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ABSTRACT

On Intrabrand and Interbrand Competition:
The Strategic Role of Fees and Royalties*

We examine oligopolistic markets with both intrabrand and interbrand
competition. We characterize equilibrium contracts involving a royalty (or
wholesale price) and a fee when each upstream firm contracts with multiple
downstream firms. Royalties control competition between their own
downstream firms at the expense of making them passive against rivals.
When we endogenize the number of downstream firms, we find that each
upstream firm chooses to have only one downstream firm. This result is in
sharp contrast to previous literature where competitors benefit by having a
larger number of independent downstream firms under only fixed fee
payments. We discuss how allowing for contracts that involve both fees and
per-unit payments dramatically alters the strategic incentives.
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NON-TECHNICAL SUMMARY

In many market transactions firms do not sell their products directly to final
consumers. Vertical market relations include licensing of technology to
manufacturers, franchising, manufacturers selling their products through
retailers and firms that supply parts or intermediate products to other firms. In
this paper we explore how strategic considerations shape vertical contracts in
oligopolistic markets.

We consider two-part tariffs, contracts that specify a fixed fee and a per-unit
payment that we call royalty (in our framework, this per unit payment can also
be viewed as a wholesale price). Such payment schemes are widely prevalent
in vertical relations between ‘upstream’ firms (e.g. producers) and
‘downstream’ firms (e.g. retailers). The paper focuses on two key strategic
decisions of upstream firms: the number of independent downstream firms
and the terms of the contracts. In the model, oligopolistic competition is both
‘intrabrand’ and ‘interbrand’. Specifically, we allow each of the upstream
oligopolists to be associated with an arbitrary number of (oligopolistic)
downstream firms. Thus, our analysis nests as special cases two situations
that have been examined in past work, the case of a monopolist contracting
with multiple downstream firms, as well as upstream oligopolists each
contracting with a single downstream firm.

When choosing royalty rates, an upstream firm has to balance two opposing
incentives. It prefers its downstream firms to be more ‘passive’ against one
another (passive meaning that they choose a lower output level), but it would
like them to be committed to more ‘aggressive’ behaviour against rival
downstream firms. In equilibrium, the larger the number of its own
downstream firms relative to that of rival firms and the higher the degree of
differentiation between products, the higher the royalty rate chosen by an
upstream firm. More generally, our analysis implies that higher competition
between rival upstream firms and lower competition between downstream
firms contracting with the same upstream firm is expected to decrease royalty
rates.

Building on the characterization of competition with an arbitrary number of
downstream firms, we then endogenize the number of downstream firms. We
find that each upstream firm has a strategic incentive to minimize the number
of its independent downstream divisions. In equilibrium, each upstream firm
chooses to have only one downstream firm. This result is in sharp contrast to
previous work showing that, when only fixed fee payments can be used,
upstream firms prefer to increase the number of their downstream firms for
strategic reasons. In particular, in related previous work, a higher number of
downstream divisions represents commitment to more aggressive behaviour,



a ‘divide and conquer’ strategy. We show how allowing for contracts that
involve both fees and per-unit payments dramatically alters the strategic
incentives. While an upstream firm can give its downstream firms the right
marginal incentives to produce the desired target output level, a larger number
of downstream firms implies that, for any royalty rate, the rival has a stronger
incentive to behave strategically. This result may have important implications
for the study of vertical markets. The insight that a larger number of
downstream divisions implies a stronger strategic position is often used when
trying to explain ‘divisionalization’ policies of firms. Since, in addition to fees,
per-unit payments are often used in markets, our analysis shows that these
arguments require qualifications.

We also consider a number of modifications of the basic model. When firms
choose royalties (and fees) sequentially rather than simultaneously, we find
that our main result has to be modified slightly. Upstream firms have a strict
incentive to minimize the number of their downstream firms when, in the
subsequent stage, they pick their royalties simultaneously or before their rival,
while when they choose royalty rates after their rival their profit does not
depend on the number of their downstream firms. It is crucial, however, that in
the sequencing of strategic choices, the choice of royalties follows that of the
number of firms. We consider alternative scenarios such as fee-only contracts
or royalties chosen before (or simultaneously with) the number of firms. Then
we find that, as long as royalties are viewed as given at any level that is not
‘too low’, the strategic incentive for commitment via a higher number of firms is
present. Also, in this case, it is shown that as products become more
differentiated, a lower number of downstream firms, instead of a higher,
becomes profitable.

Finally, we examine the equilibrium when only royalties can be charged (and
no fixed fees). Then the result that both upstream firms prefer to minimize the
number of their downstream firms is no longer true. In fact, assuming that one
upstream firm is choosing to have a single downstream firm, the other
upstream firm has an incentive to increase its number of firms without end. It
follows that for firms to have a strategic incentive to decrease the number of
their downstream divisions, contracts have to involve both fixed fees and per-
unit payments, not just one of these instruments. We also discuss the
implications of this observation for comparing the royalty-only and the fee-and-
royalty cases.



41 Lqwurgxfwlrq

Lq d odujh qxpehu ri pdunhw wudqvdfwlrqv/ �upv gr qrw vhoo wkhlu surgxfwv gluhfwo| wr �0

qdo frqvxphuv1 Yhuwlfdo pdunhw uhodwlrqv duh wkhuhiruh lpsruwdqw wr xqghuvwdqg1 Vxfk

uhodwlrqv lqfoxgh olfhqvlqj ri whfkqrorj| wr pdqxidfwxuhuv/ iudqfklvlqj/ pdqxidfwxuhuv

vhoolqj wkhlu surgxfwv wkurxjk uhwdlohuv/ dqg �upv wkdw vxsso| sduwv ru lqwhuphgldwh

surgxfwv wr rwkhu �upv1 Lq wklv sdshu zh h{soruh krz vwudwhjlf frqvlghudwlrqv vkdsh

yhuwlfdo frqwudfwv lq roljrsrolvwlf pdunhwv1 Zh frqvlghu wzr0sduw wdul�v/ frqwudfwv

wkdw vshfli| d �{hg ihh dqg d shu0xqlw sd|phqw zklfk zh fdoo ur|dow|14 Vxfk sd|phqw

vfkhphv duh zlgho| suhydohqw lq yhuwlfdo uhodwlrqv1 Wkh sdshu irfxvhv rq wzr nh|

vwudwhjlf ghflvlrqv ri �xsvwuhdp� �upv= wkh qxpehu ri lqghshqghqw �grzqvwuhdp�

�upv dqg wkh whupv ri wkh frqwudfwv1

D fhqwudo ihdwxuh ri wkh dqdo|vlv lv wkdw zh doorz roljrsrolvwlf frpshwlwlrq wr eh

erwk lqwudeudqg dqg lqwhueudqg1 Vshfl�fdoo|/ zh fkdudfwhul}h ihh0dqg0ur|dow| frq0

wudfwv +dqg grzqvwuhdp frpshwlwlrq, zkhq hdfk ri wkh xsvwuhdp roljrsrolvwv lv dvvr0

fldwhg zlwk dq duelwudu| qxpehu ri +roljrsrolvwlf, grzqvwuhdp �upv1 Sdvw zrun rq

vwudwhjlf frqwudfwlqj kdv ghyhorshg lpsruwdqw lqvljkwv iru wkh fdvh ri d prqrsrolvw

frqwudfwlqj zlwk pxowlsoh grzqvwuhdp �upv dqg iru xsvwuhdp roljrsrolvwv hdfk frq0

wudfwlqj zlwk d vlqjoh grzqvwuhdp �up15 Rxu dqdo|vlv qhvwv wkhvh wzr vlwxdwlrqv dv

vshfldo fdvhv16

Jlyhq wkh fkdudfwhul}dwlrq ri frpshwlwlrq zlwk dq duelwudu| qxpehu ri grzq0

vwuhdp �upv/ zh wkhq pryh wr wkh pdlq irfxv ri wkh sdshu e| hqgrjhql}lqj wkh

qxpehu ri grzqvwuhdp �upv1 Rxu pdlq uhvxow lv wkdw hdfk xsvwuhdp �up suhihuv

wr plqlpl}h wkh qxpehu ri lwv lqghshqghqw grzqvwuhdp �upv1 Lq htxloleulxp/ hdfk

xsvwuhdp �up fkrrvhv wr kdyh rqo| rqh grzqvwuhdp �up1 Wklv uhvxow lv lq vkdus

4Lq rxu iudphzrun/ wkh shu xqlw sd|phqw fdq eh dovr ylhzhg dv d zkrohvdoh sulfh1

5Ru/ pruh jhqhudoo|/ frqwudfwlqj zlwk qrq0vwudwhjlf grzqvwuhdp �upv1

6Erqdqqr dqg Ylfnhuv ^5`/ s1597/ uhihu wr wkh �uvw ri wkhvh wzr fdvhv dv +4/q, dqg wkh vhfrqg dv

+p/4,1 Rxu dqdo|vlv frqwulexwhv wr wkh xqghuvwdqglqj ri wkh +p/q, fdvh1



frqwudvw wr suhylrxv zrun vkrzlqj wkdw xsvwuhdp �upv suhihu wr kdyh d kljkhu qxp0

ehu ri grzqvwuhdp �upv iru vwudwhjlf uhdvrqv1 Lq sduwlfxodu/ Ed|h/ Furfnhu/ dqg Mx

^4` kdyh vkrzq wkdw/ lq d wzr0vwdjh jdph zkhuh xsvwuhdp �upv fkrrvh wkh qxpehu

ri wkhlu grzqvwuhdp glylvlrqv dqg txdqwlw| frpshwlwlrq iroorzv lq wkh grzqvwuhdp

pdunhw/ wkhuh lv dq lqfhqwlyh wr lqfuhdvh wkh qxpehu ri grzqvwuhdp glylvlrqv vlqfh

wklv sudfwlfh uhsuhvhqwv d frpplwphqw wr pruh djjuhvvlyh grzqvwuhdp ehkdylru/ d

�glylgh dqg frqtxhu� vwudwhj|17 Wkh uhdvrq zk| rxu lpsolfdwlrqv duh vr gldphwul0

fdoo| gl�huhqw iurp suhylrxv zrun rq wkh vwudwhjlf fkrlfh ri grzqvwuhdp glylvlrqv lv

wkdw vxfk zrun kdv frqvlghuhg wkh fdvh ri rqo| ihh sd|phqwv iurp wkh grzqvwuhdp

wr wkh xsvwuhdp �upv1 Zh vkrz krz doorzlqj iru frqwudfwv wkdw lqyroyh erwk ihhv

dqg shu0xqlw sd|phqwv gudpdwlfdoo| dowhuv wkh vwudwhjlf lqfhqwlyhv1 Wklv uhvxow pd|

kdyh lpsruwdqw lpsolfdwlrqv iru wkh vwxg| ri yhuwlfdo pdunhwv1 Wkh lqvljkw r�huhg

e| suhylrxv zrun/ wkdw d odujhu qxpehu ri grzqvwuhdp glylvlrqv lpsolhv d vwurqjhu

vwudwhjlf srvlwlrq/ lv riwhq xvhg zkhq wu|lqj wr h{sodlq �glylvlrqdol}dwlrq� srolflhv ri

�upv1 Vlqfh/ lq dgglwlrq wr ihhv/ shu0xqlw sd|phqwv duh riwhq xvhg lq pdunhwv/ rxu

dqdo|vlv vkrzv wkdw wkhvh dujxphqwv uhtxluh lpsruwdqw txdol�fdwlrqv18

Vhfwlrq 5 suhvhqwv wkh edvlf prgho1 Irupdoo|/ zh frqvlghu d wkuhh0vwdjh jdph1

Wzr xsvwuhdp �upv fkrrvh wkh qxpehu ri wkhlu lqghshqghqw +l1h1 pd{lpl}lqj rzq

sur�w, grzqvwuhdp �upv dqg wkhq fkrrvh wkhlu ur|dow| udwhv +dqg ihhv,1 Lq wkh odvw

vwdjh/ grzqvwuhdp �upv frpshwh lq txdqwlwlhv1 Ghpdqg lv sdudphwhul}hg lq d zd|

wkdw doorzv xv wr frqvlghu krz frpshwlwlrq fkdqjhv dv zh pryh iurp shuihfw vxe0

vwlwxwhv wr xsvwuhdp prqrsro|1 Dv d �uvw vwhs/ lq Vhfwlrq 6 zh wdnh wkh qxpehu ri

7Wkh whup lv iurp Srodvn| ^55` zkr/ olnh Frufköq ^7`/ dovr ghprqvwudwhv wklv vwudwhjlf ehqh�w

ri d odujhu qxpehu ri grzqvwuhdp �upv1 Lq Ed|h/ Furfnhu/ dqg Mx ^4` dq htxloleulxp zlwk d �qlwh

qxpehu ri �upv lv irxqg e| vshfli|lqj d frvw iru hdfk dgglwlrqdo glylvlrq1 Wklv srlqw lv dovr uhodwhg

wr wkh olwhudwxuh vkrzlqj wkdw/ iru vwudwhjlf uhdvrqv/ krul}rqwdo phujhuv pd| qrw eh sur�wdeoh +vhh

h1j1 Vdodqw/ Vzlw}hu/ dqg Uh|qrogv ^58`,1

8Lq idfw/ rxu uhvxow rqo| uhtxluhv wkdw �upv kdyh wkh delolw| wr slfn ur|dow| udwhv diwhu wkh| kdyh

fkrvhq wkhlu grzqvwuhdp �upv/ qrw qhfhvvdulo| wkdw wkh| fkrrvh qrq0}hur ur|dow| udwhv lq htxloleulxp1
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grzqvwuhdp �upv dv jlyhq dqg h{dplqh wkh odvw wzr vwdjhv ri wkh jdph1 Wkh jrdo lv

wr fkdudfwhul}h frqwudfwv dqg frpshwlwlrq zlwk dq duelwudu| qxpehu ri grzqvwuhdp

�upv shu xsvwuhdp dqg/ lq sduwlfxodu/ h{dplqh krz ehkdylru ghshqgv rq wkh qxpehu

ri grzqvwuhdp frpshwlwruv1 Zkhq fkrrvlqj ur|dow| udwhv/ dq xsvwuhdp �up kdv wr

edodqfh wzr rssrvlqj lqfhqwlyhv1 Rq wkh rqh kdqg/ lw suhihuv lwv grzqvwuhdp �upv

wr eh pruh sdvvlyh djdlqvw rqh dqrwkhu1 Rq wkh rwkhu kdqg/ lw zrxog olnh wkhp wr

eh frpplwwhg wr pruh djjuhvvlyh ehkdylru djdlqvw ulydo grzqvwuhdp �upv1 Lq htxl0

oleulxp/ wkh odujhu wkh qxpehu ri lwv rzq grzqvwuhdp �upv uhodwlyh wr wkdw ri ulydo

�upv dqg wkh kljkhu wkh ghjuhh ri gl�huhqwldwlrq ehwzhhq surgxfwv/ wkh kljkhu wkh

ur|dow| udwh fkrvhq e| dq xsvwuhdp �up1 Pruh jhqhudoo|/ kljkhu frpshwlwlrq ehwzhhq

ulydo xsvwuhdp �upv dqg orzhu frpshwlwlrq ehwzhhq grzqvwuhdp �upv frqwudfwlqj

zlwk wkh vdph xsvwuhdp �up lv h{shfwhg wr ghfuhdvh ur|dow| udwhv19

Wr vhh wkh nh| whqvlrq lq wklv iudphzrun/ lw lv xvhixo wr vwduw zlwk wkh lqwxlwlrq iurp

suhylrxv zrun wkdw h{dplqhv wkh wzr h{wuhph vlwxdwlrqv phqwlrqhg hduolhu1 Frqvlghu

�uvw dq xsvwuhdp prqrsro| wkdw frqwudfwv zlwk pxowlsoh roljrsrolvwlf grzqvwuhdp

�upv1 Wklv fdvh uhsuhvhqwv sxuh lqwudeudqg frpshwlwlrq1 Wkhq wkh xsvwuhdp �up

fdq h{wudfw wkh hqwluh grzqvwuhdp prqrsro| sur�w e| xvlqj d frpelqdwlrq ri d ihh

dqg d ur|dow|1 Wkh ur|dow| irufhv wkh grzqvwuhdp �upv wr lqwhuqdol}h wkh krul}rqwdo

9Wr looxvwudwh wklv lpsolfdwlrq/ frqvlghu d vriwzduh ru plfurfkls surgxfhu zkr vxssolhv pxowlsoh

frpsxwhu pdqxidfwxuhuv dqg idfhv olwwoh frpshwlwlrq iru klv surgxfw1 Rxu dqdo|vlv lpsolhv wkdw/ wr

wkh h{whqw wkdw wkh vxssolhu kdv wkh edujdlqlqj srzhu/ kh zrxog whqg wr r�hu frqwudfwv wkdw lqyroyh

uhodwlyho| kljk ur|dowlhv/ zlwk wkh jrdo ri uhgxflqj wkh frpshwlwlrq ehwzhhq frpsxwhu pdqxidfwxuhuv1

Lq frqwudvw/ wr vkliw wr d gl�huhqw lqgxvwu|/ frqvlghu d idvw0irrg frpsdq| zklfk idfhv vhyhuh frpshwl0

wlrq iurp rwkhu idvw0irrg frpsdqlhv dqg kdv iudqfklvlqj djuhhphqwv zlwk d qxpehu ri +grzqvwuhdp,

vhoohuv1 Lq wklv fdvh/ zh h{shfw wkdw wkh iudqfklvlqj djuhhphqwv zloo whqg qrw wr sxw pxfk zhljkw rq

ur|dowlhv/ ehfdxvh wkh idvw0irrg frpsdq| zdqwv wr vwuhqjwkhq wkh vwudwhjlf srvlwlrq ri lwv iudqfklvhhv

uhodwlyh wr ulydo iudqfklvhhv1 Wklv zrxog eh hvshfldoo| wuxh lq wkh fdvh ri d qhzfrphu lqwr wkh lq0

gxvwu| zklfk kdv rqo| d vpdoo qxpehu ri iudqfklvhv dqg lv frpshwlqj zlwk hvwdeolvkhg �upv zlwk d

odujhu qxpehu ri iudqfklvhhv1 Hpslulfdoo|/ zkloh ihhv dqg ur|dowlhv duh zlgho| xvhg/ wkhuh duh lqghhg

gl�huhqfhv zlwk vrph frqwudfwv vshfli|lqj uhodwlyho| kljkhu ur|dowlhv dqg rwkhu kljkhu ihhv1
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h{whuqdolw| wkdw h{lvwv dprqj wkhp dqg udlvhv wkh pdunhw sulfh iurp wkh roljrsro| wr

wkh prqrsro| ohyho/ zkloh wkh ihh wudqvihuv wkh prqrsro| sur�w xsvwuhdp1 Hvvhqwldoo|/

wkh xsvwuhdp �up vkliwv wkh grzqvwuhdp �upv* uhdfwlrq ixqfwlrqv dqg pdnhv wkhp

pruh sdvvlyh djdlqvw rqh dqrwkhu1 Wklv lqwxlwlrq lv fhqwudo lq Gl{lw ^9`/ Pdwkhzvrq

dqg Zlqwhu ^4;`/ dqg rwkhu zrun wkdw h{dplqhv rswlpdo frqwudfwv dqg �plqlpdoo| vxi0

�flhqw lqvwuxphqwv� wr uhsolfdwh yhuwlfdo lqwhjudwlrq rxwfrphv1: Qh{w frqvlghu sxuh

xsvwuhdp +ru lqwhueudqg, frpshwlwlrq= wzr xsvwuhdp �upv hdfk frqwudfwlqj zlwk d

vlqjoh grzqvwuhdp1 Lq frqwudvw wr wkh suhylrxv fdvh/ qrz/ xqghu Frxuqrw frpshwl0

wlrq/ hdfk xsvwuhdp frpshwlwru zrxog olnh lwv grzqvwuhdp �upv wr eh pruh djjuhvvlyh1

