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ABSTRACT

On the Political Complementarity Between
Health Care and Social Security*

The dramatic rise in US social security and public health expenditure is only
partially explained by demographic trends. We suggest that the political
complementarity between these two programmes induced a multiplicative
response to the ageing process. Public health care increases the political
constituency in favour of social security, and vice versa. Specifically, public
health decreases the longevity differential between low- and high-income
individuals, therefore raising the retirement period and the total pension
benefits of the former relative to the latter. This effect, the empirical relevance
of which is confirmed by independent studies, increases the political support
for social security among the low-income young. We show that in a political
equilibrium of a two-dimensional majoritarian election, a voting majority of low-
income young and all retirees supports a large welfare state. Its composition
between public health and social security is determined by intermediate
(median) income types, who favour a combination of the two programmes,
since public health increases their longevity enough to make social security
more attractive.
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NON-TECHNICAL SUMMARY

In the last few decades, several industrialized countries, and in particular the
US, have witnessed a dramatic increase in social security and public health
care (Medicare) expenditure. From the early 1960s to the mid-1990s, the
expenditure in social security as proportion of GDP has increased from 2.5%
to 4.5%. Even more impressively, health care has increased from 0.4% to
4.5%. Since both programmes are mainly targeted at the elderly, the ageing
process represents a natural candidate for explaining this rapid expansion.
Although the proportion of elderly in the population has greatly increased over
this period – from 9.4% to 12.7%, demographics alone may not be sufficient to
account for the full extent of this rise. In fact, the expenditure on social security
and health care per person aged 65 or more has grown respectively by 35%
and 875%. In a nutshell, the share of the elderly in the population has greatly
increased, and each of them has been receiving more resources, particularly
as public health care. Moreover, this trend is expected to continue, thereby
posing serious concerns about the sustainability of both systems.

The aim of this Paper is to explain the contemporaneous expansion of social
security and public health care. Why did a majority of voters agree to expand
these programmes to this great extend?

We suggest that the key element lies in the political complementarity between
these two programmes, which induces a multiplicative response to the ageing
process. With political complementarity, we characterize the fact that the
existence of a social security programme increases the political constituency
in favor of public health care, and vice versa. Previous studies have argued
that social security may induce the elderly to increase their private investment
in health care, because the existence of an annuity – the old age pension –
raises the value of their longevity.

We identify a new link that goes from (public) health care to social security.
Our explanation builds on three elements. First, we notice that income has a
protective effect on health. In plain words, high-income individuals on average
live longer. Second, we observe that health care expenditure, in its double role
of increasing the quality of life and of raising longevity, has redistributive
effects. The largest share of the health care is targeted at the elderly, and
there is strong evidence of within-cohort redistribution in favour of low-income
individuals. Third, the increase in longevity induced by the public health
expenditure is stronger among low-income individuals than among high-
income ones. Analogously, we emphasize the within-cohort redistribution
component of social security, due to the combination of social security
contributions that are proportional to the labour income (up to a maximum)
and regressive benefits. Several studies suggest that, for a given cohort, low-



income families obtain larger internal rates of return from social security than
middle- or high-income families.

The political complementarity, which runs from health care to social security,
works through the following mechanism. Expenditure in public health
increases longevity in a non-linear way. Its effect tends to be larger among
low-income individuals than among well-off people. Richer individuals,
however, live longer on average because of the protective effect of income on
health. The expenditure on public health contributes to a decrease in the
longevity differential between rich and poor individuals. As a result, the
retirement period, and thus the total pension benefits, increases more for low-
income individuals than for high-income individuals. The return on social
security for the low-income workers increases, as opposed to high-income
ones. Therefore, the existence of public health care increases the political
constituency in favour of a social security programme among the low-income
individuals.

We investigate these matters in a simple model economy populated by young
and old individuals. Individuals differ in their income, and therefore in their
longevity. Agents value their consumption and total health care, which is
provided publicly and privately. Private health care is more efficient in
increasing the quality of life, and therefore in providing direct utility. Public
health care is less efficient in raising the quality of life, but it increases
longevity. This effect on longevity is non-linear, and is stronger for low-income
agents. The welfare state is composed of (public) health care and social
security. Public health care is available in equal amounts to every elderly
person at the beginning of their old age, whereas the unfunded social security
system pays out a lump sum pension during the entire retirement period, i.e.
an annuity.

A political process determines the size and the composition of the welfare
state. The process consists of three stages: an initial proposal over the tax
rate financing the welfare state and its composition, a subsequent phase of
amendments to the proposal, and a final vote of the (possibly amended)
proposal against the status quo. We analyze a majoritarian political-
institutional arrangement in which the entire electorate has jurisdiction over
the tax rate and the composition of the welfare state. The initial proposal, as
well as the subsequent amendments, has to be made issue by issue. The final
vote is at simple majority. Elections take place every period, and voters are all
agents alive. Moreover, current policies can be modified in later periods at no
cost.

We show that, for a sensible representation of the two programmes, the
political complementarity between social security and public health care
exists, and pushes the size of the welfare system beyond what the
demographic structure alone would have implied. Social security and public
health care are sustained by a majority of the electors in a dynamic voting



game. In particular, a voting majority of low-income young and all retirees
supports a large welfare state. Its composition between public health and
social security is determined by intermediate (median) income types, who
favour a combination of the two programmes, since public health increases
their longevity enough to make social security more attractive.

Old individuals clearly support a system, which awards them some resources.
How do the young vote on this intergenerational welfare state? Despite the
fact that they can enter the political process only to determine the current
policy, young agents expect their voting decision to have an impact on future
policies. In other words, they perceive the welfare state as a saving plan: if
they transfer resources to the current retirees they will be rewarded with
health care and a pension transfer in their old age. Therefore, because of its
within-cohorts redistribution component, low-income young receive a high
return and are willing to support the system. Indeed, the existence of the
health care provision, by increasing their longevity, fosters this within-cohorts
redistribution element, and thus strengthens their support of the system.

Age considerations do not matter in determining the composition of the
welfare state, which only depends on the individual’s income level. Rich
agents prefer a pure social security system, since public health reduces the
longevity gap and increases the redistributive element of the system.
Intermediate (median) types exploit the complementarity between the two
programmes, and hence favour a combination of the two, in order to increase
their relative longevity and to receive an old age pension.

Our model delivers an important testable implication. It suggests that the rising
expenditure in public health, by reducing the longevity gap between rich and
poor agents, increases the internal rate of return from social security for the
low-income individuals, as opposed to the high-income ones. Recent studies
provide supporting evidence. After adjusting for the different mortality rates,
they show that, although the average return has been decreasing, the
differential in the return from social security between low- and high-income
individuals has been widening over the years. This process is expected to
continue.



41 Lqwurgxfwlrq

Lq wkh odvw ihz ghfdghv/ vhyhudo lqgxvwuldol}hg frxqwulhv/ dqg lq sduwlfxodu wkh XV/ kdyh
zlwqhvvhg d gudpdwlf lqfuhdvh lq vrfldo vhfxulw| dqg sxeolf khdowk fduh h{shqglwxuh1 Vlqfh
erwk surjudpv duh pdlqo| wdujhwhg wr wkh hoghuo|/ wkh djlqj surfhvv uhsuhvhqwv d qdwxudo
fdqglgdwh wr h{sodlq wkhlu udslg h{sdqvlrq1 Krzhyhu/ dv dujxhg e| Pxooljdq dqg Vdod0l0
Pduwlq +4<<<,/ lq wkh XV ghprjudsklfv dorqh pd| qrw eh vx!flhqw wr dffrxqw iru wkh ixoo
h{whqw ri wklv ulvh1 Wr txdoli| wklv vwdwhphqw/ �jxuh 4 glvsod|v wkh lqfuhdvh lq wkh shufhqwdjh
ri vrfldo vhfxulw| dqg sxeolf khdowk fduh h{shqglwxuh shu hoghuo| shuvrq ryhu wkh shu fdslwd
lqfrph lq wkh XV/ l1h1/ wkh udwlr ehwzhhq vrfldo vhfxulw| dqg sxeolf khdowk fduh +Phglfduh,
h{shqglwxuh dv vkduh ri JQS dqg wkh qxpehu ri hoghuo| lq wkh srsxodwlrq/ iurp 4<93
wr 4<<<1 Lq d qxwvkhoo/ wkh vkduh ri wkh hoghuo| lq wkh srsxodwlrq kdv ulvhq/ dqg hdfk ri
wkhp kdv ehhq uhfhlylqj pruh uhvrxufhv/ sduwlfxoduo| dv sxeolf khdowk fduh1 Pruhryhu/ wklv
wuhqg lv h{shfwhg wr frqwlqxh/ wkhuhe| srvlqj vhulrxv frqfhuqv rq wkh vxvwdlqdelolw| ri erwk
v|vwhpv1

Wkh jrdo ri wklv sdshu lv wr h{sodlq wkh frqwhpsrudqhrxv h{sdqvlrq ri vrfldo vhfxulw|
dqg sxeolf khdowk fduh1 Zh vxjjhvw wkdw wkh nh| hohphqw olhv lq wkh srolwlfdo frpsohphq0
wdulw| ehwzhhq wkhvh wzr surjudpv/ zklfk lqgxfhv d pxowlsolfdwlyh uhvsrqvh wr wkh djlqj
surfhvv1 Zlwk srolwlfdo frpsohphqwdulw|/ zh fkdudfwhul}h wkh idfw wkdw wkh h{lvwhqfh ri d
vrfldo vhfxulw| surjudp lqfuhdvhv wkh srolwlfdo frqvwlwxhqf| lq idyru ri sxeolf khdowk fduh/
dqg ylfhyhuvd1 Wkh vhhg ri wklv lqwxlwlrq zdv lq Sklolsvrq dqg Ehfnhu +4<<;,/ zkr dujxhg
wkdw vrfldo vhfxulw| lqgxfhv wkh hoghuo| wr lqfuhdvh wkhlu sulydwh lqyhvwphqw lq khdowk fduh/
ehfdxvh wkh h{lvwhqfh ri dq dqqxlw| � wkh rog djh shqvlrq � ulvhv wkh ydoxh ri orqjhylw|1

Zh lghqwli| d qhz olqn wkdw jrhv iurp +sxeolf, khdowk fduh wr vrfldo vhfxulw|1 H{shq0
glwxuh lq sxeolf khdowk lqfuhdvhv orqjhylw| lq d qrq0olqhdu zd|/ dv lwv h�hfw whqgv wr eh
odujhu dprqj orz0lqfrph lqglylgxdov wkdq dprqj zhoo0r� shrsoh +vhh Dqdqg dqg Udydoolrq
+4<<6,/ dqg Fxwohu dqg Ulfkdugvrq +4<<: dqg 4<<;,,1 Krzhyhu/ ulfkhu lqglylgxdov whqg wr
olyh orqjhu/ vlqfh lqfrph kdv d surwhfwlyh h�hfw rq khdowk +vhh Ghdwrq dqg Sd{wrq +4<<;
dqg 4<<<, dqg Vplwk +4<<<, dprqj rwkhuv,1 Wkxv/ iru d jlyhq glvwulexwlrq ri lqfrph/ wkh
h{shqglwxuh lq sxeolf khdowk frqwulexwhv wr ghfuhdvh wkh orqjhylw| gl�huhqwldo ehwzhhq ulfk
dqg srru lqglylgxdov1 Dv d uhvxow/ wkh uhwluhphqw shulrg/ dqg wkxv wkh wrwdo shqvlrq ehqh0
�wv/ lqfuhdvhv pruh iru orz0lqfrph lqglylgxdov wkdq iru kljk0lqfrph lqglylgxdov/ wkhuhiruh
ulvlqj wkh uhwxuqv rq vrfldo vhfxulw| iru wkh orz0lqfrph zrunhuv/ dv rssrvhg wr kljk0lqfrph
rqhv1

Wkh pdlq frqwulexwlrq ri wkh sdshu lv wr vkrz wkdw/ iru d vhqvleoh uhsuhvhqwdwlrq ri wkh
wzr surjudpv/ wkh srolwlfdo frpsohphqwdulw| ehwzhhq vrfldo vhfxulw| dqg sxeolf khdowk fduh
h{lvwv/ dqg sxvkhv wkh vl}h ri wkh zhoiduh v|vwhp eh|rqg zkdw wkh ghprjudsklf vwuxfwxuh
dorqh zrxog kdyh lpsolhg1 Vrfldo vhfxulw| dqg sxeolf khdowk fduh duh vxvwdlqhg dv d srolwlfr0
hfrqrplf htxloleulxp rxwfrph ri d g|qdplf pdmrulwduldq yrwlqj jdph1 D yrwlqj pdmrulw|
ri orz0lqfrph |rxqj dqg doo uhwluhhv vxssruwv d odujh zhoiduh vwdwh/ dv lq Wdehoolql +4<<3,
dqg lq Frqgh0Uxl} dqg Jdodvvr +4<<<,1 Lwv frpsrvlwlrq ehwzhhq sxeolf khdowk dqg vrfldo
vhfxulw| lv ghwhuplqhg e| lqwhuphgldwh +phgldq, lqfrph w|shv/ zkr idyru d frpelqdwlrq
ri wkh wzr surjudpv/ vlqfh sxeolf khdowk lqfuhdvhv wkhlu orqjhylw| hqrxjk wr pdnh vrfldo
vhfxulw| pruh dwwudfwlyh1 Rq wkh rwkhu kdqg/ lq wkh fdvh ri h{rjhqrxv orqjhylw|/ wkdw lv/
zkhq sxeolf khdowk kdv qr h�hfw rq wkh orqjhylw| gl�huhqwldo/ wkhuh frxog eh qr srolwlfdo
frpsohphqwdulw| uxqqlqj iurp sxeolf khdowk wr vrfldo vhfxulw|1 Hyhu| lqglylgxdo zrxog
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hlwkhu fkrrvh sxuh sxeolf khdowk ru sxuh vrfldo vhfxulw|/ dqg wkh glphqvlrq ri wkh zhoiduh
vwdwh zrxog eh orzhu1

Wkuhh hohphqwv duh fuxfldo wr rxu h{sodqdwlrqv1 Iluvw/ zh hpskdvl}h wkh surwhfwlyh
h�hfw ri lqfrph rq khdowk1 Dv vkrzq e| Ghdwrq dqg Sd{wrq +4<<; dqg 4<<<, dqg Vplwk
+4<<<, dprqj rwkhuv/ kljk0lqfrph lqglylgxdov olyh orqjhu1 Vhfrqg/ zh frqvlghu wkh uhglv0
wulexwlyh h�hfwv ri wkh khdowk fduh h{shqglwxuh lq lwv grxeoh uroh ri lqfuhdvlqj wkh txdolw|
ri olih dqg ri ulvlqj orqjhylw|1 Dowkrxjk wkh odujhvw vkduh ri wkh khdowk fduh h{shqglwxuh
lv wdujhwhg wr wkh hoghuo| +vhh Dxhuedfk/ Jrnkdoh/ dqg Nrwolnr� +4<<5, dqg Fxwohu dqg
Phdud +4<<; dqg 4<<<,,/ wkhuh duh hylghqfh ri zlwklq0frkruw uhglvwulexwlrq lq idyru ri wkh
orz0lqfrph lqglylgxdov +vhh ydq Grruvodhu hw do1 +4<<<, dqg Ohh/ PfFohqqdq dqg Vnlqqhu
+4<<<,,1 Dqdorjrxvo|/ wkh lqfuhdvh lq orqjhylw| lqgxfhg e| wkh sxeolf khdowk h{shqglwxuh
lv vwurqjhu dprqj orz0lqfrph lqglylgxdov wkdq dprqj kljk0lqfrph rqhv +vhh Dqdqg dqg
Udydoolrq +4<<6,/ dqg Fxwohu dqg Ulfkdugvrq +4<<: dqg 4<<;,,1 Wkhvh dvshfwv duh fulwlfdo
wr h{sodlq zk| khdowk fduh lv dsshdolqj wr orz0lqfrph lqglylgxdov1

Wklug/ zh xqghuolqh wkh lqwudjhqhudwlrqdo uhglvwulexwlrq frpsrqhqw ri vrfldo vhfxulw|/
gxh wr wkh frpelqdwlrq ri vrfldo vhfxulw| frqwulexwlrqv wkdw duh sursruwlrqdo wr wkh oderu
lqfrph +xs wr d pd{lpxp, dqg uhjuhvvlyh ehqh�wv1 Iru wkh XV/ Ervnlq hw do1 +4<;:, dqg
Jdodvvr +5333, vkrz wkdw/ zlwklq d jlyhq frkruw/ orz0lqfrph idplolhv rewdlq odujhu lqwhuqdo
udwhv ri uhwxuq iurp vrfldo vhfxulw| wkdq plggoh ru kljk0lqfrph idplolhv1 Olnh lq Wdehoolql
+4<<3, dqg Frqgh0Uxl} dqg Jdodvvr +4<<<,/ ehfdxvh ri wklv zlwklq frkruwv uhglvwulexwlrq
hohphqw/ vrfldo vhfxulw| pd| eh dsshdolqj wr orz0lqfrph |rxqj1

Rxu prgho gholyhuv dq lpsruwdqw whvwdeoh lpsolfdwlrq1 Lw vxjjhvwv wkdw wkh ulvlqj
h{shqglwxuh lq sxeolf khdowk/ e| uhgxflqj wkh orqjhylw| jds ehwzhhq ulfk dqg srru djhqwv/
lqfuhdvhv wkh lqwhuqdo udwh ri uhwxuq iurp vrfldo vhfxulw| iru wkh orz0lqfrph lqglylgxdov/
dv rssrvhg wr wkh kljk0lqfrph rqhv1 D uhfhqw zrun e| Fdogzhoo hw do1 +4<<<, surylghv
vxssruwlqj hylghqfh1 Diwhu dgmxvwlqj iru wkh gl�huhqw pruwdolw| udwhv/ wkh| vkrz wkdw wkh
gl�huhqwldo lq wkh uhwxuq iurp vrfldo vhfxulw| ehwzhhq orz dqg kljk0lqfrph lqglylgxdov kdv
ehhq zlghqlqj ryhu wkh |hduv/ dqg wklv surfhvv lv h{shfwhg wr frqwlqxh1

Zh lqwurgxfh d g|qdplfdoo| h!flhqw ryhuodsslqj jhqhudwlrq hfrqrp| zlwk vwrudjh
whfkqrorj|1 Lqglylgxdov gl�hu lq wkhlu lqfrph/ dqg wkhuhiruh lq wkhlu orqjhylw|1 Djhqwv
ydoxh wkhlu rog djh frqvxpswlrq dqg wrwdo khdowk fduh/ zklfk lv surylghg sxeolfo| dqg
sulydwho|1 Sulydwh khdowk fduh lv pruh h!flhqw lq lqfuhdvlqj wkh txdolw| ri olih/ dqg wkhuhiruh
lq surylglqj gluhfw xwlolw|1 Sxeolf khdowk fduh lv ohvv h!flhqw lq ulvlqj wkh txdolw| ri olih/ exw
lw lqfuhdvhv orqjhylw|1 Wklv h�hfw rq orqjhylw| lv qrq olqhdu/ dqg lv vwurqjhu iru orz0lqfrph
djhqwv1

Wkh zhoiduh vwdwh froohfwv d sursruwlrqdo lqfrph wd{ rq wkh |rxqj/ zklfk �qdqfhv
sxeolf khdowk fduh h{shqglwxuh wr wkh rog dqg vrfldo vhfxulw| wudqvihuv1 Sxeolf khdowk
fduh lv dydlodeoh lq htxdo dprxqw wr hyhu| hoghuo| shuvrq dw wkh ehjlqqlqj ri khu rog djh/
zkhuhdv wkh xqixqghg vrfldo vhfxulw| v|vwhp sd|v rxw d oxps vxp shqvlrq gxulqj wkh
hqwluh uhwluhphqw shulrg/ l1h1/ dq dqqxlw|1

Wkh vl}h ri wkh zhoiduh vwdwh dqg lwv frpsrvlwlrq ehwzhhq wkh wzr v|vwhpv duh ghwhu0
plqhg lq d wzr0glphqvlrqdo pdmrulw| yrwlqj jdph e| doo djhqwv dolyh dw hyhu| hohfwlrq1 Dv
vkrzq e| Frqgh0Uxl} dqg Jdodvvr +4<<< dqg 5333,/ wkhvh w|shv ri yrwlqj jdphv glvsod|
wzr fulwlfdo ihdwxuhv1 Iluvw/ ehfdxvh ri wkh pxowlglphqvlrqdolw| ri wkh lvvxh vsdfh/ wkh
h{lvwhqfh ri d Frqgrufhw zlqqhu ri wkh pdmrulw| yrwlqj jdph lv qrw jxdudqwhhg1 Vhfrqg/
li dq htxloleulxp h{lvwv/ lq devhqfh ri d frpplwphqw ghylfh ryhu ixwxuh srolflhv/ |rxqj
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yrwhuv kdyh qr lqfhqwlyh wr vxssruw dq| lqwhujhqhudwlrqdo wudqvihu vfkhph1 Wr ryhufrph
wklv sureohp/ zh iroorz Frqgh0Uxl} dqg Jdodvvr +4<<< dqg 5333, lq dgrswlqj wkh qrwlrq ri
vxejdph shuihfw vwuxfwxuh lqgxfhg htxloleulxp/ zklfk frpelqhv wkh frqfhsw ri vwuxfwxuh
lqgxfhg htxloleulxp/ lqwurgxfhg e| Vkhsvoh +4<:<,/ zlwk wkh lqwhujhqhudwlrqdo lpsolflw
frqwudfw lghd/ ruljlqdoo| suhvhqwhg e| Kdpprqg +4<:8,1

Wkh sdshu surfhhgv dv iroorzv= Vhfwlrq 5 ghvfulehv wkh hfrqrplf prgho dqg wkh zhoiduh
v|vwhp1 Vhfwlrq 6 glvfxvvhv wkh yrwlqj jdph/ dqg wkh htxloleulxp frqfhsw/ zkloh vhfwlrq
7 fkdudfwhul}hv wkh srolwlfr0hfrqrplf htxloleuld1 Vhfwlrq 8 dqdo|}hv wkh fdvh ri h{rjhqrxv
orqjhylw|/ dqg wkh uhvxowv duh frpsduhg wr wkh hqgrjhqrxv orqjhylw| fdvh lq vhfwlrq 91
Vhfwlrq : frqfoxghv1 Doo surriv duh lq wkh dsshqgl{1

51 Wkh Hfrqrplf Prgho

Zh lqwurgxfh dq ryhuodsslqj jhqhudwlrq prgho zlwk vwrudjh whfkqrorj|1 Hyhu| shulrg/
wkhuh duh wzr jhqhudwlrqv ri qrq0dowuxlvwlf djhqwv/ |rxqj dqg rog1 Srsxodwlrq jurzv dw d
frqvwdqw udwh � A 31 Lqglylgxdov duh hqgrzhg zlwk d |rxqj djh lqfrph/ dqg uhwluh lq wkhlu
rog djh1

Djhqwv duh dvvxphg wr eh khwhurjhqhrxv lq wkhlu |rxqj djh lqfrph/ h/ zklfk lv glv0
wulexwhg rq wkh vxssruw ^h> h` � ?n/ dffruglqj wr wkh fxpxodwlyh glvwulexwlrq ixqfwlrq
J +=,1 Dq lqglylgxdo eruq dw wlph w lv fkdudfwhul}hg e| dq lqfrph ohyho/ dqg zloo wkhuhiruh
eh ghqrwhg e| h| 5 ^h> h`1 Wkh glvwulexwlrq ri delolwlhv lv dvvxphg wr kdyh phdq hh/ dqg wr
eh vnhzhg ]

e

e

hgJ +h, @ hh> J +hh, A 4

5
=

Lqfrph kdv d surwhfwlyh h�hfw rq orqjhylw|= djhqwv zlwk kljkhu lqfrph whqg wr olyh
orqjhu wkdq djhqwv zlwk orzhu lqfrphv1 Wklv surwhfwlyh h�hfw ri lqfrph kdv riwhq ehhq dw0
wulexwhg wr wkh hdvlhu dffhvv wkdw kljk0lqfrph djhqwv kdyh wr sulydwh khdowk fduh1 Dowkrxjk
uhfhqw vwxglhv kdyh fulwlfl}hg wklv h{sodqdwlrq/ dv zhoo dv wkh fdvxdo uhodwlrq ehwzhhq lq0
frph dqg khdowk +vhh Vplwk 4<<<,/ wkh h{lvwhqfh ri d srvlwlyh uhodwlrqvkls ehwzhhq khdowk
dqg lqfrph/ wkh �judglhqw/� lv xqfrqwuryhuvldo1

Zh dvvxph wkdw orqjhylw| lv gluhfwo| uhodwhg wr lqfrph41 Hyhu| djhqw olyhv xqwlo wkh
vhfrqg shulrg1 Orqjhylw| lq wkh vhfrqg shulrg/ l1h1/ wkh iudfwlrq ri wkh vhfrqg shulrg gxu0
lqj zklfk dq djhqw lv dolyh/ ghshqgv rq khu lqfrph/ dqg rq wkh ohyho ri sxeolf khdowk fduh
h{shqglwxuh1 Wkhvh dvvxpswlrqv duh phdqw wr wudqvodwh wkh lghd wkdw lqglylgxdo orqjhylw|
ghshqgv rq wkh h{shqglwxuh lq sxeolf dqg sulydwh khdowk lq dq dqdo|wlfdoo| wudfwdeoh hq0
ylurqphqw1 Zkloh doo wkh h�hfwv ri sxeolf khdowk duh gluhfwo| prghoohg/ sulydwh khdowk kdv
dq lqgluhfw lpsdfw wkurxjk wkh lqfrph ohyho= ulfk lqglylgxdov/ zkr zrxog kdyh sxufkdvhg
pruh sulydwh khdowk fduh/ duh vlpso| dvvxphg wr olyh orqjhu1

Sxeolf khdowk fduh lv dvvxphg wr kdyh d srvlwlyh/ qrq olqhdu h�hfw rq wkh orqjhylw| ri wkh
djhqwv1 Iru d jlyhq ohyho ri sxeolf khdowk h{shqglwxuh/ orz0lqfrph lqglylgxdov hqmr| odujhu
jdlqv lq orqjhylw| wkdq phglxp0wr0kljk0lqfrph djhqwv1 Lq rwkhu zrugv/ orqjhylw| glvsod|v

4D uhfhqw olwhudwxuh kdv dqdo|}hg wkh h�hfw ri lqfrph lqhtxdolw| rq pruwdolw|1 Zlonlqvrq +4<<9, surylghg
hylghqfh wkdw pruh lqfrph lqhtxdolw| lqfuhdvhv wkh dyhudjh pruwdolw| lq d frxqwu|/ zkhuhdv Ghdwrq +4<<<,/
dqg Ghdwrq dqg Sd{vrq +4<<<, irxqg qr hylghqfh ri d gluhfw lpsdfw ri lqhtxdolw| rq pruwdolw|1
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ghfuhdvlqj uhwxuq wr khdowk fduh 51 Dgglwlrqdoo|/ zh fkrrvh wr devwudfw iurp wkh ulvh lq
dyhudjh orqjhylw|/ dqg wr frqfhqwudwh rq wkh fkdqjh lq wkh orqjhylw| gl�huhqwldo ehwzhhq
orz dqg kljk0lqfrph djhqwv1 Xqolnh Sklolsvrq dqg Ehfnhu +4<<;,/ lq idfw/ zh duh pdlqo|
lqwhuhvwhg lq wkh zlwklq0frkruw uhglvwulexwlyh lpsdfw ri wkh sxeolf khdowk h{shqglwxuh/
ehfdxvh ri lwv lqwhuhvwlqj vsloo ryhu h�hfwv rq wkh srolwlfdo ghflvlrq rq vrfldo vhfxulw|1
Qrwlfh wkdw wkh dyhudjh orqjhylw| jdlqv lqfuhdvh wkh ohqjwk ri uhwluhphqw/ zklfk/ iru d
jlyhq lqfrph wd{ udwh/ lv frpshqvdwhg e| d fruuhvsrqglqj uhgxfwlrq lq wkh oxps vxp
shqvlrq/ wkdw ohdyhv wkh ryhudoo shqvlrq xqfkdqjhg1

Wkh iroorzlqj orqjhylw| ixqfwlrq/ � +h>K|,/ fdswxuhv doo wkhvh fkdudfwhulvwlfv1 Lw lghqwl0
�hv wkh iudfwlrq ri wkh rog djh wkdw d w|sh0h lqglylgxdo eruq dw wlph w� 4 lv dolyh iru=

�ec| @ � +h>K|, @ h�|
#
4 .H|

#
K �K|

K

$$
+514,

zlwk H| @
h|3� � hh|3�hh|3� +515,

zkhuh K| lv wkh dyhudjh h{shqglwxuh lq sxeolf khdowk fduh dw wlph w/ K uhsuhvhqwv wkh
xsshu erxqg rq wkh sxeolf khdowk h{shqglwxuh/ h�| 5 +3> 4, lv wkh orqjhylw| ri wkh dyhudjh
w|sh hh|3�/ dqg H| lv d phdvxuh ri wkh glvwdqfh ri d w|sh h|3� iurp wkh phdq w|sh hh|3�1

Qrwlfh wkdw h�| +4 .H|, uhsuhvhqwv wkh orqjhylw| ri d w|sh0h djhqw lq devhqfh ri sxeolf
khdowk fduh= wkh lqfrph lv wkh rqo| ghwhuplqdqw ri orqjhylw|/ dqg lwv surwhfwlyh h�hfw lv
dvvxphg wr eh olqhdu1 Lq wklv fdvh/ wkh orqjhylw| gl�huhqwldo ehwzhhq wkh srruhvw/ h�h@hh/ dqg
wkh ulfkhvw/ h�h@hh/ lqglylgxdo lv odujhvw1 Dv wkh sxeolf khdowk fduh h{shqglwxuh lqfuhdvhv/
wklv orqjhylw| gl�huhqwldo ghfuhdvhv/ dowkrxjk wkh dyhudjh orqjhylw| vkrxog ulvh1 Vlqfh zh
glvuhjdug wkh odwwhu h�hfw +h� lv dvvxphg wr eh frqvwdqw,/ wkh sxeolf khdowk h{shqglwxuh
ulvhv wkh orqjhylw| ri wkh lqglylgxdov zkrvh lqfrph lv ehorz wkh phdq/ exw ghfuhdvhv wkh
orqjhylw| ri wkh rwkhuv1 Wklv h�hfw lv vkrzq lq �jxuh 5 iru wkh phdq lqfrph w|sh/ hh/
iru d srru/ h ? hh/ dqg d ulfk/ h A hh/ lqglylgxdo1 Lq wkh olplw/ dv wkh pd{lpxp dprxqw
ri glvsrvdeoh uhvrxufhv lv ghyrwhg wr sxeolf khdowk/ K @ K/ wkh orqjhylw| gl�huhqwldo
glvdsshduv/ �e @ h� ;h1

Iru dqdo|wlfdo vlpsolflw|/ zh glvuhjdug wkh ghpdqg iru sulydwh +dqg sxeolf, |rxqj djh
khdowk fduh1 Wkxv/ djhqwv ydoxh frqvxpswlrq dqg khdowk fduh lq rog djh rqo|6/ dffruglqj
wr d Free0Grxjodv xwlolw| ixqfwlrq=

X
�
f||n�>p

|
|n�

�
@
�
f||n�

�0 �
p|

|n�

��30

+516,

zkhuh f lv frqvxpswlrq/ dqg p lv wkh khdowk fduh1 Vxevfulswv lqglfdwh wkh fdohqgdu wlph
dqg vxshuvfulswv lqglfdwh wkh shulrg zkhq wkh djhqw zdv eruq1

5Wklv juhdwhu h�hfwlyhqhvv ri sxeolf khdowk fduh dprqj wkh srru fdq eh gxh wr wkh kljkhu lqlwldo orqjhylw|
ri wkh kljk0lqfrph lqglylgxdov/ dqg wr wkh orzhu sulydwh khdowk fduh frqvxpswlrq ri wkh orz0lqfrph djhqwv1
Hylghqfh wkdw/ iru d jlyhq ohyho ri lqfrph lqhtxdolw|/ sxeolf khdowk fduh kdv qrq0olqhdu h�hfwv duh lq Dqdqg
dqg Udydoolrq +4<<6, � iru furvv frxqwulhv gdwd/ dqg lq Fxwohu dqg Ulfkdugvrq +4<<: dqg 4<<;, � iru gdwd
rq lqglylgxdo djhqwv1

6Wklv dvvxpswlrq juhdwo| vlpsol�hv wkh dqdo|vlv/ exw hqwdlov vrph frvwv1 Iluvw/ zh gr qrw prgho wkh
ghpdqg iru sulydwh +dqg sxeolf, |rxqj djh khdowk fduh/ dqg vlpso| dvvxph wkdw orqjhylw| ghshqgv rq
wkh lqfrph1 Vhfrqg/ zh devwudfw iurp vdylqj ghflvlrqv/ wkdw duh nqrzq wr eh uhohydqw iru wkh srolwlfdo
vxvwdlqdelolw| ri vrfldo vhfxulw|/ vhh Erogulq dqg Uxvwlfklql +5333,/ Frroh| dqg Vrduhv +4<<;, dqg Jdodvvr
+4<<<,1
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Dv lq Hssoh dqg Urpdqr +4<<9,/ djhqwv ydoxh sxeolf dqg sulydwh khdowk fduh mrlqwo|/
dv d frpsrvlwh jrrg/ p1 Khdowk fduh sod|v d grxeoh uroh= lw surylghv phglfdo vhuylfhv
wkdw lpsuryh wkh txdolw| ri olih ri wkh lqglylgxdov/ wkhuhiruh lqfuhdvlqj wkhlu xwlolw|7> dqg lw
ulvhv orqjhylw|/ l1h1/ wkh txdqwlw| ri olih1 Sxeolf dqg sulydwh khdowk fduh gr/ krzhyhu/ gl�hu1
Lq rxu vhwwlqj/ zkloh sxeolf khdowk fduh sod|v erwk urohv/ sulydwh khdowk fduh pd| rqo|
lpsuryh wkh olylqj vwdqgdug ri wkh lqglylgxdov81 Krzhyhu/ sulydwh khdowk fduh lv dvvxphg
wr eh pruh h!flhqw wkdq sxeolf khdowk lq surylglqj wkh phglfdo vhuylfhv wkdw ulvh wkh
txdolw| ri olih ri wkh djhqwv +vhh wkh hpslulfdo hylghqfh lq Ehvoh|/ Kdoo dqg Suhvwrq +4<<<,/
Fxuulh/ Juxehu dqg Ilvkhu +4<<8, dqg Fxwohu dqg Juxehu +4<<9,,1 Wkxv/ dw wlph w/ wkh
khdowk fduh vhuylfhv surylghg wr dq rog djhqw/ p|/ lv htxdo wr=

p| @ e| . �K| +517,

zkhuh e| dqg K| duh uhvshfwlyho| wkh h{shqglwxuh lq sulydwh dqg sxeolf khdowk fduh uhfhlyhg
e| dq rog shuvrq/ dqg � 5 +3> 4, phdvxuhv wkh h!flhqf| jds ehwzhhq sulydwh dqg sxeolf
khdowk fduh91

D vwrudjh whfkqrorj| doorzv wr wudqvihu rqh xqlw ri frqvxpswlrq wrgd| lqwr +4 .U,
xqlwv ri frqvxpswlrq wrpruurz1 Dgglwlrqdoo|/ zh dvvxph wkdw U A �/ dqg wkxv wkh
hfrqrp| lv g|qdplfdoo| h!flhqw1 Doo sulydwh wudqvihuv ri uhvrxufhv wdnh sodfh wkurxjk wklv
vwrudjh whfkqrorj|1

Wkh exgjhw frqvwudlqw ri d w|sh0h djhqw eruq dw wlph w lv

f||n� . e||n� � +4 .U, h| +4� � |, . �ec|n�S|n� +518,

zkhuh � | lv wkh wd{ udwh rq lqfrph dw wlph w1 \rxqj djhqwv duh hqgrzhg zlwk dq lqlwldo
lqfrph/ rq zklfk wkh| sd| d wd{1 Wkh| wdnh qr hfrqrplf ghflvlrq/ dqg vdyh wkhlu qhw
lqfrph iru ixwxuh frqvxpswlrq1 Zkhq rog/ wkh| duh hqwlwohg wr d +rqh0wlph, sxeolf khdowk
fduh dqg uhfhlyh d oxps vxp shqvlrq iru wkh uhpdlqlqj gxudwlrq ri wkhlu olih1 Wkh| xvh
wkhlu shqvlrq lqfrph dqg wkhlu vdylqj wr �qdqfh wkhlu sulydwh frqvxpswlrq dqg wkhlu
h{shqglwxuh lq sulydwh khdowk fduh1

Wkhuh h{lvwv d ixqgdphqwdo gl�huhqfh ehwzhhq shqvlrq wudqvihuv dqg sxeolf khdowk
fduh1 D shqvlrq wudqvihu lv d oxps vxp dqqxlw|/ zklfk lv sdlg wr hyhu| djhqw iru wkh hqwluh
gxudwlrq ri khu rog djh1 Dowkrxjk wkh shqvlrq lv oxps vxp/ dqg wkxv xquhodwhg wr lqfrph/
vlqfh kljk0lqfrph shrsoh hqmr| kljkhu orqjhylw|/ wkh| zloo uhfhlyh d shqvlrq iru d orqjhu
shulrg/ wkxv froohfwlqj d odujhu shqvlrq lqfrph1 Lq hyhu| djhqw*v exgjhw frqvwudlqw/ wkh
shqvlrq lv wkxv pxowlsolhg e| khu orqjhylw|1

D sxeolf khdowk fduh surjudp hqwlwohv wkh hoghuo| wr d phglfdo vhuylfh1 Krz fdq zh
phdvxuh wkh h{whqw wr zklfk lqglylgxdov wkdw gl�hu lq wkhlu khdowk vwdwxv dqg orqjhylw|
xvh wklv vhuylfhB kljk0lqfrph lqglylgxdov kdyh ehwwhu khdowk vwdwxv/ exw wkh| olyh orqjhu/
dqg pd| qhhg pruh h{shqvlyh phglfdo vhuylfhv> zkhuhdv orz0lqfrph lqglylgxdov kdyh orzhu

7Vlqfh Jurvvpdq +4<:5 dqg 4<<<, vhplqdo frqwulexwlrq/ khdowk fduh kdv ehhq dvvxphg wr surylgh xwlolw|/
hlwkhu gluhfwo| ru e| lqfuhdvlqj wkh xwlolw| iurp frqvxpswlrq/ dv lq Hssoh dqg Urpdqr +4<<9, dqg Sklolsvrq
dqg Ehfnhu +4<<;,1

8Zh dfnqrzohgjh wkdw sulydwh khdowk fduh grhv/ lqghhg/ lqfuhdvh orqjhylw|1 Wklv h�hfw lv fdswxuhg e| wkh
srvlwlyh uhodwlrq ehwzhhq lqfrph dqg orqjhylw|1 Ulfkhu lqglylgxdov duh h{shfwhg wr vshqg pruh uhvrxufhv
rq sulydwh khdowk dqg wkhuhiruh wr olyh orqjhu1

9Qrwlfh wkdw iru wkh djhqwv zkrvh lqfrph lv ehorz wkh phdq/ li k ' �/ sxeolf khdowk grplqdwhv sulydwh

khdowk/ vlqfh lw surylghv wkh vdph ohyho ri xwlolw|/ dqg dgglwlrqdoo| lw ulvhv wkhlu orqjhylw|1
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orqjhylw|/ exw pd| uhtxluh d pruh lqwhqvlyh xvdjh ri wkh v|vwhp zkloh wkh| duh dolyh1 Iru
doo lqglylgxdov/ krzhyhu/ wkh odujhvw vkduh ri wkh frvw ri khdwk fduh lv frqfhqwudwhg lq wkh
odvw vl{ prqwkv ri wkhlu olih +vhh Ohh hw do1 +4<<<,,1 Wkxv/ zh fkrrvh wr frqvlghu sxeolf
khdowk fduh dv d oxps vxp h{shqglwxuh/ zklfk rffxuv rqo| rqfh gxulqj wkh rog djh1

Dw wlph w . 4/ dq hoghuo| shuvrq ghwhuplqhv khu ghpdqg iru frqvxpswlrq dqg iru
sulydwh khdowk fduh e| pd{lpl}lqj khu xwlolw| ixqfwlrq/ ht1 516/ zlwk uhvshfw wr f||n� dqg
e||n�/ vxemhfw wr wkh exgjhw frqvwudlqw dw ht1 5181 Zh fdooZ |

ec|n� wkh qhw zhdowk ri d w|sh0h
rog djhqw dw wlph w. 4=

Z
|
ec|n� @ h| +4� � |, +4 .U, . �ec|n�S|n� . �K|n� +519,

Wkh rswlpdo ghpdqg iru frqvxpswlrq dqg sulydwh khdowk fduh ri d w|sh0h rog djhqw dw
wlph w. 4 duh uhvshfwlyho|:=

f
W|
ec|n� @ %Z

|
ec|n� +51:,

e
W|
ec|n� @ +4� %,Z |

ec|n� � �K|n�

Xqvxusulvlqjo|/ ulfkhu lqglylgxdov duh zloolqj wr vxssohphqw sxeolf khdowk zlwk pruh sulydwh
khdowk fduh1 Pruhryhu/ lq olqh zlwk wkh �qglqjv ri Fxwohu dqg Juxehu +4<<9,/ pruh sxeolf
khdowk fduh furzgv rxw sulydwh khdowk1

5141 Wkh Zhoiduh Vwdwh

Rxu zhoiduh vwdwh frqvlvwv ri wzr lqvwuxphqwv/ zklfk wudqvihu uhvrxufhv dfurvv jhqhudwlrqv/
iurp |rxqj +zrunhuv, wr rog djhqwv +uhwluhhv,= d sxeolf khdowk surjudp dqg d vrfldo vhfxulw|
+ru shqvlrq, v|vwhp1 Dw hyhu| wlph w/ wkh |rxqj frqwulexwh d sursruwlrq/ � |/ ri wkhlu lqfrph
wr wkh v|vwhp/ dqg hyhu| uhwluhh lv hqwlwohg wr d oxps vxp rqh0wlph khdowk fduh vhuylfh/
K|/ dqg uhfhlyhv d oxps vxp shqvlrq/ S|/ iru wkh uhpdlqlqj sduw ri khu rog djh/ �ec|1

Qrwlfh wkdw/ dowkrxjk wkhvh v|vwhpv duh sd|0dv0|rx0jr/ l1h1/ fxuuhqw |rxqj �qdqfh wkh
h{shqglwxuh ri fxuuhqw rog/ wkh| erwk hqwdlo dq hohphqw ri lqwudjhqhudwlrqdo uhglvwulexwlrq1
Lq idfw/ erwk vrfldo vhfxulw| dqg sxeolf khdowk fduh duh �qdqfhg wkurxjk d sursruwlrqdo
wd{/ dqg wkxv sodfh d kljkhu exughq rq wkh phglxp0wr0kljk0lqfrph |rxqj/ zkhuhdv wkh
ehqh�wv/ l1h1/ shqvlrq dqg phglfdo vhuylfh/ duh qrw uhodwhg wr lqfrph1

Lq rxu vhwwlqj/ djhqwv duh hqgrzhg zlwk d |rxqj djh lqfrph/ dqg wkxv wkh lqfrph wd{
fuhdwhv qr glvwruwlrq1 Wr lqwurgxfh d glvwruwlrqdu| h�hfw ri wd{dwlrq/ dqg wkhuhe| wr dyrlg
djhqwv wr kdyh wrr h{wuhph suhihuhqfhv ryhu wkh zhoiduh vwdwh/ zh dvvxph d txdgudwlf frvw
ri wd{dwlrq;1

Wkh zhoiduh vwdwh lv dvvxphg wr eh edodqfhg hyhu| shulrg/ vr wkdw lwv wrwdo h{shqglwxuh
lq erwk surjudpv kdv wr eh htxdo wr wkh dprxqw ri froohfwhg wd{hg/ W|1 Ohw �| eh wkh
vkduh ri froohfwhg wd{hv/ W|/ ghglfdwhg wr vrfldo vhfxulw|/ dqg +4� �|, wr sxeolf khdowk fduh1
Wkhq/ dffrxqwlqj iru wkh txdgudwlf frvw ri wd{dwlrq/ zh kdyh wkdw wkh wrwdo dprxqw ri
froohfwhg wd{hv lv=

W| @ � | +4� � |,
] e

e

hgJ +h|, @ � | +4� � |, hh| +51;,

:Khuh/ lq rughu wr hqvxuh wkdw K
W|
ec|n� D f �e/ zh dvvxph wkdw hyhq wkh lqglylgxdo zlwk wkh orzhvw

lqfrph kdv d qrq0qhjdwlyh ghpdqg iru sulydwh khdowk/ l1h1/ wkdw
�
e
|
E�3 � |� E� n-� n Bec|n��|n�

�
*M|n� D

k0* E� 3 0� �
;Zh fkrrvh wklv dssurdfk/ udwkhu wkdq wkh pruh qdwxudo rqh � wr hqgrjhql}h wkh oderu vxsso| � ehfdxvh

lw doorzv xv wr rewdlq d forvh irup vroxwlrq ri wkh yrwlqj jdph1

:



Qrwlfh wkdw dv wkh wd{ udwh/ � |/ lqfuhdvhv vr grhv lwv glvwruwlrqdu| h�hfw1 Lq sduwlfxodu/
wkh pd{lpxp ri wkh Od�hu fxuyh lv uhdfkhg iru � | @ 4@51 Ilqdoo|/ wkh wrwdo dprxqw ri
uhvrxufhv lv glylghg ehwzhhq shqvlrqv=

�|W| @
h�|S|

+4 . �,
/ +51<,

zkhuh S| lv wkh oxps vxp shqvlrq wudqvihu sdlg wr hyhu| uhwluhh gxulqj khu rog djh shulrg/
dqg sxeolf khdowk fduh=

+4� �|,W| @
K|

+4 . �,
1 +5143,

Ilqdoo|/ wr vlpsoli| wkh dojheud/ zh dvvxph wkdw wkh xsshu erxqg rq wkh sxeolf khdowk
h{shqglwxuh/ K/ lv htxdo wr wkh pd{lpxp dprxqw ri froohfwdeoh wd{hv/ l1h1/ � @ 4@5/
hqwluho| vshqw rq khdowk/ l1h1/ � @ 3/ wkdw lv= K @ +4 . �, hh|@71

5151 Wkh Hfrqrplf Htxloleulxp

Zh fdq qrz gh�qh wkh hfrqrplf htxloleulxp dv iroorzv=

Gh�qlwlrq 5141 Iru d jlyhq vhtxhqfh ri wd{ udwhv/ shqvlrq vkduhv dqg uhdo lqwhuhvw udwhv/

i� |> �|> Uj
"

|'f/ dq hfrqrplf htxloleulxp lv d vhtxhqfh ri doorfdwlrqv/
�
f|
|n� +h|, > e

|

|n� +h|,
�
|'fc���c"
e|Mdeceo

>

vxfk wkdw=

� lq hyhu| shulrg/ djhqwv pd{lpl}h wkhlu xwlolw| ixqfwlrq dw ht1 516/ zlwk uhvshfw wr
f||n� +h|, dqg e||n� +h|,/ vxemhfw wr wkh exgjhw frqvwudlqw lq ht1 518>

� wkh zhoiduh exgjhw frqvwudlqwv duh edodqfhg hyhu| shulrg/ dqg wkxv htxdwlrqv 51;/
51< dqg 5143 duh vdwlv�hg> dqg

� wkh jrrgv pdunhw fohduv hyhu| shulrg=
U e
e e

|3�
| gJ +h|3�, .

U e
e f

|3�
| gJ +h|3�, @ +4� � |, +4 .U,

U e
e h|3�gJ +h|3�,

. +4 . �, � | +4� � |,
U e
e h|3�gJ +h|3�,

Wkh xwlolw| ohyho rewdlqhg lq dq hfrqrplf htxloleulxp e| wkh djhqwv lv uhsuhvhqwhg e|
wkhlu lqgluhfw xwlolw| ixqfwlrqv1 Iru d w|sh0h| |rxqj=

y|ec| +� |> S|n�>K|n�> h|, @ �Z |
ec|n�

zkhuh � @ %0 +4� %,E�30�1 Lw lv qrz xvhixo wr vxevwlwxwh wkh zhoiduh vwdwh exgjhw frqvwudlqwv
lq wkh deryh h{suhvvlrq/ dqg wr h{suhvv wkh lqglylgxdo w|shv/ h/ lq whupv ri gl�huhqfhv iurp
wkh phdq w|sh hh1 Wkxv/ zh rewdlq dq lqgluhfw xwlolw| ixqfwlrq iru d w|sh0H |rxqj wkdw
ghshqgv rq fxuuhqw dqg ixwxuh wd{ udwhv dqg rq wkh ixwxuh shqvlrq vkduh=

Y |
|c. +� |> � |n�> �|n�>H|, @ �hh +4 .U, i+4 .H|, +4� � |, . ^�|n� +4 .H|, . � +4� �|n�,`

� +4 .Q, � |n� +4� � |n�,� 7H|�|n� +4� �|n�, �
2
|n� +4� � |n�,

2
r

+5144,

zkhuh +4 .Q, @ +4 . �, @ +4 .U, uhsuhvhqwv wkh dyhudjh uhodwlyh shuirupdqfh ri dq lq0
whujhqhudwlrqdo wudqvihu vfkhph zlwk uhvshfw wr wkh sulydwh vdylqjv1 Iru d w|sh0H rog
lqglylgxdo dw wlph w wkh lqgluhfw xwlolw| ixqfwlrq lv=

Y |3�
|c. +� |3�> � |> �|>H|, @ Y |3�

|3�c. +� |3�> � |> �|> H|, = +5145,

;



61 Wkh Yrwlqj Jdph

Wkh vl}h dqg wkh frpsrvlwlrq ri wkh zhoiduh vwdwh duh ghflghg e| wkh djhqwv wkurxjk d
srolwlfdo v|vwhp ri pdmrulwduldq yrwlqj1 Hohfwlrqv wdnh sodfh hyhu| shulrg/ dqg doo shuvrqv
dolyh/ |rxqj dqg rog/ fdvw d edoorw ryhu � / wkh lqfrph wd{/ dqg �/ wkh vkduh ri shqvlrq lq
wkh zhoiduh vwdwh1 Lqglylgxdo suhihuhqfhv ryhu wkh wzr lvvxhv duh uhsuhvhqwhg e| wkh lqgluhfw
xwlolw| ixqfwlrqv dw htxdwlrqv 5144 dqg 5145/ uhvshfwlyho| iru wkh |rxqj dqg wkh rog1 Qrwlfh
wkdw hyhu| djhqw kdv }hur pdvv/ dqg wkxv qr lqglylgxdo yrwh frxog fkdqjh wkh rxwfrph ri
wkh hohfwlrq1 Wr ryhufrph wklv sureohp/ lqglylgxdov duh dvvxphg wr yrwh vlqfhuho|1

Wklv pdmrulwduldq yrwlqj jdph vkduhv wzr lpsruwdqw ihdwxuhv zlwk wkh jdphv dqd0
o|}hg lq Frqgh0Uxl} dqg Jdodvvr +4<<< dqg 5333,1 Iluvw/ wkh lvvxh vsdfh lv elglphqvlrqdo/
+� > �,/ dqg wkxv d Qdvk htxloleulxp pd| idlo wr h{lvw/ dqg vhfrqg/ wkh jdph lv lqwulqvlfdoo|
g|qdplf/ vlqfh lw ghvfulehv wkh lqwhudfwlrq/ ru vrfldo frqwudfw/ ehwzhhq vxffhvvlyh jhqhud0
wlrqv ri zrunhuv dqg uhwluhhv1 Zh wkhuhiruh xvh wkhlu frqfhsw ri vxejdph shuihfw vwuxfwxuh
lqgxfhg htxloleulxp</ zklfk uhgxfhv wkh jdph wr d g|qdplf lvvxh0e|0lvvxh yrwlqj jdph1

Iroorzlqj wkhlu phwkrgrorj|/ zh �uvw dqdo|}h wkh fdvh ri ixoo frpplwphqw/ lq zklfk
yrwhuv ghwhuplqh wkh frqvwdqw vhtxhqfh ri wkh sdudphwhuv ri wkh zhoiduh vwdwh +� > �,1 Lq
devhqfh ri d vwdwh yduldeoh/ wklv yrwlqj jdph lv vwdwlf/ dqg wkh uhvxow lq Vkhsvoh +4<:<,
^Wkhruhp 614` fdq eh dssolhg wr rewdlq wkh vx!flhqw frqglwlrqv iru d +vwuxfwxuh lqgxfhg,
htxloleulxp wr h{lvw1 Lq sduwlfxodu/ li suhihuhqfhv duh vlqjoh0shdnhg dorqj hyhu| glphqvlrq
ri wkh lvvxh vsdfh/ d vx!flhqw frqglwlrq iru +�W> �W, wr eh dq htxloleulxp ri wkh yrwlqj
jdph zlwk ixoo frpplwphqw lv wkdw �W uhsuhvhqwv wkh rxwfrph ri d pdmrulw| yrwlqj ryhu
wkh mxulvglfwlrq � / zkhq wkh rwkhu glphqvlrq lv �{hg dw lwv ohyho �W/ dqg ylfhyhuvd1

Wr xvh wklv wkhruhp lq rxu hqylurqphqw/ zh qhhg wr hqvxuh wkdw lqglylgxdov* suhihuhqfhv
duh vlqjoh shdnhg dorqj wkh wzr glphqvlrqv/ � dqg �1 Wkh iroorzlqj ohppd ghvfulehv d vhw
ri vx!flhqw frqglwlrqv1

Ohppd 6141 Lqglylgxdov* suhihuhqfhv duh vlqjoh0shdnhg ryhu � iru jlyhq � 1 Lqglylgxdov*

suhihuhqfhv duh vlqjoh0shdnhg ryhu � iru jlyhq �/ li H � H @ � +�. � +4� �,, @� +8� 7�,
dqg H � 41

Zh wkhuhiruh uhvwulfw wkh vxssruw ri delolw| w|sh ri |rxqj dqg rog lqglylgxdov/ lq rughu
wr kdyh wkdw H @ +h� hh, @hh 5 ^H> 4`/ wkdw lv h 5 ^hh +4 .H, > 5hh`1

Wkh vhfrqg vwhs wr �qg d vxejdph shuihfw vwuxfwxuh lqgxfhg htxloleulxp lv wr vkrz
wkdw wkh +vwuxfwxuh lqgxfhg, htxloleulxp rxwfrphv ri wkh jdph zlwk frpplwphqw duh dovr
vxejdph shuihfw htxloleulxp rxwfrphv ri wkh yrwlqj jdph zlwkrxw frpplwphqw431 Lq wkh
jdph zlwk qr frpplwphqw/ yrwhuv pd| rqo| slq grzq wkh fxuuhqw ydoxhv ri � dqg �/
dowkrxjk wkh| pd| h{shfw wkhlu fxuuhqw yrwlqj ehkdylru wr d�hfw ixwxuh yrwhuv* ghflvlrqv1
Zh zloo uhwxuq wr wklv srlqw dw wkh hqg ri wkh qh{w vhfwlrq1

71 Srolwlfr0Hfrqrplf Htxloleuld

Lq wklv vhfwlrq/ wkh lqglylgxdo yrwhv ryhu wkh hdfk glphqvlrq ri wkh lvvxh vsdfh/ +� > �,/ duh
h{dplqhg lvvxh0e|0lvvxh1 Lqlwldoo|/ zh dvvxph wkdw fxuuhqw yrwhuv fdq ghwhuplqh ixwxuh

<Vhh wkh dsshqgl{ iru d irupdo gh�qlwlrq/ dqg Frqgh0Uxl} dqg Jdodvvr +5333, iru d ghwdlohg glvfxvvlrq1
43D ixoo vshfl�fdwlrq ri wkh yrwlqj jdph zlwkrxw frpplwphqw lv lq wkh Dsshqgl{1

<



srolflhv/ l1h1/ wkhuh h{lvwv frpplwphqw1 Yrwhuv fdvw d edoorw ryhu d frqvwdqw vhtxhqfh
ri � / iru d jlyhq frqvwdqw vhtxhqfh ri �/ dqg ylfhyhuvd1 Iru hdfk glphqvlrq/ � dqg �/
yrwhv duh wkhq rughuhg wr lghqwli| wkh phgldq yrwhv/ zklfk/ e| Vkhsvoh +4<:<, wkhruhp 614/
uhsuhvhqw wkh vwuxfwxuh lqgxfhg htxloleulxp rxwfrph ri wkh yrwlqj jdph zlwk frpplwphqw1
Wkh uhvxowv duh wkhq jhqhudol}hg wr wkh jdph zlwkrxw frpplwphqw1

7141 Yrwlqj ryhu wkh Vl}h ri wkh Zhoiduh Vwdwh

Uhjdugohvv ri wkh frpsrvlwlrq ri wkh zhoiduh vwdwh/ wkh hoghuo| duh qhw uhflslhqwv iurp wkh
v|vwhp1 Wkhuhiruh/ wkh| zloo fkrrvh wkh wd{ udwh wkdw pd{lpl}hv lwv vl}h1

Ohppd 7141 Iru dq| vkduh ri shqvlrq lq wkh zhoiduh vwdwh/ �/ wkh prvw suhihuuhg wd{ udwh

e| dq| w|sh0H rog lqglylgxdo/ ��
.
/ lv htxdo wr 4@51

Wrgd|*v |rxqj lqglylgxdov pd| eh zloolqj wr yrwh lq idyru ri wkh zhoiduh vwdwh/ dqg
wkxv wr ehdu wkh frvw ri d fxuuhqw wudqvihu/ li wkhlu yrwh zloo dovr ghwhuplqh lwv ixwxuh vl}h/
dqg wkxv wkhlu ixwxuh ehqh�wv1 Lq wkh jdph zlwk frpplwphqw/ d w|sh0H |rxqj lqglylgxdo
fkrrvh khu yrwh/ �t

.
/ e| pd{lpl}lqj khu lqgluhfw xwlolw| ixqfwlrq dw ht1 5144 zlwk uhvshfw

wr d frqvwdqw vhtxhqfh ri wd{ udwhv/ � | @ � |n� @ �t
.
1 Wkh qh{w ohppd fkdudfwhul}hv wkh

yrwh ri wkh |rxqj1

Ohppd 7151 Iru d jlyhq vkduh ri shqvlrq/ �/ wkh prvw suhihuuhg wd{ udwh e| dq| w|sh0

H |rxqj lqglylgxdo lv srvlwlyh/ �t
.
A 3/ li H ? eH +�,/ dqg lw lv htxdo wr }hur/ �t

.
@ 3/

li H � eH +�,/ zkhuh eH +�, @ ^� +4 .Q, +4� �, @ +4� +4 .Q,�,` � 41 Pruhryhu/ �t
.

lv

zhdno| ghfuhdvlqj lq H=
Y�
t

.

Y.
� 31

Ohppd 715 vxjjhvwv wkdw wkh srolwlfdo vxssruw wr wkh zhoiduh vwdwh uholhv khdylo| rq lwv
zlwklq0frkruw uhglvwulexwlrq frpsrqhqw1 Zkloh uhodwlyho| kljk |rxqj w|shv/ H � eH +�,/
rssrvh wkh v|vwhp/ dprqj wkh orz0lqfrph |rxqj wkh suhihuuhg vl}h ri wkh zhoiduh vwdwh lv
ghfuhdvlqj zlwk wkh yrwhu*v w|shv1 Ulfk |rxqj lqglylgxdov/ H A 3/ sd| pruh wd{hv wkdq wkh
dyhudjh/ exw uhfhlyh wkh vdph sxeolf khdowk h{shqglwxuh dqg rog djh xqlwdu| shqvlrq dv
hyhu|erg| hovh1 Dowkrxjk wkh| olyh orqjhu/ dqg wkxv hqmr| d odujhu wrwdo shqvlrq wudqvihu/
wklv h{wud orqjhylw| lv qrw vx!flhqw wr frpshqvdwh iru wkh kljkhu frqwulexwlrq wkh| pdnh lq
|rxwk1 Wklv h�hfw ehfrphv vwurqjhu li wkh sxeolf khdowk vkduh ri wkh zhoiduh h{shqglwxuh lv
lqfuhdvhg/ vlqfh sxeolf khdowk uhgxfhv wkh orqjhylw| gl�huhqwldo dprqj w|shv/ dqg wkxv wkh
wrwdo shqvlrq ri wkh zhdowk|1 Dovr lqwhuphgldwh |rxqj w|shv/ eH +�, � H ? 3/ fkrrvh qrw wr
vxvwdlq wkh zhoiduh vwdwh/ ghvslwh uhfhlylqj lq rog djh pruh uhvrxufhv wkdq wkh| frqwulexwh
lq |rxwk1 Lq idfw/ wklv lqwhujhqhudwlrqdo zhoiduh vwdwh frqvwlwxwhv dq lqh!flhqw whfkqrorj|
wr wudqvihu uhvrxufhv lqwr wkh ixwxuh/ dqg wkhlu |rxqj djh frqwulexwlrqv h{fhhg wkh suhvhqw
ydoxh ri wkhlu ehqh�wv1 Rqo| orz0lqfrph |rxqj w|shv/ H � eH +�,/ duh qhw uhflslhqwv44 dqg
wkhuhiruh yrwh iru d srvlwlyh zhoiduh v|vwhp/ dowkrxjk wkh| h{shulhqfh vkruwhu orqjhylw|
dqg wkxv hqmr| vpdoohu wrwdo shqvlrq wudqvihuv wkdq ulfkhu djhqwv1

44Qrwlfh wkdw wkh pdvv ri |rxqj yrwhuv lq idyru ri wkh v|vwhp/ l1h1/ . $ e. Eb�/ ghshqgv rq wkh uhodwlyh

vkduh ri wkh wzr zhoiduh surjudpv/ b1 Zkloh d sxuh vrfldo vhfxulw| v|vwhp/ b ' �/ zrxog uhfhlyh qr

vxssruw/ dv wkh vkduh ri khdowk fduh lqfuhdvhv vr grhv wkh pdvv ri yrwhuv1 Wkh uhdvrq lv wkdw wkh orz0lqfrph

|rxqj juhdwo| hqmr| sxeolf khdowk/ zklfk uhglvwulexwhv uhvrxufhv lq wkhlu idyru/ dqg ghfuhdvhv wkh orqjhylw|

gl�huhqwldo1
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Wkh qh{w ohppd frqvwlwxwhv dq lpsruwdqw vwhs wrzdugv rxu pdlq uhvxow1 Lw fkdudfwhul}hv
wkh uhodwlrq ehwzhhq wkh vl}h ri wkh v|vwhp fkrvhq e| d w|sh H ? eH +�, |rxqj lqglylgxdo
dqg wkh shqvlrq vkduh/ �/ dqg glvfxvvhv wkh frpsohphqwdulw| ehwzhhq wkh wzr zhoiduh
v|vwhpv1

Ohppd 7161 Wkh prvw suhihuuhg wd{ udwh e| dq| w|sh0H |rxqj lqglylgxdo/ zlwk H ?
eH +�,/ lv zhdno| lqfuhdvlqj iru � � �

�

/ dqg ghfuhdvlqj iru � A �
�

/ zkhuh �
�

@ 4@5 �
+4 .H � �, @49H� +4� �, ? 4@51

Iru � @ 4/ wkh zhoiduh vwdwh lv d sxuh vrfldo vhfxulw| v|vwhp1 Exw wkh orqjhylw| ri wkh
orz0lqfrph lqglylgxdov/ dqg wkxv wkhlu wrwdo shqvlrq ehqh�wv/ lv wrr orz wr lqgxfh wkhp wr
vxssruw lw1 Dv sduw ri wkh h{shqglwxuh lv ghyrwhg wr khdowk fduh/ � ? 4/ wzr h�hfwv wdnh
sodfh1 Iluvw/ hyhu| djhqw h{shulhqfhv dq lpsuryhphqw lq wkh txdolw| ri khu olih1 Vhfrqg/ wkh
orqjhylw| gl�huhqwldo ghfuhdvhv/ dqg wkh wrwdo shqvlrq ehqh�wv ri wkh orz0lqfrph djhqwv
ehjlq wr ulvh1 Wkh| duh qrz zloolqj wr vxssruw wkh zhoiduh vwdwh1 Lqghhg/ dv wkh vkduh ri
khdowk fduh lqfuhdvhv/ wkhlu prvw suhihuuhg vl}h ri wkh zhoiduh vwdwh ulvhv1 Wklv lv gxh wr
erwk h�hfwv1 Hyhq lq wkh h{rjhqrxv orqjhylw| fdvh/ lq zklfk rqo| wkh iruphu h�hfw wdnhv
sodfh +vhh wkh qh{w vhfwlrq,/ lq idfw/ pruh sxeolf khdowk fduh lqgxfhv d odujhu zhoiduh vwdwh/
ehfdxvh ri lwv srvlwlyh lpsdfw rq hyhu| djhqw*v txdolw| ri olih1 Lq wklv fdvh/ krzhyhu/ wkh vl}h
ri wkh zhoiduh v|vwhp lqfuhdvhv hyhq pruh/ ehfdxvh wkh h{lvwhqfh ri sxeolf khdowk lpsuryhv
wkh wrwdo shqvlrq ehqh�wv ri wkh orz0lqfrph lqglylgxdov1 Ilqdoo|/ dv wkh vkduh ri sxeolf
khdowk ehfrphv wrr odujh/ wkh frpsohphqwdulw| ehwzhhq wkh wzr surjudpv lv uhgxfhg= wkh
orqjhylw| gl�huhqwldo nhhsv ghfuhdvlqj/ exw qrw hqrxjk wr frpshqvdwh wkh uhgxfwlrq lq wkh
xqlwdu| shqvlrq/ dqg khqfh wkh djhqwv fkrrvh wr grzqvl}h wkh zhoiduh vwdwh1

Lw lv qrz vwudljkwiruzdug wr rughu hyhu| djhqw*v yrwh rq wkh vl}h ri wkh zhoiduh vwdwh/
iru d jlyhq shqvlrq vkduh/ dqg wr lghqwli| wkh phgldq yrwhu*v w|sh1 Djhqwv fdq eh udqnhg
dffruglqj wr wkhlu djh dqg w|sh/ dv vkrzq dw �jxuh 6/ zlwk hoghuo| dqg wkhq orz0lqfrph
|rxqj fkrrvlqj odujhu vl}hv1 Wkh phgldq yrwhu lv wkh w|sh0H6� |rxqj djhqw zkr glylghv
wkh hohfwrudwh lq kdoyhv= J +H6� , @ �@5 +4 . �,1 Iru d jlyhq shqvlrq vkduh/ �/ zh lghqwli|
khu prvw suhihuuhg wd{ udwh dv �.6� +�,1

7151 Yrwlqj ryhu wkh Frpsrvlwlrq ri wkh Zhoiduh Vwdwh

Zkhq wkh lvvxh dw vwdnh lv wkh shqvlrq vkduh/ �/ iru d jlyhq vl}h ri wkh v|vwhp/ � / yrwhv
rqo| gl�hu dffruglqj wr wkh yrwhuv* w|sh/ dqg wkh yrwhuv* djh sod|v qr uroh1 Wklv lv qrw
vxusulvlqj1 Lq wkh jdph zlwk frpplwphqw/ wrgd|*v ghflvlrq zloo eh lq sodfh wrpruurz
dv zhoo1 Dqg wkh frpsrvlwlrq ri wkh zhoiduh vwdwh lv rqo| uhohydqw lq rog djh/ zkhq wkh
ehqh�wv iurp wkh wzr surjudpv duh uhfhlyhg1 Wkxv/ d w|sh0H |rxqj dqg d w|sh0H rog
vkduh wkh vdph yrwlqj ghflvlrq= wkh| fkrrvh wkhlu yrwh/ �./ e| pd{lpl}lqj wkhlu lqgluhfw
xwlolw| ixqfwlrq dw ht1 5144 dqg ht1 5145

Ohppd 7171 Iru d jlyhq wd{ udwh/ � / wkh prvw suhihuuhg vrfldo vhfxulw| vkduh/ �./ e| d
w|sh0H +|rxqj dqg rog, lqglylgxdo lv wkh iroorzlqj=

+l, �. @ 4/ li H A 3>

+ll, �. @ plq
q
4> �2 �

�3kn.
H.�E�3��

r
/ li H 5 ^� +4� �, > 3`>
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+lll, �. @ pd{
q
3> �2 �

�3kn.
H.�E�3��

r
/ li H ? � +4� �,1

Pruhryhu/ �. lv zhdno| lqfuhdvlqj lq H/ l1h1/ Yb.
Y.

� 31 Dqg �. lv zhdno| lqfuhdvlqj
lq � li H � � +4� �,/ dqg zhdno| ghfuhdvlqj lq � li � +4� �, A H A 31

Ohppd 717 fkdudfwhul}hv krz wkh suhihuuhg frpsrvlwlrq ri wkh zhoiduh vwdwh ghshqgv
rq wkh lqglylgxdo w|sh1 Ulfk djhqwv/ zkrvh w|sh lv deryh wkh phdq/ H A 3/ yrwh iru d
sxuh vrfldo vhfxulw| v|vwhp/ vlqfh sxeolf khdowk uhgxfhv wkh orqjhylw| jds dqg lqfuhdvhv
wkh uhglvwulexwlyh hohphqw ri wkh v|vwhp1 Lqwhuphgldwh w|shv +fdvhv ll dqg lll, h{sorlw wkh
frpsohphqwdulw| ehwzhhq wkh wzr surjudpv/ dqg khqfh idyru d frpelqdwlrq ri wkh wzr/ lq
rughu wr lqfuhdvh wkhlu uhodwlyh orqjhylw| dqg wr uhfhlyh dq rog djh shqvlrq451

Wkh uhodwlrq ehwzhhq wkh frpsrvlwlrq ri wkh v|vwhp fkrvhq e| d w|sh0H lqglylgxdo dqg
lwv vl}h/ � / ghshqgv rq wkh yrwhu*v w|sh1 Wkh yrwhv ri wkh kljk0lqfrph w|shv +fdvh l, duh
xqd�hfwhg e| fkdqjhv lq wkh vl}h1 Dprqj wkh djhqwv zlwk lqwhuphgldwh w|shv/ wkh srruhu
+fdvh lll, zloo uhvsrqg wr d ulvh lq wkh vl}h ri wkh v|vwhp zlwk dq lqfuhdvh ri wkh shqvlrq
vkduh1 Lq idfw/ d odujhu xqlwdu| shqvlrq frpshqvdwhv d orzhu orqjhylw|1 Uhodwlyho| ulfkhu
djhqwv +fdvh ll,/ rq wkh rwkhu kdqg/ zloo wudgh r� d orzhu shqvlrqv iru pruh sxeolf khdowk1

Iroorzlqj wkh suhylrxv ohppd/ zh fdq rughu wkh yrwhv rq wkh frpsrvlwlrq ri wkh v|vwhp
dffruglqj wr wkh yrwhuv* w|shv/ dv vkrzq lq �jxuh 71 Wkh phgldq yrwhu lv wkh orz0lqfrph
w|sh0H6b/ zkr glylghv wkh hohfwrudwh lq kdoyhv= J +H6b, @ 4@51 Iru d jlyhq vl}h ri wkh
v|vwhp/ � / zh lghqwli| khu prvw suhihuuhg frpsrvlwlrq dv �.6b +�,1

Iljxuhv 6 dqg 7 vkrz d gl�huhqw rughulqj dorqj wkh wzr glphqvlrqv ri wkh srolf| vsdfh1
Lq idfw/ lq ghflglqj wkh vl}h ri wkh v|vwhp/ wkh djh ri wkh yrwhuv sod|v dq lpsruwdqw uroh/
vlqfh wkh hoghuo| idyru wkh odujhvw v|vwhp/ zkhuhdv rqo| lqglylgxdo w|shv pdwwhu lq wkh
frpsrvlwlrq1 Dv d uhvxow/ wkh phgldq yrwhu ryhu wkh gluhfwlrq � kdv d kljkhu w|sh wkdq
wkh phgldq yrwhu ryhu wkh glphqvlrq � = H6b A H6� 1

7161 Fkdudfwhul}dwlrq ri Htxloleuld

Wkh suhylrxv vhfwlrqv kdyh vhsdudwho| dqdo|}hg wkh yrwlqj ehkdylru ri doo lqglylgxdov dorqj
wkh wzr glphqvlrqv ri wkh lvvxh vsdfh/ l1h1/ vl}h dqg frpsrvlwlrq ri wkh zhoiduh vwdwh/ xqghu
wkh dvvxpswlrq ri frpplwphqw1 Vlqfh suhihuhqfhv duh vlqjoh shdnhg/ zh fdq qrz dsso|
Vkhsvoh*v +4<:<, uhvxow/ dqg fkdudfwhul}h wkh vwuxfwxuh lqgxfhg htxloleuld ri wkh jdph zlwk
frpplwphqw1

Sursrvlwlrq 7181 Wkhuh h{lvwv d vwuxfwxuh lqgxfhg htxloleulxp/ +�W> �W,/ ri wkh yrwlqj
jdph zlwk frpplwphqw/ vxfk wkdw=

+D, +�W @ 3> �W @ 4, li H6b � � +4� �, dqg ; H6� >

+E, +�W @ 3> �W @ 3, li H6b ? � +4� �, dqg H6� � eH +�,>

+F, +�W A 3> �W @ 3, li H6b ? � +4� �,/ dqg 
+H6b, � H6� ? eH +�,>

+G,
�
�W A 3> 3 ? �W ? �

2

�
li H6b ? � +4� �,/ H6� ? eH +�, dqg H6� ? 
+H6b,

45Qrwlfh wkdw iru yhu| vpdoo glphqvlrq/ � s f/ suhihuhqfhv ryhu wkh frpsrvlwlrq ri wkh zhoiduh vwdwh duh

h{wuhpho| srodul}hg= b. ' f li . $ 3 E�3 k�/ dqg b. ' � li . : 3 E� 3 k�1
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zkhuh 
+H6b, @ �4 . � +4 .Q,
s
� +4� �, @H6b

Li wkh phgldq yrwhu ryhu � lv vx!flhqwo| ulfk +fdvh D,/ vkh zloo suhihu d odujh vkduh
ri shqvlrq/ exw wkhq qr |rxqj lqglylgxdo zloo eh zloolqj wr vxssruw wkh v|vwhp1 Li/ rq
wkh rwkhu kdqg/ wkh phgldq yrwhu ryhu � suhihuv pruh khdowk fduh/ wkh vl}h ri wkh v|vwhp
zloo ghshqg rq wkh w|sh ri wkh phgldq yrwhu ryhu � / H6� 1 Wkh srruhu wkh phgldq yrwhu/
wkh odujhu wkh v|vwhp zloo eh1 Pruhryhu/ d vx!flhqwo| srru phgldq yrwhu +fdvh G, zloo
h{sorlw wkh frpsohphqwdulw| ehwzhhq khdowk fduh dqg vrfldo vhfxulw|/ dqg khqfh zloo fkrrvh
d odujhu v|vwhp/ frpsrvhg ri erwk surjudpv1

Qrwlfh wkdw wklv sursrvlwlrq grhv qrw surylgh d frpsohwh fkdudfwhul}dwlrq ri wkh vwuxf0
wxuh lqgxfhg htxloleuld ri wkh jdph1 Lq idfw/ lqwhulru htxloleuld frxog dulvh lq fdvhv D dqg
F/ li wkh uhdfwlrq ixqfwlrq �W +�, @ �.6� +�,/ zklfk uhsuhvhqwv wkh ghflvlrq ri wkh phgldq
yrwhu ryhu � / ehfrphv vx!flhqwo| vwhhs/ dqg furvvhv wkh uhdfwlrq ixqfwlrq ri wkh phgldq
yrwhu ryhu �/ �W +�, @ �.6b +�,/ dv vkrzq lq �jxuhv 8 dqg 91 Zhuh wkhvh htxloleuld wr h{lvw/
zh zrxog kdyh d fdvh ri pxowlsoh htxloleuld1 Hyhq lq wklv fdvh/ krzhyhu/ dv zh zloo glvfxvv
lq vhfwlrq 9/ wkh pdlq phvvdjh ri wkh sdshu zrxog qrw eh d�hfwhg1

Zkdw kdsshqv li zh uhod{ wkh dvvxpswlrq ri frpplwphqw dqg frqvlghu d jdph lq zklfk
yrwhuv pd| rqo| ghwhuplqh wkh fxuuhqw vl}h dqg frpsrvlwlrq ri wkh zhoiduh v|vwhpB Wkh
uhvxowv lq sursrvlwlrq 718 jhqhudol}h wr d jdph zlwkrxw frpplwphqw=

Sursrvlwlrq 7191 Hyhu| sdlu +�W> �W,/ zklfk frqvwlwxwhv d +vwuxfwxuh lqgxfhg, htxloleulxp
ri wkh yrwlqj jdph zlwk frpplwphqw/ lv d +vxejdph shuihfw vwuxfwxuh lqgxfhg, htxloleulxp
ri wkh jdph zlwkrxw frpplwphqw1

Wkh lqwxlwlrq lv vwudljkwiruzdug1 Rog djhqwv* yrwlqj ehkdylru grhv qrw ghshqg rq
wrpruurz*v srolf| dqg wkxv rq wkh h{lvwhqfh ri frpplwphqw1 Orz0lqfrph |rxqj lqglylgxdo/
zkr zhuh lq idyru ri wkh zhoiduh vwdwh lq wkh fdvh ri frpplwphqw/ zloo qrz eh zloolqj wr
hqwhu dq �lpsolflw frqwudfw� dprqj vxffhvvlyh jhqhudwlrqv ri yrwhuv wr vxvwdlq wkh zhoiduh
vwdwh1 Wklv �lpsolflw frqwudfw/� ru vrfldo qrup/ vshfl�hv wkdw li fxuuhqw |rxqj vxssruw wkh
h{lvwlqj zhoiduh v|vwhp/ wkh| zloo eh uhzdughg zlwk d fruuhvsrqglqj wudqvihu ri uhvrxufhv
+shqvlrq dqg khdowk fduh, lq wkhlu rog djh/ ru wkh| zloo eh sxqlvkhg/ dqg zloo uhfhlyh qr
wudqvihuv1

81 H{rjhqrxv Orqjhylw|

Lq rughu wr dqdo|}h wkh lpsdfw ri wkh srolwlfdo frpsohphqwdulw|/ zklfk uxqv iurp khdowk
fduh wr vrfldo vhfxulw| wkurxjk wkh uhgxfwlrq lq wkh orqjhylw| gl�huhqwldo/ rq wkh vl}h ri wkh
zhoiduh v|vwhp/ zh qrz h{dplqh wkh fdvh ri h{rjhqrxv orqjhylw|1 Lq wklv vhfwlrq/ orqjhylw|
lv dvvxphg wr ghshqg h{foxvlyho| rq wkh djhqw*v w|sh/ dqg qrw wr eh d�hfwhg e| sxeolf
khdowk h{shqglwxuh1 Dw wlph w/ d w|sh0H lqglylgxdo hqmr|v wkh iroorzlqj orqjhylw|=

�%ec| @
h�| +4 .H|, +814,

zkhuh wkh vxevfulsw { lqglfdwhv wkh yduldeohv lq wkh h{rjhqrxv orqjhylw| hqylurqphqw1
Djhqwv vroyh wkh vdph hfrqrplf sureohp dv lq vhfwlrq 5/ dqg rewdlq wkh rswlpdo gh0

pdqg ri frqvxpswlrq dqg sulydwh khdowk fduh dw ht1 51:1 Krzhyhu/ wkh zhdowk Z |
ec|n�/

suhylrxvo| gh�qhg dw ht1 519/ zloo qrz ghshqg rq wkh h{rjhqrxv orqjhylw|/ �%ec|/ udwkhu
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wkdq rq �ec|1 Qrwlfh wkdw wkh rqo| gl�huhqfh ehwzhhq wkh wzr fdvhv olhv lq wkh wrwdo shqvlrq
wudqvihu/ zklfk/ lq wkh h{rjhqrxv orqjhylw| fdvh/ ghshqgv hqwluho| rq wkh djhqw*v w|sh/
zkhuhdv lw lv dovr d�hfwhg e| khdowk fduh h{shqglwxuh li orqjhylw| lv hqgrjhqrxv1

Wkh djhqwv* suhihuhqfhv ryhu wkh srolf| vsdfh +� > �, duh djdlq uhsuhvhqwhg e| wkh lqgluhfw
xwlolw| ixqfwlrq/ zklfk/ iru d w|sh0H |rxqj dw wlph w lv htxdo wr=

Y |c%
|c. +� |> � |n�> �|n�>H|, @ �hh +4 .U, +815,

i+4 .H|, +4� � |, . ^�|n� +4 .H|, . � +4� �|n�,` +4 .Q, � |n� +4� � |n�,j

dqg iru d w|sh0H rog lqglylgxdo lv=

Y |3�c%
|c. +� |3�> � |> �|> H|, @ Y |3�c%

|3�c. +� |3�> � |> �|>H|, = +816,

Zh fdq qrz wxuq wr wkh djhqwv* yrwlqj ehkdylru1 Iroorzlqj wkh phwkrgrorj| h{sodlqhg
lq vhfwlrq 6/ zh �uvw dqdo|}h wkh yrwlqj jdph zlwk frpplwphqw/ dqg wkhq jhqhudol}h wkh
uhvxowv wr wkh jdph zlwkrxw frpplwphqw1

8141 Yrwlqj ryhu � dqg �

Iru dq| frpsrvlwlrq ri wkh zhoiduh vwdwh/ d w|sh0H rog djhqw zloo yrwh ��c%. @ 4@5/ lq
rughu wr pd{lpl}h wkh vl}h ri wkh v|vwhp/ iurp zklfk/ dv lq wkh suhylrxv fdvh/ vkh lv d
qhw uhflslhqw1 D |rxqj lqglylgxdo pd| ehqh�w iurp wkh zhoiduh vwdwh ghshqglqj rq khu
w|sh1 Iru d jlyhq shqvlrq vkduh �/ d w|sh0H |rxqj zloo fkrrvh wkh wd{ udwh/ �tc%. / zklfk
pd{lpl}hv khu lqgluhfw xwlolw| dw ht1 8151

Ohppd 8141 Iru d jlyhq vkduh ri shqvlrq/ �/ wkh prvw suhihuuhg wd{ udwh e| dq| w|sh0H
|rxqj lqglylgxdo/ �tc%. / lv wkh iroorzlqj=

+l, �tc%. @ �
2 �

E�n.�
2E�n��dbE�n.3k�nko A 3/ li H ? eH +�,/ dqg

+ll, �tc%. @ 3/ li H � eH +�,1

Pruhryhu/ �tc%. lv zhdno| ghfuhdvlqj lq H dqg lq �/
Y�

tc%

.

Y.
� 3 dqg

Y�
tc%

.

Yb
� 31

Dv lq wkh suhylrxv fdvh/ uhodwlyho| ulfk |rxqj djhqwv/ H � eH +�,/ zloo rssrvh wkh zhoiduh
vwdwh/ �tc%. @ 31 Orz0lqfrph |rxqj fkrrvh d srvlwlyh wd{ udwh/ zklfk lv odujhu wkh orzhu wkh
yrwhu*v w|sh1 Wkhvh djhqwv hqmr| d orzhu wkdq dyhudjh orqjhylw|/ dqg wkxv suhihu khdowk
fduh wr vrfldo vhfxulw|/ vlqfh khdowk fduh surylghv d rqh0wlph rog djh ehqh�w/ zkhuhdv vrfldo
vhfxulw| sd|v dq dqqxlw|1 Dgglwlrqdoo|/ khdowk fduh grhv qrw lpsuryh wkhlu orqjhylw|/ dqg
wkxv wkhlu prvw suhihuuhg wd{ udwh ghfuhdvhv dv wkh vkduh ri shqvlrq lqfuhdvhv1 Lq wkh
h{wuhph fdvh ri d sxuh vrfldo vhfxulw| v|vwhp/ wkh vl}h zrxog eh }hur1

Wkh rughulqj ri wkh yrwhv ryhu � / dqg wkxv wkh phgldq yrwhu/ H%
6� / lv wkh vdph dv lq

wkh hqgrjhqrxv orqjhylw| fdvh= H%
6� @ H6� +vhh �jxuh 6,1

Zkhq yrwlqj ryhu wkh frpsrvlwlrq ri wkh v|vwhp/ �/ wkh rqo| uhohydqw fkdudfwhulvwlf ri
wkh djhqw lv wkhlu w|sh1 Iru d jlyhq vl}h/ � / d w|sh0H |rxqj dqg rog lqglylgxdo fkrrvh wkh
vdph shqvlrq vkduh �%. 1
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Ohppd 8151 Iru dq| wd{ udwh/ � / d w|sh0H +|rxqj dqg rog, lqglylgxdo suhihuv d sxuh
khdowk fduh v|vwhp/ �%. @ 3/ li H ? � +4� �,/ dqg d sxuh vrfldo vhfxulw| v|vwhp/ �%. @ 4/
li H � � +4� �,1

Vlqfh khdowk fduh grhv qrw d�hfw wkh orqjhylw| gl�huhqwldo/ dqg wkxv wkh uhodwlyh uhwxuq
rq vrfldo vhfxulw|/ wkh yrwlqj ehkdylru ehfrphv pruh srodul}hg1 Uhodwlyho| ulfk lqglylgxdov
olyh orqjhu/ dqg idyru d sxuh vrfldo vhfxulw| v|vwhp/ vlqfh wkh ehqh�wv iurp wkh wrwdo shqvlrq
wudqvihu/ 4 .H/ h{fhhgv wkh ehqh�wv iurp sxeolf khdowk fduh/ �1 Wkh rssrvlwh lv wuxh iru
srruhu lqglylgxdov/ H � � +4� �,1 Yrwhv ryhu wkh glphqvlrq � fdq hdvlo| eh rughuhg lq
wzr jurxsv/ dffruglqj wr wkh yrwhuv* w|sh1 Ilqdoo|/ qrwlfh wkdw wkh phgldq yrwhu*v w|sh/
H%
6b/ frlqflghv zlwk wkh phgldq yrwhu lq wkh fdvh ri hqgrjhqrxv orqjhylw|/ H6b1

8151 Fkdudfwhul}dwlrq ri Htxloleuld

Dsso|lqj Vkhvsoh*v +4<:<, uhvxow wr wkh yrwlqj jdph zlwk frpplwphqw/ zh fdq fkdudfwhul}h
wkh vwuxfwxuh lqgxfhg htxloleuld dv iroorzv1

Sursrvlwlrq 8161 Wkhuh h{lvwv d vwuxfwxuh lqgxfhg htxloleulxp/ +�W%> �
W

%,/ ri wkh yrwlqj
jdph zlwk frpplwphqw/ vxfk wkdw=

+D, +�W% @ 3> �W% @ 4, li H6b � � +4� �, dqg ; H6� >

+E, +�W% @ 3> �W% @ 3, li H6b ? � +4� �, dqg H6� � eH +�,>

+F, +�W% A 3> �W% @ 3, li H6b ? � +4� �, dqg H6� ? eH +�,1

Dv lq wkh suhylrxv vhfwlrq/ wkh h{lvwhqfh ri d zhoiduh vwdwh/ � A 3/ uhtxluhv erwk phgldq
yrwhuv wr eh uhodwlyho| srru1 Krzhyhu/ lq wklv fdvh/ wkh zhoiduh vwdwh pd| rqo| frqvlvw ri d
sxuh khdowk fduh v|vwhp1 Lq idfw/ lq devhqfh ri wkh h�hfw ri sxeolf khdowk rq wkh orqjhylw|
gl�huhqwldo/ d shqvlrq v|vwhp lv qhyhu vxvwdlqhg ehfdxvh ri wkh odfn ri vxssruw e| wkh orz0
lqfrph |rxqj1 Dv lq wkh fdvh ri hqgrjhqrxv orqjhylw|/ wkhvh vwuxfwxuh lqgxfhg htxloleulxp
rxwfrphv fdq hdvlo| eh jhqhudol}hg/ lq d jdph zlwkrxw frpplwphqw/ wr vxejdph shuihfw
vwuxfwxuh lqgxfhg htxloleulxp rxwfrphv1

91 Frpsdulqj Htxloleuld

Zh fdq qrz frpsduh wkh htxloleuld rewdlqhg lq wkh suhylrxv vhfwlrqv xqghu wkh k|srwkhvlv
ri hqgrjhqrxv dqg h{rjhqrxv orqjhylw|1 Iru d jlyhq glvwulexwlrq ri lqfrph/ dqg wkhuhiruh
ri lqlwldo khdowk vwdwxv/ zh dlp dw lvrodwlqj wkh lpsdfw ri wkh srolwlfdo frpsohphqwdulw| rq
wkh vl}h ri wkh zhoiduh v|vwhp1 Lq sduwlfxodu/ zh zdqw wr fkdudfwhul}h wkh vshfl�f h�hfw rq
wkh glphqvlrq ri wkh zhoiduh ri wkh uhgxfwlrq lq wkh orqjhylw| gl�huhqwldo lqgxfhg e| wkh
sxeolf khdowk h{shqglwxuh1 Wkh uhvxowv duh vxppdul}hg lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 9141 Li +H6� >H6b, @5 �/ wkh zhoiduh vwdwh/ l1h1/ wkh htxloleulxp wd{ udwh/ lv
zhdno| odujhu lq wkh fdvh ri hqgrjhqrxv orqjhylw|1 Lq sduwlfxodu=

+D, �W � �W
%
@ 3 dqg �W � �W

%
@ 4/ li H6b � � +4� �, dqg ; H6� >

+E, �W @ �W% @ 3 dqg �W @ �W% @ 3/ li H6b ? � +4� �, dqg H6� � eH +�,>
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+F, �W � �W
%
@ �

2 �
�n.6�
2kE�n�� dqg �W � �W

%
@ 3/ li H6b ? � +4� �,/ H6� ? eH +�, dqg

H6� � 
+H6b,>

+G, �W A �W
%
dqg �W A �W

%
@ 3/ li H6b ? � +4� �,/ H6b ? # +H6� ,/ H6� ? eH +�,/ dqg

H6� ? 
+H6b,/

zkhuh # +H6� , @ +4� �,H6�@
k
4� ��H6�

�
4� E�n.6� �

2

k2E�n��2

�l
/ dqg

� @
q
+H6� >H6b, m H6� ? eH +�, / H6� ? 
+H6b, dqg # +H6� , � H6b ? � +4� �,

r
�

^H> 4`� ^H> 4`

Lq wkh �uvw wkuhh fdvhv/ wkh htxloleulxp vl}h ri wkh zhoiduh vwdwh lv qrw d�hfwhg e|
wkh dvvxpswlrq rq wkh orqjhylw|/ h{fhsw li pxowlsoh htxloleuld dulvh1 Lq fdvh +D,/ d uho0
dwlyho| ulfk phgldq yrwhu ryhu � fkrrvhv d sxuh vrfldo vhfxulw| v|vwhp/ zklfk qr |rxqj
lqglylgxdo lv zloolqj wr vxvwdlq1 Khuh/ wkh lqhtxdolw| pd| dulvh lq wkh udwkhu xquhdolvwlf
vlwxdwlrq/ ghvfulehg lq �jxuh 8/ lq zklfk wkh phgldq yrwhu ryhu � lv h{wuhpho| srru/ dqg
wkh frpsohphqwdulw| ehwzhhq wkh wzr surjudpv lv vwurqj hqrxjk hyhq iru odujh ydoxhv ri
�1 Lq fdvh +E,/ wkh phgldq yrwhu ryhu � lv d uhodwlyho| kljk0lqfrph w|sh/ zkr rssrvhv
wkh zhoiduh vwdwh/ � @ 31 Lq fdvh +F,/ d orz0lqfrph phgldq yrwhu ryhu � suhihuv d sxuh
khdowk fduh v|vwhp1 Wkh phgldq yrwhu ryhu � lv uhodwlyho| ulfk1 Vkh grhv qrw ehqh�w iurp
wkh frpsohphqwdulw| ehwzhhq wkh wzr surjudpv/ dqg khqfh yrwhv wkh vdph wd{ udwh dv lq
wkh h{rjhqrxv orqjhylw| fdvh1 Khuh/ wkh lqhtxdolw| pd| djdlq dulvh li wkhuh duh pxowlsoh
htxloleuld dv vkrzq lq �jxuh 91

Fdvh +G, lv wkh prvw lqwhuhvwlqj rqh1 Wkh srolwlfdo frpsohphqwdulw| ehwzhhq vrfldo
vhfxulw| dqg khdowk fduh dulvhv/ dqg khqfh wkh zhoiduh vwdwh lv odujhu zlwk hqgrjhqrxv wkdq
zlwk h{rjhqrxv orqjhylw|1 Ohw*v vhh zk|1 Wkh phgldq yrwhu ryhu � lv d orz0lqfrph w|sh1
Gxh wr khu orz orqjhylw|/ vkh whqgv wr idyru khdowk fduh1 Krzhyhu/ dv vkrzq lq Ohppd 716/
zkhq sxeolf khdowk h{shqglwxuh lv yhu| odujh/ vkh ehqh�wv iurp dq lqfuhdvh lq wkh shqvlrq
vkduh/ vlqfh wkh orvv lq orqjhylw| lv frpshqvdwhg e| dq lqfuhdvh lq shqvlrq ehqh�wv1 Lq
wklv fdvh/ vkh zloo uhvsrqg wr d ulvh lq wkh shqvlrq vkduh zlwk d fruuhvsrqglqj lqfuhdvh lq
wkh vl}h ri wkh v|vwhp/ xqwlo d fhuwdlq wkuhvkrog/ �

�

/ lv uhdfkhg1 Diwhu wklv shqvlrq vkduh/
wkh vl}h ri wkh v|vwhp zrxog eh uhgxfhg1 Wkh phgldq yrwhu ryhu � lv d orz w|sh wrr/ dqg
wkxv suhihuv d frpsrvlwlrq ri wkh zhoiduh vwdwh pruh rulhqwhg wrzdugv sxeolf khdowk fduh1
Pruhryhu/ vlqfh H6b ? � +4� �,/ e| Ohppd 717/ wkh phgldq yrwhu uhvsrqgv wr dq lqfuhdvh
lq wkh glphqvlrq ri wkh v|vwhp zlwk d ulvh lq wkh shqvlrq vkduh1 Wkh vx!flhqw frqglwlrq/
H6b ? # +H6� ,/ jxdudqwhhv wkdw wkh phgldq yrwhu ryhu � kdv d vx!flhqwo| orz0lqfrph/
dqg khqfh suhihuv pruh khdowk fduh1 Dv d uhvxow/ vkh zloo qrw sxvk wkh frpsrvlwlrq ri
wkh zhoiduh vwdwh vr idu wrzdugv vrfldo vhfxulw| dv wr lqgxfh wkh phgldq yrwhu ryhu � wr
grzqvl}h wkh v|vwhp1 Wkhuhiruh/ wkh frpsohphqwdulw| ehwzhhq wkh surjudpv lv suhvhuyhg/
dqg wkh zhoiduh vwdwh lv odujhu xqghu hqgrjhqrxv wkdq xqghu h{rjhqrxv orqjhylw|1

Iljxuh : vxppdul}hv wkh uhvwulfwlrqv lpsrvhg rq wkh delolw| w|shv ri wkh lqglylgxdov/
dqg fkdudfwhul}hv wkh htxloleuld xqghu hqgrjhqrxv dqg h{rjhqrxv orqjhylw| iru gl�huhqw
frpelqdwlrqv ri wkh phgldq yrwhuv* w|shv1 Duhd L uhsuhvhqwv fdvh +F, lq sursrvlwlrq 914=
wkh glphqvlrq ri wkh zhoiduh vwdwh lv w|slfdoo| xqd�hfwhg e| wkh orqjhylw| w|sh1 Duhd LL
fruuhvsrqgv wr fdvh +G,= wkh phgldq yrwhu ryhu � kdv vx!flhqwo| orz w|sh wr nhhs wkh
frpsrvlwlrq ri wkh zhoiduh vwdwh wrzdugv pruh sxeolf khdowk/ dqg wkxv wr jxdudqwhh wkh
h{lvwhqfh ri srolwlfdo frpsohphqwdulw|1 Lq duhd LLL/ rq wkh rwkhu kdqg/ wkh frpsdulvrq
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ehwzhhq hqgrjhqrxv dqg h{rjhqrxv orqjhylw| lv dpeljxrxv/ vlqfh wkh phgldq yrwhu ryhu
� lv uhodwlyho| ulfk/ dqg pd| sxvk wkh zhoiduh vwdwh wrzdugv wrr pxfk vrfldo vhfxulw|/
wkhuhe| lqgxflqj lwv vl}h wr eh uhgxfhg/ e| wkh phgldq yrwhu ryhu � / hyhq ehorz wkh ohyho
ri h{rjhqrxv orqjhylw|1

:1 Frqfoxglqj Uhpdunv

Sxeolf rslqlrq dqg srolf|pdnhuv kdyh ehfrph lqfuhdvlqjo| frqfhuqhg zlwk wkh ulvh lq
sxeolf khdowk dqg vrfldo vhfxulw| h{shqglwxuh1 Vlqfh erwk surjudpv jhqhudwh d  rz ri
uhvrxufhv iurp wkh zrunhuv wr wkh uhwluhhv/ wkh pdmru vxvshfw lq h{sodlqlqj wklv lqfuhdvlqj
wuhqg lv wkh djlqj surfhvv1 Krzhyhu/ ghprjudsklf g|qdplfv pd| rqo| eh khog sduwldoo|
uhvsrqvleoh iru wklv ulvh lq khdowk fduh dqg vrfldo vhfxulw| h{shqglwxuh1 Wkh qxpehu ri
uhflslhqwv iurp wkhvh surjudpv/ wkh hoghuo|/ kdv fhuwdlqo| lqfuhdvhg/ exw vr kdv grqh wkh
shu fdslwd uhvrxufhv wkdw wkh| kdyh uhfhlyhg/ sduwlfxoduo| lq khdowk fduh1

Zh vxjjhvw wkdw vrph srolwlfdo ihdwxuhv ri wkhvh wzr surjudpv pd| eh uhvsrqvleoh iru
d pxowlsolfdwlyh h�hfw/ zklfk hqodujhv wkh lpsdfw ri wkh djlqj surfhvv1 Khdowk fduh dqg
vrfldo vhfxulw| duh srolwlfdo frpsohphqwv lq wkdw wkh h{lvwhqfh ri khdowk fduh lqfuhdvhv wkh
srolwlfdo vxssruw lq idyru ri vrfldo vhfxulw|/ dqg ylfhyhuvd1 Sklolsvrq dqg Ehfnhu +4<<;,
hpskdvl}h wkh olqn iurp vrfldo vhfxulw| wr sxeolf khdowk1 Wkh h{lvwhqfh ri dq dqqxlw|/
wkh rog djh shqvlrq/ lqfuhdvhv wkh ydoxh ri orqjhylw| dqg/ khqfh/ lqfuhdvhv wkh ghpdqg iru
sxeolf khdowk1

Zh irfxv rq wkh rssrvlwh gluhfwlrq/ iurp sxeolf khdowk wr vrfldo vhfxulw|1 Zh dujxh
wkdw sxeolf khdowk uhgxfhv wkh orqjhylw| gl�huhqwldo ehwzhhq orz dqg kljk0lqfrph djhqwv/
dqg khqfh doorzv orz0lqfrph lqglylgxdov wr hqmr| odujhu uhwluhphqw shulrgv/ uhodwlyho| wr
kljk0lqfrph djhqwv1 Wklv lqvljkw fduulhv d whvwdeoh lpsolfdwlrq1 Dv wkh h{shqglwxuh lq
khdowk fduh lqfuhdvhv/ wkh uhwxuq iurp vrfldo vhfxulw| iru orz0lqfrph djhqwv vkrxog ulvh/
uhodwlyho| wr kljk0lqfrph rqhv1 Fdogzhoo hw do1 +4<<<, surylgh vxssruwlqj hylghqfh lq wklv
gluhfwlrq1 Wkh| vkrz wkdw/ dowkrxjk wkh dyhudjh uhwxuq kdv ehhq ghfuhdvlqj ryhu wlph/
wkh gl�huhqwldo lq uhwxuq ehwzhhq orz dqg kljk0lqfrph lqglylgxdov kdv ehhq zlghqlqj1
Iljxuh ; glvsod|v wkh uhwxuq ri gl�huhqw lqfrph w|shv/ dv d shufhqwdjh ri wkh uhwxuq ri dq
lqwhuphgldwh lqfrph w|sh/ iru vxffhvvlyh frkruwv iurp 4<78 wr 4<<81

Wklv h�hfw irvwhuv wkh zlwk0lq frkruw uhglvwulexwlyh frpsrqhqw ri vrfldo vhfxulw|/ dqg
lqfuhdvhv wkh srolwlfdo vxssruw wr wklv surjudp dprqj wkh orz0lqfrph lqglylgxdov1 Lq d
wzr0glphqvlrqdo yrwlqj prgho/ lq zklfk yrwhuv ghwhuplqh wkh vl}h dqg wkh frpsrvlwlrq ri
wkh zhoiduh vwdwh/ zh vkrz wkdw wklv srolwlfdo frpsohphqwdulw| ohdgv wr wkh dgrswlrq ri d
odujh zhoiduh v|vwhp/ lq zklfk wkh sxeolf khdowk frpsrqhqw lv odujh/ uhodwlyho| wr vrfldo
vhfxulw|1

Wklv uhvxow lv urexvw wr gl�huhqw vshfl�fdwlrqv ri wkh yrwlqj jdph1 Vxssrvh iru lq0
vwdqfh wkdw/ dv lq Frqgh0Uxl} dqg Jdodvvr +4<<<,/ wkh wzr zhoiduh surjudpv kdyh vhsdudwh
exgjhwv/ dqg wkdw yrwlqj wdnhv sodfh rq wkh wzr wd{ udwhv/ hdfk �qdqflqj wkh uhvshfwlyh
surjudp1 Wkh lqvljkw surylghg e| lghqwli|lqj wkh yrwlqj frdolwlrqv zrxog qrw fkdqjh1 Lq
idfw/ zkhq yrwlqj ryhu vrfldo vhfxulw|/ iru d jlyhq ohyho ri sxeolf khdowk fduh/ rog dqg orz0
lqfrph |rxqj zrxog vxvwdlq wkh v|vwhp/ surylghg wkdw khdowk fduh lv odujh hqrxjk1 Rq
wkh rwkhu kdqg/ zkhq yrwlqj rq khdowk fduh/ iru d jlyhq vrfldo vhfxulw| v|vwhp/ rqo| wkh
lqfrph w|sh zrxog pdwwhu/ dqg orz0lqfrph +|rxqj dqg rog, zrxog vxssruw khdowk fduh1
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D1 Dsshqgl{

Ohppd 614

Wr suryh wkdw wkh suhihuhqfhv ri hyhu| djhqw duh vlqjoh shdnhg ryhu hdfk glphqvlrq/ �
dqg �/ lw lv vx!flhqw wr vkrz wkdw khu lqgluhfw xwlolw| ixqfwlrq lv txdvl frqfdyh ryhu hdfk
glphqvlrq1

Frqvlghu �uvw wkh glphqvlrq � iru d jlyhq � 1 Iru d w|sh0H djhqw/ wkh vhfrqg ghulydwlyh
z1u1w1 � ri khu lqgluhfw xwlolw| ixqfwlrq/ ht1 5144/ lv ;hhH�2 +4� �,21 Vlqfh hh A 3/ suhihuhqfhv
duh fohduo| vlqjoh shdnhg li H � 31 Iru H A 3/ wkh lqgluhfw xwlolw| ixqfwlrq lv frqyh{1
Krzhyhu/ vlqfh wkh �uvw ghulydwlyh z1u1w1 � hydoxdwhg lq � @ 3 lv srvlwlyh/ wkhvh djhqwv
vlpso| suhihu kljkhu � wr orzhu �/ dqg suhihuhqfhv duh vwloo vlqjoh shdnhg/ zlwk d pd{lpxp
lq � @ 41

Frqvlghu qrz wkh glphqvlrq � iru d jlyhq �1 Iru d w|sh0H rog djhqw/ wkh vhfrqg
ghulydwlyh z1u1w1 � ri khu lqgluhfw xwlolw| ixqfwlrq/ ht1 5145/ lv

VRF�
. +�, @ 5

q
�� +4 .H,� � +4� �,� 7H� +4� �,

�
4� 9� . 9�2

�r
=

Qrwlfh wkdw 4 � 9� . 9�2 � 3 iru � � �� @ �
2 � �

S

s
6 dqg � � �2 @ �

2 . �
S

s
61 Wkxv/ lw lv

hdv| wr vhh wkdw iru H � 3 dqg � � �� ru � � �2/ dqg iru H � 3 dqg �� � � � � 2/ wkhq
VRF�

. +�, � 31 Iru H A 3 dqg �� � � � �2/ wkh odvw whup lq wkh VRF�
. +�, lv srvlwlyh1

Wklv whup lv pd{lpxp iru � @ 4@5/ wkxv li VRF�
. +� @ 4@5, ? 3$ VRF�

. +�, ? 3 ;� 1 Lw
lv vwudljkwiruzdug wr vhh wkdw VRF�

. +� @ 4@5, ? 3 li H � bnkE�3b�
bE�32b� A 41 Ilqdoo|/ wkh odvw

whup lq wkh VRF�
. +�, lv dovr srvlwlyh iru H ? 3 dqg � � �� ru � � �2/ dqg lv odujhvw iru

