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ABSTRACT

Corporate Borrowing and Financing Constraints*

This Paper adopts an optimal contracting approach to internal capital markets.
We study the role of headquarters in contracting with outside investors, with a
focus on whether headquarters eases or amplifies financing constraints
compared to decentralized firms where individual project managers borrow
separately. If projects differ in their ex post cash-flows, headquarters makes
greater repayments to investors than decentralized firms, which eases
financing constraints. Effectively, headquarters then subsidizes low-return
projects with high-return projects’ cash. On the other hand, headquarters may,
by pooling cash flows and accumulating internal funds, make investments
without having to return to the capital market. Without any capital market
discipline, however, it is harder for outside investors to force the firm to
disgorge funds, which tightens financing constraints ex ante. Both the costs
and benefits of internal capital markets are endogenous and arise as part of
an optimal financial contract. Our results are consistent with empirical findings
showing that conglomerate firms trade at a discount relative to a comparable
portfolio of stand-alone firms.
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NON-TECHNICAL SUMMARY

There is a large macroeconomic literature documenting that the investment
behaviour of firms is affected by firm-wide financing constraints (see Hubbard,
1998 for a discussion and overview). As for micro-level foundations, it is
generally assumed that these financing constraints are caused by capital
market imperfections such as moral hazard or asymmetric information. Given
the importance of the problem, it is surprising that only a little theoretical work
has been done on the implications of financing constraints for firm policy other
than investment behaviour. A notable exception is the capital structure
literature where it has been shown that the presence of capital market
imperfections may affect the firm’s choice of financing instruments (e.g. Myers
and Majluf 1984). Due to the stylized nature of these models, however, it is
difficult to draw implications for other aspects of firm policy such as e.g.
organizational structure.

Some clues as to how financing constraints may affect organizational
structure is found in the recent literature on internal capital markets. There, it
is shown that centralized organizations where headquarters controls the flow
of funds to, and from, individual projects may face different financing
constraints than decentralized organizations. For instance, in Stein (1997)
headquarters has a natural advantage in assigning cash flow to high yield
uses (Stein refers to this as ‘winner-picking’). Headquarters may therefore be
able to raise more money from outside investors than individual project
managers if they were to raise finance separately. Conversely, in Gertner,
Scharfstein and Stein (1994) the fact that headquarters has control rights may
weaken project managers’ incentives and hence lower the projects’
(continuation) value, which leads to a tightening of the credit constraint. In
both cases, however, the costs and benefits of headquarters obtain even if the
firm’s credit constraint is unchanged. This is most clearly seen in Stein (1997),
where in the first part of his model he shows that headquarters may create
value (through winner-picking) while holding the credit constraint fixed. In a
second, separate, part he then argues that this value creation should naturally
also lead to a relaxation of the credit constraint.

In this Paper we present a model where the choice of organizational structure
follows directly from considerations to ease firm-wide financing constraints.
Other than that, headquarters creates (or destroys) no value. Moreover, unlike
existing Papers on internal capital markets we adopt an optimal contracting
approach. The agency problem that we consider is strategic default as
examined in, e.g. Bolton and Scharfstein (1990, 1996) and Hart and Moore
(1998). With strategic default, credit constraints arise endogenously from the
need to provide firms with incentives to fulfil their payment obligations. This
leads to two types of inefficiencies. First, some positive net present value
investments are not undertaken. Second, while positive net present value



investments may be undertaken initially, they are not refinanced later even
though refinancing would be strictly efficient.

We show that centralized borrowing, where headquarters borrows on the
projects’ behalf and against their combined cash flows, may alleviate both
types of inefficiencies. The result rests critically on a distinction made in the
internal capital markets literature that under centralized borrowing
headquarters has control rights, whereas under decentralized borrowing
individual project managers have control rights (Stein 1997, 2000; Gertner,
Stein and Scharfstein, 1994; Matsusaka and Nanda, 2000). By virtue of its
control rights, headquarters can withdraw from individual projects whatever
cash flow it needs to repay firm debt. In doing so, headquarters effectively
solves an externality problem with respect to debt repayment that would exist
if the individual project managers had control rights and were to borrow
separately.

There is also a dark side to centralized borrowing, which is closely linked to
the problem of strategic default. If financial contracting is incomplete, the only
way to prevent borrowers from defaulting may be to threaten to withhold
financing in the future. By pooling cash flows from individual projects,
however, headquarters may overcome investment indivisibilities and invest in
follow-up projects without having to return to the capital market. Without any
disciplinary pressure from the capital market, headquarters can make
investments that benefits the firm, but not outside investors. Centralized
borrowing thus makes it harder for outside investors to force firms to pay out
funds and may lead to a tightening of the credit constraint. By contrast,
individual project managers may not have enough funds to overcome
indivisibilities, which implies that they must necessarily go back to the capital
market.

The problem is reminiscent of Jensen’s (1986) free cash flow problem, with
the difference that we explicitly model how internal cash flow is accumulated
over time. The end result is similar, however, viz. that it is harder for outside
investors to force firms to disgorge funds and expose them to capital market
pressure if the firms have plenty of internal cash flow. In this connection,
Jensen (1986, 1989) argues that an increase in leverage may be beneficial as
it enables firms to effectively bond their promise to pay out future cash flow. In
our model debt is an optimal contract and yet, the problem persists, since the
more debt is raised the greater is also the incentive not to repay the debt. In
other words, the same capital market imperfection that makes debt attractive
also limits the amount of debt that can be raised.

Our model has implications for the current debate about the diversification
discount, i.e. the observation that conglomerate firms trade at a discount
relative to a portfolio of stand-alone firms operating in the same business
segments (as measured by two-digit SIC codes). Except for extreme
parameter values where either only centralized or decentralized borrowing is



optimal, our results suggest that projects with a low expected return should be
grouped together in a conglomerate where headquarters borrows on the
projects’ behalf and against their combined cash flows. Conversely, projects
with a high expected return should be decentralized, loosening ties as much
as possible, with no common internal capital market (like a typical holding
company), or what is equivalent from the perspective of the model, operating
as stand-alone firms. Cross-sectionally, this implies that conglomerates should
on average trade at a discount relative to a portfolio of stand-alone firms with
similar risk characteristics. The diversification discount may thus be consistent
with optimal, efficient behaviour and need not necessarily be the consequence
of rent-seeking or empire-building, as is often suggested.



4 Lqwurgxfwlrq

Wkhuh lv dpsoh hpslulfdo hylghqfh wkdw wkh lqyhvwphqw ehkdylru ri �upv lv d�hfwhg e|

�qdqflqj frqvwudlqwv14 Zkloh wkhuh dsshduv wr eh d frqvhvxv wkdw �qdqflqj frqvwudlqwv

duh fdxvhg e| fdslwdo pdunhw lpshuihfwlrqv vxfk dv prudo kd}dug ru dv|pphwulf lqiru0

pdwlrq/ uhodwlyho| olwwoh lv nqrzq derxw wkh h{whqw wr zklfk �qdqflqj frqvwudlqwv ghshqg

rq rujdql}dwlrqdo fkrlfh yduldeohv vxfk dv wkh doorfdwlrq ri dxwkrulw| ru wkh ghjuhh ri

fhqwudol}dwlrq zlwklq dq rujdql}dwlrq1 Rqh uhdvrq iru wklv lv wkdw �qdqfldo frqwudfwlqj

prghov/ zkloh ghulylqj �qdqflqj frqvwudlqwv dqg wkh dvvrfldwhg xqghulqyhvwphqw sure0

ohp iurp �uvw sulqflsohv/ sulpdulo| frqvlghu vhwwlqjv zkhuh dq lqyhvwru surylghv �qdqfh

iru d vlqjoh0surmhfw hqwuhsuhqhxu15

Wklv udlvhv vhyhudo txhvwlrqv1 Duh fhqwudol}hg �upv zkhuh khdgtxduwhuv frqwudfwv

zlwk rxwvlgh lqyhvwruv deoh wr zulwh �ehwwhu�/ l1h1/ pruh h!flhqw/ �qdqfldo frqwudfwv wkdq

ghfhqwudol}hg ru vwdqg0dorqh �upvB Zkdw h{dfwo| lv wkh uroh ri lqwhuqdo fdslwdo pdu0

nhwv iru �qdqfldo frqwudfwlqjB Dqg krz grhv wklv d�hfw �qdqflqj frqvwudlqwvB Wkh

lpsruwdqfh ri wkhvh txhvwlrqv fdqqrw eh ryhuhpskdvl}hg1 Ilqdqflqj frqvwudlqwv sod| dq

lpsruwdqw uroh iru wkh fuhglw fkdqqho dqg prqhwdu| srolf|1 Li lqwhuqdo fdslwdo pdunhwv

zhuh wr hlwkhu dpsoli| ru doohyldwh �qdqflqj frqvwudlqwv/ wklv zrxog kdyh uhdo frqvh0

txhqfhv iru wkh zd| lq zklfk pdfurhfrqrplf vkrfnv wudqvodwh lqwr exvlqhvv ohqglqj/ dqg

wkxv iru wkh vwdelolw| ri surgxfwlrq dqg hfrqrplf jurzwk16

Klqwv rq wkh srvvleoh uroh zklfk khdgtxduwhuv pd| sod| iru �qdqflqj frqvwudlqwv duh

irxqg lq wkh uhfhqw olwhudwxuh rq lqwhuqdo fdslwdo pdunhwv1 Wkhuh/ khdgtxduwhuv dggv

ru ghvwur|v ydoxh lqvlgh wkh �up/ h1j1/ e| hqjdjlqj lq zlqqhu0slfnlqj +Vwhlq 4<<:,/ e|

uhghsor|lqj dvvhwv dfurvv glylvlrqv +Jhuwqhu/ Vwhlq/ dqg Vfkduivwhlq 4<<7,/ e| d�hfw0

lqj glylvlrq pdqdjhuv* lqfhqwlyhv +Jhuwqhu/ Vwhlq/ dqg Vfkduivwhlq 4<<7> Vwhlq 5333,/ ru

e| xvlqj vxshulru fdslwdo exgjhwlqj vfkhphv +Ehunrylwfk/ Lvudho/ dqg Wronrzvn| 5333,1

Qdwxudoo| wklv ydoxh fuhdwlrq ru ghvwuxfwlrq xowlpdwho| d�hfwv wkh uhwxuq wr fdslwdo dqg

khqfh dovr �qdqflqj frqvwudlqwv1 Dv qrqh ri wkhvh sdshuv dgrswv d vhfxulw| ghvljq ds0

surdfk zkhuh wkh rswlpdo �qdqfldo frqwudfw ehwzhhq khdgtxduwhuv dqg rxwvlgh lqyhvwruv

lv ghulyhg iurp �uvw sulqflsohv/ krzhyhu/ wkh suhflvh qdwxuh dqg pdjqlwxgh ri wkh h�hfwv

4Vhh Kxeedug +4<<;, iru d glvfxvvlrq dqg ryhuylhz ri wkh olwhudwxuh1
5H1j1/ Erowrq dqg Vfkduivwhlq +4<<3,> Kduw dqg Prruh +4<<7> 4<<;,1
6Vhh Ehuqdqnh dqg Jhuwohu +4<<8, iru dq ryhuylhz ri wkh zrunlqjv ri wkh fuhglw fkdqqho1 Sdshuv

glvfxvvlqj wkh pdfurhfrqrplf lpsolfdwlrqv ri �qdqflqj frqvwudlqwv duh/ h1j1/ Ehuqdqnh dqg Jhuwohu

+4<;<,/ Djklrq/ Edqhumhh/ dqg Slnhww| +4<<<,/ dqg N|rwdnl dqg Prruh +4<<:,1
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uhpdlq xqfohdu17

Wklv sdshu frqqhfwv wkh olwhudwxuh rq lqwhuqdo fdslwdo pdunhwv zlwk wkdw rq rswlpdo

�qdqfldo frqwudfwlqj1 Zh frpsduh �qdqfldo frqwudfwlqj ehwzhhq l, rxwvlgh lqyhvwruv

dqg lqglylgxdo surmhfw pdqdjhuv +ghfhqwudol}hg eruurzlqj, dqg ll, rxwvlgh lqyhvwruv dqg

khdgtxduwhuv/ zklfk eruurzv rq wkh surmhfwv* ehkdoi dqg vxevhtxhqwo| doorfdwhv wkh ixqgv

rq wkh �up*v lqwhuqdo fdslwdo pdunhw +fhqwudol}hg eruurzlqj,18 Ghfhqwudol}hg eruurzlqj

lv phdqw wr uhsuhvhqw wkh vlwxdwlrq ri d w|slfdo vwdqg0dorqh �up ru kroglqj frpsdq|

zkhuh wkh ydulrxv �upv duh rqo| orrvho| frqqhfwhg19 E| frqwudvw/ fhqwudol}hg eruurzlqj

lv phdqw wr uhsuhvhqw wkh vlwxdwlrq ri d w|slfdo frqjorphudwh1

Ilqdqflqj frqvwudlqwv dulvh hqgrjhqrxvo| lq rxu prgho dv zh dvvxph wkdw sduw ri

wkh surmhfwv* fdvk  rz lv qrqyhul�deoh1 Wkh txhvwlrq wkhq lv krz wkh �qdqfldo frqwudfw

vkrxog eh vwuxfwxuhg wr jlyh wkh �up +l1h1/ surmhfw pdqdjhuv ru khdgtxduwhuv/ ghshqglqj

rq zklfk vfhqdulr lv frqvlghuhg, dghtxdwh lqfhqwlyhv wr sd| edfn ixqgv wr lqyhvwruv

udwkhu wkdq wr glyhuw wkhp1 Wr lvrodwh wkh frvwv dqg ehqh�wv ri lqwhuqdo fdslwdo pdunhwv

dulvlqj lq frqqhfwlrq zlwk �qdqfldo frqwudfwlqj iurp rwkhu srwhqwldo frvwv dqg ehqh�wv

zh dvvxph wkdw khdgtxduwhuv fuhdwhv ru ghvwur|v qr ydoxh shu vh/ l1h1/ wkhuh lv qr zlqqhu0

slfnlqj ru rwkhu suhylrxvo| vwxglhg frvw ru ehqh�w lq rxu prgho1

Rq wkh ehqh�w vlgh/ khdgtxduwhuv vroyhv dq h{whuqdolw| sureohp wkdw zrxog dulvh li wkh

surmhfw pdqdjhuv zhuh wr eruurz vhsdudwho|1 Li surmhfwv* h{ srvw fdvk  rzv gl�hu/ khdg0

txduwhuv h�hfwlyho| vxevlgl}hv orz0uhwxuq surmhfwv zlwk kljk0uhwxuq surmhfwv* fdvk1 Wklv

7Vwhlq +4<<:, uxohv rxw rswlpdo frqwudfwlqj e| dvvxplqj wkdw lw lv wrr frvwo| wr holflw pdqdjhuv*

sulydwh lqirupdwlrq1 Vfkduivwhlq dqg Vwhlq +5333, dvvxph wkdw rxwvlgh lqyhvwruv fdq rqo| ghflgh rq

wkh vl}h ri wkhlu lqyhvwphqw dqg wkh �up*v rshudwlqj exgjhw1 Lq sduwlfxodu/ frqwudfwv frqwlqjhqw rq

fdvk  rzv +l1h1/ �qdqfldo frqwudfwv lq wkh olwhudo vhqvh, duh qrw frqvlghuhg1 Ilqdoo|/ Jhuwqhu/ Vwhlq/ dqg

Vfkduivwhlq +4<<7, frqvlghu rswlpdo frqwudfwlqj/ exw qrw ehwzhhq khdgtxduwhuv dqg rxwvlgh lqyhvwruv1

Pruh suhflvho|/ wkh dxwkruv frpsduh frqwudfwlqj ehwzhhq surmhfw pdqdjhuv dqg lqyhvwruv xqghu wzr

vfhqdulrv= l, wkh pdqdjhu rzqv wkh surmhfw dqg ll, wkh lqyhvwru rzqv wkh surmhfw1 Lq wkh odwwhu fdvh wkh|

fdoo wkh lqyhvwru �khdgtxduwhuv�1 Lq rwkhu zrugv/ xqghu wkh lqwhuqdo fdslwdo pdunhw vfhqdulr khdgtxduwhuv

dqg wkh lqyhvwru duh wkh vdph shuvrq1 Wkh srvvlelolw| wkdw khdgtxduwhuv lwvhoi pd| kdyh wr udlvh ixqgv

iurp rxwvlgh lqyhvwruv/ zklfk lv wkh fhqwudo wkhph lq rxu sdshu/ lv qrw h{soruhg1
8Wkh whup �eruurzlqj� lv xvhg iru h{srvlwlrqdo frqyhqlhqfh rqo|1 Dv zh dgrsw dq rswlpdo frqwudfwlqj

dssurdfk zh pdnh qr d sulrul uhvwulfwlrq rq wkh w|sh ri vhfxulw| lvvxhg1
9Zkdw pdwwhuv iurp wkh shuvshfwlyh ri wkh prgho lv wkdw wkh �upv l, udlvh �qdqfh vhsdudwho| dqg ll,

duh qrw olqnhg wkurxjk d frpprq lqwhuqdo fdslwdo pdunhw1 Lq wkh fdvh ri �wudfnlqj vwrfnv� wkh vhfrqg

frqglwlrq pd| ru pd| qrw krog +]xwd 4<<<,1 D jrrg h{dpsoh lv wkh Gdlpohu0Ehq} kroglqj lq wkh 4<;3v1

