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ABSTRACT

Gaps and Triangles*

We derive principles of optimal short run monetary policy in a real business
cycles model, with money and with monopolistic firms that set prices one
period in advance. The only distortionary policy intruments are the nominal
interest rates and the money supplies. In this environment it is feasible to
undo both the cash in advance and the price setting restrictions. We show that
the optimal allocation is achieved under the Friedman rule. We also show that,
in general, it is not optimal to undo the restriction that prices are set one
period in advance. Sticky prices provide the planner with tools to improve

upon a distorted flexible prices allocation.
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NON-TECHNICAL SUMMARY

In this Paper we derive general principles on how to conduct short-run
monetary policy by analysing a real business cycles model without capital, to
which three main restrictions are added: monopolistic firms, a cash-in-
advance restriction on household transactions, and a restriction on firms,
stating that prices must be set one period in advance. In this sticky prices
environment, monetary policy can affect allocations both through the path of
nominal interest rates and money supplies. These are the only distortionary
policy instruments that the government can use.

For a given interest rate path it is possible in this environment to conduct
money supply policy in order to undo the restriction of price stickiness, so that
the allocations under sticky and flexible prices coincide. By setting the nominal
interest rates to zero, the effects of the cash in advance restriction can also be
eliminated. With the available policy instruments, because of the zero bound
on nominal interest rates, the mark up distortion cannot be undone.

The first major result of the Paper is that the Friedman rule of setting the
nominal interest rates equal to zero must be followed in order to achieve the
optimal allocation. This is a general result and thus extends the result in
Ireland (1996), which shows that it is optimal to follow the Friedman rule when
the utility function is separable, linear in leisure and logarithmic in
consumption. In addition, we obtain that in general it is not optimal to
completely undo the effects of price stickiness. Ramsey rules in this
environment require the sticky prices allocation to deviate from the flexible
prices one. These deviations between the flexible prices and the sticky prices
allocations for a given interest rate path are our definition of gaps. Sticky
prices provide the planner with policy tools to improve upon a distorted flexible
prices allocation.

Under flexible prices only interest rates matter. The path of money supply
affects the price levels but not the real allocation. Because there are lump sum
taxes, the optimal monetary policy is to set nominal interest rates to zero. That
way the distortion is minimized in each date and state, and expected utility is
maximized. The optimal allocation will be distorted by a constant mark up.
Instead, the optimal allocation under sticky prices will be characterized by
variable mark-ups around an average mark-up induced by monopolistic
competition. These wedges cannot be attained under flexible prices because
nominal interest rates cannot be negative. Under sticky prices the planner is
able to sidestep the zero bound restriction on nominal interest rates and
achieve higher utility.

There are problems with following the Friedman rule under sticky prices.
Under the Friedman rule, since the cash in advance constraint is not binding,
the money supply cannot be used to determine the allocation. As Carlstrom



and Fuerst (1998b) show in a comment to Ireland (1996), the allocation is
indeterminate and there are equilibria with sunspot fluctuations. This
indeterminacy is no longer there for positive but arbitrarily small interest rates.
It seems to us that all that is economically relevant is the behaviour of these
economies as the interest rates converge to zero. Along this sequence the
optimal allocations can be achieved by using money supply.



1. Introduction

In this paper we derive general principles on how to conduct short run monetary
policy, by analyzing a real business cycles model without capital, to which three
main restrictions are added: monopolistic firms, a cash-in-advance restriction on
the households transactions, and a restriction on firms that prices must be set one
period in advance. In this sticky prices environment, monetary policy can affect
allocations both through the path of nominal interest rates and money supplies.
These are the only distortionary policy instruments that the government can use.

For a given interest rate path it is possible in this environment to conduct
money supply policy in order to undo the restriction of price stickiness, so that
the allocations under sticky and flexible prices coincide. By setting the nominal
interest rates to zero, the effects of the cash-in-advance restriction can also be
eliminated. With the available policy instruments, because of the zero bound on
nominal interest rates, the mark up distortion cannot be undone.

The first major result of the paper is that the Friedman rule, of setting the
nominal interest rates equal to zero, must be followed in order to achieve the
optimal allocation. This is a general result and thus extends the result in Ireland
(1996), that shows that it is optimal to follow the Friedman rule when the utility
function is separable, linear in leisure and logarithmic in consumption. In addi-
tion, we obtain that in general it is not optimal to completely undo the effects of
price stickiness. Ramsey rules in this environment require the sticky prices alloca-
tion to deviate from the flexible prices one. These deviations between the flexible
prices and the sticky prices allocations, for a given interest rate path, are our
definition of gaps. Sticky prices provide the planner with policy tools to improve
upon a distorted flexible prices allocation.

Under flexible prices only interest rates matter. The path of money supply
affects the price levels but not the real allocation. Because there are lump sum
taxes, the optimal monetary policy is to set nominal interest rates to zero. That
way the distortion is minimized in each date and state, and expected utility is
maximized. The optimal allocation will be distorted by a constant mark up.
Instead, the optimal allocation under sticky prices will be characterized by variable
mark ups around an average mark up induced by monopolistic competition. These
wedges cannot be attained under flexible prices because nominal interest rates
cannot be negative. Under sticky prices the planner is able to side step the zero
bound restriction on nominal interest rates and achieve higher utility.

There are problems with following the Friedman rule under sticky prices. Un-



der the Friedman rule, since the cash in advance constraint is not binding, the
money supply cannot be used to determine the allocation. As Carlstrom and
Fuerst (1998b) show in a comment to Ireland (1996), the allocation is indeter-
minate and there are equilibria with sunspot fluctuations. This indeterminacy is
no longer there for positive but arbitrarily small interest rates. It seems to us
that all that is economically relevant is the behavior of these economies as the
interest rates converge to zero. Along this sequence the optimal allocations can
be achieved by using money supply.

The literature on optimal monetary policy in an imperfectly competitive and
sticky prices world is relatively recent. Papers related to the current analysis
include Ireland (1996), Rotemberg and Woodford (1997, 1999), Goodfriend and
King (1997), Carlstrom and Fuerst (1998a, 1998b), King and Wolman (1998),
Gali and Monacelli (1999) and Erceg et al. (2000).