� @ 3 ru � @ 41 Wkxv li VRF�
. +� @ 3, ? 3 $ VRF�

. +�, ? 3 ;� 1 Lw lv hdv| wr vhh wkdw

VRF�
. +� @ 3, ? 3 li H A H @ �bnkE�3b�

bED3eb� 1
Iru d w|sh0H |rxqj djhqw/ wkh vhfrqg ghulydwlyh z1u1w1 � ri khu lqgluhfw xwlolw| ixqfwlrq

lv wkh vdph dv iru d w|sh0H rog djhqw/ h{fhsw iru d pxowlsolfdwlyh frqvwdqw/ 4 . Q / dqg
wkxv wkh vdph uhvwulfwlrqv dsso|/ zklfk suryhv wkh ohppd1

Yrwlqj Jdph zlwkrxw Frpplwphqw

Zh frqvlghu wkdw yrwhuv pd| rqo| ghwhuplqh fxuuhqw vl}h dqg frpsrvlwlrq ri wkh zhoiduh
vwdwh/ dowkrxjk wkh| pd| h{shfw wkhlu yrwh wr frqglwlrq ixwxuh yrwhuv* ghflvlrqv1 Zh gh�qh
wkh yrwlqj jdph zlwk qr frpplwphqw dv iroorzv1

Wkh vhtxhqfh ri wd{ udwhv dqg shqvlrq vkduhv xqwlo w� 4 frqvwlwxwhv wkh sxeolf klvwru|
ri wkh jdph dw wlph w/ k| @ i+�f> �f, > ===> +� |3�> �|3�,j 5 [|/ zkhuh [| lv wkh vhw ri doo
srvvleoh klvwru| dw wlph w1

Dq dfwlrq iru d w|sh H |rxqj lqglylgxdo dw wlph w lv d sdlu ri wd{ udwhv dqg shqvlrq
vkduhv/ dt|c. @ +� > �, 5 
/ zkhuh 
 @ i+� > �, = � 5 ^3> 4` > � 5 ^3> 4`j1 Dqdorjrxvo|/ dq dfwlrq
iru d w|sh H rog lqglylgxdo dw wlph w lv d�|c. @ +� > �, 5 
1 Zh fdoo d| wkh dfwlrq sur�oh

ri doo lqglylgxdov +|rxqj dqg rog, dw wlph w= d| @
�
dt| ^ d�|

�
zkhuh dt| @ ^

.Md.c�o
dt|c. dqg

d�| @ ^
.Md.c�o

d�|c. 1

Iru d w|sh H |rxqj lqglylgxdo d vwudwhj| dw wlph w lv d pdsslqj iurp wkh klvwru| ri
wkh jdph lqwr wkh dfwlrq vsdfh= vt|c. = k| $ 
/ dqg dqdorjrxvo| iru d w|sh H rog lqglylgxdo

dw wlph w= v�|c. = k| $ 
1 Wkh vwudwhj| sur�oh sod|hg e| doo lqglylgxdov dw wlph w lv ghqrwhg

e| v| @
�
vt| ^ v�|

�
zkhuh vt| @ ^

.Md.c�o
vt|c. dqg v�| @ ^

.Md.c�o
v�|c.1
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Dw wlph w/ iru d jlyhq dfwlrq sur�oh/ d|/ wkh sdlu +�6| > �
6
| , uhsuhvhqwv wkh phgldqv ri

wkh glvwulexwlrqv ri wd{ udwhv1 Zh wdnh +�6| > �
6
| , wr eh wkh rxwfrph ixqfwlrq ri wkh yrwlqj

jdph dw wlph w1 Wklv rxwfrph ixqfwlrq fruuhvsrqgv wr wkh vwuxfwxuh lqgxfhg htxloleulxp
rxwfrph ri wkh yrwlqj jdph zlwk frpplwphqw/ dffruglqj wr Vkhsvoh* +4<:<, uhvxowv1 Wkh
klvwru| ri wkh jdph lv xsgdwhg dffruglqj wr wkh rxwfrph ixqfwlrq> dw wlph w. 4= k|n� @
i+�f> �f, > ===> +� |3�> �|3�, > +�

6
| > �

6
| ,j 5 [|n�1

Iru hyhu| djhqw/ wkh sd|r� ixqfwlrq fruuhvsrqgv wr khu lqgluhfw xwlolw|1 Irupdoo|/ iru
d jlyhq vhtxhqfh ri dfwlrq sur�ohv/ +df> ===> d|> d|n�> ===,/ dqg ri fruuhvsrqglqj uhdol}dwlrqv/
++�f> �f, > ===> +� |> �|, > +� |n�> �|n�, > ===,/ wkh sd|r� ixqfwlrq iru d w|sh H |rxqj lqglylgxdo
dw wlph w lv Y |

|c. +� |> � |n�> �|n�> H|,/ dv gh�qhg lq ht1 5144/ dqg iru d w|sh H rog djhqw lv

Y |3�
|c. +� |3�> � |> �|>H|,/ dffruglqj wr ht1 51451

Ohw vt
|�.� @ vt| @v

t
|c.� eh wkh vwudwhj| sur�oh dw wlph w iru doo |rxqj lqglylgxdov h{fhsw

iru w|sh H�/ dqg ohw v�
|�.� @ v�| @v

�
|c.� eh wkh vwudwhj| sur�oh dw wlph w iru doo rog lqglylgxdov

h{fhsw iru wkh w|sh H�1 Wkhq/ dw wlph w/ d w|sh H� |rxqj lqglylgxdo pd{lpl}hv

Y |
|c.�

�
vJ> ===>

�
vt|�.� > vt|c.�

�
> v�| > v|n�> ===

�
@ Y |

|c.

�
�6| > �

6
|n�> �

6
|n�>H

�
|

�

dqg d w|sh H� rog lqglylgxdo pd{lpl}hv

Y |3�
|c.�

�
vJ> ===>

�
v�|�.� > v�|c.�

�
> vt| > v|n�> ===

�
@ Y |3�

|c.

�
�6| > �

6
| >H

�
|

�

zkhuh/ dffruglqj wr rxu suhylrxv gh�qlwlrq ri wkh rxwfrph ixqfwlrq/ +�6| > �
6
| , dqg

�
�6|n�> �

6
|n�

�
duh/ uhvshfwlyho|/ wkh phgldqv dprqj wkh dfwlrqv ryhu wkh vl}h dqg frpsrvlwlrq ri wkh zho0

iduh vwdwh sod|hg dw wlph w dqg w. 41
Dv suhylrxvo| dujxhg/ wr ghdo zlwk wkh wzr0glphqvlrqdolw| ri wkh lvvxh vsdfh/ dqg wr

doorz iru lqwhujhqhudwlrqdo lpsolflw frqwudfwv wr dulvh/ rxu htxloleulxp frqfhsw frpelqhv

vxejdph shuihfwlrq zlwk wkh qrwlrq ri vwuxfwxuh lqgxfhg htxloleulxp1 Zh fdq qrz gh�qh

d vxejdph shuihfw vwuxfwxuh lqgxfhg htxloleulxp ri wkh yrwlqj jdph dv iroorzv=

Gh�qlwlrq D14 +VSVLH,1 D yrwlqj vwudwhj| sur�oh v @
q�

vt| ^ v�|

�r"
|'f

lv d Vxejdph

Shuihfw Vwuxfwxuh Lqgxfhg Htxloleulxp +VSVLH, li wkh iroorzlqj frqglwlrqv duh vdwlv�hg=

� v lv d vxejdph shuihfw htxloleulxp1

� Dw hyhu| wlph w/ wkh htxloleulxp rxwfrph dvvrfldwhg wr v lv d Vwuxfwxuh Lqgxfhg

Htxloleulxp ri wkh vwdwlf jdph zlwk frpplwphqw1

Ohppd 714
Wulyldo1 Iru H 5 ^H> 4`/ wkh lqgluhfw xwlolw| ixqfwlrq dw ht1 5145 lv frqfdyh z1u1w1 � / dqg

lv pd{lpl}hg dw � @ 4@51

Ohppd 715
Qrwlfh wkdw wkh �uvw rughu frqglwlrq z1u1w1 � lq wkh rswlpl}dwlrq sureohp ri d w|sh0H

|rxqj yrwhu lv htxdo wr wkh �uvw rughu frqglwlrq ri d w|sh0H rog yrwhu ghfuhdvhg e| 4.H/
l1h1/ IRFt

. +�, @ IRF�
. +� , � +4 .H,1 E| Ohppd 614/ vlqfh H 5 ^H> 4`/ wkh lqgluhfw

xwlolw| ixqfwlrq lv frqfdyh ryhu � / dqg wkxv d vx!flhqw frqglwlrq iru d w|sh0H |rxqj yrwhu

4<



wr pd{lpl}h khu lqgluhfw xwlolw| ixqfwlrq lq dq lqwhulru/ l1h1/ iru � A 3/ lv wkdw wkh �uvw

rughu frqglwlrq/ hydoxdwhg dw � @ 3/ lv vwulfwo| srvlwlyh/ IRFt
. +� @ 3, A 31 Lw lv hdv| wr

vhh wkdw li H ? eH +�, @ kE�n��E�3b�
�3E�n��b � 4/ wkhq IRFt

. +� @ 3, A 31

Ilqdoo|/ wr suryh wkdw
Y�t
.

Y.
� 3/ qrwlfh wkdw iru H A eH +�, wkhq �t. @ 3/ dqg

Y�t
.

Y.
@ 31

Wr h{dplqh wkh rwkhu fdvh/ H � eH +�,/ zh gl�huhqwldwh wkh IRFt
. +�, z1u1w1 �t. dqg H/

dqg hydoxdwh lw dw � @ �t. 1 Zh rewdlq wkdw
Y�t
.

Y.
@ �

Y8��
t

.

Y.

7��t
.

�����
�t
.

? 3/ vlqfh VRFt
.

�
�t.

�
? 3/

dqg lw lv hdv| wr vhh wkdw
Y8��t

.

Y.

����
�
+
.

? 31

Ohppd 716

Iru H ? eH +�,/ e| wrwdo gl�huhqwldwlqj wkh IRFt. +�, dw � @ �t. / zh kdyh wkdw
Y�t

.

Yb
@

�

Y8��t
.

Yb

7��t
.

�����
�t
.

? 31 Vlqfh VRFt
.

�
�t.

�
? 3/ wkhq vljq

�
Y�t

.

Yb

�
@ vljq

#
Y8��t

.

Yb

����
�t
.

$
/ zkhuh

Y8��t
.

Yb

����
�t
.

@ +4 .H � �,� ;H +4� 5�, �+. +4� �+., @ 3 iru �
�

@ �
2 �

E�n.3k�

�S.�+
.+�3�

+
.,

1 Wkxv/

Y�t
.

Yb
A 3 li � ? ��/ dqg

Y�t
.

Yb
� 3 li � � ��1 Qrwlfh wkdw H ? eH +�, lpsolhv wkdw H ?

� +4� �,/ dqg wkxv �
�

? 4@51

Ohppd 717

Fdvh +l, iroorzv iurp ohppd 614= uhfdoo wkdw iru H A 3/ IRF. +� @ 3, A 3 dqg

VRF. +�, A 31 Qrwlfh wkdw/ iruH 5
�
� �3k

�ne�E�3�� > 3
�
wkhq IRF. +� @ 3, A 3/ VRF. +�, ?

3/ dqg IRF. +�., @ 3 iru �. @ �
2 �

�3kn.
H.�E�3�� 1 Krzhyhu/ iru H 5 +� +4� �, > 3,/ fdvh +ll,/

�. frxog eh juhdwhu wkdq rqh/ dqg wkxv zh qhhg wr lpsrvh wkdw �. @ plq
q
�
2 �

�3kn.
H.�E�3�� > 4

r
1

Iru H 5
�
� �3k

�3e�E�3�� >� +4� �,
�
/ �. frxog eh orzhu wkdq }hur/ dqg wkxv zh qhhg wr lp0

srvh wkdw �. @ pd{
q
3> �2 �

�3kn.
H.�E�3��

r
1 Ilqdoo|/ iru H � � �3k

�3e�E�3�� / IRF. +� @ 3, � 3

dqg VRF. +�, ? 3/ wkxv �. @ 3/ zklfk suryhv fdvh +lll,1
Pruhryhu/ lw lv vwudljkwiruzdug wr vhh wkdw Yb.

Y.
A 3 iru �. 5 +3> 4,

dqg Yb.
Y.

@ 3 iru �. @ i3> 4j1 Ilqdoo|/ Yb.
Y�

@ E�3kn.�E�32��

H.�2E�3��2
/ zklfk lv qrq0qhjdwlyh iru

H � � +4� �,/ dqg qhjdwlyh iru 3 A H A � +4� �,1

Sursrvlwlrq 718

E| Vkhsvoh*v +4<:<, Wkhruhp 614/ d vwuxfwxuhg lqgxfhg htxloleulxp lv d sdlu +� W> �W,/
lq zklfk �W lv wkh phgldq yrwh ryhu wkh glphqvlrq � / zkhq wkh rwkhu glphqvlrq lv �{hg dw
wkh ohyho �W/ dqg �W lv wkh phgldq yrwh ryhu wkh glphqvlrq �/ zkhq wkh rwkhu glphqvlrq
lv �{hg dw wkh ohyho �W1 Zh kdyh suhylrxvo| lghqwl�hg wkh phgldq yrwhuv/ uhvshfwlyho| ryhu
wkh glphqvlrq � dqg �/ zlwk d w|sh0H6� |rxqj dqg d w|sh0H6b +|rxqj ru rog, lqglylgxdo1
Vlqfh wkh rughulqj ri wkh yrwhv ryhu rqh glphqvlrq/ h1j1/ � / lv qrw d�hfwhg e| wkh ydoxh ri
wkh rwkhu glphqvlrq/ h1j1/ �/ wkh phgldq yrwh ryhu � dqg � dozd|v frlqflghv zlwk wkh yrwhv
ri d w|sh0H6� |rxqj dqg d w|sh0H6b +|rxqj ru rog, lqglylgxdo1 Zh fdq qrz dqdo|}h wkh
gl�huhqw fdvhv1

Fdvh +D, lv wulyldo1 Li H6b � � +4� �,/ wkhq �W @ 4/ dqg iru � @ 4/ �W @ 3 ; H6� 1
Fdvh +E, lv wulyldo wrr1 LiH6� � eH +�,/ wkhq �W @ 3/ dqg iru �W @ 3/ liH6b ? � +4� �,/

wkhq �W @ 31
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Fdvh +F,= Li H6b ? � +4� �,/ wkh phgldq yrwhu zloo yrwh dffruglqj wr Ohppd 717/

fdvh lll dqg wkxv �.6b +�, @ pd{
q
3> �2 �

�3kn.6b
H.6b�E�3��

r
1 Li H6� ? eH +�,/ wkhq �.6� +�, A 31

Qrwlfh wkdw iru � @ 3/ �.6� +3, @ �
2 �

�n.6�
2kE�n�� 1 Lq rughu wr kdyh d vwuxfwxuh lqgxfhg

htxloleulxp dw +�W @ �.6� +3, A 3> �W @ 3,/ zh wkxv qhhg wr kdyh wkdw �.6b @ 3 iru �.6� @
�
2�

�n.6�
2kE�n�� 1 E| vxevwlwxwlqj wklv ydoxh ri �.6� lq �.6b +� , dw Ohppd 717/ fdvh lll/ lw hdv|

wr vhh wkdw �.6b @ 3/ li H6� � 
+H6b, @ �4 . � +4 .Q,
s
� +4� �, @H6b1

Fdvh +G,= LiH6b ? � +4� �, dqgH6� ? eH +�,/ dv lq fdvh F/ exwH6� ? 
+H6b,/ wkhuh
lv qr htxloleulxp dw �W @ 3/ vlqfh �.6� +� @ 3, lv juhdwhu wkdq wkh pd{lpxp � vxfk wkdw
�.6b +�, @ 31 Lq rwkhu zrugv/ dw � @ 3/ wkh uhdfwlrq ixqfwlrq �.6� +�,/ zklfk uhsuhvhqwv
wkh ghflvlrq ri wkh phgldq yrwhu H6� ryhu � / lv deryh wkh uhdfwlrq ixqfwlrq �.6b +�,/
zklfk uhsuhvhqwv wkh ghflvlrq ri wkh phgldq yrwhu H6b ryhu �1 Qrwlfh wkdw �.6� +�, lv
frqwlqxrxv dqg erxqghg deryh e| 4@5/ zkhuhdv/ e| ohppd 717/ �.6b +�, lv frqwlqxrxv dqg
lqfuhdvlqj lq � +A 3, iru H6b ? � +4� �,1 Wkhuhiruh/ wkh wzr uhdfwlrq ixqfwlrqv zloo furvv
lq d srlqw +�W A 3> 3 ? �W ? 4@5,/ zklfk frqvwlwxwhv d Vwuxfwxuh Lqgxfhg Htxloleulxp vlqfh
�.6� +�

W, @ �W dqg �.6b +�
W, @ �W1

Sursrvlwlrq 719

Vxssrvh +�W> �W, lv d vwuxfwxuh lqgxfhg htxloleulxp rxwfrph ri wkh yrwlqj jdph zlwk
frpplwphqw1 Ohw xv gh�qh wkh iroorzlqj uhdol}dwlrq ri wkh sxeolf klvwru| ri wkh jdph=

[f
| @ ik| 5 [|m �& @ 3> n @ 3> ===> w� 4j

dqg

[�
| @ ik| 5 [|m < wf 5 i3> 4> ===> w� 4j = � | @ 3 ;w ? wf dqg � | @ �W ;w � wfj

qrwlfh wkdw [f
| _[

�
| @ >1

Frqvlghu wkh iroorzlqj vwudwhj| v @
�
vt|c.> v

�
|c.

�
/ iru d w|sh H |rxqj=

l, li H � H6�

vt|c. @

+
+�W> �|c. +�W,, li k| 5 [f

| ^[
�
|

+3> �|c. +3,, li k| 5 [|@
�
[f
| ^[

�
|

�
ll, li H A H6�

vt|c. @

+ �
�t|c. +�W, > �|c. +�W,

�
li k| 5 [f

| ^[
�
|

+3> �|c. +3,, li k| 5 [|@
�
[f
| ^[

�
|

�
dqg iru d w|sh0H rog lqglylgxdo

v�|c. @ +4@5> �|c. +�W,, li k| 5 [|

zkhuh �t|c. +�W, lv gh�qhg lq Ohppd 715/ dqg �|c. +�W, lq Ohppd 7171
Vlqfh e| gh�qlwlrq ri VLH/ �W @ � |c.6� +�

W, dqg �W @ �|c.6b +�
W,/ lw lv hdv| wr vhh wkdw=

�t|c. +�W, � �W ; H � H6� /

�|c. +�W, � �W ; H � H6b
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Uhfdoo wkdw wkh rxwfrph ixqfwlrq ri wkh yrwlqj jdph dw wlph w lv wkh phgldq lq hyhu|
glphqvlrq ri wkh glvwulexwlrq ri dfwlrqv/ +�6| > �

6
| ,/ wkhq lw lv vwudljkwiruzdug wr vhh wkdw

wkh suhylrxv vwudwhj| sur�oh
�
vt|c. > v

�
|c.

�
frqvwlwxwh d vxejdph shuihfw htxloleulxp ri wkh

yrwlqj jdph zlwk qr frpplwphqw/ zlwk htxloleulxp rxwfrph +�W> �W,1

Ohppd 814

Iluvw qrwlfh wkdw |rxqj djhqwv* suhihuhqfhv ryhu � duh vlqjoh shdnhg/ vlqfh wkh lqgluhfw
xwlolw| ixqfwlrq dw ht1 815 lq frqfdyh lq � 1 Wklv ixqfwlrq kdv d pd{lpxp dw � @ �

2 �
E�n.�

2E�n��dbE�n.3k�nko / zklfk lv srvlwlyh li H ? eH +�,1 �tc%. lv zhdno| ghfuhdvlqj lq H vlqfh

Y�
tc%

.

Y.
@ 3 iru H � eH +�, dqg

Y�
tc%

.

Y.
@ � kE�3b�

2E�n��dbE�n.3k�nko2
? 3 iru H ? eH +�,1 �tc%. lv

zhdno| ghfuhdvlqj lq � vlqfh
Y�

tc%

.

Yb
@ 3 iru H � eH +�, dqg

Y�
tc%

.

Yb
@ E�n.�E�n.3k�

2E�n��dbE�n.3k�nko2
? 3

iru H ? eH +�,/ vlqfh H ? eH +�, lpsolhv H ? � +4� �,1

Ohppd 815

Wulyldo1 Iurp wkh lqgluhfw xwlolw| ixqfwlrqv dw ht1 815 dqg 816/ zh kdyh wkdwIRF. +�, @
�hh +4 .U, +4� �.H,/ dqg VRF. +�, @ 31 Wkxv/ �%. @ 3 li H ? � +4� �,/ dqg �%. @ 4 li
H � � +4� �,1 Qrwlfh wkdw li H @ � +4� �,/ wkh djhqw lv lqgl�huhqw ehwzhhq �%. @ 3 dqg
�%. @ 41 Zh euhdn wkh lqgl�huhqfh lq idyru ri �%. @ 41

Sursrvlwlrq 816

Dv lq Sursrvlwlrq 718/ zh dsso| Vkhsvoh*v +4<:<, Wkhruhp 6141 Doo fdvhv duh wulyldo1
Fdvh +D,= li H6b � � +4� �,/ wkhq ;� �W% @ 4/ dqg iru � @ 4/ �W% @ 3 ; H6� 1 Fdvh +E,
dqg +F,= li H6b ? � +4� �,/ wkhq ;� �W% @ 31 Iru �W% @ 3/ li H6� � eH +�,/ wkhq �W% @ 3
+fdvh +E,,/ zkhuhdv li H6� ? eH +�,/ wkhq �W% A 3 +fdvh +F,,1

Sursrvlwlrq 914

Uhfdoo wkdw lq wkh wzr fdvhv ri hqgrjhqrxv dqg h{rjhqrxv orqjhylw| wkh wzr phgldq
yrwhuv frlqflghv/ l1h1/ H6� @ H%

6� / dqg H6b @ H%
6b1 Wkhuhiruh/ e| Sursrvlwlrq 718 dqg 816/

zh lpphgldwho| rewdlq fdvh E/ dqg fdvhv D dqg F/ zlwk wkh htxdolw| vljqv kroglqj/ l1h1/ lq
fdvh D +�W @ �W% @ 3/ �W @ �W% @ 4, > dqg lq fdvh F +�W @ � W% A 3/ �W @ �W% @ 3,1 Krzhyhu/
lq wkh glvfxvvlrq ri Sursrvlwlrq 718/ zh dfnqrzohgjhg wkdw lqwhulru htxloleuld pd| dulvh lq
fdvhv D dqg F1 Zhuh wkhvh htxloleuld wr h{lvw/ wkh| zrxog eh rq wkh grzqzdug vorslqj sduw
ri wkh uhdfwlrq ixqfwlrq �.6b +�,/ lq fdvh D/ dqg rq wkh xszdug vorslqj sduw ri �.6b +�,/
lq fdvh F1 Wkxv/ iru wkhvh lqwhulru htxloleuld/ zh zrxog kdyh +�W A �W% @ 3/ �W ? �W% @ 4, lq
fdvh D/ dqg +�W A �W% A 3/ �W A �W% @ 3, lq fdvh F1

Fdvh +G, lv pruh lqwhuhvwlqj1 E| Sursrvlwlrq 718 dqg 816/ zh nqrz wkdw li H6b ?
� +4� �,/ H6� ? eH +�, dqg H6� ? 
+H6b,/ wkhq +�W A 3> �W A 3, dqg +�W% A 3> �W% @ 3,1
Qrwlfh wkdw �.6� +� @ 3, @ �W%1 Zh zloo hvwdeolvk d vx!flhqw frqglwlrq iru wkh wzr uhdfwlrq
ixqfwlrqv �.6b +�, dqg �.6� +�, wr furvv dw d srlqw +�W A 3> �W A 3,/ zklfk olhv deryh wkh

krul}rqwdo olqh � @ �W% @ �.6� +� @ 3,1 Ohw h� eh wkh ydoxh ri wkh uhdfwlrq ixqfwlrq ri wkh
phgldq yrwhu H6b dw �W%=

h� @ �.6b +�
W

%, @
4

5
�

4 .H6b � �

5H6b ^7�W% +4� �W%,`
=

Ohw e� eh wkh srvlwlyh ydoxh ri � vxfk wkdw wkh uhdfwlrq ixqfwlrq ri wkh phgldq yrwhu H6�
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lv htxdo wr �W%=

e� @ i� A 3 m �.6� +�, @ �W% j @ 4�
4 .H6� � �

5H6� ^7�W% +4� �W%,`

Qrwlfh wkdw e| Ohppd 716/ �.6� +�, lv lqfuhdvlqj �uvw dqg wkhq ghfuhdvlqj/ zkhuhdv/ e|
Ohppd 717/ �.6b +�, lv lqfuhdvlqj iru � A 31 Wkhq/ d vx!flhqw frqglwlrq iru �W A �W% lv
wkdw wkh uhdfwlrq ixqfwlrq �.6b +�, furvvhv wkh krul}rqwdo olqh � @ �W% wr wkh ohiw ri wkh

uhdfwlrq ixqfwlrq �.6� +�,/ wkdw lv
e� A h�/ zklfk/ diwhu vlpsoh dojheud/ fdq eh vwdwhg dv

H6b ? # +H6� , @
E�3k�.6�

�3k3.6�

�
�3

E�n.6� �2

k2E�n��2

� 1
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Uhihuhqfhv

^4` Dqdqg/ V1 dqg P1 Udydoolrq +4<<6, �Kxpdq Ghyhorsphqw lq Srru Frxqwulhv= Rq wkh
Uroh ri Sulydwh Lqfrphv dqg Sxeolf Vhuylfhv�/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv :
+4,1

^5` Dxhuedfk/ Jrnkdoh/ dqg Nrwolnr� +4<<5, �Jhqhudwlrqdo Dffrxqwlqj= D qhz Dssurdfk
wr Xqghuvwdqglqj wkh H�hfw ri Ilvfdo Srolf| rq Vdylqj�/ Vfdqglqdyldq Mrxuqdo ri

Hfrqrplfv/ <7 +5,1

^6` Ehvoh|/ W1/ Kdoo/ M1/ Suhvwrq/ M1 +4<<<, �Wkh ghpdqg iru sulydwh khdowk lqvxudqfh= gr
zdlwlqj olvw pdwwhuB�/ Mrxuqdo ri Sxeolf Hfrqrplfv/ :5 +5,1

^7` Erogulq/ P1 dqg Uxvwlfklql/ D1 +5333, �Htxloleuld zlwk Vrfldo Vhfxulw|�/ Uhylhz ri

G|qdplfv Hfrqrplfv1

^8` Ervnlq/ P1M1/ O1M1 Nrwolnr�/ G1M1 Sx�huw dqg M1E1 Vkryhq +4<;:,/ �Vrfldo Vhfxulw|=
D Ilqdqfldo Dssudlvdo dfurvv dqg zlwklq Jhqhudwlrqv�/ Qdwlrqdo Wd{ Mrxuqdo/ 731

^9` Fdogzhoo/ V1> Idyuhdxow/ P1> Jdqwpdq/ D1> Jrnkdoh/ M1> Mrkqvrq/ W1> Nrwolnr�/ O1
+4<<<, �Vrfldo Vhfxulw|*v Wuhdwphqw ri Srvwzdu Dphulfdqv�/ Wd{ Srolf| dqg wkh Hfrq0
rp|/ Yroxph 461 Mdphv P1 Srwhued/ hglwru1 Wkh PLW Suhvv1

^:` Frqgh0Uxl}/ M1L1 dqg Y1 Jdodvvr +4<<<, �Srvlwlyh Dulwkphwlf ri wkh Zhoiduh Vwdwh�/
FHSU Glvfxvvlrq Sdshu q1 55351

^;` Frqgh0Uxl}/ M1L1 dqg Y1 Jdodvvr +5333, �Hduo| Uhwluhphqw�/ FHSU Glvfxvvlrq Sdshu
q1 58;<1

^<` Frroh| W1I1/ dqg M1 Vrduhv +4<<;, �D Srvlwlyh Wkhru| ri Vrfldo Vhfxulw| Edvhg rq
Uhsxwdwlrq�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 43:+4,1

^43` Fxuulh/ Juxehu dqg Ilvkhu +4<<8,/ �Sk|vlfldq Sd|phqwv dqg Lqidqw Khdowk= H�hfwv
ri lqfuhdvhv lq Phglfdlg Uhlpexuvhphqw�/ Dphulfdq Hfrqrplf Uhylhz/ ss143904441

^44` Fxwohu/ G1 dqg M1 Juxehu +4<<9, �Grhv sxeolf lqvxudqfh furzg rxw sulydwh lqvxu0
dqfhB�/ Txdwhuo| Mrxuqdo ri Hfrqrplfv1

^45` Fxwohu/ G1 dqg M1 Juxehu +4<<;, �Wkh h�hfw ri Phglfdlg rq Sxeolf Lqvxudqfh/ Sulydwh
Lqvxudqfh/ dqg Uhglvwulexwlrq�/ Dphulfdq Hfrqrplf Uhylhz/ ;9 +5,1

^46` Fxwohu/ G1 dqg H1 Phdud +4<<;, �Wkh Phglfdo Frvwv ri Wkh \rxqj dqg Rog= D Iruw|
\hdu Shuvshfwlyh�/ lq Iurqwlhuv lq wkh Hfrqrplf ri Djlqj1 Hglwhg e| Gdylg Zlvh/
Fklfdjr= Wkh Xqlyhuvlw| ri Fklfdjr Suhvv1

^47` Fxwohu/ G1 dqg H1 Phdud +4<<<, �Wkh Frqfhqwudwlrq ri Phglfdo Vshqglqj= Dq Xs0
gdwh�/ QEHU zrunlqj sdshu q= :5:<1

^48` Fxwohu/ G1 dqg H1 Ulfkdugvrq +4<<:, �Phdvxulqj wkh Khdowk ri wkh Xqlwhg Vwdwhv
Srsxodwlrq�/ Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw|1 Plfurhfrqrplfv/ ss1 54:05:51
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^49` Fxwohu/ G1 dqg H1 Ulfkdugvrq +4<<;, �Wkh Ydoxh ri Khdowk= 4<:304<<3�/ Dphulfdq

Hfrqrplf Uhylhz/ ;; +5,1

^4:` Ghdwrq/ D1 +4<<<, �Lqhtxdolwlhv lq lqfrph dqg lqhtxdolwlhv lq khdowk�/ lq Lqhtxdolw|
lq Dphulfd/ Zhofk/ Ilqlv/ hg1 Fklfdjr= Xqlyhuvlw| ri Fklfdjr Suhvv/ iruwkfrplqj1

^4;` Ghdwrq/ D1 dqg F1 Sd{wrq +4<<;, �Djlqj dqg Lqhtxdolw| lq Lqfrph dqg Khdowk�/
Dphulfdq Hfrqrplf Uhylhz/ ;; +5,1

^4<` Ghdwrq/ D1 dqg F1 Sd{wrq +4<<<, �Pruwdolw|/ hgxfdwlrq/ lqfrph/ dqg lqhtxdolw|
dprqj dphulfdq frkruwv�/ QEHU zrunlqj sdshu q1 :4731

^53` Hssoh/ G1 dqg U1 Urpdqr +4<<9, �Sxeolf Surylvlrq ri Sulydwh Jrrgv�/ Mrxuqdo ri
Srolwlfdo Hfrqrp|/ 4371

^54` Jdodvvr/ Y1 +4<<<, �Wkh X1V1 Vrfldo Vhfxulw| V|vwhp= Zkdw Grhv Srolwlfdo Vxvwdlq0
delolw| Lpso|B�/ Uhylhz ri Hfrqrplf G|qdplfv/ 51

^55` Jdodvvr/ Y1 +5333, �Wkh XV Vrfldo Vhfxulw|= D Ilqdqfldo Dssudlvdo iru wkh Phgldq
Yrwhu�/ FHSU Glvfxvvlrq Sdshu q1 5789

^56` Jurvvpdq/ P1 +4<:5, �Rq wkh Frqfhsw ri Khdowk Fdslwdo dqg wkh Ghpdqg iru Khdowk�/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ :3 +5,1

^57` Jurvvpdq/ P1 +4<<<, �Wkh Kxpdq Fdslwdo Prgho ri wkh Ghpdqg iru Khdowk�/ Kdqg0
errn ri Khdowk Hfrqrplfv/ Qhzkrxvh/ M1/ Fxo|hu/ M1 Hgv1/ Dpvwhugdp= Qruwk0Kroodqg
iruwkfrplqj1

^58` Kdpprqg S1 +4<:8, �Fkdulw|= Dowuxlvp ru Frrshudwlyh Hjrlvp� lq �Dowuxlvp/ Prudo0
lw| dqg Hfrqrplf Wkhru|� +H1V1 Skhosv/ Hg1,/ Uxvvhoo Vdjh Irxqgdwlrq/ Qhz \run1

^59` Ohh/ PfFohqqdq dqg Vnlqqhu +4<<<, �Wkh glvwulexwlrqdo h�hfwv ri Phglfduh�/ QEHU
zrunlqj sdshu q1 9<431

^5:` Pxooljdq/ F1E1/ dqg [1 Vdod0l0Pduwlq +4<<<,/ �Jhurqwrfudf|/ Uhwluhphqw dqg Vrfldo
Vhfxulw|�/ QEHU zrunlqj sdshu q1 :44:1

^5;` Sklolsvrq/ W1 dqg J1 Ehfnhu +4<<;, �Rog0Djh Orqjhylw| dqg Pruwdolw|0Frqwlqjhqw
Fodlpv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 439 +6,1

^5<` Vkhsvoh/ N1 +4<:<, �Lqvwlwxwlrqdo Duudqjhphqwv dqg Htxloleulxp Lq Pxowlglphqvlrqdo
Yrwlqj Prghov�/ Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh/ 56 +4,1

^63` Vplwk/ M1 +4<<<, �Khdowk| Erglhv dqg Wklfn Zdoohwv= Wkh Gxdo Uhodwlrq Ehwzhhq
Khdowk dqg Hfrqrplf Vwdwxv�/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 51

^64` Wdehoolql/ J1 +4<<3,/ �D Srvlwlyh Wkhru| ri Vrfldo Vhfxulw|�/ QEHU Zrunlqj Sdshu/
qr 65:51

^65` ydq Grruvodhu hw do1 +4<<<, �Wkh Uhglvwulexwlyh H�hfw ri Khdowk Fduh Ilqdqfh lq
wzhoyh RHFG Frxqwulhv/� Mrxuqdo ri Khdowk Hfrqrplfv/ 4; ss 5<406461
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^66` Zlonlqvrq/ U1 J1 +4<<9,/ Xqkhdwk| vrflhwlhv= wkh d"lfwlrqv ri lqhtxdolw|/ Orqgrq/
Urxwohgjh1
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Figure 1: US Social Security and Health Care
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Figure 2: Longevity Function
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Figure 3: Voting over τ
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Figure 6: Case (D)
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Figure 5: Case (A)
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Figure 7
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Figure 8: Relative IRR by Cohorts and Lifetime Income
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