Prvw ri wkh �upv ehorqjlqj wkh kroglqj +Phufhghv0Ehq}/ DHJ/ PWX/111, zhuh vhsdudwho| wudghg rq wkh

Jhupdq vwrfn h{fkdqjh/ dqg wkhuh zdv qr frpprq lqwhuqdo fdslwdo pdunhw frqqhfwlqj wkhp1
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shuplwv fhqwudol}hg �upv wr pdnh juhdwhu uhsd|phqwv wr lqyhvwruv/ zklfk lq wxuq hdvhv

�qdqflqj frqvwudlqwv1 Wklv furvv0vxevlgl}dwlrq lv vlplodu wr Vwhlq +4<<:, dqg Jhuwqhu/

Vwhlq/ dqg Vfkduivwhlq +4<<7,/ zkhuh khdgtxduwhuv uhghsor|v uhvrxufhv +fdvk ru dvvhwv,

iurp srruo| shuiruplqj surmhfwv wr zhoo0shuiruplqj surmhfwv1 Wkh edvlf gl�huhqfh lv wkdw

lq rxu prgho furvv0vxevlgl}dwlrq fuhdwhv ydoxh rqo| lqvridu dv lw doorzv khdgtxduwhuv wr

zulwh pruh h!flhqw frqwudfwv zlwk rxwvlgh lqyhvwruv1 Zkloh uhplqlvfhqw ri Gldprqg*v

+4<;7, lqwhuphgldwlrq dujxphqw/ d Gldprqg0w|sh lqwhuphgldu| fdqqrw shuirup wkh vdph

ixqfwlrq dv khdgtxduwhuv dv lw odfnv wkh qhfhvvdu| frqwuro uljkwv1

Rq wkh frvw vlgh/ khdgtxduwhuv pd| exqgoh gl�huhqw surmhfw fdvk  rzv/ wkhuhe|

dffxpxodwlqj lqwhuqdo fdvk/ dqg pdnh iroorz0xs lqyhvwphqwv zlwkrxw kdylqj wr uhwxuq

wr wkh fdslwdo pdunhw1 Devhqw dq| fdslwdo pdunhw glvflsolqh/ krzhyhu/ lw lv kdughu iru

rxwvlgh lqyhvwruv wr irufh wkh �up wr sd| rxw ixqgv/ zklfk wljkwhqv �qdqflqj frqvwudlqwv

h{ dqwh1 Wklv srlqw lv uhplqlvfhqw ri Mhqvhq*v +4<;9, iuhh fdvk  rz0dujxphqw zkhuh lw

lv dovr kdughu iru rxwvlgh lqyhvwruv wr irufh �upv vlwwlqj rq d odujh sloh ri lqwhuqdoo|

jhqhudwhg fdvk wr glvjrujh ixqgv1 Wkh edvlf gl�huhqfh lv wkdw lq rxu prgho zh wdnh dq

h{ dqwh shuvshfwlyh1 Dqwlflsdwlqj wkdw vxfk d vlwxdwlrq pd| dulvh lq wkh ixwxuh/ lqyhvwruv

duh uhoxfwdqw wr surylgh �qdqflqj lq wkh �uvw sodfh1

Frqqhfwlqj wkh frvwv dqg ehqh�wv doorzv xv wr wudfh rxw wkh erxqgdulhv ri wkh �up1 Dv

wkh frvwv dqg ehqh�wv dulvh lq gl�huhqw vwdwhv ri qdwxuh +wkh ehqh�wv dulvh lq lqwhuphgldwh

fdvk0 rz vwdwhv zkloh wkh frvwv dulvh lq kljk fdvk0 rz vwdwhv,/ wkh txhvwlrq dv wr zkhwkhu

fhqwudol}hg eruurzlqj lv rswlpdo ghshqgv rq wkh h{ dqwh glvwulexwlrq ri fdvk  rzv1

Kroglqj hyhu|wklqj hovh �{hg/ fhqwudol}dwlrq +ru lqwhjudwlrq, lv rswlpdo iru surmhfwv zlwk

d kljk h{shfwhg uhwxuq zkloh ghfhqwudol}dwlrq +ru qrq0lqwhjudwlrq, lv rswlpdo iru surmhfwv

zlwk d orz h{shfwhg uhwxuq1 Furvv0vhfwlrqdoo|/ wklv lpsolhv wkdw frqjorphudwhv vkrxog

rq dyhudjh wudgh dw d glvfrxqw uhodwlyh wr d frpsdudeoh sruwirolr ri vwdqg0dorqh �upv/

zklfk lv frqvlvwhqw zlwk wkh hpslulfdo hylghqfh1 Zkloh wklv lv qrw wkh �uvw/ ru rqo|/

prgho jhqhudwlqj wkhvh lpsolfdwlrqv/ lw lv wkh �uvw prgho vkrzlqj wkdw wkh glyhuvl�fdwlrq

glvfrxqw pd| shuvlvw hyhq xqghu rswlpdo �qdqfldo frqwudfwlqj1:

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh prgho dqg

ghulyhv wkh frvwv dqg ehqh�wv ri lqwhuqdo fdslwdo pdunhwv xvlqj dq rswlpdo �qdqfldo

frqwudfwlqj dssurdfk1 Lq sduwlfxodu/ lw ghulyhv frqglwlrqv xqghu zklfk hlwkhu fhqwudol}hg

ru ghfhqwudol}hg eruurzlqj lv rswlpdo/ zklfk doorzv xv wr wudfh rxw wkh erxqgdulhv ri

:Rwkhu prghov vkrzlqj wkdw frqjorphudwhv pd| wudgh dw d glvfrxqw duh/ h1j1/ Ehunrylwfk/ Lvudho/ dqg

Wronrzvn| +5333,/ Ioxfn dqg O|qfk +4<<<,/ Udmdq/ Vhuydhv/ dqg ]lqjdohv +5333,/ dqg Vfkduivwhlq dqg

Vwhlq +5333,1

8



wkh �up1 Vhfwlrq 6 h{whqgv wkh prgho wr duelwudu| fruuhodwlrq frh!flhqwv/ glvfxvvhv

urexvwqhvv lvvxhv/ ghulyhv hpslulfdo lpsolfdwlrqv/ dqg glvfxvvhv uhodwhg olwhudwxuh1 Vhfwlrq

7 frqfoxghv1 Doo surriv duh surylghg lq wkh Dsshqgl{1

5 Fhqwudol}hg yv Ghfhqwudol}hg Eruurzlqj

Wkh prgho lv d pxowl0shulrg frqwudfwlqj prgho zlwk sduwldoo| qrq0yhul�deoh fdvk  rzv/

dv lq/ h1j1/ Erowrq dqg Vfkduivwhlq +4<<3,/ GhPdu}r dqg Ilvkpdq +5333,/ Jhuwqhu/ Vwhlq/

dqg Vfkduivwhlq +4<<7,/ ru Kduw dqg Prruh +4<<;,1 Zkloh pxfk ri wkh edvlf irupxodwlrq

khuh iroorzv Erowrq dqg Vfkduivwhlq +4<<3, qrqh ri wkh uhvxowv ghshqg rq wkh vshfl�f

frqwh{w1 Lq sduwlfxodu/ zh zloo vkrz lq Vhfwlrq 614 krz wkh vdph uhvxowv pd| eh ghulyhg

lq d Kduw0Prruh +4<<;, w|sh vhwwlqj1

Vxssrvh d surmhfw odvwv iru wzr shulrgv1 Lq hdfk shulrg lw uhtxluhv dq lqyhvwphqw

rxwod| U : f dqg |lhogv dq hqg0ri0shulrg uhwxuq Z, 	 U zlwk suredelolw| R : f dqg

Z� : U zlwk suredelolw| � � Rc zkhuh Z� : Z,1 Surmhfw uhwxuqv duh xqfruuhodwhg dfurvv

shulrgv1 Lqvwhdg ri dvvxplqj wkdw wkh surmhfw odvwv iru wzr shulrgv zh frxog htxdoo|

lpdjlqh wzr vhsdudwh/ exw whfkqrorjlfdoo| lghqwlfdo +vxe0,surmhfwv wkdw duh fduulhg rxw

rqh diwhu wkh rwkhu1 Wkh h{shfwhg shu shulrg uhwxuq qhw ri lqyhvwphqw frvwv lv vwulfwo|

srvlwlyh/ l1h1/ Z G' RZ, n E�� R�Z� : U�

Vxssrvh d �up kdv wzr vxfk +wzr0shulrg, surmhfwv1 Iru wkh prphqw zh vkdoo dvvxph

wkdw lq dq| jlyhq shulrg wkh uhwxuqv duh xqfruuhodwhg1 Wklv dvvxpswlrq zloo eh uhod{hg lq

Vhfwlrq 615 zkhuh zh lqwurgxfh duelwudu| fruuhodwlrq frh!flhqwv1 Dv wkh �up*v irxqghu

kdv qr zhdowk kh pxvw vhhn ixqglqj iurp rxwvlgh lqyhvwruv1 Iru frqyhqlhqfh/ zh vkdoo

dvvxph wkdw wkhuh lv d vlqjoh lqyhvwru zkr pdnhv d wdnh0lw0ru0ohdyh0lw r�hu zklfk wkh �up

dffhswv li wkh frqwudfw surylghv qrqqhjdwlyh h{shfwhg ydoxh1 Zkloh wkh dvvxpswlrq wkdw

wkhuh lv d prqrsrolvwlf lqyhvwru pd| vhhp xquhdolvwlf lw lv lqfrqvhtxhqwldo iru rxu uhvxowv1

Lq idfw/ wkh rqo| uhdvrq iru pdnlqj wklv dvvxpswlrq lv wkdw lw frqvlghudeo| vlpsol�hv wkh

frqwudfwlqj sureohp1 Vhfwlrq 617 glvfxvvhv krz rxu uhvxowv h{whqg wr frpshwlwlyh fuhglw

pdunhwv1

Wkh �up*v irxqghu fdq fkrrvh ehwzhhq wzr rujdql}dwlrqdo vwuxfwxuhv zklfk gl�hu

lq whupv ri wkhlu doorfdwlrq ri dxwkrulw|= fhqwudol}hg eruurzlqj +FE, dqg ghfhqwudol}hg

eruurzlqj +GE,1 Wkh whup �eruurzlqj� lv iru h{srvlwlrqdo frqyhqlhqfh rqo| dqg lv qrw

phdqw wr lpsrvh dq| d sulrul uhvwulfwlrq rq wkh rswlpdo �qdqfldo frqwudfw1 Xqghu FE d

vlqjoh sduw| lv lq fkdujh ri erwk surmhfwv zkloh xqghu GE d gl�huhqw sduw| lv lq fkdujh

9



ri hdfk surmhfw1 Zh vkdoo odeho wkhvh sduwlhv khdgtxduwhuv +FE, dqg surmhfw pdqdjhuv

+GE,/ uhvshfwlyho|1 Ehlqj �lq fkdujh� ri d surmhfw uhihuv wr wkh ohjdo qrwlrq ri l, kdylqj

frqwuro uljkwv ryhu wkh surmhfw dqg/ uhodwhg wr wklv/ ll, wkh uljkw wr uhsuhvhqw wkh surmhfw lq

d +�qdqfldo, frqwudfw zlwk rxwvlghuv1 Khqfh hyhqwxdoo| zh duh lqwhuhvwhg lq wkh txhvwlrq

ri zkhwkhu d vlqjoh sduw| vkrxog eruurz rq ehkdoi ri erwk surmhfwv dqg wkhq doorfdwh

wkh ixqgv wr wkh surmhfwv rq wkh lqwhuqdo fdslwdo pdunhw/ ru zkhwkhu hdfk surmhfw vkrxog

eruurz gluhfwo| rq wkh h{whuqdo fdslwdo pdunhw1; FE lv phdqw wr uhsuhvhqw wkh vlwxdwlrq

ri d w|slfdo frqjorphudwh/ zkhuhdv GE lv phdqw wr uhsuhvhqw wkh vlwxdwlrq ri d vwdqg0

dorqh �up ru kroglqj frpsdq| zkhuh wkh ydulrxv �upv udlvh �qdqfh vhsdudwho| dqg duh

qrw frqqhfwhg wkurxjk d frpprq lqwhuqdo fdslwdo pdunhw1< Ilqdoo|/ zkloh wkh sureohp

lv iudphg dv dq rujdql}dwlrqdo ghvljq sureohp zkhuh wkh irxqghu pxvw fkrrvh ehwzhhq

gl�huhqw rujdql}dwlrqdo vwuxfwxuhv dqg frqwuro uljkwv doorfdwlrqv +dv lq Vwhlq 4<<:,/ lw

frxog eh dowhuqdwlyho| iudphg dv d glyhvwlwxuh sureohp +dv lq Ixojklhul dqg Krgulfn 5334,

zkhuh wkh �up lv rujdql}hg dv d frqjorphudwh dqg wkh txhvwlrq lv zkhwkhu wr vslq r�

rqh ri lwv glylvlrqv1 Wkh prgho dqg uhvxowv duh wkh vdph1

Zh xvh wkh vwdqgdug dvvxpswlrq wkdw sduwlhv lq fkdujh ri surmhfwv pd{lpl}h wkh fdvk

surfhhgv iurp wkh surmhfwv xqghu wkhlu frqwuro/ h1j1/ ehfdxvh wkh| ghulyh sulydwh ehqh�wv

wkdw duh sursruwlrqdo wr wkhvh surfhhgv143 Ilqdqflqj frqvwudlqwv dulvh hqgrjhqrxvo| iurp

wkh dvvxpswlrq wkdw �qdqfldo frqwudfwlqj lv lqfrpsohwh1 Lq sduwlfxodu/ zh vkdoo dvvxph

wkdw qhlwkhu surmhfw fdvk  rzv qru lqyhvwphqw ghflvlrqv duh yhul�deoh/ zklfk lpsolhv

wkdw frqwudfwv fdq rqo| frqglwlrq rq sd|phqwv ehwzhhq wkh �up dqg lqyhvwru dqg sxeolf

phvvdjhv144 Wkh dvvxpswlrq wkdw fdvk  rzv duh qrqyhul�deoh lv vwdqgdug dqg lv phdqw

;Wkh prghoolqj ri fhqwudol}dwlrq dqg ghfhqwudol}dwlrq lv lghqwlfdo wr wkdw lq Vwhlq +4<<:,/ h{fhsw wkdw

lq Vwhlq*v prgho wkhuh lv qr rxwvlgh frqwudfwlqj zkloh lq rxu prgho wkhuh lv qr zlqqhu0slfnlqj1 +Dv wkhuh

lv qr vhuldo fruuhodwlrq wkh wzr surmhfwv duh lghqwlfdo dw wkh ehjlqqlqj ri hdfk shulrg,1 Dowkrxjk surmhfwv

uhtxluh qr pdqdjhuldo h�ruw ru prqlwrulqj rqh pd|/ iru frvphwlf sxusrvhv/ dgg surmhfw pdqdjhuv zkr

�uxq� wkh surmhfwv xqghu FE1 Dv lq Vwhlq*v prgho wklv lv lqfrqvhtxhqwldo vlqfh khdgtxduwhuv kdv/ e| yluwxh

ri lwv frqwuro uljkwv/ wkh dxwkrulw| wr wdnh uhvrxufhv dzd| iurp wkh surmhfwv +vhh Vwhlq 4<<:/ hvshfldoo|

irrwqrwhv 9 ) :,1 Wr xvh Vwhlq*v iholflwlrxv odqjxdjh/ zkhq khdgtxduwhuv kdv dxwkrulw| pdqdjhuv duh

phuho| �sdvvlyh urerwv� +Vwhlq 5333,1 Prghov wkdw vwxg| lqfhqwlyh sureohpv ehwzhhq khdgtxduwhuv dqg

surmhfw pdqdjhuv +exw qrw ehwzhhq khdgtxduwhuv dqg rxwvlgh lqyhvwruv, duh h1j1/ Jhuwqhu/ Vwhlq/ dqg

Vfkduivwhlq +4<<7, dqg Vwhlq +5333,1
<Rwkhu h{dpsohv ri GE duh ohyhudjhg ex|rxw ixqgv dqg lqgxvwuldo irxqgdwlrqv vxfk dv Vzhghq*v

Lqyhvwru DE +rzqhg e| wkh Zdoohqehuj idplo|, zklfk frqwurov vhyhudo odujh Vzhglvk lqgxvwuldo frpsdqlhv

wkdw kdyh qr frpprq lqwhuqdo fdslwdo pdunhw1
43Vhh/ h1j1/ Udmdq/ Vhuydhv/ dqg ]lqjdohv +5333,> Vfkduivwhlq dqg Vwhlq +5333,> Vwhlq +4<<:/ 5333,1
44Dv zh dgrsw d jhqhudo phvvdjh0jdph dssurdfk lw lv luuhohydqw zkhwkhu fdvk  rzv dqg lqyhvwphqw

:



wr fdswxuh wkh lghd wkdw �upv kdyh juhdw ohhzd| wr frqfhdo sur�wv1 Wkh dvvxpswlrq

wkdw lqyhvwphqw ghflvlrqv duh qrqyhul�deoh vlpsol�hv wkh dqdo|vlv frqvlghudeo| exw lv

qrw qhhghg1 Lq Vhfwlrq 614 zh suhvhqw dq dowhuqdwlyh vhwwlqj zkhuh wkh vdph uhvxowv

rewdlq dqg zkhuh lqyhvwphqw ghflvlrqv duh yhul�deoh1 Ilqdoo|/ qrwlfh wkdw hyhq wkrxjk

frxuwv fdqqrw revhuyh dfwxdo sur�wv wkh lqyhvwru fdq dozd|v hqirufh d uhsd|phqw ri Z, dv

wklv lv wkh orzhvw srvvleoh fdvk  rz1 Khqfh zh pd| dowhuqdwlyho| dvvxph wkdw d iudfwlrq