Lw iroorzv wkdw wkh htxloleulxp lqyroyhv qrq0srvlwlyh ur|dowlhv1; Wklv uhvxow lv nqrzq

iurp wkh �vwudwhjlf frqwudfwlqj dqg ghohjdwlrq� olwhudwxuh zklfk lqfoxghv/ iru h{dpsoh/

Eudqghu dqg Vshqfhu ^6` lq wkh frqwh{w ri lqwhuqdwlrqdo wudgh srolf|/ dqg Erqdqqr dqg

Ylfnhuv ^5`/ Ihuvkwpdq dqg Mxgg ^;`/ PfJxluh dqg Vwdholq ^54`/ Vnolydv ^59` dqg Ylfn0

huv ^5;` rq ghohjdwlrq dqg pdqdjhuldo lqfhqwlyhv1 Wkh fhqwudo lqvljkw ri wklv uhvhdufk

lv wkdw frpshwlqj sulqflsdov pd| kdyh d +xqlodwhudo, lqfhqwlyh wr pdnh wkhlu djhqwv

frpplw wr pruh djjuhvvlyh ehkdylru +dqg/ lq rxu iudphzrun/ wklv frpplwphqw frxog

wdnh sodfh wkurxjk wkh vshfl�fdwlrq ri orzhu ur|dowlhv,1 Lq rxw iudphzrun/ zlwk pxowl0

soh grzqvwuhdp frpshwlwruv iru hdfk xsvwuhdp �up/ irufhv uhodwhg wr erwk lqwudeudqg

dv zhoo dv lqwhueudqg frpshwlwlrq duh uhvsrqvleoh iru vkdslqj yhuwlfdo frqwudfwv1<

Wkh pdlq uhvxow ri wkh sdshu lv lq Vhfwlrq 71 Lw lv vkrzq wkdw/ dqwlflsdwlqj krz

frpshwlwlrq zloo eh lq wkh ur|dow| dqg wkh grzqvwuhdp vwdjh/ hdfk xsvwuhdp �up

suhihuv wr plqlpl}h wkh qxpehu ri lwv grzqvwuhdp �upv1 Lq sduwlfxodu/ wklv lqfhqwlyh

lv suhvhqw uhjdugohvv ri wkh qxpehu ri ulydo grzqvwuhdp �upv dqg wkxv lq wkh xqltxh

:Vhh Ndw} ^46` iru d vxuyh| rq yhuwlfdo frqwudfwv> lq sduwlfxodu/ iru grzqvwuhdp sulfh frpshwlwlrq

dv d qhjdwlyh h{whuqdolw|/ vhh ss19:;09:<1

;Wkhvh fruuhvsrqg wr zkrohvdoh xqlw sulfhv orzhu wkdq wkh xsvwuhdp frvw1

<Zkhq wdnlqj wkh qxpehu ri grzqvwuhdp �upv dv jlyhq/ rxu dqdo|vlv dqg wkh vslulw ri uhvxowv duh

uhodwhg wr Gl{lw ^:` zkr h{soruhv dvshfwv ri wudgh srolf| zlwk pxowlsoh frpshwlwruv1
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vxejdph shuihfw htxloleulxp hdfk xsvwuhdp �up kdv rqo| rqh grzqvwuhdp143 Dv

qrwhg deryh/ lq Ed|h/ Furfnhu/ dqg Mx ^4` dqg uhodwhg dqdo|vhv wkhuh lv d vwudwhjlf

lqfhqwlyh wr lqfuhdvh wkh qxpehu ri grzqvwuhdp �upv1 Lq rxu iudphzrun/ frpshwlwlrq

dqg �upv* pdujlqdo lqfhqwlyhv lq wkh grzqvwuhdp pdunhw fdq eh frqwuroohg wkurxjk

wkh fkrlfh ri hlwkhu wkh qxpehu ri �upv ru ur|dowlhv1 Exw zk| lv lw suhihudeoh iurp d

vwudwhjlf ylhzsrlqw wr khos grzqvwuhdp �upv frpplw wr pruh djjuhvvlyh ehkdylru e|

fkrrvlqj orz ur|dowlhv lqvwhdg ri +dovr, fkrrvlqj d odujhu qxpehu ri �upvB Dv vkrzq

lq wkh dqdo|vlv/ dq xsvwuhdp �up fdq jlyh lwv grzqvwuhdp �upv wkh uljkw pdujlqdo

lqfhqwlyhv wr surgxfh wkh ghvluhg wdujhw rxwsxw ohyho1 Krzhyhu/ d odujhu qxpehu ri

grzqvwuhdp �upv lpsolhv wkdw/ iru dq| ur|dow| udwh/ dq xsvwuhdp �up*v eudqg +wkdw

lv/ djjuhjdwh, uhdfwlrq ixqfwlrq ehfrphv pruh djjuhvvlyh dqg wkxv wkh ulydo kdv d

vwurqjhu lqfhqwlyh wr ehkdyh vwudwhjlfdoo|144

Wr jdlq d suhflvh xqghuvwdqglqj ri wkh vwudwhjlf lqwhudfwlrq ehwzhhq ur|dowlhv dqg

wkh qxpehu ri �upv/ zh dovr frqvlghu d qxpehu ri prgl�fdwlrqv ri wkh edvlf prgho1

Lq Vhfwlrq 8 zh frqvlghu wkh fdvh zkhuh �upv fkrrvh ur|dowlhv +dqg ihhv, vhtxhqwldoo|

udwkhu wkdq vlpxowdqhrxvo|1 Zh �qg wkdw rxu pdlq uhvxow kdv wr eh prgl�hg rqo|

voljkwo|1 Pruh suhflvho|/ xsvwuhdp �upv kdyh d vwulfw lqfhqwlyh wr plqlpl}h wkh qxpehu

ri wkhlu grzqvwuhdp �upv zkhq/ lq wkh vxevhtxhqw vwdjh/ wkh| slfn wkhlu ur|dowlhv

vlpxowdqhrxvo| ru ehiruh wkhlu ulydo/ zkloh zkhq wkh| fkrrvh ur|dow| udwhv diwhu wkhlu

ulydo wkhlu sur�w grhv qrw ghshqg rq wkh qxpehu ri wkhlu grzqvwuhdp �upv1 Lw lv

fuxfldo/ krzhyhu/ iru wkh pdlq uhvxow/ wkdw wkh fkrlfh ri ur|dowlhv iroorzv wkdw ri wkh

qxpehu ri �upv1 Lq Vhfwlrq 9 zh frqvlghu dowhuqdwlyh vfhqdulrv vxfk dv ihhv rqo| ru

43Wklv lv wuxh uhjdugohvv ri wkh ghjuhh ri gl�huhqwldwlrq ehwzhhq surgxfwv +dv orqj/ ri frxuvh/ dv

wkhuh lv vrph ghjuhh ri vxevwlwxwlrq,1

44Wkdw/ xqghu vrph frqglwlrqv/ lw pd| eh ghvludeoh iru dq xsvwuhdp �up wr uhvwulfw wkh qxpehu

ri lwv grzqvwuhdp lv dovr d ihdwxuh ri vrph suhylrxv zrun lqfoxglqj Ndplhq dqg Wdxpdq ^45` dqg

Ndw} dqg Vkdslur ^47` rq olfhqflqj dq lqqrydwlrq1 Wkhuh lv d ixqgdphqwdo gl�huhqfh ehwzhhq vxfk

dssurdfkhv dqg rxuv vlqfh wkh| frqvlghu d vlqjoh xsvwuhdp �up zkhuhdv xsvwuhdp frpshwlwlrq lv

fulwlfdo iru rxu uhvxowv1
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ur|dowlhv fkrvhq ehiruh +ru vlpxowdqhrxvo| zlwk, wkh qxpehu ri �upv1 Wkhq/ zlwk

vrph txdol�fdwlrq/ wkh orjlf ri suhylrxv zrun +Ed|h/ Furfnhu dqg Mx ^4`, dssolhv dqg

hdfk �up suhihuv d kljkhu qxpehu ri �upv1 Lq rwkhu zrugv/ zh �qg wkdw dv orqj dv

ur|dowlhv duh ylhzhg dv jlyhq dw dq| ohyho wkdw lv qrw �wrr orz� +qrw mxvw dw }hur,/ wkh

vwudwhjlf lqfhqwlyh iru frpplwphqw yld d kljkhu qxpehu ri �upv lv suhvhqw1 Wklv uhvxow

uhtxluhv surgxfwv wr eh forvh hqrxjk vxevwlwxwhv= zh dovr jhqhudol}h suhylrxv zrun

wkdw frqvlghuv rqo| ihhv e| doorzlqj wkh ghjuhh ri gl�huhqwldwlrq ehwzhhq surgxfwv wr

ydu| +dv surgxfwv ehfrph pruh gl�huhqwldwhg d orzhu qxpehu ri grzqvwuhdp �upv/

lqvwhdg ri d kljkhu/ ehfrphv sur�wdeoh,1

Lq dgglwlrq wr ur|dowlhv qrw ehlqj �{hg zkhq wkh qxpehu ri �upv lv fkrvhq/ lw lv dovr

fulwlfdo wkdw frqwudfwv lqyroyh qrw rqo| ur|dowlhv exw ihhv dv zhoo1 Vhfwlrq : h{soruhv wkh

htxloleulxp zkhq rqo| ur|dowlhv fdq eh fkdujhg1 Wkhq wkh uhvxow wkdw erwk xsvwuhdp

�upv suhihu wr plqlpl}h wkh qxpehu ri wkhlu grzqvwuhdp �upv lv qr orqjhu wuxh1

Lq idfw/ dvvxplqj wkdw rqh xsvwuhdp �up lv fkrrvlqj d vlqjoh grzqvwuhdp �up/ wkh

rwkhu xsvwuhdp �up kdv dq lqfhqwlyh wr lqfuhdvh lwv qxpehu ri �upv zlwkrxw hqg1

Zh dovr frpsduh wkh ur|dow|0rqo| dqg wkh ihh0dqg0ur|dow| fdvhv1 Iru d �{hg qxpehu

ri grzqvwuhdp �upv/ xsvwuhdp �upv pd| eh ehwwhu r� zlwk ur|dow|0rqo| frqwudfwv

wkdq zlwk ihh0dqg0ur|dow| frqwudfwv/ wkh lqwxlwlrq ehlqj wkdw frpshwlwlrq zlwk ihh0

dqg0ur|dow| frqwudfwv lpsolhv ur|dow| udwhv wkdw duh wrr orz iurp wkh ylhzsrlqw ri

mrlqw sur�w pd{lpl}dwlrq1 Li qrz �upv frxog fkrrvh wkh w|sh ri wkhlu frqwudfwv/

wkh| pd| �qg wkhpvhoyhv lq d sulvrqhuv* glohppd vlwxdwlrq +zlwk erwk �upv ehwwhu0

r� xqghu ur|dow|0rqo| frqwudfwv exw kdylqj d xqlodwhudo lqfhqwlyh wr slfn ihh0dqg0

ur|dow| frqwudfwv,1 Wklv uhvxow lv douhdg| suhvhqw lq suhylrxv zrun h{dplqlqj vlplodu

vlwxdwlrqv145 E| hqgrjhql}lqj wkh qxpehu ri grzqvwuhdp �upv rxu dqdo|vlv doorzv

45Lq sduwlfxodu/ Jdo0Ru ^43` vkrzv wkdw/ xqghu sulfh frpshwlwlrq lq wkh grzqvwuhdp pdunhw/ xs0

vwuhdp �upv pd| ehqh�w iurp d frpplwphqw wr qrw xvlqj d ihh ru rwkhu �yhuwlfdo uhvwudlqwv�1 Xqghu

wkhvh flufxpvwdqfhv/ �upv fkrrvh kljkhu zkrohvdoh sulfhv/ zklfk idflolwdwhv vxvwdlqlqj kljkhu uhwdlo

sulfhv1 Lq rxu prgho/ zlwk txdqwlw| frpshwlwlrq ehwzhhq �upv frqwudfwlqj zlwk gl�huhqw xsvwuhdp/

wkhvh lqfhqwlyhv duh uhyhuvhg/ dqg wkxv rxu dqdo|vlv lv gl�huhqw1 Zkhuhdv rxu uhvxowv dovr lqfoxgh
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xv wr vhh wkdw wklv sulvrqhuv* glohppd vwuxfwxuh pd| qrw h{lvw/ vlqfh ihh0dqg0ur|dow|

frqwudfwv lpso| dq lqfhqwlyh wr plqlpl}h wkh qxpehu ri grzqvwuhdp �upv1 Dv qrwhg

deryh/ wklv lqfhqwlyh lv qrw suhvhqw xqghu ur|dow|0rqo| frqwudfwv1

Dv lv fohdu iurp wkh deryh glvfxvvlrq/ wklv sdshu lv uhodwhg wr d qxpehu ri lpsru0

wdqw olwhudwxuhv1 Lq sduwlfxodu/ lw fuhdwhv d olqn ehwzhhq zrun rq vwudwhjlf frqwudfwlqj

dqg zrun h{sorulqj wkh fkrlfh ri grzqvwuhdp glylvlrqv1 Lq dgglwlrq wr wkh rqhv phq0

wlrqhg deryh/ wkhuh duh d qxpehu ri rwkhu uhodwhg sdshuv dqg/ zkloh vsdfh grhv qrw

doorz xv wr uhylhz doo ri wkhp/ zh glvfxvv khuh wkh prvw uhohydqw1 Rxu sdshu lv uhodwhg

wr Uh| dqg Vwljolw} ^56` zkr vkrz wkdw yhuwlfdo uhvwudlqwv/ zklfk pd| d�hfw lqwudeudqg

frpshwlwlrq/ fdq eh xvhg wr uhgxfh lqwhueudqg frpshwlwlrq1 Wkh| frqvlghu h{foxvlyh

whuulwrulhv zklfk/ olnh slfnlqj d vlqjoh grzqvwuhdp �up/ holplqdwh grzqvwuhdp frp0

shwlwlrq1 Krzhyhu/ wkh wzr dqdo|vhv duh yhu| gl�huhqw1 Iluvw/ Uh| dqg Vwljolw} ^56`

gr qrw h{dplqh roljrsrolvwlf lqwudeudqg frpshwlwlrq/ wkh| rqo| frpsduh shuihfw frp0

shwlwlrq dqg h{foxvlyh whuulwrulhv1 Dv d uhvxow/ wkh| gr qrw dqdo|}h wkh uroh ri wkh

qxpehu ri grzqvwuhdp frpshwlwruv zklfk lv dw wkh khduw ri rxu dssurdfk1 Vhfrqg/

wkh| frqvlghu grzqvwuhdp sulfh frpshwlwlrq dqg wkh vwudwhjlf prwlyhv duh yhu| gl�hu0

hqw1 Wkh| vkrz wkdw zlwk h{foxvlyh whuulwrulhv dqg sulfhv ehlqj vwudwhjlf frpsohphqwv

rqh*v ulydo uhwdlohuv kdyh dq lqfhqwlyh wr lqfuhdvh sulfh +dv d uhvsrqvh wr rqh*v kljkhu

sulfh dqg wkdw ri rqh*v uhwdlohuv,1 Dv d uhvxow/ wkhuh lv d orzhu shufhlyhg hodvwlflw| ri

ghpdqg dqg kljkhu sulfhv146 Lq frqwudvw/ rxu uhvxow wkdw d orzhu qxpehu ri grzq0

vwuhdp �upv lv ghvludeoh uhtxluhv wkdw erwk ihhv dqg ur|dowlhv fdq eh xvhg> zkhq rqo|

ur|dowlhv fdq eh xvhg/ wkh uhvxow grhv qrw krog dqg wkh vwudwhjlf lqfhqwlyhv duh dfwxdoo|

wkdw �upv pd| ehqh�w zkhq ihhv fdqqrw eh xvhg/ lq rxu fdvh wklv uhvxow lv qrw wuxh zkhq hdfk

xsvwuhdp �up kdv rqo| rqh grzqvwuhdp/ exw uholhv rq wkh h{lvwhqfh ri pxowlsoh grzqvwuhdp �upv1

Dovr/ lq Jdo0Ru ^43` hdfk xsvwuhdp �up frqwudfwv zlwk rqo| rqh grzqvwuhdp/ zkhuhdv zh h{dplqh

frpshwlwlrq ehwzhhq +pxowlsoh, grzqvwuhdp �upv1 Vhh dovr Uh| dqg Vwljolw} ^56` +Sursrvlwlrq 6, iru

d uhodwhg uhvxow1

46Vhh dovr Vodgh ^5:` iru uhodwhg hpslulfdo zrun wkdw hpskdvl}hv wkh lqwhudfwlrq ehwzhhq h{foxvlyh0

ghdolqj fodxvhv dqg vwudwhjlf idfwruv1

:



uhyhuvhg1 Lq rwkhu uhodwhg zrun/ N kq ^48` vkrzv wkdw zkrohvdoh sulfhv fdq eh xvhg dv

d frpplwphqw wr uhod{ frpshwlwlrq ehwzhhq xsvwuhdp �upv1 Kh frqvlghuv ixoo| qrq0

olqhdu zkrohvdoh vfkhgxohv dqg �qgv wkdw +zlwk frqvwdqw pdujlqdo frvwv, wkh qxpehu

ri grzqvwuhdp �upv lv luuhohydqw iru vwudwhjlf frqwudfwlqj147 Lq frqwudvw/ rxu dqdo|vlv/

xqghu ihh0dqg0ur|dow| frqwudfwv/ dvvljqv d fulwlfdo uroh wr wkh qxpehu ri grzqvwuhdp

�upv1 Wkh gl�huhqfh lv gxh wr wkh idfw wkdw zlwk ihh0dqg0ur|dow| frqwudfwv xsvwuhdp

�upv fdq rqo| frqwuro wkh srvlwlrq ri wkh grzqvwuhdp �upv* uhdfwlrq ixqfwlrqv exw

zlwk ixoo| qrqolqhdu frqwudfwv wkh vorsh fdq eh frqwuroohg dv zhoo1 Zkloh ihh0dqg0

ur|dow| frqwudfwv duh/ ri frxuvh/ uhvwulfwlyh lq wkdw wkh pdujlqdo sulfh grhv qrw ydu|

zlwk txdqwlw|/ wkh| duh yhu| frpprq lq pdq| pdunhwv148 Iru wklv uhdvrq/ dqg dovr

vlqfh pxfk ri wkh suhylrxv zrun wr zklfk zh zdqw wr frpsduh rxu uhvxowv frqvlg0

huv ihh0dqg0ur|dow| frqwudfwv/ lw lv lpsruwdqw wr xqghuvwdqg wkh vwudwhjlf uroh ri wkh

qxpehu ri frpshwlwruv xqghu vxfk frqwudfwv1

Lw pd| eh lpsruwdqw wr glvfxvv dw wklv srlqw zk| xsvwuhdp �upv pd| eh frqfhuqhg

zlwk d�hfwlqj wkh grzqvwuhdp �upv* ehkdylru wkurxjk wkh ghvljq ri yhuwlfdo frqwudfwv

lqvwhdg ri gluhfwo| ghwhuplqlqj wkh �qdo surgxfw sulfhv1 Wkh uhdvrq lv wkdw wklv

sudfwlfh pd| qrw eh dq dydlodeoh rswlrq1 Lq sduwlfxodu/ �upv duh qrw doorzhg wr

hqjdjh lq vxfk �uhvdoh sulfh pdlqwhqdqfh/� zklfk lv shu vh loohjdo/ xqghu X1V1 dqwlwuxvw

odzv149 Ri frxuvh/ lq vrph yhuwlfdo vwuxfwxuhv �upv dwwhpsw wr lqgluhfwo| ghwhuplqh

sulfhv wkurxjk wkh xvh ri �vxjjhvwhg sulfhv� ru rwkhu phdqv14: Grzqvwuhdp �upv

47Zlwk lqfuhdvlqj pdujlqdo frvwv/ krzhyhu/ dq lqfuhdvh lq wkh qxpehu ri uhwdlohuv uhgxfhv htxlole0

ulxp sulfhv +vhh ss188089,1

48Lq jhqhudo/ wkh fodvv ri frqwudfwv wkdw fdq eh zulwwhq vkrxog ghshqg rq wkh lqirupdwlrqdo vwuxf0

wxuh1 Vhh Uh| dqg Wluroh ^57` iru lqirupdwlrqdo dvvxpswlrqv xqghuo|lqj wzr0sduw wdul�v1 Dq xsvwuhdp