Our analysis is orthogonal to the analysis in Rotemberg and Woodford (1997,
1999), Gali and Monacelli (1999) and Erceg et al (2000). They analyze an en-
vironment with our basic structure but with three main differences. They allow
for fiscal instruments that undo the monopolistic competition distortion; one way
or another those are cash-less economies where money is only a unit of account;
and prices are set in a staggered fashion. Erceg et al (2000) also consider sticky
wages. The nominal rigidities are the only distortions so that the flexible prices
allocation, if feasible, is optimal. Since by assumption there is no money demand
in these models, money supply does not play a role. The nominal interest rate
is the sole instrument of monetary policy. When the flexible prices allocation is
feasible, the optimal nominal interest rate policy is to target the real interest rate
under flexible prices.

King and Wolman (1998) study a model with staggered price setting and keep
the monopolistic competition distortion but get rid of the nominal interest rate
distortion by allowing interest to be paid on currency. They show that the flexi-
ble prices solution is optimal in the deterministic case. Kahn, King and Wolman
(2000) allow for the money demand distortion and solve the optimal policy prob-
lem numerically. They show that the optimal allocation is quantitatively close to
the allocation under flexible prices.

Carlstrom and Fuerst (1998a) study a similar environment to the one we ad-
dress here. They do not analyze optimal policy. Rather they investigate the
implications of following restrictive policies such as an interest rate target, with
endogenous money supply, or an inflation target, with varying nominal interest
rates. Under both policies there are sunspot fluctuations.



The remainder of the paper is organized as follows. In section 2 we describe
the model and define the equilibria under flexible and sticky prices. Under flexible
prices the allocation is a function of monetary policy only through the nominal
interest rate path. Instead, under sticky prices, the allocation depends on the
money supply policy for a given nominal interest rate policy. In Section 3 we first
define the Ramsey problem in the economy with sticky prices and determine the
optimal interest rate policy (Section 3.2). Subsequently we take the process for
the nominal interest rates as exogenous and determine the optimal money supply
policy consistent with it (Section 3.3). We identify conditions on preferences,
technology and shocks for which the Ramsey solution and the allocation under
flexible prices coincide. As we believe it is unlikely that these conditions are
satisfied, in general the optimal policy under sticky prices achieves higher utility
than under flexible prices. Section 4 contains concluding remarks.

2. The economy

Our model economy has a simple structure as in Ireland (1996) or Carlstrom and
Fuerst (1998a). The economy consists of a representative household, a continuum
of firms indexed by i € [0,1], and a government or central bank. We consider a
vector of shocks that follow a Markov process, s; = [54, z¢, v, Gy, to preferences,
2, technology, z;, velocity, v;, and government expenditures, G;. The history of
these shocks up to period ¢, (s, 1, ..., 5¢), is denoted by s. In order to simplify the
exposition we assume that the histories of shocks have a discrete joint distribution.

FEach firm produces a distinct, perishable consumption good, indexed by i. The
production uses labor, according to a concave technology.

We impose a cash in advance constraint to the households transactions with the
timing as in Lucas and Stokey (1983). Each period is divided into two subperiods,
with the assets market in the first subperiod and the goods market in the second.

2.1. The households

The households have preferences over composite consumption Cy, and leisure 1 —
Ny, described by the expected utility function:

U= E, {Zﬁtu (Cy, 1 — Ny, %t)} (2.1)
t=0
where (3 is a discount factor, s is the referred preference shock, and Cj is

4



1 0—1 %
Ct = |:/ Ct(Z)TdZ:| ,0 > 1.
0

where 6 is the elasticity of substitution between any two goods.

The households start period ¢ with outstanding money balances, M;, and de-
cide to buy B; 1 units of money in nominal bonds that pay R;B;,1 units of money
one period later. They also decide to spend F;Q¢;+1A:+1 in state contingent nom-
inal securities. Each security pays one unit of money at the beginning of period
t + 1 in a particular state. ();;41 is the price, normalized by the probability of
the occurrence of the state, at the beginning of period ¢. The households also

receive monetary transfers X;. A fraction 1)% of the purchases of consumption,

fol P,(2)c4(i)di, where Py(i) is the price of good i, in units of money, must be made
with money so that the following cash in advance constraint must be satisfied,

1
/ Pi(i)ei(i)di < (My — Byyr + R 1By — EyQui1 A + Ar + Xo) vy (2.2)
0

vy > 1 represents the velocity of money. As v; becomes arbitrarily large money
ceases to play a role in this economy. At the end of the period, the households
receive the labor income, W;N; where W, is the nominal wage rate. They also
receive the dividends from the final goods firms fol I1;(7)di and they pay lump sum
taxes, T;. The households face the budget constraints

1
My, < |:Mt — B+ R By — EQup1 Av + A + X — / Pt(i)ct(i)di:| +
0
1
W Ny + / I, (¢)di — Ty (2.3)
0
The Bellman equation that describes the households’ problem is

V(My, By, Ay, 8¢) = Max {u(Cy, 1 — Ny, 56) + BEV (Mg, Bea, Aegr, Se41) b

where the maximization is subject to (2.2) and (2.3), together with no-Ponzi
games conditions on the holdings of assets.



1

Let P, = [[ Pi(i)*°di] 7. The following are first order conditions of this

problem, for all ¢ and s?,
. P C
Ct(g:) _ ( }?) (2.4)

Ul_N(t) VVt 1 , Rt -1+ Vt
DN 2t where R = 1™ 2.5
uc (t) P, R}’ WHETE T o (25)
uc (t) , [ﬁu(;(t + 1) Rt+1:|
=RE 2.6
.Pt t=t Pt+1 R;+1 ( )
and, for all ¢, t + 1, s', s+,
(25000, — 20D (0, — 1)
Qt’Hl - ﬁ uc(t) u1_pn(t) (27)
( Do — e (v — 1))
From (2.6) and (2.7), we have
1 t
Ei[Qui+1] = R for all ¢ and s'. (2.8)
t

Condition (2.4) defines the demand for each of the intermediate goods ¢ and
condition (2.5) sets the intratemporal marginal rate of substitution between leisure
and consumption equal to the real wage corrected for the cost of using money.
Condition (2.6) is a requirement for the optimal choice of risk free nominal bonds.
Condition (2.7) determines the price of one unit of money at time ¢ + 1, for each
state of nature s'*!, normalized by the conditional probability of occurrence of
state sT!, in units of money at time ¢. Condition (2.8) says that at ¢ the money
value of an unit of money at ¢ + 1, R%’ is equal to the expenditure at ¢ necessary
to get one unit of each contingent nominal security.

