhqfhv dqg wkh rxwsxw0lq dwlrq yduldelolw| wudgh0r��/ xqsxe0
olvkhg/ Ihghudo Uhvhuyh Edqn ri Qhz \run

^9` Fkulvwdqr O1M1/ P1 Hlfkhqedxp dqg F1O1 Hydqv +4<<;, �Prqhwdu| srolf|
vkrfnv= zkdw kdyh zh ohduqhg dqg wr zkdw hqgB�/ QEHU zrunlqj sdshu Qr1
9733

4:



^:` Fodulgd U1 dqg P1 Jhuwohu +4<<9, �Krz wkh Exqghvedqn frqgxfwv prqhwdu|
srolf|�/ QEHU zrunlqj sdshu Qr1 88;4

^;` Fodulgd U1/ M1 Jdol dqg P1 Jhuwohu +4<<:, �Wkh vflhqfh ri prqhwdu| srolf|�/
plphr/ Qhz \run Xqlyhuvlw|

^<` Fodulgd U1/ M1 Jdol dqg P1 Jhuwohu +4<<;, �Prqhwdu| srolf| uxohv lq sudf0
wlfh=vrph lqwhuqdwlrqdo hylghqfh� Hxurshdq Hfrqrplf Uhylhz/ 75/

^43` Fodulgd U1/ M1Jdol dqg P1Jhuwohu +4<<;,�Prqhwdu| srolf| uxohv dqg pdfurh0
frqrplf vwdelolw|= hylghqfh dqg vrph wkhru|�/ QEHU zrunlqj sdshu Qr1
9775

^44` Grruqln M1D1 dqg G1I1K1 Khqgu|+4<<:, �Prghoolqj G|qdplf V|vwhpv xvlqj
SfIlpo <143 iru Zlqgrzv�/ Orqgrq= Wlpehuodnh Frqvxowlqj

^45` Jrrgiulhqg P1 +4<;:, �Lqwhuhvw udwh vprrwklqj dqg sulfh ohyho wuhqg0
vwdwlrqdulw|�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 4</ 668067;

^46` Jrrgiulhqg P 1 dqg U1Nlqj +4<<:, �Wkh qhz qhrfodvvlfdo v|qwkhvlv dqg wkh
uroh ri prqhwdu| srolf|�/ QEHU Pdfurhfrqrplfv Dqqxdo 4<<:/ PLW Suhvv

^47` Jrrgkduw F1D1H1 +4<<<, �Fhqwudo edqnhuv dqg xqfhuwdlqw|�/ plphr/ Ilqdq0
fldo Pdunhwv Jurxs 0 Orqgrq Vfkrro ri Hfrqrplfv

^48` Kdoopdq M1M1/ U1G1 Sruwhu dqg G1K 1Vpdoo +4<<4, �Lv wkh ohyho wlhg wr wkh
P5 prqhwdu| djjuhjdwh lq wkh orqj0uxq�/ Dphulfdq Hfrqrplf Uhylhz/ ;4/
;740;8;

^49` Khqgu| G1I1 +4<<9, �G|qdplf Hfrqrphwulfv�/ R{irug Xqlyhuvlw| Suhvv

^4:` Ohlghupdq O1 dqg O1H1R1 Vyhqvvrq hgv1+4<<8, �Lq dwlrq Wdujhwv�/ Fhqwuh iru
Hfrqrplf Srolf| Uhvhdufk/ Orqgrq

^4;` Olssl I1 +4<<;, �Fhqwudo edqn lqghshqghqfh dqg fuhglelolw|�/ Hgzdug Hojdu

^4<` Oxfdv U1H Mu1 +4<:9, �Hfrqrphwulf srolf| hydoxdwlrq1 D fulwltxh�/ Fduqhjlh0
Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ 4/ 4<079