�up pd| eh deoh wr rqo| revhuyh wkh dprxqw ri wkh surgxfw vxssolhg wr d grzqvwuhdp exw qrw wkh

dfwxdo txdqwlw| vrog wr �qdo frqvxphuv1 Wkhq/ li pdujlqdo sulfhv duh qrw htxdo iru doo txdqwlwlhv/

grzqvwuhdp �upv pd| vhw xs d vhfrqgdu| pdunhw iru wkh surgxfw1

49Vhh Lssrolwr ^44` iru dq dqdo|vlv ri hylghqfh iurp olwljdwlrq1

4:Wkh Prqrsrolhv dqg Phujhuv Frpplvvlrq lq wkh X1N1 kdv uhfhqwo| ghflghg wr edq wkh xvh ri

;



pd| wu| wr dyrlg iroorzlqj vxfk vxjjhvwlrqv li wkh| duh qrw lq wkhlu lqglylgxdo lqwhuhvw

dqg pd| vxffhhg lq grlqj vr li prqlwrulqj lv frvwo|14;

Rxu dqdo|vlv ghprqvwudwhv d vwudwhjlf lqfhqwlyh wr ghfuhdvh wkh qxpehu ri lqghshq0

ghqw grzqvwuhdp glylvlrqv1 Ri frxuvh/ lq uhdolw| wkhuh duh dgglwlrqdo frqvlghudwlrqv

lpso|lqj wkdw �upv pd| fkrrvh wr frqwudfw zlwk pruh wkdq rqh grzqvwuhdp �up1

Vxfk frqvlghudwlrqv pd| eh/ iru h{dpsoh/ uhodwhg wr wkh whfkqrorj| ri surgxfwlrq ru

glvwulexwlrq/ wkh lqirupdwlrq vwuxfwxuh/ ru ohjdo uhvwulfwlrqv1 Wkh prgho dqdo|}hg khuh

khosv kljkoljkw d vwudwhjlf h�hfw wkdw frqwulexwhv wrzdugv vkdslqj yhuwlfdo uhodwlrqv1

Pruh jhqhudoo|/ wr vlpsoli| wkh prgho dqg irfxv rq wkh sxuho| vwudwhjlf prwlyhv/ zh

devwudfw iurp d qxpehu ri lvvxhv wkdw duh/ zlwkrxw grxew/ lpsruwdqw iru yhuwlfdo

frqwudfwv exw kdyh ehhq dqdo|}hg hovhzkhuh1 Lq sduwlfxodu/ zh gr qrw h{dplqh wkh

lpsolfdwlrqv ri xqfhuwdlqw|1 Doorzlqj iru rwkhu vxfk idfwruv pd|/ ri frxuvh/ prgli|

wkh uhvxowv1 Iru h{dpsoh/ d ur|dow| pd| eh ghvludeoh iru ulvn0vkdulqj ru lqfhqwlyhv

uhdvrqv hyhq li lw lv qrw ghvludeoh iru vwudwhjlf uhdvrqv1 Suhylrxv zrun kdv h{dplqhg

vxfk rwkhu idfwruv> wkh irfxv ri rxu vwxg| lv rq vwudwhjlf lqfhqwlyhv14<

�uhfrpphqghg uhwdlo sulfhv� e| hohfwulf0dssoldqfh pdnhuv1 Vhh Wkh Hfrqrplvw/ Pd| 64/ 4<<:/ s1861

4;Lq jhqhudo/ wkh delolw| wr vhw sulfhv pd| eh ohiw lq wkh kdqgv ri grzqvwuhdp �upv iru wkh dgglwlrqdo

uhdvrq +ohiw xqprghoohg lq wklv dqdo|vlv, wkdw wkh| pd| kdyh ehwwhu lqirupdwlrq derxw ghpdqg1

4<Vhyhudo rwkhu lpsruwdqw idfwruv wkdw d�hfw frqwudfw ghvljq kdyh ehhq h{dplqhg lq wkh olwhudwxuh1

Wkh| lqfoxgh +dgyhuvh, vhohfwlrq/ ulvn0dyhuvlrq/ dqg lqfhqwlyhv +prudo kd}dug,1 Vhh/ iru h{dpsoh/

Pdwkhzvrq dqg Zlqwhu ^4<` iru d wkhruhwlfdo dqdo|vlv iurp dq djhqf| ylhzsrlqw/ dqg Odirqwdlqh ^49`

iru dq ryhuylhz ri wkhruhwlfdo uhvxowv dv zhoo dv dq hpslulfdo vwxg|1 Lq sduwlfxodu/ rqh ri wkh �qglqjv

lq wklv odvw sdshu/ wkdw hpslulfdoo| ihhv dqg ur|dowlhv duh qrw qhjdwlyho| uhodwhg/ lv lqfrqvlvwhqw zlwk

pdq| rwkhu prghov exw lv frqvlvwhqw zlwk rxu iudphzrun= kljkhu ur|dowlhv pdnh wkh grzqvwuhdp

pdunhw ohvv frpshwlwlyh dqg wkxv wkh ihhv wkdw fdq eh h{wudfwhg duh qrw qhfhvvdulo| orzhu1 Vhh dovr

Odirqwdlqh dqg Vodgh ^4:` iru d glvfxvvlrq ri hpslulfdo uhjxodulwlhv lq yhuwlfdo frqwudfwv1

<



51 Wkh edvlf prgho

Zh frqvlghu wzr xsvwuhdp �upv/ hdfk ri zklfk pd| eh frqwudfwlqj zlwk pxowlsoh

grzqvwuhdp �upv153 Zh ghqrwh wkh wzr xsvwuhdp �upv e| � dqg �� Wkh qxpehu ri

grzqvwuhdp �upv dvvrfldwhg zlwk xsvwuhdp �up � lv ?� � �c � ' �c��

Wr vlpsoli| wkh dqdo|vlv/ zh dvvxph wkdw surgxfwlrq frvw lv }hur erwk dw wkh

xsvwuhdp dqg wkh grzqvwuhdp vwdjh1 Dv orqj dv xqlw surgxfwlrq frvwv duh frqvwdqw/

wklv dvvxpswlrq lv zlwkrxw orvv ri jhqhudolw|1 Wr fdswxuh wkh lghd wkdw wkh surgxfw vrog

e| wkh grzqvwuhdp �upv frqwudfwlqj zlwk rqh xsvwuhdp �up pd| eh gl�huhqwldwhg

iurp wkh surgxfw vrog e| �upv frqwudfwlqj zlwk d gl�huhqw xsvwuhdp/ zh dvvxph wkdw

wkh pdunhw ghpdqg ixqfwlrq lv dv iroorzv=

R� ' @�'� � r'�c �c � ' �c�c +4,

zkhuh

'� '
?�[
&'�

^&� c � ' �c�

ghqrwhv wkh djjuhjdwh rxwsxw ri doo wkh grzqvwuhdp �upv vhoolqj surgxfw � +hdfk

grzqvwuhdp �up frqwudfwlqj zlwk xsvwuhdp �up � surgxfhv txdqwlw| ^&� c & ' �c ���?�

dqg vhoov dw d sulfh R�,1 Wkh sdudphwhu r 5 dfc �o lq wkh ghpdqg ixqfwlrq phdvxuhv

wkh ghjuhh ri vxevwlwxwlrq ehwzhhq wkh wzr surgxfwv1 Fohduo|/ zkhq r ' � wkh wzr

surgxfwv duh shuihfw vxevwlwxwhv zkhuhdv zkhq r ' f wkh| duh shuihfwo| gl�huhqwldwhg1

Zh vwxg| d wkuhh vwdjh jdph1 Lq wkh �uvw vwdjh/ wkh wzr xsvwuhdp �upv vlpxo0

wdqhrxvo| fkrrvh wkh qxpehu ri wkhlu grzqvwuhdp �upv/ ?� � �/ � ' �c�� Qh{w/ wkh

wzr xsvwuhdp �upv +vlpxowdqhrxvo|, pdnh d wdnh0lw0ru0ohdyh0lw r�hu wr hdfk ri wkhlu

grzqvwuhdp �upv wkdw vshfl�hv d sdlu +s�c o�,/ zkhuh s� lv d �{hg ihh +lqghshqghqw ri

vdohv ohyho, dqg o� lv d ur|dow| udwh shu xqlw vrog154 Wkxv/ wkh wrwdo sd|phqw +wr dq

53Wkh fdvh ri pruh wkdq wzr xsvwuhdp �upv uhsuhvhqwv d vwudljkwiruzdug h{whqvlrq ri wkh prgho1

54Sodflqj doo wkh edujdlqlqj srzhu lq wkh kdqgv ri xsvwuhdp �upv pd| uhsuhvhqw wkh idfw wkdw

wkhuh lv d frpshwlwlyh vxsso| ri srwhqwldo grzqvwuhdp �upv1 Wklv dvvxpswlrq lv vwdqgdug lq wklv
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xsvwuhdp �up, ri d �up wkdw surgxfhv ^ xqlwv htxdov

s� n o�^�

Wkh rxwvlgh rswlrq ri hdfk grzqvwuhdp �up lv qrupdol}hg wr }hur1 Zh dvvxph wkdw wkh

vdph frqwudfw lv r�huhg wr doo ri grzqvwuhdp �upv dvvrfldwhg zlwk d jlyhq xsvwuhdp

�up155 Ilqdoo|/ lq wkh wklug vwdjh ri wkh jdph/ �upv wkdw dffhsw wkh frqwudfw frpshwh

lq txdqwlwlhv lq wkh �qdo pdunhw1 Lq sduwlfxodu/ �upv lq wkh grzqvwuhdp pdunhw

frpshwh lq txdqwlwlhv1 Dw wklv vwdjh wkh srvvlelolw| ri gl�huhqwldwlrq/ dv phdvxuhg e|

rc lv dovr doorzhg1

Zh frqvlghu wkh vxejdph shuihfw htxloleulxp ri wklv jdph1 Ehiruh surfhhglqj wr

wkh dqdo|vlv/ d ihz uhpdunv duh lq rughu1 Iluvw/ qrwh wkdw wklv irupxodwlrq dgplwv

dv vshfldo fdvhv vlwxdwlrqv wkdw kdyh ehhq vwxglhg lq wkh olwhudwxuh1 Li ?� ' ?� ' �

+rqo| rqh grzqvwuhdp �up iru hdfk xsvwuhdp, zh kdyh wkh fdvh ri sxuh lqwhueudqg

frpshwlwlrq1 Wklv kdv ehhq wkh irfxv ri pxfk ri wkh vwudwhjlf frqwudfwlqj olwhudwxuh156

Li/ rq wkh rwkhu kdqg/ zh kdyh r ' f +ru ?� ' f� wkhq wkhuh lv rqo| lqwudeudqg

frpshwlwlrq1 Ixuwkhupruh/ wkh vhfrqg vwdjh ri wkh edvlf jdph fdq eh voljkwo| prgl�hg

wr lvrodwh wkh uroh ur|dowlhv dqg ihhv sod| lq wudqvihuulqj sur�wv +iurp grzqvwuhdp wr

xsvwuhdp �upv,1 Lq sduwlfxodu/ odwhu lq wkh sdshu zh frpsduh vfhqdulrv zklfk gl�hu

iurp wkh edvlf prgho lq wkdw �upv duh deoh wr xvh rqo| rqh ri wkh lqvwuxphqwv1 Wkh

fdvh zkhuh rqo| �{hg ihhv duh xvhg fruuhvsrqgv wr wkh olwhudwxuh zkhuh wkh rqo|

vwudwhjlf yduldeoh lv wkh qxpehu ri grzqvwuhdp �upv/ dv lq Ed|h/ Furfnhu dqg Mx ^4`1

Vhfrqg/ wkh wlplqj dgrswhg khuh +fkrrvlqj grzqvwuhdp �upv ehiruh ur|dowlhv,

uh hfwv d vlwxdwlrq zkhuh lw lv pruh frvwo| wr fkdqjh wkh qxpehu ri grzqvwuhdp

fodvv ri prghov1

55Lq rwkhu zrugv/ zh gr qrw doorz glvfulplqdwlrq lq wkh irup ri r�hulqj gl�huhqw frqwudfwv wr

gl�huhqw �upv1 Lq uhdolw|/ wkhuh lv lqghhg xqliruplw| revhuyhg uhjduglqj frqwudfwv ri wkh vdph �up 0

vhh/ iru h{dpsoh/ Odirqwdlqh dqg Vodgh ^4:`/ ss1480491 Lq vrph fdvhv/ ohjdo uhvwulfwlrqv dovr frqwulexwh

wr wklv zkrohvdoh0sulfh xqliruplw|1

56Vhh wkh lqwurgxfwlrq iru d glvfxvvlrq dqg uhihuhqfhv1
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�upv wkdq wr fkdqjh ur|dowlhv +ru zkrohvdoh sulfhv, dqg dsshduv wr eh d qdwxudo

dvvxpswlrq lq pdq| pdunhwv1 Odwhu lq wkh sdshu zh glvfxvv lq ghwdlo wkh lpsolfdwlrqv

ri dowhuqdwlyh wlplqj dvvxpswlrqv/ zlwk wkh qxpehu ri grzqvwuhdp �upv fkrvhq diwhu

wkh ur|dow| udwhv ru zlwk erwk wkh qxpehu ri �upv dqg ur|dowlhv fkrvhq vlpxowdqhrxvo|

+vhh Vhfwlrq 9,1

Ilqdoo|/ zh dvvxph txdqwlw| frpshwlwlrq lq wkh grzqvwuhdp pdunhw1 Zlwk uhvshfw

wr wklv prghoolqj fkrlfh/ erwk wkh xvxdo fulwlflvp ri txdqwlw| frpshwlwlrq prghov

+��upv fkrrvh sulfhv�, dv zhoo dw lwv xvxdo ghihqfhv +lqfoxglqj fdsdflw| suhfrpplw0

phqw, dsso|1 Dv nqrzq iurp wkh vwudwhjlf frqwudfwlqj olwhudwxuh/ lv grhv pdwwhu

zkhwkhu wkh vwudwhjlf yduldeohv lq wkh grzqvwuhdp pdunhw duh sulfhv ru txdqwlwlhv/

vlqfh wklv ghwhuplqhv li wkh grzqvwuhdp uhdfwlrq ixqfwlrqv duh lqfuhdvlqj ru ghfuhdv0

lqj157 Lq rxu iudphzrun/ txdqwlw| frpshwlwlrq uhsuhvhqwv d vlpsoh irupxodwlrq wkdw

doorzv xv wr fdswxuh lq d frqyhqlhqw zd| wkh whqvlrq wkdw d �up pd| zdqw lwv grzq0

vwuhdp �upv wr eh frpplwwhg wr pruh sdvvlyh ehkdylru djdlqvw lwv rzq �upv exw pruh

djjuhvvlyh djdlqvw ulydov1 Wklv whqvlrq kdv lpsolfdwlrqv iru wkh ghvljq ri frqwudfwv1

Wkhuhiruh lw vhhpv dssursuldwh wkdw lq wkh iroorzlqj dqdo|vlv zh dgrsw wkh txdqwlw|

frpshwlwlrq irupxodwlrq ri wkh grzqvwuhdp pdunhw1 Pruhryhu/ wkh txdqwlw| frpsh0

wlwlrq dvvxpswlrq lv dgrswhg lq suhylrxv zrun +flwhg deryh, rq wkh vwudwhjlf fkrlfh

ri grzqvwuhdp glylvlrqv/ dqg pdlqwdlqlqj wklv dvvxpswlrq idflolwdwhv wkh frpsdulvrq

ri rxu uhvxowv wr suhylrxv uhvxowv1

61 Dqdo|vlv= frpshwlwlrq zlwk jlyhq qxpehuv ri grzqvwuhdp

�upv

Zh �uvw wdnh wkh qxpehu ri grzqvwuhdp �upv/ ?� dqg ?�c dv jlyhq dqg surfhhg

wr dqdo|}h wkh fkrlfh ri frqwudfwv dqg grzqvwuhdp txdqwlw| frpshwlwlrq1 Lq rwkhu

zrugv/ zh dqdo|}h wkh odvw wzr vwdjhv ri wkh jdph ghvfulehg deryh1 Wkh dqdo|vlv

57D sulfh frpshwlwlrq irupxodwlrq zrxog lpso| kljkhu ur|dowlhv wkdq rxu irupxodwlrq1
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khuh lv/ ri frxuvh/ d qhfhvvdu| vwhs ehiruh rqh fdq vwxg| wkh fkrlfh ri qxpehu ri

grzqvwuhdp �upv1 Ixuwkhupruh/ wkh dqdo|vlv ri frpshwlwlrq zlwk d jlyhq qxpehu ri

grzqvwuhdp lv dovr ri lqghshqghqw lqwhuhvw1 Lq vrph pdunhwv/ wkh grzqvwuhdp �upv

pd| qrw ixoo| frqwuro wkh qxpehu ri wkhlu grzqvwuhdp �upv dqg wklv qxpehu pd|

uh hfw d qxpehu ri gl�huhqw idfwruv1 Zkloh vxfk idfwruv duh rxwvlgh wkh suhvhqw prgho

lw lv qhyhuwkhohvv lqwhuhvwlqj wr vwxg| frpshwlwlrq zkhq wkhuh duh pxowlsoh xsvwuhdp

�upv wkdw frqwudfw zlwk pxowlsoh grzqvwuhdp �upv1

6141 Htxloleulxp ur|dowlhv dqg txdqwlwlhv

Vxssrvh wkdw grzqvwuhdp �upv kdyh dffhswhg frqwudfwv wkdw lqyroyh ur|dow| udwhv o�1