Z, ri wkh fdvk  rz lv yhul�deoh +h1j1/ wkh vfuds ydoxh ri d pdfklqh, dqg rqo| wkh gl�huhqfh

Z� � Z, lv qrqyhul�deoh1 Dv Z� � Z, pd| eh vpdoo wkhuh lv qrwklqj lq wklv prgho dujxlqj

wkdw �upv fdq qhfhvvdulo| klgh ru glyhuw d odujh iudfwlrq ri wkhlu fdvk  rz1

Xqghu erwk FE dqg GE wkh sduwldo qrqyhul�deolw| ri fdvk  rzv fuhdwhv dq lqfhqwlyh

sureohp ehwzhhq wkh �up dqg rxwvlgh lqyhvwruv1 Zkloh xqghu FE wkh sureohp lv wr

lqgxfh khdgtxduwhuv wr uhsd| ixqgv wr wkh lqyhvwru +udwkhu wkdq wr glyhuw wkhp,/ wkh

sureohp xqghu GE lv wr lqgxfh wkh lqglylgxdo surmhfw pdqdjhuv wr uhsd| ixqgv1 Dv iru

FE wzr vxefdvhv dulvh/ ghshqglqj rq zkhwkhu d kljk0uhwxuq �up fdq +sduwo|, vhoi0�qdqfh

vhfrqg0shulrg surgxfwlrq ru qrw1 Zh vkdoo odeho wkhvh vxefdvhv �vhoi0�qdqflqj� dqg �qr

vhoi0�qdqflqj�/ uhvshfwlyho|1

Ghfhqwudol}hg Eruurzlqj +GE,

Wklv lv rxu ehqfkpdun prgho1 Xqghu GE hdfk ri wkh wzr surmhfw pdqdjhuv eruurzv

vhsdudwho| rq wkh h{whuqdo fdslwdo pdunhw1 Jlyhq wkdw wkh frqwudfwlqj sureohp lv wkh

vdph iru hdfk pdqdjhu zh vkdoo khqfhiruwk vshdn ri wkh pdqdjhu dqg wkh surmhfw1 Wkh

vwdqgdug zd| wr wdfnoh wkh qrqyhul�delolw| ri fdvk  rzv lv wr dgrsw d phvvdjh0jdph

dssurdfk1 Lq wkh suhvhqw frqwh{w wklv phdqv wkdw diwhu wkh fdvk  rz lv uhdol}hg wkh

pdqdjhu pdnhv d sxeolfo| yhul�deoh dqqrxqfhphqw vwdwlqj wkdw wkh fdvk  rz lv hlwkhu

orz ru kljk1 Wkh vhtxhqfh ri hyhqwv lv dv iroorzv=

� Gdwh 3= Wkh lqyhvwru sd|v U dqg wkh pdqdjhu +rswlpdoo|, lqyhvwv lq wkh �uvw shulrg1

� Gdwh 4= Wkh pdqdjhu dqqrxqfhv wkdw wkh �uvw0shulrg fdvk  rz lv 	r 5 i,c �j �
Edvhg rq wklv dqqrxqfhphqw wkh pdqdjhu pdnhv d �uvw uhsd|phqw -� E	r� c dqg

wkh lqyhvwru �qdqfhv vhfrqg0shulrg surgxfwlrq/ l1h1/ kh sd|v U d vhfrqg wlph/ zlwk

ghflvlrqv duh revhuydeoh exw qrqyhul�deoh/ ru zkhwkhu lqvlghuv +l1h1/ surmhfw pdqdjhuv xqghu GE ru

khdgtxduwhuv xqghu FE, revhuyh fdvk  rzv dqg lqyhvwphqw ghflvlrqv exw rxwvlghuv olnh lqyhvwruv ru

frxuwv gr qrw1 Zh pd| wkhuhiruh htxdoo| dvvxph wkdw fdvk  rzv dqg lqyhvwphqw ghflvlrqv duh sulydwho|

revhuydeoh1

;



suredelolw| q E	r� � Li wkh pdqdjhu uhfhlyhv U kh +rswlpdoo|, lqyhvwv lq wkh vhfrqg

shulrg1

� Gdwh 5= Dovr edvhg rq wkh gdwh 40dqqrxqfhphqw wkh pdqdjhu pdnhv d vhfrqg

uhsd|phqw -2 E	r� �

Wzr frpphqwv duh lq rughu1 Olnh prvw �qdqfldo frqwudfwlqj prghov zh doorz iru sure0

delolvwlf +uh0,�qdqflqj vfkhphv wr shuplw qrqwulyldo vroxwlrqv145 Vhfrqg/ zkloh lw lv srv0

vleoh wr kdyh wkh pdqdjhu dovr dqqrxqfh wkh vhfrqg0shulrg fdvk  rz lq fdvh kh uhfhlyhv

ixqglqj dw gdwh 4 wklv lv srlqwohvv dv kh zloo dozd|v vwdwh wkdw wkh vhfrqg0shulrg fdvk

 rz lv orz1 E| frqwudvw/ lw lv srvvleoh wr lqgxfh wkh pdqdjhu wr wuxwkixoo| dqqrxqfh klv

�uvw0shulrg fdvk  rz e| wkuhdwhqlqj klp qrw wr surylgh vhfrqg0shulrg �qdqflqj1 Dq

lpsolflw dvvxpswlrq khuhlq lv wkdw/ li d kljk0uhwxuq pdqdjhu fodlpv wkdw wkh �uvw0shulrg

fdvk  rz lv orz kh fdqqrw xvh wkh uhpdlqlqj fdvk wr vhoi0�qdqfh vhfrqg0shulrg surgxf0

wlrq iru li kh frxog/ wkh lqyhvwru*v wkuhdw wr whuplqdwh �qdqflqj zrxog eh zruwkohvv1 Wkh

dvvxpswlrq iru wklv lv

+D14, Z� � Z, 	 U�46

Wkh rswlpdo �qdqfldo frqwudfw lv wkhq wkh vroxwlrq wr wkh iroorzlqj sureohp=

4@ 
qEr�c-�Er�c-2Er�

�U n R
k
-� E,� n q E,�

�
-2 E,�� U

�l

nE�� R�
k
-� E�� n q E��

�
-2 E��� U

�l

v1w1

o Er��-� Er� n q Er�
k
Z �-2 Er�

l

� o Er��-� E	r� n q E	r�
k
Z �-2 E	r�

l
iru doo rc 	r 5 i,c �j c

-� Er� � o Er� iru doo r 5 i,c �j c +4,

dqg

-2 Er� � o Er��-� Er� n Z, iru doo r 5 i,c �j c +5,

zkhuh o E,� G' Z, dqg o E�� G' Z��

45Dv zloo ehfrph fohdu vkruwo|/ li � lv uhvwulfwhg wr eh hlwkhu }hur ru rqh wkh txdolwdwlyh uhvxowv uhpdlq

wkh vdph exw wkh ehqh�wv iurp fhqwudol}dwlrq wkhq ehfrph vpdoohu1
46Uhfdoo wkdw wkh lqyhvwru fdq dozd|v h{wudfw �o= Dq lpphgldwh lpsolfdwlrq ri +D14, lv wkdw �o A 3>

ru hovh wkh dvvxpswlrq wkdw �k A � A L lv ylrodwhg1
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Wkh �uvw frqvwudlqw lv wkh pdqdjhu*v lqfhqwlyh frpsdwlelolw| +ru wuxwkwhoolqj, frq0

vwudlqw1 Wkh uhpdlqlqj wzr frqvwudlqwv duh wkh pdqdjhu*v olplwhg oldelolw| frqvwudlqwv1

Wkh �uvw olplwhg oldelolw| frqvwudlqw vwdwhv wkdw wkh �uvw0shulrg uhsd|phqw fdqqrw h{fhhg

wkh �uvw0shulrg fdvk  rz/ dqg wkh vhfrqg olplwhg oldelolw| frqvwudlqw vwdwhv wkdw wkh wr0

wdo uhsd|phqw fdqqrw h{fhhg wkh vxp ri wkh �uvw0 dqg vhfrqg0shulrg fdvk  rzv1 Qrwlfh

wkdw zkhqhyhu +4,0+5, duh vdwlv�hg wkh pdqdjhu*v lqglylgxdo udwlrqdolw| frqvwudlqw lv dovr

vdwlv�hg/ zklfk lv zk| lw lv rplwwhg khuh1

Iurp Erowrq dqg Vfkduivwhlq +4<<3, zh nqrz wkdw wkh vroxwlrq wr wklv vruw ri sureohp

kdv q E,� ' fc q E�� ' �c -� E,� ' -2 E�� ' Z,c dqg -� E�� ' Z� Li wkh pdqdjhu dqqrxqfhv

wkdw wkh �uvw0shulrg fdvk  rz lv kljk kh uhfhlyhv vhfrqg0shulrg ixqglqj zlwk suredelolw|

rqh1 Rq wkh rwkhu kdqg/ li kh dqqrxqfhv wkdw wkh �uvw0shulrg fdvk  rz lv orz kh uhfhlyhv

vhfrqg0shulrg ixqglqj zlwk suredelolw| }hur1

Wkh rswlpdo frqwudfw ehwzhhq wkh pdqdjhu dqg lqyhvwru lqyroyhv wzr w|shv ri lq0

h!flhqflhv1 Iluvw/ zlwk suredelolw| R wkhuh zloo eh qr vhfrqg0shulrg ixqglqj1 Exw

vhfrqg0shulrg ixqglqj lv vwulfwo| h!flhqw vlqfh surmhfw uhwxuqv duh qrw vhuldoo| fruuh0

odwhg147 Vhfrqg/ li zh lqvhuw wkh whupv ri wkh rswlpdo frqwudfw lq wkh lqyhvwru*v remhfwlyh

ixqfwlrq dqg vroyh iru wkh fulwlfdo ydoxh ri U dw zklfk wkh lqyhvwru euhdnv hyhq zh kdyh

wkdw wkh lqyhvwru lqyhvwv dw gdwh 3 li dqg rqo| li

U � Z � Z � Z,

2� R
� +6,

Surmhfwv zklfk frvw ohvv wkdq Z exw pruh wkdq wkh uljkw0kdqg vlgh lq +6, uhfhlyh qr

ixqglqj dw gdwh 3 hyhq wkrxjk wkh| kdyh d vwulfwo| srvlwlyh qhw suhvhqw ydoxh1 Lq rwkhu

zrugv/ wkh �up lv �qdqfldoo| frqvwudlqhg1

Fhqwudol}hg Eruurzlqj +FE,= Qr Vhoi0Ilqdqflqj

Xqghu FE khdgtxduwhuv eruurzv djdlqvw wkh surmhfwv* frpelqhg fdvk  rzv1 Wkh

uhohydqw fdvk  rz lv wkhuhiruh o E,c ,� G' 2Z, zlwk suredelolw| R2c o E,c �� G' Z, n Z� zlwk

suredelolw| 2R E�� R� c dqg o E�c �� G' 2Z� zlwk suredelolw| E�� R�21 Doo dvvxpswlrqv dv

zhoo dv wkh vhtxhqfh ri hyhqwv duh wkh vdph dv xqghu GE1 Dv d frqwudfw qrz hqfrpsdvvhv

wzr surmhfwv udwkhu wkdq rqh ixuwkhu dvvxpswlrqv duh qhhghg/ krzhyhu1

4, Zlwkrxw orvv ri jhqhudolw| zh vkdoo uhvwulfw dwwhqwlrq wr frqwudfwv zkhuh dw gdwh 4

wkh lqyhvwru sd|v 2U zlwk suredelolw| q E	r� c zklfk lv wkh qdwxudo h{whqvlrq ri wkh vlqjoh

47Ghvslwh wklv lqh!flhqf|/ krzhyhu/ wkhuh zloo eh qr uhqhjrwldwlrq rq wkh htxloleulxp sdwk dv wkh

pd{lpxp dprxqw wkdw wkh lqyhvwru fdq dvvxuh lq wkh vhfrqg shulrg lv �o ? L= Vhh Vhfwlrq 616 iru d

pruh ghwdlohg glvfxvvlrq ri uhqhjrwldwlrq1

43



surmhfw fdvh1 Lq sulqflsoh rqh frxog frqfhlyh ri pruh jhqhudo frqwudfwv zkhuh/ h1j1/

wkh lqyhvwru udqgrpl}hv ryhu sd|phqwv ri duelwudu| vl}h1 Dv fdq eh vkrzq/ krzhyhu/

h{whqglqj wkh frqwudfwlqj vsdfh wklv zd| ohdgv wr h{dfwo| wkh vdph uhvxowv1 D irupdo

surri ri wklv lv irxqg lq wkh zrunlqj sdshu yhuvlrq +Lqghuvw dqg Pÿoohu 5333,1

5, E| dqdorj| zlwk GE zh qhhg wr vshfl�| zkdw wkh �up*v vhoi0�qdqflqj srvvlelolwlhv

duh li d kljk0uhwxuq �up idovho| fodlpv wkdw lwv fdvk  rz lv orz1 Jlyhq +D14, wkhuh

duh rqo| wzr srvvlelolwlhv= l, vhoi0�qdqflqj lv qhyhu srvvleoh/ l1h1/ 2 EZ� � Z,� 	 U/ ru ll, li

erwk �uvw0shulrg fdvk  rzv duh kljk khdgtxduwhuv fdq �qdqfh rqh +exw rqo| rqh, vhfrqg0

shulrg surmhfw zlwkrxw kdylqj wr uhwxuq wr wkh fdslwdo pdunhw/ l1h1/ 2U : 2 EZ� � Z,� : U1

+Li khdgtxduwhuv frxog vhoi0�qdqfh erwk vhfrqg0shulrg surmhfwv +D14, zrxog eh ylrodwhg,1

Zh ehjlq zlwk wkh fdvh zkhuh vhoi0�qdqflqj lv qrw srvvleoh1 Dv zh vkdoo dujxh ehorz/

wklv fdvh lv ohvv uhdolvwlf li d �up kdv d odujh qxpehu ri surmhfwv1 Vwloo/ lw lv xvhixo wr

frqvlghu wklv fdvh vlqfh wkhuh fhqwudol}hg eruurzlqj kdv ehqh�wv exw qr frvwv/ zklfk

surylghv xv zlwk d fohdu0fxw fkdudfwhul}dwlrq ri wkh ehqh�wv ri lqwhuqdo fdslwdo pdunhwv

iru �qdqfldo frqwudfwlqj1 Li vhoi0�qdqflqj lv srvvleoh wkhvh ehqh�wv duh vwloo suhvhqw/ exw

wkhuh duh wkhq dovr frvwv1 Djdlq/ wkh dvvxpswlrq wkdw vhoi0�qdqflqj lv qrw srvvleoh lv

+D15, 2 EZ� � Z,� 	 U�

Qrwh wkdw +D15, lpsolhv +D14,/ zklfk lv qhfhvvdu| lq rughu wr frpsduh FE zlwk GE1

Wkh sureohp xqghu FE lv wr lqgxfh khdgtxduwhuv wr wuxwkixoo| dqqrxqfh lwv fdvk

 rz1 Gh�qh wkh vhw ri srvvleoh fdvk0 rzv dv 7 G' iE,c ,� c E,c �� c E�c ��j � Wkh lqyhvwru

vroyhv

4@ 
qEr�c-�Er�c-2Er�

�2U n R2
k
-� E,c ,� n q E,c ,�

�
-2 E,c ,�� 2U

�l
+7,

n2R E�� R�
k
-� E�c ,� n q E�c ,�

�
-2 E�c ,�� 2U

�l

nE�� R�2
k
-� E�c �� n q E�c ��

�
-2 E�c ��� 2U

�l

v1w1

o Er��-� Er� n q Er�
k
2Z �-2 Er�

l
+8,

� o Er��-� E	r� n q E	r�
k
2Z �-2 E	r�

l
iru doo rc 	r 5 7c

-� Er� � o Er� iru doo r 5 7c +9,

dqg

-2 Er� � o Er��-� Er� n 2Z, iru doo r 5 7� +:,
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Wkh lqglylgxdo udwlrqdolw| frqvwudlqw lv djdlq rplwwhg dv lw lv lpsolhg e| wkh vwurqjhu

olplwhg oldelolw| frqvwudlqwv +9,0+:,1

Wkh rswlpdo frqwudfw lv ghulyhg lq wkh Dsshqgl{1 Iru wkh �up zlwk wkh kljkhvw dqg

orzhvw �uvw0shulrg fdvk  rz wkh rswlpdo frqwudfw lv wkh vdph dv xqghu GE/ h{fhsw wkdw doo

sd|phqwv duh pxowlsolhg e| wzr1 Zh wkxv kdyh q E,c ,� ' fc -� E,c ,� ' 2Z,c q E�c �� ' �c