^53` Srvhq D1 +4<<6, �Zk| fhqwudo edqn lqghshqghqfh grhv qrw fdxvh orz lq d0
wlrq= wkhuh lv qr lqvwlwxwlrqdo �{ iru srolwlfv�1 Lq U1R*Eulhq +hg1,/ Ilqdqfh
dqg wkh Lqwhuqdwlrqdo Hfrqrp| qr1:/ R{irug Xqlyhuvlw| Suhvv/ 73098
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^54` Uxghexvfk J1G1 +4<<;, �Lv wkh Ihg wrr wlplgB Prq0
hwdu| Srolf| lq dq xqfhuwdlq zruog�1 Dydlodeoh dw
kwws=22zzz1iuei1ruj2hfrquvufk2hfrqrplvwv2juxghexvfk1kpwo

^55` Uxghexvfk J1G1 dqg O1H1R1 Vyhqvvrq +4<<;, �Srolf| uxohv iru Lq dwlrq wdu0
jhwlqj�1 Dydlodeoh dw kwws=22zzz1llhv1vx1vh2ohrvyhq2

^56` Vdfn E1 +4<<;, �Grhv wkh Ihg dfw judgxdoo|B D YDU dqdo|vlv� Erdug ri
Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp/ xqsxeolvkhg

^57` Vyhqvvrq O1H1R1 +4<<9, �Frpphqwdu|�1 Lq= Dfklhylqj sulfh vwdelolw|/ Ihghudo
Uhvhuyh Edqn ri Ndqvdv Flw|/ 53<055;1 Dydlodeoh dw= kwws=22zzz1nf1iue1ruj

^58` Vyhqvvrq O1H1R1 +4<<:, �Lq dwlrq Iruhfdvw Wdujhwlqj= Lpsohphqwlqj dqg
Prqlwrulqj Lq dwlrq Wdujhwv�/ Hxurshdq Hfrqrplf Uhylhz/ 74/ 444404479

^59` Vyhqvvrq O1H1R1 +4<<;, �Prqhwdu| Lvvxhv iru wkh HVFE�1 Suhvhqwhg dw wkh
Fduqhjlh0Urfkhvwhu Frqihuhqfh1 Dydlodeoh dw kwws=22zzz1llhv1vx1vh2ohrvyhq2

^5:` Vyhqvvrq O1H1R1 +4<<;, �Grhv wkh SW prgho surylgh dq| udwlrqdoh iru prqh0
wdu| wdujhwlqjB�1 Dydlodeoh dw kwws=22zzz1llhv1vx1vh2ohrvyhq2

^5;` Wd|oru M1E1 +4<<6, �Glvfuhwlrq yhuvxv srolf| uxohv lq sudfwlfh�/ Fduqhjlh0
Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ 6</ 4<80547

^5<` Wd|oru M1E1 +4<<9, �Krz vkrxog prqhwdu| srolf| uhvsrqg wr vkrfnv zkloh
pdlqwdlqlqj orqj0uxq sulfh vwdelolw|1 Frqfhswxdo lvvxhv�1 Lq= Dfklhylqj sulfh
vwdelolw|/ Ihghudo Uhvhuyh Edqn ri Ndqvdv Flw|/ 4;404<91 Dydlodeoh dw=
kwws=22zzz1nf1iue1ruj

^63` Zdovk F1H1 +4<<;, �Prqhwdu| Wkhru| dqg Srolf|�/ Wkh PLW Suhvv/ Fdp0
eulgjh/ PD

4<



Wdeoh 4= Gldjqrvwlf vwdwlvwlfv rq wkh xquhvwulfwhg v|vwhp

Dxwrfruu1= DU 408 Qrupdolw| Khw1= DUFK +7,

Ht 4
I+ 8/457, @ 4135<9

^317366`

Fkl2+5,@ 81343:

^313;49`

I+ 7/454, @ 319;68

^31937:`

[l2 I+6;/ <3, @4187<6

^3137:4`

Ht 5
I+ 8/457, @ 51357<

^313:<9`

Fkl2+5,@ 51:454

^3158::`

I+ 7/454, @ 319;68

^31937:`

[l2 I+6;/ <3, @4187<6

^3137:4`

Ht 6
I+ 8/457, @ 415747

^315<6;`

Fkl2+5,@ 917<:

^3136;;`

I+ 7/454, @ 319;68

^31937:`

[l2 I+6;/ <3, @4187<6

^3137:4`

V|vwhp
I+78/666, @ 4164:7

^313<59`

Fkl2+ 9,@ 43148:

^3144;5`

[l2 I+55;/846, @41584<

^31353<`

Qrwh wr Wdeoh 41

Wkh vwdwlvwlf iru uhvlgxdo dxwrfruuhodwlrq lv wkh OP vwdwlvwlf iru odjv 4 wr 8/ wkh

wzr vwdwlvwlfv iru khwhuhvfhgdvwlflw| whvw Wkh qxoo ri krprvfhgdvwlf uhvlgxdov djdlqvw wkh

dowhuqdwlyh ri DUFK dqg khwhurvfhgdvwlflw| gxh wr wkh vtxduhv ri uhjuhvvruv dqg wkhlu

furvv surgxfwv1 Doo wkh whvw duh shuiruphg erwk vhsdudwho| rq hdfk htxdwlrq dqg rq wkh

v|vwhp dv d zkroh1 Iru d ghwdlohg ghvfulswlrq ri wkhvh whvwv vhh Grruqln dqg Khqgu|

+4<<:,1 Wkh hvwlpdwhg v|vwhp lv =

3
EC %|

Z|

{e,SR6|

4
FD ' �Eu�

3
EC %|3�

Z|3�

{e,SR6|3�

4
FDn�Eu��|3� n �

3
EEEEEEC

J�,.�
J�,.D
J�,.H�
_�6HS2
_�6..�

4
FFFFFFD
n

3
EC �_|

�r|
�S|

4
FD

%| ' rxwsxw jds +gl�huhqfh ehwzhhq uhdo JGS dqg KS �owhuhg JGS zlwk vprrwklqj

sdudphwu vhw dw 4933,/ Z| ' FSL dqqxdo lq dwlrq udwh/{e,SR6| ' LPI frpprglw| sulfh

lqgh{ +dqqxdo jurzwk udwh,/ �| ' Ihghudo ixqgv udwh +dyhudjh ydoxh lq wkh odvw prqwk

ri hdfk txduwhu,/ _�6.�2� ' gxpp| wdnlqj d ydoxh ri 4 lq 4<:6=4 dqg 4<:6=5/ }hur

rwkhuzlvh/ _�6.D� ' gxpp| wdnlqj d ydoxh ri 4 lq 4<:8=4/ }hur rwkhuzlvh/ _�6..� '
gxpp| wdnlqj d ydoxh ri 4 lq 4<::=6/ }hur rwkhuzlvh/ _�6.H� ' gxpp| wdnlqj d ydoxh

ri 4 lq 4<:;=4/ }hur rwkhuzlvh/ _�6HS2 ' gxpp| wdnlqj d ydoxh ri 4 lq 4<;9=5/ }hur

rwkhuzlvh1
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Wdeoh 5= Vwuxfwxudo prgho
Vwuxfwxudo htxdwlrqv dqg gldjqrvwlf vwdwlvwlfv
Hvwlpdwlrq Phwkrg= VXUH/ Vdpsoh +dgm1,=4<93=404<<;=6

Z| ' kf n k�Z|3� � k2Z|3e n k�Z|3D n ke%|3� n kD{e,RS6|

�kS_�6HS2 n k._�6.H2 n �r|
U2 31<:9 Dgm U2 31<:8 V1H1 ri uhj 31789
GZ vwdw 41<;: Phdq ghs1 ydu 7178 V1G1 ghs ydu 51<3

%| ' q�%|3� � q2%|3� � q�

�
�|32 � .|32Z|3��

b
o
�
n qe

�
�|3� � .|3�Z|32�

b
o
�

nqD_�6.H2 � qS_�6.D� n �_|
U2 31;57 Dgm U2 31;39 V1H1 ri uhj 31:44
GZ vwdw 5135 Phdq ghs ydu 031374 V1G1 ghs ydu 41948