Wkh ihhv vshfl�hg lq wkh frqwudfwv fohduo| gr qrw d�hfw wkh grzqvwuhdp �upv rxwsxw

ghflvlrq> wkh| rqo| ghwhuplqh zkhwkhu wkh| zdqw wr rshudwh lq wkh pdunhw ru qrw1

Sur�w +qhw ri ur|dow| sd|phqwv, iru d grzqvwuhdp �up 6 wkdw dffhswv d frqwudfw

lqyroylqj d ur|dow| udwh o� htxdov=

E@�'� � r'� � o��^
6
� c �c � ' �c�� +5,

zkhuh djdlq '� ghqrwhv wkh djjuhjdwh txdqwlw| surgxfhg e| doo grzqvwuhdp �upv

wkdw frqwudfw zlwk �up �/ � ' �c�1 Wdnlqj wkh txdqwlwlhv surgxfhg e| doo rwkhu �upv

dv jlyhq/ wkh uhdfwlrq ixqfwlrq ri grzqvwuhdp �up 6 lv

^6� E'�c36c '�( o�� '
�

2
E@�'�c36 � r'� � o��c +6,

zkhuh '�c36 � S?�
&'�c& �'6 ^&� ghqrwhv wkh djjuhjdwh txdqwlw| surgxfhg e| doo rwkhu

grzqvwuhdp �upv frqwudfwlqj zlwk �up � h{fhsw iru �up 6 � Wkhq/ zh fdq vroyh

wkh v|vwhp ri grzqvwuhdp uhdfwlrq ixqfwlrqv +6, iru wkh htxloleulxp rxwsxw ohyhov +dv

ixqfwlrqv ri wkh qxpehu ri �upv dqg ur|dow| udwhv,

^� '
@� o� � ?�E@Er� �� n o� � ro��

� n ?� n ?� n ?�?�E�� r2�
� +7,
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Wkh deryh h{suhvvlrq uhsuhvhqwv htxloleulxp ehkdylru lq wkh wklug vwdjh ri wkh

jdph +wdnlqj dv jlyhq wkh qxpehu ri �upv dqg ur|dow| udwhv,1 Wkh qh{w vwhs lv wr

ghwhuplqh wkh htxloleulxp ur|dow| udwhv1 Vxevwlwxwlqj wkh rxwsxw ohyhov +7, lqwr +5,/

zh rewdlq wkh grzqvwuhdp sur�wv1 Vlqfh wkh xsvwuhdp �upv kdyh doo wkh edujdlqlqj

srzhu dqg fdq pdnh wdnh0lw0ru0ohdyh0lw r�huv/ wkh| h{wudfw wkh hqwluh uhvlgxdo sur�w

ri grzqvwuhdp �upv e| fkrrvlqj d ihh htxdo wr wkhlu diwhu0ur|dow| sur�w1 Wkhuhiruh/

wdnlqj dv jlyhq wkh ur|dow| udwh ri �up �c wkh remhfwlyh ri xsvwuhdp �up � lv wr fkrrvh

lwv ur|dow| udwh wr pd{lpl}h wkh djjuhjdwh sur�w ri lwv grzqvwuhdp �upv=

�@%
o�

Z�Eo�co�(?�c ?�� ' ?�R�^�c

zkhuh shu0�up txdqwlwlhv duh jlyhq e| +7, dqg sulfhv e| +4,1 Wklv rswlpl}dwlrq

jhqhudwhv wkh iroorzlqj ur|dow| uhdfwlrq ixqfwlrqv ri xsvwuhdp �upv=

o�Eo�(?�c ?�� '
d?�EEr

2 � ��?� n ��� ?� n �o d?�E@Er� ��� ro��� @o

2E?� n ��dE�� r2�?� n �o?�
c �c � ' �c��

+8,

Vroylqj wkh v|vwhp ri wkh wzr ur|dow| uhdfwlrq ixqfwlrqv zh rewdlq=

Sursrvlwlrq 41 Zlwk wzr xsvwuhdp �upv/ hdfk frqwudfwlqj zlwk ?�c � ' �c� grzq0

vwuhdp �upv/ wkh htxloleulxp ur|dow| udwhv duh

oW� ' oE?�c ?�� '
@d2� rn ?�E2� r2 � r�od?� � �� ?�Er

2?� � ?� n ��o

?�d?�?�Ere � Dr2 n e� n E?� n ?��Ee� �r2� n e� r2o
c �c � ' �c��

+9,

Wklv h{suhvvlrq dsshduv vrphzkdw frpsolfdwhg 0 d glvfxvvlrq dqg lqwxlwlrq duh

surylghg ehorz1 Wkh htxloleulxp ur|dow| fdswxuhv d fhqwudo whqvlrq lq rxu dqdo|vlv1

Fkdujlqj d srvlwlyh ur|dow| pdnhv grzqvwuhdp �upv pruh sdvvlyh dqg kdv wzr frq0

 lfwlqj h�hfwv1 Rq wkh rqh kdqg/ sdvvlyh ehkdylru lv ghvludeoh lq rughu wr frqwuro

frpshwlwlrq zlwk rwkhu grzqvwuhdp �upv frqwudfwlqj zlwk wkh vdph xsvwuhdp �up1

Rq wkh rwkhu kdqg/ lw lv xqghvludeoh iurp wkh srlqw ri ylhz ri frpshwlqj zlwk �upv

frqwudfwlqj zlwk d gl�huhqw xsvwuhdp �up1 Erwk ri wkhvh h�hfwv qhhg wr eh frqvlghuhg

lq rughu wr ghwhuplqh zkhwkhu srvlwlyh ur|dowlhv zloo eh xvhg1
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Ehiruh surfhhglqj wr h{dplqh wkh surshuwlhv ri wkh htxloleulxp/ lw lv lqvwuxfwlyh

wr surylgh dq looxvwudwlrq ri wkh htxloleulxp frqvwuxfwlrq xvlqj �eudqg uhdfwlrq ixqf0

wlrqv�1 Wklv dssurdfk fodul�hv wkh lqwxlwlrq/ jlyhv d �fohdqhu� surri iru wkh uhvxowv

deryh/ dqg lv dovr xvhixo lq wkh uhpdlqghu ri wkh sdshu1

6151 H{srvlwlrq xvlqj eudqg uhdfwlrq ixqfwlrqv

Frqvlghu djdlq wkh uhdfwlrq ixqfwlrq ri d jlyhq grzqvwuhdp �up 6c dv jlyhq e| +6,1

Wklv uhsuhvhqwv/ ri frxuvh/ wkh rswlpdo rxwsxw iru �up 6 wdnlqj wkh rxwsxw ohyhov

ri doo rwkhu �upv dv jlyhq1 Qrwlfh wkdw hdfk ri wkhvh uhdfwlrq ixqfwlrqv kdv vorsh

+uhodwlyh wr '�� htxdo wr r*2� Dgglqj +6, ryhu 6 dqg uhduudqjlqj zh rewdlq wkh eudqg

uhdfwlrq ixqfwlrq iru �=

'�E'�� '
?�

?� n �
E@� o� � r'��c �c � ' �c 2 +:,

Wklv ixqfwlrq lqglfdwhv wkh djjuhjdwh rxwsxw ri doo ri �up �*v grzqvwuhdp �upv jlyhq

wkh rxwsxw ri doo ri �up �*v grzqvwuhdp �upv1

Uhpdun 41 Wkh eudqg uhdfwlrq ixqfwlrq iru �up � kdv vorsh r?�*E?�n��� Wkxv/ iru d

jlyhq rxwsxw '� ri �up �/ wkh kljkhu lv ?� wkh kljkhu wkh djjuhjdwh rxwsxw ri �up �*v

grzqvwuhdp �upv1 Lq dgglwlrq/ ghfuhdvlqj wkh ur|dow| o� jhqhudwhv d sdudooho xszdug

vkliw ri �up �*v eudqg uhdfwlrq ixqfwlrq1

Iljxuh 4 looxvwudwhv krz �up�*v eudqg uhdfwlrq ixqfwlrq fkdqjhv zkhq wkh qxpehu

ri�*v grzqvwuhdp �upv lqfuhdvhv iurp ?� wr ?���Dv ?� lqfuhdvhv/ wklv ixqfwlrq urwdwhv

dqg lwv vorsh r?�*E?�n�� lqfuhdvhv +zlwk '� judskhg djdlqvw '�c wkh uhdfwlrq ixqfwlrq

ehfrphv  dwwhu,1 Wkh lqwxlwlrq khuh lv wkdw grzqvwuhdp �upv gr qrw lqwhuqdol}h wkh

h�hfw ri wkhlu rxwsxw ghflvlrqv rq rwkhu grzqvwuhdp �upv/ lqfoxglqj wkh rqhv vhoolqj

wkh vdph eudqg1 Dv ?� lqfuhdvhv/ wkh h�hfw ri qrw lqwhuqdol}lqj wklv h{whuqdolw|

ehfrphv vwurqjhu dqg grzqvwuhdp �upv ehkdyh pruh djjuhvvlyho|1 Qrwh wkdw wklv

h�hfw xqghuolhv wkh uhvxow wkdw +zkhq ur|dowlhv duh qrw xvhg, d odujhu qxpehu ri
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grzqvwuhdp �upv r�huv d vwurqjhu vwudwhjlf srvlwlrq +h1j1 dv lq Ed|h/ Furfnhu/ dqg

Mx ^4`,1

Uhwxuqlqj wr wkh frqvwuxfwlrq ri htxloleulxp/ lw lv fohdu wkdw �up �/ zrxog olnh lwv

grzqvwuhdp �upv wr surgxfh dq rxwsxw ohyho wkdw pd{lpl}hv wkhlu wrwdo sur�w1 Wkxv/

zkloh fkrrvlqj lwv ur|dow| udwh/ o�c �up � dfwv olnh d Vwdfnhoehuj ohdghu dorqj �*v eudqg

uhdfwlrq ixqfwlrq +wdnlqj o� dv jlyhq,1 Lq rwkhu zrugv/ lw zdqwv lwv grzqvwuhdp �upv

wr froohfwlyho| surgxfh rxwsxw '� wkdw vroyhv

4@ 
'�

id@�'� � r'�E'��o'�j � +;,

ru/ vxevwlwxwlqj �up �*r rswlpdo uhvsrqvh/

4@ 
'�

+
d@�'� � r?�

?� n �
E@� o� � r'��o'�

,
�

Wkh �uvw0rughu frqglwlrq +zlwk uhvshfw wr '�, fdq eh zulwwhq dv=58

@� r?�
?� n �

E@� o�� '
2dE�� r2�?� n �o

?� n �
'�

Vroylqj iru '�/ zh rewdlq wkh Vwdfnhoehuj ohdghu*v rxwsxw ohyho=

'7u
� '

d@n rEo� � @�o?� n @

2dE�� r2�?� n �o
� +<,

Vxevwlwxwlqj lqwr �up �*v uhdfwlrq ixqfwlrq/ zh rewdlq wkh Vwdfnhoehuj iroorzhu rxwsxw

ohyho=

'78
� '

?�
?� n �

k
@� o� � r'7u

�

l
'

'
?�

?� n �

+
dE2� r� r2�?� n 2� ro@� dE2 n r� 2r2�?� n 2oo�

2dE�� r2�?� n �o

,
� +43,

Qrz/ iru d jlyhq o�/ �up � zdqwv wr fkrrvh d ur|dow| udwh o� wkdw zloo pdnh lwv

eudqg uhdfwlrq fxuyh sdvv wkurxjk wkh srlqw +'7u
� / '78

� ,1 Lq rwkhu zrugv/ lw fkrrvhv

o� vxfk wkdw

58Lw lv hdv| wr fkhfn wkdw wkh vhfrqg0rughu frqglwlrqv iru d pd{lpxp duh vdwlv�hg1
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'7u
� '

?�
?� n �

k
@� o� � r'78

�

l
� +44,

Vxevwlwxwlqj +<, dqg +43, lqwr +44, dqg vroylqj iru o� zh rewdlq wkh uhdfwlrq ixqfwlrqv

+8, ri wkh xsvwuhdp �upv lq whupv ri ur|dowlhv1 Wkh rqo| uhpdlqlqj vwhs lv wr vroyh

wkh v|vwhp ri wkhvh uhdfwlrq ixqfwlrqv wr rewdlq wkh htxloleulxp ur|dow| udwhv jlyhq

e| +9,1 Wklv h{srvlwlrq yld eudqg uhdfwlrq ixqfwlrqv khosv foduli| wkh vwudwhjlf h�hfwv

lq wkh �qdo wzr vwdjhv ri wkh jdph1

Ehiruh h{dplqlqj wkh htxloleulxp ur|dowlhv lq ghwdlo/ lw lv xvhixo wr glvfxvv wkh

prqrwrqlflw| ri wkh ur|dow| uhdfwlrq ixqfwlrqv1 Lw lv hdv| wr vhh wkdw wkhvh fdq eh hlwkhu

lqfuhdvlqj ru ghfuhdvlqj/ ghshqglqj rq wkh qxpehuv ri grzqvwuhdp �upv1 Pruhryhu/

lw lv srvvleoh wkdw rqh ri wkhvh ixqfwlrqv lv ghfuhdvlqj zkloh wkh rwkhu lv lqfuhdvlqj1

Vshfl�fdoo|/ vwdqgdug fdofxodwlrqv vkrz wkdw=

Uhpdun 51 +Prqrwrqlflw| ri ur|dow| uhdfwlrq ixqfwlrqv,= Wkh ur|dow| o� lv ghfuhdvlqj

lq o� li dqg rqo| li

?� 	 ?�dEr
2 � ��?� n �o n �� +45,

6161 Ehqfkpdunv= wkh fdvhv ri sxuh lqwudeudqg dqg sxuh lqwhueudqg frp0

shwlwlrq

Wkhuh duh wkuhh fulwlfdo sdudphwhuv lq +9,= ?�/ ?�/ dqg r1 Wr lvrodwh wkh uroh ri

hdfk sdudphwhu/ frqvlghu �uvw wkh fdvh zkhuh surgxfwv ri wkh wzr xsvwuhdp �upv

duh shuihfwo| gl�huhqwldwhg +r ' f,1 Wklv fruuhvsrqgv wr wkh fdvh ri sxuh lqwudeudqg

frpshwlwlrq1

Uhpdun 61 +Sxuh lqwudeudqg frpshwlwlrq, Zkhq r ' f/ zh kdyh

oW� Er ' f� '
@E?� � ��

2?�
c � ' �c�� +46,

Dv kdv ehhq vkrzq lq sdvw zrun/ dq xsvwuhdp prqrsrolvw fkdujhv d srvlwlyh ur|0

dow| li dqg rqo| li wkh qxpehu ri grzqvwuhdp �upv h{fhhgv rqh1 D srvlwlyh ur|dow|
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vhuyhv wr h�hfwlyho| udlvh wkh grzqvwuhdp �upv* pdujlqdo frvw dqg pdnhv wkhp lq0

whuqdol}h wkh krul}rqwdo h{whuqdolw| wkdw h{lvwv dprqj wkhp1 Lw lv hdv| wr fkhfn wkdw

wkh rswlpdo frqwudfw iru wkh xsvwuhdp �up gulyhv wkh grzqvwuhdp pdunhw wr wkh

prqrsro| ohyho +zlwk sulfh @*2, dqg doorzv wkh xsvwuhdp �up wr rewdlq h{dfwo| wkh

prqrsro| sur�w E@2*e�� Lw lv dovr hdv| wr vhh wkdw wkh rswlpdo ur|dow| ghfuhdvhv lq wkh

qxpehu ri grzqvwuhdp �upv1 Lq wkh h{wuhph fdvh zlwk rqo| rqh grzqvwuhdp �up/

wkh xsvwuhdp �up fkdujhv qr ur|dowlhv= h{wudfwlqj d shu0xqlw sd|phqw iurp d grzq0

vwuhdp prqrsrolvw vlpso| ohdgv wr �grxeoh pdujlqdol}dwlrq�1 Ilqdoo|/ dv ?� $ 4 zh

kdyh oW $ @*2c vr wkdw dv wkh qxpehu ri grzqvwuhdp �upv lqfuhdvhv wr lq�qlw|/ wkh

rswlpdo ur|dow| htxdov wkh prqrsro| sulfh1

Qh{w wxuq wr wkh rwkhu h{wuhph fdvh/ wkdw ri sxuh lqwhueudqg frpshwlwlrq1 Qrz

hdfk ri wkh wzr xsvwuhdp �upv vljqv dq h{foxvlyh frqwudfw zlwk d vlqjoh grzqvwuhdp

�up= ?� ' ?� ' �� Dovr/ wr irfxv wkh glvfxvvlrq/ dvvxph qr gl�huhqwldwlrq +r ' ��� Lw

lv hdv| wr vhh wkdw lq wklv fdvh htxdwlrq +9, |lhogv=

Uhpdun 71 +Sxuh lqwhueudqg frpshwlwlrq, Zkhq ?� ' ?� ' � dqg r ' �c zh kdyh

oW� E?� ' ?� ' �( r ' �� ' �@*Dc � ' �c�� +47,

Li qhjdwlyh ur|dowlhv +wkdw lv/ vxevlglhv, duh qrw srvvleoh/ wkh htxloleulxp lqyroyhv }hur

ur|dowlhv +dqg ihhv htxdo wr wkh shu0�up Frxuqrw sur�w,1

Wklv uhsuhvhqwv d vwdqgdug uhvxow lq wkh vwudwhjlf frqwudfwlqj olwhudwxuh +vhh wkh

Lqwurgxfwlrq,159 Lq wklv fdvh/ wkh xsvwuhdp �upv zrxog qrw rqo| dyrlg fkdujlqj d

ur|dow| exw wkh| zrxog dfwxdoo| olnh wr vxevlgl}h wkhlu grzqvwuhdp �upv shu xqlw ri

rxwsxw vrog/ li wklv zhuh srvvleoh1 Qrwh wkdw/ vlqfh lq wklv prgho wkhuh lv dq dqdorj|

ehwzhhq ur|dowlhv dqg zkrohvdoh sulfhv/ d vxevlg| vlpso| phdqv fkdujlqj zkrohvdoh

sulfhv ehorz xsvwuhdp frvw1 Li vxevlglhv duh qrw srvvleoh/ wkhq wkh suhglfwlrq lv wkdw

rqo| ihhv zloo eh vshfl�hg lq wkh frqwudfwv1 Wkh edvlf lqwxlwlrq lv wkdw/ e| fkdujlqj

59Pruh jhqhudoo|/ zkhq ql @ qm @ 4 dqg v 5 ^3> 4`> zh kdyh ul @ v5d@+v5 � 5v� 7,=
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d orzhu ur|dow| udwh/ dq xsvwuhdp �up uhgxfhv wkh xqlw frvw ri wkh grzqvwuhdp �up

lw lv dvvrfldwhg zlwk dqg dv d uhvxow wkh grzqvwuhdp �up rewdlqv d vwurqjhu vwudwhjlf

srvlwlrq djdlqvw lwv ulydo1 Dw d pruh whfkqlfdo ohyho/ ghfuhdvlqj wkh ur|dow| udwhv

jhqhudwhv dq rxwzdug vkliw lq wkh grzqvwuhdp �upv* uhdfwlrq ixqfwlrqv15:

Wkh deryh uhvxowv vd| wkdw ur|dowlhv duh srvlwlyh lq wkh fdvh ri sxuh lqwudeudqg

frpshwlwlrq zkhuhdv wkh| duh qhjdwlyh xqghu sxuh lqwhueudqg frpshwlwlrq1 Zk|B Li

wkhuh lv d vlqjoh xsvwuhdp �up/ lw zrxog olnh grzqvwuhdp �upv wr eh sdvvlyh +djdlqvw

rqh dqrwkhu, vr wkdw wkh wrwdo grzqvwuhdp sur�w lv pd{lpl}hg zkhuhdv zkhq wkhuh

duh wzr xsvwuhdp �upv/ vwudwhjlf frqvlghudwlrqv glfwdwh wkdw wkh grzqvwuhdp �upv

eh pruh djjuhvvlyh djdlqvw wkh rwkhu grzqvwuhdp frpshwlwru1

6171 Ixuwkhu dqdo|vlv ri wkh htxloleulxp frqwudfwv

Zkhq r : f grzqvwuhdp frpshwlwlrq dfurvv wkh �up w|shv pdwwhuv dqg wklv frpshwl0

wlrq lv prvw lqwhqvh zkhq r ' �1 Wkh fdvh ri krprjhqrxv surgxfwv +r ' �, uhsuhvhqwv

dq dgglwlrqdo ehqfkpdun iru rxu dqdo|vlv dqg lv dovr xvhixo iru ehwwhu xqghuvwdqglqj

rxu prgho vlqfh dqdo|wlfdo h{suhvvlrqv duh txlwh wudqvsduhqw lq wklv fdvh �

Zkhq r ' �c iurp +7, zh rewdlq wkh txdqwlwlhv lq wkh grzqvwuhdp pdunhw=

^� '
@� o� � ?�Eo� � o��

?� n ?� n �
� +48,

Vlploduo|/ wkh h{suhvvlrqv iru wkh Vwdfnhoehuj ohdghu dqg iroorzhu rxwsxwv lq htxdwlrqv

+<, dqg +43, fdq eh vlpsol�hg=

'7u
� '

@ n ?�o�
2

c dqg '78
� '