When v; = 1 then R, = R;. In this case our model coincides with the standard
cash in advance model and first order conditions of the household (2.5),(2.6) and
(2.7) can be written as

ul,N(t) . Wt 1

=—'— foralltand s, 2.9
uc (t) B R, .
t t+1
ue (t) R,E, Buc(t+1) , for all ¢t and s, (2.10)
P Piq



()
Qo = ﬁ:;ix), forall t, t +1, s*, "1 (2.11)
(+5)
As v, — oo the cash constraint becomes irrelevant and the model reduces to
a real model. Note that in that case R} = 1.

2.2. Government

The government has to finance an exogenous stream of government purchases,
G. These purchases result from the aggregation of the expenditures on each good
produced in the economy,

_0_

1 -1
Gt = |:/ gt(Z)%dl‘| ,9 > 0.
0

Given the prices on each good, P;(i), the government chooses the quantities, g:(7),
in order to minimize total spending and achieve a certain exogenous value of G;.
Thus, the purchases of each good ¢ must satisfy

gtcg:') _ (P;(j) ) - (2.12)

The government finances these government expenditures, G, with lump sum taxes
T, = P,G;. These taxes are collected at the goods market. In addition the
government makes a lump-sum monetary transfer X; at the assets market to the
representative household.

As government debt is irrelevant in this environment we choose to write the
government budget constraint as a balanced budget constraint. Therefore

Mts = M15571 +Pth +Xt —E

The money supply evolves according to M = M} | + X,.

2.3. Firms

Each firm 7 has the production technology

(1) < 2 F (ng(7)) (2.13)



where ,(7) is the production of good ¢ and z is an aggregate technology shock.
y.(7) can be used for private and public consumption, y;(i) = ¢,(7) + ¢.(7).

The problem of the firm is to choose the price in order to maximize profits
that can be used for consumption in period ¢ 4+ 1 taking the demand function,

yeli) _ (Pt(i)>_9 (2.14)

Y: B
obtained from (2.4) and from (2.12), as given, and satisfying the technology
constraint.
2.3.1. Under flexible prices

Under flexible prices, the value of period ¢ profits in units of money is £;,Q; 4111, (7).
The maximization of this expression is equivalent to the maximization of I1;(z),
which is given by

IT;(2) = Pi()y: (1) — Wine (i)

where P,(i) satisfies the demand function (2.14). The first order condition of this
problem is

, d1n P,(7) W,
P, — =0
@) [ T yt(@')} 2P (1)
where ‘;1121;((2)) = —%, since @ is the demand elasticity. Therefore, it must be that
6 W
P, =PF()=—— ) 2.15
=00 =3P (2:15)

As there is a complete symmetry across firms they all set an identical price, which
is a constant mark-up over marginal cost. As the elasticity of demand 6 gets
larger, the mark-up converges down to 1.

2.3.2. When prices are set in advance

We consider now an environment where firms set the prices one period in advance
and sell the output on demand in period ¢ at the previously chosen price.!

I This only makes sense if the size of the shocks is sufficiently small so that the firms still
prefer to satisfy demand instead of shutting down.



When firm ¢ sets prices one period in advance, it solves the problem of choosing
at t — 1, the price P;(7) that maximizes the value of profits, i.e.

E 4 [Qt—l,tQt,t-H (Pt(z)yt(z) - tht(l))]

The objective function for each firm can be written as

B | (M o - D - ) (R - Wm0

or equivalently, using (2.5),

Eis K”C J(Dii Y }RE:D (P(i)y: () — tht(i))} . (2.16)

The firm’s problem is to maximize (2.16) subject to (2.13) and (2.14). The price
chosen by the firm is

. 0 Wi
P(i) =P, = mEt—l {mm} (2.17)
where
uc(t+1) Riy1
n, = ( Pry1 R£+1) Y (2 18)
t E uc(t+1) Riq1 Y ’
t—1 Pii1 R;+1 t

2.4. Market clearing:

In each period there are markets for goods, labor, money, risk free nominal bonds
and state contingent nominal securities. Market clearing conditions are given by
the following equations, for each date and state

cy(i) + g:(i) = we(d),
so that the demand for each of the goods is equal to the supply;
1
Nt = / ﬂ,t(i) d/L
0
so that the total demand of labor is equal to the supply;

Bt+1 =0

9



and
At+1 =0

since nominal bonds and the contingent securities are in zero net supply.

Since M; .1 denotes the money carried by the household into period ¢ + 1,
market clearing requires that M = M, ., for each date and state.

From the cash in advance constraints (2.2) of the households and the market
clearing conditions we have,

PGy

(o

= M, + X, =M. (2.19)

2.5. Imperfectly competitive equilibrium:

An equilibrium are prices {(F (s'), ;(4) ('), Wi (s') , Qt41 (5", s141) 4

Ry (5))stest1 5,15 20, and allocations {(Cy (s*) , C (i) (s*) , Ny ('), Myia (8*) , Beya (s),
A1 (8% se41) s ne(9) (5°) , 92(0) (%)) stesttr i e5 120, given initial s%, Mo, Bo,and

Ay, shocks {s' € S'}}°, and policy variables {X, (s"), T} (s")},~, such that:

(1) given the pI'iCGS {(Pt (St) 7Pt(z) (St) ) Wt (St) 7Qt,t+1 (Stu St+1) uRt (St))stest""l,st_;,_leS}t:O

the sequences
{(Ce(s'), Cu(i) (s') s Ne (8') , Miya (5°) s Bryr (87) 5 Aegr (8%, 8041) ) geesern g, e Fico
solve the problem of the representative household;
(ii) either,
a) given prices {(P; ('), Wi (")) reg }4y - the sequence { Py(i) (s') e |, SOIVEs
the problem of the firms as stated in subsection (2.2.1) if prices are set
contemporaneously, or,

b) given prices {(Pt (Stil) ) Wi (St) 7Qt—1,t (Stilv St) 7Qt,t+1 ((Stilu St) 7St+1) )
Ry (8'))st-1e8t41 s,e8,8041 €5 Fioo» the sequence { (Py(7) (s"1)) i }Zo solves
the problem of the firms as stated in subsection (2.2.2) if prices are set in
advance;

(iii) all markets clear;

2.6. Allocations under flexible and under sticky prices

It is useful to notice that the two first order conditions of the households and
firms, under flexible prices, (2.5) and (2.15), can be written as

Ui—N (Ct, 1 — Ny, %t) Wi (9 - 1) ’
= = F'" (N, 2.20
uc (Ct, 1 — Nt, %t) PtRé GR{L “t ( t) ’ ( )

10



where
Ry — 1+

R/
t V¢
The feasibility constraints are
Ct + Gt = ZtF (Nt) . (221)

Conditions (2.20) and (2.21) determine the flexible prices allocation for consump-
tion, C}, and labor, N;, as a function of the nominal interest rate, R;, and the
shocks.