{e,RS6| ' �f n ��{e,RS6|3� � �2{e,RS6|32 � ��{e,RS6|3e n �e{e,RS6|3D

n�D_�6.�2� � �S_�6.D� n �._�6.H�� �H_�6HS2 � �b_�6..� n �S|
U2 31<56 Dgm U2 31<4; V1H1 ri uhj 6199;
GZ vwdw 41:<6 Phdq ghs ydu 51;:6 V1G1 ghs ydu 451:;5

Qrwh wr Wdeoh 51

H{shfwdwlrq whupv duh vshfl�hg dv=

.|32Z|3� ' kf n k�Z|32 � k2Z|3� n k�Z|3e n ke%|32 n kD{e,RS6|3�

�kS_�6HS2|3� n k._�6.H2|3�

dqg vlploduo| iru .|3�Z|32�
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+Wdeoh 5 frqw1, Hvwlpdwhg frh!flhqwv=
Frh!flhqw Vwg1 Huuru w0Vwdwlvwlf Sure1

kf 313;;6 3139<3 415;38 3153
k� 413<64 313686 631<955 3133
0k2 0317499 313;66 0813334 3133
k� 315<73 31396; 7193:3 3133
ke 314554 3135:; 716<;9 3133
kD 313493 313365 813694 3133
0kS 0416:87 3176<8 06145<: 31335
k. 413569 3177:9 515;9; 31356
qf 31376: 313:<4 318854 318;5
q� 41383: 31379; 5517976 3133
0q2 0315:79 313786 091394< 3133
0q� 03146:: 3136<< 061783; 31334
qe 314453 313738 51:955 31339
qD 6163<; 319;68 71;756 3133
0qS 041;433 319;47 0519896 3133;
�f 31744; 3163:7 4166<: 314;4
�� 414874 313985 4:1:3< 3133
0�2 0314:56 313::5 0515658 31359
0�� 0317697 313:9< 0819:54 31333
�e 31587: 31397< 61<548 31333
�D 451689 41<895 916497 31333
0�S 0491:5: 61;;8; 0716379 31333
�. :14<5< 61:57; 41<644 31387
0�H 091:398 618<6; 041;994 31396
0�b 0481;:; 619553 0716;6< 31333
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Wdeoh 6= Rswlpdo yv1 dfwxdo lqwhuhvw udwh uxoh

Hvwlpdwlrq phwkrg= JPP/ Vdpsoh +dgm1,=4<;6=4 0 4<<:=6
Edqgzlgwk= Il{hg +7,
Hvwlpdwhg htxdwlrq lv 8=
Lqvwuxphqwv= Z| ��� Z|3e c %| 111 %|32 c {e,RS6| 111 {e,RS6|3e c �| c �|3�

Frh!flhqw Vwg1 Huuru w0Vwdwlvwlf Sure1
Sf 31685 31475 5184 31348
S� 31<69 31367 5:188 313333
S2 03153 3145 041:6 313;;
S� 0318:6 3147: 061;; 31333
Se 031393 31346 07167 31333

U0vtxduhg 31:9: V1H1 ri uhjuhvvlrq 31<44
Phdq ghshqghqw ydu 6159 M0vwdwlvwlf 3148:

Uhvwulfwlrqv= S� '
q�
qe
c S2 ' � �

qeke
c S� ' � �

qe
c Se ' � kD

qeke
c SD '

�
ke

B
q�

S� '
f���H

f���2
c S2 ' �

�

f���2 � f��22
c S� ' �

�

f���2
c Se ' �

f�f�S

f���2 � f��22

Zdog whvwv=I0vwdw1 @ :/986/:4< +3133,/ Fkl0vt1@ 63/947/;:9 +3133,
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Wdeoh 7= Hxohu htxdwlrq = Ioh{leoh lq dwlrq wdujhwlqj