?�
?� n �

%
@� o�E?� n 2�

2

&
�

5:Qrwh wkdw wrwdo rxwsxw lv ghfuhdvlqj +dqg pdunhw sulfhv duh lqfuhdvlqj, lq ur|dow| udwhv dqg

wkhuhiruh xsvwuhdp �upv ehqh�w li wkh| duh qrw doorzhg wr xvh qhjdwlyh ur|dowlhv1 Zkloh frpshwlwlrq

irufhv hdfk �up wr eh djjuhvvlyh dqg vxevlgl}h lwv grzqvwuhdp �up/ erwk �upv zrxog eh ehwwhu r�

zlwk d }hur ur|dow| wkdq zlwk wkh htxloleulxp +qhjdwlyh, udwh1 Vshfl�fdoo|/ frpsduhg wr d }hur udwh/

d ur|dow| htxdo wr �d@8 ghfuhdvhv wkh pdunhw sulfh irup d@6 wr d@8 dqg hdfk xsvwuhdp �up*v wrwdo

sur�w iurp d5@< wr 5d5@58=
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Dovr/ iurp +8,/ wkh ur|dow| uhdfwlrq ixqfwlrqv ehfrph

o�Eo�(?�c ?�� '
E?� � ?� � ��Eo�?� n @�

2E?� n ��?�
� +49,

Wkhuhiruh/ zkhq r ' �/ frqglwlrq +45, fdq eh vlpsol�hg wr ?� 	 ?� n�1 Ixuwkhu/ iurp

+9, zh kdyh

Uhpdun 81 Li r ' �

oW� Er ' �� '
@E?� � ?� � ��

?�E?� n ?� n ��
c �c � ' �c� +4:,

vr wkdw �up � hpsor|v d srvlwlyh ur|dow| li dqg rqo| li ?� : ?� n �1 Ixuwkhupruh/

zkhq ?� : ?� n � �up � grhv qrw hpsor| d srvlwlyh ur|dow|1

Wkh lqwxlwlrq iru wklv uhvxow lv wkdw d srvlwlyh ur|dow| lv mxvwl�hg rqo| zkhq wkh lq0

fhqwlyh wr vriwhq grzqvwuhdp frpshwlwlrq dprqj lwv rzq frqwudfwlqj �upv lv vwurqjhu

wkdq wkh lqfhqwlyh wr surylgh wkhp d ehwwhu vwudwhjlf srvlwlrq djdlqvw wkh rwkhu grzq0

vwuhdp �upv15;

Lq sduwlfxodu/ iurp +9, lw lv hdv| wr vhh wkdw zh fdq h{whqg wkh lqwxlwlrq ri wkh wzr

xsvwuhdp dqg wzr grzqvwuhdp �upv fdvh +suhvhqwhg lq Uhpdun 7, dv iroorzv=

Uhpdun 91 Zkhq ?� ' ?� dqg r ' � wkh wzr �upv zrxog olnh wr vxevlgl}h wkhlu

uhvshfwlyh grzqvwuhdp �upv1

Frqwlqxlqj wkh dqdo|vlv ri wkh r ' � fdvh/ lw lv xvhixo wr uhsruw khuh wkh htxloleulxp

grzqvwuhdp txdqwlwlhv dqg sulfh

^W� Er ' �� '
@E?� n ��

?�E?� n ?� n ��
c �c � ' �c� +4;,

5;Wklv dqdo|vlv vxjjhvwv dq hpslulfdoo| whvwdeoh lpsolfdwlrq/ wkdw grplqdqw xsvwuhdp �upv +lq wkh

vhqvh ri kdylqj d kljkhu qxpehu ri grzqvwuhdp �upv, duh olnho| wr fkdujh uhodwlyho| kljkhu ur|dow|

udwhv dqg orzhu �{hg ihhv wkdq wkhlu vpdoohu frpshwlwruv1
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dqg

RW� Er ' �� ' RW '
@

E?� n ?� n ��
c � ' �c� +4<,

Iurp +4;, rqh rewdlqv ^W� : ^W� / ?� 	 ?�� Iurp +4<, qrwh wkdw wkh �qdo sulfh rqo|

ghshqgv rq wkh wrwdo qxpehu ri grzqvwuhdp �upv lq wkh pdunhw/ E?� n ?��/ dqg qrw

rq krz wkhvh �upv duh doorfdwhg ehwzhhq wkh wzr xsvwuhdp ulydov1

Wr lvrodwh wkh uroh sod|hg e| wkh ghjuhh ri surgxfw gl�huhqwldwlrq +r,c frqvlghu

djdlq wkh fdvh zkhuh ?� ' ?� ' ?1 Iurp +9, zh rewdlq=

Uhpdun :1 Zkhq ?� ' ?� ' ? wkh ur|dow| fkdujhg e| hdfk xsvwuhdp �up htxdov=

oW '
@d?2E�� r2�� �o

?d?E2 n r� r2� n Ern 2�o
� +53,

Wkxv oW : f li dqg rqo| li ?2E�� r2� : �1

Iurp wkh deryh uhvxow/ qrwh wkdw/ dv r lqfuhdvhv/ ?pxvw dovr lqfuhdvh iru wkh ur|dow|

udwh wr eh srvlwlyh1 Lq wkh olplw zkhq r jrhv wr 4/ rswlpdo ur|dowlhv duh qhyhu srvlwlyh1

Wkh lqwxlwlrq lv wkdw wkh pruh vlplodu wkh grzqvwuhdp surgxfwv/ wkh vwurqjhu pxvw eh

wkh frpshwlwlyh h{whuqdolw| ehwzhhq �upv wkdw frqwudfw zlwk d vlqjoh xsvwuhdp �up

iru wkh odwwhu wr fkdujh d srvlwlyh ur|dow|1

6181 Prqrwrqlflw| dqg olplw ehkdylru

Zh qrz h{dplqh krz htxloleulxp ur|dowlhv ydu| zlwk wkh qxpehu ri grzqvwuhdp �upv1

Iluvw/ zh �qg wkdw d �up*v ur|dow| ghfuhdvhv zlwk wkh qxpehu ri ulydo grzqvwuhdp

�upv/ uhjdugohvv ri wkh pdjqlwxgh ri r1 Wr vhh wklv/ lw lv hqrxjk wr gl�huhqwldwh oW�

iurp +9, zlwk uhvshfw wr ?�� Zh rewdlq

YoW�
Y?�

'
�2@r2E?� n ��dEr2 n r� 2�?� n r� 2odEr2 � ��?� � �o

?�dEre � Dr2 n e�?�?� � E�r2 � e�E?� n ?��� r2 n eo2
	 f� +54,

Uhjduglqj wkh prqrwrqlflw| zlwk uhvshfw wr rzq �upv/ wkh uhvxow lv qrw xqdpeljxrxv1

Zkloh qxphulfdo h{dpsohv lqglfdwh wkdw ur|dowlhv w|slfdoo| lqfuhdvh lq wkh qxpehu ri
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rzq �upv/ wklv uhvxow lv qrw jhqhudoo| wuxh1 Lq sduwlfxodu/ zkhq r ' �c iurp +4:, zh

rewdlq

YoW�
Y?�

'
@d?�E?� n 2?� n e� n ?�E2� ?�� n �o

?2� E?� n ?� n ��2
� +55,

Lw lv hdv| wr vhh/ iru h{dpsoh/ wkdw zkhq ?� ' � wklv h{suhvvlrq lv srvlwlyh iru ?� ' D

dqg qhjdwlyh iru ?� ' S1 Iljxuh 5 looxvwudwhv wkdw/ dv ?� lqfuhdvhv/ o� lv lqlwldoo|

qhjdwlyh/ lqfuhdvhv wr srvlwlyh ohyhov dqg wkhq ghfuhdvhv frqyhujlqj wr }hur iurp deryh1

Zh fdq vxppdul}h wkhvh uhvxowv dv iroorzv1

Uhpdun ;1 Htxloleulxp ur|dow| ri �up � +l, ghfuhdvhv dv wkh qxpehu ri ulydo grzq0

vwuhdp �upv +?�, lqfuhdvhv/ dqg +ll, fdq hlwkhu lqfuhdvh ru ghfuhdvh lq wkh qxpehu ri

rzq �upv +?�,1

Jlyhq wkh deryh glvfxvvlrq/ lw lv lqwhuhvwlqj wr h{dplqh wkh olplw ehkdylru ri

htxloleulxp ur|dow| udwhv dqg sur�wv1 Dv Iljxuh 5 vkrzv/ zkhq r ' �/ oW� $ f dv

?� $ 41 Pruh jhqhudoo|/ iurp +9, zh �qg wkdw/ dv wkh qxpehu ri rzq grzqvwuhdp

�upv lqfuhdvhv/ htxloleulxp sur�w frqyhujhv wr

*�4
?�<"

ZW� '
@2Er2 n r� 2�2d� n E�� r2�?�oE?� n ��

d?�Ere � Dr2 n e� n e� �r2o2
�

Qrwlfh wkdw/ lq wkh olplw/ sur�w lv srvlwlyh li r 	 �1 Li r ' � erwk �up �*v ur|dow|

dqg sur�w whqg wr }hur dv ?� $ 41

71 Htxloleulxp qxpehu ri grzqvwuhdp �upv

Wkxv idu zh kdyh wdnhq wkh qxpehu ri grzqvwuhdp �upv dv �{hg1 Lq wklv vhfwlrq

zh h{dplqh wkh fkrlfhv ri ?� dqg ?� e| wkh xsvwuhdp �upv +jlyhq wkdw htxloleulxp

fkrlfhv ri ur|dowlhv dqg txdqwlwlhv zloo iroorz,1

Vxevwlwxwlqj wkh htxloleulxp ur|dow| udwhv +9, lqwr wkh grzqvwuhdp txdqwlwlhv dqg

sulfhv/ zh rewdlq wkh xsvwuhdp sur�wv Z�E?�c ?�� '
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?�R�Eo
W
� E?�c ?��c o

W
� E?�c ?���^�Eo

W
� E?�c ?��c o

W
� E?�c ?���c � ' �c�� Wkhq �up � fkrrvhv lwv

qxpehu ri grzqvwuhdp �upv wr vroyh

4@ 
?�

i?�R�EoW� E?�c ?��c oW� E?�c ?���^�EoW� E?�c ?��c oW� E?�c ?���j�

Vxevwlwxwlrq dqg gl�huhqwldwlrq zlwk uhvshfw wr ?� |lhogv

YZ�E?�c ?��

Y?�
' �2r�@2E?� n ��dE2� r2 � r�?� n 2� rod� n E�� r2�?�odE2� r2 � r�?� n 2� ro

d?�?�Ee n re � Dr2� n E?� n ?��Ee� �r2� n e� r2o�
	 f

+56,

iru doo f 	 r � �15< Lw iroorzv wkdw hdfk xsvwuhdp �up zdqwv wr plqlpl}h lwv rzq

grzqvwuhdp �upv/ uhjdugohvv ri wkh qxpehu ri �upv fkrvhq e| lwv ulydo1 Wkh xqltxh

htxloleulxp wkhq lv iru hdfk �up wr slfn rqo| rqh grzqvwuhdp �up1 Wr vxppdul}h=

Sursrvlwlrq 51 Li r : f/ lq htxloleulxp zh kdyh ?W� ' ?W� ' �c vr wkdw hdfk xsvwuhdp

�up fkrrvhv wr kdyh rqo| rqh grzqvwuhdp1 Pruhryhu/ lw lv vwulfwo| rswlpdo iru �up

� wr kdyh rqo| rqh grzqvwuhdp �up/ uhjdugohvv ri wkh qxpehu ri grzqvwuhdp �upv

fkrvhq e| �up �1

Qrwh wkdw/ li wkhuh lv qr vxevwlwxwlrq dprqj wkh wzr surgxfwv/ zh nqrz iurp wkh

dqdo|vlv lq wkh suhylrxv vhfwlrq wkdw=63

Uhpdun <1 Li r ' f/ dq| qxpehu ri grzqvwuhdp �upv ?W� lv rswlpdo iru �up �c

� ' �c� +dqg � fdq dozd|v dfklhyh wkh prqrsro| sur�w,1

Wr looxvwudwh wkh h�hfw ri lqfuhdvlqj wkh qxpehu ri grzqvwuhdp �upv frqvlghu wkh

iroorzlqj h{dpsoh1 Vxssrvh wkdw r ' � dqg ?� ' �� Wkhq dvvxph wkdw ?� lqfuhdvhv

iurp � wr 2� Lw lv hdv| wr fdofxodwh wkh uhohydqw ur|dowlhv/ txdqwlwlhv/ sulfhv/ dqg sur�wv

iurp wkh h{suhvvlrqv jlyhq deryh1 Wdeoh 4d uhsruwv krz wkh htxloleulxp fkdqjhv dv

5<Vlqfh 3 ? v � 4/ wkh iroorzlqj krog= +l, 5� v A 5 � v5 � v A 3> +ll, 7 . v7 � 8v5 A 3 dqg +lll,

7� v5 A 7� 6v5 A 3= Wkhvh lqhtxdolwlhv lpso| wkdw wkh whup lq sduhqwkhvhv lv vwulfwo| srvlwlyh1 Dovr

wkh vhfrqg rughu frqglwlrqv jxdudqwhh wkdw zh kdyh d pd{lpxp1

63Wklv fdq eh dovr fkhfnhg gluhfwo|/ vlqfh wkhq wkh ghulydwlyh lq +56, ehfrphv }hur iru v @ 3=
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?� lqfuhdvhv/ dqg Iljxuh 6d surylghv d gldjudppdwlf looxvwudwlrq1 Zh �qg wkdw/ dv

?� lqfuhdvhv/ �up �*v ur|dow| lqfuhdvhv +iurp �@*D wr }hur, dqg �up �*v ur|dow|

ghfuhdvhv +iurp �@*D wr �@*��1 Wkh wrwdo rxwsxw surgxfhg e| �up �*v grzqvwuhdp

�upv ghfuhdvhv dqg wkdw ri �up �*v lqfuhdvhv1 Wkh sulfh ghfuhdvhv1 Ilqdoo|/ �up �*v

wrwdo sur�w ghfuhdvhv zkloh wkdw ri �up � lqfuhdvhv1 Dv d uhvxow +zkhq ?� ' �, �up

� zrxog qrw olnh wr lqfuhdvh wkh qxpehu ri lwv �upv iurp ?� ' � wr ?� ' 2�

Wkh lqwxlwlrq iru wkh uhvxow lv dv iroorzv1 Lq rxu iudphzrun/ hlwkhu d kljkhu qxpehu

ri grzqvwuhdp frpshwlwruv ru d orzhu ur|dow| udwh uhsuhvhqwv d frpplwphqw wr pruh

djjuhvvlyh ehkdylru lq wkh grzqvwuhdp pdunhw1 Vr wkh txhvwlrq lv zk| lw lv suhihudeoh

iurp d vwudwhjlf ylhzsrlqw wr fkrrvh orz ur|dowlhv lqvwhdg ri +dovr, fkrrvlqj d odujhu

qxpehu ri �upv1 Dv d �uvw vwhs/ dvvxph iru d prphqw wkdw wkh ulydo*v qxpehu ri

�upv dqg ur|dow| duh �{hg1 Wkhq iru dq xsvwuhdp �up wkdw lv fkrrvlqj lwv qxpehu

ri �upv dqg ur|dow| udwh wkhuh duh lq�qlwh frpelqdwlrqv ri wkh wzr lqvwuxphqwv wkdw

+jlyhq wkh ulydo*v ehkdylru, pd{lpl}h sur�w1 Pruh suhflvho|/ lq wklv fdvh dq xsvwuhdp

�up zrxog vlpso| fkrrvh d frpelqdwlrq ri qxpehu ri �upv dqg ur|dowlhv wkdw zrxog

pdnh lwv eudqg uhdfwlrq ixqfwlrq +:, lqwhuvhfw wkh ulydo*v uhdfwlrq ixqfwlrq dw wkh

Vwdfnhoehuj srlqw +<,1 Lq idfw/ lw lv hdv| wr vhh wkdw vlqfh d eudqg uhdfwlrq fxuyh fdq

vkliwv rxw hlwkhu dv d uhvxow ri d kljkhu ?� ru d orzhu o�/ d odujhu ?� lpsolhv wkdw d

kljkhu o� lv rswlpdo +dv d ixqfwlrq ri o���64 Krzhyhu/ dqg frqwudu| wr wkh dvvxpswlrq

deryh/ lq wkh jdph wkh ulydo*v qxpehu ri �upv dqg ur|dow| duh qrw �{hg1 Zkloh/

zkhq fkrrvlqj lwv qxpehu ri grzqvwuhdp/ dq xsvwuhdp �up wdnhv wkh ulydo qxpehu

ri grzqvwuhdp �upv dv jlyhq/ lw grhv frqvlghu wkh h�hfw rq wkh ulydo*v ur|dow| fkrlfh1

Lq sduwlfxodu/ d odujhu qxpehu ri grzqvwuhdp �upv lpsolhv wkdw/ iru dq| ur|dow| udwh/

dq xsvwuhdp �up*v eudqg uhdfwlrq ixqfwlrq ehfrphv vwhhshu dqg/ dv d uhvxow/ wkh ulydo

kdv d vwurqjhu lqfhqwlyh wr ehkdyh vwudwhjlfdoo| +e| fkrrvlqj d orzhu ur|dow| udwh,1

Vlqfh lw lv ghvludeoh wr kdyh kljkhu ulydo ur|dow| udwhv/ hdfk �up kdv dq lqfhqwlyh wr

64Qrwh/ krzhyhu/ wkdw wklv grhv qrw lpso| wkdw d kljkhu ql ohdgv wr d kljkhu htxloleulxp ul vlqfh

lwv ohyho dovr ghshqgv rq um =
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fkrrvh wr orzhu qxpehu ri grzqvwuhdp frpshwlwruv165

81 Vhtxhqwldo fkrlfhv ri ur|dowlhv

Wr h{dplqh wkh urexvwqhvv ri rxu pdlq uhvxow +Sursrvlwlrq 5,/ zh qrz frqvlghu wkh

fdvh zkhuh wkh wzr �upv fkrrvh wkhlu ur|dow| udwhv vhtxhqwldoo|1 Wr vlpsoli| wkh

h{srvlwlrq/ zh dvvxph wkdw r ' �1 Jlyhq wkh qxpehu ri �upv dqg wkh ur|dow| udwhv/

wkh rxwsxw ri d grzqvwuhdp �up dvvrfldwhg zlwk xsvwuhdp �up � lv djdlq jlyhq e|

+48,1 Dv ehiruh/ wkh wrwdo sur�w ri �up � +diwhu lw froohfwv erwk ihhv dqg ur|dowlhv, li lw

fkrrvhv ur|dow| o� dqg � fkrrvhv o� lv Z�Eo�c o�� ' R?�^� ' E@�?�^��?�^��?�^�

dqg pd{lpl}dwlrq jlyhv ulvh wr wkh uhdfwlrq ixqfwlrqv +49,1

Qrz/ lqvwhdg ri vroylqj wkh v|vwhp ri wkhvh wzr uhdfwlrq ixqfwlrqv/ dv zh glg ehiruh

zkhq ur|dowlhv zhuh fkrvhq vlpxowdqhrxvo| e| wkh wzr �upv/ zh kdyh wr doorz iru wkh

idfw wkdw wkh �uvw pryhu +vd| �up �, dqwlflsdwhv krz �*v ur|dow| fkrlfh ghshqgv rq

lwv rzq fkrlfh1 Wkxv/ �up � vroyhv

4@ 
o�

Z�Eo�c o�Eo���� +57,

Vxevwlwxwlrq ri +49, lqwr wkh sur�w h{suhvvlrqv |lhogv

Z�Eo�c o�Eo��� ' Z�Eo�c
E?� � �� ?�� E?�o� n @�

2?� n 2?�?�
� '

?� E�?�o� � 2o� n @� E?�o� n @�

e E?� n ��2
�

+58,

65Rqh pd| dvn li/ jlyhq wkh lqfhqwlyh wr plqlpl}h wkh qxpehu ri grzqvwuhdp �upv/ xsvwuhdp �upv

pd| dovr suhihu wr ehfrph yhuwlfdoo| lqwhjudwhg1 Lw lv hdv| wr vhh wkdw/ zkloh erwk �upv duh ehwwhu0r�

xqghu yhuwlfdo lqwhjudwlrq/ wkh| gr qrw kdyh d xqlodwhudo lqfhqwlyh wr ehfrph yhuwlfdoo| lqwhjudwhg1

Wr vhh wklv srlqw/ revhuyh wkdw d yhuwlfdoo| lqwhjudwhg vwuxfwxuh fruuhvsrqgv/ lq rxu prgho/ wr }hur

ur|dowlhv1 Lw vkrxog eh fohdu/ wkhq/ wkdw erwk �upv duh ehwwhu0r� zlwk }hur ur|dowlhv wkdq zlwk wkh

ur|dowlhv +�d@8, fkrvhq lq wkh htxloleulxp ri rxu jdph +vhh irrwqrwh 5:,1 Krzhyhu/ e| frqvwuxfwlrq

zh nqrz wkdw/ jlyhq wkdw lwv ulydo ehkdyhv dv suhvfulehg lq htxloleulxp/ dq xsvwuhdp �up grhv qrw

zdqw wr ehfrph yhuwlfdoo| lqwhjudwhg +zh nqrz wklv vlqfh wkh ehvw uhvsrqvh wr um @ �d@8 lv ul� d@8

dqg qrw ul @ 3,1 Vlploduo|/ lw lv hdv| wr fkhfn wkdw/ jlyhq lwv ulydo lv yhuwlfdoo| lqwhjudwhg/ dq xsvwuhdp

�up suhihuv wr eh yhuwlfdoo| vhsdudwhg dqg fkdqjh d qhjdwlyh ur|dow| wkdq wr eh lqwhjudwhg1
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Qrwh wkdw ?� gursv rxw iurp wkh h{suhvvlrq= �up �*v sur�w zkhq lw lv d ohdghu zlwk

uhvshfw wr wkh fkrlfh ri ur|dowlhv grhv qrw ghshqg rq wkh qxpehu ri �*v grzqvwuhdp

�upv1 Pd{lpl}dwlrq lpsolhv wkdw wkh ohdghu*v ur|dow| lv=

ou� ' @h}4@ 
o�

Z�Eo�c o�Eo��� ' � @

?� E?� n 2�
� +59,

Vxevwlwxwlqj lqwr �*v uhdfwlrq ixqfwlrq zh rewdlq wkh iroorzhu*v ur|dow|

o8� ' o�Eo
u
�� ' @

?� � �� ?�
2?� E?� n 2�

� +5:,

Fohduo| zh kdyh=

Uhpdun 431 Wkh ohdghu*v ur|dow|/ ou�c lv +l, qhjdwlyh dqg +ll, lqfuhdvlqj lq wkh qxpehu

ri rzq �upv/ ?�1

Lw lv dovr hdv| wr vhh wkdw Yo8�*Y?� ' �@E� n ?��*2?� E?� n 2�2 	 f dqg wkxv=

Uhpdun 441 Wkh iroorzhu*v ur|dow|/ o8�/ ghfuhdvhv lq wkh qxpehu ri �upv ri wkh

ohdghu1

Qrz zh fdq fdofxodwh wkh htxloleulxp sur�w iru wkh ohdghu/ Z�Eou�c o
8
��� Vxevwlwxwlqj

zh rewdlq=

Z�Eou�c o
8
�� '

@2

eE?� n 2�
� +5;,

Vlploduo|/ zh fdq fdofxodwh wkh iroorzhu*v sur�w

Z�Eou�c o
8
�� '

@2 E?� n ��

e E?� n 2�2
� +5<,

Wkxv/ zh kdyh=

Sursrvlwlrq 61 Wkh Vwdfnhoehuj ohdghu*v sur�w lv ghfuhdvlqj lq wkh qxpehu ri lwv

rzq �upv1 Wkh Vwdfnhoehuj iroorzhu*v sur�w lv dovr ghfuhdvlqj lq wkh qxpehu ri wkh

ohdghu*v �upv1 Erwk wkh Vwdfnhoehuj ohdghu*v dqg wkh Vwdfnhoehuj iroorzhu*v sur�w grhv

qrw ghshqg rq wkh qxpehu ri wkh iroorzhu*v �upv1

59



Wkh surri lv reylrxv iru wkh ohdghu iurp +5;,1 Iru wkh iroorzhu/ iurp +5<, zh kdyh

YZ�Eou�c o
8
��*Y?� ' �@2?�*e E2 n ?��

� 	 f�

Lq sduwlfxodu/ qrwh wkdw wkh Vwdfnhoehuj ohdghu*v sur�w jrhv wr }hur dv wkh qxpehu

ri lwv rzq �upv jrhv wr lq�qlw|166

Wkh dqdo|vlv ri wkh vhtxhqwldo ur|dow| fkrlfh/ wrjhwkhu zlwk wkh vlpxowdqhrxv ur|0

dow| fdvh dqdo|}hg hduolhu/ lpso| wkh iroorzlqj uhvxow1

Sursrvlwlrq 71 Dq xsvwuhdp �up lv vwulfwo| zruvh0r� zlwk d odujhu qxpehu ri grzq0

vwuhdp �upv +ri lwv rzq, zkhq erwk �{hg ihhv dqg ur|dow| udwhv duh xvhg/ uhjdugohvv ri

zkhwkhu wkh �up fkrrvhv lwv ur|dow| udwh vlpxowdqhrxvo| zlwk ru ehiruh lwv xsvwuhdp

ulydo*v ur|dow| udwh1 Dq xsvwuhdp �up*v sur�w grhv qrw ghshqg rq lwv qxpehu ri

grzqvwuhdp �upv zkhq lwv ur|dow| udwh lv fkrvhq diwhu lwv xsvwuhdp ulydo*v ur|dow|

udwh1

Zh fdq dovr frpsduh wkh ur|dow| udwhv xqghu vhtxhqwldo fkrlfhv wr wkh udwhv iurp

wkh vlpxowdqhrxv fkrlfhv/ oWc jlyhq e| +4:,1

Sursrvlwlrq 81 Frpsduhg wr wkh vlpxowdqhrxv fkrlfh ri ur|dowlhv dqg iru d jlyhq

qxpehu ri �upv/ wkh iroorzhu +�up �, dozd|v fkdujhv d kljkhu ur|dow|1 Wkh ohdghu

+�up �, fkdujhv d kljkhu +orzhu, ur|dow| li dqg rqo| li ?� lv juhdwhu +vpdoohu, wkdq

?� n �1

Wr suryh wklv uhvxow revhuyh wkdw wkh ohdghu*v sur�w lv Z�Eo�c o�Eo��� dqg

_Z�

_o�

�����
o�'o

u
�

'
YZ�

Yo�
n

YZ�

Yo�

Yo�
Yo�

� +63,

Lq d Qdvk htxloleulxp +lq ur|dowlhv, hdfk �up wdnhv wkh rwkhu �up*v ur|dow| udwh dv

jlyhq +Yo�*Yo� ' f� dqg vr zh kdyh YZ�*Yo� ' f� Dv orqj dv Z� kdv d xqltxh

pd{lpxp +wklv krogv zlwk olqhdu ghpdqg,/ wklv lpsolhv wkdw ou� : oW / Yo�*Yo� : f�

66Lq frqwudvw/ uhfdoo wkdw zkhq dq xsvwuhdp �up idfhv qr frpshwlwlrq +v @ 3, wkhq/ hyhq zlwk dq

lq�qlwh qxpehu ri grzqvwuhdp �upv/ wkh xsvwuhdp �up fdq dfklhyh wkh prqrsro| sur�w1
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Krzhyhu/ iurp +45, zh nqrz wkdw Yo�*Yo� : f / ?� : ?� n �� Lw iroorzv wkdw

ou� : oW / ?� : ?� n �� Qrz frpsduh o8� wr oW� Iurp deryh/ zkhq Yo�*Yo� : f

wkhq ou� : oW� Exw/ wkhq/ o8� ' o�Eo
u
�� : o�Eo

W� ' oW� Zkhq/ rq wkh rwkhu kdqg/

Yo�*Yo� 	 f wkhq ou� 	 oW� Exw/ lq wklv fdvh zh dovr kdyh o8� ' o�Eo
u
�� : o�Eo

W� ' oW�

Vr zh dozd|v kdyh o8� : oW� Ilqdoo|/ qrwh wkdw zkhq ?� ' ?�n� zh kdyh Yo�*Yo� ' f

dqg vr ou� ' oW ' o8��
67

D vshfldo fdvh ri lqwhuhvw lv wkh iroorzlqj=

Uhpdun 451 Zkhq ?� ' ?�c dqg lq sduwlfxodu zkhq hdfk xsvwuhdp kdv rqo| rqh

grzqvwuhdp/ xqghu vhtxhqwldo fkrlfh ri ur|dowlhv/ wkh ohdghu fkrrvhv d orzhu ur|dow|

udwh zkloh wkh iroorzhu fkrrvhv d kljkhu ur|dow| uhodwlyh wr wkhlu uhvshfwlyh ur|dowlhv

xqghu vlpxowdqhrxv fkrlfh1

91 Ur|dowlhv ehiruh wkh qxpehu ri grzqvwuhdp frpshwlwruv

Wr ehwwhu xqghuvwdqg wkh vwudwhjlf lqfhqwlyhv lq rxu iudphzrun dqg/ lq sduwlfxodu/ wkh

uroh ur|dowlhv sod| lq lq xhqflqj wkh fkrlfh ri qxpehu ri grzqvwuhdp �upv/ zh qrz

h{dplqh vrph ixuwkhu prgl�fdwlrqv ri rxu edvlf prgho1 Lq sduwlfxodu/ zh h{dplqh

vlwxdwlrqv zkhuh wkh fkrlfh ri ur|dow| udwhv grhv qrw iroorz wkdw ri wkh qxpehu ri

grzqvwuhdp �upv1 Wklv frxog eh hlwkhu ehfdxvh ur|dowlhv fdqqrw eh xvhg dw doo/

ru ehfdxvh ur|dowlhv pxvw eh fkrvhq ehiruh ru dw wkh vdph wlph dv wkh qxpehu ri

frpshwlwruv1

Vxssrvh �uvw wkdw ur|dowlhv fdqqrw eh xvhg dqg wkdw rqo| �{hg ihhv fdq eh xvhg

wr wudqvihu sur�w xsvwuhdp1 Lq wkh devhqfh ri ur|dowlhv/ wkh rqo| vwudwhjlf fkrlfh ri

xsvwuhdp �upv lv wkh qxpehu ri grzqvwuhdp �upv1 Zkhq r ' �c wklv fdvh fruuhvsrqgv

wr wkh olwhudwxuh rq vwudwhjlf fkrlfh ri grzqvwuhdp glylvlrqv glvfxvvhg deryh +h1j1

Ed|h/ Furfnhu/ dqg Mx ^4`, dqg lv suhvhqwhg khuh iru frpsdulvrq sxusrvhv1 Qdwxudoo|/

rxu frqfoxvlrq lv wkh vdph dv lq wkdw zrun/ wkdw wkhuh lv dq lqfhqwlyh wr kdyh d kljkhu

67Wkhvh lqhtxdolwlhv fdq eh dovr hdvlo| fkhfnhg zlwk gluhfw fdofxodwlrqv xvlqj +59,/ +5:, dqg +4:,1
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qxpehu ri grzqvwuhdp xqlwv +dqg/ zlwkrxw vrph frvw iru dgglqj grzqvwuhdp �upv/

dq htxloleulxp idlov wr h{lvw,1 Wkxv wkh vwudwhjlf lqfhqwlyhv duh uhyhuvhg zkhq ur|dowlhv

fdqqrw eh xvhg1 Zh ixuwkhu h{dplqh wkh ihh0rqo| fdvh zkhq r 	 �� Qrw vxusulvlqjo|/

wkh uhvxow wkdw d odujhu qxpehu ri grzqvwuhdp �upv lv suhihuuhg grhv qrw krog dv wkh

ghjuhh ri gl�huhqwldwlrq ehwzhhq wkh wzr surgxfwv lqfuhdvhv1

Wkh ihh0rqo| fdvh fdq eh ylhzhg dv kdylqj ur|dowlhv �{hg dw udwh }hur1 Zh jhqhu0

dol}h wkh uhvxow iurp wklv fdvh dqg vkrz wkdw wkh vwudwhjlf lqfhqwlyh wr kdyh d kljkhu

qxpehu ri grzqvwuhdp �upv +dqg wkh qrq h{lvwhqfh ri htxloleulxp, lv suhvhqw zkhq

ur|dowlhv duh �{hg dw dq| ohyho wkdw lv qrw �wrr orz�1 Lq sduwlfxodu/ iru jlyhq ur|0

dow| udwhv wkdw duh qrw vr orz wkdw wkh uhohydqw eudqg uhdfwlrq ixqfwlrq lv eh|rqg

wkh Vwdfnhoehuj srlqw/ hdfk �up kdv dq lqfhqwlyh wr dfw vwudwhjlfdoo| dqg kdyh pruh

grzqvwuhdp �upv wkdq wkh ulydo1 Wkxv/ zkhq rxu edvlf prgho lv fkdqjhg vr wkdw

ur|dowlhv duh fkrvhq �uvw dqg wkh qxpehu ri �upv vhfrqg ru/ dowhuqdwlyho|/ vr wkdw

ihh0dqg0ur|dow| frqwudfwv dqg qxpehuv ri �upv duh fkrvhq vlpxowdqhrxvo|/ zh �qg

wkdw/ vxemhfw wr wkh lpsruwdqw txdol�fdwlrq qrwhg deryh/ wkh vwudwhjlf lqfhqwlyhv duh

uhyhuvhg1 Zh frqfoxgh wkdw lw lv fuxfldo iru rxu pdlq uhvxow wkdw shu0xqlw sd|phqwv

eh fkrvhq diwhu wkh qxpehu ri �upv1 Zh dovr h{soruh �upv* ehkdylru zkhq ur|dowlhv

duh orz lq wkh vhqvh ghvfulehg deryh1 Wkh irupdo dqdo|vlv dqg uhvxowv iroorz1

9141 Rqo| ihhv

Dw wkh ihh vwdjh/ erwk �upv vlpso| h{wudfw wkh grzqvwuhdp sur�wv ri wkhlu uhvshfwlyh

grzqvwuhdp �upv +zlwk shu �up sur�w htxdo wr R�^�,� Wkh h{suhvvlrqv iru grzqvwuhdp

rxwsxw fkrlfhv duh dv ehiruh +vhh +7,, h{fhsw wkdw zh qhhg wr vxevwlwxwh o� ' f1 Frq0

vlghu wkh fkrlfh ri qxpehu ri �upv1 Qrwlfh wkdw qrz wkh xsvwuhdp �upv fdqqrw frqwuro

wkh pdujlqdo lqfhqwlyhv ri wkhlu grzqvwuhdp �upv1 Wdnlqj ?� dv jlyhq/ xsvwuhdp �up

� fkrrvhv ?� wr pd{lpl}h Zo'f� ' ?�R�^�� Wkh �uvw rughu frqglwlrq lv=

YZo'f�

Y?�
'

@2E� n ?� � r?��
2E� n ?� � ?� � ?�?� n r2?�?��

E� n ?� n ?� n ?�?� � r2?�?���
�
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Vhwwlqj wklv whup htxdo wr }hur jlyhv wkh uhdfwlrq ixqfwlrq ri �up �

?� '
� n ?�

� n E�� r2�?�
c �c � ' �c�� +64,

Lq sduwlfxodu/ zkhq r ' � wkh uhdfwlrq ixqfwlrq ri �up � lv

?� ' ?� n �c �c � ' �c�� +65,

Fohduo|/ wkh wzr uhdfwlrq ixqfwlrqv duh xszdug vorslqj dqg sdudooho wr hdfk rwkhu=

hdfk �up zdqwv wr kdyh rqh pruh grzqvwuhdp �up wkdq lwv ulydo168 Lw iroorzv wkdw

wkhuh lv qr htxloleulxp zkhq surgxfwv duh shuihfwo| krprjhqrxv +r ' �,1 Wr looxvwudwh

wkh frqvhtxhqfhv ri lqfuhdvlqj wkh qxpehu ri grzqvwuhdp �upv zkhq rqo| ihhv fdq

eh xvhg/ frqvlghu djdlq d vlpsoh h{dpsoh zh glvfxvvhg lq wkh ihh dqg ur|dow| fdvh1

Vxssrvh/ zlwk r ' � dqg ?� ' �c wkdw ?� lqfuhdvhv iurp � wr 2� Wkh uhvxowv duh

uhsruwhg lq Wdeoh 4e1 Lw lv hdv| wr vhh wkdw dv lwv qxpehu ri �upv lqfuhdvhv/ �*v wrwdo

sur�w lqfuhdvhv +zkloh wkdw ri �up � ghfuhdvhv,1 Wkxv/ �up � kdv dq lqfhqwlyh wr

lqfuhdvh wkh qxpehu ri lwv �upv iurp ?� ' � wr ?� ' 2�

Frqvlghu qrz wkh fdvh zkhuh r ' f= wkh wzr surgxfwv duh shuihfwo| gl�huhqwl0

dwhg1 Wkhq/ dv fdq eh vhhq iurp +64,/ wkh rswlpdo fkrlfh ri hdfk �up lv wr slfn d

vlqjoh grzqvwuhdp �up lq rughu wr h{wudfw prqrsro| sur�w1 Wklv lv lqwxlwlyh= xq0

ghu xsvwuhdp prqrsro|/ zkhq rqo| ihhv fdq eh xvhg/ wkh �up zrxog suhihu d vlqjoh

grzqvwuhdp vlqfh lqfuhdvlqj wkh qxpehu ri grzqvwuhdp �upv vlpso| ghfuhdvhv wrwdo

grzqvwuhdp sur�w1 Zkhq f 	 r 	 �/ vroylqj wkh v|vwhp jlyhq e| +64, zh �qg wkdw

wkhuh lv d v|pphwulf htxloleulxp zkhuh wkh rswlpdo qxpehu ri �upv ri hdfk w|sh

htxdov

?W '
�s

�� r2
� +66,

Dv lv reylrxv/ dv r dssurdfkhv }hur/ ?W jrhv wr 4 zkhuhdv dv r dssurdfkhv 4/ ?W jrhv

wr lq�qlw|1 Lq jhqhudo/ dv surgxfwv ehfrph pruh krprjhqrxv/ hdfk �up zdqwv wr

lqfuhdvh lwv qxpehu ri grzqvwuhdp �upv1 Dv qrwhg deryh/ zkhq r ' �c rxu dqdo|vlv

68Qrwh wkdw wklv lv wkh vdph h{suhvvlrq uhsruwhg lq Frufköq ^7` dqg Srodvn| ^55`1
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lv doprvw lghqwlfdo wr Ed|h/ Furfnhu dqg Mx ^4` zkhuh wkh rqo| gl�huhqfh lv wkdw wkh|

vshfli| d frvw iru hdfk dgglwlrqdo grzqvwuhdp �up dqg wkxv �qg dq htxloleulxp zlwk

d �qlwh qxpehu ri glylvlrqv1

9151 Fkrrvlqj qxpehu ri grzqvwuhdp frpshwlwruv diwhu ru dw wkh vdph

wlph dv ur|dowlhv

Vxssrvh qrz wkdw �upv fkrrvh ur|dow| udwhv dqg qxpehuv ri grzqvwuhdp �upv vlpxo0

wdqhrxvo|1 Wr vlpsoli| wkh h{srvlwlrq/ zh suhvhqw wkh uhvxowv iru wkh fdvh ri r ' �169

Hdfk �up vroyhv wkh iroorzlqj sureohp=

4@ 
o�/ ?�

?�R�Eo�c o��^�Eo�c o���

Lw zloo eh vkrzq wkdw iru ur|dowlhv wkdw duh qrw �wrr orz�/ wkh lqfhqwlyh wr kdyh d

kljkhu qxpehu ri �upv wkdq wkh ulydo +wkdw zh vdz ehiruh, lv dovr suhvhqw lq wklv fdvh1

Wkxv wr kdyh dq htxloleulxp lw lv uhtxluhg wkdw wkh ur|dowlhv vshfl�hg duh orz hqrxjk1

Wr vhh wklv srlqw/ qrwh wkdw wr kdyh dq htxloleulxp wkh qxpehu ri �upv/ ?�/ pxvw eh

rswlpdo iru �up � jlyhq wkh wzr ur|dow| udwhv dqg wkh ulydo �up*v qxpehu ri �upv1

Wkxv/ wkh �uvw rughu frqglwlrq ri �up � zlwk uhvshfw wr ?� pxvw krog16: Vroylqj wkh

�uvw rughu frqglwlrq/ zh �qg wkdw/ jlyhq o�/ o�/ dqg ?�c wkh rswlpdo ydoxh ri ?� lv

?W� '
E?� n ��E@ n o�?��

@n ?�o� � 2?�o� � 2o�
� +67,

Xvlqj wkh deryh htxdwlrq/ lw lv hdv| wr fkhfn wkdw zkhq ur|dowlhv duh qrqqhjdwlyh zh

kdyh ?W� : ?� n � dqg wkxv

?W� : ?�� +68,

Exw/ fohduo|/ wklv frqglwlrq fdqqrw krog vlpxowdqhrxvo| iru erwk �upv +lw fdqqrw

eh wkdw ?� : ?� dqg ?� : ?��1 Ixuwkhu/ qrwh wkdw +67, pxvw eh dovr vdwlv�hg lq

69Dv deryh/ zkhq v $ 3 wkh lqfhqwlyh wr kdyh d vpdoohu qxpehu ri grzqvwuhdp �upv grplqdwhv1

6:Zh kdyh C�u>q
l @Cql @ �+d� ul�qmul .qmum,+dql � 5ulql� 5qlqmul .qlqmum � d� dqm �qmum �

umq5m ,@+4 . ql . q5m ,
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dq htxloleulxp ri wkh jdph zkhuh ur|dowlhv duh fkrvhq ehiruh wkh qxpehu ri �upv1

Wkhuhiruh=

Uhpdun 461 Zkhq ur|dowlhv kdyh ehhq fkrvhq dw d qrqqhjdwlyh ohyho/ dq htxloleulxp

lq wkh qxpehu ri grzqvwuhdp �upv fdqqrw h{lvw +zh frxog rqo| kdyh dq htxloleulxp

li zh doorz iru dq lq�qlwh qxpehu ri grzqvwuhdp �upv,1 Vlploduo|/ wkhuh fdqqrw h{lvw

dq htxloleulxp zlwk qrqqhjdwlyh ur|dowlhv zkhq ur|dowlhv dqg wkh qxpehu ri �upv duh

fkrvhq vlpxowdqhrxvo|1

Wkxv/ zlwk qrqqhjdwlyh ur|dowlhv zkhq frqwudfwv duh fkrvhq dw wkh vdph wlph dv

wkh qxpehu ri �upv/ ru zkhq ur|dowlhv duh fkrvhq ehiruh wkh qxpehu ri �upv/ wkhuh

lv dq lqfhqwlyh wr lqfuhdvh wkh qxpehu ri grzqvwuhdp �upv +dqg wklv uhvxowv lq d

qrq0h{lvwhqfh ri htxloleulxp,1 Pruh jhqhudoo|/ zh vkrz wkdw wkh vwudwhjlf lqfhqwlyh

wr lqfuhdvh wkh qxpehu ri �upv lv suhvhqw qrw rqo| iru }hur ur|dowlhv exw dovr iru dq|

�{hg ur|dow| udwhv wkdw duh qrw wrr orz1 Vshfl�fdoo|/ wkh nh| revhuydwlrq lv wkdw/

xqohvv o� lv vr orz wkdw +jlyhq o� dqg ?�, �up �*v eudqg uhdfwlrq ixqfwlrq lv douhdg|

eh|rqg wkh Vwdfnhoehuj srlqw/ � kdv dq lqfhqwlyh wr fkrrvh ?W� : ?��

Wr vhh pruh suhflvho| krz wkh ur|dow| udwhv d�hfw wkh fkrlfh ri wkh qxpehu ri �upv/

zh surfhhg dv iroorzv1 Wr vlpsoli| wkh h{srvlwlrq/ irfxv rq v|pphwulf htxloleuld1

Vr vxssrvh wkdw o� ' o� ' o� Zlwk htxdo ur|dowlhv/ dqg xvlqj +67,/ +68, ehfrphv

?W� ' E?�n��E@no?��*E@�o?��2o� : ?� zklfk lv wuxh li dqg rqo| li o : �@*?�E�n2?��

+dqg o 	 @*E?� n 2�,1 Wkh nh| srlqw khuh lv wkdw �up � zdqwv wr kdyh d kljkhu

+uhvshfwlyho|= orzhu/ htxdo, qxpehu ri grzqvwuhdp �upv wkdq �up � li dqg rqo| li

wkh ur|dow| o lv deryh +ehorz/ htxdo wr, �@*?�E� n 2?��� Zkdw lv wkh lqwxlwlrq iru

wklv uhvxowB Dv glvfxvvhg deryh/ �up � zdqwv wr pdnh lwv eudqg uhdfwlrq ixqfwlrq

sdvv wkurxjk wkh Vwdfnhoehuj srlqw rq �*v eudqg uhdfwlrq ixqfwlrq1 Lq sduwlfxodu/ +8,

jlyhv wkh ur|dow| wkdw pdnhv wkh uhdfwlrq ixqfwlrq jr wkurxjk wkh Vwdfnhoehuj srlqw1

Lpsrvlqj v|pphwu| dqg vroylqj +8, iru o zh �qg wkh vdph fulwlfdo ohyho dv deryh/ wkdw

zkhq o ' �@*?�E�n2?�� wkh uhdfwlrq ixqfwlrq sdvvhv h{dfwo| wkurxjk wkh Vwdfnhoehuj
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srlqw zkhq ?W� ' ?� ' ?� Wkxv/ li o : �@*?�E� n 2?�� �up � qhhgv d kljkhu wkdq

?� qxpehu ri �upv wr pdnh lwv uhdfwlrq fxuyh jr wkurxjk wkh Vwdfnhoehuj srlqw1 Li/

rq wkh rwkhu kdqg/ o 	 �@*?�E� n 2?��c wr pdnh lwv uhdfwlrq fxuyh jr wkurxjk wkh

Vwdfnhoehuj srlqw/ �up � fkrrvhv ?W� 	 ?�1 Ilqdoo|/ zkhq o ' �@*?�E� n 2?�� wkh

rswlpdo lv ?W� ' ?�� Wklv uhdvrqlqj doorzv xv wr frqvwuxfw v|pphwulf htxloleuld dv

iroorzv1 Frqvlghu +67, dqg lpsrvh v|pphwu| dovr zlwk uhvshfw wr wkh qxpehu ri �upv

wr rewdlq ? ' E?n ��E@n o?�*E@� o?� 2o� ru

o?E� n 2?� n @ ' f� +69,

Kdylqj erwk �upv fkrrvh d ur|dow| udwh dqg qxpehu ri �upv wkdw vdwlvi| +69, frq0

vwlwxwhv dq htxloleulxp1 Qrwh wkdw/ dv glvfxvvhg deryh/ +69, uhtxluhv wkdw wkh ur|dow|

udwhv duh qhjdwlyh1 Lq sduwlfxodu wkh ur|dow| udwhv kdyh wr vdwlvi| o ' �@*?E�n2?� 	 f

1 Iru h{dpsoh ?� ' ?� ' � dqg o� ' o� ' �@*D lv dq htxloleulxp ri wkh jdph zkhuh

ur|dowlhv dqg wkh qxpehu ri �upv duh fkrvhq vlpxowdqhrxvo|1 Dv|pphwulf htxloleuld

frxog eh dovr frqvwuxfwhg1

Zh fdq vxppdul}h dv iroorzv1

Sursrvlwlrq 91 Vxssrvh wkdw r ' �� Zkhq ur|dowlhv dqg wkh qxpehu ri grzqvwuhdp

�upv duh fkrvhq dw wkh vdph wlph/ wkhuh lv qr htxloleulxp zlwk qrqqhjdwlyh ur|dowlhv

+vlqfh/ zlwk vxfk ur|dowlhv/ hdfk �up kdv dq lqfhqwlyh wr kdyh d kljkhu qxpehu ri �upv

wkdq lwv ulydo, exw wkhuh lv d pxowlsolflw| ri htxloleuld zlwk qhjdwlyh ur|dowlhv1 Zkhq

ur|dowlhv duh fkrvhq ehiruh wkh qxpehu ri grzqvwuhdp �upv/ li qrqqhjdwlyh ur|dowlhv

duh fkrvhq lq wkh vxevhtxhqw vwdjh hdfk �up zrxog olnh wr kdyh d kljkhu qxpehu ri

grzqvwuhdp �upv wkdq lwv ulydo dqg/ wkxv/ wkhuh lv qr htxloleulxp1

:1 Ur|dow|0rqo| frqwudfwv dqg frpsdulvrq

Rxu �qdo prgl�fdwlrq ri wkh edvlf prgho lv wr doorz �upv wr xvh rqo| ur|dowlhv1 Wkxv/

qrz/ lq wkh vhfrqg vwdjh zh frqvlghu olqhdu frqwudfwv1 Wkh pdlq uhvxow khuh lv wkdw
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uhprylqj wkh �upv* delolw| wr wudqvihu sduw ri wkh sur�w xsvwuhdp lq wkh irup ri d

�{hg ihh fkdqjhv wkh vwudwhjlf lqfhqwlyhv dqg hdfk �up suhihuv wr lqfuhdvh lwv qxpehu

ri grzqvwuhdp �upv/ dv orqj dv wkh ulydo qxpehu ri �upv duh qrw wrr odujh1

:141 Htxloleulxp zlwk ur|dow|0rqo| frqwudfwv

Iluvw/ erwk �upv vlpxowdqhrxvo| fkrrvh wkhlu qxpehu ri grzqvwuhdp �upv1 Qh{w/

wkh| fkrrvh wkhlu ur|dow| udwhv dqg �qdoo| grzqvwuhdp �upv frpshwh lq wkh surgxfw

pdunhw1 Dw wkh ur|dow| vwdjh/ ?� dqg ?� duh douhdg| ghwhuplqhg/ dqg wdnlqj o� dv

jlyhq/ �up � vroyhv wkh sureohp

4@ 
o�

?�o�^�Eo�c o�� +6:,

zkhuh wkh rxwsxw ghflvlrqv duh dv ehiruh +vhh +7,,1 Qrwh wkdw wkh remhfwlyh ixqfwlrq

lqglfdwhv wkdw rqo| d sduw ri grzqvwuhdp sur�w fdq eh wudqvihuuhg xsvwuhdp yld wkh

ur|dowlhv +zkloh xqghu ihh0dqg0ur|dow| frqwudfwv wkh hqwluh sur�w fdq eh wudqvihuuhg,1

Wkh �uvw rughu frqglwlrqv iru wkh fkrlfh ri ur|dowlhv duh jlyhq e|

?�E@� 2o� � @r?� n @?� � 2?�o� n ro�?��

� n ?� n ?� � ?�?� n r2?�?�
' fc �c � ' �c��

Vroylqj wkhvh �uvw rughu frqglwlrqv |lhogv wkh ur|dow| udwhv

os'f� '
@d2E� n ?�� n ?�E2� r� n E2� r� r2�?�?�o

eE?� n �� n ?�Ee?� � r2?� n e�
c �c � ' �c��

Qh{w frqvlghu wkh fkrlfh ri qxpehu ri �upv1 Hdfk xsvwuhdp �up vroyhv wkh sureohp

4@ 
?�

i?�os'f� ^�Eo
s'f
� c os'f� �j�

Diwhu dssursuldwh vxevwlwxwlrqv dqg zkhq r ' �/ wkh wrwdo xsvwuhdp sur�w +pd{l0

pdqg, fdq eh uhzulwwhq dv

Zs'f� '
@2?�E?� n ��E2?� n ?� n 2�2

de?� n e?� n �?�?� n eo2 d?� n ?� n �o
+6;,

Zkloh wkh dqdo|wlfdo h{suhvvlrqv iru wkh deryh sureohp duh udwkhu frpsolfdwhg/ lw

lv hdv| wr vkrz wkdw wkhuh h{lvwv qr v|pphwulf htxloleulxp lq wklv jdph1 Zh kdyh
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YZs'f� *Y?� ' @2E?� n ��E2?� n ?� n 2�d?�E�f?�?� n H?� � �?�� n ��?2� n �f?� n �S� n

e?�� n �S?2� n 2f?� n Ho 2 de?� n e?� n �?�?� n eo� d?� n ?� n �o2 � Lw lv hdv| wr fkhfn

iurp wklv h{suhvvlrq wkdw zkhq ?� lv vpdoo/ YZ
s'f
� *Y?� : f iru doo ?� dqg wkdw zkhq

?� lv elj hqrxjk/ YZ
s'f
� *Y?� 	 f iru doo ?� : ��6; Wklv pd| vxjjhvw wkdw wkhuh h{lvwv

d v|pphwulf htxloleulxp/ lq zklfk hdfk xsvwuhdp �up vhohfwv d cphglxp* qxpehu

ri grzqvwuhdp �upv1 Lw wxuqv rxw wkdw wklv lv qrw wkh fdvh1 Wr vhh wklv/ lpsrvh

v|pphwu| rq wkh deryh �uvw rughu frqglwlrq dqg zulwh

YZs'f�

Y?�

�����
?�'?�'?

'
�@2E? n ��E?� � b?2 � �2?� e�

E2?n ��2E?n 2��E�? n 2�

Zkloh wkh deryh �uvw rughu frqglwlrq dgplwv d srvlwlyh urrw dw dssur{lpdwho| ? '

�f�2�/ lqvshfwlrq ri wkh vhfrqg rughu frqglwlrq uhyhdov wkdw wklv urrw slfnv rxw d orfdo

plqlpxp iru erwk �upv1 Lq idfw/ lw lv vwudljkwiruzdug wr vkrz wkdw dw ?� ' �f�2�/

�up � fdq ehqh�w iurp lqfuhdvlqj lwv qxpehu ri �upv1 Wkxv/ wkhuh lv qr srvlwlyh urrw

ri wkh deryh �uvw rughu frqglwlrq dw zklfk sur�wv duh pd{lpl}hg1

Sursrvlwlrq :1 Vxssrvh wkdw r ' � dqg wkdw frqwudfwv fdq vshfli| rqo| ur|dowlhv1

Wkhq li dq xsvwuhdp �up fkrrvhv wr kdyh rqo| rqh grzqvwuhdp �up/ wkh rwkhu xs0

vwuhdp �up*v ehvw uhvsrqvh zrxog eh wr kdyh dq lq�qlwh qxpehu ri grzqvwuhdp �upv1

Ixuwkhupruh/ wkhuh h{lvwv qr v|pphwulf htxloleulxp lq zklfk erwk �upv slfn d �qlwh

qxpehu ri grzqvwuhdp �upv1

Wr looxvwudwh wkh h�hfw ri dq lqfuhdvh lq wkh qxpehu ri grzqvwuhdp �upv zkhq

ihhv fdqqrw eh xvhg/ frqvlghu djdlq dq h{dpsoh zh glvfxvvhg deryh1 Vxssrvh wkdw

r ' �c ?� ' � dqg ?� lqfuhdvhv iurp � wr 2� Wkh uhvxowv ri wklv fkdqjh duh uhsruwhg

lq Wdeoh 4f dqg looxvwudwhg judsklfdoo| dw Iljxuh 6e1 Zh �qg wkdw/ lq frqwudvw wr wkh

6;Qrwlfh wkdw lq wkh h{suhvvlrq iru C�i@3
l @Cql wkh ghqrplqdwru lv srvlwlyh/ dv zhoo dv doo whupv ri

wkh qxphudwru zlwk wkh srvvleoh h{fhswlrq ri +7� 6ql,q
6

m = Iru qm odujh hqrxjk/ wklv whup grplqdwhv

dqg C�i@3
l @Cql kdv wkh vdph vljq dv +7� 6ql,= Lw lv hdv| wr vkrz wkdw/ dv qm $ 4> lw lv rswlpdo wr

kdyh ql @ 4 +dv wklv jlyhv kljkhu sur�w wkdq ql @ 5 dqg C�i@3
l @Cql ? 3 iru ql � 5,1
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ihh0dqg0ur|dow| fdvh/ qrz dv ?� lqfuhdvhv erwk �upv ur|dow| udwhv ghfuhdvh +zkhuh

�up �*v ur|dow| ghfuhdvhv ohvv wkdq wkdw ri �,1 Wkh wrwdo rxwsxw surgxfhg e| �up

�*v grzqvwuhdp �upv lqfuhdvhv dqg wkdw ri �up �*v ghfuhdvhv1 Wkh sulfh ghfuhdvhv1

Ilqdoo|/ �up �*v wrwdo sur�w lqfuhdvhv zkloh wkdw ri �up �*v ghfuhdvhv1 Dv d uhvxow/

lq wklv fdvh/ �up � zrxog olnh wr lqfuhdvh wkh qxpehu ri lwv �upv iurp ?� ' � wr

?� ' 2�

Wkh lqwxlwlrq lv dv iroorzv1 Zkhq �upv fdq rqo| fkrrvh ur|dow| udwhv/ wkh lqfhqwlyh

wr lqfuhdvh wkh qxpehu ri grzqvwuhdp �upv lq rughu wr dvvxph d pruh djjuhvvlyh

srvwxuh djdlqvw wkh ulydo lv uhlqirufhg e| wkh lqfhqwlyh wr lqgxfh frpshwlwlyh ehkdylru

lq wkh grzqvwuhdp pdunhw e| lqfuhdvlqj wkh qxpehu ri grzqvwuhdp �upv/ dv orqj dv

wkh qxpehu ri ulydo �upv duh vpdoo +zklfk lv wkh fdvh lq wklv h{dpsoh,16< Frqvhtxhqwo|/

�up � zdqwv wr surolihudwh wkh qxpehu ri lwv grzqvwuhdp �upv zlwkrxw hqg/ vr orqj

dv �up � grhv qrw kdyh wrr pdq| �upv1

Wkh deryh sursrvlwlrq grhv qrw uxoh rxw dv|pphwulf htxloleuld1 Lq idfw/ zh fdq

vkrz wkdw zkhq �up � fkrrvhv dq lq�qlwh qxpehu ri grzqvwuhdp �upv lw lv rswlpdo

iru �up � wr kdyh rqh grzqvwuhdp �up dqg/ frqyhuvho|/ zkhq � fkrrvhv wr kdyh rqh

grzqvwuhdp �up lw lv rswlpdo iru � wr kdyh dqg lq�qlwh qxpehu1 Vlqfh wklv lv qrw wkh

pdlq irfxv ri wkh sdshu/ zh gr qrw h{sdqg pruh rq wklv lvvxh1 Wkh lpsruwdqw srlqw

zh zdqw wr hpskdvl}h khuh lv wkdw xqghu ur|dow|0rqo| frqwudfwv/ li rqh �up slfnv rqh

ru rqo| d ihz grzqvwuhdp �upv/ wkhq lwv ulydo zdqwv wr surolihudwh lwv grzqvwuhdp

�upv zlwkrxw hqg173

6<Zh fdq vkrz wkdw C+C�i@3
l @Cql,@Cqm ? 3 l1h1/ wkh pdujlqdo lqfhqwlyh wr lqfuhdvh |rxu rzq �upv

lv vwulfwo| ghfuhdvlqj lq wkh qxpehu ri �upv ri |rxu ulydo1

73Wkh srvvlelolw| ri dv|pphwulf htxloleuld lq zklfk erwk �upv slfn d �qlwh qxpehu ri �upv fdqqrw

eh uxohg rxw/ wkrxjk zh kdyh ehhq xqdeoh wr �qg vxfk htxloleuld1
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:151 Frpsdulvrq