The level of the interest rate and the mark up of the monopolistic competition
affect the equilibrium on the same margin: both introduce a wedge between the
marginal rate of transformation and the marginal rate of substitution. Under
flexible prices that wedge is reduced to its minimum by setting the nominal interest
rate equal to zero, i.e. when the Friedman rule is followed. Given the interest rate
path, the money supply, compatible with that interest rate, determines the price
level.

In the environment with sticky prices the money supply has a direct effect on
the real wage, since prices are set in advance. The real wage satisfies the following

condition,
Wy
P

Etfl Uy (0—1)z F'(t)
0

=1 (2.22)

Given a path for the nominal interest rates, there is a continuum of money supply
policies that are consistent with that path, and are associated with different real
allocations. This is the sense in which Carlstrom and Fuerst (1998a) call attention
to the real indeterminacy associated with an interest rate rule under sticky prices.
Our approach is very different, since we allow the planner to decide on the money
supply and, therefore, to use the degrees of freedom implied by (2.22) to achieve
the optimal allocation.

3. Optimal allocations under sticky prices

In this section we determine allocations under commitment that maximize the
representative agent’s expected utility subject to the feasibility constraints and
the first order conditions of the households’ problem and of the firms’ problem.
Under sticky prices the first order condition of the households’ problem (2.5) can

11



be combined with the first order condition of the firms’ problem (2.17), to obtain
an implementability condition,

uc(t+1) Rey1
B ( T )ﬁ) Y 1 won()
Eia uc(t+1) R O=1) ., v t) =1 (3.1)
By B (2ot i) y;) Golai(t) uo
Using the intertemporal condition (2.6) in (3.1), we have
uc(t) Y, -
B BRR; w-n(t) | _ o [uc(t)
DL Pty uoll) " BPR!
and therefore _
uc(t),,  F()
i o e F/(t)ul’N(t) =0 (3.2)

It is easy to verify that for a given interest rate path there is a large set of allo-
cations satisfying the feasibility constraint and this implementability condition. In
the appendix we show that, as long as interest rates are strictly positive, R; > 1,
any allocation that satisfies the feasibility constraint and this implementability
condition can be decentralized uniquely by an appropriate money supply. This
is in accordance with what we observed previously, that there is a large set of
money supply processes compatible with a given interest rate path. The existence
of a large set of money supply processes compatible with a given interest rate
path implies the existence of a large set of allocations compatible with that same
interest rate path.

This way of formalizing the government’s choices illustrates that in an envi-
ronment with nominal rigidities the monetary policy cannot be defined only by
the interest rate path. The monetary policy needs to specify the trajectory of
the money supply also. On the other hand, in the flexible prices environment
the monetary policy is completely characterized by the interest rate path. Thus,
when we compare the sticky prices and the flexible prices allocation we do it for
policies that imply identical interest rates in both environments. The deviation
of the allocation under flexible prices from the allocation under sticky prices, for
any monetary policy that implies the same interest rate path is our definition of
gaps.

When R; = 1, because the cash in advance restriction is no longer binding,
it is not possible to use the money supply to determine one particular allocation.

12



There is a large set of allocations that solve the feasibility an implementability
constraints. The flexible prices allocation is one of them.

Proposition 3.1. (Carlstrom and Fuerst, 1998a and 1998b)* A flexible prices
equilibrium allocation with an interest rate path {R;}, such that R, > 1, is fea-
sible and implementable under sticky prices. If R, = 1, then the flexible prices
allocation is one in a large set of allocations that satisfy the feasibility and imple-
mentability restrictions, (2.21) and (3.2).

Proof: This is straightforward since for an interest rate path {R;}, the imple-
mentability condition under sticky prices, (3.2), is exactly the expected value of
the constraints (2.20) of the flexible prices allocation. The feasibility constraints
are the same in both problems.

If R; > 1, the cash in advance constraints bind and money supply can be used
to determine the flexible prices allocation.ll

The optimal allocations, under sticky and flexible prices, are compared in
terms of welfare in the following corollary:

Corollary 3.2. The optimal allocation under sticky prices will make the house-
holds at least as well off as under flexible prices.

In the next section we compute the optimal allocation under sticky prices, and
compare this to the optimal allocation under flexible prices. If the two allocations
differ for the same optimally chosen interest rate path, that means that sticky
prices allow the planner to choose an allocation that is strictly better than the
optimal allocation under flexible prices.

3.1. Ramsey problem with sticky prices

The Ramsey problem with sticky prices is the choice of sequences of consumption,
C4, labor, N;, and interest rates Ry, that maximize (2.1) subject to the feasibility
constraint (2.21), the implementability condition (3.2) and the condition that
gross nominal interest rates are greater than or equal to one

Ry >1

2This has been shown in Carlstrom and Fuerst (1998a), even though the emphasis is on
policies where this possibility of targeting both the nominal interest rates and the price level is
excluded. See also Adao, Correia and Teles (1999).
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The Lagrangian for the Ramsey problem under sticky prices can be written as

Z Z ﬁ PI‘ Ot, Nt;%t)

t=0 stcSt
+3 0N BN() Pr(s) (2 F(Ny) — Gy — Cy)
t=0 stcSt
1) c(t) F(t)
+Z Z ﬁt(’pt 3 Z P HR’ (Ct + Gt) F/(t)UI,N(t)
t=0 st—1cGt—1 steSt = 1)

where 3'\;(st) Pr(st), B'¢,(st=) Pr(st-) are the multipliers of the resources con-
straint and the implementability condition, respectively, and Pr(s*) are the prob-
abilities of the shocks.

The formalization of the Ramsey problem in terms of the choice of the allo-
cations and the nominal interest rates allows for a very simple representation of
the set of possibilities and allows for the determination of the optimal policy in
two stages. In one stage we determine the optimal allocation for a given path of
the nominal interest rates. In the other stage, the indirect utility function, which
is a function of the path for the nominal interest rate, is maximized. We start by
analyzing the choice of the interest rate policy.

3.2. The choice of the optimal interest rate policy

In this environment, it is necessary to follow the Friedman rule in order to achieve
the optimal allocation under sticky prices, as stated in the following proposition:

Proposition 3.3. The interest rate, R;, that allows to achieve the optimal allo-
cation when prices are set one period in advance, is equal to one.

Proof:
A marginal increase in the nominal interest rate has a negative impact on
utility, which is given by
¢ , uc (t) 1
=By (s) Pr(s") R o, (Ci+Gy) . (3.3)
-0
Given the non-negativity constraint on the net nominal interest rate and the fact

that in this second best environment ¢, is always strictly positive, it is optimal
toset R, =R, = 1.1
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Therefore, the optimal interest rate path under flexible prices coincides with
the optimal interest rate path under the sticky prices environment. As we re-
stricted the fiscal instruments of the governments to lump sum taxes and transfers,
we do not need to rely on distortionary taxes to finance government expenditures.
Also, the distortion that results from monopolistic competition cannot be elimi-
nated by fiscal instruments and the nominal interest rate affects directly the level
of the mark up. Because of that, R = 1 is optimal in both the flexible and the
sticky prices environments, as zero is the lower bound on the interest rate level.

When the nominal interest rate is zero, the level of real balances is indetermi-
nate as the cash in advance constraint is nonbinding. Under flexible prices there is
a unique equilibrium allocation, as the desire of agents to spend cash is matched
with fluctuations in the current price level. However, in a sticky prices environ-
ment sunspot equilibria have real consequences. The fact that output is demand
determined and agents in the economy can vary the amount of cash they spend in
response to some sunspot event leads to real indeterminacies (see Carlstrom and
Fuerst, 1998b). This indeterminacy is no longer there for positive but arbitrarily
small interest rates. It seems to us that all that is economically relevant is the
behavior of these economies as the interest rates converge to zero.* Along this
sequence the optimal allocations can be achieved by using money supply.

3.3. Optimal policy for a given interest rate path

We will pursue the analysis of the optimal policy assuming that the interest rates
R; > 1 are exogenous. Given this interest rate path we choose the allocation that
maximizes the utility subject to the feasibility constraint and the implementability
condition. The first order conditions of the Ramsey problem, for a given interest
rate path, are

s UC,C t uc t F(t
@1 -1

u - 12 _
—Ul—N(t)—I—Afth’(t)—l—(pt {_ C’éRiV(t)Yt R 0) F,Z)gt)F(t)Ul—N(t) + %Ul—N,l—N(t)} =0

(6-1)

3We thank Robert Lucas and V.V. Chari for discussions on this issue. The approach we
follow in this paper is normative. We do not model the game played by the government and
the private agents. If we were to do that the Friedman rule would be the policy in the unique
subgame perfect equilibrium.
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Manipulating these first order conditions, we obtain

2 F (Huc (1) 1
ui_N (1)

()Ot - I ﬁ“ u w w (t)u ﬁ“ —
e G (— GO 1y e “)>+w'<t>— OuNgon (), GUNe DR
(3.4)
where F(t) F(t) — F'()F (1)
¢ 02 — (O F(t
t — d / t frd

The set of equations described by (3.4) says that the marginal utility of the dis-
tortion has to be be the same across states and equal to ¢,.

As we want to characterize the optimal allocations by analyzing under which
conditions the optimal solution under sticky prices coincides with the allocation
under flexible prices, we will determine under which conditions the value of the
right hand side of (3.4) for the allocation of flexible prices is the same across
states.

Lemma 3.4. If R; is constant across states, the value of the right hand side of
(3.4) is constant across states for the flexible prices allocation if and only if the
expression

_ ucea Vi ucy N (1) / w-n1-n (1) w_yoc: Yt
Di=-=cw g~ e W+ O - SEm O+ N5G g

(3.5)
does not depend on s;.

Proof: Under flexible prices,“cW20) — _0_pr o4 that the right hand side
ul_N(t) 0—-1""t
of (3.4) becomes

o !
eflRtfl
uc,c(t)Ct v, uc,1-n(t) , ui_n,1-n(t) u1-N,c(t)Ct vy,
T uc(®) Ft*1+ uc (t) w(t)+w’ (t)— u1_n (1) w(t)+ ui_n() Ot

(3.6)

If R} is not state dependent then as long as D; is not state dependent, the expres-
sion of the right hand side of (3.4) is not state dependent for the flexible prices
allocation.ll

Therefore, we need to determine the conditions under which D, is constant
across states for the flexible prices allocation.
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Proposition 3.5. If v, = v, G; = 0, and »; = »¢, the flexible prices allocation is
the optimal allocation for a constant interest rate path when
i) Preferences are described by monotonic transformations of

-0
_ Ct

C1l-0

u F(1l—N),F >0,06>0, 0 #1.
These preferences are such that labor is constant across states in the flexible prices
allocation; and when

ii) Preferences are described by monotonic transformations of

1-0o
_ Ct

- —OéNtw,O'zo,O'#l,@bzl,
1—0

u

and the technology is
F(t) =N v>0, o< 1.

Proof: If v, = v then R; is constant for a constant interest rate path. If
Gt:O,then%: .
i) For these preferences the flexible prices allocation, which satisfies %}% =
0 R;

- @ Can be written as

H(1I-N)  H(1-N) 0 R

CH(I—N,) 2F(N)H(1—N,) (60— 1) 2F'(N,)

where H(1 — Ny) = (F(1 — N,))T .
Then
H(1— N,) 6 R

FINNJH(1—-N,) (-1 F(N)
and labor allocations under flexible prices are state independent. As D; is invariant
to monotonic transformations of the momentary utility (see Appendix) it is easy
to check that D, of u =log Cy + log(H(1 — N)) is given by

p=el (- 2l _ o1 o (12

Since D; is a function of N only, it is state independent for the flexible prices
allocation. Lemma 3.4 implies that the optimal solution is the flexible prices
allocation.

17



l1—0o

ii) When preferences are given by u = Clt_a —aNtw, the flexible prices allocation
is given by

(2F(N)™ 6 R,

ap NP (0 — 1) 2 F'(Ny)

Since o # 1, labor in the flexible prices allocation depends on the technological
shock. The expression for D; is now given by

(v—1) _ Y
Ttw(t)_(f—1+5

Di=oc—-1+@ (t)+

and is therefore state independent. The flexible prices allocation also satisfies in
this case the first order condition of the Ramsey problem. B

When the cost of holding money, R’, is constant across states, the constant
mark up of the flexible prices allocation implies that the proportionate wedge be-
tween the marginal rate of substitution and the marginal rate of transformation
is constant across states. Proposition 3.5 identifies conditions under which the
smoothing of distortions across states corresponds to the smoothing of propor-
tionate wedges across states.

The classes of preferences i) and ii) in Proposition 3.5 include preferences com-
monly used in macroeconomics. Class i) includes preferences that are aggregable
and consistent with balanced growth,

1— N)¥) o —1
u = L lt)) , 0>0,
— 0

and
u = log Cy + a(1 — Ny),

which are the preferences assumed in Ireland (1996).
Class ii) includes

cle
u = _OéthO-ano-#17
1—0
and -
(Ct—g“N;”) 1
Uy = ] ,o>0,¢v>1, (>0
— 0

which are the preferences assumed in Greenwood, Hercowitz and Huffman (1988).
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There are preferences (for v, = v, Gy = 0, and 3¢ = ) that do not sat-
isfy the constancy of D, at the flexible prices allocation. One simple example is
u=aC+ (1- Nt)%. For a linear technology, D; = m Since in the flex-
ible prices allocation IV; depends on the state, the right hand side of (3.4) (for
the flexible prices allocation) is state dependent and therefore the sticky prices
optimal allocation achieves higher utility than the flexible prices one. For the
parametrization of two equally probable ii.d. shocks, S = {1,2}, with a = 2,
0 =2, F' =1 and R; = 1, the flexible prices allocation is given by C; = 1.875 in
the good state and C; = .75 in the bad state. The pair of consumptions, 1.845 in
the good state and .834 in the bad state, satisfies the conditions of the Ramsey
problem and gives a higher expected utility to the representative agent. In this
particular case the social planner prefers a smoother consumption to the flexible
prices consumption allocation.

If there are velocity shocks the result of optimality of the flexible prices allo-
cation can still be obtained, as stated by the following proposition:

Proposition 3.6. Let v; # v, G; = 0, 3 = 3, and R; = 1. The flexible prices
allocation is the optimal allocation for the preferences and technology described
in Proposition 3.5. Also, for vy # v, Gy = 0, 3 = 3, and R; > 1, the flexible
prices allocation is the optimal allocation for those preferences and technology, if
the interest rate changes with the velocity shocks so that R, is state independent.

Proof: When R; = 1 the economy is insulated from velocity shocks and
therefore R, = R,. When R, > 1, to maintain a constant cost of holding money
the nominal interest rate has to react to the velocity shocks so that R} is constant.
In both cases the conditions on preferences and technology in Proposition 3.5 are
sufficient to guarantee that the right hand side of (3.4) is state independent, and
the flexible prices allocation is the optimal solution.l

The following proposition states that for multiplicative preference shocks, the
result of optimality of the flexible prices allocation still holds.

Proposition 3.7. Let Gy = 0, 5 # », and u (Cy, 1 — Ny, 35) = squ(Cy, 1 — Ny).
The flexible prices allocation is the optimal allocation under sticky prices for the
preferences and technology described in Proposition 3.5.

Proof: It is immediate to see that D; does not depend directly on s¢;. Therefore
Dy is constant for the preferences and technology described in (ii) of Proposition
3.5. Also in this case the flexible price allocation does not depend on 3¢, and
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therefore IV, is still constant across states for the set of preferences described by
i) in Proposition 3.5.

In the following proposition and corollary we state the results when there are
shocks to government expenditures:

Proposition 3.8. Let the path of {R;} be constant across states, and the same
under flexible and sticky prices. If = FG&W) is state dependent, the optimal alloca-
tion under sticky prices provides higher utility than the allocation under flexible

prices, for the classes of preferences and technologies described in Proposition 3.5.

Proof: If the cost of holding money, {R;}, is constant across states, then
the optimality of the flexible prices allocation implies that D; is constant across
states. It is easy to verify that D, is not constant when %FL&W) varies across
states for the flexible prices labor allocation. For preferences i), N; in the flexible
prices allocation is now state dependent and D, depends on N;. For preferences
ii), D; depends on - FG(tNt) and since this ratio is state dependent D; is also state
dependent. Therefore if G; # 0, in general the optimal solution does not coincide
with the flexible prices allocation. Since the flexible prices allocation is feasible
and implementable under sticky prices, it must be the case that the optimal policy
under sticky prices dominates, in welfare terms, the optimal policy under flexible
prices.l

Since in order to achieve the optimal allocation the interest rates must be

constant, R, = R; = 1, the corollary follows directly.

Corollary 3.9. If ﬁ is state dependent, the optimal allocation under sticky
prices provides higher utility than the optimal allocation under flexible prices, for

the classes of preferences and technologies described in Proposition 3.5.

When the cost of holding money {R;} is constant and high enough, then the
optimal allocation under sticky prices can be attained under flexible prices with
a different path for {R;}. This no longer the case for interest rates at the lower
bound, R, = R; = 1. If the optimal allocation under sticky prices requires variable
social mark ups, this can only be achieved under sticky prices.

Corollary 3.9 implies that, in general, the optimal sticky prices allocation dom-
inates in terms of welfare the optimal allocation under flexible prices. However,
because the optimal allocation under sticky prices can only be achieved at the
Friedman rule, the optimal allocation is only one in a large set of feasible alloca-
tions that includes the flexible prices allocation. Still it is possible to claim that

20



sticky prices allow the planner to achieve higher utility than flexible prices. This
is stated in the following proposition:

Proposition 3.10. Sticky prices allow the government to improve upon the op-
timal allocation under flexible prices.