Hvwlpdwlrq phwkrg= JPP/ Vdpsoh +dgm1,= 4<;6=4 0 4<<:=6
Edqgzlgwk= Il{hg +6,/ Nhuqho= Eduwohww
Hvwlpdwhg htxdwlrq lv= 7149/ zlwk B @ 31<:8
Lqvwuxphqwv= Z| ��� Z|3D c %| 111 %|32 c {e,RS6| 111 {e,RS6|3e c �| c �|3� c _�6HS2

Frh!flhqw Vwg1 Huuru w0Vwdwlvwlf Sure1
Sf 713<7 3186: :195 31333
S� 31;:8 31399 4615: 31333

S2 3178< 31535 515: 3135:

S� 0313;: 31734 03154 31;5<

Se 0316:: 3154: 041:6 313;:

U0vtxduhg 31:56/ V1H1 ri uhjuhvvlrq 318;
Phdq ghshqghqw ydu 61674;9;/ M0vwdwlvwlf 3149

Zdog whvw=
�
qe3q�E�nq��

q�

�
' S�c I0vwdw1@ ;3; +3133,
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Wdeoh 8= Hxohu htxdwlrq= Ioh{leoh lq dwlrq wdujhwlqj
dqg uhdo lqwhuhvw udwh vprrwklqj

Hvwlpdwlrq phwkrg= JPP/ Vdpsoh +dgm1,= 4<;6=4 0 4<<:=6
Edqgzlgwk= Il{hg +6,
Lqvwuxphqwv= Z| ��� Z|3e c %| 111 %|3e c {e,RS6| 111 {e,RS6|3e c �| c �|3�

B @ 31<:8

Frh!flhqw Vwg1 Huuru w0Vwdwlvwlf Sure1
Sf 31765 31534 51475 31369
�
>

61;58 41<;6 41<5< 3138;

b 031365 31439 031639 31:93

U0vtxduhg 31:69 V1H1 ri uhjuhvvlrq 31<95
Phdq ghshqghqw ydu 61587 M0vwdwlvwlf 314:

Hvwlpdwhg htxdwlrq +iurp ht1 714;,

E�|3� �.|3�Z|� ' Sf n E� n B� E�| � .|Z|n��� B E.|�|n� � .|Z|n2�

�
B�

>
keq�

%
.| EZ|n��� B.| EZ|ne�

#
qe
q�

� E� n q��

$&

�
B2

>
bq�

%
.|%|n2 � B.|%|n�

#
qe
q�

� q�

$
� B2.|%|neq�

#
qe
q�

� q�

$&
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Wdeoh 9= Hxohu htxdwlrq= Vwulfw lq dwlrq wdujhwlqj
dqg uhdo lqwhuhvw udwh vprrwklqj

Hvwlpdwlrq phwkrg= JPP/ Vdpsoh +dgm1,= 4<;6=4 0 4<<:=6
Edqgzlgwk= Il{hg +6,
Lqvwuxphqwv= Z| ��� Z|3e c %| 111 %|3e c {e,RS6| 111 {e,RS6|3e c �| c �|3�

B @ 31<:8

Frh!flhqw Vwg1 Huuru w0Vwdwlvwlf Sure1
Sf 31736 31456 6159 31335
> 315;8 313<6 613: 31336

U0vtxduhg 31:6: V1H1 ri uhjuhvvlrq 31<85
Phdq ghshqghqw ydu 61587 M0vwdwlvwlf 314:

Hvwlpdwhg htxdwlrq=

E�|3� �.|3�Z|� ' Sf n E� n B� E�| � .|Z|n��� B E.|�|n� � .|Z|n2�

�
B�

>
keq�

%
.| EZ|n��� B.| EZ|ne�

#
qe
q�

� E� n q��

$&
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Iljxuh 4
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0
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Residual Actual Fitted

Dfwxdo dqg �wwhg uhdo srolf| udwhv1 Wkh �wwhg udwhv duh iurp wkh Hxohu htxdwlrq
xqghu vwulfw lq dwlrq wdujhwlqj dqg uhdo lqwhuhvw udwh vprrwklqj1

5:


