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ABSTRACT

Location as a Signal of Quality*

We examine a horizontal product differentiation duopoly model where firms
are also differentiated with respect to the quality of their products. Firms first
choose their locations (or product characteristics) and then compete in prices.
Under full information, it is shown that, whereas the low quality firm prefers to
locate as far as possible from its competitor, the same is not true for the high
quality firm, unless the quality difference is small enough. The Paper then
suggests an explanation for spatial agglomeration based on incomplete
information considerations. Because it is less costly for a high quality firm than
for a low quality firm to locate close to a rival firm, choosing a location closer
to a rival signals high quality.
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NON-TECHNICAL SUMMARY

In most markets there is both vertical (quality) and horizontal (variety) product
differentiation. Quality refers to characteristics of a product that all consumers
find desirable. Variety reflects the fact that consumers may have different
preferences with respect to some other product characteristic. This Paper
attempts to improve our understanding of markets where both types of
differentiation are present, examining in particular the effect of quality
differences on the horizontal differentiation decisions of firms.

Some examples may illustrate how both horizontal and vertical characteristics
are taken into consideration when consumers select among different products.
Consumers may choose a restaurant either because it offers high quality of
food and service or because of its convenient location. But, they would rarely
travel a long distance to dine at a low quality restaurant (at least unless the
price was sufficiently low). Consumers may choose to purchase a car based
on either ‘objective quality’ characteristics, such as fuel efficiency, reliability
and safety, or because they particularly like its colour, design, or ‘feel of the
road’. In academia, researchers are likely to pay attention to work close to
their field of expertise, as well as to work that is outside their particular area of
interest but is produced by someone known as an outstanding researcher. In
our analysis we take the quality aspect of firms’ products as given and
examine the implications for their horizontal product differentiation and pricing
strategies. For example, in the situations mentioned before, how does the
optimal location of a restaurant vary, depending on whether the quality of its
food is high or low? Given that an automobile manufacturing company has
higher overall quality than its competitors, how should it differentiate its
product with respect to the design or other characteristics about which
consumers’ tastes may differ? Or, how should a gifted young researcher
decide (early in graduate school) which, among many different fields, to
pursue?

The model introduces quality differences in a standard linear-city duopoly
model. Location in the linear city can be interpreted either as geographical
location or as a choice of variety. Firms choose first their locations and then
compete in prices. Consumers make their purchasing decisions after they
observe the final ‘delivered’ prices, that is, prices adjusted for quality plus a
transportation cost. The first part of the Paper considers the full information
case. We find that it is more costly for a low quality firm than for a high quality
firm to locate closer to a rival firm. Whereas the low quality firm prefers to
locate as far as possible from its competitor, the same is not true for the high
quality firm, unless the quality difference is small enough. Put differently, the
low quality firm seeks to move away in product space, in an effort to reduce



price competition. A firm that enjoys a large quality advantage, however,
seeks to press its vertical advantage by moving towards its rival. In this sense,
the ‘maximum differentiation’ result does not hold when the quality differences
are significant.

In the second part of the analysis, we recognize that firms may have private
information about the quality of their products. Potential customers can
observe the location of a restaurant, but they may not know the quality of the
food until after they have consumed it. Similarly, consumers may be able to
inspect the design characteristics of an automobile, but they may not have
precise information about its reliability until after they have driven it for some
time. Or, when evaluating a researcher’s application for academic
employment, it may be difficult to judge their overall ‘quality’, whereas their
field of specialization is immediately observable. In these examples, the
agents making the location choices may have initially better information about
their quality than other agents. This information may become known to others
in the market only after some time, whereas the location choices are
immediately observable.

The main insight in the Paper is that a firm’s location can be used as a signal
of its quality. This is because it is more costly for a low quality firm than for a
high quality firm to be located close to a competitor. Thus, when location has a
literal geographical interpretation, the model provides an explanation for
spatial agglomeration due to incomplete information considerations: a high
quality firm may choose to signal its quality to the consumers by locating close
to competition (whereas a low quality firm would choose to operate in more
‘distanced’ markets). When location is interpreted as variety, another
interpretation of this behaviour is that firms who offer high quality products
may avoid substantial product differentiation in the variety dimension. In the
context of the examples introduced above, a new restaurant may choose to
locate in a ‘restaurant district’, even though it would face stronger competition
there, to signal high quality. The inference here is that, for a low quality
restaurant, choosing a location that implies intense competition with other
restaurants would lead to low profit (in the middle run, after it is revealed that
its quality is not high). Choosing to serve a particular segment of the market,
for example some local neighbourhood demand, would, therefore, be a better
strategy for a low quality firm (some consumers would still want to eat there,
even if it is a low quality restaurant, because of its convenient location). As a
result, locating close to competition (and, in particular, closer to competition
than under full information), signals that this is a high quality restaurant.
Similarly, for an automobile manufacturer, avoiding differentiation of a model’s
design from ‘the mainstream’ may signal high quality, whereas a low quality
manufacturer may find it more profitable to follow a ‘niche’ strategy. And
graduate students may choose academic fields where there is very intense



‘competition’, simply because choosing other fields may be perceived as a
sign of weakness (or ‘low quality’).

As a by-product of the analysis in this Paper, we also obtain new insights with
respect to the role of quality in oligopolistic competition that is different from
the role in models of pure vertical differentiation. In such models, increasing
the quality of the high quality firm increases the profit of both the high quality
and the low quality firm. This result is due to the fact that, in these models,
firms selling different qualities coexist in the market because consumers differ
with respect to how much they value quality. In this Paper, firms selling
different qualities coexist in the market because there is also differentiation
along an additional (horizontal) dimension: low quality firms survive by
specializing in offering a variety that some consumers find attractive. Then,
increasing the quality difference between firms has a very different implication:
while it increases the high quality firm’s profit, it decreases the low quality
firm’s demand and profit. This may be a more realistic representation of some
markets.



41 Lqwurgxfwlrq

Lq prvw pdunhwv wkhuh lv erwk yhuwlfdo +txdolw|, dqg krul}rqwdo +ydulhw|, surgxfw

gl�huhqwldwlrq1 Txdolw| uhihuv wr fkdudfwhulvwlfv ri d surgxfw wkdw doo frqvxphuv �qg

ghvludeoh1 Ydulhw| uh hfwv wkh idfw wkdw frqvxphuv pd| kdyh gl�huhqw suhihuhqfhv zlwk

uhvshfw wr vrph rwkhu surgxfw fkdudfwhulvwlf1 Wklv sdshu dwwhpswv wr lpsuryh rxu

xqghuvwdqglqj ri pdunhwv zkhuh erwk w|shv ri gl�huhqwldwlrq duh suhvhqw/ h{dplqlqj

lq sduwlfxodu wkh h�hfw ri txdolw| gl�huhqfhv rq wkh krul}rqwdo gl�huhqwldwlrq ghflvlrqv

ri �upv14

Vrph h{dpsohv pd| looxvwudwh krz erwk krul}rqwdo dqg yhuwlfdo fkdudfwhulvwlfv duh

wdnhq lqwr frqvlghudwlrq zkhq frqvxphuv vhohfw dprqj gl�huhqw surgxfwv1 Frqvxphuv

pd| fkrrvh d uhvwdxudqw hlwkhu ehfdxvh lw r�huv kljk txdolw| ri irrg dqg vhuylfh ru

ehfdxvh ri lwv frqyhqlhqw orfdwlrq1 Exw wkh| zrxog uduho| wudyho d orqj glvwdqfh wr glqh

dw d orz0txdolw| uhvwdxudqw +dw ohdvw xqohvv wkh sulfh zdv vx!flhqwo| orz,1 Frqvxphuv

pd| fkrrvh wr sxufkdvh d fdu edvhg rq hlwkhu �remhfwlyh txdolw|� fkdudfwhulvwlfv/ vxfk

dv ixho h!flhqf|/ uholdelolw|/ dqg vdihw|/ ru ehfdxvh wkh| sduwlfxoduo| olnh lwv froru/

ghvljq/ ru �ihho ri wkh urdg1� Lq dfdghpld/ uhvhdufkhuv duh olnho| wr sd| dwwhqwlrq

wr zrun forvh wr wkhlu �hog ri h{shuwlvh/ dv zhoo dv wr zrun wkdw lv rxwvlgh wkhlu

sduwlfxodu duhd ri lqwhuhvw exw lv surgxfhg e| vrphrqh nqrzq dv dq rxwvwdqglqj

uhvhdufkhu1 Lq rxu dqdo|vlv zh wdnh wkh txdolw| dvshfw ri �upv* surgxfwv dv jlyhq

dqg h{dplqh wkh lpsolfdwlrqv iru wkhlu krul}rqwdo surgxfw gl�huhqwldwlrq dqg sulflqj

vwudwhjlhv1 Iru h{dpsoh/ lq wkh vlwxdwlrqv phqwlrqhg ehiruh/ krz grhv wkh rswlpdo

orfdwlrq ri d uhvwdxudqw ydu|/ ghshqglqj rq zkhwkhu wkh txdolw| ri lwv irrg lv kljk

ru orzB Jlyhq wkdw dq dxwrpreloh pdqxidfwxulqj frpsdq| kdv kljkhu ryhudoo txdolw|

wkdw lwv frpshwlwruv/ krz vkrxog lw gl�huhqwldwh lwv surgxfw zlwk uhvshfw wr wkh ghvljq

ru rwkhu fkdudfwhulvwlfv derxw zklfk frqvxphuv* wdvwhv pd| gl�huB Ru/ krz vkrxog d

4Lq prvw ri wkh olwhudwxuh/ wkh yhuwlfdo dqg wkh krul}rqwdo glphqvlrqv kdyh ehhq h{dplqhg vhs0

dudwho|1 Wkhuh duh ihz h{fhswlrqv zkhuh sdshuv lqfrusrudwh erwk w|shv ri gl�huhqwldwlrq +vhh wkh

glvfxvvlrq ehorz,1



jliwhg |rxqj uhvhdufkhu ghflgh +hduo| lq judgxdwh vfkrro, zklfk dprqj pdq| gl�huhqw

�hogv wr sxuvxhB5

Wkh prgho lqwurgxfhv txdolw| gl�huhqfhv lq wkh g*Dvsuhprqw hw do1 ^:` uhirupxod0

wlrq ri Krwhoolqj*v ^4:` olqhdu0flw| gxrsro| prgho1 Orfdwlrq lq wkh olqhdu flw| fdq eh

lqwhusuhwhg/ dv xvxdo/ hlwkhu olwhudoo| dv jhrjudsklfdo orfdwlrq ru dv d fkrlfh ri ydulhw|1

Ilupv fkrrvh �uvw wkhlu orfdwlrqv dqg wkhq frpshwh lq sulfhv1 Frqvxphuv pdnh wkhlu

sxufkdvlqj ghflvlrqv diwhu wkh| revhuyh wkh �qdo �gholyhuhg� sulfhv/ wkdw lv/ sulfhv

dgmxvwhg iru txdolw| soxv d wudqvsruwdwlrq frvw1 Wkh �uvw sduw ri wkh sdshu frqvlghuv

wkh ixoo0lqirupdwlrq fdvh1 Zh frqvlghu vhtxhqwldo/ dv zhoo dv vlpxowdqhrxv orfdwlrq

fkrlfhv ri �upv1 D �uvw nh| lqvljkw lv wkdw lw lv pruh frvwo| iru d orz0txdolw| �up

wkdq iru d kljk0txdolw| �up wr orfdwh forvhu wr d ulydo �up1 Zkhuhdv wkh orz0txdolw|

�up suhihuv wr orfdwh dv idu dv srvvleoh iurp lwv frpshwlwru/ wkh vdph lv qrw wuxh iru

wkh kljk0txdolw| �up/ xqohvv wkh txdolw| gl�huhqfh lv vpdoo hqrxjk1 Sxw gl�huhqwo|/

wkh orz0txdolw| �up vhhnv wr pryh dzd| lq surgxfw vsdfh/ lq dq h�ruw wr uhgxfh

sulfh frpshwlwlrq1 D �up wkdw hqmr|v d odujh txdolw| dgydqwdjh/ krzhyhu/ vhhnv wr

suhvv lwv yhuwlfdo dgydqwdjh e| prylqj wrzdugv lwv ulydo1 Lq wklv vhqvh/ wkh �pd{lpxp

gl�huhqwldwlrq� uhvxow grhv qrw krog zkhq wkh txdolw| gl�huhqfhv duh vljql�fdqw1

Lq wkh vhfrqg sduw ri wkh dqdo|vlv/ zh uhfrjql}h wkdw �upv pd| kdyh sulydwh

lqirupdwlrq derxw wkh txdolw| ri wkhlu surgxfwv1 Srwhqwldo fxvwrphuv fdq revhuyh

wkh orfdwlrq ri d uhvwdxudqw exw wkh| pd| qrw nqrz wkh txdolw| ri wkh irrg xqwlo

diwhu wkh| kdyh frqvxphg lw1 Vlploduo|/ frqvxphuv pd| eh deoh wr lqvshfw wkh ghvljq

fkdudfwhulvwlfv ri dq dxwrpreloh/ exw wkh| pd| qrw kdyh suhflvh lqirupdwlrq derxw

lwv uholdelolw| xqwlo diwhu wkh| kdyh gulyhq lw iru vrph wlph1 Ru/ zkhq hydoxdwlqj d

uhvhdufkhu*v dssolfdwlrq iru dfdghplf hpsor|phqw/ lw pd| eh gl!fxow wr mxgjh khu

ryhudoo �txdolw|�/ zkhuhdv khu �hog ri vshfldol}dwlrq lv lpphgldwho| revhuydeoh1 Lq

wkhvh h{dpsohv/ wkh djhqwv pdnlqj wkh orfdwlrq fkrlfhv pd| kdyh lqlwldoo| ehwwhu

5Lq pdq| vlwxdwlrqv txdolw| pd| eh dovr d fkrlfh yduldeoh1 Khuh zh irfxv rq wkh fdvh zkhuh txdolw|

lv douhdg| ghwhuplqhg +ru/ htxlydohqwo|/ lv pxfk pruh gl!fxow wr fkdqjh wkdq rwkhu fkdudfwhulvwlfv,1
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lqirupdwlrq derxw wkhlu txdolw| wkdw rwkhu djhqwv1 Wklv lqirupdwlrq pd| rqo| ehfrph

nqrzq wr rwkhuv lq wkh pdunhw rqo| diwhu vrph wlph/ zkhuhdv wkh orfdwlrq fkrlfhv duh

lpphgldwho| revhuydeoh1

Wkh pdlq lqvljkw lq wkh sdshu lv wkdw d �up*v orfdwlrq fdq eh xvhg dv d vljqdo ri lwv

txdolw|1 Wklv lv ehfdxvh lw lv pruh frvwo| iru d orz0txdolw| �up wkdq iru d kljk0txdolw|

�up wr eh orfdwhg forvh wr d frpshwlwru/ Wkxv/ zkhq orfdwlrq kdv d olwhudo jhrjudsklfdo

lqwhusuhwdwlrq/ wkh prgho surylghv dq h{sodqdwlrq iru vsdwldo djjorphudwlrq gxh wr

lqfrpsohwh lqirupdwlrq frqvlghudwlrqv= d kljk0txdolw| �up pd| fkrrvh wr vljqdo lwv

txdolw| wr wkh frqvxphuv e| orfdwlqj forvh wr frpshwlwlrq +zkhuhdv d orz0txdolw| �up

zrxog fkrrvh wr rshudwh lq pruh �glvwdqfhg� pdunhwv,1 Zkhq orfdwlrq lv lqwhusuhwhg

dv ydulhw|/ dqrwkhu lqwhusuhwdwlrq ri wklv ehkdylru lv wkdw �upv wkdw r�hu kljk0txdolw|

surgxfwv pd| dyrlg vxevwdqwldo surgxfw gl�huhqwldwlrq lq wkh ydulhw| glphqvlrq16 Lq

wkh frqwh{w ri wkh h{dpsohv lqwurgxfhg deryh/ d qhz uhvwdxudqw pd| fkrrvh wr orfdwh

lq d �uhvwdxudqw glvwulfw/� hyhq wkrxjk lw zrxog idfh vwurqjhu frpshwlwlrq wkhuh/ wr

vljqdo kljk txdolw|1 Wkh lqihuhqfh khuh lv wkdw/ iru d orz0txdolw| uhvwdxudqw/ fkrrvlqj

d orfdwlrq wkdw lpsolhv lqwhqvh frpshwlwlrq zlwk rwkhu uhvwdxudqwv zrxog ohdg wr orz

sur�w +lq wkh plggoh0uxq/ diwhu lw lv uhyhdohg wkdw lwv txdolw| lv qrw kljk,1 Fkrrvlqj wr

vhuyh d sduwlfxodu vhjphqw ri wkh pdunhw/ vd| vrph orfdo qhljkerukrrg ghpdqg/ zrxog/

wkhuhiruh/ eh d ehwwhu vwudwhj| iru d orz0txdolw| �up +vrph frqvxphuv zrxog vwloo zdqw

wr hdw wkhuh/ hyhq li lw lv d orz0txdolw| uhvwdxudqw/ ehfdxvh ri lwv frqyhqlhqw orfdwlrq,1

Dv d uhvxow/ orfdwlqj forvh wr frpshwlwlrq +dqg/ lq sduwlfxodu/ forvhu wr frpshwlwlrq

wkdq xqghu ixoo0lqirupdwlrq,/ vljqdov wkdw wklv lv d kljk0txdolw| uhvwdxudqw1 Vlploduo|/

iru dq dxwrpreloh pdqxidfwxuhu/ dyrlglqj wr gl�huhqwldwh d prgho*v ghvljq iurp �wkh

pdlqvwuhdp� pd| vljqdo kljk txdolw|/ zkhuhdv d orz0txdolw| pdqxidfwxuhu pd| �qg

lw pruh sur�wdeoh wr iroorz d �qlfkh� vwudwhj|1 Dqg judgxdwh vwxghqwv pd| fkrrvh

dfdghplf �hogv zkhuh wkhuh lv yhu| lqwhqvh �frpshwlwlrq/� vlpso| ehfdxvh fkrrvlqj

rwkhu �hogv pd| eh shufhlyhg dv d vljq ri zhdnqhvv +ru �orz txdolw|�,1

6Wkh olwhudwxuh kdv hvwdeolvkhg wkdw wkhuh duh vwurqj djjorphudwlrq irufhv lq pdq| pdunhwv1
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Dv d e|0surgxfw ri wkh dqdo|vlv lq wklv sdshu/ zh dovr rewdlq qhz lqvljkwv zlwk

uhvshfw wr wkh uroh ri txdolw| lq �upv* frpshwlwlrq1 Wklv uroh lv gl�huhqw iurp wkh uroh

lq h{lvwlqj yhuwlfdo gl�huhqwldwlrq prghov1 Lq vxfk prghov +iroorzlqj h1j1 wkh zhoo0

nqrzq Vkdnhg dqg Vxwwrq ^5:` irupxodwlrq, lqfuhdvlqj wkh txdolw| ri wkh kljk0txdolw|

�up lqfuhdvhv wkh sur�w ri erwk wkh kljk0txdolw| dqg wkh orz0txdolw| �up1 Wklv uhvxow

lv gxh wr wkh idfw wkdw/ lq wkhvh prghov/ �upv vhoolqj gl�huhqw txdolwlhv frh{lvw lq

wkh pdunhw ehfdxvh frqvxphuv gl�hu zlwk uhvshfw wr krz pxfk wkh| ydoxh txdolw|1

Lqvwhdg/ lq wkh suhvhqw irupxodwlrq/ �upv vhoolqj gl�huhqw txdolwlhv frh{lvw ehfdxvh

wkhuh lv dovr gl�huhqwldwlrq dorqj dq dgglwlrqdo +krul}rqwdo, glphqvlrq= orz0txdolw|

�upv vxuylyh e| vshfldol}lqj lq r�hulqj d ydulhw| wkdw vrph frqvxphuv �qg dwwudfwlyh1

Wkhq/ lqfuhdvlqj wkh txdolw| gl�huhqfh ehwzhhq �upv kdv d yhu| gl�huhqw lpsolfdwlrq=

zkloh lw lqfuhdvhv wkh kljk0txdolw| �up*v sur�w/ lw ghfuhdvhv wkh orz0txdolw| �up*v

ghpdqg dqg sur�w1 Wklv pd| eh d pruh uhdolvwlf uhsuhvhqwdwlrq ri vrph pdunhwv1

Wkh dqdo|vlv lv uhodwhg wr wkuhh gl�huhqw dqg zhoo0nqrzq olwhudwxuhv1 Iluvw/ lw lv uh0

odwhg wr wkh krul}rqwdo gl�huhqwldwlrq ru orfdwlrq olwhudwxuh1 Wkh slrqhhulqj zrun khuh

lv e| Krwhoolqj ^4:` zkr sursrvhg plqlpxp gl�huhqwldwlrq dv wkh h{shfwhg rxwfrph1

Klv zrun kdv ehhq vkrzq wr ljqruh wkdw wkh h{lvwhqfh ri d sxuh0vwudwhj| htxloleulxp

pd| eh d sureohp zlwk olqhdu wudqvsruwdwlrq frvwv/ dqg wkdw dq lqfhqwlyh wr uhod{ sulfh

frpshwlwlrq pd| ohdg wr pd{lpxp udwkhu wkdq plqlpxp gl�huhqwldwlrq1 Wkh dqdo|vlv

ri g*Dvsuhprqw hw do1 ^:` vkrzhg wkdw wkh lqwurgxfwlrq ri d txdgudwlf wudqvsruwdwlrq

frvw jxdudqwhhv h{lvwhqfh ri htxloleulxp dqg/ dw wkh vdph wlph/ gholyhuv pd{lpxp

gl�huhqwldwlrq1 D qxpehu ri vxevhtxhqw sdshuv kdyh ixuwkhu h{dplqhg wklv lvvxh1 Lq

jhqhudo/ lw dsshduv d uhodwlyho| urexvw uhvxow wkdw plqlpxp gl�huhqwldwlrq grhv qrw

krog lq wklv fodvv ri prghov17 Wkh edvlf lqwxlwlrq lv wkdw/ rqfh �upv orfdwh forvh wr

rqh dqrwkhu/ sulfh frpshwlwlrq ehfrphv lqwhqvh dqg ghfuhdvhv sur�wv1 Vhfrqg/ wkh

sdshu lv uhodwhg wr wkh olwhudwxuh prghoolqj yhuwlfdoo| gl�huhqwldwhg pdunhwv/ lqfoxglqj

