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ABSTRACT

Working in Public and Private Firms*

We develop a theoretical framework for comparing the style of work in public
and private enterprises. We incorporate ‘socializing’, as an activity that yields
utility for workers and affects a firm’s output, into a simple multitask model of
work organization. In contrast with previous models, we establish the two
following results. First, the optimal workers’ compensation policy displays a
larger incentive intensity in the private firm than in the public firm. Second,
labour productivity in the private firm may be higher or lower than in the public
firm. Both results fit well with the findings of empirical work.

JEL Classification: L32, L33
Keywords: incentive schemes, privatization, public enterprise

Giacomo Corneo
Department of Economics
University of Osnabrück
Rolandstr. 8
D 49069 Osnabrück
GERMANY
Tel: (49 541) 969 2730
Fax: (49 541) 969 2722
Email: gcorneo@oec.uni-osnabrueck.de

For further Discussion Papers by this author see:
www.cepr.org/pubs/new-dps/dplist.asp?authorid=121259

Rafael Rob
Department of Economics
University of Pennsylvania
3718 Locust Walk
Philadelphia, PA 19104-6209
USA
Tel: (1 215) 898 6775
Fax: (1 215) 573 2057
Email: rrob@econ.sas.upenn.edu

For further Discussion Papers by this author see:
www.cepr.org/pubs/new-dps/dplist.asp?authorid=118099

* We thank Dieter Bös, Barbara Heß, Ulf von Lilienfeld-Toal and Brandon
Weber for helpful comments. Rob acknowledges the support of the National
Science Foundation under grant number SBR 981-2861.

Submitted 06 December 2000



NON-TECHNICAL SUMMARY

In the popular press, privatization is typically praised as increasing the internal
efficiency of firms, especially by setting tighter work incentives. By contrast,
theoretical reasoning conducted in agency settings with informational
asymmetries leads to the exact opposite: a firm’s productivity is higher and
workers’ incentives are stricter if its objective is welfare maximization rather
than profit maximization. The empirical evidence on public and private firms
does not support that theory, since both time-series and cross-section studies
do reveal that incentive intensity is stronger in private firms. Empirical results
about factor productivity are, however, rather mixed: cases are found where
privatization did not lead to productivity gains or where privatization was even
detrimental to productivity.

This Paper develops a multitask model of the firm that exhibits the features
displayed by the empirical studies. The optimal workers’ compensation policy
displays a larger incentive intensity in the private firm than in the public firm,
and labour productivity in the private firm may be higher or lower than in the
public firm.

The model portrays workers dividing their time and effort between two types of
activity. On the one hand, they solve ‘individual’ tasks, whose outcome can be
assessed, albeit imperfectly, by the management. On the other hand, the
workers are engaged in ‘cooperative’ tasks, which allow them to socialize with
their colleagues. Such tasks exhibit two distinctive features. First, it is almost
impossible for the management to assess the contribution that one particular
worker makes to the solution of the collective task. Second, workers derive
some utility from social interaction with their colleagues when accomplishing a
cooperative task.

In contrast to private firms, a public firm incorporates workers’ rents in its’ own
objective function. Therefore, a public firm is willing to tolerate more
‘socializing’ within its workforce than a private one. Hence, the public firm
optimally sets softer work incentives, as found by empirical investigations. The
resulting labour productivity need not, however, be lower than in a private firm.
Depending on circumstances identified in the model, the private firm may set
incentives that divert too much effort away from the cooperative tasks. In such
a case, the workforce in the private firm displays a lack of collegiality. The
private firm optimally chooses such a strategy if the fall of productivity is more
than offset – in terms of profits – by the reduction in workers’ rents obtained
through stricter incentives.



4 Lqwurgxfwlrq

Lq srolwlfdo ghedwhv dqg lq wkh srsxodu suhvv/ sulydwl}dwlrq lv w|slfdoo| sudlvhg dv �lqfuhdv0

lqj zrun lqfhqwlyhv� dqg �lqfuhdvlqj surgxfwlylw|1� Ehklqg wkrvh fodlpv rqh riwhq �qgv

d surshuw|0uljkwv dujxphqw1 Vlqfh/ lq wkh fdvh ri wkh sxeolf �up/ sur�wv ehorqj wr �qr

rqh/� qrerg| fduhv derxw lwv h!flhqf|1 Lq idfw/ lqfuhdvlqj wkh h!flhqf| ri d sxeolf �up

pljkw hyhq eh frqvwuxhg dv d glvdgydqwdjh wr lwv zrunhuv dqg pdqdjhuv1

Rq vhfrqg uh hfwlrq/ wkrxjk/ lw lv qrw vr fohdu zk| wkh sxeolf �up kdv ihzhu uhdvrqv

wr xvh wkh lqvwuxphqw wkdw udlvhv h!flhqf| lq sulydwh �upv/ qdpho|/ vwulfwhu lqfhqwlyhv

dqg/ wkhuhiruh/ zk| rqh pljkw h{shfw wr vhh dq| surgxfwlylw| gl�huhqfhv ehwzhhq sxeolf

dqg sulydwh �upv1 Lv wkh h!flhqw ohyho ri zrunhu h�ruw qrw htxdoo| ghvludeoh lq d sxeolf

�upB Pljkw wkh sxeolf �up qrw eh deoh wr gholyhu pruh wr lwv zrunhuv/ ru wr wkh fxvwrphuv

ri lwv surgxfw/ ru wr wd{sd|huv e| udlvlqj surgxfwlylw|B Lv wkh pdqdjhu ri wkh sxeolf �up

qrw vxemhfw wr vfuxwlq| e| wkh srsxodu suhvv/ e| srolwlfdo dxwkrulwlhv/ ru e| wkh ghvluh wr

eh surprwhg wr pruh suhvwljlrxv srvlwlrqv/ wr wkh h{whqw wkdw kh pljkw qrw wu| wr gholyhu

surgxfwlylw| jdlqvB Lq vkruw/ wkh idfw wkdw d �up lv sxeolfo|0rzqhg lv qr klqgudqfh wr

xvlqj wkh vdph lqvwuxphqwv wkdw kdyh suryhg wr udlvh surgxfwlylw| lq sulydwh �upv14

Lq idfw/ wkhruhwlfdo zrun frqgxfwhg lq djhqf| vhwwlqjv zlwk lqirupdwlrqdo dv|pphwulhv

vkrzv wkh h{dfw rssrvlwh ri zkdw sursrqhqwv ri wkh surshuw|0uljkwv grfwulqh kdyh fodlphg=

D �up*v surgxfwlylw| lv kljkhu zkhq/ rq wrs ri pd{lpl}lqj sur�wv/ wkh �up wulhv wr

dsshdvh lwv zrunhuv dqg 2 ru frqvxphuv ri lwv surgxfw1 Lq rwkhu zrugv/ wkh zhoiduh0

pd{lpl}lqj +sxeolf, �up pd| xvh vwulfwhu lqfhqwlyhv dqg eh pruh surgxfwlyh wkdq wkh

sur�w0pd{lpl}lqj +sulydwh, rqh1 Uhvxowv lq wklv vslulw duh uhsruwhg e| Od�rqw dqg Wluroh

+4<<4, dqg Urhphu dqg Vloyhvwuh +4<<5,/ lq wkh frqwh{w ri uhjxodwlrq> Pdvnlq +4<<5,/ lq

wkh frqwh{w ri dxfwlrqv> dqg Gh Iudmd +4<<6,/ lq wkh frqwh{w ri pdqdjhuldo frpshqvdwlrq1

Zkdw lv wkh hpslulfdo hylghqfh rq idfwru surgxfwlylw| dqg lqfhqwlyhv ri sxeolf yhuvxv

4Wklv ylhz lv fkdoohqjhg e| Vkohlihu +4<<;,/ zkr dujxhv wkdw/ ehfdxvh frqwudfwv duh lqfrpsohwh/ sulydwh
�upv fdqqrw eh plplfnhg e| sxeolf �upv1 Vhh dovr O oihvpdqq +4<<<,1
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sulydwh �upvB Rq wkh rqh kdqg/ hpslulfdo vwxglhv xqlirupo| �qg wkdw wkh lqfhqwlyh lq0

whqvlw|/ l1h1/ wkh h{whqw wr zklfk sd| lv olqnhg wr phdvxuhg shuirupdqfh +h1j1/ lqglylgxdo

rxwsxw,/ lv vwurqjhu lq sulydwh �upv1 Iru h{dpsoh/ Pduwlq dqg Sdunhu +4<<:/ fkdswhu <,

dujxh wkdw lq wkh fdvhv ri Eulwlvk Vwhho/ Uroov0Ur|fh/ Eulwlvk Dlusruwv Dxwkrulw|/ Eulwlvk

Dluzd|v/ Eulwlvk Whohfrp dqg wkh Qdwlrqdo Iuhljkw Frusrudwlrq/ sulydwl}dwlrq ohg frpsd0

qlhv wr olqn sd| dqg surprwlrq pruh forvho| wr ydulrxv hpsor|hh shuirupdqfh phdvxuhv1

Rq wkh rwkhu kdqg/ hpslulfdo vwxglhv �qg wkh h�hfw ri rzqhuvkls rq �up surgxfwlylw| wr

eh dpeljxrxv1 Vwxglhv olnh Dwnlqvrq dqg Kdoyruvhq +4<;9,/ Erdugpdq dqg Ylqlqj +4<;<,/

Pduwlq dqg Sdunhu +4<<:/ fkdswhu 8, dqg \duurz +4<;9, vxjjhvw wkdw fdvhv h{lvw zkhuh

sulydwl}dwlrq glg qrw ohdg wr surgxfwlylw| jdlqv ru zdv hyhq ghwulphqwdo wr surgxfwlylw|1

Lq vxp/ wkh gdwd vkrz wkdw zrun lqfhqwlyhv duh vwurqjhu/ exw wkdw idfwru surgxfwlylw| pd|

ru pd| qrw eh kljkhu xqghu sulydwh wkdq xqghu sxeolf rzqhuvkls1

Wklv sdshu dujxhv/ xvlqj dq djhqf|0wkhruhwlf iudphzrun/ wkdw wkh olqn ehwzhhq rzq0

huvkls dqg surgxfwlylw| lv qrw fohdu0fxw iurp d wkhruhwlfdo srlqw ri ylhz/ hlwkhu1 Pruh

suhflvho|/ zkdw zh vkrz lv wkdw lqfhqwlyhv duh +xqghu fhuwdlq frqglwlrqv, vwurqjhu lq wkh

sulydwh �up dv frpsduhg wr wkh sxeolf �up1 Surgxfwlylw|/ rq wkh rwkhu kdqg/ pd| eh

kljkhu ru orzhu/ ghshqglqj rq ixqgdphqwdov ri wkh prgho> qdpho|/ wkh surgxfwlrq whfk0

qrorj|/ zrunhuv* suhihuhqfhv dqg wkh glvwulexwlrq ryhu zrunhuv* w|shv1 Wkhuhiruh/ lq rxu

prgho/ wkh fruuhodwlrq ehwzhhq rzqhuvkls dqg surgxfwlylw| lv dpeljxrxv1 Wklv uhvxow lv

frqvlvwhqw zlwk hpslulfdo �qglqjv/ dv vxppdul}hg deryh/ exw kdv qrw dulvhq lq suhylrxv

wkhruhwlfdo irupxodwlrqv1

Wkh iudphzrun zlwklq zklfk zh uhdfk wklv frqfoxvlrq lv dv iroorzv1 Zh frqvlghu

d pxowl0wdvn �up/ ã od Kropvwurp dqg Plojurp +4<<4,/ lq zklfk rqh wdvn lv odehoohg

�lqglylgxdo/� zkhuhdv wkh rwkhu wdvn lv odehoohg �frrshudwlyh1� Zrunhuv doorfdwh wkhlu

wlph dqg h�ruw ehwzhhq wkhvh wzr wdvnv +dv zhoo dv fkrrvh wrwdo h�ruw1, Erwk wdvnv

h{klelw srvlwlyh pdujlqdo surgxfwlylw|/ vr wkh �up pd| zdqw wr hqfrxudjh zrunhuv wr

doorfdwh vrph h�ruw wr wkh frrshudwlyh wdvn1

Wkh frrshudwlyh wdvn lv xqghuvwrrg dv frqwulexwlqj wr whdp surgxfwlrq dqg/ dv vxfk/
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kdv wzr dwwulexwhv1 Wkh �uvw dwwulexwh lv wkdw lw lv kdug wr dvvhvv wkh frqwulexwlrq wkdw

rqh sduwlfxodu zrunhu pdnhv1 Lq wkdw vhqvh doorfdwlqj h�ruw wr wkh frrshudwlyh wdvn lv

dqdorjrxv wr frqwulexwlqj wrzdugv sxeolf jrrgv1 Wkh vhfrqg dwwulexwh lv wkdw wkh zrunhu

pd| dfwxdoo| hqmr|/ ru ghulyh gluhfw xwlolw|/ iurp vxfk frqwulexwlrqv1 Wkh lghd lv wkdw wkh

zrunhu �vrfldol}hv/� ru pd|eh hyhq dftxluhv surgxfwlyh vnloov zkloh zrunlqj zlwk rwkhuv/

zklfk vkh fdq xvh hovhzkhuh1

Wkh suhvhqfh ri d frrshudwlyh wdvn dqg wkh zd| zh fkdudfwhul}h lw yld wkh deryh wzr

dwwulexwhv vkrxog eh idploldu wr hyhu|rqh zkr zrunv lq sur�w ru qrqsur�w rujdql}dwlrqv1

Wkhuh lv d ydvw vrfldo sv|fkrorj| olwhudwxuh wkdw glvfxvvhv krz vrfldo lqwhudfwlrqv d�hfw mre

vdwlvidfwlrq/ vhh Vplwk hw do1 +4<;6,/ dqg vhyhudo hpslulfdo dvvhvvphqwv ri wklv skhqrphqrq

lq wkh hfrqrplfv olwhudwxuh> vhh/ iru h{dpsoh/ Fodun +4<<9, dqg Gudjr dqg Judyh| +4<<;,1

Wkh suhplvh wkdw lw lv kdug wr gluhfwo| prqlwru dqg uhpxqhudwh wkh frrshudwlyh wdvn vhhpv

dovr idluo| sodxvleoh/ dqg kdv ehhq h{whqvlyho| glvfxvvhg lq wkh rujdql}dwlrqdo ehkdylru

olwhudwxuh/ vhh Ghfnrs hw do1 +4<<<,1

Dvvxplqj wkdw wkhvh wzr dwwulexwhv fkdudfwhul}h wkh udqjh ri dfwlylwlhv zlwklq d �up/

wkh fkrlfh ri lqfhqwlyhv lq wkh �up lv vxemhfw wr wkh iroorzlqj wudghr�1 Dq lqfuhdvh lq wkh

lqfhqwlyh lqwhqvlw| kdv wzr rssrvlqj h�hfwv1 Rq wkh rqh kdqg/ dqg iru wkh xvxdo djhqf|

uhdvrqv/ lw udlvhv d zrunhu*v wrwdo h�ruw1 Rq wkh rwkhu kdqg/ lw orzhuv klv frrshudwlyh h�ruw1

Wklv/ djdlq/ lv gxh wr wkh xvxdo djhqf| uhdvrqv= Wkh frrshudwlyh wdvn lv qrw revhuyhg dqg

prqhwdulo| uhzdughg dqg/ khqfh/ zkhq wkh lqfhqwlyh lqwhqvlw| lv vwurqjhu/ wkh rssruwxqlw|

frvw ri hqjdjlqj lq wkh frrshudwlyh wdvn lv kljkhu +ehfdxvh wlph lv glyhuwhg dzd| iurp wkh

lqglylgxdo wdvn rq zklfk wkh zrunhu hduqv fuhglw,/ zklfk uhvxowv lq ohvv frrshudwlyh h�ruw1

Wkh hvvhqfh ri rxu dqdo|vlv lv wr frpsduh krz sxeolf yhuvxv sulydwh �upv fkrrvh

lqfhqwlyhv xqghu wklv wudghr� dqg/ dv d uhvxow/ krz wkhlu surgxfwlylwlhv frpsduh1 Lq rwkhu

zrugv/ zh hpehg wkh wzr �upv lq wkh vdph whfkqrorjlfdo dqg lqirupdwlrqdo hqylurqphqw

dqg dvn krz lqfhqwlyhv dqg surgxfwlylw| frpsduh gxh wr rzqhuvkls vwuxfwxuh1 Wkh zd|

zh prgho rzqhuvkls vwuxfwxuhv lv idluo| wudglwlrqdo= Wkh sulydwh �up pd{lpl}hv sur�wv/

zkloh wkh sxeolf �up pd{lpl}hv zhoiduh/ zklfk lqfoxghv sur�wv dqg zrunhuv* xwlolw| +lq
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h{whqvlrqv ri wkh prgho zh dovr frqvlghu frqvxphuv* vxusoxv1,5

Jlyhq wklv prgholqj dssurdfk/ wkh orjlf xqghuo|lqj rxu uhvxowv fdq eh zrughg dv

iroorzv1 Vlqfh wkh h�ruw doorfdwhg wr wkh frrshudwlyh wdvn +dqg wkh vrfldol}lqj wkdw frphv

zlwk lw, lqfuhdvhv zrunhuv* xwlolw|/ dqg vlqfh wkh sxeolf �up lqfrusrudwhv wkh zhoiduh ri

lwv zrunhuv lqwr lwv rzq remhfwlyh ixqfwlrq/ wkh sxeolf �up fkrrvhv zhdnhu lqfhqwlyhv/

zklfk wudqvodwhv lqwr pruh frrshudwlyh h�ruw dqg kljkhu zrunhuv* zhoiduh1 Zkhwkhu wklv

wdnhv dzd| iurp ru dfwxdoo| frqwulexwhv wr surgxfwlylw| ghshqgv rq surshuwlhv ri wkh

surgxfwlrq ixqfwlrq dqg wkh glvwulexwlrq ryhu zrunhu w|shv1 Li wkh pdujlqdo surgxfwlylw|

ri wkh frrshudwlyh wdvn lv hvshfldoo| odujh ru li wkh glvwulexwlrq ryhu frqvxphu w|shv lv

vx!flhqwo| glvshuvhg +vr wkdw zrunhuv hqmr| odujh �lqirupdwlrqdo uhqwv�, wkh sxeolf �up

pd| yhu| zhoo h{klelw kljkhu surgxfwlylw|1 Lw lv zruwk vwuhvvlqj/ wkrxjk/ wkdw wkh sulydwh

�up lv dozd|v pruh sur�wdeoh1 Wklv iroorzv �e| frqvwuxfwlrq/� vlqfh wkh sulydwh �up lv

suhvxphg wr pd{lpl}h sur�wv1 Wkhuhiruh/ li wkh sxeolf �up h{klelwv juhdwhu surgxfwlylw|/

wkhq lw sd|v kljkhu zdjhv/ dqg wkh h{wud zdjhv lw sd|v h{fhhgv wkh h{wud surgxfwlylw| lw

ghulyhv iurp lwv zrunhuv1 Lq wkdw vhqvh/ wkh lqfhqwlyh fkrlfh ri wkh sxeolfo|0rzqhg �up

fdq eh frqvwuxhg dv �sd|lqj wrr pxfk iru surgxfwlylw|1�

Wkh sdshu surfhhgv dv iroorzv1 Lq wkh qh{w vhfwlrq zh vhw xs wkh prgho1 Lq vhfwlrq 6

zh vroyh wkh zrunhuv* pd{lpl}dwlrq surjudpv1 Lq vhfwlrq 7 zh vroyh wkh sulydwh dqg wkh

sxeolf �up*v surjudp dqg frpsduh lqfhqwlyh lqwhqvlwlhv lq wkh wzr �upv1 Lq vhfwlrq 8 zh

suhvhqw wzr h{dpsohv looxvwudwlqj rxu uhvxowv1 Lq vhfwlrq 9 zh h{sdqg rxu prgho1 Vhfwlrq

: frqfoxghv1

5 Wkh edvlf prgho

Wkh �up hpsor|v d frqwlqxxp ri zrunhuv/ zkrvh phdvxuh lv 41 Hdfk zrunhu fkrrvhv krz

pxfk h�ruw/ %/ wr ghyrwh wr dq lqglylgxdo wdvn/ dqg krz pxfk h�ruw/ +/ wr ghyrwh wr d

frrshudwlyh wdvn1 Ohw e ghqrwh wkh wrwdo h�ruw/ e � %n +1

5Wklv dvvxpswlrq lv vwdqgdug lq wkh olwhudwxuh1 Vhh Eùv +4<<7, iru d glvfxvvlrq ri wkh remhfwlyhv ri
sxeolf �upv1 Ixuwkhupruh/ lw hpsor|hg lq pdq| ri wkh wkhruhwlfdo sdshuv zh phqwlrqhg hduolhu/ h1j1/
Od�rqw dqg Wluroh +4<<4,1
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Wkh remhfwlyh ri hdfk zrunhu lv wr pd{lpl}h khu h{shfwhg xwlolw|1 Hdfk zrunhu lv

lghqwl�hg e| d w|sh0sdudphwhu/ w1 Wkh ydoxh ri w lv sulydwh lqirupdwlrq wr wkh zrunhu/

dqg lqgh{hv wkh xwlolw| vkh jhwv iurp frrshudwlrq1 Ohw }E+( w� ghqrwh wkh xwlolw| wr d w|sh0w

zrunhu iurp h{huwlqj + xqlwv ri frrshudwlyh h�ruw1 Zh dvvxph wkdw } lv wzlfh frqwlqxrxvo|

gl�huhqwldeoh dqg ghqrwh lwv sduwldo ghulydwlyhv e| }+c }+w/ hwf1 Zh dvvxph wkdw } vdwlv�hv

}Ef( w� ' f iru doo w1 Iru vwulfwo| srvlwlyh ydoxhv ri + zh dvvxph wkdw erwk wkh xwlolw|/

}/ dqg wkh pdujlqdo xwlolw|/ }+/ ri frrshudwlrq duh vwulfwo| lqfuhdvlqj lq w= }wc }+w : f1

Wkh ixqfwlrq }E�( �� dovr vdwlv�hv }+Ef( w� ' 4 dqg }+E4( w� ' f iru doo w/ dqg lv vwulfwo|

lqfuhdvlqj dqg vwulfwo| frqfdyh lq += }+ : f : }++1

Wkh +ryhudoo, xwlolw| ixqfwlrq ri d w|sh0w zrunhu lv=

� ' � � SEe� n }E+( w�c +4,

zkhuh � lv wkh zdjh/ SE�� lv wkh glvxwlolw| ri wrwdo h�ruw/ dqg }E�( �� lv/ dv qrwhg/ wkh
xwlolw| iurp shuiruplqj wkh frrshudwlyh wdvn1 Wkh ixqfwlrq SE�� lv wzlfh frqwlqxrxvo|

gl�huhqwldeoh/ vwulfwo| lqfuhdvlqj dqg vwulfwo| frqyh{ zlwk SEf� ' S
�

Ef� ' f/ dqg S�E4� '

41

Wkh w|sh0sdudphwhu w lv glvwulexwhg dfurvv zrunhuv dffruglqj wr wkh f1g1i1 MEw�1 Wkh

vxssruw ri M lv dwc wo zlwk �4 	 w 	 w 	 41 Zh ghqrwh wkh h�ruw fkrlfhv ri d w|sh0

w zrunhu e| %Ew� dqg +Ew�/ dqg wkh h�ruw fkrlfhv dfurvv zrunhuv e| f dqg t / zkhuh

f � %E�� dqg t � +E��/ l1h1/ f lv wkh ixqfwlrq %Ew� dv w ydulhv ryhu dwc wo1

Wkh �up*v surgxfwlrq whfkqrorj| lv 8 Efct �/ dqg wkh �up*v wrwdo rxwsxw lv ~=

~ ' 8 Efc t �� +5,

Wkh �up lv xqdeoh wr prqlwru wkh frrshudwlyh h�ruw ri d zrunhu/ exw fdq lpshuihfwo|

prqlwru khu lqglylgxdo h�ruw1 Wkh lghd lv wkdw lw lv hdvlhu wr lqihu d zrunhu*v lqglylgxdo

h�ruw/ nqrzlqj zkdw wkh zrunhu surgxfhg lqglylgxdoo|/ wkdq wr lqihu d zrunhu*v frrshudwlyh

h�ruw/ nqrzlqj zkdw d jurxs ri zrunhuv surgxfhg mrlqwo|1 Wr fdswxuh wklv lghd/ zh dvvxph

wkdw iru hdfk zrunhu/ w/ wkhuh h{lvwv d yhul�deoh vljqdo/ rw/ zklfk lv fruuhodwhg zlwk khu

lqglylgxdo h�ruw dffruglqj wr=

8



rw ' %Ew� n "c +6,

zkhuh " lv d qrlvh whup zlwk .d"o ' f1 Wkh "*v duh l1l1g1 udqgrp yduldeohv dfurvv zrunhuv1

Wkh �up fkrrvhv d olqhdu zdjh srolf|/ E@c K�/ phdqlqj wkh zdjh lw sd|v lwv zrunhuv

frqvlvwv ri d edvh vdodu|/ K/ dqg dq h�ruw0uhodwhg erqxv/ @rw=

�Ew� ' Kn @rwc +7,

zkhuh @ lv wkh slhfh udwh/ ru/ wkh �lqfhqwlyh lqwhqvlw|1�

Uhvwulfwlqj wkh dwwhqwlrq wr olqhdu vfkhphv pd| eh mxvwl�hg rq dgplqlvwudwlyh ru sudf0

wlfdo jurxqgv/ dv glvfxvvhg lq ghwdlo e| Fkdpoh| hw do1 +4<;<,1 Dowhuqdwlyho|/ Kropvwurp

dqg Plojurp +4<;:, kdyh vkrzq wkdw wkh rswlpdo lqfhqwlyh frqwudfw lq dq hqylurqphqw

zlwk ulvn dyhuvlrq/ qrlvh/ dqg g|qdplf surgxfwlrq erlov grzq wr d olqhdu frqwudfw ri

d uhgxfhg0irup vwdwlf prgho1 Rxu dqdo|vlv pd| eh vhhq dv ehlqj frqgxfwhg lq vxfk d

uhgxfhg0irup vhwwlqj1

Ilupv fkrrvh wkhlu zdjh srolflhv wr pd{lpl}h wkhlu remhfwlyh ixqfwlrqv1 Wkh remhfwlyh

ixqfwlrq ri d sulydwh �up lv lwv sur�w/

� ' ~ �
]

."d�Ew�o_MEw�/ +8,

zkhuh wkh xqlw sulfh ri rxwsxw kdv ehhq qrupdol}hg wr rqh1 Wkh remhfwlyh ixqfwlrq ri d

sxeolf �up lv vrfldo zhoiduh/ 71 Zh lqlwldoo| dvvxph wkdw vrfldo zhoiduh lv gh�qhg dv wkh

vxp ri wkh �up*v sur�wv dqg lwv zrunhuv* vxp0ri0xwlolwlhv/ qdpho|=

7 ' �n

]
."d�Ew�o_MEw�1 +9,

Wklv remhfwlyh ixqfwlrq fdq eh udwlrqdol}hg lq wzr zd|v/ erwk ri zklfk duh hpslulfdoo|

uhohydqw1 Iluvw/ wkh sxeolf �up pd| eh d prqrsro| zklfk ljqruhv frqvxphuv* vxusoxv

ehfdxvh wkh �up lv fdswxuhg e| lwv zrunirufh dqg wkh jryhuqphqwdo erg| hqwlwohg wr

lwv sur�wv/ h1j1/ wkh plqlvwu| ri �qdqfh1 Vhfrqg/ wkh sxeolf �up pd| eh rqh ri vhyhudo

vxssolhuv lqwhudfwlqj lq d frpshwlwlyh pdunhw/ vd| wkh zruog pdunhw/ lq zklfk fdvh lw wdnhv

9



wkh sulfh dv jlyhq dqg +fruuhfwo|, ljqruhv wkh lpsdfw ri lwv rxwsxw ghflvlrq rq frqvxphuv*

vxusoxv1

6 H�ruw fkrlfhv

Zkhq vhohfwlqj lwv zdjh srolf|/ E@c K�/ wkh �up kdv wr wdnh lqwr dffrxqw wkh h�hfw wkh zdjh

srolf| kdv rq d zrunhu*v h�ruw fkrlfh1 D w|sh0w zrunhu pd{lpl}hv khu h{shfwhg xwlolw|=

4@ 
%c+

iKn @%� SE%n +� n }E+( w�j1 +:,

E| wkh uhvwulfwlrqv rq SE�� dqg }E�( �� wkh vroxwlrq lv lqwhulru dv orqj dv @ : f/ dqg lv

fkdudfwhul}hg e| wkh �uvw0rughu frqglwlrqv=

S�EeW� ' @ ' }+E+
W( w�� +;,

Wkh OKV ri +;, vkrzv wkdw eW lv wkh vdph iru doo w*v1 Dovr/ vlqfh SE�� lv vwulfwo| frqyh{/
wkh OKV fdq eh lqyhuwhg wr |lhog eWE@�/ zklfk h{suhvvhv wkh ghshqghqfh ri wrwdo h�ruw

rq wkh lqfhqwlyh lqwhqvlw|/ @1 Olnhzlvh/ vlqfh }E+( w� lv vwulfwo| frqfdyh lq +/ wkh UKV

frqglwlrq fdq eh lqyhuwhg wr |lhog +WE@c w�1 Wkh rswlpdo ohyho ri lqglylgxdo h�ruw lv wkh

uhvlgxdo %WE@c w� � eWE@� � +WE@c w�1 Zh ghqrwh wkh rswlpdo h�ruw fkrlfhv dfurvv zrunhuv

e| wkh ixqfwlrqv fWE@�c t WE@�/ l1h1/ fWE@� � %WE@c ��1 E| gl�huhqwldwlrq ri wkh �uvw rughu

frqglwlrqv/ +;,/ zh jhw wkh iroorzlqj frpsdudwlyh vwdwlfv surshuwlhv=

S��EeW�
YeW

Y@
' � ', YeW

Y@
'

�

S��EeW�
: f�

}++
Y+W

Y@
' � ', Y+W

Y@
'

�

}++
	 f�

S��EeW�
YeW

Yw
' f ', YeW

Yw
' f�

}++
Y+W

Yw
n }+w ' f ', Y+W

Yw
'

�}+w
}++

: f�

�Ew� � Kn @%WE@c w�� Sd%WE@c w� n +WE@c w�o n }E+WE@c w�( w� ',

��Ew� ' @%WwE@c w�� S�EeW�d%W
wE@c w� n +WwE@c w�o n }++

W
wE@c w� n }w ' }w : fc

:



zkhuh �Ew� lv pd{lpl}hg h{shfwhg xwlolw| ri d w|sh0w zrunhu dqg zkhuh/ wr frqvhuyh

rq qrwdwlrq/ zh vxssuhvv wkh ghshqghqfh ri � rq E@c K�1 Wkh odvw olqh uhsuhvhqwv wrwdo

gl�huhqwldwlrq ri � zlwk uhvshfw wr w +lq idfw/ wkh odvw olqh lv mxvw dq dssolfdwlrq ri wkh

hqyhorsh wkhruhp1, Wkhuhiruh/ zh kdyh=

Ohppd 4 +l, Kljkhu lqfhqwlyh lqwhqvlw|/ kljkhu @/ ohdgv wr kljkhu wrwdo h�ruw/ kljkhu

lqglylgxdo h�ruw dqg orzhu frrshudwlyh h�ruw1

+ll, D kljkhu ydoxh ri w lqfuhdvhv frrshudwlyh h�ruw dqg ghfuhdvhv lqglylgxdo h�ruw1

Wrwdo h�ruw uhpdlqv xqfkdqjhg1

+lll, Iru jlyhq ydoxhv ri E@c K�/ pd{lpl}hg xwlolw| lv lqfuhdvlqj lq w1

7 Wkh pdlq uhvxow

Zh qrz vhw xs wkh �upv* remhfwlyh ixqfwlrqv/ dqg frpsduh wkhlu rswlpdo zdjh srolflhv1

Zh qrupdol}h wkh uhvhuydwlrq xwlolw| ri zrunhuv wr eh }hur16 Zh dvvxph wkdw erwk wkh

sulydwh dqg wkh sxeolf �up pxvw gholyhu dw ohdvw wklv uhvhuydwlrq xwlolw|/ l1h1/

."d�Ew�o � fc w 5 dwc wo� +<,

Vlqfh/ e| Ohppd 4/ � lv lqfuhdvlqj lq w/ lw vx!fhv wr uhtxluh wkh sduwlflsdwlrq frqvwudlqw/

+<,/ dw w ' w1 Dovr/ vlqfh wkh remhfwlyh ri wkh sulydwh �up lv wr pd{lpl}h lwv sur�w/ lw vhwv

wkh edvh vdodu|/ K/ dw wkh orzhvw srvvleoh ohyho zklfk lv frqvlvwhqw zlwk �Ew� ' f� E| +4,/

�Ew� ' f lv htxlydohqw wr=

K ' SEeWE@��� }E+WE@c w�( w�� @%WE@c w��

Wkhuhiruh/ wkh sulydwh �up*v zdjh eloo lv=

` E@� �
w]

w

dKn @%WE@c w�o_MEw� '

SEeWE@��� }E+WE@c w�( w�� @

] w

w

d%WE@c w�� %WE@c w�o_MEw��

6Wkh uhvhuydwlrq xwlolw| fdq eh lqwhusuhwhg dv wkh ydoxh ri ehlqj xqhpsor|hg/ lq zklfk fdvh { @ | @
z @ 3/ vr wkdw x @ 31

;



Ohw wkh �up*v rxwsxw/ xqghu wkh lqfhqwlyh lqwhqvlw| @/ eh CE@�=

CE@� � 8 EfWE@�c t WE@���

Wkhq/ vxevwlwxwlqj lqwr wkh �up*v sur�w/ +8,/ wkh remhfwlyh ri wkh sulydwh �up fdq eh

h{suhvvhg dv d ixqfwlrq ri wkh lqfhqwlyh lqwhqvlw|/ @/ dorqh=

�E@� ' CE@��` E@� ' +43,

CE@�� SEeWE@�� n }E+WE@c w�( w� n @

] w

w

d%WE@c w�� %WE@c w�o_MEw��

Rq wkh rwkhu kdqg/ vxevwlwxwlqj +4, lqwr +9,/ wkh remhfwlyh ri wkh sxeolf �up lv=

7E@� ' CE@�� SEeWE@�� n

] w

w

}E+WE@c w�( w�_MEw�� +44,

Wkh sxeolf �up pd{lpl}hv wklv ixqfwlrq/ zlwk uhvshfw wr @ dqg K/ vxemhfw wr wkh sduwlfl0

sdwlrq frqvwudlqwv=

�Ew� ' Kn @%WE@c w�� SEeWE@�� n }E+WE@c w�( w� � f/ w 5 dwc wo� +45,

Jlyhq +44, dqg +45,/ lw lv rswlpdo iru wkh sxeolf �up wr vhohfw wkh lqfhqwlyh lqwhqvlw|/ @/

dw wkh xqfrqvwudlqhg rswlpxp ri +44, dqg wkhq vhw wkh edvh vdodu|/ K/ vr wkdw +45, duh

vdwlv�hg1

Zh fdq qrz vwdwh dqg suryh rxu pdlq Sursrvlwlrq1

Sursrvlwlrq 5 Dvvxph �E@� dqg 7E@� duh frqwlqxrxvo| gl�huhqwldeoh/ vwulfwo| frqfdyh

lq @/ dqg dgplw pd{lpd dw @Ro dqg @R� uhvshfwlyho|1 Wkhq=

+l, Wkh lqfhqwlyh lqwhqvlw| lv kljkhu xqghu wkh rswlpdo zdjh0srolf| ri wkh sulydwh �up

wkdq xqghu wkh rswlpdo zdjh0srolf| ri wkh sxeolf �up1

+ll, Wrwdo h�ruw lv kljkhu lq wkh sulydwh �up1

+lll, Frrshudwlrq dprqj zrunhuv lv kljkhu lq wkh sxeolf �up1

<



Surri1 Xvlqj +43, dqg +44,/ wkh gl�huhqfh/ {/ ehwzhhq � dqg 7 lv h{suhvvhg dv iroorzv1

{E@� � �E@�� 7E@�c +46,

zkhuh

{E@� � @

] w

w

d+WE@c w�� +WE@c w�o_MEw��
] w

w

d}E+WE@c w�( w�� }E+WE@c w�( w�o_MEw�1

+Lq ghulylqj wkh odvw h{suhvvlrq zh uhsodfhg %W e| +W/ xvlqj wkh lghqwlw| %Wn +W ' eW1,

Wkh rswlpdo lqfhqwlyh lqwhqvlw| lq wkh sulydwh �up/ @Ro/ vdwlv�hv wkh �uvw0rughu frqgl0

wlrq

��E@Ro� ' 7 �E@Ro� n {�E@Ro� ' f� +47,

Rq wkh rwkhu kdqg/ wkh rswlpdo lqfhqwlyh lqwhqvlw| lq wkh sxeolf �up/ @R�/ vdwlv�hv

7 �E@R�� ' f� +48,

Lq rughu wr frpsduh +47, dqg +48,/ zh xvh +;, dqg wkh hqyhorsh wkhruhp wr vkrz=

{�E@� '

] w

w

d+WE@c w�� +WE@c w�o_MEw� : fc doo @ : f1 +49,

Htxdwlrqv +46,/ +47, dqg +48,/ frpelqhg zlwk wkh frqfdylw| ri �E@� lpso| wkdw @Ro : @R�1

Sduwv +ll, dqg +lll, iroorz qrz iurp Ohppd 4/ sduw +l,1

Wkh lqwxlwlrq ehklqg wkh uhvxow lv wkdw wkh sxeolf �up wdnhv zrunhuv* zhoiduh dqg/

lq sduwlfxodu/ zrunhuv* lqirupdwlrqdo uhqwv7 lqwr dffrxqw zkloh wkh sulydwh �up grhv qrw1

Lqghhg/ dv zh vkrz lq dsshqgl{ D/ wkh gl�huhqfh/ {/ ehwzhhq wkh sulydwh dqg wkh sxeolf

�up*v remhfwlyhv lv h{dfwo| htxdo wr zrunhuv* lqirupdwlrqdo uhqwv18 Pruhryhu/ dv wkh surri

ri sursrvlwlrq 5 vkrzv/ dq lqfuhdvh lq @ kdv d �uvw0rughu h�hfw rq zrunhuv* lqirupdwlrqdo

7� lv sulydwh lqirupdwlrq wr zrunhuv> khqfh zrunhuv zlwk d kljkhu � jhw kljkhu xwlolw|/ l1h1/ wkh| froohfw
lqirupdwlrqdo uhqwv1

8Wkh sulydwh �up dovr fduhv derxw lwv zrunhuv* zhoiduh ehfdxvh ri wkh sduwlflsdwlrq frqvwudlqwv dqg
ehfdxvh kljkhu frrshudwlyh xwlolw| glplqlvkhv wkh qhhg wr pdnh prqhwdu| frpshqvdwlrq1 Wkxv/ zrunhuv*
zhoiduh �jxuhv lqwr wkh sulydwh �up*v pd{lpl}dwlrq surjudp dv zhoo1 Qrqhwkhohvv/ wkhvh frqvlghudwlrqv
d�hfw wkh sxeolf �up/ wrr/ dqg/ rq wrs ri wkdw/ zrunhuv* zhoiduh dsshduv gluhfwo| lq wkh sxeolf �up
remhfwlyh/ exw qrw lq wkh sulydwh �up*v remhfwlyh1

43



uhqwv dqg/ khqfh/ rq wkh sulydwh �up*v sur�wv1 Vr wkh sulydwh �up fkrrvhv d eljjhu @ wr

uhgxfh lqirupdwlrqdo uhqwv1 Pruh lqwxlwlyho|/ shukdsv/ wkh sxeolf �up fkrrvhv d vpdoohu @

ehfdxvh wkdw lqgxfhv kljkhu frrshudwlyh h�ruwv/ kljkhu zrunhuv* xwlolw| dqg/ e| lpsolfdwlrq/

kljkhu sxeolf �up*v sd|r�1

Qrqhwkhohvv/ dowkrxjk wdnlqj yv1 qrw wdnlqj zrunhuv* zhoiduh lqwr dffrxqw khosv h{sodlq

wkh gl�huhqfh lq lqfhqwlyh lqwhqvlwlhv/ lw lv zruwk vwuhvvlqj wkdw zrunhuv* zhoiduh/ shu vh/ lv

qrw hqrxjk1 Lq sduwlfxodu/ wkh iroorzlqj hohphqwv duh dw sod|=

41 Khwhurjhqhlw| ri zrunhu w|shv1 Li wkh lqwhuydo dwc wo zhuh ghjhqhudwh/ lqirupdwlrqdo

uhqwv dqg {�E@� zrxog eh f/ dqg @Ro zrxog htxdo @R�1 Lq idfw/ lq wkdw fdvh wkh remhfwlyh

ixqfwlrqv ri wkh sulydwh dqg wkh sxeolf �upv zrxog eh htxdo1 Wkh sxeolf �up vwloo fduhv

derxw wkh xwlolw| ri lwv zrunhuv> krzhyhu/ zlwk rqh zrunhu w|sh dqg ulvn qhxwudolw|/ wkh

prvw h!flhqw dfwlrq lv wr pd{lpl}h sur�w dqg wkhq glylgh lw ehwzhhq wkh �up dqg wkh

zrunhuv lq zkdwhyhu pdqqhu lv ghvluhg1 Wklv lv qr orqjhu wkh fdvh zkhq wkhuh duh pdq|

zrunhu w|shv1 Lq wkdw fdvh lqirupdwlrqdo uhqwv duh qrw }hur dqg rzqhuvkls irup 2 remhfwlyh

ixqfwlrq pdwwhuv19

51 }+w : f1 Li }+w zhuh f/ h1j1/ } lqghshqghqw ri w ru } ' + n w/ +WE@c w� zrxog eh

frqvwdqw lq w dqg wkh lqwhjudqg lq +49, zrxog eh 31 Li }+w ' f/ wkh lqirupdwlrqdo sureohp

lv qrq0h{lvwhqw vlqfh doo zrunhuv pdnh wkh vdph fkrlfh1 Djdlq zh kdyh @Ro ' @R�1

61 Uhodwhg wr wkh deryh wzr/ li } ' f/ exw wkhuh lv khwhurjhqhlw| dfurvv zrunhuv zlwk

uhvshfw wr wkh glvxwlolw| iurp lqglylgxdo h�ruw/ zh jhw wkh rssrvlwh uhvxow1 Vhh dsshqgl{

E1

71 Rq wkh rwkhu kdqg/ wkh uhvxow grhv qrw klqjh rq wkh surgxfwlylw| ri frrshudwlyh

wdvnv1 Wkh uhvxow krogv hyhq li 8+ ' f1 Wkxv/ wklv lv d xwlolw|0edvhg uhvxow qrw surgxfwlylw|0

edvhg1

81 Olnhzlvh wkh uhvxow grhv qrw ghshqg rq gl�huhqwldo prqlwrulqj delolw|1 Vr idu/ zh

kdyh dvvxphg wkdw zrunhuv* uhpxqhudwlrq fdq eh pdgh frqwlqjhqw rqo| rq %1 Lq dsshqgl{

F zh vkrz wkdw wkh uhvxow frqwlqxhv wr krog +xqghu fhuwdlq frqglwlrqv, li uhpxqhudwlrq

9E| h{whqvlrq/ li ^�> �` lv qrw ghjhqhudwh/ exw lv �vpdoo�/ l1 h1/ olwwoh khwhurjhqhlw| dfurvv zrunhuv/ dsx

lv forvh wr dsu1
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fdq eh pdgh frqwlqjhqw rq % dqg +1

Sursrvlwlrq 5 vkrzv wkdw @Ro : @R�1 Zkdw fdq eh vdlg derxw wrwdo rxwsxw 0 ~Ro '

CE@Ro� yv1 ~R� ' CE@R�� 0 lq wkh sulydwh yv1 wkh sxeolf �upB:

Sursrvlwlrq 6 Li hlwkhu CE@� ru ` E@� lv lqfuhdvlqj ryhu E@R�c @Ro�/ ~Ro : ~R�1

Surri1 +4, Dvvxph C lv lqfuhdvlqj1 Wkhq wkh uhvxow iroorzv e| soxjjlqj @ lqwr C1

+5, Dvvxph ` lv lqfuhdvlqj/ dqg dvvxph wr wkh frqwudu| wkdw ~R� � ~Ro1 Wkhq wkh

sulydwh �up fdq vhw @ ' @R� lqvwhdg ri @Ro1 Wklv zloo lqfuhdvh lwv rxwsxw dqg ghfuhdvh wkh

zdjh eloo/ l1h1/ lw zloo lqfuhdvh sur�wv1

Krzhyhu/ dqg xqolnh wkh vlwxdwlrq lq frqyhqwlrqdo rqh0glphqvlrqdo sulydwh lqirupdwlrq

prghov qrwklqj fdq eh vdlg/ lq jhqhudo/ derxw wkh prqrwrqlflw| ri C ru ` 1 Lq idfw/ wkhuh

lv qrwklqj wr suhyhqw C dqg ` iurp ehlqj grzqzdug vorslqj 0 dw ohdvw ryhu vrph grpdlq

0 dqg qrwklqj wr suhyhqw @R� dqg @Ro iurp rffxuulqj rq wklv grpdlq1 Zh h{klelw qrq0

sdwkrorjlfdo h{dpsohv lq wkh qh{w vhfwlrq1; Pruh jhqhudoo|/ wkh iroorzlqj frpsxwdwlrq

vkrzv wkdw ` lv lqfuhdvlqj rqo| xqghu fhuwdlq frqglwlrqv=

` E@� ' SEeWE@��� }E+WE@c w�( w�� @

] w

w

d%WE@c w�� %WE@c w�o_MEw��

Wkhuhiruh/

` �E@� ' S�eW�� }++
W
@E@c w�� @%W@E@c w�n @

] w

w

%W@E@c w�_MEw��
] w

w

d%WE@c w��%WE@c w�o_MEw��

Wkh �uvw wkuhh whupv duh }hur ehfdxvh ri wkh �uvw rughu frqglwlrqv/ +;,/ dqg ehfdxvh %W n

+W ' eW� Vr` lv lqfuhdvlqj li dqg rqo| li @
U w

w
%W@E@c w�_MEw� :

U w

w
d%WE@c w��%WE@c w�o_MEw�1

Wklv lqhtxdolw| krogv li zrunhuv duh krprjhqrxv/ ru li %W grhv qrw ydu| wrr pxfk zlwk w1

Rwkhuzlvh/ wkhuh lv qr uhdvrq iru wklv lqhtxdolw| wr krog1

Wkh uhvxow wkdw dowkrxjk wkh sulydwh �up hpsor|v vwulfwhu zdjh lqfhqwlyhv/ lwv sur0

gxfwlylw| qhhg qrw wr eh kljkhu wkdq lq wkh fdvh ri wkh sxeolf �up glvwlqjxlvkhv rxu

:Wkh sulydwh �up lv ri frxuvh pruh sur�wdeoh +e| frqvwuxfwlrq,1
;Lqwxlwlyho|/ lq vxfk fdvhvZ 3+d, ? 3zklfk rffxuv ehfdxvh lqirupdwlrqdo uhqwv ghfuhdvh lq d1 Vr/ lq vxfk

fdvhv/ lw sd|v wkh sulydwh �up wr vdful�fh surgxfwlylw| lq uhwxuq iru +vljql�fdqwo|, vpdoohu lqirupdwlrqdo
uhqwv1
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irupxodwlrq iurp suhylrxv irupxodwlrqv +zkhuh frrshudwlyh wdvnv dqg wkh dwwhqgdqw fr0

rshudwlyh xwlolw| duh qrw sduw ri wkh irupxodwlrq1, Ixuwkhu/ wklv uhvxow lv frqvlvwhqw zlwk

hpslulfdo �qglqjv glvfxvvhg lq wkh lqwurgxfwlrq1 Wkh hpslulfdo olwhudwxuh vkrzhg/ xvlqj

�ehiruh dqg diwhu� frpsdulvrqv/ wkdw rqfh d sxeolf frpsdq| lv sulydwl}hg lw lqwurgxfhv

shuirupdqfh0uhodwhg sd|/ l1h1/ lw wljkwhqv lwv lqfhqwlyhv> |hw/ wkh h�hfw rq surgxfwlylw|

lv dpeljxrxv1 Olnhzlvh/ wkh hpslulfdo olwhudwxuh vkrzhg wkdw li zh frpsduh/ dw d jlyhq

srlqw lq wlph/ frpsdqlhv lq wkh vdph vhfwru/ wkh sulydwho|0rzqhg rqhv h{klelw vwurqjhu

lqfhqwlyhv exw qrw qhfhvvdulo| kljkhu surgxfwlylw| wkdq wkh sxeolfo|0rzqhg rqhv1

8 Frxqwhuh{dpsohv

E| zd| ri wzr sdudphwulf h{dpsohv zh qrz ghprqvwudwh wkh srvvlelolw| ri kljkhu surgxf0

wlylw| lq wkh sxeolf �up/ ghvslwh lwv orzhu lqfhqwlyh lqwhqvlw|1 Erwk h{dpsohv duh zrunhg

rxw lq ghwdlo zlwklq dsshqgl{ G1

Wkh �uvw h{dpsoh vshfldol}hv wkh prgho*v ixqfwlrqv dqg sdudphwhuv dv iroorzv=

SEe� '

�
fc
�
2
Ee� ��2c

e 	 �
e � �

c

}E+( w� ' w+E�� +

2
�/ + � fc

w 5 iw�c w2j zlwk w� 	 w2 dqg �hEw�� ' k�

~ ' 8 Efc t � ' fE�� f

2
� n tc

zkhuh=

f � k%Ew�� n E�� k�%Ew2�c

t � k+Ew�� n E�� k�+Ew2��

Wklv h{dpsoh wkxv lqyroyhv wkuhh sdudphwhuv= Ew�c w2c k�1 Vxssrvh wkdw wkh| wdnh wkh

iroorzlqj ydoxhv=

w� '
�

�D
c w2 '

b

�f
c k '

�

D
�
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Dv vkrzq lq wkh dsshqgl{/ wkh lqfhqwlyh lqwhqvlwlhv lq wkh wzr �upv duh=

@R� ' �� e.�e� �f32c

@Ro ' D� SDS�� �f32c

zkhuhdv surgxfwlylwlhv lq wkh wzr �upv duh=

~R� ' �� f2f�c

~Ro ' ��f�H�c

zklfk vkrzv wkdw wkh sxeolf �up lv pruh surgxfwlyh wkdq wkh sulydwh rqh1

Lq wkh vhfrqg h{dpsoh wkh ixqfwlrqv dqg sdudphwhuv duh vshfldol}hg dv iroorzv=

SEe� '
e2

2
n Dc

}E+( w� '
wd�� i TE�+�o

�f
/

w 5 iw�c w2j zlwk w� 	 w2 dqg �hEw�� ' k�

~ ' � n
��

�f
Ef n t �� k i Td�2+Ew��o� E�� k� i Td�2+Ew2�oc

zkhuh=

f � k%Ew�� n E�� k�%Ew2�c

t � k+Ew�� n E�� k�+Ew2��

Djdlq/ wkh h{dpsoh lqyroyhv wkuhh sdudphwhuv= Ew�c w2c k�1 Vxssrvh wkdw wkh| wdnh wkh

iroorzlqj ydoxhv=

w� ' �c w2 ' 2fc k ' f�f��

Dv vkrzq lq wkh dsshqgl{/ wkh lqfhqwlyh lqwhqvlwlhv lq wkh wzr �upv duh=

@R� ' 2�b� �f32c

@Ro ' He�b� �f32�
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Wkh fruuhvsrqglqj surgxfwlylw| ohyhov duh=

~R� ' ��f�fc

~Ro ' ��ffD�

Dovr lq wklv fdvh wkh sxeolf �up lv pruh surgxfwlyh wkdq wkh sulydwh rqh1

9 H{whqvlrqv

914 Frqvxphuv* Vxusoxv

Wkh edvlf prgho ghyhorshg deryh hlwkhu sruwud|v d �up vhoolqj lwv rxwsxw wr d frpshwlwlyh

pdunhw ru d prqrsro|/ lq zklfk fdvh wkh sxeolfo|0rzqhg �up lv dvvxphg wr sxw }hur zhljkw

rq frqvxphuv* vxusoxv1 Zh qrz frqvlghu d pruh jhqhudo prqrsro| fdvh/ lq zklfk wkh

sxeolf �up sxwv vrph +dgplqlvwudwlyho| ru srolwlfdoo| ghwhuplqhg, zhljkw rq frqvxphuv*

vxusoxv1

Ohw � E~� eh wkh lqyhuvh ghpdqg ixqfwlrq dqg ohw -E~� � ~� E~� eh wkh fruuhvsrqglqj

uhyhqxh ixqfwlrq1 Wkhq -E~� � U
."d�Ew�o_MEw� lv wkh �up*v sur�w1 Wr frqvhuyh rq

qrwdwlrq zh frqwlqxh wr fdoo wkh remhfwlyh ri wkh sulydwh �up �/ dqg olnhzlvh iru rwkhu

ixqfwlrqv lq wklv vhfwlrq1 Wkh sxeolf �up*v remhfwlyh lv qrz=

7 ' �n

]
."d�Ew�o_MEw� n ��E~�c

zkhuh �E~� lv frqvxphuv* vxusoxv/ zlwk � �E~� ' � E~�/ dqg � lv wkh zhljkw dwwdfkhg wr

frqvxphuv* zhoiduh1

Wkh pdqlsxodwlrqv xvhg lq surylqj sursrvlwlrq 5 h{whqg wr wkh qhz vfhqdulr= Wkh

sduwlflsdwlrq frqvwudlqw ri wkh orzhvw w|sh zloo eh elqglqj iru wkh sulydwh �up/ zkhuhdv/

iru wkh sxeolf �up/ @ lv fkrvhq lqghshqghqwo| ri wkhvh frqvwudlqwv/ dqg K lv dgmxvwhg wr

vdwlvi| wkh frqvwudlqwv1 Wkh gl�huhqfh ehwzhhq wkh remhfwlyhv ri wkh �upv lv=

{E@� ' @

] w

w

d+WE@c w�( w�� +WE@c w�( w�o_MEw�
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�
] w

w

d}E+WE@c w�( w�� }E+WE@c w�( w�o_MEw�� ��ECE@���

Dqg/ frpsxwlqj wkh ghulydwlyh ri {E��/ |lhogv

{�E@� '

] w

w

d+WE@c w��+WE@c w�o_MEw���� E~�

] w

w

d8%

Y%WE@c w�

Y@
n8+

Y+WE@c w�

Y@
o_MEw�c +4:,

zkhuh 8% lv wkh %Ew�0ghulydwlyh ri 8 / dqg 8+ lv wkh +Ew�0ghulydwlyh ri 8 / erwk hydoxdwhg

dw E%WE@c w�c +WE@c w��1 Sursrvlwlrq 5 vkrzv wkdw wkh �uvw whup lv srvlwlyh> krzhyhu/ vlqfh/

e| Ohppd 4/ Y%WE@cw�
Y@

: f : Y+WE@cw�
Y@

/ wkh vhfrqg whup fdqqrw eh vljqhg 0 hyhq li 8%/ 8+

duh dvvxphg wr eh srvlwlyh1 Rq wkh rwkhu kdqg/ +4:, vxjjhvwv vx!flhqw frqglwlrqv xqghu

zklfk sursrvlwlrq 5 frqwlqxhv wr krog1

Sursrvlwlrq 7 Sursrvlwlrq 5 frqwlqxhv wr krog surylghg= +l, Rxwsxw lv vljql�fdqwo| pruh

vhqvlwlyh wr frrshudwlyh h�ruw wkdq wr lqglylgxdo h�ruw= 8+ :: 8% : f1 Ru/ +ll, Wkh

zhljkw/ �/ rq frqvxphu vxusoxv lv vpdoo1

Frqyhuvho|/ vxssrvh wkdw frrshudwlyh h�ruw grhv qrw jhqhudwh dq| surgxfwlylw| jdlq

+8+ ' f, dqg wkdw wkhuh lv rqo| rqh w|sh ri zrunhu +7w 'w,1 E| xvlqj Htxdwlrq +4:,/ lw lv

hdv| wr vhh wkdw wkh sxeolf �up lpsohphqwv d kljkhu wrwdo h�ruw +dqg ohvv frrshudwlrq,

wkdq wkh sulydwh �up 0 hyhq li zrunhuv hqmr| frrshudwlqj1 Wklv rxwfrph fruuhvsrqgv wr

wkh rqh h{klelwhg e| suhylrxv sulqflsdo0djhqw prghov ri sxeolf dqg sulydwh �upv1

915 Uhod{lqj wkh pdqsrzhu frqvwudlqw

Vr idu zh kdyh frqvlghuhg oderu dv d �{hg lqsxw/ h1j1/ ehfdxvh ri odujh klulqj dqg �ulqj

frvwv ru hpsor|phqw uhjxodwlrq1 Zh qrz h{dplqh wkh fdvh zkhuh hlwkhu �up idfhv wkh

vdph xqlw0pdvv ri srwhqwldo hpsor|hhv/ exw �upv duh qrw reoljdwhg wr hpsor| doo zrunhuv/

l1h1/ hdfk �up lv deoh wr fkrrvh krz pdq| zrunhuv wr hpsor|1

Lq dqdo|}lqj wklv fdvh zh dvvxph dzd| frqvxphuv* vxusoxv/ l1h1/ zh ohw � ' f1 Lw lv zhoo

nqrzq wkdw wkh h�hfw ri dgglqj frqvxphuv* vxusoxv +e| lwvhoi, lv wr udlvh hpsor|phqw/ vhh

Urhphu dqg Vloyhvwuh +4<<5,1 Wklv lv iru wkh xvxdo uhdvrq wkdw zlwk frqvxphuv* vxusoxv
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lw lv ghvludeoh wr kdyh odujhu rxwsxw1 Krzhyhu/ lq wklv vxevhfwlrq zh srlqw rxw dqrwkhu

uhdvrq iru uhvwulfwlqj hpsor|phqw lq wkh sulydwh �up/ zklfk lv wkdw e| grlqj vr wkh �up

doohyldwhv wkh hpsor|hhv* sduwlflsdwlrq frqvwudlqw dqg wkhuhe| orzhuv lqirupdwlrqdo uhqwv1

Wkxv/ dowkrxjk wkh sulydwh �up orzhuv hpsor|phqw dqg rxwsxw/ lwv sur�wv lqfuhdvhv1 Lq

rughu wr lvrodwh wklv h�hfw/ zh ixuwkhu dvvxph wkdw wkh lqfhqwlyh lqwhqvlw| lv �{hg dw vrph

ohyho @ : f/ wkh vdph iru wkh sxeolf0 dqg wkh sulydwh0�up/ vr wkdw rqo| wkh hpsor|phqw

ghflvlrq kdv wr eh ghwhuplqhg1

Frqvlghu �uvw wkh hpsor|phqw ghflvlrq ri wkh sulydwh �up1 Dw dq| hpsor|phqw ohyho/

wkh �up fkrrvhv wkh edvh0vdodu| KRo vr dv wr pdnh wkh sduwlflsdwlrq frqvwudlqw elqglqj iru

wkh pdujlqdo zrunhu1 Wkdw lv/ wkhuh lv d zrunhu w|sh/ wW/ vxfk wkdw wkh vhw ri hpsor|hg

zrunhuv lv dwWc wo dqg

�EwW� ' f�

Khqfh rqh kdv

KRo ' SEeWE@��� }E+WE@c wW�( wW�� @%WE@c wW��

Iru d jlyhq lqfhqwlyh lqwhqvlw|/ @/ wkh sulydwh0�up*v sur�w fdq eh zulwwhq dv d ixqfwlrq

ri lwv hpsor|phqw ohyho ru/ htxlydohqwo|/ ri wkh fxwr� srlqw/ wW=

�EwW� ' 8 EfWE@�c t WE@��� d��MEwW�odSEe
WE@��� }E+WE@c wW�( wW�o n

@

] w

wW

d%WE@c wW�� %WE@c w�o_MEw��

Frqvlghu qrz wkh sxeolf �up1 Vlqfh zrunhuv* zhoiduh hqwhuv lwv remhfwlyh ixqfwlrq/

wkh sxeolf �up zrxog olnh wr kluh wkrvh lqglylgxdov zlwk wkh kljkhvw ydoxdwlrq iru wkh mre

+kljk w,1 Dowkrxjk w lv sulydwh lqirupdwlrq wr wkh zrunhu/ vhoi0vhohfwlrq rffxuv/ dv lq wkh

sulydwh �up/ e| fkrrvlqj KR� vr wkdw wkh sduwlflsdwlrq frqvwudlqw ri wkh fxwr� lqglylgxdo

wW lv elqglqj1 Wkhuhiruh/ wkh sxeolf �up fkrrvhv hpsor|phqw e| fkrrvlqj wkh fxwr� srlqw

wW zklfk pd{lpl}hv vrfldo zhoiduh dv jlyhq e|=

4:



7EwW� ' 8 EfWE@�c t WE@�� n

] w

wW

d}E+WE@c w�( w�� SEeWE@��o_MEw��

Xvlqj wkh idfw wkdw %WE@c w� � eWE@� � +WE@c w�/ wkh gl�huhqfh ehwzhhq � dqg 7 fdq eh

zulwwhq dv=

{EwW� � @

] w

wW

d+WE@c w�� +WE@c wW�o_MEw��
] w

wW

d}E+WE@c w�( w�� }E+WE@c wW�( wW�o_MEw�� +4;,

E| xvh ri +;, dqg Ohppd 4/ wkh ghulydwlyh ri +4;, lv=

{�EwW� � d��MEwW�o}wE+
WE@c wW�( wW��EwW� : f�

Wkhuhiruh/ hpsor|phqw lv odujhu lq wkh sxeolf �up/ l1h1/ wRoW : wR�W 1 Zh vxppdul}h wklv dv

iroorzv1

Sursrvlwlrq 8 Vxssrvh= +l, wkh sxeolf �up*v remhfwlyh ljqruhv frqvxphuv* vxusoxv/ dqg

+ll, wkh sulydwh dqg wkh sxeolf �up xvh wkh vdph lqfhqwlyh lqwhqvlw|/ @1 Wkhq/ wkh hpsor|0

phqw ohyho lv kljkhu lq wkh sxeolf �up1

Wkh lqwxlwlrq/ djdlq/ lv wkdw wkh sulydwh �up wulhv wr frpsuhvv lqirupdwlrqdo uhqwv

zkhuhdv wkh sxeolf �up grhv qrw/ dqg wkdw lqirupdwlrqdo uhqwv duh uhgxfhg e| �ulqj

zrunhuv1 Fdvh vwxglhv derxw sulydwl}dwlrq ryhuzkhoplqjo| vxssruw wklv prgho*v suhglf0

wlrq1<

: Frqfoxvlrq

Lq wklv sdshu zh kdyh ghyhorshg d wkhruhwlfdo iudphzrun iru frpsdulqj wkh zrunlqjv ri

sulydwh dqg sxeolf hqwhusulvhv1 Wkh pdlq qryhow| lv wkdw zh kdyh lqfrusrudwhg zrunhuv*

�vrfldol}lqj� lq wkh pdqdjhphqw*v sureohp ri vhwwlqj zrun lqfhqwlyhv1 Vrfldol}lqj kdv wzr

idfhv1 Rq wkh rqh kdqg/ lw lv dq dfwlylw| zklfk |lhogv xwlolw| iru wkh hpsor|hhv1 Rq wkh

<Iru h{dpsoh/ vhh wkh fdvh0vwxg| e| Pduwlq dqg Sdunhu +4<<:/ fk1 ;,1

4;



rwkhu kdqg/ vxfk dfwlylw| fdq d�hfw wkh �up*v rxwsxw wr wkh h{whqw wkdw vrfldol}lqj eulqjv

derxw vrph frrshudwlrq dprqj zrunpdwhv1 Lq d pxowlwdvn prgho ri zrun rujdql}dwlrq

zh kdyh hvwdeolvkhg wzr pdlq uhvxowv1 Iluvw/ wkh rswlpdo zrunhuv* frpshqvdwlrq srolf|

glvsod|v d odujhu lqfhqwlyh lqwhqvlw| lq wkh sulydwh �up wkdq lq lwv sxeolf frxqwhusduw1

Vhfrqg/ oderu surgxfwlylw| lq wkh sulydwh �up pd| eh kljkhu ru orzhu wkdq lq wkh sxeolf

�up1 Erwk uhvxowv �w zhoo zlwk wkh �qglqjv lq hpslulfdo zrun1 Pruhryhu/ wkhuh lv 0 wr rxu

nqrzohgjh 0 qr suhylrxv wkhruhwlfdo zrun rq sxeolf yv1 sulydwh �upv wkdw fdq surylgh d

xql�hg h{sodqdwlrq ri wkhvh hpslulfdo �qglqjv1

4<



Uhihuhqfhv

Dwnlqvrq/ V1/ dqg U1 Kdoyruvhq/ 4<;9/ Wkh uhodwlyh h!flhqf| ri sxeolf dqg sulydwh �upv

lq d uhjxodwhg hqylurqphqw= Wkh fdvh ri X1V1 hohfwulf xwlolwlhv/ Mrxuqdo ri Sxeolf

Hfrqrplfv 5</ 5;405<71

Erdugpdq/ D1 dqg D1 Ylqlqj/ 4<;</ Rzqhuvkls dqg shuirupdqfh lq frpshwlwlyh hq0

ylurqphqwv= D frpsdulvrq ri wkh shuirupdqfh ri sulydwh/ pl{hg/ dqg vwdwh0rzqhg

hqwhusulvhv/ Mrxuqdo ri Odz dqg Hfrqrplfv 65/ 40661

Eùv/ G1/ 4<<7/ Sulflqj dqg Sulfh Uhjxodwlrq/ Qruwk0Kroodqg/ Dpvwhugdp1

Fkdpoh|/ F1/ Pdufkdqg/ P1 dqg S1 Shvwlhdx/ 4<;</ Olqhdu lqfhqwlyh vfkhphv wr frqwuro

sxeolf �upv/ Hxurshdq Mrxuqdo ri Srolwlfdo Hfrqrp| 8/ 55<05761

Fodun/ D1/ 4<<9/ Mre vdwlvidfwlrq lq Eulwdlq/ Eulwlvk Mrxuqdo ri Lqgxvwuldo Uhodwlrqv 67/

4;<054:1

Gh Iudmd/ J1/ 4<<6/ Surgxfwlyh h!flhqf| lq sxeolf dqg sulydwh �upv/ Mrxuqdo ri Sxeolf

Hfrqrplfv 83/ 480631

Ghfnrs/ M1/ U1 Pdqjho dqg F1 Flund/ 4<<</ Jhwwlqj Pruh Wkdq \rx Sd| Iru/ Dfdghp|

ri Pdqdjhphqw Mrxuqdo 75/ 753075;1

Gudjr/ U1 dqg J1 Judyh|/ 4<<;/ Lqfhqwlyhv iru Khoslqj rq wkh Mre= Wkhru| dqg Hylghqfh/

Mrxuqdo ri Oderu Hfrqrplfv 49/ 40581

Kropvwurp/ E1 dqg S1 Plojurp/ 4<;:/ Djjuhjdwlrq dqg olqhdulw| lq wkh surylvlrq ri

lqwhuwhpsrudo lqfhqwlyhv/ Hfrqrphwulfd 88/ 636065;1

Kropvwurp/ E1 dqg S1 Plojurp/ 4<<4/ Pxowlwdvn sulqflsdo0djhqw dqdo|vlv= Lqfhqwlyh frq0

wudfwv/ dvvhw rzqhuvkls dqg mre ghvljq/ Mrxuqdo ri Odz/ Hfrqrplfv dqg Rujdql}dwlrq

:/ 570851
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Od�rqw/ M1 dqg M1 Wluroh/ 4<<4/ Sulydwl}dwlrq dqg lqfhqwlyhv/ Mrxuqdo ri Odz/ Hfrqrplfv

dqg Rujdql}dwlrq :/ ;704381

O oihvpdqq/ F1/ 4<<</ Rq wkh yluwxhv ri sulydwl}dwlrq zkhq jryhuqphqw lv ehqhyrohqw/

plphr/ Xqlyhuvlw| ri Erqq1

Pduwlq/ V1 dqg G1 Sdunhu/ 4<<:/ Wkh Lpsdfw ri Sulydwlvdwlrq 0 Rzqhuvkls dqg Frusrudwh

Shuirupdqfh lq wkh XN/ Urxwohgjh/ Orqgrq1

Pdvnlq/ Hulf/ 4<<5/ Dxfwlrqv dqg Sulydwl}dwlrq lq Vlhehuw dqg Kruvw/ hglwruv= Sulydwl0

}dwlrq= V|psrvlxp lq krqru ri Khuehuw Jlhuvfk/ sdjhv 44804691 Wxelqjhq= Prku

+Vlhehfn,1

Urhphu/ M1 H1 dqg M1/ Vloyhvwuh/ 4<<5/ D zhoiduh frpsdulvrq ri sulydwh dqg sxeolf

prqrsro|/ Mrxuqdo ri Sxeolf Hfrqrplfv 7;/ 9:0;41

Vkohlihu/ D1/ 4<<;/ Vwdwh yhuvxv sulydwh rzqhuvkls/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv 45

+7,/ 46604831

Vplwk/ F1/ G1 Rujdq dqg M1 Qhdu/ 4<;6/ �Rujdql}dwlrqdo Flwl}hqvkls Ehkdylru= Lwv Qdwxuh

dqg Dqwhfhghqwv/� Mrxuqdo ri Dssolhg Sv|fkrorj| 9;/ 98609961

\duurz/ J1/ 4<;9/ Sulydwl}dwlrq lq wkhru| dqg sudfwlfh/ Hfrqrplf Srolf| 5/ 65706::1
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DSSHQGL[

Dsshqgl{ D= Lqirupdwlrqdo Uhqwv

Wkh uhvhuydwlrq xwlolw| ri zrunhuv lv }hur1 Vr/ lqirupdwlrqdo uhqwv htxdo wkh pd{lpl}hg

xwlolw| ri zrunhuv idflqj wkh zdjh vfkhph E@c K�1 Wkh odwwhu lv=

w]
w

."d�Ew�o_MEw� '

` E@�� SEeWE@�� n

] w

w

}E+WE@c w�( w�_MEw� '

] w

w

id}E+WE@c w�( w�� }E+WE@c w�( w�o� @d+WE@c w�( w�� +WE@c w�( w�oj_MEw�

' �{E@��

Dsshqgl{ E= Rqh0Glphqvlrqdo H�ruw

Khuh zh uhwdlq khwhurjhqhlw| exw frqvlghu zrunhuv zkr ghulyh qr frrshudwlyh xwlolw|=

� ' � � SEe( w��

Zh lqgh{ zrunhuv vr wkdw Sw 	 f dqg Sew 	 f/ l1h1/ wkh eljjhu lv w wkh pruh lqgxvwulrxv

wkh zrunhu1 Wkhq/ zlwk olqhdu lqfhqwlyhv dv deryh/ w|sh0w zrunhu fkrrvhv dq eWEw� zklfk

vdwlv�hv SeEe( w� ' @1

Wkh frpsdudwlyh vwdwlfv ri zrunhuv* ghflvlrq jrhv dv iroorzv=
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Wkhuhiruh/ lw vx!fhv wr uhtxluh wkh sduwlflsdwlrq frqvwudlqw iru wkh orzhvw w|sh/ w/ zklfk

lpsolhv

K ' SEeWEw��� @eWEw��

Soxjjlqj wklv lqwr wkh zdjh ixqfwlrq/ zh jhw=

` E@� ' SEeWEw�� n @
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deWEw�� eWEw�o_MEw��

Wkhuhiruh/

` �E@� ' ESe � @�
_eW

_@
Ew� n @

w]
w

_eW

_@
_MEw� n

w]
w
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gluhfwlrq1
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Vr/ lq wklv lqvwdqfh/ �E@� ehlqj frqfdyh lpsolhv @Ro 	 @R� dqg ~Ro 	 ~R�/ zklfk lv wkh

rssrvlwh ri sursrvlwlrq 51 Wkh uhdvrq lv wkdw/ lq dq dwwhpsw wr uhgxfh lqirupdwlrqdo uhqwv

wr kljk w|shv/ wkh sulydwh �up fkrrvh d orzhu lqfhqwlyh lqwhqvlw| dqg orzhu surgxfwlrq1

Wklv lv vlplodu wr lqh!flhqf| uhvxowv lq rwkhu prghov zlwk sulydwh lqirupdwlrq/ iru lqvwdqfh/

dxfwlrqv ru lpsolflw frqwudfwv1
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Sursrvlwlrq 9 Dvvxph � lv wzlfh frqwlqxrxvo| gl�huhqwldeoh dqg vwulfwo| frqfdyh lq @/
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