Proof: Let us consider the optimal allocation under flexible prices, where
the monetary policy is the Friedman rule and let the preferences, technology and
shocks be such that the optimal allocation under sticky prices differs from the
one under flexible prices (conditions of Corollary 3.9). At the Friedman rule,
for a given money supply policy the sticky prices allocation is indeterminate.
However, as the mapping from nominal interest rates into equilibrium allocations
is continuous, there is a sufficiently small interest rate such that R; — 1 > 0 and
the optimal allocation under sticky prices provides higher utility than the optimal
flexible prices allocation (at the Friedman rule). For strictly positive interest rates,
the allocation can be determined by using the money supply.l

Our results resemble the ones obtained by Zhu (1992) when studying the opti-
mal financing of the government with labor and capital taxes. There, the optimal
taxation of labor depends mainly on the level of employment, and when labor
changes over time, (outside the balanced growth path) optimal labor taxation
changes over time. In our set up, for preferences consistent with balanced growth,
when the flexible prices allocation is characterized by an employment level that
reacts to shocks, the objective of smoothing off the distortions across states is
not attained by smoothing off the proportionate wedges across states. The opti-
mal allocation is associated with social mark ups that vary with the state. The
additional power of money in the sticky prices environment allows for the decen-
tralization of the allocations associated with these state dependent mark ups. The
lower bound on the interest rate implies that the optimal state dependent social
mark ups cannot be decentralized in the flexible prices environment.

4. Concluding Remarks

We analyze a simple environment with short run non neutrality of money and
determine principles for the conduct of monetary policy as stabilization policy.
The environment consists of an underlying real business cycles model without
capital to which we add three sources of distortions: monopolistic competition; a
cash-in-advance restriction on households’ transactions; and a restriction on firms
that prices must be set in advance.
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In the RBC economy with money and flexible prices, as in Cooley and Hansen
(1989), monetary policy affects the allocation solely through the path of nominal
interest rates. There is a large set of money supply policies consistent with that
path of nominal interest rates, and characterized by different paths for the price
levels. If prices are set in advance, there is also a large set of money supply
policies consistent with the given path for the nominal interest rates. However,
those different money supply policies are associated with different real allocations,
that in general deviate from the allocation under flexible prices. These deviations
from flexible prices, for a particular money supply policy under sticky prices, are
our definition of gaps.

The same friction that creates the gaps in the economy provides the govern-
ment with an additional policy tool, namely, a short run money supply policy, that
can be conducted separately from the nominal interest rate policy. Interestingly
enough, the government can always undo the distortions (close the gaps) created
by the price stickiness using this additional policy instrument. It is even more
interesting though, that under many circumstances, a benevolent government will
not want to close those gaps, meaning that it will achieve a better allocation, from
a welfare point of view, than the flexible prices allocation.

We use the methodological device of taking as given a path for the nominal
interest rates, and show how, under sticky prices, the additional policy instrument
ought to be used by a welfare maximizer government. This way we are able to
compare the economy under flexible prices that is distorted by an interest rate
path, and the same economy under sticky prices, with the same interest rates,
but where the money supply policy can be used to replicate the flexible prices
allocation or, possibly, to achieve a better allocation. In a second stage, we
determine the optimal interest rate policy and compare the optimal allocation
under sticky prices to the optimal allocation under flexible prices.

The first major result of the paper is that the Friedman rule must be followed
in order to achieve the optimal allocation. This is a general result and thus extends
the result in Ireland (1996), that shows that it is optimal to follow the Friedman
rule when the utility function is separable, linear in leisure and logarithmic in
consumption. A second major result of our paper is that the optimal allocation
under sticky prices is in general different from the one under flexible prices, and
that it is also better. Because of the zero bound, the optimal allocation cannot
be achieved under flexible prices.

If there were only technological shocks in this economy, and the nominal in-
terest rates were constant across states, then, for classes of preferences commonly
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used in macroeconomics, it would be optimal to replicate the flexible prices allo-
cation, eliminating the distortions arising from sticky prices. Under the optimal
interest rate policy, i.e. under the Friedman rule, the only remaining distortion
would be the constant mark up resulting from monopolistic competition. These
is a not general results, though. As soon as we consider other preference or pro-
duction structures, and allow for shocks to government expenditures, that result
vanishes. If there are only shocks to velocity, these are ineffective at the Friedman
rule, so that the optimal allocation is the one under flexible prices. If the produc-
tion function exhibits decreasing returns to labor, then in order for the result of
optimality of the flexible prices allocation to hold further restrictions may have
to be imposed on the production function. If there are shocks to government
expenditures, it is no longer the case that the flexible prices allocation is optimal.
In general it is optimal to set varying social mark ups across states.

The varying mark ups that characterize the optimal allocation under sticky
prices cannot be achieved under flexible prices, since they would imply negative
interest rates. However, that allocation is only one in a set of possible equilibrium
allocations. The fact that at the Friedman rule, the cash in advance constraint
is not binding implies that it is not possible to use money supply to uniquely
pin down one particular allocation. Still, it is true that under sticky prices it is
possible to achieve higher utility than under flexible prices. The argument is a
continuity argument. There is a small interest rate, constant across states, for
which the optimal allocation under sticky prices provides higher utility than the
optimal allocation under flexible prices. For a strictly positive interest rate path,
the path of the money supply uniquely determines the allocation.

If the government was able to subsidize production, and raise lump sum taxes
for that purpose, then it would be possible to eliminate the effects of the three
restrictions to the standard RBC environment. The optimal monetary policy
would set nominal interest rates to zero, eliminating the distortion arising from
the requirement that transactions must use money, and money supply would be
conducted so that prices would not have to react to contemporaneous information.
The optimal allocation would be the RBC flexible prices allocation. This is the
approach taken in a good part of the literature on optimal monetary policy.

In this paper we focus on optimal monetary policy as stabilization policy. A
different approach to the one we take here would be to consider the monetary
policy instruments as part of a larger set of fiscal instruments in the context of
a full Ramsey problem. The natural assumption would be to consider that lump
sum taxes would not be available and that consumption and income taxes could
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be used to affect the allocations. If no restrictions were imposed on those fiscal
instruments, then our results suggest that the monetary instruments could be
redundant. Still it would not be possible to achieve the first best allocation where
all three restrictions are undone, but the second best could be achieved with
fiscal instruments only and thus, trivially, the optimal allocations under sticky
and flexible prices would coincide. The relevant policy issue would be one of
assessing the flexibility with which the different policy instruments can react to
contemporaneous shocks.