7Vhh Jdev}hzlf} dqg Wklvvh ^49` iru d vxuyh|1
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Vkdnhg dqg Vxwwrq ^5:`/ ^5;`18 Ilqdoo|/ wkh sdshu lv uhodwhg wr wkh vljqdolqj olwhudwxuh/

dqg lq sduwlfxodu rq �upv vljqdolqj surgxfw txdolw|1

Pruh vshfl�fdoo|/ vlqfh wklv sdshu vxjjhvwv wkdw lqfrpsohwh lqirupdwlrq pd| frq0

wulexwh wr djjorphudwlrq/ lw lv uhodwhg wr zrun wkdw r�huv dowhuqdwlyh h{sodqdwlrqv iru

djjorphudwlrq1 Zkhuhdv/ dv glvfxvvhg deryh/ wkh whqghqf| wr uhod{ sulfh frpshwlwlrq

frqwulexwhv wrzdugv pd{lpdo gl�huhqwldwlrq/ rwkhu irufhv pd| pdnh �upv suhihu wr

orfdwh qhdu hdfk rwkhu1 Lq d qxpehu ri sdshuv/ vwduwlqj zlwk gh Sdopd hw do1 ^;`/ odujh

hqrxjk khwhurjhqhlw| lq frqvxphuv* wdvwhv uhod{hv sulfh frpshwlwlrq dqg pd| ohdg wr

plqlpxp gl�huhqwldwlrq1 Kdylqj txdqwlw| udwkhu wkdq sulfh dv wkh vwudwhjlf yduldeoh

pd| dovr frqwulexwh wr djjorphudwlrq +vhh Dqghuvrq dqg Qhyhq ^5`,1 Frooxvlrq lv dq0

rwkhu phfkdqlvp wkdw/ e| nhhslqj sulfhv kljk/ pd| frqwulexwh wr djjorphudwlrq +vhh

h1j1 Mhklho ^4<` dqg Iulhgpdq dqg Wklvvh ^46`,1 Rwkhu h{sodqdwlrqv duh edvhg qrw rq

uhod{lqj sulfh frpshwlwlrq/ exw rq ihdwxuhv ri wkh ghpdqg19

Zlwk uhvshfw wr wzr0glphqvlrqdo gl�huhqwldwlrq/ wkhuh lv vrph zrun rq pdunhwv

zkhuh �upv fdq fkrrvh wr gl�huhqwldwh zlwk uhvshfw wr hlwkhu ydulhw| ru txdolw|1 Hfrqr0

plghv ^44` vkrzv wkdw/ lq d prgho zlwk olqhdu wudqvsruwdwlrq frvwv dqg �upv fkrrvlqj

�uvw wkhlu orfdwlrqv dqg wkhq wkhlu txdolwlhv dqg sulfhv/ wkh htxloleulxp h{klelwv pd{l0

pxp ydulhw| dqg plqlpxp txdolw| gl�huhqwldwlrq1 Vlploduo|/ lq Qhyhq dqg Wklvvh ^57`

�upv fkrrvh pd{lpxp +plqlpxp, krul}rqwdo gl�huhqwldwlrq rqo| zkhq wkh| fkrrvh

plqlpxp +pd{lpxp, yhuwlfdo gl�huhqwldwlrq1 Wdexfkl ^5<` doorzv �upv wr orfdwh rq

wzr0glphqvlrqdo vsdfh dqg �qgv d vlplodu uhvxow/ wkdw �upv pd{lpl}h wkhlu glvwdqfh

lq rqh glphqvlrq dqg plqlpl}h lw lq wkh rwkhu1 Luphq dqg Wklvvh ^4;` jhqhudol}h wklv

8Vhh Jdev}hzlf} dqg Wklvvh ^48` iru d frpsdulvrq ri krul}rqwdoo| dqg yhuwlfdoo| gl�huhqwldwhg

roljrsrolhv1

9Li frqvxphuv* wdvwhv duh qrw xqlirupo| glvwulexwhg/ �upv pd| kdyh d whqghqf| wr orfdwh forvhu

wr hdfk rwkhu ehfdxvh wkh| whqg wr orfdwh qhdu wkh ghpdqg +vhh wkh hduo| zrun ri Qhyhq ^58` rq

qrq0xqlirup glvwulexwlrqv,1 Zkhq frqvxphuv duh lpshuihfwo| lqiruphg derxw sulfhv +Gxgh| ^<`, ru

surgxfw fkdudfwhulvwlfv +Zrolqvn| ^64`,/ hfrqrplhv ri vfdoh lq vhdufk pd| dovr frqwulexwh wrzdugv

djjorphudwlrq1

8



lqwxlwlrq dqg vkrz wkdw/ lq d prgho zlwk pxowlsoh fkdudfwhulvwlfv/ �upv pd{lpl}h

gl�huhqwldwlrq lq wkh �grplqdqw� fkdudfwhulvwlf dqg plqlpl}h gl�huhqwldwlrq lq doo

rwkhuv1: Sduwv ri wkh dqdo|vlv frqfhuqlqj wkh phfkdqlfv ri wkh pdunhw zlwk vlpxowd0

qhrxv pryhv dqg xqghu shuihfw lqirupdwlrq duh forvho| uhodwhg wr ]lvv ^65` zkr vwxglhv

krul}rqwdo gl�huhqwldwlrq zkhq wkh frpshwlwruv kdyh gl�huhqw frvwv1 D uhfhqw sdshu

e| Ehvwhu ^8` dovr h{dplqhv orfdwlrq dqg vljqdolqj1 Zkhuhdv kh dovr frqfoxghv wkdw

vljqdolqj pd| ohdg wr djjorphudwlrq/ klv dqdo|vlv lv yhu| gl�huhqw iurp wkh suhvhqw

sdshu1 Ehvwhu*v lqvljkw lv wkdw pd{lpdo gl�huhqwldwlrq pd| qrw rffxu zkhq �upv

xvh sulfh wr vljqdo txdolw|/ ehfdxvh vljqdolqj olplwv wkh h{whqw ri sulfh frpshwlwlrq1;

Lq sduwlfxodu/ lq klv prgho txdolw| lv d fkrlfh yduldeoh dqg rqo| kljk txdolw| fdq eh

sur�wdeo| vrog lq wkh pdunhw1 Sulfh frpshwlwlrq lv plwljdwhg e| prudo0kd}dug frq0

vlghudwlrqv= sulfhv ehfrph grzqzdug uljlg/ ehfdxvh orz sulfhv gr qrw r�hu hqrxjk

lqfhqwlyhv lq htxloleulxp iru kljk txdolw| wr eh surgxfhg1 Lq frqwudvw/ wkh irfxv ri

wkh suhvhqw sdshu lv rq wkh gl�huhqw vwudwhjlf lqfhqwlyhv iru orz dqg kljk txdolw| �upv

+zlwk erwk txdolwlhv frh{lvwlqj lq wkh pdunhw, dqg rq wkh delolw| ri orfdwlrq lwvhoi wr

vljqdo txdolw|1

Wkh uhpdlqghu ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 vhwv xs wkh qrwdwlrq dqg

suhvhqwv wkh dqdo|vlv ri wkh edvlf prgho xqghu ixoo lqirupdwlrq1 Zh fkdudfwhul}h wkh

jdph zkhuh �upv fkrrvh wkhlu orfdwlrqv dqg wkhq wkhlu sulfhv1 Zh �uvw frqvlghu

vhtxhqwldo dqg wkhq vlpxowdqhrxv orfdwlrq fkrlfhv1 Zh dovr h{dplqh krz sur�wv

ydu| dv wkh txdolw| gl�huhqfh ehwzhhq wkh wzr �upv lqfuhdvhv1 Vhfwlrq 6 uhsuhvhqwv

wkh fruh ri wkh sdshu= lw lqwurgxfhv lqfrpsohwh lqirupdwlrq derxw wkh txdolw| dqg

h{dplqhv orfdwlrq dv d vljqdo ri txdolw|1 Vhfwlrq 7 h{dplqhv d qxpehu ri h{whqvlrqv

:Ihuuhlud dqg Wklvvh ^45` frqvlghu d krul}rqwdo gl�huhqwldwlrq prgho zkhuh wkh �upv* wudqvsruwd0

wlrq whfkqrorjlhv pd| eh gl�huhqw/ wkxv lqwurgxflqj dq hohphqw ri yhuwlfdo gl�huhqwldwlrq1 Wkh|

vkrz wkdw zh pd| kdyh plqlpxp +pd{lpxp, yhuwlfdo gl�huhqwldwlrq zkhq krul}rqwdo gl�huhqwldwlrq

lv odujh +vpdoo,1

;Lq wklv vhqvh/ e| uhvwulfwlqj sulfh frpshwlwlrq/ sulfh vljqdolqj lv vkrzq wr kdyh h�hfwv vlplodu wr

frooxvlrq +dv lq wkh sdshuv phqwlrqhg deryh,1
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dqg dowhuqdwlyh irupxodwlrqv= doorzlqj �upv wr fkrrvh orfdwlrqv rxwvlgh wkh lqwhuydo

zkhuh frqvxphuv duh orfdwhg> dgglqj frqvxphu khwhurjhqhlw| zlwk uhvshfw wr txdolw|>

frqvlghulqj wkh h�hfw ri dq rxwvlgh rswlrq vr wkdw frqvxphuv gr qrw dozd|v sxufkdvh

+lq htxloleulxp, rqh xqlw ri wkh jrrg +iurp hlwkhu �up,> dqg glvfxvvlqj rwkhu vljqdolqj

srvvlelolwlhv1 Vhfwlrq 8 frqwdlqv frqfoxglqj uhpdunv1

51 Wkh edvlf prgho= dqdo|vlv zlwk nqrzq txdolwlhv

5141 Vhw0xs dqg Qrwdwlrq

Wkhuh lv d frqwlqxxp ri frqvxphuv xqlirupo| glvwulexwhg rq d xqlw0ohqjwk lqwhuydo1

Wkhuh duh wzr �upv/ zlwk orfdwlrqv � dqg � lq ^3/4`1 Frqvxphuv kdyh xqlw ghpdqgv1

D frqvxphu orfdwhg dw % 5 dfc �o zkr ghflghv wr sxufkdvh +rqh xqlw, iurp �up �/ kdv

vxusoxv

- n ^� � R� � | � E�� %�2c +514,

� ' �c�c zkhuh ^� dqg R� duh wkh txdolw| dqg sulfh uhvshfwlyho| iru �up �/ | : f lv dq

lqgh{ ri wkh wudqvsruwdwlrq frvw dqg - � f lv wkh edvlf uhvhuydwlrq xwlolw| rewdlqhg e|

dq| frqvxphu zkr sxufkdvhv rqh ri wkh wzr surgxfwv1< Wkh rxwvlgh rswlrq/ li qhlwkhu

ri wkh wzr surgxfwv lv sxufkdvhg/ lv qrupdol}hg wr }hur1 Zh zloo dvvxph wkdw - lv

odujh hqrxjk vr wkdw/ lq htxloleulxp/ frqvxphuv dozd|v fkrrvh wr sxufkdvh iurp � ru

�143 Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw �up � kdv kljkhu txdolw| dqg wkdw

^� ' fc ^� ' ^ : f�

<Zh dgrsw wkh txdgudwlf wudqvsruwdwlrq frvw irupxodwlrq/ zklfk doorzv wkh uhvxowv wr eh gluhfwo|

frpsdudeoh zlwk g*Dvsuhprqw hw do1 ^:`1 D olqhdu frvw irupxodwlrq zrxog uhvxow wr zhoo0xqghuvwrrg

h{lvwhqfh sureohpv/ dw ohdvw dv wkh txdolw| gl�huhqfh ehfrphv vpdoo1

43Htxlydohqwo|/ frqvxphuv dozd|v kdyh hqrxjk lqfrph wr sxufkdvh wkh surgxfw iurp rqh ri wkh wzr

�upv1 Wklv dvvxpswlrq/ vwdqgdug lq wkh olwhudwxuh/ lv pdlqwdlqhg wkurxjkrxw prvw ri wkh dqdo|vlv1

Wkh lpsolfdwlrqv ri uhod{lqj lw duh glvfxvvhg lq Vhfwlrq 7161

:



Iru vlpsolflw|/ wkh xqlw frvw ri surgxfwlrq lv dvvxphg }hur iru erwk �upv144

Wkh edvlf jdph zh dqdo|}h xqghu shuihfw lqirupdwlrq lv dv iroorzv1 Wkh wzr �upv

�uvw fkrrvh wkhlu orfdwlrqv1 Zh hqwhuwdlq wzr dowhuqdwlyh dvvxpswlrqv khuh/ vhtxhqwldo

dqg vlpxowdqhrxv orfdwlrq fkrlfhv1 Wkhq wkh �upv vlpxowdqhrxvo| fkrrvh wkhlu sulfhv

dqg frqvxphuv ghflgh zkhwkhu wr sxufkdvh iurp �up � ru �1 Zh duh orrnlqj iru d

vxejdph shuihfw htxloleulxp zkhq �upv pd{lpl}h wkhlu sur�wv dqg frqvxphuv wkhlu

xwlolw|1

5151 Htxloleulxp Sulfhv

Iluvw/ zh dqdo|}h wkh htxloleulxp ehkdylru iru �{hg orfdwlrqv ri wkh wzr �upv1 Vxs0

srvh/ zlwkrxw orvv ri jhqhudolw|/ wkdw f � � � � � ��

Ohw 5 5 dfc �o eh wkh ghpdqg iru �up � +dqg � � 5 iru �,1 Iru 5 5 Efc ��c 5 lv

ghwhuplqhg e| wkh orfdwlrq ri d frqvxphu lqgl�huhqw ehwzhhq sxufkdvlqj iurp � ru

�1 Wkhq htxdwlqj wkh txdolw|0dgmxvwhg �qdo gholyhuhg sulfhv zh kdyh

R� n |E5 � ��2 ' R� � ^ n |E� � 5�2

dqg/ vroylqj iru 5 zh rewdlq=45

5 '
� n�

2
n

ER� � ^�� R�
2|E� � ��

+515,

li R��^n|d�2��2n2E����o � R� � R��^n|E�2��2��Zh kdyh d fruqhu vroxwlrq

5 ' f li R� n |�2 � R� � ^ n |�2 dqg 5 ' � li R� n |E����2 � R� � ^ n |E����2�

Wkh sur�w ixqfwlrqv duh

Z� ' R� � 5 dqg Z� ' R� � E�� 5� +516,

dqg zh fdq qrz vwdwh wkh �uvw uhvxow1

44Wkxv/ wkh xqlw frvw lv dvvxphg lqghshqghqw ri txdolw|1 Wklv fruuhvsrqgv/ iru h{dpsoh/ wr wkh

fdvh zkhuh kljkhu txdolw| lv d uhvxow ri pruh vxffhvvixo sdvw U)G/ udwkhu wkdq wkh xvh ri ehwwhu

pdwhuldov1

45Wklv h{suhvvlrq lv qrw zhoo gh�qhg zkhq wkh wzr orfdwlrqv frlqflgh1 Wkhq/ wkhuh lv qr krul}rqwdo

gl�huhqwldwlrq dqg wkh �up zlwk wkh orzhu txdolw|0dgmxvwhg sulfh fdswxuhv wkh hqwluh pdunhw1

;



Sursrvlwlrq 41 Iru duelwudu| orfdwlrqv ri wkh wzr �upv f � � � � � �c wkh htxl0

oleulxp sulfhv duh=

RW�E�c�� '

;A?A= f li � � e�
|
�
d�2 � �2 n 2E� � ��� E^*|�o li � � e� +517,

dqg

RW�E�c�� '

;A?A= ^ � |E�2 � �2� li � � e�
|
�
d�2 ��2 n eE� ��� n E^*|�o li � � e� +518,

zkhuh e� � e�E�� � �� n
t
E� n ��2 n E^*|� : �� +519,

Surri1 Wr fkdudfwhul}h wkh htxloleulxp/ zh �uvw surfhhg dvvxplqj wkdw 5 5 Efc ��1

Wkhq iurp wkh �uvw rughu frqglwlrqv

YZ�*YR� ' f dqg YZ�*YR� ' f

zh rewdlq wkh uhdfwlrq ixqfwlrqv=

R�ER�� '
�

2
d|E�2 ��2� n R� � ^oc

R�ER�� '
�

2
d|E�2 ��2� n R� n 2|E� ��� n ^o

dqg wkh htxloleulxp sulfhv

RW� '
|

�
d�2 � �2 n 2E� � ��� ^

|
oc +51:,

RW� '
|

�
d�2 ��2 n eE� � �� n

^

|
o� +51;,

Krzhyhu/ vr idu zh kdyh ljqruhg wkh srvvlelolw| ri d fruqhu vroxwlrq E5 ' f ru ��1

Lq sduwlfxodu/ iurp +51:, dqg vxevwlwxwlqj +51:, dqg +51;, lqwr +515, zh kdyh

RW� � f / 5 � f / �2 n 2� � d�2 n 2�n E^*|�o � f / � � e� +51<,

<



zkhuh e� lv wkh odujhu urrw ri wkh txdgudwlf dqg wkh odvw htxlydohqf| lv wuxh ehfdxvh

wkh vpdoohu urrw lv qhjdwlyh�46

Qrz zh orrn dw wkh htxloleulxp zkhq � � e�1 Iluvw/ lw lv hdv| wr vhh wkdw/ li

RW� ' ^ � |E�2 � �2�c �up � kdv }hur ghpdqg li lw fkdujhv d qrq qhjdwlyh sulfh

+vhh Iljxuh 4,1 Wkxv/ wkh pd{lpxp sur�w lw fdq srvvleo| rewdlq lv }hur dqg vr wkh

sulfh vshfl�hg lq wkh vxjjhvwhg vwudwhj| +RW� ' f� lv rswlpdo1 Qh{w zh qhhg wr vkrz

wkdw RW� ' ^ � |E�2 � �2� lv d ehvw uhvsrqvh1 Jlyhq RW� ' fc �up � lv vroylqj

4@ R� Z
�ER�� � R�E�� 5�c zkhuh

5 '

;A?A= f li R� � ^ � |E�2 � �2�

�n�
2

n R�3^

2|E�3��
li R� � ^ � |E�2 � �2�

�

Fohduo|/ dv orqj dv R� � ^ � |E�2 � �2� wkh rswlpdo sulfh lv R� ' ^ � |E�2 � �2��

Ghfuhdvlqj wkh sulfh dq| ixuwkhu zrxog qrw lqfuhdvh ghpdqg/ vlqfh wkh hqwluh pdunhw

douhdg| sxufkdvhv iurp �� Ixuwkhupruh/ vxevwlwxwlrqv dqg vlpsoh fdofxodwlrqv vkrz

wkdw Z�ER�� lv frqwlqxrxv dw ^�|E�2��2� dqg ghfuhdvlqj zkhq R� � ^�|E�2��2�147

Lw iroorzv wkdw wkh ehvw uhvsrqvh ri � wr RW� ' f lv RW� ' ^� |E�2��2�c wkh pd{lpxp

sulfh wkdw jlyhv wkh hqwluh pdunhw wr �1 Lw lv dovr hdv| wr vhh wkdw wklv lv wkh xqltxh

htxloleulxp dv orqj dv sulfhv kdyh wr eh srvlwlyh148

Wkh iroorzlqj uhpdunv duh lq rughu1 Iluvw/ qrwh wkdw iru � ' � zh kdyh RW� ' f

dqg RW� ' ^ zklfk lv wkh vwdqgdug rxwfrph lq d gxrsro| zkhuh gl�huhqwldwlrq lv rqo|

yhuwlfdo1 Vhfrqg/ qrwh wkdw e� lv dq lqfuhdvlqj ixqfwlrq ri �c zlwk 	� : �� Lw lv dovr

lqfuhdvlqj lq ^*|c dqg 	� $ � dv ^ $ f� Wklug/ qrwh wkdw e� fdq eh hlwkhu deryh ru

ehorz 41 Fohduo|/ li 	� � �c zklfk lv htxlydohqw wr E^*|� � �� E�2 n 2��c wkh txdolw|

46Lw lv hdv| wr fkhfn wkdw wkh rwkhu fruqhu frqglwlrq/ } � 4> lv htxlydohqw wr s�E � 3 dqg lv wuxh iru

doo 3 � D � E � 4=

47Wkh frqglwlrq E ? aE qhhgv wr eh xvhg lq wkh surri ri wklv fodlp1

48Li sulfhv duh doorzhg wr eh qhjdwlyh +pruh jhqhudoo|/ ehorz xqlw frvw,/ lw lv nqrzq iurp wkh

yhuwlfdo gl�huhqwldwlrq olwhudwxuh wkdw wkhuh lv dovr d frqwlqxxp ri �lpsodxvleoh� htxloleuld zkhuh wkh

orz txdolw| �up fkdujhv d qhjdwlyh sulfh dqg doo wkh frqvxphuv sxufkdvh iurp wkh kljk txdolw| �up1

43



gl�huhqfh lv vr odujh +uhodwlyh wr wkh wudqvsruwdwlrq frvw, wkdw wkh orz0txdolw| �up

kdv }hur ghpdqg hyhq li lwv frpshwlwru lv orfdwhg dv idu dzd| dv srvvleoh +wr lwv uljkw,1

Iljxuh 5 suhvhqwv wkh htxloleulxp sulfhv dv ixqfwlrqv ri �c iru � ' f�49 Qrwh wkdw

iru � : e� gl�huhqwldwlrq uhod{hv sulfh frpshwlwlrq dqg vr erwk sulfhv duh lqfuhdvlqj

lq �� Krzhyhu/ iru � 	 e�c RW� lv ghfuhdvlqj lq �� Wkh lqwxlwlrq iru wklv odvw surshuw| lv

dv iroorzv1 Zkhq � 	 e�c � lv forvh hqrxjk wr � wkdw � �qgv lw sur�wdeoh wr fdswxuh

wkh hqwluh pdunhw +hyhq zkhq � fkrrvhv d }hur sulfh,1 Ixuwkhupruh dv � pryhv iurpe� wrzdugv �/ � fdq lqfuhdvh lwv sulfh zlwkrxw orvlqj dq| ri wkh lq0ehwzhhq frqvxphuv1