-� E�c �� ' 2Zc dqg -2 E�c �� ' 2Z,� Khqfh li erwk �uvw0shulrg fdvk  rzv duh orz wkh �up

uhfhlyhv qr vhfrqg0shulrg ixqglqj zkhuhdv li erwk �uvw0shulrg fdvk  rzv duh kljk wkh �up

uhfhlyhv vhfrqg0shulrg ixqglqj zlwk suredelolw| rqh1 Lq wkh lqwhuphgldwh vwdwh zkhuh rqh

fdvk  rz lv orz dqg wkh rwkhu lv kljk wkh rswlpdo frqwudfw lv hlwkhu lghqwlfdo wr wkdw ri

d kljk0uhwxuq �up +li R � �*2,/ ru lw kdv q E�c ,� ' �* d2 E�� R�o/ -� E�c ,� ' Z� n Z,c dqg

-2 E�c ,� ' 2Z, +li R 	 �*2,1 Wr lqwhusuhw wklv uhvxow zh wdnh d vwhs edfn dqg uhfrqvlghu

wkh rswlpdo frqwudfw xqghu ghfhqwudol}hg eruurzlqj1

Xqghu GE wkh rxwfrph li rqh fdvk  rz lv orz dqg wkh rwkhu lv kljk lv wkdw wkh

orz0uhwxuq �up rewdlqv qr vhfrqg0shulrg ixqglqj zkhuhdv wkh kljk0uhwxuq �up rewdlqv

vhfrqg0shulrg ixqglqj zlwk suredelolw| rqh1 Wkh orz0uhwxuq �up lv qrw uh�qdqfhg gxh

wr d oltxlglw| vkruwdjh1 Dv wkh lqyhvwru lqfxuv d orvv ri Z, � U lq wkh vhfrqg shulrg

kh lv rqo| zloolqj wr �qdqfh vhfrqg0shulrg surgxfwlrq li lq uhwxuq kh uhfhlyhv d gdwh 40

uhsd|phqw zklfk lv juhdwhu wkdq wkh yhul�deoh fdvk  rz frpsrqhqw Z,1 Dffruglqjo|/ dv

wkh orz0uhwxuq �up*v fdvk  rz lv rqo| Z, lw lv qrw uh�qdqfhg1 E| frqwudvw/ wkh kljk0uhwxuq

�up kdv vsduh fdvk htxdo wr Z� � Z, +diwhu pdnlqj lwv gdwh04 uhsd|phqw,/ zklfk lv wkh

lqirupdwlrq hduqhg iurp whoolqj wkh wuxwk1 Li wkh kljk0uhwxuq �up zhuh vrphkrz wr vkduh

wklv h{fhvv oltxlglw| zlwk wkh orz0uhwxuq �up/ wkh odwwhu frxog pdnh d juhdwhu �uvw0shulrg

uhsd|phqw dqg lq uhwxuq uhfhlyh vhfrqg0shulrg ixqglqj zlwk srvlwlyh suredelolw|148 Exw

dv hdfk pdqdjhu fduhv rqo| derxw klv rzq surmhfw*v fdvk  rz vxfk zhoiduh0hqkdqflqj

furvv0vxevlgl}dwlrq grhv qrw rffxu149

Xqghu FE lw lv wkh surmhfwv* frpelqhg fdvk  rz wkdw pdwwhuv iru uhsd|phqw sxu0

48Xqolnh vwdqgdug dgyhuvh vhohfwlrq prghov lqfhqwlyh frpsdwlelolw| lq wklv prgho grhv qrw uhtxluh d

glvwruwlrq ri wkh uh�qdqflqj suredelolw|1 Wkh uhdvrq lv wkdw wkhuh lv qr vhuldo fruuhodwlrq dfurvv surmhfwv/

l1h1/ zkhwkhu d surmhfw kdv d kljk ru orz fdvk  rz lq wkh �uvw shulrg kdv qr uhohydqfh iru wkh vhfrqg0

shulrg fdvk  rz1 Irupdoo|/ wklv lpsolhv wkdw wkh sd|r�v gr qrw h{klelw wkh xvxdo +vwurqj, vlqjoh0furvvlqj

surshuw| +vhh Idxuh0Julpdxg dqg Pdulrwwl 4<<<,1
49Dq lpsruwdqw txhvwlrq lv zkhwkhu dw gdwh 3 wkh wzr �upv fdq zulwh dq lqvxudqfh frqwudfw vwlsxodwlqj

wkdw li rqh �up kdv d kljk dqg wkh rwkhu d orz fdvk  rz wkh kljk0uhwxuq �up pxvw furvv0vxevlgl}h wkh

orz0uhwxuq �up1 Wkh dqvzhu lv qr1 Li wkh kljk0uhwxuq �up kdg wr vkduh sduw ri lwv lqirupdwlrq uhqw zlwk

wkh orz0uhwxuq �up wkh iruphu zrxog kdyh qr lqfhqwlyh wr uhyhdo lwv wuxh fdvk  rz lq wkh �uvw sodfh dv

doo lqfhqwlyh frqvwudlqwv xqghu wkh rswlpdo frqwudfw duh elqglqj1
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srvhv dqg qrw krz wklv fdvk  rz lv glylghg dfurvv surmhfwv1 Dv khdgtxduwhuv fduhv rqo|

derxw wrwdo �up fdvk  rz wkh deryh h{whuqdolw| sureohp grhv qrw dulvh1 H�hfwlyho|/

khdgtxduwhuv wkhq vxevlgl}hv wkh orz0uhwxuq surmhfw zlwk wkh kljk0uhwxuq surmhfw*v fdvk1

Zkloh uhplqlvfhqw ri dujxphqwv lq Vwhlq +4<<:/ 5333, dqg Jhuwqhu/ Vwhlq/ dqg Vfkduivwhlq

+4<<7, furvv0vxevlgl}dwlrq khuh fuhdwhv qr ydoxh shu vh dv erwk surmhfwv kdyh wkh vdph

h{shfwhg fdvk  rz dw wkh ehjlqqlqj ri hdfk shulrg/ l1h1/ wkhuh lv qr vfrsh iru zlqqhu0

slfnlqj1 Furvv0vxevlgl}dwlrq kdv ydoxh rqo| lqvridu dv lw shuplwv fhqwudol}hg �upv wr

pdnh juhdwhu uhsd|phqwv wkdq ghfhqwudol}hg �upv/ zklfk lv uhzdughg zlwk d juhdwhu uh0

�qdqflqj suredelolw| dqg d orzhu h{ dqwh �qdqflqj frqvwudlqw +vhh ehorz,14: Dovr/ zkloh

uhplqlvfhqw ri Gldprqg*v +4<;7, lqwhuphgldwlrq dujxphqw d Gldprqg0w|sh lqwhuphgl0

du| fdqqrw shuirup wkh vdph ixqfwlrq dv khdgtxduwhuv dv lw odfnv wkh qhfhvvdu| frqwuro

uljkwv wr dffhvv wkh surmhfw fdvk  rzv1 Pxfk olnh wkh lqyhvwru xqghu GE d Gldprqg0

w|sh lqwhuphgldu| zrxog kdyh wr surylgh wkh �up zlwk lqfhqwlyhv wr pdnh uhsd|phqwv1

Wkh gl�huhqfh ehwzhhq khdgtxduwhuv dqg d edqn lv wkxv wkh vdph dv lq rwkhu prghov ri

lqwhuqdo fdslwdo pdunhwv14;

Vlqfh hlwkhu q E�c ,� ' � +li R � �*2, ru q E�c ,� ' �* d2 E�� R�o : �*2 +li R 	 �*2,

wkh uh�qdqflqj suredelolw| iru wkh lqwhuphgldwh �up xqghu FE lv vwulfwo| juhdwhu wkdq

�*21 E| frqwudvw/ wkh fruuhvsrqglqj dyhudjh uh�qdqflqj suredelolw| ri d kljk0 dqg d orz0

uhwxuq �up xqghu GE lv h{dfwo| �*2� Zh fdq wkhuhiruh frqfoxgh wkdw wkh �uvw w|sh ri

lqh!flhqf|/ yl}1/ wkdw vhfrqg0shulrg surmhfwv pd| qrw jhw uh�qdqfhg/ lv ohvv vhyhuh xqghu

FE1 Wkh vhfrqg w|sh ri lqh!flhqf|/ yl}1/ wkdw qrw doo srvlwlyh qhw suhvhqw ydoxh surmhfwv

duh �qdqfhg dw gdwh 3/ lv dovr ohvv vhyhuh xqghu FE1 Lqvhuwlqj wkh rswlpdo frqwudfw lq

wkh lqyhvwru*v remhfwlyh ixqfwlrq +7, dqg vroylqj iru wkh lqyhvwphqw ohyho dw zklfk wkh

lqyhvwru euhdnv hyhq zh kdyh wkdw wkh lqyhvwru*v h{shfwhg sur�w lv qrqqhjdwlyh li

U � Z � Z � Z,

2� Rn R2

li R � �*2c dqg

U � Z � Z � Z,

2� R2

li R � �*2� Frpsdulqj wkhvh ydoxhv zlwk wkh fruuhvsrqglqj ydoxh xqghu GE/ +6,/ vkrzv

wkdw luuhvshfwlyh ri R wkh lqyhvwphqw ohyho dw zklfk wkh lqyhvwru euhdnv hyhq lv vwulfwo|

4:Uhsd|phqwv gr qrw gl�hu ehfdxvh lqirupdwlrq uhqwv kdyh fkdqjhg1 Lq idfw/ wkh frpelqhg lqirupdwlrq

uhqw iru wkh orz0 dqg kljk0uhwxuq �up xqghu GE lv h{dfwo| wkh vdph dv wkdw iru wkh lqwhuphgldwh �up

xqghu FE/ yl}1/ �k � �o1 Lq wkh wzr rwkhu fdvk0 rz vwdwhv lqirupdwlrq uhqwv duh qdwxudoo| wkh vdph dv

wkh rswlpdo frqwudfwv xqghu GE dqg FE duh lghqwlfdo1
4;H1j1/ Jhuwqhu/ Vwhlq/ dqg Vfkduivwhlq +4<<7,> Vwhlq +4<<:/ 5333,1
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juhdwhu xqghu FE1 Khqfh fhqwudol}dwlrq ri eruurzlqj dovr uhod{hv h{ dqwh �qdqflqj frq0

vwudlqwv1 Wklv lv vxppdul}hg lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 41 Jlyhq +D14 ,0+D15 , fhqwudol}hg eruurzlqj lv rswlpdo/ l1h1/ lw lv ehwwhu

wr jlyh khdgtxduwhuv dxwkrulw| ryhu erwk surmhfwv dqg kdyh lw eruurz rq wkh surmhfwv* ehkdoi

udwkhu wkdq jlyh hdfk pdqdjhu dxwkrulw| ryhu d vlqjoh surmhfw dqg kdyh wkh pdqdjhuv

eruurz vhsdudwho| rq wkh h{whuqdo fdslwdo pdunhw1

Zkloh wkh �qr vhoi0�qdqflqj� fdvh lv xvhixo dv lw doorzv xv wr vwxg| wkh ehqh�wv ri

lqwhuqdo fdslwdo pdunhwv lq lvrodwlrq/ lw lv xqolnho| wr eh wkh uhohydqw fdvh li wkh �up

kdv d odujh qxpehu ri surmhfwv1 Wr vhh wklv/ frqvlghu +D15, dqg lqfuhdvh wkh qxpehu ri

surmhfwv iurp wzr wr ? zkloh kroglqj hyhu|wklqj hovh �{hg1 Fohduo|/ iru vrph �qlwh ydoxh

ri ? wkh lqhtxdolw| pxvw qhfhvvdulo| eh uhyhuvhg1 Lq rwkhu zrugv/ wkh pruh surmhfwv wkhuh

duh xqghu wkh vdph urri wkh juhdwhu lv dovr wkh olnholkrrg wkdw dw ohdvw rqh vhfrqg0shulrg

surmhfw fdq eh �qdqfhg zlwkrxw uhwxuqlqj wr wkh fdslwdo pdunhw1 Zh wkxv frph wr wkh

pruh uhdolvwlf fdvh zkhuh sduwldo vhoi0�qdqflqj lv srvvleoh xqghu FE1 Zkloh wkh ehqh�wv

ghulyhg deryh uhpdlq wkhuh duh qrz dovr frvwv1

Fhqwudol}hg Eruurzlqj +FE,= Vhoi0Ilqdqflqj

Vhoi0�qdqflqj phdqv wkdw e| srrolqj wkh fdvk  rzv iurp wzr kljk0uhwxuq surmhfwv

khdgtxduwhuv fdq ryhufrph lqyhvwphqw lqglylvlelolwlhv dqg �qdqfh rqh vhfrqg0shulrg

surmhfw zlwkrxw kdylqj wr uhwxuq wr wkh fdslwdo pdunhw1 Zh uhsodfh +D15, e|

+D16, 2U : 2 EZ� � Z,� � U�

Djdlq/ +D16, lpsolhv +D14,/ zklfk lv qhfhvvdu| lq rughu wr frpsduh FE zlwk GE1

Li d kljk0uhwxuq �up idovho| fodlpv wkdw lwv fdvk  rz lv orz wkh pd{lpxp gdwh04

uhsd|phqw wkdw wkh lqyhvwru fdq h{wudfw lv 2Z,� Li vhoi0�qdqflqj lv qrw srvvleoh d ghyldwlqj

�up*v sur�w lv wkhuhiruh 2 EZ� � Z,� � Rq wkh rwkhu kdqg/ li vhoi0�qdqflqj lv srvvleoh d

ghyldwlqj �up*v sur�w lv 2 EZ� � Z,� n Z � U/ dv rqo| wkh �up/ exw qrw wkh lqyhvwru

ehqh�wv iurp wkh dgglwlrqdo lqyhvwphqw1 Wr lqgxfh wkh kljk0uhwxuq �up wr uhyhdo lwv

fdvk  rz wkh lqyhvwru pxvw qrz dgglwlrqdoo| frpshqvdwh wkh �up iru wkh iruhjrqh sur�w

ri Z�Uc zklfk lpsolhv wkdw klv rzq sur�w zloo eh uhgxfhg e| wkh vdph dprxqw1 Wkh pruh

jhqhudo lghd lv wkdw/ e| srrolqj fdvk  rzv iurp gl�huhqw surmhfwv fhqwudol}hg �upv pd|

dffxpxodwh lqwhuqdo fdvk dqg pdnh lqyhvwphqwv zlwkrxw kdylqj wr uhwxuq wr wkh fdslwdo

pdunhw1 Devhqw dq| fdslwdo pdunhw glvflsolqh/ krzhyhu/ �upv fdq vshqg uhvrxufhv lq

zd|v wkdw ehqh�w wkhp exw qrw wkhlu ruljlqdo rxwvlgh lqyhvwruv1 Lw lv wkhq pxfk kdughu
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iru lqyhvwruv wr irufh wkh �upv wr glvjrujh ixqgv> lq wkh suhvhqw fdvh wkh lqyhvwru pxvw

udlvh wkh kljk0uhwxuq �up*v lqirupdwlrq uhqw e| Z � U� Wklv lv uhplqlvfhqw ri Mhqvhq*v

+4<;9, iuhh fdvk0 rz dujxphqw zkhuh lw lv dovr kdughu iru rxwvlgh lqyhvwruv wr glvflsolqh

�upv wkdw kdyh dffxpxodwhg odujh dprxqwv ri lqwhuqdo fdvk  rz1 Wkh gl�huhqfh lv wkdw

lq wklv sdshu zh dgrsw dq h{ dqwh shuvshfwlyh1 Li lqyhvwruv dqwlflsdwh wkdw iuhh fdvk0 rz

sureohpv pd| dulvh lq wkh ixwxuh wkh| duh uhoxfwdqw wr surylgh �qdqflqj lq wkh �uvw sodfh

dqg wljkwhq �qdqflqj frqvwudlqwv1

Frpsduhg wr wkh fdvh zkhuh vhoi0�qdqflqj lv qrw srvvleoh wkh lqyhvwru*v h{shfwhg

sur�w lv uhgxfhg e| E�� R�2 dZ � Uo � Khqfh/ li R lv vx!flhqwo| orz wklv phdqv wkdw wkh

lqyhvwru*v h{shfwhg sur�w pd| eh orzhu wkdq xqghu GE1 Vroylqj wkh lqyhvwru*v h{shfwhg

sur�w iru wkh lqyhvwphqw ohyho dw zklfk kh euhdnv hyhq zh wkhq kdyh wkdw wkh lqyhvwru*v

h{shfwhg sur�w lv qrqqhjdwlyh li

U � Z � Z � Z,

� n Rn E�3R�2

2

c

li R � �*2c dqg

U � Z � Z � Z,

� n 2R E�� R� n E�3R�2

2

�

li R � �*2 1 Frpsdulqj wkhvh ydoxhv zlwk wkh fruuhvsrqglqj ydoxh xqghu GE/ +6,/ zh

rewdlq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 51 Jlyhq +D14 , ) +D16 , fhqwudol}hg eruurzlqj zkhuh khdgtxduwhuv kdv

dxwkrulw| ryhu erwk surmhfwv dqg eruurzv rq wkh surmhfwv* ehkdoi lv rswlpdo li R � s
2���

Frqyhuvho|/ li R � s
2 � � lw lv rswlpdo wr jlyh hdfk pdqdjhu dxwkrulw| ryhu d vlqjoh

surmhfw dqg kdyh wkh pdqdjhuv eruurz vhsdudwho| rq wkh h{whuqdo fdslwdo pdunhw1

Li wkh mrlqw suredelolw| wkdw erwk fdvk  rzv duh kljk lv odujh/ zklfk fruuhvsrqgv wr wkh

suredelololw| ri wkh edg vwdwh R ehlqj vpdoo/ lw lv olnho| iurp dq h{ dqwh shuvshfwlyh wkdw

iuhh fdvk0 rz sureohpv zloo dulvh1 Dqwlflsdwlqj wklv/ lqyhvwruv uhvsrqg e| wljkwhqlqj

�qdqflqj frqvwudlqwv1 Li wkh dvvrfldwhg lqh!flhqf| lv vx!flhqwo| juhdw wkh �up pd|

eh ehwwhu r� ghfhqwudol}lqj ru/ zkdw lv frqfhswxdoo| htxlydohqw/ glvlqwhjudwlqj1 Dv d

vlqjoh0surmhfw �up grhv qrw jhqhudwh hqrxjk fdvk  rz wr vhoi0�qdqfh vhfrqg0shulrg

surgxfwlrq lw pxvw qhfhvvdulo| uhwxuq wr wkh fdslwdo pdunhw1 Khqfh ghfhqwudol}dwlrq

dfwv dv d frpplwphqw ylv0ä0ylv rxwvlgh lqyhvwruv wr vwd| rq d wljkw ohdvk14< Wkh qrwlrq

4<Zkhwkhu wkh �up glvlqwhjudwhv ru ghfhqwudol}hv/ wkh wzr surmhfwv zloo ehfrph vhsdudwh �upv +uhfdoo

wkh gh�qlwlrq ri ghfhqwudol}dwlrq,1 Khqfh li erwk fdvk  rzv duh kljk wkhuh lv d qdwxudo lqfhqwlyh iru
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wkdw �upv pd| ehqh�w iurp +fuhgleo| frpplwwlqj wr, d srolf| ri uhjxoduo| uhylvlwlqj

wkh fdslwdo pdunhw lv qrw qhz dqg kdv ehhq xvhg dv dq h{sodqdwlrq iru zk| �upv sd|

glylghqgv +Hdvwhueurrn 4<;7, ru lvvxh ghew +Jurvvpdq dqg Kduw 4<;5> Mhqvhq 4<;9,1 Lq

vkrzlqj wkdw ghfhqwudol}dwlrq ru glvlqwhjudwlrq irufhv �upv wr uhylvlw wkh fdslwdo pdunhw

rxu dujxphqw frpsohphqwv wkhvh h{lvwlqj dujxphqwv1

Wkh ehqh�wv ri lqwhuqdo fdslwdo pdunhwv duh juhdwhu uhsd|phqwv wr lqyhvwruv lq lq0

whuphgldwh vwdwhv ri qdwxuh gxh wr wkh furvv0vxevlgl}dwlrq ri orz0uhwxuq surmhfwv zlwk

kljk0uhwxuq surmhfwv* fdvk  rz1 Wkh frvwv duh iuhh fdvk0 rz sureohpv lq kljk vwdwhv ri

qdwxuh/ zkhuh wkh delolw| wr srro fdvk  rzv uhgxfhv wkh �up*v qhhg wr uhwxuq wr wkh fds0

lwdo pdunhw1 Wudglqj r� wkhvh frvwv dqg ehqh�wv Sursrvlwlrq 5 wudfhv rxw wkh erxqgdulhv

ri wkh �up1 Dv wkh frvwv dqg ehqh�wv dulvh lq gl�huhqw vwdwhv ri qdwxuh wkhvh erxqg0

dulhv ghshqg rq wkh h{ dqwh glvwulexwlrq ri fdvk  rzv1 Lq sduwlfxodu/ ghfhqwudol}dwlrq

lv rswlpdo li kljk fdvk0 rz vwdwhv duh pruh olnho| zkhuhdv fhqwudol}dwlrq lv rswlpdo li

lqwhuphgldwh fdvk0 rz vwdwhv duh pruh olnho|1

Gxh wr wkh qrqyhul�delolw| ri fdvk  rzv dqg lqyhvwphqw ghflvlrqv wkh lqyhvwru fdqqrw

frqwudfwxdoo| irufh wkh �up wr uhwxuq wr wkh fdslwdo pdunhw1 Zkloh wkh dvvxpswlrq wkdw

lqyhvwphqw ghflvlrqv duh qrqyhul�deoh pd| eh uhdolvwlf lq vrph fdvhv/ lq sduwlfxodu li wkh

�up frqvlvwv ri d frpsoh{ exqgoh ri lqyhvwphqwv zkhuh lw lv gl!fxow iru rxwvlghuv wr

dvfhuwdlq zkhwkhu wkh ��wk lqyhvwphqw kdv ehhq pdgh ru qrw/ lw pd| eh ohvv uhdolvwlf

lq rwkhu fdvhv1 Ehorz zh vkrz wkdw wkh dvvxpswlrq ri qrqyhul�delolw| ri lqyhvwphqw

ghflvlrqv lv qrw qhhghg li wkh sduwlhv fdq uhqhjrwldwh diwhu ghidxow1

6 Jhqhudo Glvfxvvlrq

614 Qrqyhul�delolw| ri Lqyhvwphqw Ghflvlrqv

Frqvlghu d Kduw0Prruh +4<<;, w|sh vhwwlqj zkhuh xsrq ghidxow wkh lqyhvwru vhl}hv wkh

dvvhwv xqghuo|lqj wkh surmhfw +h1j1/ d pdfklqh,1 Wr eulqj wkh vwru| lq olqh zlwk rxu

prgho zh dvvxph wkdw wkh dvvhw fruuhvsrqgv wr wkh yhul�deoh frpsrqhqw ri wkh surmhfw

rxwsxw1 Wkh lqyhvwru wkhq kdv wkh fkrlfh ehwzhhq vhoolqj wkh dvvhw rq wkh pdunhw iru lwv

oltxlgdwlrq ydoxh ru uhqhjrwldwlqj rzqhuvkls ri wkh dvvhw +zlwk khdgtxduwhuv ru surmhfw

wkh �upv wr uh0phujh dw gdwh 4/ zklfk zrxog xqghuplqh wkh frpplwphqw srzhu ri ghfhqwudol}dwlrq1

Wr frpplw qrw wr phujh djdlq wkh wzr �upv pd| zulwh d fryhqdqw lqwr wkhlu ghew frqwudfwv uhvwulfwlqj

phujhu dfwlylw|1 Vxfk uhvwulfwlrqv duh frpprq1 Iru lqvwdqfh/ Vplwk dqg Zduqhu +4<:<, �qg wkdw 6<14(

ri wkh sxeolf ghew lvvxhv lq wkhlu vdpsoh lqfoxgh fryhqdqwv uhvwulfwlqj phujhu dfwlylw|1
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pdqdjhuv/ ghshqglqj rq zklfk vfhqdulr lv frqvlghuhg,1 Li wkh lqyhvwru oltxlgdwhv wkh

dvvhw kh uhfhlyhv Z,� Li kh vhoov wkh dvvhw edfn wr wkh �up kh uhfhlyhv � 1

Li wkh dvvhw lv vrog edfn wr wkh �up lw pd| eh xvhg iru dqrwkhu shulrg zkhuh lw

jhqhudwhv d qrqyhul�deoh uhwxuq ri Z, n {� Zh vkdoo dvvxph wkdw { : fc l1h1/ wkh dvvhw

lv zruwk pruh wr wkh �up wkdq wr wkh lqyhvwru1 Diwhu wkh dvvhw lv xvhg d vhfrqg wlph

lwv oltxlgdwlrq ydoxh lv }hur/ l1h1/ wkhuh lv ixoo ghsuhfldwlrq1 Fohduo|/ dv { : f oltxlgdwlrq

lv lqh!flhqw1 Krzhyhu/ dv Kduw dqg Prruh +4<<;, srlqw rxw wkh �up pd| qrw kdyh

vx!flhqw ixqgv wr frpshqvdwh wkh lqyhvwru iru qrw oltxlgdwlqj wkh dvvhw1

Vxssrvh 2 EZ� � Z,� : Z, : EZ� � Z,� c zkhuh wkh �uvw lqhtxdolw| iroorzv iurp +D16,1

Lq wklv fdvh qhlwkhu ri wkh wzr ghfhqwudol}hg/ ru vwdqg0dorqh/ �upv kdv vx!flhqw ixqgv

wr ex| edfn wkh dvvhw1 Krzhyhu/ wkh fhqwudol}hg �up/ diwhu hduqlqj 2Z� exw fodlplqj

wkdw fdvk  rzv duh 2Z,c grhv kdyh wkh ixqgv wr ex| edfn wkh dvvhw1 Ghshqglqj rq erwk

wkh glvwulexwlrq ri edujdlqlqj srzhu dqg wkh �up*v oltxlglw| wkh fhqwudol}hg �up wkhq

pdnhv d qhw jdlq ri Z, n { � � � f�53 Lq d uhqhjrwldwlrq0surri frqwudfw wkh lqyhvwru

zrxog wkxv kdyh wr ohdyh d kljk0uhwxuq �up xqghu FE zlwk d juhdwhu uhqw wkdq wkh wzr

kljk0uhwxuq �upv xqghu GE wrjhwkhu/ zklfk lv doo wkdw lv qhhghg iru Sursrvlwlrq 5 wr

rewdlq +wkh R0wkuhvkrog pd| wkhq eh gl�huhqw,1 Khqfh hyhq wkrxjk lqyhvwphqw ghflvlrqv

duh yhul�deoh +wkh xvh ri wkh dvvhw lq wkh vhfrqg shulrg lv revhuydeoh,/ fhqwudol}dwlrq

orzhuv wkh lqyhvwru*v sur�w lq kljk fdvk  rz0vwdwhv/ h{dfwo| olnh lq wkh suhylrxv vhwwlqj1

615 Fruuhodwhg Surmhfwv

Lq wklv vhfwlrq zh vkdoo frqvlghu duelwudu| fruuhodwlrq frh!flhqwv dfurvv surmhfwv lq dq|

jlyhq shulrg zkloh uhwdlqlqj wkh dvvxpswlrq wkdw surmhfwv duh vhuldoo| xqfruuhodwhg1 H{0

fhsw iru h{wuhph fruuhodwlrq frh!flhqwv/ lq zklfk fdvh hlwkhu FE ru GE lv rswlpdo/ wkh

vdph slfwxuh dv ehiruh hphujhv= li vhoi0�qdqflqj lv qrw srvvleoh FE lv rswlpdo zkhuhdv

li vhoi0�qdqflqj lv srvvleoh wkhuh h{lvwv d fulwlfdo wkuhvkrog R 5 Efc �� vxfk wkdw FE lv

rswlpdo li R � R dqg GE lv rswlpdo li R � R�

Ghqrwh wkh fruuhodwlrq frh!flhqw e| 4� Zkloh wkh rswlpdo �qdqfldo frqwudfw xq0

ghu erwk vhoi0�qdqflqj dqg �qr vhoi0�qdqflqj� uhpdlqv wkh vdph dv ehiruh/ doorzlqj iru

qrq0}hur fruuhodwlrq fkdqjhv wkh surmhfwv* mrlqw suredelolwlhv dqg khqfh wkh lqyhvwru*v

53Wkh lqhtxdolw| pd| eh vwulfw hyhq li wkh lqyhvwru kdv doo wkh edujdlqlqj srzhu lq wkh uhqhjrwldwlrq

jdph1 Iru lqvwdqfh/ vxssrvh 5 +�k � �o, @ �o . �@5= Lq wklv fdvh/ qr pdwwhu zkdw wkh lqyhvwru*v

edujdlqlqj srzhu lv/ kh fdq fdswxuh dw prvw kdoi ri wkh vxusoxv vlqfh �o . �@5 lv wkh prvw zklfk

khdgtxduwhuv fdq sd|1
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h{shfwhg sd|r�154 Wkh qhz mrlqw suredelolwlhv duh R d�� E�� 4� E�� R�o iru w|sh E,c ,� c

2 E�� 4� R E�� R� iru w|sh E,c ��/ dqg E�� R� d�� R E�� 4�o iru w|sh E�c �� � +Vhh wkh Ds0

shqgl{ iru d ghulydwlrq ri wkhvh suredelolwlhv,1

Zh fdq djdlq frpsxwh wkh lqyhvwru*v h{shfwhg sur�w xqghu erwk vhoi0�qdqflqj dqg

�qr vhoi0�qdqflqj� dqg frpsduh wkh ydoxh zlwk wkh fruuhvsrqglqj ydoxh xqghu GE1 Iru

�qr vhoi0�qdqflqj� wkh uhvxow lv reylrxv1 Vlqfh fhqwudol}dwlrq kdv rqo| ehqh�wv FE lv

vwulfwo| rswlpdo h{fhsw zkhq surmhfwv duh shuihfwo| srvlwlyho| fruuhodwhg/ lq zklfk fdvh

FE dqg GE duh uhyhqxh0htxlydohqw1 Wkh uhdvrq lv wkdw zlwk shuihfw srvlwlyh fruuhodwlrq

wkh suredelolw| ri uhdfklqj wkh lqwhuphgldwh vwdwh ri qdwxuh zkhuh rqh fdvk  rz lv kljk

dqg wkh rwkhu lv orz lv }hur1 Exw wklv lv wkh rqo| vwdwh ri qdwxuh zkhuh wkh ehqh�wv ri

lqwhuqdo fdslwdo pdunhwv pdwhuldol}h1 Iru wkh fdvh ri vhoi0�qdqflqj wkh uhvxow lv vwdwhg lq

wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 61 Jlyhq +D14 , ) +D16 , dqg duelwudu| fruuhodwlrq frh!flhqwv/ gh0

fhqwudol}hg eruurzlqj lv rswlpdo li 4 � 2*� zkloh fhqwudol}hg eruurzlqj lv rswlpdo li

4 � ��*21 Li 4 5 E��*2c 2*�� wkhuh h{lvwv d vwulfwo| lqfuhdvlqj ixqfwlrq R E4� vxfk wkdw

ghfhqwudol}hg eruurzlqj lv rswlpdo li R � R E4� dqg fhqwudol}hg eruurzlqj lv rswlpdo li

R � R E4� �

Sursrvlwlrq 6 kdv d qdwxudo lqwhusuhwdwlrq1 Dv dujxhg deryh/ iru kljk ydoxhv ri 4

wkh h{shfwhg ehqh�wv iurp fhqwudol}dwlrq duh vpdoo1 E| frqwudvw/ wkh mrlqw suredelolw|

wkdw erwk surmhfwv kdyh d kljk fdvk  rz/ lq zklfk fdvh iuhh fdvk0 rz sureohpv dulvh/ lv

vwulfwo| lqfuhdvlqj lq 41 Wrjhwkhu/ wklv lpsolhv wkdw iru vx!flhqwo| kljk 4 wkh frvwv ri

fhqwudol}dwlrq rxwzhljk wkh ehqh�wv1 Wkh fdvh ri vwurqjo| qhjdwlyho| fruuhodwhg surmhfwv

lv wkh rssrvlwh155 Iru doo lqwhuphgldwh ydoxhv ri 4 erwk wkh uhvxowv dqg wkh lqwxlwlrq fduu|

ryhu iurp Vhfwlrq 51 Zkloh qhlwkhu rujdql}dwlrqdo irup grplqdwhv wkh rwkhu iru doo Rc

wkhuh h{lvwv dq lqwhulru wkuhvkrog R E4� vxfk wkdw FE lv rswlpdo li R � R E4� dqg GE lv

rswlpdo li R � R E4�1 Wkh uhdg| pd| yhul�| iurp wkh htxdwlrq fkdudfwhul}lqj R E4� lq wkh

Dsshqgl{ wkdw R Ef� '
s
2� �c dv vwdwhg lq Sursrvlwlrq 51

54Wkh rswlpdo frqwudfw uhpdlqv xqfkdqjhg ehfdxvh lqfhqwlyh frpsdwlelolw| dqg olplwhg oldelolw| duh

erwk h{ srvw frqvwudlqwv wkdw gr qrw ghshqg rq wkh h{ dqwh mrlqw suredelolwlhv1
55Iru qhjdwlyh fruuhodwlrq frh!flhqwv rqo| fhuwdlq frpelqdwlrqv ri � dqg s duh ihdvleoh/ zklfk lv dq

duwhidfw ri wkh wzr0srlqw glvwulexwlrq1 Lq wkh Dsshqgl{ zh surylgh dq h{dfw irupxod fkdudfwhul}lqj wkh

vhw ri ihdvleoh +�> s,0frpelqdwlrqv1
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616 Uhqhjrwldwlrq

Zkloh wkh rswlpdo frqwudfwv xqghu GE dqg FE hqwdlo h{ srvw lqh!flhqflhv wkhuh zloo eh

qr uhqhjrwldwlrq rq wkh htxloleulxp sdwk dv d orz0uhwxuq �up/ diwhu pdnlqj lwv gdwh04

uhsd|phqw/ kdv qr ixqgv ohiw wr frpshqvdwh wkh lqyhvwru iru klv vhfrqg0shulrg orvv ri

Z, � U shu surmhfw1 Wkh vlwxdwlrq lv gl�huhqw li d kljk0uhwxuq �up idovho| fodlpv wkdw lwv

fdvk  rz lv orz1 Frqvlghu/ iru lqvwdqfh/ wkh vlwxdwlrq xqghu GE zkhuh vxfk d �up kdv

oltxlg ixqgv ri Z� � Z,1 Zkloh wklv lv qrw hqrxjk wr �qdqfh vhfrqg0shulrg surgxfwlrq

wkh �up pd| uhqhjrwldwh zlwk wkh lqyhvwru dqg dvn iru dq dgglwlrqdo fdvk lqmhfwlrq ri Z,1