Qrz zh wxuq wr d frpsdulvrq ri wkh fdvhv ri ur|dow|0rqo| dqg ihh0dqg ur|dow| frq0

wudfwv1 Wkh frpsdulvrq iru d jlyhq qxpehu ri grzqvwuhdp �upv/ fdq eh vxppdul}hg

dv iroorzv1 Zkloh ur|dow|0rqo| frqwudfwv doorz grzqvwuhdp �upv wr nhhs sduw ri wkhlu

sur�wv/ xsvwuhdp �upv +dv zhoo dv grzqvwuhdp, pd| eh ehwwhu r� zlwk ur|dow|0rqo|

frqwudfwv1 Wkh uhdvrq lv wkdw/ xqghu ihh0dqg0ur|dow| frqwudfwv/ ur|dowlhv duh wrr orz

iurp wkh ylhzsrlqw ri pd{lpl}dwlrq ri mrlqw xsvwuhdp sur�wv dqg pdnlqj ihhv lqihdvl0

eoh pdnhv �upv fkrrvh kljkhu ur|dow| udwhv1 Lqghhg/ xqghu vrph frqglwlrqv/ xsvwuhdp

�upv pd| eh lq d sulvrqhuv* glohppd zkhq fkrrvlqj wkh w|sh ri wkhlu frqwudfwv vlqfh

erwk frxog eh ehwwhu0r� li wkh| frxog frpplw wr ur|dow|0rqo| frqwudfwv/ exw lw lv d

grplqdqw vwudwhj| iru hdfk wr fkrrvh d ihh0dqg0ur|dow| frqwudfw1 Wklv revhuydwlrq

kdv ehhq douhdg| pdgh lq wkh olwhudwxuh/ lq yhu| vlplodu iudphzrunv174 Wkh qhz srlqw

khuh lv wkdw zkhq wkh qxpehu ri grzqvwuhdp �upv lv hqgrjhqrxv +dqg suhfhghv wkh

fkrlfh ri frqwudfwv, wkhq d uhvwulfwlrq wr ur|dow|0rqo| frqwudfwv lv qrw h{shfwhg wr

|lhog kljkhu sur�w iru xsvwuhdp �upv1 Lq rwkhu zrugv/ wkh sulvrqhuv*v glohppd vwuxf0

wxuh ydqlvkhv zkhq wkh qxpehu ri �upv lv hqgrjhql}hg1 Wkh uhdvrq lv wkdw/ dv vkrzq

deryh/ zkloh xqghu ur|dow| rqo| frqwudfwv/ �upv suhihu wr lqfuhdvh wkh qxpehu ri

grzqvwuhdp �upv/ zlwk ihh0dqg0ur|dow| frqwudfwv wkh| suhihu wr kdyh rqo| rqh1

Vrph irupdo uhvxowv iroorz1 Iluvw/ zh frpsduh ur|dow|0rqo| dqg ihh0dqg0ur|dow|

frqwudfwv zkhq wkh qxpehu ri grzqvwuhdp �upv lv jlyhq1 Zh vkrz wkdw wkh wzr

xsvwuhdp �upv pd| pdnh wkhpvhoyhv ehwwhu0r� e| �w|lqj wkhlu kdqgv�= li erwk �upv

fkdujh rqo| ur|dowlhv/ dqg qr �{hg ihhv/ wkhlu sur�wv pd| lqfuhdvh1 Wr vhh wkh lq0

wxlwlrq/ revhuyh wkdw/ xqghu ihh0dqg0ur|dow| frqwudfwv/ lq htxloleulxp frpshwlwlrq

lqgxfhv �upv wr fkrrvh ur|dow| udwhv wkdw duh wrr orz1 E| zd| ri looxvwudwlrq/ li zh

vxssrvh r ' � dqg ?� ' ?�E' ?� wkhq wkh +v|pphwulf, ur|dowlhv wkdw pd{lpl}h mrlqw

xsvwuhdp sur�wv duh @E2? � ��*e? zklfk duh kljkhu wkdq wkh htxloleulxp frqwudfwv

74Vhh/ lq sduwlfxodu/ Jdo0Ru ^43` dqg Uh| dqg Vwljolw} ^56`1
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�@*?E2? n �� iurp +4:,175 Uhprylqj ihhv iurp wkh vhw ri vwudwhjlf yduldeohv doorzv

wkh �upv wr mrlqwo| frpplw wr ohvv djjuhvvlyh ehkdylru +kljkhu ur|dowlhv, dqg wklv pd|

ohdg wr kljkhu sur�wv +lq vrph/ exw qrw doo/ fdvhv,1

Wklv lqwxlwlrq lv frq�uphg dv iroorzv1 Zh frpsduh pd{lpl}hg sur�wv ri wkh

xsvwuhdp �upv xqghu wkh wzr gl�huhqw frqwudfwv1 Frqvlghu wkh fdvh zkhq r ' �/ zkhq

grzqvwuhdp frpshwlwlrq lv dw lwv vwurqjhvw1 Vwudljkwiruzdug exw ohqjwk| fdofxodwlrqv

vkrz wkdw wkh udwlr ri pd{lpl}hg sur�wv xqghu wkh wzr0lqvwuxphqw frqwudfw wr sur�wv

xqghu wkh ur|dow|0rqo| frqwudfw lv jlyhq e|

4 � �sco
�

�s'f
�

'
d2� rn ?�E2� r2 � r�odE?�Er

2 � ��� �odeE?� n �� n ?�Ee?� � r2?� n e�o2dxo

?�d?�Er2?� n r?� � 2?� n r� 2�� 2E?� n ��o2d[o

zkhuh

x � ?�dr
2?� � �� ?�o� d� n ?�o

dqg

[ �
k
?�dr

e?� � Dr2?� n e?� � �r2 n eo n ?�de� �r2o n e� r2
l
2

�

Wr jdlq vrph lqvljkw lqwr wkh deryh udwlr ri sur�wv/ vxssrvh ?� ' ?� ' ? dqg

r ' �1 Lq wklv fdvh/ 4 ehfrphv

4 '
E� n 2?�

?

�
?n 2

2? n �

�2
�

Lw lv hdv| wr vkrz wkdw 4 lv ghfuhdvlqj lq ? dqg zh fdq vwdwh wkh iroorzlqj uhvxow1

Uhpdun 471 Ilupv pd| hqmr| kljkhu sur�wv xqghu ur|dow|0rqo| frqwudfwv wkdq xq0

ghu ihh0dqg0ur|dow| frqwudfwv1 Li ?� ' ?� ' ? dqg r ' �c zkloh wkh wzr0lqvwuxphqw

frqwudfw |lhogv kljkhu sur�wv zkhq ? ' �/ wkh ur|dow|0rqo| frqwudfw grplqdwhv zkhq

? lv htxdo wr 2 ru kljkhu1 Dv r ehfrphv vpdoohu/ wkh wzr0lqvwuxphqw frqwudfw ehfrphv

pruh sur�wdeoh uhodwlyh wr d ur|dow|0rqo| frqwudfw/ vlqfh frqwuroolqj grzqvwuhdp frp0

shwlwlrq ehfrphv ohvv lpsruwdqw1 Lq wkh olplw zkhq r ' f/ �upv dozd|v pdnh kljkhu

sur�wv zlwk wkh wzr0lqvwuxphqw frqwudfw1

75Ri frxuvh/ zkhq v @ 3/ wkhuh lv qr grzqvwuhdp frpshwlwlrq dfurvv wkh �up w|shv vr wkdw wkh

ur|dowlhv fkdujhg e| xsvwuhdp �upv dovr pd{lpl}h mrlqw sur�wv1
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Wkxv/ xqghu vrph frqglwlrqv/ wkh xsvwuhdp +dv zhoo dv wkh grzqvwuhdp, �upv pd|

eh ehwwhu0r� lq d zruog zkhuh ur|dow|0rqo| frqwudfwv fdq eh xvhg dv frpsduhg wr d

zruog zkhuh erwk ihhv dqg ur|dowlhv fdq eh xvhg1 Wklv revhuydwlrq vxjjhvwv d jdph

zkhuh xsvwuhdp �upv �uvw fkrrvh wkh w|sh ri wkhlu frqwudfwv +ur|dow|0rqo| ru ihh0

dqg0ur|dow|, dqg wkhq frpshwh lq wkhvh frqwudfwv1 Lw lv vwudljkwiruzdug wr vkrz wkdw/

dowkrxjk erwk �upv frxog eh ehwwhu r� li wkh| fkrrvh ur|dow|0rqo| frqwudfwv/ hdfk kdv

d grplqdqw vwudwhj| +lq wkh �uvw vwdjh, wr fkrrvh d wzr0lqvwuxphqw frqwudfw1 Wkxv/

wkh wzr xsvwuhdp �upv pd| �qg wkhpvhoyhv lq d sulvrqhuv* glohppd zkhq fkrrvlqj

wkh qdwxuh ri wkhlu yhuwlfdo frqwudfwv1 Qrwh wkdw/ suhylrxv zrun +Jdo0Ru ^43` dqg

Uh| dqg Vwljolw} ^56`, kdv ghprqvwudwhg wklv sulvrqhuv* glohppd ihdwxuh ri frqwudfwv*

fkrlfhv xqghu grzqvwuhdp sulfh frpshwlwlrq1 Zh vkrz khuh wkdw wklv uhvxow dovr krogv

xqghu txdqwlw| frpshwlwlrq exw lw lv fuxfldo wr wkdw hdfk xsvwuhdp �up kdv pruh wkdq

rqh grzqvwuhdp1 Lq sduwlfxodu/ lw lv uhtxluhg wkdw wkh qxpehu ri grzqvwuhdp �upv

shu xsvwuhdp �up lv wzr ru kljkhu> li wkh| hdfk mxvw kdyh rqh grzqvwuhdp �up wkhq

wklv uhvxow grhv qrw krog1

Wkh deryh uhvxow/ krzhyhu/ nhhsv wkh qxpehu ri grzqvwuhdp �upv �{hg1 E|

pdnlqj wklv qxpehu dq hqgrjhqrxv fkrlfh ri wkh xsvwuhdp �upv/ zh vhh wkdw wkh

slfwxuh pd| fkdqjh gudpdwlfdoo| dqg wkh sulvrqhuv* glohppd ihdwxuh ghvfulehg deryh

pd| qrw eh suhvhqw1 Wkh uhdvrq vkrxog eh fohdu e| qrz1 Vxssrvh wkdw zh frqvlghu

wkh vdph hqodujhg jdph zkhuh �upv fdq fkrrvh wkhlu frqwudfw w|sh/ exw qrz dovr

doorz wkhp wr fkrrvh wkh qxpehu ri wkhlu grzqvwuhdp �upv ehiruh wkh| frpshwh

lq frqwudfwv1 Iurp wkh deryh dqdo|vlv zh nqrz wkdw lq htxloleulxp hdfk xsvwuhdp

�up fkrrvhv d vlqjoh grzqvwuhdp xqghu ihh0dqg0ur|dow| frqwudfwv/ zkhuhdv zkhq rqo|

ur|dowlhv fdq eh xvhg dqg d frpshwlwru kdv d orz qxpehu ri grzqvwuhdp �upv wkhuh

lv dq lqfhqwlyh wr lqfuhdvh lqgh�qlwho| wkh qxpehu ri grzqvwuhdp �upv1 Dv d uhvxow/

zkhq wkh qxpehu ri �upv lv hqgrjhql}hg/ lw lv sureohpdwlf wr vwdwh wkdw frpshwlwlrq

lq wzr0lqvwuxphqw frqwudfwv ohdgv wr orzhu sur�w wkdq frpshwlwlrq lq ur|dow|0rqo|

frqwudfwv dqg wkh vwudwhjlf lqfhqwlyhv duh prgl�hg1
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;1 Frqfoxvlrq

Wklv sdshu h{dplqhv vwudwhjlf lqwhudfwlrqv lq yhuwlfdoo| uhodwhg pdunhwv zkhuh erwk

lqwudeudqg dqg lqwhueudqg frpshwlwlrq pd| eh suhvhqw1 Zh irfxv rq frqwudfwv vshfl0

i|lqj d �{hg ihh dqg d shu0xqlw sd|phqw +ur|dow|,1 Frqfhuqlqj vwudwhjlf lpsolfdwlrqv/

wkh fulwlfdo srlqw lv wkdw ur|dowlhv d�hfw wkh ehkdylru ri grzqvwuhdp �upv +e| dowhulqj

wkhlu pdujlqdo frvwv, zkloh ihhv wudqvihu uhvlgxdo sur�wv xsvwuhdp1 Zh fkdudfwhul}h

htxloleulxp frqwudfwv zkhq hdfk xsvwuhdp �up frqwudfwv zlwk pxowlsoh grzqvwuhdp

dqg vkrz krz vwudwhjlf lqwhudfwlrqv erwk dw wkh xsvwuhdp dqg wkh grzqvwuhdp ohyho

d�hfw wkh ghvljq ri wkhvh frqwudfwv1 Wkh edvlf whqvlrq lv wkdw kljkhu ur|dowlhv khos

frqwuro frpshwlwlrq dprqj rzq grzqvwuhdp �upv zkloh pdnlqj wkhp ohvv djjuhvvlyh

djdlqvw ulydo grzqvwuhdp �upv1

Rxu pdlq frqwulexwlrq olhv lq xvlqj wkh dqdo|vlv ri frqwudfwv dv d exloglqj eorfn wr

hqgrjhql}h wkh qxpehu ri grzqvwuhdp �upv +zkhq frpshwlwlrq xqghu ihh0dqg0ur|dow|

frqwudfwv iroorzv,1 Lq frqwudvw wr suhylrxv zrun wkdw kdv hpskdvl}hg wkh vwudwhjlf

ehqh�w iurp kdylqj d odujhu qxpehu ri grzqvwuhdp �upv +zkhq frqwudfwv vshfli|

rqo| d �{hg ihh,/ zh vkrz wkdw wkh vwudwhjlf lqfhqwlyhv duh uhyhuvhg zkhq/ lq dgglwlrq

wr ihhv/ xsvwuhdp �upv fdq dovr fkrrvh shu0xqlw sd|phqwv1 Lq sduwlfxodu/ xqghu vxfk

frqwudfwv/ hdfk �up suhihuv wr plqlpl}h wkh qxpehu ri lwv grzqvwuhdp �upv1 Rxu

dqdo|vlv lv qrw sxuho| ri wkhruhwlfdo lqwhuhvw= frqwudfwv wkdw vshfli| erwk ihhv dqg

ur|dowlhv duh iuhtxhqwo| xvhg lq wkh uhdo zruog1 Wkxv/ wkh vwdwhphqw wkdw d odujhu

qxpehu ri uhwdlohuv lv suhihuuhg iru vwudwhjlf uhdvrqv lv qrw jhqhudoo| wuxh dqg uhtxluhv

txdol�fdwlrq1

Wr ixoo| xqghuvwdqg wkh lqwhudfwlrq ehwzhhq ur|dowlhv dqg wkh qxpehu ri grzq0

vwuhdp frpshwlwruv zh kdyh frqvlghuhg d qxpehu ri dowhuqdwlyh vwuxfwxuhv1 Zh �qg

wkdw wkh pdlq uhvxow lv qrw vhqvlwlyh wr zkhwkhu ur|dowlhv duh fkrvhq vlpxowdqhrxvo|

ru vhtxhqwldoo|1 Dv orqj dv ur|dowlhv duh fkrvhq diwhu wkh qxpehu ri �upv/ d odujhu

qxpehu ri �upv lv qrw ghvludeoh1 Krzhyhu/ lw lv fuxfldo wkdw ur|dowlhv duh fkrvhq diwhu

wkh qxpehu ri �upv= zh �qg wkdw li wkh| duh fkrvhq ehiruh ru vlpxowdqhrxvo| zlwk wkh
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qxpehu ri �upv/ wkhq +xqghu vrph frqglwlrqv, wkh lqfhqwlyh wr lqfuhdvh wkh qxpehu

ri grzqvwuhdp �upv uhdsshduv1 Vlploduo|/ lw lv lpsruwdqw iru wkh pdlq uhvxow wkdw

frqwudfwv lqyroyh qrw rqo| ur|dowlhv exw dovr ihhv1

Rxu prgho vkduhv zlwk prvw ri wkh zrun lq wklv duhd wkh ihdwxuh wkdw xsvwuhdp

�upv fdq frpplw wr wkhlu frqwudfwv dqg wkdw wkhvh frqwudfwv duh revhuydeoh1 Wklv lv

dq lpsruwdqw dvvxpswlrq lq rxu iudphzrun= lwv pdlq lpsolfdwlrq lv wkdw/ dw wkh ohyho

ri grzqvwuhdp frpshwlwlrq/ doo �upv nqrz wkh whupv ri doo frqwudfwv1 Xqfhuwdlqw|

derxw frqwudfwv zrxog uhsuhvhqw xqfhuwdlqw| derxw wkh wuxh uhdfwlrq ixqfwlrqv ri

frpshwlwruv1 Lq wklv sdshu zh dvvxph wkdw sxeolf frpplwphqw lv srvvleoh dw wkh

vwdjh ri dqqrxqflqj frqwudfwv1 Wkh lpsolfdwlrqv ri uhod{lqj wklv dvvxpswlrq kdyh

ehhq h{soruhg lq rwkhu zrun176

Wr kljkoljkw wkh vwudwhjlf prwlyhv dqg wr idflolwdwh frpsdulvrq zlwk wkh h{lvwlqj

olwhudwxuh rq vwudwhjlf frqwudfwlqj/ zh kdyh nhsw wkh prgho dv vlpsoh dv srvvleoh1

Fohduo|/ d qxpehu ri idfwruv wkdw sod| dq lpsruwdqw uroh lq yhuwlfdoo| uhodwhg pdunhwv/

lqfoxglqj idfwruv uhodwhg wr lpshuihfw lqirupdwlrq/ duh qrw fdswxuhg lq wklv prgho1

Vxfk idfwruv frxog ohdg wr gl�huhqw frqfoxvlrqv uhjduglqj wkh htxloleulxp frqwudfwv1

Ixuwkhu/ zh kdyh hpsor|hg d vlpsoh sdudphwhul}dwlrq zlwk olqhdu ghpdqg +dqg frvwv,1

Wklv irupxodwlrq doorzv xv wr kljkoljkw wkh vwudwhjlf prwlyhv lq d fohdu zd| dqg zh

h{shfw wkh pdlq lpsolfdwlrqv wr eh pruh jhqhudoo| wuxh1 Qhyhuwkhohvv/ dowhuqdwlyh

irupxodwlrqv pd| uhvxow lq prgl�hg frqfoxvlrqv1

76Vhh/ iru h{dpsoh/ Ihuvkwpdq dqg Ndodl ^<` rq xqrevhuydeoh vwudwhjlf frqwudfwlqj1 D uhodwhg

exw gl�huhqw lvvxh lv zkhwkhu wkh frpplwphqw sureohp idfhg e| dq xsvwuhdp �up wkdw olfhqvhv

wr pxowlsoh grzqvwuhdp �upv fdq eh vroyhg xvlqj qrqglvfulplqdwlrq fodxvhv1 Vhh/ iru h{dpsoh/

GhJuded dqg Srvwohzdlwh ^8` zkr �qg wkdw vxfk fodxvhv duh h�hfwlyh zlwk olqhdu sulfhv dqg PfDihh

dqg Vfkzduw} ^53` zkr �qg wkdw wkh| duh qrw h�hfwlyh xqghu wzr0sduw wdul�v +erwk sdshuv frqvlghu

d prqrsrolvw xsvwuhdp,1
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