Lq rwkhu zrugv/ dv � dssurdfkhv �c �*v orfdo prqrsro| srzhu ghfuhdvhv dqg � fdq

h{sorlw pruh hdvlo| wkh srzhu lw ghulyhv iurp lwv kljkhu txdolw|1

5161 Orfdwlrq lqfhqwlyhv

Zh fdq qrz h{dplqh wkh �upv* orfdwlrq fkrlfhv1 Ehiruh surfhhglqj wr wkh ghwdlov/ lw lv

xvhixo wr vxppdul}h wkh pdlq lqwxlwlrq1 Wkhuh duh wzr h�hfwv uhohydqw wr wkh orfdwlrq

ghflvlrqv1 Iluvw/ wkhuh lv d �gluhfw� ghpdqg h�hfw zklfk frqwulexwhv wrzdugv plqlpxp

gl�huhqwldwlrq1 Iru �{hg sulfhv/ hdfk �up zrxog olnh wr plqlpl}h wkh glvwdqfh iurp lwv

frpshwlwru= Dv vkrzq ehorz/ iru 5 5 E�c�� zh kdyh Y5*Y� : f dqg YE��5�*Y� 	 f�

Vhfrqg/ wkhuh lv wkh sulfh frpshwlwlrq ru �vwudwhjlf� h�hfw1 Kljkhu gl�huhqwldwlrq

uhod{hv sulfh frpshwlwlrq= +Y5*YRW��EYR
W

�*Y�� 	 f dqg +YE�� 5�*YRW��EYR
W

�*Y�� : f�

Iru wkh orz0txdolw| �up/ wkh wkuhdw ri frpshwlwlrq lv pruh vhyhuh dqg wkh vhfrqg h�hfw

dozd|v grplqdwhv1 Wkh kljk0txdolw| �up lv ohvv frqfhuqhg derxw wkh frpshwlwlrq dqg/

ghshqglqj rq wkh sdudphwhuv/ pd| zdqw wr plqlpl}h wkh glvwdqfh iurp wkh rwkhu �up1

Zh qrz wxuq wr wkh irupdo dqdo|vlv1 Vxevwlwxwlqj wkh rswlpdo sulfhv lqwr +516, zh

rewdlq wkh sur�wv ZW� dqg ZW� dv ixqfwlrqv ri wkh orfdwlrqv1

49Qrwh wkdw/ li D @ 3> s�D ? s�E= Lq rwkhu zrugv/ wkh orz txdolw| �up fkdujhv d orzhu sulfh wkdq lwv

frpshwlwru1 Wklv lv ehfdxvh/ li E � aE/ iurp +51:, dqg +51;, zh kdyh s�D ? s�E / +D5 �D,� +E5 �
E, . +t@w, A 3 zklfk lv wuxh/ zkhuhdv li E � aE lw lv hdv| wr vhh wkdw s�E @ t� w+E5 �D5, A 3 @ s�D=
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Ohppd 41 Wkh orz0txdolw| �up pd{lpl}hv lwv +htxloleulxp, sur�w e| pd{lpl}lqj

lwv glvwdqfh iurp wkh kljk0txdolw| �up/ wkdw lv/ iru f � � � � � �c YZW�*Y� � f�

Pruh suhflvho|/ iru � � 	� zh kdyh

YZW�*Y� 	 f� +5143,

Iru � 	 	� zh kdyh YZW�*Y� ' fc zkloh � lqfuhdvhv lwv sur�w li lw fdq lqfuhdvh lwv

glvwdqfh iurp � hqrxjk vr wkdw m� ��m :
��� 	� � �

��� �
Surri1 Wkh vwdwhphqw iru wkh � 	 	� fdvh iroorzv gluhfwo| iurp Sursrvlwlrq 41 Iru

� � 	�c dqg xvlqj wkh �hqyhorsh� wkhruhp/ zh kdyh=

YZW�
Y�

' RW�E
Y5

Y�
n

Y5

YRW�

YRW�
Y�

�1 +5144,

Qrz

Y5

Y�
'

�
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n

R� � ^ � R�
2|E����2

dqg

Y5

YRW�

YRW�
Y�

' E� �

2|E����
�E�e

�
|n
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�
|�� '

�

�
E
2� �

���
� 	 f�

Gluhfw vxevwlwxwlrq dqg vlpsoh fdofxodwlrqv vkrz wkdw iru doo � 	 � dqg � � 	�/

+5143, lv wuxh1

Zh qrz wxuq wr wkh kljk0txdolw| �up/ �1 Il{ � dqg frqvlghu �uvw � � � � e��

Wkhq ZW� ' RW� � � ' ^� |E�2 ��2� zklfk lv ghfuhdvlqj lq �� Wkxv/ dv orqj dv lw grhv

qrw h{fhhg e�c wkh rswlpdo orfdwlrq iru � lv dw ��

Lw uhpdlqv wr frqvlghu � : e�� Zh kdyh=

YZW�
Y�

' RW�E�
Y5

Y�
� Y5

YRW�

YRW�
Y�

� ' �RW�E
Y5

Y�
n

Y5

YRW�

YRW�
Y�

�c +5145,

zlwk

Y5

Y�
'

�

2
n

R� � R� n ^

2|E����2
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dqg

Y5

YRW�

YRW�
Y�

'
�

2|E����
� 2|E� n ��

�
'

� n �

�E����
	 f�

Vxevwlwxwlrq dqg vrph pdqlsxodwlrq vkrz wkdw

vljq

#
YZW�
Y�

$
' vljq

#
�� �� n e n

^

|E����

$
�

Iluvw qrwh wkdw li ^ ' f wkhq YZW�*Y� : f +ehfdxvh � � �� n e : f�� Qh{w/ vlqfh

� ' f lv d uhtxluhphqw iru dq htxloleulxp +ehfdxvh YZW�*Y� 	 f zkhq � : e�,/ zh
irfxv rq wklv fdvh dqg kdyh

vljq

#
YZW�
Y�

$�����
�'f

' vljq
�
e� �� � ^

|�

�
�

Wkhuhiruh

YZW�
Y�

�����
�'f

� f / e� �� � ^

|�
� f / ��2 � e� n

^

|
� f�

Wkh odvw txdgudwlf h{suhvvlrq kdv srvlwlyh glvfulplqdqw li dqg rqo| li ^*| 	 e*� dqg

urrwv

� '
2�

t
e� �E^*|�

�
c 7� '

2 n
t
e� �E^*|�

�
� +5146,

Lw iroorzv wkdw wkh rqo| fdvh zkhq ZW� lv lqfuhdvlqj lq � lv zkhq � : e� dqg � lv

ehwzhhq � dqg 7� +zkhq wkhvh urrwv duh uhdo,1 Qrwh wkdw 7� fdq eh hlwkhu ehorz ru

deryh 4 dqg wkdw 7� � � / ^*| � ��

Froohfwlqj wkh deryh lqirupdwlrq zh kdyh wkh iroorzlqj1

Ohppd 51 Li ^ ' f wkhq YZW�*Y� : f iru doo � 5 dfc �o� Li ^*| : e*� dqg � ' f wkhq

YZW�*Y� 	 f iru doo � 5 dfc �o� Li f 	 ^*| � e*� dqg � ' f wkhq

YZW�*Y� � f / 4@ i�c 	�j � � � 4�?i 7�c �j� +5147,

Ohppd 61 Li � ' f wkh rswlpdo orfdwlrq iru � lv hlwkhu �W ' f ru �W ' 4�?i 7�c �j�
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Surri1 Iurp Ohppd 5 qrwh wkdw ZW� lv vwulfwo| ghfuhdvlqj lq � ehwzhhq f dqg

4@ i�c 	�j� Vlqfh 	� : fc 4@ i�c 	�j : f dqg f lv d orfdo pd{lpxp +ri frxuvh/

li 4@ i�c 	�j � �c wkhq f lv dxwrpdwlfdoo| wkh joredo pd{lpxp/ dv zhoo,1 ZW� lv

lqfuhdvlqj iru 4@ i�c 	�j � � � 4�?i 7�c �j +dqg ghfuhdvlqj iru � : 7� zkhq 7� 	 ���

Wkxv 4�?i 7�c �j lv dovr d orfdo pd{lpxp1 Fohduo|/ wkh joredoo| rswlpdo orfdwlrq zloo

eh hlwkhu dw f ru dw 4�?i 7�c �j�
Vhh Iljxuh 6 iru �*v sur�w dv d ixqfwlrq ri lwv orfdwlrq/ dqg Iljxuh 7 iru d vxppdu|

ri vrph fulwlfdo ydoxhv iru �*v orfdwlrq1

Ohppd 71 Li � ' f wkh rswlpdo orfdwlrq iru � lv �W ' � li ^*| 	 7' dqg �W ' f li

^*| : 7' / zkhuh 7' � S� �
s
� E� f�Hfe��

Surri1 Zkhq � lv orfdwhg dw � ' f zh nqrz wkdw lw fkdujhv sulfh ^ dqg fdswxuhv

wkh hqwluh ghpdqg1 Wkhuhiruh/ lwv sur�w lv ^1 E| Ohppd 6 zh qhhg wr frpsduh wklv

sur�w ohyho wr �*v sur�w zkhq lw lv orfdwhg dw 4�?i 7�c �j� Zh fdofxodwh �uvw �*v sur�w

dw orfdwlrq �1 Dvvxplqj iru wkh prphqw wkdw 	� 	 � +vr wkdw ohvv wkdq wkh hqwluh

pdunhw lv fdswxuhg e| �� dqg vxevwlwxwlqj � ' f lqwr +515,/ +51:,/ dqg +51;,/ zh kdyh

Z� ' RW� � E�� 5�c zkhuh

RW� '
|

�
Ee� ��2 n

^

|
�

dqg

5 ' E�2 n 2� � ^

|
�*S��

Wkh uhohydqw lqhtxdolw| lv wkhq Z� � ^c ru

Ee� ��2 n
^

|
�2 � �H�

^

|
� +5148,

Vxevwlwxwlqj qrz � ' �c +5148, jlyhv

E
^

|
�2 � �2

^

|
n b � f

zklfk lpsolhv ^

|
� S � �

s
� � f�Hfe ru ^

|
� S n �

s
� � ���21 Uhfdoo/ krzhyhu/ wkdw

zh kdyh dvvxphg wkdw 	� 	 �c zklfk fdq eh hdvlo| vkrzq wr eh htxlydohqw wr ^*| 	 ��
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Wkxv wkh rqo| sdudphwhuv iru zklfk � kdv kljkhu sur�w dw � wkdq dw f vdwlvi|

^

|
� S� �

s
� � 7'�

Wkh qh{w vwhs lv wr h{dplqh li wkhuh duh sdudphwhuv wkdw pdnh 7� 	 � wkh rswlpdo

orfdwlrq1 Zh qhhg wr vxevwlwxwh � ' 7� ' E2 n
t
e� �E^*|��*� lqwr +5148,1 Wkh

uhohydqw udqjh iru ^*| lv qrz d�c e*�o ehfdxvh ^*| 	 � , 7� : � dqg 7� lv qrw uhdo iru

^*| : e*�1 Vwudljkwiruzdug fdofxodwlrqv vkrz wkdw/ iru ^*| 5 d�c e*�oc sur�w dw 7� lv

dozd|v ohvv wkdq ^�

Kdylqj dqdo|}hg krz sur�wv ydu| zlwk �upv* orfdwlrq fkrlfhv/ zh qh{w wxuq wr dq

dqdo|vlv ri wkh htxloleulxp ri wkh jdph zkhuh �upv fkrrvh orfdwlrqv dqg wkhq sulfhv1

Zh �uvw frqvlghu vhtxhqwldo orfdwlrq fkrlfhv dqg wkhq wxuq wr vlpxowdqhrxv orfdwlrq

fkrlfhv1

5171 Vhtxhqwldo orfdwlrq fkrlfhv

D vshfl�fdwlrq zkhuh wkh orfdwlrq fkrlfhv ri �upv duh vhtxhqwldo udwkhu wkdq vlpxowd0

qhrxv/ lv d pruh uhdvrqdeoh ghvfulswlrq ri vrph uhdo0zruog fdvhv14: Lq dgglwlrq/ jlyhq

wkh vwudwhjlf lqfhqwlyhv glvfxvvhg lq wkh suhylrxv vhfwlrq/ wkh fdvh ri vhtxhqwldo fkrlfhv

h{klelwv ulfkhu ehkdylru1 Lw zloo dovr eh wkh edvlv iru rxu dqdo|vlv ri lqfrpsohwh lqiru0

pdwlrq odwhu lq wkh sdshu/ dqg vr zh glvfxvv lw �uvw1 Vshfl�fdoo|/ zh qrz h{dplqh wkh

vhtxhqwldo orfdwlrq sureohp/ zkhuh sulfhv duh djdlq fkrvhq vlpxowdqhrxvo|/ diwhu erwk

orfdwlrqv kdyh ehhq fkrvhq1 Zh orrn/ ri frxuvh/ iru d vxejdph shuihfw htxloleulxp1

Fohduo|/ zkhq orfdwlrq fkrlfhv duh vhtxhqwldo dqg wkh lqfhqwlyhv duh gl�huhqw iru orz

dqg kljk0txdolw| �upv/ wkh rughu ri pryhv pdwwhuv1 Wr vlpsoli| wkh h{srvlwlrq/ zh

dvvxph iru wkh iroorzlqj Sursrvlwlrq wkdw li � lv lqgl�huhqw dprqj vhyhudo orfdwlrqv

lw fkrrvhv wkh rqh wkdw pd{lpl}hv lwv glvwdqfh iurp �14; Wkh pdlq uhvxowv fdq eh

vxppdul}hg dv iroorzv +vhh Iljxuh 8,1

4:Vhh dovr wkh hduo| zrun ri Suhvfrww dqg Ylvvfkhu ^59` rq vhtxhqwldo orfdwlrq fkrlfhv1

4;Li wklv dvvxpswlrq grhv qrw krog/ vrph dgglwlrqdo orfdwlrq frq�jxudwlrqv fdq eh vxssruwhg lq

htxloleulxp1
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Sursrvlwlrq 51 Frqvlghu wkh jdph zkhuh wkh �upv fkrrvh wkhlu orfdwlrqv vhtxhq0

wldoo| +dqg wkhq frpshwh lq sulfhv,1

+l, Li ^*| 	 7' � f�Hfec wkh htxloleulxp h{klelwv pd{lpxp gl�huhqwldwlrq lqghshq0

ghqwo| ri wkh rughu ri pryhv= d�W ' fc �W ' �o ru d�W ' �c �W ' fo1

+ll, Li ^*| : 7' dqg wkh orz0txdolw| �up pryhv �uvw/ wkh htxloleulxp orfdwlrqv duh

�W ' �W 5 dfc �o�

+lll, Li ^*| : 7' dqg wkh kljk0txdolw| �up pryhv �uvw/ lq htxloleulxp wkh kljk0

txdolw| �up fkrrvhv +ghshqglqj rq wkh sdudphwhuv, d orfdwlrq ehwzhhq dq hqgsrlqw

dqg wkh plgsrlqw +�*2c 7� ' E2 n
t
e� �E^*|��*�c ru ��/ zkloh wkh orz txdolw| �up

fkrrvhv wr orfdwh dw wkh rwkhu hqgsrlqw1 Pruh suhflvho|/ li 7' 	 ^*| � � zh kdyh lq

htxloleulxp d�W ' �c �W ' fo/ ru d�W ' fc �W ' �o� Li � 	 ^*| � E2b
s
�eD��H.�*�2H �

��2S. zh kdyh d�W ' 7� dqg �W ' fo ru/ v|pphwulfdoo|/ d�W ' �� 7� dqg �W ' �o� Li

^*| : E2b
s
�eD� �H.�*�2H � ��2S. zh kdyh �W ' �*2 dqg �W 5 ifc �j�

Surri1 +l, Zkhq ^*| 	 7' zh nqrz/ iurp Ohppdv 4 dqg 7/ wkdw erwk �upv zdqw wr

pd{lpl}h wkh glvwdqfh ehwzhhq wkhp1 Wkxv wkh rqo| htxloleulxp lv iru wkh �uvw pryhu

wr fkrrvh rqh h{wuhph orfdwlrq dqg iru wkh iroorzhu wr fkrrvh wkh rwkhu h{wuhph1

+ll, Zkhq ^*| : 7' wkh kljk0txdolw| �up zdqwv wr plqlpl}h/ zkloh wkh orz0txdolw|

�up wr pd{lpl}h wkhlu glvwdqfh1 Wkxv/ zkhq � pryhv vhfrqg/ lw fkrrvhv wr orfdwh dw

wkh vdph srlqw dv �� Lq wxuq/ �*v orfdwlrq fkrlfh zkhq lw pryhv �uvw lv luuhohydqw iru

� +wkdw lv/ dq| fkrlfh lv zhdno| rswlpdo,= zkdwhyhu wklv fkrlfh lv/ � zloo dovr pryh

wkhuh dqg ohdyh � zlwk }hur sur�w1

+lll, Zkhq � pryhv �uvw/ � dqwlflsdwhv wkdw � zloo orfdwh dv idu dzd| dv srvvleoh1

Vlqfh � fdq fkrrvh wr orfdwh rq hlwkhu h{wuhph/ wklv lpsolhv wkdw qrqh ri wkh ydoxhv

wkdw lqyroyh orfdwlrqv forvhu wkdq �*2 iurp � duh dwwdlqdeoh iru �1 Li ^*| : e*� wkhq

zh nqrz iurp Ohppd 5 wkdw �*v sur�w lv prqrwrqlfdoo| ghfuhdvlqj lq lwv glvwdqfh

iurp �� Jlyhq wkdw � zloo orfdwh dv idu dzd| dv srvvleoh/ wkh fkrlfh wkdw |lhogv wkh

plqlpxp glvwdqfh iru �/ lv �W ' �*2 +dqg � uhvsrqgv zlwk �W htxdo hlwkhu wr f ru

���
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Zkhq 7' 	 ^*| 	 e*�c lw lv qr orqjhu wuxh wkdw �*v sur�w lv prqrwrqlfdoo| ghfuhdv0

lqj lq lwv glvwdqfh iurp �� Djdlq/ lw lv qrw srvvleoh iru � wr orfdwh lwvhoi forvhu wkdq

�*2 iurp �/ exw qrz 4�?i 7�c �j lv d orfdo pd{lpxp wkdw qhhgv wr eh frqvlghuhg +dv

zhoo dv/ v|pphwulfdoo|/ 4@ ifc �� 7�j,� Lq dgglwlrq/ �*2 lv dovr d orfdo pd{lpxp li dqg

rqo| li �*v sur�w lv ghfuhdvlqj dw �*2� Wkxv/ lq wklv fdvh/ � zloo fkrrvh dv lwv orfdwlrq

hlwkhu 4�?i 7�c �j ru �*2/ wkh rqh wkdw jlyhv wkh kljkhu sur�w/ jlyhq wkdw � lv h{shfwhg

wr orfdwh dw f1 Lq sduwlfxodu/ lw lv hdv| wr vkrz wkdw 	� � �*2 / � � 	� / ^*| � D*e�

Wkxv/ iurp Ohppd 5 lw iroorzv wkdw/ zkhq 7' 	 ^*| � D*e/ �*v sur�w ixqfwlrq lv lq0

fuhdvlqj dw �*2c zklfk lpsolhv wkdw �*2 lv qrw dq rswlpdo orfdwlrq iru � zkhq lw pryhv

�uvw/ exw lqvwhdg lw fkrrvhv 4�?i 7�c �j +ru/ v|pphwulfdoo|/ 4@ ifc �� 7�j�� Ilqdoo|/ iru
wkh fdvh D*e 	 ^*| 	 e*� djdlq d frpsdulvrq ri �*v sur�w dw �*2 dqg dw 4�?i 7�c �j lv
lq rughu1 Vlqfh lq wklv fdvh ^*| : �c lw iroorzv iurp +5146, wkdw 7� 	 �/ dqg vr wr �qg

wkh rswlpdo zh rqo| qhhg wr frpsduh �*v sur�w dw 425 dqg dw 7� +jlyhq wkdw �up �

zloo orfdwh dw f�1 Iurp wkh dqdo|vlv hduolhu lq wkh sdshu lw lv hdv| wr vhh wkdw �*v sur�w

dw �*2 lv ^� |*e +vlqfh 	� : �*2 dqg � fdswxuhv wkh hqwluh pdunhw zlwk sulfh htxdo wr

^ � |*e, zkloh sur�w dw 7� fdq eh fdofxodwhg xvlqj +515,/+51:,/+51;,/ dqg +515,1 Gluhfw

fdofxodwlrqv wkhq vkrz wkdw sur�w dw �*2 lv orzhu +dqg wkxv 7� lv wkh suhihuuhg orfdwlrq

ehwzhhq wkhvh wzr, li dqg rqo| li D*e 	 ^*| � E2b
s
�eD� �H.�*�2H � ��2S.�

Wkh prvw lpsruwdqw lqwxlwlrq iurp wkh deryh Sursrvlwlrq lv dv iroorzv1 Zkhq wkh

kljk0txdolw| �up pryhv �uvw dqg wkh txdolw| gl�huhqfh lv kljk hqrxjk/ zh h{shfw wkdw

wkh kljk0txdolw| �up zloo fkrrvh wkh orfdwlrq dw wkh fhqwhu ri wkh pdunhw/ zkhuhdv

wkh orz0txdolw| �up zloo �gl�huhqwldwh� lwvhoi dv pxfk dv srvvleoh dqg orfdwh dw dq

h{wuhph srlqw1 Dv wkh txdolw| gl�huhqfh ghfuhdvhv/ wkh rswlpdo orfdwlrq ri d +kljk

txdolw|, �up zklfk hqwhuv �uvw pryhv dzd| iurp wkh pdunhw fhqwhu dqg wrzdugv dq

h{wuhph srlqw1 Vhh Iljxuh 9 iru d judsklfdo uhsuhvhqwdwlrq ri wkh rswlpdo orfdwlrq ri d

kljk txdolw| �up zklfk hqwhuv �uvw +dqg dqwlflsdwhv wkdw d orz txdolw| �up zloo orfdwh

dw f� dv d ixqfwlrq ri wkh txdolw| gl�huhqfh1

4:



5181 Vlpxowdqhrxv orfdwlrq fkrlfhv

Zh qrz wxuq wr d glvfxvvlrq ri wkh htxloleulxp zkhq �upv fkrrvh wkhlu orfdwlrqv

vlpxowdqhrxvo|1 Wkhuh duh wkuhh srvvlelolwlhv khuh= pd{lpdo gl�huhqwldwlrq zkhq wkh

txdolw| gl�huhqfh lv vpdoo/ qrq0h{lvwhqfh ri d sxuh vwudwhj| htxloleulxp iru d odujhu

txdolw| gl�huhqfh +ehfdxvh wkh orz0txdolw| �up suhihuv pd{lpdo dqg wkh kljk0txdolw|

�up suhihuv plqlpdo gl�huhqwldwlrq,/ dqg d �ghjhqhudwh� fdvh zkhuh wkh orz0txdolw|

�up lv lqgl�huhqw dprqj doo orfdwlrqv/ zkhq wkh txdolw| gl�huhqfh lv hyhq odujhu1

Sursrvlwlrq 61 Vxssrvh wkdw �upv fkrrvh wkhlu orfdwlrqv vlpxowdqhrxvo| +dqg wkhq

wkh| frpshwh lq sulfhv,1 Li ^*| � 7' wkh htxloleulxp orfdwlrqv ri wkh �upv duh �W ' f

dqg �W ' � +ru/ v|pphwulfdoo|/ �W ' � dqg �W ' f�� Li 7' 	 ^*| 	 D*e wkhuh lv

qr htxloleulxp lq sxuh vwudwhjlhv1 Li D*e � ^*| � � wkhq dq| �W ' �W 5 d2 �t
� n E^*|�c��n

t
� n E^*|�o lv dq htxloleulxp lq orfdwlrqv1 Li ^*| � � dq| �W ' �W 5

dfc �o lv dq htxloleulxp lq orfdwlrqv1

Surri1 Lw iroorzv iurp wkh dqdo|vlv lq vhfwlrq 5161 Iurp Ohppd 4/ zh nqrz wkdw

� dozd|v zdqwv wr pd{lpl}h lwv glvwdqfh iurp �� +Qrwh wkdw iru ^*| � 7' 	 �c

zlwk � ' fc zh kdyh wkdw 	� 	 � zklfk phdqv wkdw � ' � : 	� lv srvvleoh dqg

wkh pd{lpxp gl�huhqwldwlrq lqfhqwlyh iru � lv vwulfw1, Iurp Ohppd 7/ li ^*| � 7'

pd{lpxp gl�huhqwldwlrq lv rswlpdo iru �c dv zhoo1 Wkxv wkh htxloleulxp orfdwlrqv duh

wkh wzr h{wuhphv1

Li ^*| : 7' plqlpxp gl�huhqwldwlrq lv rswlpdo iru �� +Ohppd 7 kdv vkrzq wkdw

wklv lv wuxh zkhq � lv dw dq h{wuhph orfdwlrq1 Lw lv hdv| wr vkrz wkdw wkh wkuhvkrog

7' lv ghfuhdvlqj dv � lqfuhdvhv iurp f wr �*2 dqg d iruwlrul plqlpxp gl�huhqwldwlrq

lv rswlpdo iru � zkhq � kdv dq lqwhulru orfdwlrq1, Wkxv li � vwulfwo| suhihuv wr eh dw

rqh ri wkh h{wuhphv wkhq/ fohduo|/ qr htxloleulxp h{lvwv lq sxuh vwudwhjlhv1

Wkh rqo| fdvh zkhuh d sxuh vwudwhj| htxloleulxp h{lvwv zkhq plqlpxp gl�huhqwld0

wlrq lv rswlpdo iru � lv zkhq � lv lqgl�huhqw dprqj doo orfdwlrqv +pdnlqj }hur sur�wv,1

Frqvlghu/ �uvw d fdqglgdwh htxloleulxp zlwk �W ' �W 5 d�*2c �o/ zkhuh � pdnhv }hur

4;



sur�w1 Wkh prvw sur�wdeoh ghyldwlrq iru � lv wr pd{lpl}h lwv glvwdqfh iurp �W e|

orfdwlqj dw f1 Wklv ghyldwlrq zrxog lqfuhdvh �*v sur�w wr vrph srvlwlyh ohyho li dqg

rqo| li wkh fulwlfdo ydoxh 	� iru � ' f lv ohvv wkdq �W� Rwkhuzlvh/ zh nqrz iurp

Sursrvlwlrq 4 wkdw � zrxog vwloo fdswxuh wkh hqwluh pdunhw1 Wkxv iru wkh sursrvhg

ghyldwlrq qrw wr eh sur�wdeoh/ lw lv qhhghg wkdw �W 	 	�/ zklfk iurp +519, lv htxlyd0

ohqw wr ^*| : E�Wn��2� �� V|pphwulfdoo|/ iru �W ' �W 5 dfc �*2o wkh prvw sur�wdeoh

ghyldwlrq iru � lv wr orfdwh dw � dqg wkh frqglwlrq lv �W : �� 	� +zlwk 	� hydoxdwhg

dw � ' f� zklfk lv htxlydohqw wr ^*| : E2 � �W�2 � �� Lqyhuwlqj wkhvh frqglwlrqv zh

�qg wkdw/ iru d �{hg ydoxh ri ^*|c �W ' �W 5 d� � 	�c 	�o ' d2 �
t
� n E^*|�c��nt

� n E^*|�o frqvwlwxwh dq htxloleulxp1 Iurp wkh deryh frqglwlrqv lw iroorzv wkdw wkh

plqlpxp ydoxh ri ^*| wkdw doorzv h{lvwhqfh ri vxfk dq htxloleulxp lv D*ec zlwk htxl0

oleulxp orfdwlrqv dw �*21 Iru ydoxhv ri ^*| ehorz D*e zh kdyh 	� 	 �*2 zklfk phdqv

wkdw �up � fdq dozd|v pdnh srvlwlyh vdohv e| orfdwlqj dw dq hqgsrlqw1 Lw dovr iroorzv

wkdw iru ^*| � � dq| �W ' �W 5 dfc �o lv dq htxloleulxp1

Qrwh wkdw lq wkh �ghjhqhudwh� htxloleuld ghvfulehg lq Sursrvlwlrq 6 zkhuh �upv

fkrrvh wkh vdph orfdwlrq/ wkh orz0txdolw| �up*v sur�w lv dozd|v }hur dqg wkh nh| lv

wkdw wkh txdolw| gl�huhqfh lv odujh hqrxjk wkdw hyhq li lw zhuh wr ghyldwh wr wkh prvw

uhprwh orfdwlrq lw zrxog vwloo qrw lqfuhdvh lwv sur�w1 Zh gr qrw vhhn wr fkdudfwhul}h

pl{hg vwudwhj| htxloleuld lq wkh fdvh zkhq d sxuh vwudwhj| htxloleulxp idlov wr h{lvw1

Lqvwhdg/ zh wxuq wr rwkhu dvshfwv ri wkh sureohp1

5191 Wkh h�hfw ri txdolw| rq sur�wv

Lw lv lpsruwdqw wr h{dplqh krz wkh �upv* sur�wv ydu| dv wkh txdolw| gl�huhqfh/ ^c

lqfuhdvhv1 Dv vkrzq ehorz/ wkh sur�w ri wkh kljk0txdolw| �upv lqfuhdvhv zkhuhdv wkh

sur�w ri wkh orz0txdolw| �up ghfuhdvhv/ dv ^ lqfuhdvhv1 Wklv pd| vhhp dq lqwxlwlyh

uhvxow/ exw lw vkrxog eh hpskdvl}hg wkdw lw lv h{dfwo| wkh rssrvlwh ri zkdw kdsshqv

lq wkh yhuwlfdo gl�huhqwldwlrq prghov iroorzlqj wkh Vkdnhg dqg Vxwwrq +^5:`/ ^5;`,
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irupxodwlrq14< Lq wkrvh prghov lqfuhdvlqj wkh txdolw| gl�huhqwldo lqfuhdvhv wkh sur�w

ri erwk �upv1 Lw lv wkxv lpsruwdqw wr vwxg| wkh lvvxh dqg xqghuvwdqg zk| wkhvh

prghov jlyh gl�huhqw dqvzhuv153

Sursrvlwlrq 71 Dq lqfuhdvh lq ^ ghfuhdvhv wkh orz0txdolw| +�, �up*v dqg lqfuhdvhv

wkh kljk0txdolw| +�, �up*v sur�w/ surylghg wkdw erwk �upv kdyh srvlwlyh pdunhw

vkduhv +� 	 	� 	 ��1 Li rqo| � kdv srvlwlyh pdunhw vkduh +� 	 � 	 	�,/ �*v sur�w

uhpdlqv }hur dqg �*v sur�w lqfuhdvhv1

Surri1 Zh surfhhg lq wzr vwhsv1 Iluvw frqvlghu zkdw kdsshqv zkhq ^ lqfuhdvhv exw

wkh �upv* orfdwlrqv gr qrw fkdqjh1 Ohw � 	 	� 	 �� Frqvlghu wkh h�hfw rq �*v sur�w1

Iru � 	 	� � � dqg xvlqj wkh �hqyhorsh� wkhruhp/ zh kdyh=
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Vlploduo|/ lw lv hdv| wr vkrz wkdw YZW�*Y^ : f� Li/ qrz zh vwduw iurp � 	 � 	 	�c vr

wkdw rqo| � kdv srvlwlyh pdunhw vkduh/ wkhq fohduo| dq lqfuhdvh lq ^ ohdyhv �*v sur�w

xqfkdqjhg dw d }hur ohyho zkloh �*v sur�w/ ^ � |E�2 � �2�c lqfuhdvhv1

Qh{w doorz wkh �upv* orfdwlrqv wr fkdqjh zkhq ^ fkdqjhv1 Lw iroorzv iurp wkh deryh

dqdo|vlv ri htxloleulxp orfdwlrqv wkdw wkh rqo| srvvleoh fkdqjh lv wkdw wkh kljk0txdolw|

�up pd| zdqw wr orfdwh forvhu wr lwv frpshwlwru li d odujh hqrxjk lqfuhdvh lq ^ wdnhv

4<Wkhlu ghpdqg irupxodwlrq lv edvhg rq lghdv wkdw fdq eh irxqg lq Pxvvd dqg Urvhq ^56` dqg

Jdev}hzlf} dqg Wklvvh ^47`1

53Vhh/ h1j1/ Vkdnhg dqg Vxwwrq ^5:`/ s1;/ Ohppd 71
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sodfh1 Vxfk d orfdwlrq fkdqjh zloo frqwulexwh wrzdugv lqfuhdvlqj wkh kljk0txdolw|

�up*v sur�w dqg ghfuhdvlqj wkh orz0txdolw| �up*v sur�w1

Dv phqwlrqhg deryh/ wkhuh lv d nh| gl�huhqfh ehwzhhq wkh suhvhqw prgho dqg

vrph rwkhu roljrsro| prghov wkdw lqyroyh yhuwlfdo gl�huhqwldwlrq1 Lq sduwlfxodu/ lq wkh

Vkdnhg dqg Vxwwrq fodvv ri prghov +vhh ^5:`/ ^5;`, dq lqfuhdvh lq wkh txdolw| ri d kljk0

txdolw| frpshwlwru lv �jrrg qhzv� iru d orz0txdolw| frpshwlwru1 Lq frqwudvw/ khuh dq

lqfuhdvh lq wkh txdolw| ri d kljk0txdolw| frpshwlwru lv �edg qhzv� iru d orz0txdolw|

frpshwlwru1 Wkh lqwxlwlrq lv dv iroorzv1

Lq Vkdnhg dqg Vxwwrq/ �upv vhoolqj gl�huhqw txdolwlhv fdq frh{lvw lq wkh pdunhw eh0

fdxvh frqvxphuv gl�hu zlwk uhvshfw wr krz pxfk wkh| ydoxh txdolw| +ru/ htxlydohqwo|/

zlwk uhvshfw wr wkhlu lqfrph,1 Dv d uhvxow/ vrph frqvxphuv �qg wkh kljk0txdolw| dqg

kljk0sulfh frpelqdwlrq pruh dwwudfwlyh zkloh rwkhuv suhihu wkh orz0txdolw| dqg orz

sulfh frpelqdwlrq1 D orz0txdolw| �up pdnhv srvlwlyh vdohv e| irfxvlqj rq frqvxphuv

zlwk orz ydoxdwlrq iru txdolw|1 Lqfuhdvlqj wkh txdolw| gl�huhqfh kdv wkxv wkh h�hfw

wkdw wkh kljk0txdolw| �up �qgv lw pruh ghvludeoh wr irfxv rq wkh kljk hqg ri wkh pdu0

nhw dqg doorzv wkh orz0txdolw| �up wr lqfuhdvh lwv sur�w1 Wklv lv wkh vhqvh lq zklfk

�upv fdq �uhod{ sulfh frpshwlwlrq wkurxjk surgxfw gl�huhqwldwlrq�1

Lq wkh suhvhqw sdshu/ wkh uhdvrq zk| �upv vhoolqj gl�huhqw txdolwlhv frh{lvw lv

ehfdxvh wkhuh lv dovr gl�huhqwldwlrq dorqj dq dgglwlrqdo +krul}rqwdo, glphqvlrq1 Frq0

vxphuv gr qrw gl�hu zlwk uhvshfw wr wkhlu ydoxdwlrq ri txdolw|154 Wkxv zkhq �upv

duh qrw gl�huhqwldwhg zlwk uhvshfw wr wkh krul}rqwdo fkdudfwhulvwlf/ doo frqvxphuv sxu0

fkdvh iurp wkh kljk0txdolw| �up1 Lqfuhdvlqj wkh txdolw| gl�huhqfh ehwzhhq �upv lq rxu

iudphzrun kdv d yhu| gl�huhqw lpsolfdwlrq= lw pdnhv wkh kljk0txdolw| �up*v surgxfw

uhodwlyho| pruh ghvludeoh iru doo frqvxphuv/ vr wkdw qrz wkh txdolw| gl�huhqfh grp0

lqdwhv wkh krul}rqwdo suhihuhqfh iru vrph frqvxphuv/ dqg ghfuhdvhv wkh orz0txdolw|

54Vhh wkh glvfxvvlrq lq vhfwlrq 7151
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�up*v ghpdqg dqg sur�w155

Erwk irupxodwlrqv/ sxuh yhuwlfdo gl�huhqwldwlrq dqg wkh rqh suhvhqwhg lq wklv sd0

shu/ vhhp uhdvrqdeoh iru gl�huhqw pdunhw vlwxdwlrqv1 Wkh nh| gl�huhqfh/ wkdw lqfuhdv0

lqj wkh txdolw| gl�huhqfh ehqh�wv wkh orz0txdolw| �up lq rqh iudphzrun dqg kxuwv lw

lq wkh rwkhu/ pd| r�hu vrph jxlgdqfh dv wr zklfk lv wkh prvw dssursuldwh prgho iru

d vshfl�f pdunhw1

61 Lqfrpsohwh lqirupdwlrq= orfdwlrq dv d vljqdo ri txdolw|

Wkh pdlq lghd khuh lv wkdw/ vlqfh lw lv pruh frvwo| iru d orz0txdolw| �up wkdq iru d

kljk0txdolw| �up wr eh orfdwhg forvh wr d frpshwlwru/ orfdwlrq fdq eh xvhg dv d vljqdo

ri surgxfw txdolw|1

6141 Suholplqdu| dqdo|vlv= dq h{dpsoh

Wr vhh wkh edvlf dujxphqw/ lw lv khosixo wr vwduw wkh dqdo|vlv e| uhwxuqlqj wr rxu vwxg|

ri vhtxhqwldo hqwu| xqghu ixoo lqirupdwlrq1 Vxssrvh wkdw dq hqwudqw/ vd| �up �/ zlwk

txdolw| ^ � fc fkrrvhv lwv orfdwlrq dqg lv wkhq iroorzhg e| dqrwkhu �up/ vd| �up �/

zlwk txdolw| f1 Dv Iljxuh 9 ghprqvwudwhv/ wkh �uvw hqwudqw*v orfdwlrq zloo eh forvhu

wr wkh fhqwhu ri wkh pdunhw wkh kljkhu wkh txdolw| ri lwv surgxfw/ ^c lv +zkloh wkh

vhfrqg hqwudqw fkrrvhv dq h{wuhph srlqw,1 Vlqfh wkh �uvw �up*v orfdwlrq ghshqgv rq

lwv txdolw|/ rqh pd| dvn zkhwkhu/ zkhq wkh �up kdv sulydwh lqirupdwlrq derxw lwv

txdolw|/ lwv orfdwlrq fkrlfh fdq uhyhdo lqirupdwlrq derxw lwv txdolw|1

Wr �{ lghdv/ vxssrvh wkdw wkh txdolw| ri wkh �uvw hqwudqw*v surgxfw/ ^ 5 ifc 7̂jc
fdq eh hlwkhu orz +wkh vdph dv wkh surgxfw txdolw| ri wkh iroorzhu/ wkdw lv/ f, zlwk

55Irupdoo|/ lq Vkdnhg dqg Vxwwrq zh fdq zulwh wkh +lqgluhfw, xwlolw| ri frqvxphu l zkr sxufkdvhv

iurp �up m dv xlm @ U.�ltm�sm zlwk �l glvwulexwhg dfurvv wkh srsxodwlrq ri frqvxphuv/ zkloh khuh

zh kdyh xlm @ U. tm � sm � w+l� m,5 zkhuh zkdw gl�huv dfurvv frqvxphuv lv wkhlu orfdwlrq l uhodwlyh

wr wkh �up*v orfdwlrq1
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suredelolw| � � 4/ ru kljk/ 7̂ : fc zlwk suredelolw| 4�56 Wkh �uvw hqwudqw kdv sulydwh

lqirupdwlrq derxw wkh txdolw| ri lwv surgxfw= � nqrzv/ ehiruh fkrrvlqj lwv orfdwlrq/

li ^ ' f ru ^ ' 7̂� Wkh frqvxphuv dqg �up �/ krzhyhu/ gr qrw nqrz �*v txdolw|1

Wkh| xvh 4 dv wkhlu sulru eholhiv dqg fdq xsgdwh wkhlu eholhiv diwhu wkh| revhuyh �*v

orfdwlrq fkrlfh1

Wr vlpsoli| wkh qrwdwlrq/ dvvxph khuh dqg iru wkh uhpdlqghu ri wkh vhfwlrq wkdw wkh

wudqvsruwdwlrq frvw lqgh{ lv | ' �1 Iru looxvwudwlrq sxusrvhv/ vxssrvh wkdw 7̂ lv lq wkh

lqwhuydo zkhuh orfdwlrq lv vwulfwo| prqrwrqlf lq txdolw| +vhh Iljxuh 9,1 Iru h{dpsoh/ ohw

7̂ ' ��21 Wkhq/ lw lv hdv| wr vhh wkdw xqghu ixoo lqirupdwlrq/ zkhq ^ ' f �up � fkrrvhv

wr orfdwh dw 4 +dqg wkhq �up D orfdwhv dw 3> e| v|pphwu| zh pd| kdyh/ ri frxuvh/ wkh

uhyhuvh frq�jxudwlrq,1 Wkh wzr �upv wkhq vkduh wkh pdunhw/ hdfk zlwk sur�w htxdo

wr f�D1 Li ^ ' 7̂c rq wkh rwkhu kdqg/ lw iroorzv iurp Sursrvlwlrq 5 wkdw/ xqghu ixoo

lqirupdwlrq/ � orfdwhv dw 7� ' E2n
t
e� �E7̂*|��*� ' E2n

t
e� �E��2��*� � f�H.. dqg

vlpsoh fdofxodwlrqv vkrz wkdw lw hqmr|v sur�w dssur{lpdwho| htxdo wr 31<;6 +revhuyh

wkdw/ dv h{shfwhg/ wkh hqwudqw kdv kljkhu sur�w zkhq ^ ' 7̂ wkdq zkhq ^ ' f�157

Qrz frqvlghu wkh fdvh zkhuh �up � kdv sulydwh lqirupdwlrq derxw lwv txdolw|1

Hyhq li lwv wuxh txdolw| lv orz +^ ' f� zk| zrxog lw qrw suhwhqg wkdw lw lv kljk +^ ' 7̂�

e| orfdwlqj dw 7� � f�H.. lqvwhdg ri 4B Xqohvv wkhuh lv vrph �glvflsolqlqj� phfkdqlvp/

lw lv fohdu wkdw/ uhjdugohvv ri txdolw|/ wkh hqwudqw zloo dozd|v fkrrvh wkh orfdwlrq wkdw

wkh kljk0txdolw| w|sh zrxog kdyh fkrvhq xqghu shuihfw lqirupdwlrq1

Zkdw frxog wklv �glvflsolqlqj� phfkdqlvp ehB D qdwxudo phfkdqlvp lv wkdw txdo0

lw| ehfrphv nqrzq diwhu vrph frqvxphuv sxufkdvh wkh surgxfw +hvvhqwldoo|/ wkh dv0

vxpswlrq khuh lv wkdw wklv kdsshqv pruh txlfno| wkdq wkh �up pd| dgmxvw lwv orfd0

56Zh fdq wklqn ri �up E*v surgxfw txdolw| dv hlwkhu �dyhudjh� +wkh vdph dv wkh txdolw| ri wkh

iroorzhu, ru �h{fhswlrqdo�1

57Wkh orz0txdolw| w|sh iroorzv d �qlfkh� vwudwhj|/ wu|lqj wr gl�huhqwldwh lwvhoi dv pxfk dv srvvleoh

iurp wkh frpshwlwlrq1 Lq frqwudvw/ wkh kljk0txdolw| w|sh fkrrvhv wr eulqj wr wkh pdunhw d surgxfw

wkdw fruuhvsrqgv pruh wr wkh �pdlqvwuhdp� ru wr wkh dyhudjh frqvxphu1
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wlrq,1 Lq sduwlfxodu/ zh frqvlghu wkh iroorzlqj jdph1 Qdwxuh fkrrvhv wkh txdolw| ri