Dv wkh lqyhvwru fdq dvvxuh d uhsd|phqw ri Z, dw gdwh 5 kh zloo surylgh wkh prqh|1 Wkh

�up*v sd|r� iurp plplfnlqj d orz0uhwxuq �up lv wkhq vwulfwo| juhdwhu wkdq Z��Z,/ zklfk

lpsolhv wkdw wkh suhylrxvo| ghulyhg deryh lv qrw uhqhjrwldwlrq0surri1 D vlplodu uhdvrqlqj

krogv iru wkh rswlpdo frqwudfw xqghu FE1 Lw lv vwudljkwiruzdug wr h{whqg wkh suhylrxv

dqdo|vlv e| dgglqj uhqhjrwldwlrq0surriqhvv frqvwudlqwv1 Irupdo uhvxowv duh irxqg lq wkh

zrunlqj sdshu yhuvlrq +Lqghuvw dqg Pÿoohu 5333,1 Dw wklv srlqw zh vkdoo rqo| qrwh wkdw

doo uhvxowv frqwlqxh wr krog surylghg wkh lqyhvwru kdv vx!flhqw edujdlqlqj srzhu lq wkh

uhqhjrwldwlrq jdph156

617 Frpshwlwlyh Fuhglw Pdunhwv

Dq lpphgldwh frqvhtxhqfh ri lqwurgxflqj +shuihfwo|, frpshwlwlyh fuhglw pdunhwv lv wkdw

pruh surmhfwv zloo eh uh�qdqfhg dw gdwh 41 Iru lqvwdqfh/ wkh uh�qdqflqj suredelolw| ri d

orz0uhwxuq �up xqghu GE xqghu wkh rswlpdo �qdqfldo frqwudfw lv wkhq q E,� : f lqvwhdg

ri }hur dv ehiruh1 Dv doo uhvxowv lq wklv sdshu ghshqg lq vrph zd| rq d frpsdulvrq zlwk

wklv ehqfkpdun wkh| orvh pxfk ri wkhlu vlpsolflw|/ zklfk lv zk| zh dvvxph wkdw wkhuh lv

d vlqjoh lqyhvwru1 Ehvlghv/ krzhyhu/ doo txdolwdwlyh vwdwhphqwv dv zhoo dv wkh dujxphqwv

lq idyru dqg djdlqvw fhqwudol}dwlrq uhpdlq wkh vdph � surylghg d vhqlrulw| uxoh lv dgghg

wr wkh frqwudfw1 Wkh qhhg iru d vhqlrulw| uxoh hphujhv li d kljk0uhwxuq �up ghidxowv dqg

dssurdfkhv dqrwkhu lqyhvwru1 Pxfk olnh deryh xqghu uhqhjrwldwlrq wkh �up qhhgv dw

prvw Z, wr �qdqfh vhfrqg0shulrg surgxfwlrq1 Dv wkh qhz lqyhvwru lv zloolqj wr surylgh

wkh prqh| wkh ruljlqdo lqyhvwru zloo pdnh d orvv1 Wr dyrlg wkh sureohp wkh ruljlqdo

sduwlhv wr wkh frqwudfw pd| dgg d surylvlrq vwdwlqj wkdw zkhqhyhu wkh �up ghidxowv lw

fdqqrw pdnh sd|phqwv wr d qhz lqyhvwru xqohvv lw �uvw vhwwohv lwv ghew zlwk wkh ruljlqdo

56Li wkh �up kdv doo wkh edujdlqlqj srzhu lq wkh uhqhjrwldwlrq jdph wkh lqyhvwru*v sd|r� shu surmhfw

lv �I .�o ? 31 Khqfh �qdqflqj euhdnv grzq frpsohwho|/ pxfk olnh wkh fdvh zkhq wkhuh lv rqo| d vlqjoh

shulrg1
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lqyhvwru1 Dv sd|phqwv wr dqg iurp lqyhvwruv duh yhul�deoh/ wklv surylvlrq lv hqirufhdeoh1

618 Hpslulfdo Lpsolfdwlrqv

Wkh pdlq hpslulfdo lpsolfdwlrq hphujlqj iurp Sursrvlwlrqv 5 dqg 6 lv wkdw/ fhwhulv

sdulexv/ frqjorphudwhv zlwk zhoo0ixqfwlrqlqj lqwhuqdo fdslwdo pdunhwv vkrxog kdyh d orzhu

dyhudjh shuirupdqfh +kljkhu R,/ ru surgxfwlylw|/ wkdq vwdqg0dorqh �upv ru kroglqj frp0

sdqlhv zkhuh wkh gl�huhqw �upv duh �qdqfldoo| dxwrqrprxv1 Zkloh hpslulfdo hylghqfh

rq wkh uhodwlrq ehwzhhq shuirupdqfh dqg wkh ghjuhh ri glyhuvl�fdwlrq lv vfdufh/ K|odqg

+4<<<, dqg Pdnvlprylf dqg Skloolsv +5333, erwk �qg wkdw glyhuvli|lqj �upv duh ohvv

surgxfwlyh dqg kdyh zhdnhu rshudwlqj shuirupdqfh wkdq wkhlu vlqjoh0vhjphqw frxqwhu0

sduwv1 Rq wkh rwkhu kdqg/ Vfkrdu +5333, �qgv wkdw sodqwv ri glyhuvl�hg �upv duh pruh

surgxfwlyh wkdq sodqwv ri vlqjoh0vhjphqw �upv lq wkh vdph lqgxvwu|1

Wr wkh h{whqw wkdw vwrfn sulfhv wudfn surgxfwlylw| +vhh Vfkrdu 5333 iru d!updwlyh

hylghqfh,/ rxu uhvxowv dovr lpso| wkdw/ fhwhulv sdulexv/ frqjorphudwhv vkrxog rq dyhudjh

wudgh dw d orzhu ydoxh wkdq d frpsdudeoh sruwirolr ri vwdqg0dorqh �upv1 Wkh hpslulfdo

olwhudwxuh grfxphqwlqj wkdw frqjorphudwhv wudgh dw d glvfrxqw lv kxjh> vrph ri wkh

ehwwhu nqrzq sdshuv duh/ h1j1/ Ehujhu dqg Rihn +4<<8,/ Odqj dqg Vwxo} +4<<7,/ dqg

Vhuydhv +4<<9,1 Pruh wkdq wkdw/ krzhyhu/ rxu sdshu vxjjhvwv +dorqj zlwk d vhulhv ri

rwkhu sdshuv, wkdw wkh glyhuvl�fdwlrq glvfrxqw pd| eh wkh frqvhtxhqfh ri orz0shuiruplqj

�upv* hqgrjhqrxv fkrlfh wr glyhuvli|157 Hpslulfdo hylghqfh frqvlvwhqw zlwk wklv ylhz lv

surylghg e| Fdpsd dqg Nhgld +4<<<, zkr uhsruw wkdw glyhuvl�hg �upv zhuh glvfrxqwhg

hyhq zkhq wkh| rshudwhg dv vlqjoh0vhjphqw �upv/ vxjjhvwlqj wkdw wkh| shuiruphg srruo|

douhdg| sulru wr wkh glyhuvl�fdwlrq1 Zkhq wkh dxwkruv frqwuro iru wkh hqgrjhqhlw| ri wkh

glyhuvl�fdwlrq ghflvlrq wkh glyhuvl�fdwlrq glvfrxqw dozd|v gursv/ dqg riwhq glvdsshduv

frpsohwho|1 Lq d vlplodu yhlq/ Judkdp/ Ohpprq/ dqg Zroi +5333, frqfoxgh wkdw �d idlu

sruwlrq ri wkh glyhuvl�fdwlrq glvfrxqw lq pxowlvhjphqw �upv rffxuv ehfdxvh wkh xqlwv

wkdw pdnh xs wkh frqjorphudwhv zrxog eh glvfrxqwhg hyhq li wkh| rshudwhg dv vwdqg0

dorqh �upv/ dqg qrw ehfdxvh glyhuvl�fdwlrq ghvwur|v ydoxh� +s18,1

Lq rxu prgho wkh frvwv ri frqjorphudwhv duh srvlwlyho| uhodwhg wr wkh ghjuhh wr zklfk

�upv fdq klgh ru glyhuw ixqgv dv h{suhvvhg e| wkh qrqyhul�deoh iudfwlrq ri fdvk  rzv

Z� � Z,� Li wkh dprxqw wkdw fdq eh glyhuwhg lv vpdoo khdgtxduwhuv kdv qr fkrlfh exw

wr uhwxuq wr wkh fdslwdo pdunhw dqg dvn iru dgglwlrqdo ixqglqj1 Lq rxu prgho wklv lv

57Rwkhu prghov vxjjhvwlqj wkdw orz0surgxfwlylw| �upv ehqh�w pruh iurp glyhuvl�fdwlrq duh/ h1j1/

Ioxfn dqg O|qfk +4<<<, dqg Pdnvlprylf dqg Skloolsv +5333,1
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wkh fdvh zkhqhyhu 2 EZ� � Z,� 	 Uc lq zklfk fdvh iruplqj d frqjorphudwh kdv ehqh�wv

exw qr frvwv +Sursrvlwlrq 5,1 Li wkh dprxqw wkdw fdq eh glyhuwhg lqfuhdvhv/ krzhyhu/

khdgtxduwhuv pd|/ e| srrolqj dqg dffxpxodwlqj lqwhuqdo ixqgv/ sxuvxh lqyhvwphqwv wkdw

ehqh�w lwvhoi exw qrw wkh �up*v rxwvlgh lqyhvwru +vhh wkh glvfxvvlrq suhfhglqj Sursrvlwlrq

6,1 Qrw vxusulvlqjo|/ wkh ghjuhh wr zklfk iuhh fdvk0 rz sureohpv dulvh lv wkhuhiruh

srvlwlyho| uhodwhg wr wkh iudfwlrq ri fdvk  rz wkdw lv qrqyhul�deoh/ l1h1/ wkh fdvk  rz

wkdw wkh lqyhvwru fdqqrw hdvlo| dffhvv1 Hpslulfdoo|/ wklv vxjjhvwv wkdw zh vkrxog vhh ohvv

ghyhorshg lqwhuqdo fdslwdo pdunhwv lq frxqwulhv zkhuh dffrxqwlqj odzv pdnh lw hdvlhu wr

klgh ixqgv iurp lqyhvwruv/ ru pruh jhqhudoo|/ zkhuh lqyhvwru surwhfwlrq lv zhdn1 Dv lq

Od Sruwd/ Orsh}0gh0Vlodqhv/ Vkohlihu/ dqg Ylvkq| +5333, wkh pdunhw xowlpdwho| surylghv

lqvwlwxwlrqv uhvwrulqj wkh edodqfh ri srzhuv1 Lq wkhlu sdshu lw lv wkh ghjuhh ri rzqhuvkls

frqfhqwudwlrq> khuh lw lv wkh rujdql}dwlrqdo irup dqg wkh prgh ri lqfrusrudwlrq1

619 Uhodwhg Olwhudwxuh

Wklv sdshu lv/ wr rxu nqrzohgjh/ wkh �uvw wr vwxg| rswlpdo frqwudfwlqj ehwzhhq khdg0

txduwhuv dqg rxwvlgh lqyhvwruv1 Lw wkxv olqnv wkh �qdqfldo frqwudfwlqj olwhudwxuh/ zklfk

w|slfdoo| vwxglhv frqwudfwlqj ehwzhhq lqyhvwruv dqg vlqjoh0surmhfw hqwuhsuhqhxuv/ zlwk

wkh olwhudwxuh rq lqwhuqdo fdslwdo pdunhwv1 Pruhryhu/ wkh rqo| zd| lq zklfk lqwhuqdo fds0

lwdo pdunhwv dgg ru ghvwur| ydoxh lq wklv sdshu lv e| d�hfwlqj wkh �qdqflqj frqvwudlqw1

Wklv ixuwkhu glvwlqjxlvkhv rxu sdshu iurp suhylrxv zrun zkhuh khdgtxduwhuv dggv ru

ghvwur|v ydoxh hyhq li wkh �qdqflqj frqvwudlqw lv �{hg +h1j1/ Vwhlq 4<<:,1

Rq d gl�huhqw/ pruh devwudfw/ ohyho wkh sdshu vkrzv wkdw srrolqj fdvk  rzv pd|

kdyh erwk ehqh�wv dqg frvwv1 Lq lqwhuphgldwh fdvk0 rz vwdwhv fhqwudol}hg �upv pdnh

juhdwhu uhsd|phqwv zkloh lq kljk fdvk0 rz vwdwhv wkh| pdnh orzhu uhsd|phqwv frpsduhg

wr ghfhqwudol}hg �up1 Iurp dq h{ dqwh shuvshfwlyh wkhuh lv wkxv d wudghr�/ vlqfh erwk wkh

ehqh�wv dqg frvwv dulvh zlwk srvlwlyh suredelolw|1 +Xqohvv/ ri frxuvh/ surmhfwv duh hlwkhu

shuihfwo| srvlwlyho| ru qhjdwlyho| fruuhodwhg,1 Pruhryhu/ erwk wkh ehqh�wv dqg frvwv duh

hqgrjhqrxv dqg dulvh dv sduw ri dq rswlpdo �qdqfldo frqwudfw1 Lq wklv uhjdug/ rxu sdshu

lv uhodwhg wr zrun rq �qdqfldo lqwhuphgldwlrq +h1j1/ Gldprqg 4<;7, dqg �qdqfh0edvhg

prghov ri phujhuv dqg rswlpdo �up vl}h +h1j1/ Ioxfn dqg O|qfk 4<<<> Ol dqg Ol 4<<9,/

zklfk exlog rq hlwkhu wkh ehqh�wv ru frvwv ri fdvk0 rz srrolqj/ ru erwk1

Dv srlqwhg rxu hduolhu/ d Gldprqg0w|sh lqwhuphgldu| fdqqrw shuirup wkh vdph ixqf0

wlrq dv khdgtxduwhuv dv lw odfnv wkh qhfhvvdu| frqwuro uljkwv wr zlwkgudz fdvk  rzv1 +Lw

rqo| kdv frqwuro diwhu wkh �up ghidxowv,1 Wkh gl�huhqfh ehwzhhq khdgtxduwhuv dqg d
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edqn lv wkxv wkh vdph dv lq rwkhu lqwhuqdo fdslwdo pdunhwv prghov +h1j1/ Jhuwqhu/ Vwhlq/

dqg Vfkduivwhlq 4<<7> Vwhlq 4<<:/ 5333,1 Zkloh Ioxfn dqg O|qfk kdyh d prgho zkhuh

wkh ehqh�wv ri fdvk0 rz srrolqj dulvh qdwxudoo|/ wkh| qhhg wr dvvxph h{rjhqrxv frvwv

wr rewdlq wkh ghvluhg wudghr�1 Lq Ol dqg Ol*v prgho wkhuh duh hlwkhu ehqh�wv ru frvwv

ri fdvk0 rz srrolqj/ exw qrw erwk1 Pruhryhu/ qhlwkhu sdshu dgrswv d vhfxulw| ghvljq

dssurdfk zkhuh wkh rswlpdo �qdqfldo frqwudfw lv ghulyhg hqgrjhqrxvo|158

7 Frqfoxglqj Uhpdunv

Ilqdqfldo frqwudfwlqj prghov w|slfdoo| frqvlghu d vlqjoh0surmhfw hqwuhsuhqhxu zkr udlvhv

�qdqfh iurp d zhdowk| lqyhvwru1 Lq wklv vhwwlqj txhvwlrqv uhjduglqj wkh doorfdwlrq ri

dxwkrulw| lqvlgh wkh �up ru wkh uroh ri lqwhuqdo fdslwdo pdunhwv fdqqrw eh dgguhvvhg1

Rq wkh rwkhu kdqg/ lqwhuqdo fdslwdo pdunhwv prghov kdyh qrw/ dw ohdvw wr rxu nqrzohgjh/

frqvlghuhg rswlpdo �qdqfldo frqwudfwlqj ehwzhhq khdgtxduwhuv dqg rxwvlgh lqyhvwruv1