References

1]

2]

3]

Adao, Bernardino, Isabel Correia and Pedro Teles, 1999, The Monetary
Transmission Mechanism: Is it Relevant for Monetary Policy?, mimeo, Bank
of Portugal.

Carlstrom C. T. and Timothy S. Fuerst, 1998a, Price Level and Interest
Rate Targeting in a model with Sticky Prices, mimeo, Federal Reserve Bank
of Cleveland.

Carlstrom C. T. and Timothy S. Fuerst, 1998b, A Note on the Role of Coun-
tercyclical Monetary Policy, Journal of Political Economy, vol 106, no. 4.

Cooley, Thomas F. and Gary D. Hansen, 1989, The Inflation Tax in a Real
Business Cycle Model, American Economic Review, 79, no. 4, 733-748.

Erceg, Christopher, Dale Henderson and Andrew Levin, 1999, Optimal Mon-
etary Policy with Staggered Wage and Price Contracts, forthcoming Journal
of Monetary Economics.

Gali, Jordi and Tommaso Monacelli, Optimal Monetary Policy and Exchange
Rate Volatility in a Small Open Economy, mimeo, U. Pompeu Fabra.

Goodfriend, M., and R. G. King, 1997, The New Neoclassical Synthesis and
the Role of Monetary Policy, NBER Macroannual.

Greenwood, J., Hercowitz, Z., and G. Huffman, 1988, Investment, Capacity
Utilization and the Real Business Cycle, American Economic Review 78,
402-417.

24



[9] Treland, P., 1996, The Role of Countercyclical Monetary Policy, Journal of
Political economy, vol. 104, n. 4.

[10] R. E. Lucas, Jr. and N. L. Stokey, 1983, Optimal Fiscal and Monetary Theory
in an Economy without Capital, Journal of Monetary Economics 12, 55-93.

[11] King, Robert G. and Alexander L. Wolman, 1998, What Should the Monetary
Authority do When Prices are Sticky?, mimeo, University of Virginia.

[12] Zhu, X. 1992, Optimal Fiscal Policy in a Stochastic Growth Model, Journal
of Economic Theory, 58, 250-289.

5. Appendix A

We want to show that
uco(t)Cr Ys uc1-n(t) , u—n1-n (1) uci-n(t) , Y
e O S () o (1) - —— N —C1-N\ o 2L
uc (t) G, uc (t) )+ (1) uy_n(t) u_n(t) 'Oy

is invariant to monotonic transformations F' of the utility function u.
Let us define V = F(u).

Dt:

Then
VC = FIUC
VCC F”U% + FIUC’C
VC,l*N F”uCulfN + F/UCJ,N
Vien F/UI—N
Vieni-n F”U%,N + FlUl—N,l—N
and
DV = _(F//u% t F/UCC)C% + (F'ucuy n + Flugy n)w Lo —
F/uC FIUC
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F/ulfN F’ul,N
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6. Appendix B

In this appendix, we show that any solution of the Ramsey problem, with R; > 1,
can be decentralized by an appropriate monetary policy, which we also character-
ize.

Take an allocation (Cj(s'), Nj(s')) that satisfies the problem of the social
planner. There are price levels P(s') and money balances M;*(s') that satisfy

P/ (s")Cy (s") = M;™(s")vy
and . .
uc (Cf (s'), N (s)) Re
Pr(s') R
for all s'. For these prices and money supplies, the intertemporal first order
condition of the households can be written as

uc (CF(s"), Ny (sY) _ BR! uc(Cfy (s7), Ni (s11) iy
Pt*(st) ! t*+1(3t+1) 2+1

i.e. without the conditional expectations operator.

Observe that this vector of prices and money supplies depend on the current
state and therefore cannot be part of the sticky prices economy equilibrium. From
this vector of nominal variables we construct another vector with predetermined
prices which are part of the equilibrium. Let us call this new pair P,(s*~!) and
M (s"). This pair is defined as,

= k(s 1), for k>0

P | t
Th(E) 1, y(s') € R™, for all s
and
Pi(s" O (s") = Mg (s" )y, for all s* (6.1)

Observe that this price, P;(s'™!), is a price firms could choose at date ¢t — 1 since
the allocation is consistent with the firms’ first order condition (2.17).

Next, we compute the value for v(s'). The intertemporal first order condition
of households can be rewritten as

uc (Ct*(st)> Nt*(st)) — 8R! Z Pr(st+1|st)UC(Ct*Jrl(SH_l)u Nt11(5t+1)) Ry
% - t * )
NEIAE e VB () Ry,
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or

uc (Cf(s'), Nf (s")) — 3R UC(C:H(S':H)y Ntil(StJrl)) Ry Pr(s"']s")
v(st) P (s') ! Plq(st) Riyy stjstegtrl v(stt1)
This implies that,
-1
P t+1] .t
y(s') = Z Pr(s " ]s') , for all s

st+1‘StESt+1 7(3t+1)

and that the price vector
-1

P t+1] ot
Pi(s'™) = Pr(s") Z Pr(s™]s') , for all s

stHl|stegttt 7(8t+1)

or

Paals) = PSP | S0 Pry(s ) Pr(stsY) | for all o
stH1|ste gttt

There is freedom in the choice of the first price level in the economy, and thus
we may choose Fy = P, for instance. Given the initial price level, the remaining
price levels are obtained according to the equation above.

The monetary policy that implements the allocation (C}(s'), Nj(s")) is given
by (6.1). Additionally we describe the money growth rate associated with the
optimal allocation. From the equation above we get

Pt+1(3t) |:Zst+1‘stest+1 Pt:—l (StJrl) Pl"(St+1|St)i|
_Pt(st—l) o Pt*(st) )

using the cash-in-advance conditions we can rewrite it as

Vet M (s7H) _ Cro (s [Zst“\stest Ptil(stH)Pr(Sstt)}
v Mg (s') Ct(s) Fy(s) ’

or as

71t+1Mts+1(3t+1) _ Ct*+1(3t+1)
v M7 (") Ci(s")

uC(CE‘H(StH)a Ntil(stﬂ)) Riq
uc (Cf(s), Ni(s'))  Riy

BR; Z Pr(s'™|s")

sttlisteSt

The value of M = F;Cj, and M} for t > 0 given by the equation above.
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