�up �*v surgxfw/ ^ 5 ifc 7̂j� Ilup � revhuyhv wkh txdolw| ri lwv surgxfw dqg fkrrvhv

d orfdwlrq1 Wkhq �up � fkrrvhv lwv orfdwlrq1 Wkh wzr �upv fkrrvh wkhlu �uvw0shulrg

sulfhv +vlpxowdqhrxvo|, dqg frqvxphuv pdnh wkhlu sxufkdvlqj ghflvlrqv1 Dw wkh hqg

ri shulrg rqh/ �*v txdolw| lv uhyhdohg wr hyhu|rqh lq wkh pdunhw1 Lq hdfk ri wkh vxe0

vhtxhqw shulrgv/ wkh wzr �upv fkrrvh wkhlu sulfhv dqg frqvxphuv ghflgh iurp zklfk

�up wr sxufkdvh1 Zh dvvxph wkdw wkh �upv olyh iruhyhu dqg kdyh rqh0shulrg glvfrxqw

idfwru B 5 dfc ��1 Qrwh wkdw orfdwlrqv duh fkrvhq dw wkh ehjlqqlqj ri wkh �uvw shulrg

dqg fdqqrw eh fkdqjhg vxevhtxhqwo| lq wkh jdph1 Sulfhv/ rq wkh rwkhu kdqg/ duh

doorzhg wr gl�hu iurp shulrg wr shulrg1 Wklv irupxodwlrq fdswxuhv wkh lghd wkdw lw

lv pruh gl!fxow wr fkdqjh d �up*v jhrjudsklfdo orfdwlrq ru surgxfw fkdudfwhulvwlfv

wkdq lwv sulfhv1 Dovr qrwh wkdw/ lq wklv jdph/ d orz0txdolw| hqwudqw kdv erwk d ehqh�w

dqg d frvw li lw fkrrvhv wkh orfdwlrq wkdw xqghu ixoo lqirupdwlrq fruuhvsrqgv wr wkh

kljk0txdolw| hqwudqw1

Zh frqvlghu Shuihfw Ed|hvldq Htxloleuld ri wkh jdph1 Dw d vhsdudwlqj htxloleulxp

wkh wzr w|shv ri �up � fkrrvh gl�huhqw orfdwlrqv1 Ilup � dqg wkh frqvxphuv fdq

�lqyhuw� wkh orfdwlrq fkrlfh dqg ohduq zkdw �*v wuxh txdolw| lv1 Dw d srrolqj htxl0

oleulxp erwk w|shv fkrrvh wkh vdph orfdwlrq dqg frqvxphuv srvwhulru eholhiv duh wkh

vdph dv wkhlu sulruv1 Zh irfxv qrz rq vhsdudwlqj htxloleuld158

Vshfl�fdoo|/ ohw xv �uvw frqvlghu wkh iroorzlqj txhvwlrq1 Fdq zh frqvwuxfw d vhsd0

udwlqj htxloleulxp ri wkh lqfrpsohwh lqirupdwlrq jdph frqvwuxfwhg deryh zkhuh wkh

wzr w|shv fkrrvh wkhlu ixoo0lqirupdwlrq orfdwlrqv/ wkdw lv/ wkh hqwudqw orfdwhv dw 4 li

^ ' f dqg dw 7� � f�H.. li ^ ' 7̂B Vxssrvh zh kdyh vxfk dq htxloleulxp1 Wkhq/

edvhg rq wkh dujxphqwv deryh/ wkh kljk0txdolw| w|sh kdv sur�w f�bH�*E�� B� dqg wkh

orz txdolw| w|sh kdv sur�w f�D*E� � B�1 Frqvlghu d ghyldwlrq zkhuh wkh orz0txdolw|

w|sh plplfv wkh kljk0txdolw| w|sh dqg orfdwhv dw f�H..1 Wkhq/ lwv �uvw0shulrg sur�w

58Dv dujxhg ehorz/ lw lv qrw srvvleoh wr kdyh srrolqj zlwk uhvshfw wr orfdwlrqv dqg vhsdudwlrq zlwk

uhvshfw wr sulfhv1
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lqfuhdvhv wr f�bH�1 Krzhyhu/ vlqfh lwv orfdwlrq fdqqrw eh fkdqjhg dqg lwv txdolw|

lv uhyhdohg wr eh orz diwhu wkh �uvw shulrg/ lwv sur�w zloo eh orzhu wkdq 318 lq doo

vxevhtxhqw shulrgv1 Pruh suhflvho|/ lwv sur�w zloo eh dssur{lpdwho| htxdo wr 317:8159

Qrwh wkdw wkh uhdvrq wkdw sur�w ghfuhdvhv lq vxevhtxhqw shulrgv iurp 318 wr 317:8 lv

ehfdxvh/ zlwk htxdo txdolwlhv/ sur�wv duh kljkhvw xqghu pd{lpdo gl�huhqwldwlrq dqg

wkh hqwudqw lv qrz orfdwhg wrr forvh wr lwv frpshwlwru1 Lw vkrxog eh fohdu wkdw wklv

ghyldwlrq zlwk uhvshfw wr orfdwlrqv lv sur�wdeoh iru wkh orz0txdolw| �up li dqg rqo| li

f�D

�� B
	 f�bH� n

B

�� B
f�e.D / B 	 f�bD��

Wkh frqfoxvlrq khuh lv wkdw/ xqohvv wkh glvfrxqw idfwru lv kljkhu wkdq 31<84/ d vhsdudw0

lqj htxloleulxp zkhuh wkh wzr w|shv fkrrvh wkhlu shuihfw lqirupdwlrq orfdwlrqv grhv

qrw h{lvw1

Wr frqwlqxh zlwk wkh vdph vfhqdulr/ +hyhq, iru glvfrxqw idfwruv orzhu wkdq wkh

wkuhvkrog ghulyhg deryh/ shukdsv lw zrxog eh srvvleoh wr frqvwuxfw d vhsdudwlqj htxl0

oleulxp zkhuh wkh kljk0txdolw| w|sh*v orfdwlrq lv forvhu wr lwv frpshwlwru +dqg/ frqvh0

txhqwo|/ forvhu wr wkh pdunhw fhqwhu, wkdq wkh ixoo lqirupdwlrq orfdwlrq1 E| orfdwlqj

forvhu wr frpshwlwlrq +wkdw lv wr �up �,/ wkh kljk0txdolw| w|sh udlvhv wkh frvw ri plp0

lfnlqj iru wkh orz0txdolw| w|sh1 Dv dq h{dpsoh/ frqvlghu d frq�jxudwlrq zkhuh wkh

kljk0txdolw| w|sh orfdwhv dw 425 zkloh wkh orz0txdolw| w|sh orfdwhv dw 4 +wkh fkrlfh ri

425 khuh lv duelwudu|,1 Lw fdq eh vkrzq wkdw wkhvh orfdwlrqv fdq eh vxssruwhg dv d

vhsdudwlqj htxloleulxp +hyhq iru ydoxhv ri B wkdw duh ehorz wkh wkuhvkrog jlyhq deryh,1

Wr vkrz wklv uhvxow/ zh fdofxodwh �uvw wkh kljk0txdolw| w|sh*v sur�w li orfdwhg dw 4251

Wklv lv htxdo wr 31<9: shu shulrg +qrwlfh wkdw wklv sur�w lv/ e| frqvwuxfwlrq/ orzhu

wkdq 31<;6/ wkh sur�w li orfdwhg dw wkh ixoo0lqirupdwlrq rswlpdo srlqw 7� � f�H..,1

Vlploduo|/ li wkh orz w|sh lv orfdwhg dw 425/ lwv sur�w fdq eh fdofxodwhg wr eh 31671

59Wklv lv fdofxodwhg dv wkh ixoo lqirupdwlrq htxloleulxp sur�w ri d �up orfdwhg dw �E � 3=;:: zkhq

lw lv frpshwlqj zlwk d �up orfdwhg dw 3 dqg erwk kdyh txdolw| htxdo wr 31
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Wkhq/ surfhhglqj dv ehiruh/ wkh orz w|sh kdv d sur�wdeoh ghyldwlrq li dqg rqo| li

f�D

�� B
	 f�bS. n

B

�� B
f��e / B 	 f�.eD�

Wkxv/ zh vhh wkdw/ e| orfdwlqj forvhu wr frpshwlwlrq/ wkh kljk0txdolw| w|sh glvfrxudjhv

wkh orz0txdolw| w|sh iurp plplfnlqj lwv vwudwhj|1 Zh dovr qhhg wr jxdudqwhh wkdw wkh

kljk0txdolw| w|sh grhv qrw zlvk wr ghyldwh wr vrph rwkhu orfdwlrq1 Iru h{dpsoh/

lw vkrxog eh fohdu wkdw zkhq B ' � wkh kljk0txdolw| w|sh zrxog kdyh qr lqfhqwlyh

wr glvwruw lwv orfdwlrq fkrlfh vlqfh +xqghu rxu dvvxpswlrqv, txdolw| lv uhyhdohg diwhu

wkh �uvw shulrg1 Wkxv/ lw lv qhhghg wkdw frqglwlrqv duh sodfhg rq B vr wkdw lw lv

qrw wrr forvh wr 41 Vxssrvh wkdw/ dffruglqj wr srvwhulru eholhiv/ dq| orfdwlrq rwkhu

wkdq �*2 lv lqwhusuhwhg dv orz txdolw| +qrwh wkdw wklv dvvxpswlrq lv ri frqvhtxhqfh

rqo| iru wkh �uvw shulrg dv vxevhtxhqwo| wkh txdolw| ehfrphv nqrzq,1 Zkdw lv wkh

prvw sur�wdeoh ghyldwlrqB Dw wkh rqh h{wuhph/ dv douhdg| glvfxvvhg deryh/ zkhq

B ' � wkh kljk0txdolw| w|sh zrxog fkrrvh wr ghyldwh wr 7�� Wklv fkrlfh zrxog doorz

wkh �up wr kdyh wkh kljkhvw srvvleoh sur�w lq hdfk ri wkh shulrgv diwhu wkh txdolw| lv

uhyhdohg1 Dw wkh rwkhu h{wuhph/ zkhq B ' fc wkh prvw sur�wdeoh ghyldwlrq lv wr 4c

jlyhq wkdw rqo| wkh �uvw shulrg pdwwhuv dqg wkdw erwk �upv duh ylhzhg dv r�hulqj

orz txdolw|� Iru B 5 Efc �� wkh prvw sur�wdeoh ghyldwlrq lv wr d srlqw lq d 7�c �o +dqg

wkh kljkhu B lv/ wkh pruh olnho| wkdw wkh prvw sur�wdeoh ghyldwlrq lv dw ru qhdu srlqw

7�,1 Zkloh zh fdqqrw kdyh d vlpsoh h{suhvvlrq iru wkh prvw sur�wdeoh ghyldwlrq/ zh

fdq �qg dq xsshu erxqg wr wkh sur�w lq dq| ghyldwlrq dqg/ vlqfh khuh zh duh vlpso|

dqdo|}lqj d vxjjhvwlyh h{dpsoh/ wklv zrxog eh vx!flhqw15: Fohduo|/ dq xsshu erxqg

iru sur�w li wkh kljk0txdolw| �up ghyldwhv iurp wkh htxloleulxp lv f�D n B
�3B

f�bH�1

Wkh fdofxodwlrq khuh lv wkdw f�D lv dwwdlqdeoh lq wkh �uvw shulrg/ li orfdwhg dw 4/ zkloh

31<;6 lv dwwdlqdeoh/ diwhu txdolw| ehfrphv nqrzq/ li orfdwhg dw 7� � f�H..�5; Lw lv hdv|

5:Vhh wkh dqdo|vlv ehorz iru ghwdlov1

5;Zh duh fdofxodwlqj dq xsshu erxqg khuh/ wklv lv zk| zh frqvlghu wkh prvw idyrudeoh orfdwlrq lq

wkh �uvw shulrg dqg wkh prvw idyrudeoh orfdwlrq lq wkh vxevhtxhqw shulrgv1 Wkh �up fdq rqo| fkrrvh

d vlqjoh orfdwlrq1
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wr fdofxodwh wkdw wklv xsshu erxqg lv ohvv wkdq wkh htxloleulxp sur�w/ f�bS.*E�� B�c

li dqg rqo| li B 	 f�bSH1

Zh fdq vxppdul}h wkh uhvxowv iurp wklv h{dpsoh dv iroorzv1 Vxssrvh wkdw f�.eD 	

B 	 f�bSHc | ' �/ dqg wkh �uvw hqwudqw*v txdolw| lv ^ 5 ifc ��2j� Wkhq wkhuh lv d

vhsdudwlqj htxloleulxp zkhuh wkh orz0txdolw| w|sh orfdwhv dw 4 dqg wkh kljk0txdolw|

w|sh orfdwhv dw 4251

6151 Jhqhudol}lqj wkh dqdo|vlv

Lq wkh deryh dqdo|vlv/ wkh fkrlfh ri �*2 dv wkh orfdwlrq iru wkh kljk0txdolw| w|sh

zdv duelwudu| +dqg h{wuhph,1 Zkloh lw pd| eh qhfhvvdu| iru d kljk0txdolw| w|sh wr

orfdwh forvhu wr frpshwlwlrq +wkdq xqghu ixoo lqirupdwlrq, wr vhsdudwh lwvhoi iurp wkh

orz0txdolw| w|sh/ wkhuh pd| eh rwkhu orfdwlrqv +ehwzhhq �*2 dqg wkh ixoo lqirupdwlrq

orfdwlrq 7�� wkdw doorz vhsdudwlrq1 Lq jhqhudo/ zh fdq ghulyh frqglwlrqv vr wkdw wkh

kljk0txdolw| w|sh fkrrvhv d orfdwlrq % 5 d�*2c �o lq d vhsdudwlqj htxloleulxp1 Ixuwkhu/

zh orrn iru wkh ydoxh ri % wkdw vdwlv�hv wkhvh frqglwlrqv zkloh plqlpl}lqj wkh vljqdolqj

glvwruwlrq ru/ htxlydohqwo|/ plqlpl}lqj wkh glvwdqfh iurp wkh ixoo lqirupdwlrq orfdwlrq1

Dv vkrzq ehorz/ jlyhq rxu frqvwuxfwlrq/ wkh ydoxh ri % wkdw doorzv xv wr rewdlq

vhsdudwlrq zkloh plqlpl}lqj wkh glvwruwlrq +htxlydohqwo|/ plqlpl}lqj wkh glvwdqfh iurp

wkh ixoo0lqirupdwlrq orfdwlrq, lv wkh xqltxh vhsdudwlqj htxloleulxp wkdw vdwlv�hv wkh

�lqwxlwlyh fulwhulrq� ri Fkr dqg Nuhsv ^9`1

Zh fdq qrz jhqhudol}h wkh deryh dqdo|vlv1 Ohw xv ghqrwh e| ZEKc �( 7̂� wkh shu0

shulrg sur�w ri wkh �uvw hqwudqw +�up �, wkdw lv eholhyhg wr kdyh kljk txdolw| +7̂� zlwk

suredelolw| K dqg lv orfdwhg dw srlqw � +dqg xqghu wkh dvvxpswlrq wkdw wkh vhfrqg

pryhu zloo orfdwh dw f,� Qrwh wkdw wklv sur�w lv lqgh{hg e| wkh kljk0txdolw| w|sh*v

txdolw|/ 7̂1 Dovr qrwh wkdw ZEfc %( 7̂� lv wkh vdph iru doo 7̂ dqg/ vr/ zkhq K ' f zh vlpso|

zulwh ZEKc %� lqvwhdg ri ZEKc %( 7̂�� Vxssrvh wkdw zh kdyh d vhsdudwlqj htxloleulxp1

Iluvw/ lw lv hdv| wr vhh wkdw/ lq dq| vhsdudwlqj htxloleulxp/ wkh orz0txdolw| w|sh fkrrvhv

wr orfdwh dw wkh h{wuhph srlqw 41 Vr/ zh fdq zulwh �Eu� ' � +wr lqglfdwh wkdw wkh

5:



orz0txdolw| w|sh ri wkh �uvw hqwudqw/ �up �c lv dw 4,1 Vlploduo|/ vxssrvh wkdw/ lq

htxloleulxp/ wkh kljk0txdolw| w|sh vhohfwv orfdwlrq %= �EM� ' %� Wkhq/ wkh kljk0

txdolw| w|sh kdv htxloleulxp sur�w ZE�c %( 7̂�*E� � B� dqg wkh orz w|sh kdv sur�w

ZEfc ��*E�� B�1 Wkh frqglwlrq iru wkh orz0txdolw| w|sh qrw wr plplf wkh kljk0txdolw|

w|sh lv

ZEfc ��

�� B
� ZE�c %( 7̂� n

B

�� B
ZEfc %� / B

�� B
� ZE�c %( 7̂�� ZEfc ��

ZEfc ��� ZEfc %�
+614:,

Ixuwkhupruh/ edvhg rq rxu dqdo|vlv xqghu ixoo0lqirupdwlrq/ zh fdq fdofxodwh wkdw

+dvvxplqj | ' �, zh kdyh ZEfc �� ' f�Dc ZEfc %� ' Ee%3%2�2

�H%
c dqg ZE�c %( 7̂� ' Ee%3%2n7̂�2

�H%
�5<

Vxevwlwxwlrq ri wkh uhohydqw h{suhvvlrqv lqwr +614:, jlyhv

�E%c 7̂� � Ee%� %2 n 7̂�2 � b%

b%� Ee%� %2�2
� B

�� B
� +614;,

Wkh phdqlqj ri wklv h{suhvvlrq lv wkdw/ iru d jlyhq ydoxh ri B +dqg 7̂�c d ydoxh ri %

wkdw vdwlv�hv +614;, uhsuhvhqwv d orfdwlrq iru wkh kljk0txdolw| w|sh wkdw wkh orz0txdolw|

w|sh grhv qrw �qg sur�wdeoh wr plplf1

Wr plqlpl}h wkh glvwruwlrq iru wkh kljk0txdolw| w|sh/ zh orrn iru wkh odujhvw ydoxh

ri % wkdw vdwlv�hv +614;, zlwk htxdolw|1 Wkxv/ zh qhhg wr vwxg| +614;, pruh forvho|/

wr hvwdeolvk wkdw vxfk d ydoxh lv zhoo gh�qhg1 Wkh dqdo|vlv lv lq wkh Dsshqgl{ dqg

wkh uhvxowv duh dv iroorzv163

Uhpdun 41 +Dw ohdvw/ lq wkh udqjh 7̂ 5 d�c ��2S.o wkdw zh duh irfxvlqj rq1, Iru dq|

7̂c wkhuh lv d xqltxh ydoxh BJE7̂� +gh�qhg e| 6�?%�E%c 7̂� ' BJE7̂�*E�� BJE7̂�� vxfk wkdw=

iru B 	 BJE7̂� wkhuh lv qr ydoxh ri % 5 dfc �o wkdw vdwlv�hv +614;,> iru B : BJE7̂� wkh

5<Wr rewdlq wkhvh h{suhvvlrqv/ vxevwlwxwh E @ {> D @ 3> dqg w @ 4 lqwr +517,/ +518, dqg xvh +515,

dqg +518, wr fdofxodwh sur�wv1 Wkh odvw wzr ri wkh h{suhvvlrqv khuh duh xqghu wkh dvvxpswlrq wkdw {

lv juhdwhu wkdq wkh wkuhvkrog aE/ rwkhuzlvh wkh �uvw pryhu fdswxuhv wkh hqwluh ghpdqg dqg zh kdyh

�+4> {> �t, @ �t � {51

63Vhh dovr �jxuh :1
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pd{lpxp ydoxh ri % wkdw vdwlv�hv +614;, lv xqltxho| gh�qhg1 Wklv fulwlfdo ydoxh ri %

lv ehwzhhq 425 dqg 7�� Dv B lqfuhdvhv/ wkh fulwlfdo ydoxh ri % lqfuhdvhv dv zhoo1

Lqwxlwlyho|/ zkhq wkh glvfrxqw idfwru lv orz/ wkh orz0txdolw| �up dozd|v �qgv lw lq

lwv ehvw lqwhuhvw wr plplf wkh kljk0txdolw| �up*v orfdwlrq dqg wkxv vhsdudwlrq lv qrw

srvvleoh1 Dv wkh glvfrxqw idfwru lqfuhdvhv/ wkh orz0txdolw| w|sh vwduwv sxwwlqj pruh

zhljkw rq wkh ixwxuh shulrgv +zkhq lw zloo eh frpshwlqj lq wkh pdunhw diwhu lw kdv

ehhq uhyhdohg wkdw lwv txdolw| lv orz, dqg wkh whpswdwlrq wr plplf wkh kljk0txdolw|

�up*v orfdwlrq ehfrphv zhdnhu/ doorzlqj/ lq wxuq/ wkh kljk0txdolw| �up wr dfklhyh

vhsdudwlrq zlwk d vpdoohu glvwruwlrq uhodwlyh wr wkh ixoo0lqirupdwlrq orfdwlrq 7�1

Zkloh dq| % wkdw vdwlv�hv +614;, phdqv wkdw wkh orz0txdolw| �up zrxog qrw �qg lw

lq lwv lqwhuhvw wr plplf/ zh duh sulpdulo| lqwhuhvwhg lq htxloleuld zkhuh wkh kljk0txdolw|

w|sh fkrrvhv wkh orfdwlrq/ �EM�c wkdw vdwlv�hv +614;, zlwk htxdolw|1 Dv phqwlrqhg

deryh/ wklv lv wkh xqltxh vhsdudwlqj htxloleulxp wkdw vdwlv�hv wkh �lqwxlwlyh fulwhulrq�

ri Fkr dqg Nuhsv ^9`1 Wkh lghd lv dv iroorzv1 Frqvlghu dq htxloleulxp zkhuh wkh

kljk0txdolw| w|sh orfdwhv dw %c zlwk % 	 �EM� 	 7�� Frqvlghu qrz d ghyldwlrq wr

orfdwlrq %�c zlwk % 	 %� 	 �EM�� Zkdw vkrxog eh wkh eholhiv diwhu revhuylqj vxfk

d ghyldwlrqB Dffruglqj wr wkh �lqwxlwlyh fulwhulrq/� wkh eholhiv vkrxog dvvljq }hur

suredelolw| wr wkh orz0txdolw| w|sh1 Wkh uhdvrq lv wkdw wkh orz0txdolw| w|sh zrxog

qrw fkrrvh wkdw orfdwlrq hyhq xqghu wkh prvw idyrudeoh eholhiv/ wkdw lv/ hyhq li lw lv

lqwhusuhwhg wr eh kljk0txdolw| zlwk suredelolw| rqh +lq wkh �uvw shulrg,1 Zh nqrz

wkdw wklv lv wuxh ehfdxvh/ e| frqvwuxfwlrq/ dq| orfdwlrq dw wkh ohiw ri �EM� phdqv

wkdw wkh orz txdolw| �up zrxog qrw fkrrvh wr orfdwh wkhuh hyhq li lw zhuh lqwhusuhwhg

dv kljk txdolw|1 Jlyhq qrz wkdw wkh orz0txdolw| �up zrxog qhyhu fkrrvh %�c eholhiv

vkrxog dvvljq suredelolw| rqh wr wkh kljk w|sh diwhu revhuylqj d orfdwlrq %�� Exw wkhq/

li lw lv wr eh lqwhusuhwhg dv d kljk0txdolw| w|sh/ wkh kljk0txdolw| w|sh zrxog suhihu wr

eh orfdwhg dw %� udwkhu wkdq dw %/ wkdw lv/ wkh orfdwlrq dw %� zrxog jlyh kljkhu sur�w

wr wkh kljk0txdolw| w|sh wkdq wkh sur�w xqghu wkh sursrvhg htxloleulxp1 Zh frqfoxgh

wkdw dq htxloleulxp zkhuh wkh kljk0txdolw| w|sh orfdwhv dw %c zlwk % 	 �EM� idlov
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wkh �lqwxlwlyh fulwhulrq/� dqg wkdw wkh rqo| htxloleulxp wkdw vxuylyhv wkh �lqwxlwlyh

fulwhulrq� dvvljqv orfdwlrq �EM� wr wkh kljk txdolw|0w|sh164

Qrwh wkdw +614;, jxdudqwhhv wkdw wkh orz0txdolw| w|sh grhv qrw zlvk wr plplf wkh

kljk0txdolw| w|sh1 Vlploduo|/ zh fdq zulwh grzq frqglwlrqv iru wkh kljk0txdolw| w|sh

qrw wr kdyh d sur�wdeoh ghyldwlrq1 Dv lq wkh h{dpsoh glvfxvvhg deryh/ li B ' � dqg

�EM� 	 7�c lw lv lpphgldwh wkdw wkh ixoo0lqirupdwlrq rswlpdo orfdwlrq 7� uhsuhvhqwv d

sur�wdeoh ghyldwlrq iru wkh kljk0txdolw| w|sh= wkhq wkhuh lv qr uhdvrq wr glvwruw wkh

�uvw shulrg orfdwlrq jlyhq wkdw txdolw| lv uhyhdohg diwhu wkh �uvw shulrg1 Rq wkh rwkhu

kdqg/ li eholhiv dw dq| orfdwlrq rwkhu wkdq �EM� duh wkdw txdolw| lv orz/ li B ' f wkh

ghyldwlrq wkdw jlyhv wkh kljkhvw sur�w lv wr srlqw 41 Pruh jhqhudoo|/ iru wkh kljk0

txdolw| �up qrw wr kdyh dq lqfhqwlyh wr ghyldwh iurp wkh htxloleulxp orfdwlrq �EM�c

zh uhtxluh wkdw

4@ 
%Md 7�c�o

iZEfc %� n B

�� B
ZE�c %( 7̂�j � ZE�c �EM�c 7̂�

�� B
c ru +614<,

4@ 
%Md 7�c�o

iEe%� %2�2

�H%
n

B

�� B

Ee%� %2 n 7̂�2

�H%
j � �

�� B

Ee�EM�� E�EM��2 n 7̂�2

�H�EM�
�

Iurp wkh deryh glvfxvvlrq lw vkrxog eh fohdu krz d vhsdudwlqj htxloleulxp fdq eh

frqvwuxfwlqj1 Zh vxppdul}h wkh glvfxvvlrq dv iroorzv1

Sursrvlwlrq 81 Orfdwlrq pd| eh d vljqdo ri txdolw|1 Frqvlghu wkh lqfrpsohwh lq0

irupdwlrq jdph gh�qhg deryh1 Zkhq wkh glvfrxqw idfwru/ Bc lv forvh wr }hur/ d vhs0

dudwlqj htxloleulxp grhv qrw h{lvw +vlqfh wkh w|sh wkdw kdv orzhu htxloleulxp sur�w

64Wklv lv dovr wkh htxloleulxp wkdw vdwlv�hv wkh �xqghihdwhg� uh�qhphqw ri Pdlodwk/ Rnxqr0

Ixmlzdud/ dqg Srvwohzdlwh ^54` wkdw sodfhv uhvwulfwlrqv rq eholhiv dfurvv htxloleuld1 Wkh htxloleulxp

zkhuh wkh kljk0txdolw| w|sh orfdwhv dw E+K, �ghihdwv� wkh htxloleuld zkhuh wkh kljk0txdolw| w|sh

orfdwhv dw {> { ? E+K,> wkdw lv/ pruh glvwdqfhg iurp wkh ixoo lqirupdwlrq orfdwlrq/ �E= Urxjko|

vshdnlqj/ jlyhq wkdw wkhuh lv dovr dq htxloleulxp zkhuh wkh kljk0txdolw| w|sh orfdwhv dw {3 zlwk

{ ? {3 ? E+K,> zkhq frqvlghulqj wkh ruljlqdo htxloleulxp/ d ghyldwlrq wr {3 vkrxog eh lqwhusuhwhg

dv �d sursrvdo� iru wkh vhfrqg htxloleulxp1 Lq sduwlfxodu/ r�0wkh htxloleulxp eholhiv vkrxog eh frq0

vlvwhqw zlwk eholhiv dw wkh rwkhu htxloleulxp1 Exw wkhq/ fohduo| d sur�wdeoh ghyldwlrq h{lvwv +wr {3,

wkdw xsvhwv wkh htxloleulxp zlwk orfdwlrq dw {1
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zrxog plplf wkh rwkhu w|sh*v orfdwlrq,1 Zkhq B lv forvh wr 4/ wkhuh lv vhsdudwlrq

zlwk hdfk w|sh vhohfwlqj wkhlu ixoo0lqirupdwlrq orfdwlrqv +dqg/ vr/ vhsdudwlrq lqyroyhv

qr glvwruwlrq ri orfdwlrq fkrlfhv,1 Zkhq B lv qrw wrr forvh wr 4 ru wrr forvh wr }hur/

wkhuh lv d xqltxh vhsdudwlqj htxloleulxp wkdw vdwlv�hv wkh �lqwxlwlyh fulwhulrq�1 Lq wklv

htxloleulxp/ wkh kljk0txdolw| w|sh pd| fkrrvh wr orfdwh forvhu wr frpshwlwlrq wkdq

xqghu ixoo0lqirupdwlrq1

Lw lv khosixo wr suhvhqw khuh vrph qxphulfdo h{dpsohv1 Xvlqj +614;, zh fdq fdo0

fxodwh wkdw wkh fulwlfdo orfdwlrq +wkh rqh vdwlvi|lqj +614;, zlwk htxdolw|, lv % ' f�H.D

li B ' f�bD dqg 7̂ ' ��2c % ' f�..� li B ' f�b dqg 7̂ ' ��2c % ' f�Db2 li B ' f�H dqg

7̂ ' ��2c dqg % ' f�HHD li B ' f�bD dqg 7̂ ' ���� Dv glvfxvvhg deryh/ zh fdq wkhq

frqvwuxfw vhsdudwlqj htxloleuld +wkdw vdwlvi| wkh �lqwxlwlyh fulwhulrq�,165 Iru h{dpsoh/

zkhq B ' f�b dqg 7̂ ' ��2 zh kdyh �EM� ' f�..� dqg �Eu� ' �� Qrwh wkdw/ xqghu

ixoo lqirupdwlrq/ d �uvw pryhu zlwk txdolw| 7̂ ' ��2 zrxog fkrrvh wr orfdwh dw f�H..

dqg wkxv vhsdudwlrq khuh lpsolhv fkrrvlqj wr orfdwh forvhu wr frpshwlwlrq +wkdq xqghu

ixoo lqirupdwlrq, lq rughu wr vljqdo kljk txdolw|1 Qrwh wkdw/ iru d jlyhq 7̂c d kljkhu

ydoxh ri B ohdgv wr d kljkhu % +dqg forvhu wr wkh ixoo lqirupdwlrq srlqw 7��1 D kljkhu B

pdnhv plplfnlqj pruh frvwo| iru wkh orz0txdolw| w|sh dqg/ vr/ wkh kljk0txdolw| w|sh

grhv qrw qhhg wr glvwruw lwv orfdwlrq e| pxfk iru wkh orz0txdolw| w|sh qrw wr eh deoh

wr plplf1

65Lw fdq eh dovr fkhfnhg wkdw/ iru wkhvh ydoxhv/ wkh kljk0txdolw| w|sh kdv qr sur�wdeoh ghyldwlrq1

Iru h{dpsoh/ frqvlghu � @ 3=<> �t @ 4=5 dqg dq htxloleulxp zlwk E+K, @ 3=::4 dqg E+O, @ 4= Lw

fdq eh fdofxodwhg wkdw/ lq htxloleulxp/ wkh kljk0txdolw| w|sh kdv shu0shulrg sur�w 3= <;3;<> zlwk d

wrwdo sur�w ri 3= <;3;<@+4 � 3=<3, @ <= ;3;<= D ghyldwlrq wr 4 zrxog jlyh sur�w 3=8 . 3=<3
4�3=<3+=<;, @

<= 65 ? <= ;3;<> zkloh d ghyldwlrq wr �E @ 3=;:: +dqg dvvxplqj wkdw lw lv lqwhusuhwhg dv d orz txdolw|

lq wkh �uvw shulrg, jlyhv ryhudoo sur�w 3=7:84< . 3=<3
4�3=<3+=<;5;4, @ <= 6538 ? <= ;3;<= Vlploduo|/ lv

fdq eh vkrzq wkdw dq| rwkhu ghyldwlrq jlyhv orzhu sur�w wkdq 3= <;3;</ dqg wkxv wklv frq�jxudwlrq

frqvwlwxwhv dq htxloleulxp1
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6161 Ixuwkhu revhuydwlrqv

Rxu dqdo|vlv deryh kdv frqvlghuhg rqo| vrph ri wkh dvshfwv ri orfdwlrq lq dq hqylurq0

phqw zlwk lqfrpsohwh lqirupdwlrq derxw txdolw|1 Rxu jrdo zdv wr ghprqvwudwh krz

orfdwlrq pd| vhuyh dv d vljqdo ri txdolw|/ dqg zh fkrvh wr gr wklv zlwklq d iudphzrun

wkdw zh kdyh wulhg wr nhhs dv vlpsoh dv srvvleoh1 Ri frxuvh/ pdq| dgglwlrqdo dvshfwv

ri wkh sureohp uhpdlq rshq/ lqfoxglqj dowhuqdwlyh wlplqj dvvxpswlrqv lq wkh jdph/

zlwk vrph ri wkhvh glvfxvvhg odwhu lq wkh sdshu1

D qxpehu ri revhuydwlrqv duh lq rughu uhjduglqj wkh deryh dqdo|vlv1 Iluvw/ zh kdyh

h{dplqhg krz orfdwlrq pd| vljqdo txdolw|1 Lw lv lpsruwdqw wr qrwh wkdw/ lq sulqflsoh/

eholhiv fdq eh lq xhqfhg/ ri frxuvh/ qrw rqo| e| d �up*v orfdwlrq exw dovr e| lwv sulfh

+ru rwkhu fkrlfh yduldeohv,1 Vr/ lq pruh jhqhudo vhwwlqjv/ zh frxog kdyh vljqdolqj

wkurxjk orfdwlrq/ vljqdolqj wkurxjk sulfh/ ru erwk1 Rxu irupxodwlrq uhtxluhv eholhiv

wr eh iruphg diwhu wkh hqwudqw*v orfdwlrq lv revhuyhg/ dqg wkhq sulfhv wr eh ghwhuplqhg

lq wkh vxejdph jlyhq wkhvh eholhiv166 Lq sduwlfxodu/ lq wkh prgho frqvlghuhg lw lv qrw

srvvleoh iru �upv wr vhsdudwh zlwk uhvshfw wr sulfhv zkhq wkh| duh srrolqj zlwk uhvshfw

wr orfdwlrqv1 Wklv lv ehfdxvh wkhuh lv qr phfkdqlvp lq wkh sdshu wkdw suhyhqwv d orz

txdolw| �up iurp plplfnlqj wkh kljk txdolw| �up*v vwudwhj|1 Phfkdqlvpv wkdw doorz

sulfhv wr ixqfwlrq dv vljqdov ri txdolw|/ iru h{dpsoh wkh suhvhqfh ri vrph lqiruphg

frqvxphuv/ frvw gl�huhqfhv/ dqg uhshdw sxufkdvhv/ kdyh ehhq h{soruhg lq wkh olwhudwxuh

lq d ydulhw| ri prghov167 Wr irfxv rq wkh pdlq srlqw/ zh kdyh nhsw wkh prgho khuh dv

vlpsoh dv srvvleoh1 Rxu irupxodwlrq dsshduv d uhdvrqdeoh vwduwlqj srlqw zklfk doorzv

xv wr irfxv rq wkh lqirupdwlrq uroh ri orfdwlrqv1 Krzhyhu/ h{whqvlrqv ri wklv zrun/

hpsor|lqj pruh jhqhudo irupxodwlrqv/ pljkw doorz xv wr dovr frqvlghu lvvxhv uhodwhg

wr pxowl0glphqvlrqdo vljqdolqj168 Lq rxu fdvh/ wkh vlwxdwlrq lv frpsolfdwhg e| wkh

66Wklv lv frqvlvwhqw zlwk wkh qrwlrq wkdw orfdwlrq +ru surgxfw fkdudfwhulvwlfv, duh pruh gl!fxow wr

fkdqjh wkdq sulfhv1

67Vhh/ iru h{dpsoh/ Plojurp dqg Urehuwv ^55` dqg Edjzhoo dqg Ulrugdq ^7`1

68Vhh/ iru h{dpsoh/ Plojurp dqg Urehuwv ^55` rq vljqdolqj wkurxjk d frpelqdwlrq ri dgyhuwlvlqj
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idfw wkdw/ diwhu wkh hqwudqw fkrrvhv lwv orfdwlrq/ sulfhv duh ghwhuplqhg lq htxloleulxp

e| erwk wkh lqiruphg dqg wkh xqlqiruphg �up/ lqvwhdg ri doo xqlqiruphg djhqwv

+frqvxphuv dqg d �up, prylqj rqo| diwhu wkh| revhuyh wkh orfdwlrq dqg sulfh ri

wkh �up zlwk sulydwh lqirupdwlrq1 Qrwh dovr wkdw d nh| gl�huhqfh ehwzhhq wkh wzr

vwudwhjlf yduldeohv lq wkh prgho lv wkdw orfdwlrq fdqqrw eh fkdqjhg iurp shulrg wr

shulrg zkloh wkh sulfh fdq eh fkdqjhg1

Dq dgglwlrqdo srlqw frqfhuqlqj srrolqj lv wkh iroorzlqj1 Frqvlghu djdlq wkh jdph

zkhuh wkh �uvw hqwudqw kdv txdolw| ^ 5 ifc 7̂j exw qrz vxssrvh wkdw 7̂ lv voljkwo| ehorz

4 vr wkdw erwk w|shv ri wkh �uvw pryhu zrxog kdyh fkrvhq wr orfdwh dw srlqw 4 xqghu

ixoo lqirupdwlrq1 Exw wklv grhv qrw qhfhvvdulo| phdq wkdw erwk �upv zlwk orfdwlrq

dw srlqw 4 uhsuhvhqwv d �sodxvleoh� srrolqj htxloleulxp ri wkh lqfrpsohwh lqirupdwlrq

jdph1 Lq sduwlfxodu/ wkh kljk0txdolw| w|sh pd| kdyh dq lqfhqwlyh +li wkh glvfrxqw

idfwru lv qrw wrr forvh wr 4, wr vljqdo lwv txdolw| e| orfdwlqj forvhu wr frpshwlwlrq1

Zh eulh | glvfxvv wklv srlqw khuh1 Vxssrvh wkdw zh kdyh d srrolqj htxloleulxp zkhuh

erwk w|shv orfdwh dw 41 Wklv pd| lqghhg eh vxssruwhg dv d srrolqj htxloleulxp/ zlwk

srvwhulru eholhiv iroorzlqj wkh sulru glvwulexwlrq dw hdfk orfdwlrq1 Exw wkhvh �r�0wkh

htxloleulxp� eholhiv pd| eh sureohpdwlf dqg wkh htxloleulxp pd| idlo wkh �lqwxlwlyh

fulwhulrq1� Wkh lghd lv djdlq wkdw d ghyldwlrq iurp 4 wr vrph rwkhu orfdwlrq pd| kdyh

wr eh lqwhusuhwhg dv frplqj iru d kljk0txdolw| w|sh +ehfdxvh wkh orz txdolw| w|sh

zrxog qhyhu fkrrvh wr ghyldwh wr vxfk d orfdwlrq,/ dqg wkhq d kljk0txdolw| �up pd|

lqghhg kdyh dq lqfhqwlyh wr ghyldwh wr wkdw orfdwlrq169

dqg sulfhv/ dqg Zlovrq ^63` iru pxowl0glphqvlrqdo vljqdolqj uhvxowv1

69Pruh irupdoo|/ htxloleulxp sd|r�v zrxog eh �+�> 4> �t, . �
4��

�+4> 4> �t, iru wkh kljk0txdolw| w|sh/

dqg �+�> 4> �t, . �
4��

�+3> 4, iru wkh orz0txdolw| w|sh1 Frqvlghu d ghyldwlrq wr d orfdwlrq {3 ? 4= Iru

vrph sdudphwhu ydoxhv/ zh kdyh wkdw wkh orz0txdolw| w|sh grhv qrw zdqw wr pryh wr {3> hyhq li

lqwhusuhwhg dv kljk0txdolw| +lq wkh �uvw shulrg,= �+4> {3> �t, . �
4��

�+3> {3, � �+�> 4> �t, . �
4��

�+3> 4,=

Rq wkh rwkhu kdqg/ wkh kljk txdolw| w|sh pd| zdqw wr pryh wr {3 li eholhiv sxw suredelolw| rqh wr

kljk txdolw|= �+4>{3>�t,
4��

� �+�> 4> �t, . �
4��

�+4> 4> �t,= Lq vxfk d fdvh/ wkh �lqwxlwlyh fulwhulrq� idlov1
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71 H{whqvlrqv dqg dowhuqdwlyh irupxodwlrqv

Wkxv idu wkh sdshu kdv suhvhqwhg wkh pdlq lqwxlwlrq dqg uhvxowv/ lq d iudphzrun wkdw

lv dv vlpsoh dv srvvleoh dqg pdnhv wkh dqdo|vlv hdv| wr frpsduh wr h{lvwlqj uhvhdufk

lq wkh duhd1 Wkhuh duh d qxpehu ri dowhuqdwlyh irupxodwlrqv/ krzhyhu/ dqg srvvleoh

h{whqvlrqv ri wkh dqdo|vlv wkdw lv xvhixo wr frqvlghu lq rughu wr rewdlq d pruh frpsohwh

xqghuvwdqglqj ri wkh sureohp1

7141 Orfdwlrqv rxwvlgh wkh xqlw lqwhuydo

Rxu dqdo|vlv kdv iroorzhg sdvw zrun rq orfdwlrq fkrlfhv wkdw/ zlwk yhu| ihz h{fhswlrqv/

kdv dvvxphg wkdw �upv fdqqrw orfdwh rxwvlgh wkh +xqlw, lqwhuydo zkhuh frqvxphuv duh

orfdwhg1 Krzhyhu/ lq vrph vlwxdwlrqv lw lv uhdvrqdeoh wr dvvxph wkdw �upv fdq orfdwh

rxwvlgh wkh lqwhuydo ri frqvxphuv* orfdwlrqv1 Iru frpsohwhqhvv/ zh qrz uhod{ wklv

dvvxpswlrq1 Wkh jrdo lv wr xqghuvwdqg krz orfdwlrq lqfhqwlyhv ydu| dv d ixqfwlrq ri

wkh txdolw| gl�huhqfh ehwzhhq wkh �upv lq wkh jdph zlwk hqodujhg vwudwhj| vsdfhv1

Dv vkrzq ehorz/ zkhuhdv lw vwloo uhpdlqv wuxh wkdw wkh orz0txdolw| �up kdv d vwurqjhu

lqfhqwlyh wkdq wkh kljk0txdolw| �up wr pryh dzd| iurp wkh frpshwlwlrq/ doorzlqj wkh

�upv wr orfdwh rxwvlgh wkh xqlw lqwhuydo jhqhudwhv qhz lqvljkwv1 Zlwk uhvshfw wr wkh

irupdo dqdo|vlv/ zh pdlqwdlq doo wkh dvvxpswlrqv pdgh lq wkh edvlf prgho/ h{fhsw

wkdw �upv fdq qrz fkrrvh wr orfdwh dq|zkhuh rq wkh uhdo olqh16:

Sursrvlwlrq 91 Vxssrvh wkdw wkh wzr �upv/ � dqg �c fdq fkrrvh dq| orfdwlrq rq

wkh uhdo olqh dqg wkdw wkh| fkrrvh wkhlu orfdwlrqv vlpxowdqhrxvo|1 Lq htxloleulxp/ wkh

orz txdolw| �up/ �/ kdv srvlwlyh sulfh +dqg pdunhw vkduh, li dqg rqo| li ^*| � b*e1

Iru ^*| � b*e wkh htxloleulxp orfdwlrqv duh

6:Vhh Dqghuvrq/ Jrhuhh/ dqg Udphu ^4` iru d fkdudfwhul}dwlrq ri wkh htxloleulxp +zkhq �upv fdq

eh orfdwhg rxwvlgh wkh xqlw lqwhuydo, iru pruh jhqhudo frqvxphu ghqvlwlhv +wklv zrun/ krzhyhu/ grhv

qrw h{dplqh krz �upv* lqfhqwlyhv fkdqjh zkhq �upv gl�hu zlwk uhvshfw wr txdolw|/ zklfk lv rxu

irfxv,1
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dqg �1,

Surri1 Vlpsoh dujxphqwv vkrz wkdw wkh htxloleulxp sulfh h{suhvvlrqv lq Sursrvlwlrq

4 duh vwloo ydolg zkhq �upv fkrrvh orfdwlrqv rxwvlgh wkh ^3/4` lqwhuydo1 Wkhq zh

fdq surfhhg dv ehiruh wr rewdlq wkh h{suhvvlrqv iru sur�wv dv ixqfwlrqv ri wkh �upv*

orfdwlrqv dqg xvlqj wkh hqyhorsh wkhruhp zh kdyh

YZW�
Y�
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E����E���� n 2�� ^*|

SE����2

dqg
YZW�
Y�

' �RW�
E����Ee n �� ��� n ^*|

SE����2
�

Vxevwlwxwlqj wkh uhohydqw sulfh h{suhvvlrqv dqg vroylqj wkh v|vwhp ri wkh wzr �uvw0

rughu frqglwlrqv/6; zh rewdlq wkh htxloleulxp orfdwlrqv +7153, dqg/ vxevwlwxwlqj lqwr

wkh sulfh h{suhvvlrqv lq Sursrvlwlrq 4/ zh rewdlq wkh htxloleulxp sulfhv1 Zh rqo|

qhhg wr frqvlghu wkh srvvlelolw| wkdw wkh kljk0txdolw| �up fdswxuhv wkh hqwluh pdunhw1

Vwudljkwiruzdug fdofxodwlrqv vkrz wkdw wklv grhv qrw kdsshq li dqg rqo| li ^*| � b*e

+wklv frqglwlrq lv htxlydohqw wr RW� � f,1

Lw iroorzv iurp wkh deryh Sursrvlwlrq/ wkdw zkhq wkhuh lv qr txdolw| gl�huhqfh

+^ ' f,/ wkh �upv orfdwh dw ��*e dqg D*e +zlwk sulfhv htxdo wr �|*2,1 Dovr/ wkh

glvwdqfh ri wkh wzr �upv/ � � � ' �*2 lv frqvwdqw iru doo ^1 Dv ^ lqfuhdvhv/ wkh

kljk0txdolw| �up/ �/ pryhv forvhu wr �*2/ zkloh �up � lv sxvkhg ixuwkhu dzd| wr wkh

6;Wkh v|vwhp ri wkh �uvw0rughu frqglwlrqv ehfrphv 5+D � E, . 6D5 � 7DE . E5 @ t@w dqg

7+E �D.DE,� 6E5 �D5 @ t@w1
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ohiw1 Lq dgglwlrq/ dv ^ lqfuhdvhv/ RW� lqfuhdvhv zkloh RW� ghfuhdvhv1 Zkhq ^*| ' b*ec

wkh kljk0txdolw| �up lv orfdwhg dw �*2 +zlwk sulfh �|,/ zkloh wkh orz txdolw| �up lv

orfdwhg dw �� +zlwk }hur sulfh,1 Iljxuh ; uhsuhvhqwv wkh htxloleulxp orfdwlrqv16<

Revhuyh wkdw wklv dqdo|vlv kdv lpsolfdwlrqv wkdw duh gl�huhqw iurp zkhq �upv duh

frqvwudlqhg wr orfdwh zlwklq wkh xqlw lqwhuydo1 Lq sduwlfxodu/ wkh glvwdqfh ehwzhhq

wkh wzr �upv grhv qrw fkdqjh +dw ohdvw dv orqj dv wkh txdolw| gl�huhqfh lv qrw wrr

odujh,1 Pruh lpsruwdqwo|/ iurp wkh srlqw ri ylhz ri wklv sdshu/ wkh kljk txdolw| �up*v

htxloleulxp orfdwlrq lv d prqrwrqlf ixqfwlrq ri txdolw| dqg wkh kljk txdolw| �up

fkrrvhv orfdwlrqv wkdw duh forvhu wr wkh plgsrlqw ri wkh xqlw lqwhuydo wkdq wkh orz

txdolw| �up*v orfdwlrqv1 Wklv prqrwrqlflw| pdnhv lw hdv| wr frqvlghu orfdwlrq dv d

vljqdo wr txdolw|1 Rqh fdq kdyh dq dqdo|vlv vlplodu wr wkh rqh suhvhqwhg hduolhu lq wkh

sdshu dqg vhh wkdw/ zkhq �upv kdyh sulydwh lqirupdwlrq derxw wkhlu txdolw|/ �upv

fdq xvh wkhlu orfdwlrq dv d vljqdo/ zlwk kljk0txdolw| �upv fkrrvlqj wr orfdwh forvhu wr

wkh plgsrlqw ri wkh xqlw lqwhuydo wkdw wkh| zrxog xqghu ixoo lqirupdwlrq173

6<Dv lq wkh fdvh zkhq orfdwlrqv duh uhvwulfwhg wr eh lq ^3> 4` zh frxog dovr frqvlghu sdudphwhu

ydoxhv eh|rqg wkh srlqw zkhuh wkh kljk0txdolw| �up fdswxuhv wkh hqwluh pdunhw1 Lq sduwlfxodu/ lw

fdq eh vkrzq wkdw/ dv t@w lqfuhdvhv eh|rqg <@7/ D kdv dq lqfhqwlyh wr pryh ixuwkhu wr wkh ohiw +sdvw

wkh srlqw 4@5,1 Wkh dqdo|vlv lv qrw hvvhqwldo iru rxu uhvxowv +dqg lv frpsolfdwhg vlqfh lw lqyroyhv d

qxpehu ri fruqhu vroxwlrqv,/ dqg lv wkxv rplwwhg1

Zh fdq dovr ghulyh wkh orfdwlrq fkrlfhv xqghu vhtxhqwldo pryhv= Djdlq frqvlghu t@w � <@7 dqg

vxssrvh wkdw �up E pryhv �uvw1 Lw lv vwudljkwiruzdug wr vkrz wkdw wkh rswlpdo orfdwlrq iru wkh

iroorzhu/ D> lv 4
6 ^+5E � 4, � s

+E . 4,5 . +6t@w,` dqg wkdw/ vxevwlwxwlqj wklv fkrlfh lqwr �up E*v

sur�w/ zh rewdlq C�E@CE @ sE^+4@
s
+4 .E,5 . +6t@w,, � +5@6,` zklfk lv qhjdwlyh lq wkh uhohydqw

udqjh +E � 4@5,1 Zh frqfoxgh wkdw/ iru t@w � <@7/ zkhq �up E pryhv �uvw lw fkrrvhv wr orfdwh dw

4@5 zkloh D orfdwhv dw �s
+4@7, . +t@6w,= Wkh iroorzhu*v orfdwlrq/ wkhuhiruh/ udqjhv iurp �4@5 +iru

t@w @ 3, wr �4 +iru t@w @ <@7,1

73Qrwlfh wkdw/ ghshqglqj rq zkhwkhu fkrlfhv duh vhtxhqwldo ru vlpxowdqhrxv/ dqrwkhu h�hfw pd|

eh lpsruwdqw khuh/ wkdw d �up pd| zdqw wr lqgxfh lwv ulydo wr orfdwh dv idu dv srvvleoh iurp �lwv

pdunhw�1 Wkh vlpsohvw vlwxdwlrq lq zklfk rqh fdq h{dplqh wkh vljqdolqj uroh ri sulfhv lv zkhq rqh

ri wkh �upv/ vd| D/ kdv douhdg| dq hvwdeolvkhg orfdwlrq lq wkh pdunhw dqg �up E/ zklfk kdv sulydwh

lqirupdwlrq derxw lwv txdolw|/ fkrrvhv lwv orfdwlrq +djdlq zlwk txdolw| ehfrplqj nqrzq diwhu wkh �uvw
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7151 Frqvxphu khwhurjhqhlw| zlwk uhvshfw wr txdolw|

Lq wkh prgho/ zh kdyh dvvxphg wkdw frqvxphuv duh rqo| gl�huhqwldwhg zlwk uhvshfw

wr rqh ri wkh surgxfw glphqvlrqv dqg zh kdyh dvvxphg wkdw txdolw| hqwhuv doo frq0

vxphuv* xwlolw| ixqfwlrq lq wkh vdph zd| +vhh h{suhvvlrq +4,,1 Lq jhqhudo/ zkloh doo

frqvxphuv djuhh rq wkh udqnlqj ri gl�huhqw txdolwlhv/ wkh| pd| gl�hu zlwk uhvshfw wr

wkhlu ydoxdwlrq iru txdolw|1 Pruh suhflvho| dqg iroorzlqj Pxvvd dqg Urvhq ^56`/ lq

+4, zh frxog suh0pxowlso| ^� e| d sdudphwhu w/ zlwk w glvwulexwhg dfurvv frqvxphuv174

Vxfk d irupxodwlrq zrxog fkdqjh wkh dqdo|vlv lq wkh iroorzlqj zd|1 Zlwk hqrxjk

gl�huhqwldwlrq lq frqvxphuv* wdvwhv iru txdolw|/ d orz0txdolw| �up frxog pdnh srvlwlyh

sur�w hyhq li lw kdg wkh vdph orfdwlrq dv lwv kljk0txdolw| ulydo1 Wkh lghd/ zklfk lv

fhqwudo lq pxfk ri wkh yhuwlfdo gl�huhqwldwlrq olwhudwxuh/ lv wkdw vrph frqvxphuv ex|

kljk txdolw| +dw kljk sulfh, dqg rwkhuv orz txdolw| +dw orz sulfh,1 Wkxv/ iru dq| jlyhq

�up/ wkh qhhg wr gl�huhqwldwh lq wkh krul}rqwdo glphqvlrq lv qrz qrw dv lpshudwlyh

dqg wkh vwudwhjlf lqfhqwlyhv h{soruhg lq wkh sdshu ehfrph uhodwlyho| zhdnhu175 Krz0

hyhu/ hyhq lq wklv �hqulfkhg� prgho/ lw zrxog eh wuxh wkdw d orz0txdolw| �up kdv d

vwurqjhu lqfhqwlyh wkdq d kljk0txdolw| �up wr gl�huhqwldwh lwvhoi iurp d ulydo1 Wkxv/

dw ohdvw zkhq frqvxphu khwhurjhqhlw| zlwk uhvshfw wr wkh txdolw| fkdudfwhulvwlf lv qrw

wrr juhdw/ wkh edvlf lqwxlwlrq dqg uhvxowv ri wkh sdshu zrxog uhpdlq ydolg1

shulrg,1 Wkhq/ e| orfdwlqj forvhu wr �up D wkdq xqghu ixoo lqirupdwlrq/ �up E pd| vljqdo kljk

txdolw|1

74Frqvxphuv duh wkhq glvwulexwhg rq d wzr0glphqvlrqdo vsdfh/ zkloh lq wkh prgho wkh| duh glv0

wulexwhg rq d olqh1

75Lq Qhyhq dqg Wklvvh ^57`/ iru vrph sdudphwhu ydoxhv/ wkh �gluhfw� h�hfw grplqdwhv wkh �sulfh0

frpshwlwlrq� h�hfw dqg �upv zlwk gl�huhqw txdolwlhv fkrrvh wr orfdwh dw wkh plgsrlqw ri wkh xqlw

lqwhuydo1 Vhh dovr irrwqrwh 55 dqg wkh glvfxvvlrq lq Vhfwlrq 519 deryh1

6:



7161 Orz ydoxhv uhodwlyh wr wkh rxwvlgh rswlrq

Lq wkh dqdo|vlv zh kdyh dvvxphg wkdw doo frqvxphuv suhihu wr sxufkdvh rqh xqlw ri wkh

jrrg wr qrw sxufkdvlqj dw doo1 Lq rwkhu zrugv/ zh kdyh dvvxphg wkdw - lq h{suhvvlrq

+514, lv odujh hqrxjk wkdw/ lq htxloleulxp/ frqvxphuv dozd|v fkrrvh wr sxufkdvh iurp�

ru �1 Zkloh vxfk dq dvvxpswlrq lv vwdqgdug lq wkh olwhudwxuh dqg dsshduv uhdvrqdeoh

iru rxu dqdo|vlv/ lw lv lqwhuhvwlqj wr glvfxvv wkh lpsolfdwlrqv ri uhod{lqj lw176 Wkh

srlqw khuh lv wkdw zkhq �upv fdqqrw wdnh dv jlyhq wkdw doo frqvxphuv zloo sxufkdvh

iurp rqh �up ru wkh rwkhu/ wkhuh lv dq dgglwlrqdo frvw dvvrfldwhg zlwk prylqj wr dq

h{wuhph orfdwlrq/ ehfdxvh vxfk d vwudwhj| lpsolhv wkdw vrph frqvxphuv kdyh wr sd|

d kljk wudqvsruwdwlrq frvw1 Lq sduwlfxodu/ wkh deryh dqdo|vlv kdv vkrzq wkdw/ zkhq

wkh txdolw| gl�huhqfh lv odujh/ wkh kljk0txdolw| �up suhihuv wr plqlpl}h wkh glvwdqfh

iurp lwv orz0txdolw| ulydo hyhq li wkh ulydo lv orfdwhg dw dq hqgsrlqw1 Frqwulexwlqj wr

wklv uhvxow lv wkdw frqvxphuv rqo| frpsduh kljk0txdolw| wr orz0txdolw|1 Zkhq - lv

orz/ krzhyhu/ d kljk0txdolw| �up frpshwhv qrw rqo| zlwk lwv orz0txdolw| ulydo exw dovr

zlwk wkh rxwvlgh rswlrq dqg/ wkhuhiruh/ pd| fkrrvh qrw wr pryh wr dq hqgsrlqw177

Ohw xv eulh | uhylvlw wkh orfdwlrq dqg sulflqj sureohp ri wkh �upv/ doorzlqj qrz

- wr eh vpdoo1 Iru h{dpsoh/ lq Sursrvlwlrq 4 zh vdz wkdw iru - kljk hqrxjk/ li

� ' � ' fc wkh htxloleulxp sulfhv duh RW� ' f dqg RW� ' ^� Vlqfh frqvxphuv dovr

sd| wkh wudqvsruwdwlrq frvw/ li - zhuh orz uhodwlyh wr wkh rxwvlgh rswlrq/ rqo| vrph

ri wkh frqvxphuv zrxog uhfhlyh d srvlwlyh vxusoxv1 Iru doo frqvxphuv wr sxufkdvh zh

qhhg - : | � �2 ' |/ lq rwkhu zrugv/ wkh ydoxh ri wkh jrrg kdv wr eh kljkhu wkdq

wkh wudqvsruwdwlrq frvw hyhq iru wkh prvw uhprwho| orfdwhg frqvxphu1 Li - 	 | wkhq/

iru RW� ' f dqg RW� ' ^c wkh kljk0txdolw| �up ghpdqg lv ohvv wkdq 4/ dqg lw lv qrw

jxdudqwhhg wkdw wkhvh orfdwlrqv dqg sulfhv frqvwlwxwh dq htxloleulxp1 Lq idfw/ zh fdq

vkrz wkdw/ iru vrph sdudphwhu ydoxhv/ wklv lv qrw dq htxloleulxp1 Wr vhh wklv/ �uvw

76Hfrqrplghv ^43` uhod{hv wklv dvvxpswlrq dqg vkrzv wkdw wkh qrq0h{lvwhqfh sureohp lq wkh

Krwhoolqj prgho zlwk olqhdu wudqvsruwdwlrq frvw fdq eh vroyhg1

77Qrwh wkdw wkh rswlpdo orfdwlrq iru d prqrsrolvw lv wkh plgsrlqw ri wkh pdunhw lqwhuydo1
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revhuyh wkdw zkhq zh h{solflwo| uhfrjql}h wkdw frqvxphuv kdyh dq rxwvlgh rswlrq/

d frqvxphu orfdwhg dw % pd| fkrrvh wr sxufkdvh hlwkhu iurp � ru iurp � ru qrw

sxufkdvh dw doo/ dffruglqj wr 4@ i- � R� � |E% � ��2c - n ^ � R� � |E%� ��2c fj�
Ohw qrz - 	 4�?i|c ^*2j� Wkhq zh fdq vkrz wkdw zkhq � ' � ' f dqg R� ' fc wkh

rswlpdo sulfh iru � lv RW� 	 ^c zlwk RW� ' 2
�
E-n ^� li -n ^ � �| dqg RW� ' -n ^� | li

-n ^ : �|c zkloh �*v sur�w lv ZW� ' 2
�
E-n ^� li -n ^ � �| dqg ZW� ' -n ^� |

t
-n^

�|

li - n ^ : �|1 Wkhq/ lw lv hdv| wr vhh wkdw zkhq � ' fc f lv qrw dq rswlpdo orfdwlrq

iru ��78

Zh wkxv vhh wkdw zkhq frqvxphuv kdyh dq rxwvlgh rswlrq/ iru vrph sdudphwhu

ydoxhv wkhuh lv dq lqfhqwlyh iru wkh �upv wr pryh forvhu wr wkh pdunhw fhqwhu wkdq rxu

suhylrxv dqdo|vlv vxjjhvwv1 D frpsohwh dqdo|vlv ri wkh htxloleuld zkhq - lv duelwudulo|

orz uhtxluhv frqvlghulqj d qxpehu ri vlpxowdqhrxv fruqhu frqvwudlqwv dqg lv rxwvlgh

wkh vfrsh ri wklv sdshu1 H{dpsohv lqglfdwh wkdw wkhuh duh htxloleuld zkhuh/ iru -

orz/ wkh kljk txdolw|0�up fkrrvhv dq lqwhulru orfdwlrq +zlwk d orz0txdolw| �up dw dq

hqgsrlqw,1 Wkh srlqw ri wkh glvfxvvlrq khuh lv wkdw eulqjlqj dq rxwvlgh rswlrq lqwr wkh

slfwxuh pd| d�hfw wkh g|qdplfv ri frpshwlwlrq ehwzhhq wkh wzr �upv179 Uhjduglqj

wkh lqfrpsohwh lqirupdwlrq dqdo|vlv/ e| pdnlqj d fruqhu vroxwlrq ohvv ghvludeoh dqg

eulqjlqj wkh kljk0txdolw| �up wr dq lqwhulru orfdwlrq/ dq rxwvlgh rswlrq fdq eh khosixo

lq frqvlghulqj krz orfdwlrq fdq eh xvhg dv d vljqdo1

78Wkh surri lv dv iroorzv1 Zkhq E fkdujhv s ? t> qr frqvxphu suhihuv wr sxufkdvh iurp D

udwkhu wkdq E= D frqvxphu lqgl�huhqw ehwzhhq sxufkdvlqj rqh xqlw ri wkh jrrg ru qrw lv orfdwhg dw

g @
s
+U. t � s,@w= Wrwdo ghpdqg iru E lv plqig> 4j1 E*v sur�w lv ss+U. t � s,@w li s A U.t� w

dqg s li s � U . t � w dqg rswlpl}dwlrq jlyhv wkh uhvxow1 U ? plqiw> t@5j jxdudqwhhv wkdw wkh

frqvxphuv suhihu wr sxufkdvh iurp D udwkhu wkdq iurp E1 Li wklv frqglwlrq idlov/ wkh rswlpdo sulfh

iru E lv t1 Xqghu wkhvh frqglwlrqv dqg sursrvhg sulfhv/ doo frqvxphuv vwulfwo| suhihu wr sxufkdvh iurp

E wkdq iurp D1 Hyhq li E ghfuhdvhg lwv sulfh d olwwoh/ 3 zrxog vwloo eh dq rswlpdo sulfh iru D1 Rq

wkh rwkhu kdqg/ e| prylqj iurp E @ 3 voljkwo| wr lwv uljkw/ E uhod{hv wkh rxwvlgh rswlrq frqvwudlqw

dqg fdq vwulfwo| lqfuhdvh lwv ghpdqg zlwkrxw ghfuhdvlqj lwv sulfh/ wkxv lqfuhdvlqj lwv sur�w1

79Lw dsshduv olnho| wkdw vlplodu frqvlghudwlrqv dulvh lq d prgho zkhuh wkuhh/ udwkhu wkdq wzr �upv/

frpshwh lq wkh pdunhw1
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7171 Rwkhu vljqdolqj srvvlelolwlhv

Wkhuh duh vhyhudo dgglwlrqdo glphqvlrqv dqg h{whqvlrqv ri wkh sureohp xqghu lqfrp0

sohwh lqirupdwlrq1 Zh eulh | glvfxvv vrph ri wkhp khuh1 Dq lvvxh wkdw kdv ehhq ohiw

rshq lq wkh suhylrxv dqdo|vlv lv wzr0zd| vljqdolqj1 Lq wkh prgho/ rqo| rqh ri wkh

�upv kdv sulydwh lqirupdwlrq derxw lwv txdolw|/ zkhuhdv wkhuh lv v|pphwulf lqirupd0

wlrq frqfhuqlqj wkh txdolw| ri wkh vhfrqg �up1 Lw vhhpv lqwhuhvwlqj wr vwxg| �upv*

frpshwlwlrq dqg wkh lqirupdwlrq vwuxfwxuh zkhq wzr �upv/ hdfk zlwk sulydwh lqirupd0

wlrq derxw wkhlu rzq txdolw|/ fdq fkrrvh wkhlu orfdwlrqv17: Djdlq/ wkhuh lv d qxpehu

ri srvvleoh irupxodwlrqv +orfdwlrq ghflvlrqv/ iru h{dpsoh/ frxog eh vlpxowdqhrxv ru

vhtxhqwldo,1

D uhodwhg lqwhuhvwlqj srvvlelolw| lv wkdw/ zkhq d �up fkrrvhv wr orfdwh qhdu dqrwkhu

�up/ frqvxphuv wdnh wkdw orfdwlrq wr vljqdo qrw rqo| wkh hqwudqw*v lpsuhvvlrq ri lwv

rzq txdolw| exw dovr wkh hqwudqw*v lpsuhvvlrq ri wkh lqfxpehqw*v txdolw|17;

Pruh jhqhudoo|/ wkh lghd wkdw orfdwlrq +ru ydulhw|, fdq eh d vljqdo ri txdolw| fdq eh

vwxglhg lq iudphzrunv wkdw gl�hu iurp wkh rqh suhvhqwhg khuh1 Iru h{dpsoh/ vxssrvh

wkdw ghpdqg lv qrw xqlirupo| glvwulexwhg zlwk uhvshfw wr gl�huhqw ydulhwlhv1 Wkhq

wkh ghflvlrq ri d �up wr fkrrvh d orfdwlrq ru d ydulhw| wkdw lv qrw yhu| srsxodu iru

�krul}rqwdo� uhdvrqv pd| dovr eh ylhzhg dv d vljqdo ri kljk txdolw|1

81 Frqfoxvlrq

Wklv sdshu kdv h{dplqhg dvshfwv ri roljrsrolvwlf frpshwlwlrq lq pdunhwv zkhuh surg0

xfwv duh gl�huhqwldwhg erwk krul}rqwdoo| dqg yhuwlfdoo|1 Frqvxphuv pd| eh dwwudfwhg

wr d surgxfw ehfdxvh lwv ryhudoo txdolw| lv kljk/ ru ehfdxvh lw lv ri d vshfldo ydulhw|

wkdw vdwlv�hv wkhlu lqglylgxdo wdvwhv1 Wklv irupxodwlrq doorzv xv wr kljkoljkw dvshfwv

7:Vhh Pdlodwk ^53` rq vlpxowdqhrxv vljqdolqj e| �upv zlwk sulydwh lqirupdwlrq derxw wkhlu rzq

frvwv1

7;Wklv srvvlelolw| udlvhv d pxowl0vhqghu vljqdolqj lvvxh dv/ iru h{dpsoh/ lq Edjzhoo dqg Udph| ^6`1
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ri wkh uroh wkdw txdolw| sod|v lq pdunhwv wkdw duh gl�huhqw iurp wkdw lq prghov ri sxuh

yhuwlfdo gl�huhqwldwlrq1 Iurp wkh srlqw ri ylhz ri d orz0txdolw| �up/ lq wklv sdshu lw

lv �edg qhzv� li wkh txdolw| ri wkh kljk0txdolw| �up lqfuhdvhv1 Lq frqwudvw/ lq d sxuh

yhuwlfdo gl�huhqwldwlrq prgho wklv zrxog w|slfdoo| eh �jrrg qhzv�1

Wkh pdlq lghd lq wkh sdshu lv wkdw/ li �upv kdyh sulydwh lqirupdwlrq derxw surg0

xfw txdolw|/ wkhlu fkrlfh ri ydulhw| +ru orfdwlrq, fdq eh xvhg dv d vljqdo ri txdolw|1

Lq wkh prgho/ kljk0txdolw| �upv �qg lw ohvv frvwo| wkdq orz0txdolw| �upv wr orfdwh

forvhu wr ulydo �upv1 Wkxv/ orfdwlqj forvhu wr rwkhu �upv +prylqj wrzdugv vsdwldo dj0

jorphudwlrq, ru/ htxlydohqwo|/ qrw gl�huhqwldwlqj wkh surgxfw pxfk lq wkh krul}rqwdo

glphqvlrq/ pd| eh d vljqdo ri kljk txdolw|1 Iru h{dpsoh/ wkh orfdwlrq ri d uhvwdxudqw

lq d flw|*v �uhvwdxudqw glvwulfw� pd| eh d vljqdo ri kljk txdolw|/ lq wkh vhqvh wkdw lwv

txdolw| lv kljk hqrxjk wr vxuylyh lqwhqvh frpshwlwlrq1 D uhvhdufkhu zkr fkrrvhv wr

zrun rq d wrslf wkdw pdq| rwkhu uhvhdufkhuv duh vwxg|lqj pd| eh vhqglqj d vljqdo

derxw khu ryhudoo uhvhdufk delolw|1 Pruh jhqhudoo|/ wklv orjlf pd| khos h{sodlq zk|/ lq

d odujh qxpehu ri pdunhwv/ pdq| surgxfwv orrn yhu| pxfk dolnh lq fhuwdlq glphqvlrqv1

Jhqhudoo| vshdnlqj/ wklv sdshu vxjjhvwv wkdw d surgxfw fkdudfwhulvwlf pd| eh

ylhzhg dv d vljqdo ri vrph rwkhu fkdudfwhulvwlf ri wkh surgxfw wkdw frqvxphuv fduh

derxw1 Pruhryhu/ �upv pd| fkrrvh wr �glvwruw� d jlyhq fkdudfwhulvwlf ri d surgxfw

+fkrrvlqj d gl�huhqw surgxfw ghvljq wkdq xqghu ixoo lqirupdwlrq,/ lq rughu wr vljqdo

vrph rwkhu fkdudfwhulvwlf ri wkh surgxfw +vxfk dv �kljk txdolw|�,1 Lw lv qrw ehlqj

dujxhg khuh/ ri frxuvh/ wkdw wkh orjlf lq wklv sdshu lv wkh rqo| srvvleoh h{sodqdwlrq/ lq

doo pdunhwv/ iru zk| �upv pd| orfdwh forvh wr rwkhu �upv lq surgxfw ru jhrjudsklfdo

vsdfh1 Rwkhu uhdvrqv/ vxfk dv vhdufk/ kdyh ehhq suhvhqwhg lq wkh olwhudwxuh dqg d

gl�huhqw frpelqdwlrq ri uhdvrqv pd| eh pruh uhohydqw iru hdfk uhdo0olih fdvh1 Krz0

hyhu/ wkh orjlf suhvhqwhg khuh lv dq lqwuljxlqj rqh/ dv lq lqyroyhv srwhqwldo glvwruwlrqv

lq surgxfw fkdudfwhulvwlfv dqg dsshduv sodxvleoh wr wkh h{whqw wkdw djjorphudwlrq ru

rwkhu revhuyhg uhjxodulwlhv lq krul}rqwdo vsdfh dsshdu fruuhodwhg zlwk yhuwlfdo gl�hu0

hqwldwlrq fkdudfwhulvwlfv1
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Lq dgglwlrq wr wkh h{whqvlrqv glvfxvvhg lq wkh suhylrxv vhfwlrq/ wkhuh lv d qxpehu

ri rwkhu srwhqwldoo| lqwhuhvwlqj lghdv iru ixwxuh zrun1 Iru h{dpsoh/ lq vrph pdunhwv/

�upv pd| eh deoh wr sulfh glvfulplqdwh dprqj frqvxphuv1 Zkloh sdvw zrun kdv frq0

vlghuhg orfdwlrq prghov zlwk sulfh glvfulplqdwlrq/ lw dsshduv lqwhuhvwlqj wr uhylvlw wkh

lvvxh zkhq wkhuh lv dovr txdolw| gl�huhqwldwlrq1 Lq dovr vhhpv lqwhuhvwlqj wr h{dplqh

wkh uhodwlrq ehwzhhq wkh ehkdylru h{soruhg lq wklv sdshu dqg wkh lghd/ suhvhqwhg lq

wkh olwhudwxuh/ wkdw djjorphudwlrq pd| eh gxh wr vhdufk h{whuqdolwlhv1 Zh fdq uhylvlw

wkh lghd wkdw lpshuihfwo| lqiruphg frqvxphuv suhihu wr ylvlw orfdwlrqv zlwk pxowlsoh

�upv/ zkhq wkhuh lv dovr txdolw| gl�huhqwldwlrq1 Wkh srlqw khuh lv wkdw kljk0txdolw|

�upv pd| kdyh d kljkhu lqfhqwlyh wr pryh wr d �foxvwhu�/ zkhuhdv orz0txdolw| �upv

suhihu wr pryh wr d gl�huhqw orfdwlrq ehfdxvh/ zlwklq d foxvwhu/ wkh frpsdulvrq zlwk

rwkhu �upv lv qrw idyrudeoh1 Wklv frpsdulvrq/ lq wxuq/ lpsolhv wkdw dyhudjh txdolw|

pd| eh kljkhu lq d foxvwhu wkdq hovhzkhuh/ zklfk pd| dwwudfw pruh frqvxphuv wkhuh/

wkxv ixuwkhu vwuhqjwkhqlqj �upv* lqfhqwlyhv wr pryh wr d foxvwhu +dv zhoo dv sulfh frp0

shwlwlrq zlwklq d foxvwhu,1 Wklv phfkdqlvp lv uhodwhg wr exw gl�huhqw iurp wkh lghd

lq wkh suhvhqw sdshu/ zkhuh wkh dqdo|vlv lv gulyhq e| vljqdolqj/ qrw vhdufk1 Lq erwk

fdvhv/ krzhyhu/ d fhqwudo frqvlghudwlrq lv wkdw kljk0txdolw| �upv �qg lw uhodwlyho| ohvv

frvwo| wkdq orz0txdolw| �upv wr orfdwh forvhu wr frpshwlwlrq1
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Dsshqgl{

Vwxg| ri lqhtxdolw| +614;,

Wkh ohiw0kdqg vlgh ri +614;, fdq eh uhzulwwhq dv

�E%c 7̂� ' 7̂sE%c 7̂�� �c

zkhuh

sE%c 7̂� � 7̂n 2Ee%� %2�

b%� Ee%� %2�2
�

Lw lv vwudljkwiruzdug wr fkhfn wkdw wkh iroorzlqj vwdwhphqwv duh wuxh iru �E%c 7̂�1 Lw lv

frqwlqxrxv lq % 5 Efc �� dqg kdv dv|pswrwhv dw % ' f dqg % ' �1 Lq sduwlfxodu/ iru

dq| 7̂: f zh kdyh

*�4
%<fn

�E%c 7̂� ' *�4
%<�3

�E%c 7̂� ' n41

Ixuwkhu/ � lv X0vkdshg lq +fc ��1 Lwv xqltxh plqlpxp lq wklv lqwhuydo rffxuv dw srlqw

% wkdw vroyhv Y�E%c 7̂�*Y% ' f ru htxlydohqwo| +iru 7̂ 9' f� YsE%c 7̂�*Y% ' f1 Wklv odvw

frqglwlrq fdq eh zulwwhq dv

YsE%c 7̂�

Y%
'

Ee%� � 2e%2 n �2%� b�7̂� 2%2E2%� � 2f%2 n Se%� DD�

%2E�� %�2E%2 � .%n b�2
' f�

Lw fdq eh fkhfnhg wkdw/ iru 7̂ srvlwlyh/ wklv htxdwlrq kdv d xqltxh vroxwlrq1 Wklv

vroxwlrq vdwlv�hv

7̂ '
2%2E2%� � 2f%2 n Se%� DD�

e%� � 2e%2 n �2%� b

dqg % 	 f��HDS +f��HDS lv d urrw ri wkh h{suhvvlrq wkdw suh0pxowlsolhv 7̂ lq wkh qxphu0

dwru ri YsE%c 7̂�*Y%,1

Zkloh lw lv phvv| wr h{suhvv % dv d ixqfwlrq ri 7̂/ lw lv hdv| wr vkrz wkdw lq wkh

uhohydqw udqjh % 5 Efc �� dqg 7̂ : f lw uhsuhvhqwv dq rqh0wr0rqh uhodwlrq ehwzhhq wkh

wzr yduldeohv1 Lq rwkhu zrugv/ iru d jlyhq 7̂zh fdq �qg wkh ydoxh ri % wkdw plqlpl}hv
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�E%c 7̂�1 Ohw xv fdoo wklv ydoxh 	%E7̂�1 Vxevwlwxwlqj wklv ydoxh/ zh rewdlq wkh plqlpxp

ydoxh ri wkh ohiw0kdqg vlgh ri +614;,/ �E	%E7̂�c 7̂�1

Zlwk uhvshfw wr wkh pdlq dujxphqwv lq rxu dqdo|vlv/ wkhuh duh wzr lpsruwdqw

lpsolfdwlrqv khuh1 Iluvw/ � lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj lq wkh lqwhuydo E	%E7̂�c ��

dqg whqgv wrn4 dv % dssurdfkhv 41 Wkxv dv orqj dv B lv qrw wrr orz/ zh fdq ghwhuplqh

xqltxho| wkh pd{lpxp ydoxh ri % wkdw vdwlv�hv +614;, zlwk htxdolw|1 Lq sduwlfxodu/

lq wkh uhohydqw udqjh 7̂ 5 E�c ��2S.� jlyhq lq Sursrvlwlrq 5/ wklv ydoxh ri % zloo eh

dozd|v lq ehwzhhq �*2 dqg 7�1 Vhfrqg/ rqfh zh rewdlq wkh plqlpxp ydoxh �E	%E7̂�c 7̂�

zh fdq vroyh �E	%E7̂�c 7̂� ' B*E� � B� wr rewdlq ydoxh BJE7̂�c wkh plqlpxp ydoxh ri B

uhtxluhg iru d vhsdudwlqj htxloleulxp1 Iru B 	 BJE7̂� wkh orz0txdolw| �up dozd|v zdqwv

wr plplf wkh kljk0txdolw| �up vwudwhj|1 Iru B : BJE7̂� li wkh kljk0txdolw| �up fkrrvhv

d orfdwlrq %c zlwk % : �
2
: 	%E7̂�/ wkh orz0txdolw| �up zrxog suhihu wr orfdwh dw srlqw

4 udwkhu wkdq plplfnlqj wkh kljk0txdolw| vwudwhj|1
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Uhihuhqfhv

^4` Vlprq S1 Dqghuvrq/ Mdfre N1 Jrhuhh/ dqg Urdog Udphu1 Orfdwlrq/ orfdwlrq/

orfdwlrq1 Mrxuqdo ri Hfrqrplf Wkhru|/ ::=435�45:/ 4<<:1

^5` Vlprq S1 Dqghuvrq dqg Gdplhq M1 Qhyhq1 Frxuqrw frpshwlwlrq |lhogv vsdwldo

djjorphudwlrq1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 65=:<6�;3;/ 4<<41

^6` N|oh Edjzhoo dqg Jduh| Udph|1 Roljrsro| olplw sulflqj1 Udqg Mrxuqdo ri Hfr0

qrplfv/ 55=488�4:5/ 4<<51

^7` N|oh Edjzhoo dqg Plfkdho K1 Ulrugdq1 Kljk dqg ghfolqlqj sulfhv vljqdo surgxfw

txdolw|1 Dphulfdq Hfrqrplf Uhylhz/ ;4=557�56</ 4<<41

^8` Khopxw Ehvwhu1 Txdolw| xqfhuwdlqw| plwljdwhv surgxfw gl�huhqwldwlrq1 Udqg

Mrxuqdo ri Hfrqrplfv/ 5<=;5;�;77/ 4<<;1

^9` Lq0Nrr Fkr dqg Gdylg P1 Nuhsv1 Vljqdolqj jdphv dqg vwdeoh htxloleuld1 Txdu0

whuo| Mrxuqdo ri Hfrqrplfv/ 435=4:<�554/ 4<;:1

^:` Fodxgh g*Dvsuhprqw/ Mhdq Mdvnrog Jdev}hzlf}/ dqg Mdftxhv0Iudqêrlv Wklvvh1

Rq Krwhoolqj*v cvwdelolw| lq frpshwlwlrq*1 Hfrqrphwulfd/ 7:=4478�4483/ 4<:<1

^;` Dqguì gh Sdopd/ Ylfwru Jlqvexujk/ \rujrv \1 Sdsdjhrujlrx/ dqg Mdftxhv0

Iudqêrlv Wklvvh1 Wkh sulqflsoh ri plqlpxp gl�huhqwldwlrq krogv xqghu vx!flhqw

khwhurjhqhlw|1 Hfrqrphwulfd/ 86=:9:�:;4/ 4<;81

^<` Pduf Gxgh|1 Frpshwlwlrq e| fkrlfh= Wkh h�hfw ri frqvxphu vhdufk rq �up

orfdwlrq ghflvlrqv1 Dphulfdq Hfrqrplf Uhylhz/ ;3=43<5�4437/ 4<<31

^43` Qlfkrodv Hfrqrplghv1 Wkh sulqflsoh ri plqlpxp gl�huhqwldwlrq uhylvlwhg1 Hxur0

shdq Hfrqrplf Uhylhz/ 57=678�69;/ 4<;71

^44` Qlfkrodv Hfrqrplghv1 Txdolw| yduldwlrqv dqg pd{lpdo ydulhw| gl�huhqwldwlrq1

Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 4<=54�5</ 4<;<1
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^45` Urgroskh Grv Vdqwrv Ihuuhlud dqg Mdftxhv0Iudqêrlv Wklvvh1 Krul}rqwdo dqg yhu0

wlfdo gl�huhqwldwlrq= Wkh Odxqkdugw prgho1 Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo

Rujdql}dwlrq/ 47=7;8�839/ 4<<91

^46` Mdphv Z1 Iulhgpdq dqg Mdftxhv0Iudqêrlv Wklvvh1 Sduwldo frooxvlrq irvwhuv plq0

lpxp gl�huhqwldwlrq1 Udqg Mrxuqdo ri Hfrqrplfv/ 57=964�978/ 4<<61

^47` Mhdq M1 Jdev}hzlf} dqg Mdftxhv0Iudqêrlv Wklvvh1 Sulfh frpshwlwlrq/ txdolw| dqg

lqfrph glvsdulwlhv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 53=673�68</ 4<:<1

^48` Mhdq M1 Jdev}hzlf} dqg Mdftxhv0Iudqêrlv Wklvvh1 Rq wkh qdwxuh ri frpshwlwlrq

zlwk gl�huhqwldwhg jrrgv1 Hfrqrplf Mrxuqdo/ <9=493�4:5/ 4<;91

^49` Mhdq M1 Jdev}hzlf} dqg Mdftxhv0Iudqêrlv Wklvvh1 Orfdwlrq1 Lq Urehuw M1 Dxpdqq

dqg Vhujlx Kduw/ hglwruv/ Kdqgerrn ri Jdph Wkhru|/ fkdswhu <1 Qruwk0Kroodqg/

4<<51

^4:` Kdurog Krwhoolqj1 Vwdelolw| lq frpshwlwlrq1 Hfrqrplf Mrxuqdo/ 6<=74�8:/ 4<5<1

^4;` Dqguhdv Luphq dqg Mdftxhv0Iudqêrlv Wklvvh1 Frpshwlwlrq lq pxowl0

fkdudfwhulvwlfv vsdfhv= Krwhoolqj zdv doprvw uljkw1 Mrxuqdo ri Hfrqrplf Wkhru|/

:;=:9�435/ 4<<;1

^4<` Sklolssh Mhklho1 Surgxfw gl�huhqwldwlrq dqg sulfh frooxvlrq1 Lqwhuqdwlrqdo Mrxuqdo

ri Lqgxvwuldo Rujdql}dwlrq/ 43=966�976/ 4<<51

^53` Jhrujh M1 Pdlodwk1 Vlpxowdqhrxv vljqdolqj lq dq roljrsro| prgho1 Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ 436=74:�75:/ 4<;<1

^54` Jhrujh M1 Pdlodwk/ Pdvdklur Rnxqr0Ixmlzdud/ dqg Dqguhz Srvwohzdlwh1 Eholhi0

edvhg uh�qhphqwv lq vljqdoolqj jdphv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 93=574�5:9/

4<<61
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^55` Sdxo Plojurp dqg Mrkq Urehuwv1 Sulfh dqg dgyhuwlvlqj vljqdov ri surgxfw txdolw|1

Mrxuqdo ri Srolwlfdo Hfrqrp|/ <7=:<9�;54/ 4<;91

^56` Plfkdho Pxvvd dqg Vkhuzlq Urvhq1 Prqrsro| dqg surgxfw txdolw|1 Mrxuqdo ri

Hfrqrplf Wkhru|/ 4;=634�64:/ 4<:;1

^57` Gdplhq Qhyhq dqg Mdftxhv0Iudqêrlv Wklvvh1 Rq txdolw| dqg ydulhw| frpshwlwlrq1

Lq M1M1 Jdev}hzlf}/ M10I1 Ulfkdug/ dqg O1D1 Zrovh|/ hglwruv/ Hfrqrplf Ghflvlrq0

Pdnlqj= Jdphv/ Hfrqrphwulfv dqg Rswlpl}dwlrq1 Frqwulexwlrqv lq Krqrxu ri

Mdftxhv Guë}h/ fkdswhu </ sdjhv 4:8�4<<1 Qruwk0Kroodqg/ 4<<31

^58` Gdplhq M1 Qhyhq1 Rq Krwhoolqj*v frpshwlwlrq zlwk qrq0xqlirup fxvwrphu glv0

wulexwlrqv1 Hfrqrplfv Ohwwhuv/ 54=454�459/ 4<;91

^59` Hgzdug F1 Suhvfrww dqg Plfkdho Ylvvfkhu1 Vhtxhqwldo orfdwlrq dprqj �upv zlwk

iruhvljkw1 Ehoo Mrxuqdo ri Hfrqrplfv/ ;=6:;�6<6/ 4<::1

^5:` Dyqhu Vkdnhg dqg Mrkq Vxwwrq1 Uhod{lqj sulfh frpshwlwlrq wkurxjk surgxfw

gl�huhqwldwlrq1 Uhylhz ri Hfrqrplf Vwxglhv/ 7<=6�46/ 4<;51

^5;` Dyqhu Vkdnhg dqg Mrkq Vxwwrq1 Qdwxudo roljrsrolhv1 Hfrqrphwulfd/ 84=479<�

47;6/ 4<;61

^5<` Wdndwrvkl Wdexfkl1 Wzr0vwdjh wzr0glphqvlrqdo vsdwldo frpshwlwlrq ehwzhhq wzr

�upv1 Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 57=53:�55:/ 4<<71

^63` Urehuw Zlovrq1 Pxowl0glphqvlrqdo vljqdoolqj1 Hfrqrplfv Ohwwhuv/ 4<=4:�54/ 4<;81

^64` Dvkhu Zrolqvn|1 Uhwdlo wudgh frqfhqwudwlrq gxh wr frqvxphuv* lpshuihfw lqiru0

pdwlrq1 Ehoo Mrxuqdo ri Hfrqrplfv/ 47=5:8�5;5/ 4<;61

^65` Vwh�hq ]lvv1 Hqwu| ghwhuuhqfh/ frvw dgydqwdjh dqg krul}rqwdo surgxfw gl�huhqwl0

dwlrq1 Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 56=856�876/ 4<<61
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