Wklv sdshu olqnv erwk olwhudwxuhv1

Zh ghulyh wkh rswlpdo �qdqfldo frqwudfw iru erwk fhqwudol}hg �upv zkhuh khdgtxdu0

whuv eruurzv rq surmhfwv* ehkdoi dqg ghfhqwudol}hg/ ru vwdqg0dorqh/ �upv zkhuh lqglylg0

xdo surmhfw pdqdjhuv eruurz vhsdudwho|1 Ghshqglqj rq wkh vwdwh ri qdwxuh khdgtxduwhuv

pdnhv juhdwhu ru orzhu uhsd|phqwv wr lqyhvwruv wkdq ghfhqwudol}hg �upv1 Lq lqwhuph0

gldwh fdvk0 rz vwdwhv khdgtxduwhuv h�hfwlyho| furvv0vxevlgl}hv orz0uhwxuq surmhfwv zlwk

kljk0uhwxuq surmhfwv* fdvk1 Wklv doorzv khdgtxduwhuv wr pdnh juhdwhu uhsd|phqwv/ zklfk

lq wxuq hdvhv �qdqflqj frqvwudlqwv1 Rq wkh rwkhu kdqg/ lq kljk fdvk0 rz vwdwhv khdg0

txduwhuv pd|/ e| srrolqj fdvk  rzv dqg dffxpxodwlqj lqwhuqdo ixqgv/ pdnh lqyhvwphqwv

zlwkrxw kdylqj wr uhwxuq wr wkh fdslwdo pdunhw1 Lq sduwlfxodu/ devhqw dq| fdslwdo pdunhw

glvflsolqh khdgtxduwhuv pd| wkhq pdnh lqyhvwphqwv wkdw ehqh�w lwvhoi exw qrw wkh �up*v

rxwvlgh lqyhvwruv1 Dqwlflsdwlqj wkdw iuhh fdvk0 rz sureohpv dulvh/ lqyhvwruv rswlpdoo|

uhvsrqg e| wljkwhqlqj �qdqflqj frqvwudlqwv1 Dv wkdw wkh frvwv dqg ehqh�wv ri lqwhu0

qdo fdslwdo pdunhwv pdwhuldol}h lq gl�huhqw vwdwhv ri qdwxuh wkh erxqgdulhv ri wkh �up

ghshqg rq wkh h{ dqwh glvwulexwlrq ri fdvk  rzv1

Ilqdoo|/ zh eholhyh wklv sdshu |lhogv vrph edvlf lqvljkwv zklfk pd| eh iuxlwixoo|

dssolhg wr rwkhu duhdv ri hfrqrplfv1 Iluvw/ e| vkrzlqj wkdw fdvk0 rz srrolqj pd|

vwuhqjwkhq d �up*v delolw| wr h{sursuldwh lqyhvwruv wkh sdshu lv rqh ri ihz sdshuv hp0

58Dv Ioxfn dqg O|qfk kdyh d g|qdplf prgho wkh| fdq dgguhvv lvvxhv zklfk rxu prgho fdqqrw dgguhvv/

krzhyhu/ l1h1/ zk| phujhu ghflvlrqv pd| eh uhyhuvhg lq wkh ixwxuh1
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skdvl}lqj wkh qhjdwlyh vlghv ri fdvk0 rz srrolqj1 Dv rwkhu zrun/ hvshfldoo| rq �qdqfldo

lqwhuphgldwlrq/ uhvwv odujho| rq wkh srvlwlyh vlghv ri fdvk0 rz srrolqj +h1j1/ Gldprqg

4<;7,/ lw pd| eh zruwk h{sorulqj zkhwkhu d vlplodu wudghr� fdq eh irxqg wkhuh1 Vhfrqg/

lqwhuqdo fdslwdo pdunhwv pd|/ yld wkhlu h�hfw rq wkh �qdqflqj frqvwudlqw/ d�hfw �upv*

vwudwhjlf ehkdylru rq wkh surgxfw pdunhw1 Iru lqvwdqfh/ lq Erowrq dqg Vfkduivwhlq +4<<3,

wkh suhvhqfh ri �qdqflqj frqvwudlqwv fuhdwhv lqfhqwlyhv iru ghhs0srfnhw �upv wr orzhu

wkhlu �qdqfldoo| frqvwudlqhg ulydov* vkruw0whup sur�wv/ h1j1/ e| vwduwlqj d sulfh zdu1 Dv

vkrzq lq wklv sdshu/ jurxslqj vhyhudo �qdqfldoo| frqvwudlqhg �upv lqwr d frqjorphudwh

dqg fuhdwlqj dq lqwhuqdo fdslwdo pdunhw pd| uhgxfh �qdqflqj frqvwudlqwv/ dqg khqfh

frpshwlwruv* lqfhqwlyhv wr suh|1 Wklug/ dv zh eulh | srlqwhg rxw lq wkh Lqwurgxfwlrq/

lqwhuqdo fdslwdo pdunhwv pd| sod| dq lpsruwdqw uroh iru wkh fuhglw fkdqqho dqg prq0

hwdu| wudqvplvvlrq phfkdqlvp1 Lq sduwlfxodu/ wr wkh h{whqw wkdw wkh| doohyldwh fuhglw

frqvwudlqwv lqwhuqdo fdslwdo pdunhwv pd| gdps wkh h�hfw ri vkrfnv rq exvlqhvv ohqglqj

dqg khqfh vwdelol}h surgxfwlrq dqg hfrqrplf jurzwk1 Wklv lv d srlqw zkhuh zh hvshfldoo|

wklqn wkdw pruh zrun vkrxog eh grqh1

8 Dsshqgl{

Surri ri Sursrvlwlrq 41 Lw uhpdlqv wr ghulyh wkh rswlpdo frqwudfw xqghu FE dqg �qr

vhoi0�qdqflqj�1 Wkh uhvw iroorzv iurp wkh dujxphqwv surylghg lq wkh wh{w1

Lqvwhdg ri vroylqj wkh sureohp +7,0+:, zh vroyh d uhod{hg sureohp zkhuh wkh joredo

lqfhqwlyh frpsdwlelolw| frqvwudlqw +8, lv uhsodfhg zlwk wkh grzqzdug frqvwudlqwv wkdw

qhlwkhu w|sh E�c �� qru w|sh E�c ,� kdv dq lqfhqwlyh wr plplfn w|sh E,c ,� �Zh vxevhtxhqwo|

vkrz wkdw wkh vroxwlrq wr wklv uhod{hg sureohp dovr vroyhv wkh ruljlqdo sureohp1 Lq wkh

uhod{hg sureohp wkh lqyhvwru vroyhv +7, vxemhfw wr wkh olplwhg oldelolw| frqvwudlqwv +9,0+:,

dqg wkh grzqzdugv lqfhqwlyh frpsdwlelolw| frqvwudlqwv

o Er��-� Er� n q Er�
k
2Z �-2 Er�

l
� o Er��-� E,c ,� n q E,c ,�

k
2Z �-2 E,c ,�

l
c

zkhuh r 5 iE�c �� c E�c ,�j � Ghqrwh wkhvh frqvwudlqwv e| � E�c �� dqg � E�c ,� c uhvshfwlyho|1

Wkh iroorzlqj wzr ohppdv frqvlghudeo| vlpsoli| wkh dqdo|vlv1

Ohppd1 Dw dq| rswlpxp lw pxvw krog wkdw q E,c ,� ' f dqg -� E,c ,� ' 2Z,�

Surri1 Zh dujxh wr d frqwudglfwlrq1 Vxssrvh qE,c ,� : f dqg gh�qh 7-�E,c ,� G' 2Z,

dqg 7-2E,c ,� G' -2E,c ,�� 2Z, n -�E,c ,�1 Li qE,c ,� 	 � uhsodflqj -�E,c ,� dqg -2E,c ,� zlwk

7-�E,c ,� dqg 7-2E,c ,� vwulfwo| lqfuhdvhv wkh lqyhvwru*v h{shfwhg sur�w/ zkhuhdv li qE,c ,� ' �
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uhsodflqj -�E,c ,� dqg -2E,c ,� zlwk 7-�E,c ,� dqg 7-2E,c ,� ohdyhv wkh lqyhvwru*v h{shfwhg

sur�w xqfkdqjhg1 Pruhryhu/ li �E�c ��/ �E�c ,�c dqg wkh wzr olplwhg oldelolw| frqvwudlqwv

duh vdwlv�hg xqghu -�E,c ,� dqg -2E,c ,�/ wkh| duh dovr vdwlv�hg xqghu 7-�E,c ,� dqg 7-2E,c ,��

Iurp wkh vhfrqg0shulrg olplwhg oldelolw| frqvwudlqw iru w|sh E,c ,� lw iroorzv wkdw

7-2
� E,c ,� � 2U 	 f1 Rq wkh rwkhu kdqg/ vlqfh 7Z � U : f dqg 7-2

� E,c ,� � 2Z, lw pxvw

eh wuxh wkdw 27Z � 7-2
� E,c ,� : f1 Dffruglqjo|/ uhgxflqj qE,c ,� vwulfwo| lpsuryhv wkh lq0

yhvwru*v h{shfwhg sur�w zlwkrxw ylrodwlqj dq| ri wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv/

zklfk frqwudglfwv wkh rswlpdolw| ri qE,c ,� : f� Jlyhq wkdw qE,c ,� ' f lv rswlpdo/ wkh idfw

wkdw -�E,c ,� ' f lv dovr rswlpdo lv reylrxv1 T1H1G1

Ohppd1 Dw dq| rswlpxp wkh frqvwudlqwv �E�c ,� dqg �E�c �� pxvw elqg1

Surri1 Zh dujxh djdlq wr d frqwudglfwlrq1 Vxssrvh �E�c �� lv vodfn1 Li qE�c �� ' f

wkhq �E�c �� lpsolhv wkdw wkh �uvw0shulrg olplwhg oldelolw| frqvwudlqw iru w|sh E�c �� lv

dovr vodfn1 Exw wklv lpsolhv wkdw wkh lqyhvwru fdq lpsuryh klv h{shfwhg sur�w e| udlvlqj

-�E�c �� zlwkrxw ylrodwlqj dq| frqvwudlqw/ frqwudglfwlrq1 Li qE�c �� 5 Efc �� wkh xqltxh

rswlpdo sd|phqwv iru w|sh E�c �� duh -�E�c �� ' Z, n Z� dqg -2E�c �� ' 2Z,1 Vlqfh zh

vkrzhg deryh wkdw -�E,c ,� ' 2Z, dqg qE,c ,� ' f wklv ylrodwhv �E�c ��c frqwudglfwlrq1

Ilqdoo|/ li qE�c �� ' � dq| rswlpdo frqwudfw pxvw vdwlvi| -�E�c ��n-2E�c �� ' 2Z�n2Z,1

Vlqfh 2EZ� � Z,� : 2E7Z � Z,� wklv ylrodwhv djdlq �E�c ��c frqwudglfwlrq1

Qh{w/ vxssrvh �E�c ,� lv vodfn1 Li qE�c ,� ' f wkh dujxphqw lv wkh vdph dv deryh1

Li qE�c ,� 5 Efc �� wkh xqltxh rswlpdo sd|phqwv iru w|sh E�c ,� duh -�E�c ,� ' Z� n Z,

dqg -2E�c ,� ' 2Z,� Revhuyh wkdw li 2qE�c ,�E7Z � Z,� � Z� � Z, wklv frqwudfw lv lqghhg

lqfhqwlyh frpsdwleoh1 Vlqfh 2EZ, � U� 	 fc krzhyhu/ wkh lqyhvwru lv vwulfwo| ehwwhu r�

e| uhgxflqj qE�c ,�c frqwudglfwlrq1 Ilqdoo|/ li qE�c ,� ' � dq| rswlpdo frqwudfw pxvw

vdwlvi| -�E�c ,� n -2E�c ,� ' Z� n Z, n 2Z,1 Lq sduwlfxodu/ wklv lpsolhv wkdw dq| rswlpdo

frqwudfw |lhogv wkh vdph sur�w wr wkh lqyhvwru dv d frqwudfw zkhuh -�E�c ,� ' Z�nZ, dqg

-2E�c ,� ' 2Z,1 Dv zh vkrzhg deryh/ krzhyhu/ wkh lqyhvwru zrxog wkhq zdqw wr ghfuhdvh

qE�c ,�c frqwudglfwlrq1 T1H1G1

Wkh �uvw ri wkh deryh ohppdv lpsolhv wkdw wkh orzhvw w|sh E,c ,� uhfhlyhv qr uhqw lq

htxloleulxp1 Wkh vhfrqg ohppd lv d vwdqgdug ihdwxuh ri frqwudfwlqj sureohpv ri wklv

vruw1 Htxlsshg zlwk wkhvh wzr ohppdv zh fdq qrz ghulyh wkh rswlpdo frqwudfw1

Ohppd1 Xqghu FE dqg �qr vhoi0�qdqflqj� wkh iroorzlqj frqwudfw lv rswlpdo =

4, W|sh E,c ,� G q E,c ,� ' f dqg -� E,c ,� ' 2Z,�
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5, W|sh E,c �� G q E�c ,� ' �* d2 E�� R�o/ -� E�c ,� ' Z�nZ,c dqg -2 E�c ,� ' 2Z, li R � �*2c

dqg q E�c ,� ' �/ -� E�c ,� ' 2Zc dqg -2 E�c ,� ' 2Z, li R � �*2�

6, W|sh E�c �� G q E�c �� ' �c -� E�c �� ' 2Zc dqg -2 E�c �� ' 2Z,�

Surri1 Vhwwlqj q E,c ,� ' f dqg -� E,c ,� ' 2Z, dqg lqvhuwlqj wkh elqglqj �E�c ,� dqg

�E�c �� frqvwudlqwv lq +7, zh fdq uhzulwh wkh remhfwlyh ixqfwlrq dv

�2 EZ, � U� n 2Z, n eR E�� R�q E�c ,� EZ � U� n 2 E�� R�2 q E�c �� EZ � U� � +;,

E| lqvshfwlrq +;, lv vwulfwo| lqfuhdvlqj lq erwk qE�c ,� dqg qE�c ��c lpso|lqj wkdw wkh

vroxwlrq lv qE�c ,� ' qE�c �� ' � li ihdvleoh1 Li 27Z � Z� n Z, vhwwlqj qE�c ,� ' qE�c �� ' �

lv lqghhg ihdvleoh1 Wkh rswlpdo sd|phqwv -� E�c ,� c -2 E�c ,� c -� E�c �� c dqg -2 E�c ��

wkhq iroorz iurp �E�c ,�/ �E�c ��c dqg wkh uhvshfwlyh olplwhg oldelolw| frqvwudlqwv1

Li 27Z : Z�nZ, vhwwlqj qE�c ,� ' � ylrodwhv hlwkhu �E�c ,� ru wkh vhfrqg0shulrg olplwhg

oldelolw| frqvwudlqw iru w|sh E�c ,�� Dffruglqjo|/ zh kdyh qE�c ,� 	 �� Qh{w/ revhuyh wkdw

2Z : -2E�c ,�� Wr vhh wklv/ vxssrvh wr wkh frqwudu| wkdw 2Z � -2E�c ,�1 Vxewudfwlqj wkh

elqglqj �E�c ,� frqvwudlqw iurp wkh vhfrqg0shulrg olplwhg oldelolw| frqvwudlqw iru w|sh

E�c ,� jlyhv

Z� n Z, � -2E�c ,� n q E�c ,�
k
2Z �-2E�c ,�

l
� +<,

Li 2Z ' -2E�c ,� wklv ylrodwhv 27Z : Z� n Z,c frqwudglfwlrq1 Vxssrvh wkhuhiruh wkdw 2Z 	

-2E�c ,�� Vroylqj +<, iru q E�c ,� zh kdyh q E�c ,� � dZ� n Z, �-2E�c ,�o * d2Z �-2E�c ,�o/

zklfk lv vwulfwo| juhdwhu wkdq rqh vlqfh 2Z 	 -2E�c ,� dqg 27Z : Z� n Z, wrjhwkhu lpso|

wkdw Z� n Z, 	 -2E�c ,�c frqwudglfwlrq1 Vroylqj wkh elqglqj �E�c ,� frqvwudlqw iru qE�c ,�

zh rewdlq q E�c ,� ' d-�E�c ,�� 2Z,o * d27Z �-2E�c ,�o � Pruhryhu/ vlqfh 2Z : -2E�c ,� lw

pxvw krog wkdw YqE�c ,�*Y-�E�c ,� : YqE�c ,�*Y-2E�c ,� : fc lpso|lqj wkdw erwk wkh �uvw0

dqg vhfrqg0shulrg olplwhg oldelolw| frqvwudlqw iru w|sh E�c ,� pxvw elqg1 Vroylqj wkh

elqglqj olplwhg oldelolw| frqvwudlqwv iru -�E�c ,� dqg -2E�c ,� zh kdyh -�E�c ,� ' Z� n Z,

dqg -2E�c ,� ' 2Z,� Lqvhuwlqj wkhvh ydoxhv lq q E�c ,� ' d-�E�c ,�� 2Z,o * d27Z �-2E�c ,�o

zh wkhq kdyh wkdw

q E�c ,� '
Z� � Z,

2 EZ � Z,�
'

�

2 E�� R�
c +43,

zkhuh wkh vhfrqg htxdolw| iroorzv iurp wkh gh�qlwlrq ri Z�

Lw uhpdlqv wr vkrz wkdw wkh vroxwlrq wr wkh uhod{hg sureohp dovr vroyhv wkh ruljlqdo

sureohp +7,0+:,1 Vlqfh �E�c ,� dqg �E�c �� duh erwk elqglqj doo rwkhu lqfhqwlyh frpsdwl0

elolw| frqvwudlqwv pxvw elqg dv zhoo/ zklfk lpsolhv wkdw wkh vroxwlrq lv joredoo| lqfhqwlyh

frpsdwleoh1 T1H1G1
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Surri ri Sursrvlwlrq 51 Lw uhpdlqv wr ghulyh wkh rswlpdo frqwudfw xqghu FE dqg

�vhoi0�qdqflqj�1 Wkh uhvw iroorzv iurp wkh dujxphqwv lq wkh wh{w1

Ohppd1 Xqghu FE dqg �vhoi0�qdqflqj� wkh iroorzlqj frqwudfw lv rswlpdo =

4, W|sh E,c ,� G q E,c ,� ' f dqg -� E,c ,� ' 2Z,�

5, W|sh E,c �� G q E�c ,� ' �* d2 E�� R�o/ -� E�c ,� ' Z�nZ,c dqg -2 E�c ,� ' 2Z, li R � �*2c

dqg q E�c ,� ' �/ -� E�c ,� ' 2Zc dqg -2 E�c ,� ' 2Z, li R � �*2�

6, W|sh E�c �� G q E�c �� ' �c -� E�c �� ' 2Z�c dqg -2 E�c �� ' Z � 2 EZ� � Z,� n U�

Surri1 Dv lq wkh surri ri Sursrvlwlrq 4 zh vroyh djdlq d uhod{hg sureohp1 Wkh fru0

uhvsrqglqj lqfhqwlyh frpsdwlelolw| frqvwudlqw iru w|sh E�c ��/ zklfk h{solflwo| wdnhv lqwr

dffrxqw wkh srvvlelolw| wkdw w|sh E�c �� fdq �qdqfh rqh ru pruh vhfrqg0shulrg surmhfwv

zlwk lqwhuqdo ixqgv e| plplfnlqj w|sh E,c ,�c lv ghqrwhg e| 7�E�c ��� W|sh E�c ��*v sd|r�

iurp ghyldwlqj dqg plplfnlqj w|sh E,c ,� lv wkhq dv iroorzv=

L(E�c �� G'

;AAAAAA?
AAAAAA=

2Z� �-�E,c ,� n qE,c ,� d27Z �-2E,c ,�o

n d�� qE,c ,�o E7Z � U�
li U � 2Z� �-�E,c ,� 	 2U

2Z� �-�E,c ,� n qE,c ,� d27Z �-2E,c ,�o

n d�� qE,c ,�o 2E7Z � U�
li 2Z� �-�E,c ,� � 2U�

Vlqfh -�E,c ,� � 2Z, wkh fdvh zkhuh 2Z� � -�E,c ,� 	 U fdq eh vdiho| ljqruhg dv lw

ylrodwhv +D16,1 Pruhryhu/ wkh �uvw wzr ohppdv lq wkh surri ri Sursrvlwlrq 4 frqwlqxh wr

krog +zlwk �E�c �� ehlqj uhsodfhg e| 7�E�c ��,1 Vlqfh qE,c ,� ' f dqg -�E,c ,� ' 2Z, +D16,

lpsolhv wkdw L(E�c �� ' 2EZ� � Z,� n 7Z � U1 Vlplodu wr wkh surri ri wkh �uvw ohppd lq

wkh surri ri Sursrvlwlrq 4 wkh lqyhvwru*v remhfwlyh ixqfwlrq fdq eh uhzulwwhq dv

�2 EZ, � U� n 2RE�� R�qE�c ,�2E7Z � U� n E�� R�2 E2qE�c ��� �� E7Z � U� � +44,

Jlyhq wkdw +44, lv vwulfwo| lqfuhdvlqj lq erwk qE�c ,� dqg qE�c �� wkh dujxphqwv lq wkh

surri ri Sursrvlwlrq 4 h{whqg wr wkh fxuuhqw surri1 Lq sduwlfxodu/ wkh rswlpdo frqwudfwv

iru w|shv E,c ,� dqg E�c ,� duh wkh vdph dv lq Sursrvlwlrq 41 Ixuwkhupruh/ zh kdyh wkdw

qE�c �� ' � zklfk/ wrjhwkhu zlwk 7�E�c ��c lpsolhv wkdw -�E�c �� ' 2Z� dqg -2E�c �� '

7ZnU�2EZ��Z,�1 Wr fkhfn iru wkh qhjohfwhg lqfhqwlyh frpsdwlelolw| frqvwudlqwv qrwh wkdw

xqghu wklv vroxwlrq lw lv lpsrvvleoh iru w|sh E�c ,� wr pdnh d uhsd|phqw ri -�E�c �� ' 2Z�

dw gdwh 41 T1H1G1

Surri ri Sursrvlwlrq 61 Zh ehjlq e| ghulylqj wkh mrlqw suredelolwlhv iru w|shv

E,c ,�c E�c ,�c dqg E�c �� iru duelwudu| fruuhodwlrq frh!flhqwv1 Ghqrwh wkh udqgrp yduldeohv
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dvvrfldwhg zlwk wkh wzr surmhfw fdvk  rzv e| f dqg tc uhvshfwlyho|1 Wkh mrlqw sured0

elolwlhv duh wkhq / G' �h E% ' Z,c + ' Z�� ' �h E% ' Z�c + ' Z,� c �h E% ' + ' Z,� ' R�/c

dqg �h E% ' + ' Z�� ' � � R � /� Vlqfh 4 G' �J� Efct � *jfjt dqg jf ' jt zh kdyh

4 ' ��/*R E�� R� � Vroylqj iru / zh rewdlq wkh suredelolwlhv jlyhq lq wkh wh{w1 Pruhryhu/

vlqfh / � 4�? dRc �� Ro lw iroorzv wkdw wkh fruuhodwlrq frh!flhqw lv erxqghg iurp ehorz

e| 4 G' � � E4�? dRc �� Ro� * dR E�� R�o +wklv ixqfwlrq fkdudfwhul}hv wkh vhw ri ihdvleoh

E4c R�0frpelqdwlrqv,1

Zkloh wkh rswlpdo frqwudfw xqghu FE dqg �vhoi0�qdqflqj� lv wkh vdph dv wkdw iru

xqfruuhodwhg surmhfwv ghulyhg lq wkh surri ri Sursrvlwlrq 5/ wkh lqyhvwru*v h{shfwhg

sur�w lv qrw dv wkh suredelolwlhv iru w|shv E,c ,�c E�c ,�c dqg E�c �� kdyh fkdqjhg1 Lq0

vhuwlqj wkh whupv ri wkh rswlpdo frqwudfw lq wkh lqyhvwru*v remhfwlyh ixqfwlrq zkloh

wdnlqj lqwr dffrxqw wkh qhz suredelolwlhv/ zh wkhq kdyh wkdw wkh lqyhvwru*v h{shfwhg

sur�w htxdov 2 EZ, � U� n d�� Rn R E�� 4� E� n R�o EZ � U� li R � �*2 dqg 2 EZ, � U� n

d� n �R E�� 4�o E�� R� EZ � U� li R � �*2� Frpsdulqj wkhvh ydoxhv zlwk wkh lqyhvwru*v

h{shfwhg sur�w xqghu GE/ 2 EZ, � U� n E�� R� 2 EZ � U�/ zh rewdlq wkh iroorzlqj uhvxow=

Ohppd1 Li vhoi0�qdqflqj lv srvvleoh dqg surmhfwv duh duelwudulo| fruuhodwhg wkh frp0

sdulvrq ehwzhhq FE dqg GE lv dv iroorzv1

4, 4 5 E2*�c �o G GE lv rswlpdo1

5, 4 5 E�*�c 2*�o G Li R � �* d� E�� 4�o GE lv rswlpdo/ zkhuhdv li R � �* d� E�� 4�o FE

lv rswlpdo1

6, 4 5 E��*2c �*�o G Li R � R E4� G'
k
4� 2 n

s
H n 42 � H4

l
* d2 E�� 4�o GE lv rswlpdo/

zkhuhdv li R � R FE lv rswlpdo1

7, 4 5 d��c��*2o G FE lv rswlpdo1

Lw lv hdv| wr fkhfn wkdw wkh ixqfwlrqv �* d� E�� 4�o dqg R E4� duh erwk vwulfwo| lqfuhdv0

lqj dqg lqwhuvhfw dw 4 ' �*�/ zklfk frpsohwhv wkh surri1 T1H1G1

9 Uhihuhqfhv

Djklrq/ S1/ Edqhumhh/ D1/ dqg Slnhww|/ W1 +4<<<,/ �Gxdolvp dqg Pdfurhfrqrplf Yrodwlo0

lw|/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 447/ 468<046<:1

Ehujhu/ S1J1/ dqg Rihn/ H1 +4<<8,/ �Glyhuvl�fdwlrq*v H�hfw rq Ilup Ydoxh/� Mrxuqdo ri

Ilqdqfldo Hfrqrplfv 6:/ 6<0981
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Ehunrylwfk/ H1/ Lvudho/ U1/ dqg Wronrzvn|/ U1 +5333,/ �Wkh Erxqgdulhv ri wkh Ilup= Wkh

Fkrlfh Ehwzhhq Vwdqg0Dorqh dqg Lqwhjudwhg Ilupv/� plphr/ Who Dyly Xqlyhuvlw|1

Ehuqdqnh/ E1V1/ dqg Jhuwohu/ P1 +4<;<,/ �Djhqf| Frvw/ Qhw Zruwk /dqg Exvlqhvv Ioxf0

wxdwlrqv/� Dphulfdq Hfrqrplf Uhylhz :</ 470641

Ehuqdqnh/ E1V1/ dqg Jhuwohu/ P1 +4<<8,/ �Lqvlgh wkh Eodfn Er{= Wkh Fuhglw Fkdqqho ri

Prqhwdu| Srolf| Wudqvplvvlrq/� Mrxuqdo ri Hfrqrplf Shuvshfwlyhv </ 5:07;1

Erowrq/ S1/ dqg Vfkduivwhlq/ G1V1 +4<<3,/ �D Wkhru| ri Suhgdwlrq Edvhg rq Djhqf|

Sureohpv lq Ilqdqfldo Frqwudfwlqj/� Dphulfdq Hfrqrplf Uhylhz ;3/ <604391

Fdpsd/ M1P1/ dqg Nhgld/ V1 +4<<<,/ �H{sodlqlqj wkh Glyhuvl�fdwlrq Glvfrxqw/� plphr/

Kduydug Xqlyhuvlw|1

GhPdu}r/ S1P1/ dqg Ilvkpdq/ P1M1 +5333,/ �Rswlpdo Orqj0Whup Ilqdqfldo Frqwudfwlqj

zlwk Sulydwho| Revhuyhg Fdvk Iorzv/� plphr/ Qruwkzhvwhuq Xqlyhuvlw|1

Gldprqg/ G1 +4<;7,/ �Ilqdqfldo Lqwhuphgldwlrq dqg Ghohjdwhg Prqlwrulqj/� Uhylhz ri

Hfrqrplf Vwxglhv 84/ 6<607471

Hdvwhueurrn/ I1K1 +4<;7,/ �Wzr Djhqf|0Frvw H{sodqdwlrqv ri Glylghqgv/� Dphulfdq

Hfrqrplf Uhylhz :7/ 983098<1

Idxuh0Julpdxg/ D1/ dqg Pdulrwwl/ W1 +4<<<,/ �Rswlpdo Ghew Frqwudfwv dqg wkh Vlqjoh0

Furvvlqj Frqglwlrq/� Hfrqrplfv Ohwwhuv 98/ ;80;<1

Ioxfn/ V1/ dqg O|qfk/ D1Z1 +4<<<,/ �Zk| Gr Ilupv Phujh dqg Wkhq GlyhvwB D Wkhru|

ri Ilqdqfldo V|qhuj|/� Mrxuqdo ri Exvlqhvv :5/ 64<06791

Ixojklhul/ S1/ dqg Krgulfn/ O1V1 +5334,/ �V|qhujlhv dqg Lqwhuqdo Djhqf| Frq lfwv= Wkh

Grxeoh0Hgjhg Vzrug ri Phujhuv/� plphr/ LQVHDG1

Jhuwqhu/ U1K1/ Vfkduivwhlq/ G1V1/ dqg Vwhlq/ M1F1 +4<<7,/ �Lqwhuqdo yhuvxv H{whuqdo

Fdslwdo Pdunhwv/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 43</ 4544045631

Judkdp/ M1U1/ Ohpprq/ P1O1/ dqg Zroi/ M1 +5333,/ �Grhv Frusrudwh Glyhuvl�fdwlrq

Ghvwur| YdoxhB� plphr/ Gxnh Xqlyhuvlw|1

Jurvvpdq/ V1M1/ dqg Kduw/ R1G1 +4<;5,/ �Frusrudwh Ilqdqfldo Vwuxfwxuh dqg Pdqdjh0

uldo Lqfhqwlyhv/� lq= Wkh Hfrqrplfv ri Lqirupdwlrq dqg Xqfhuwdlqw|/ hg1 e| M1M1

PfFdoo1 Fklfdjr= Xqlyhuvlw| ri Fklfdjr Suhvv1
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Kduw/ R1G1/ dqg Prruh/ M1K1 +4<<7,/ �D Wkhru| ri Ghew Edvhg rq wkh Lqdolhqdelolw| ri

Kxpdq Fdslwdo/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 43</ ;740;:<1

Kduw/ R1G1/ dqg Prruh/ M1K1 +4<<;,/ �Ghidxow dqg Uhqhjrwldwlrq= D G|qdplf Prgho

ri Ghew/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 446/ 40741

Kxeedug/ U1J1 +4<<;,/ �Fdslwdo0Pdunhw Lpshuihfwlrqv dqg Lqyhvwphqw/� Mrxuqdo ri

Hfrqrplf Olwhudwxuh 69/ 4<605581

K|odqg/ G1F1 +4<<<,/ �Zk| Ilupv Glyhuvli|= Dq Hpslulfdo H{dplqdwlrq/� plphr/

Xqlyhuvlw| ri Wh{dv dw Duolqjwrq1

Lqghuvw/ U1/ dqg Pÿoohu/ K1P1 +5333,/ �Surmhfw Exqgolqj/ Oltxlglw| Vslooryhuv/ dqg

Fdslwdo Pdunhw Glvflsolqh/� plphr/ Xqlyhuvlw| ri Pdqqkhlp1

Mhqvhq/ P1F1 +4<;9,/ �Djhqf| Frvwv ri Iuhh Fdvk Iorz/ Frusrudwh Ilqdqfh/ dqg

Wdnhryhuv/� Dphulfdq Hfrqrplf Uhylhz :9/ 656065<1

Nl|rwdnl/ Q1/ dqg Prruh/ M1 +4<<:,/ �Fuhglw F|fohv/� Mrxuqdo ri Srolwlfdo Hfrqrp| 438/

544057<1

Odqj/ O1/ dqg Vwxo}/ U1P1 +4<<7,/ �Wrelq*v T/ Frusrudwh Glyhuvl�fdwlrq/ dqg Ilup

Shuirupdqfh/� Mrxuqdo ri Srolwlfdo Hfrqrp| 435/ 457;045;31

Od Sruwd/ U1/ Orsh}0gh0Vlodqhv/ I1/ Vkohlihu/ D1/ dqg Ylvkq|/ U1 +5333,/ �Lqyhvwru Sur0

whfwlrq dqg Frusrudwh Jryhuqdqfh/� Mrxuqdo ri Ilqdqfldo Hfrqrplfv 8;/ 605:1

Ol/ G1G1/ dqg Ol/ V1 +4<<9,/ �D Wkhru| ri Frusrudwh Vfrsh dqg Ilqdqfldo Vwuxfwxuh/�

Mrxuqdo ri Ilqdqfh 84/ 9<40:3<1

Pdnvlprylf/ Y1/ dqg Skloolsv/ J1 +5333,/ �Gr Frqjorphudwh Ilupv Doorfdwh Uhvrxufhv

Lqh!flhqwo|B�/ plphr/ Xqlyhuvlw| ri Pdu|odqg1

Udmdq/ U1/ Vhuydhv/ K1/ dqg ]lqjdohv/ O1 +5333,/ �Wkh Frvw ri Glyhuvlw|= Wkh Glyhuvl�0

fdwlrq Glvfrxqw dqg Lqh!flhqw Lqyhvwphqw/� Mrxuqdo ri Ilqdqfh 88/ 680;31

Vfkduivwhlq/ G1V1/ dqg Vwhlq/ M1F1 +5333,/ �Wkh Gdun Vlgh ri Lqwhuqdo Fdslwdo Pdunhwv=

Glylvlrqdo Uhqw0Vhhnlqj dqg Lqh!flhqw Lqyhvwphqw/� Mrxuqdo ri Ilqdqfh 88/ 586:0

58971
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Vfkrdu/ D1V1 +5333,/ �H�hfwv ri Frusrudwh Glyhuvl�fdwlrq rq Surgxfwlylw|/� plphr/

Xqlyhuvlw| ri Fklfdjr1

Vhuydhv/ K1 +4<<9,/ �Wkh Ydoxh ri Glyhuvl�fdwlrq Gxulqj wkh Frqjorphudwh Phujhu

Zdyh/� Mrxuqdo ri Ilqdqfh 84/ 4534045581

Vplwk/ F1/ dqg Zduqhu/ M1E1 +4<:<,/ �Rq Ilqdqfldo Frqwudfwlqj= Dq Dqdo|vlv ri Erqg

Fryhqdqwv/� Mrxuqdo ri Ilqdqfldo Hfrqrplfv :/ 44:04941

Vwhlq/ M1F1 +4<<:,/ �Lqwhuqdo Fdslwdo Pdunhwv dqg wkh Frpshwlwlrq iru Frusrudwh Uh0

vrxufhv/� Mrxuqdo ri Ilqdqfh 85/ 44404661

Vwhlq/ M1F1 +5333,/ �Lqirupdwlrq Surgxfwlrq dqg Fdslwdo Doorfdwlrq= Ghfhqwudol}hg yv1

Klhudufklfdo Ilupv/� QEHU Zrunlqj Sdshu ::381

]xwd/ V1 +4<<<,/ �Glyhuvl�fdwlrq Glvfrxqw dqg Wdujhwhg Vwrfn= Wkhru| dqg Hpslulfdo

Hylghqfh/� plphr/ Xqlyhuvlw| ri Pdu|odqg1
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