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ABSTRACT

Gross Credit Flows*

This Paper contributes to the empirical and theoretical knowledge of gross
credit flows: the simultaneous process of credit expansion and contraction
associated with a net change in the aggregate quantity of credit. Empirically,
the Paper summarizes heterogeneity in the banking industry by estimating
gross credit flows for the entire US banking system between 1979 and 1999.
The empirical exercise shows that sizeable gross flows coexist at any phase
of the cycle, even within narrowly defined regional units and bank size
categories. Furthermore, the Paper finds that aggregate credit contraction is a
concentrated series, which implies that a burst in credit contraction is followed
by prolonged periods of low contraction. Theoretically, the Paper proposes a
matching model in which financiers have to spend time and resources to
expand credit to heterogeneous entrepreneurs. The outcome of the model
resulting from the combination of idiosyncratic shocks and asymmetric
adjustment to positive and negative aggregate shocks appears consistent with
the empirical properties of aggregate credit flows.
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NON-TECHNICAL SUMMARY

Aggregate changes in the quantity of credit arguably represent one of the
most important macroeconomic variables for policy-makers, and a large
literature has studied the dynamic adjustment of net credit. By definition, the
change in the quantity of credit is the result of two different processes: the
extension of new loans, and the cancellation of expired and non-performing
loans. In a given period, banks are active on both sides, screening new
applicants to reduce information asymmetries, and investing time and
resources to recover non-performing loans. These activities generate
simultaneous aggregate gross flows of credit expansion and credit
contraction, shaping the observed dynamics of net credit flows. Surprisingly,
the empirical and theoretical knowledge of gross credit flows is still very
limited. This Paper is an attempt to fill this gap.

Empirically, the Paper uses bank level data on the entire US banking system
to construct aggregate statistics that summarize the process of credit
expansion and contraction between 1979 and 1999. More specifically, it
summarizes the process of credit expansion (contraction) by aggregating
positive (negative) changes in credit across individual banks, using The
Report of Condition and Income Database. It constructs aggregate flows at
quarterly and yearly frequencies and shows that sizeable gross flows coexist
at any phase of the cycle, even when banks are bunched together in terms of
regional and/or size characteristics. On average, gross credit flows appear
four times larger than net credit flows, and heterogeneity across states and
bank size groups can only partially account for the large rates of credit
reallocation, where the latter is defined as the sum of aggregate gross credit
expansion and contraction. Furthermore, credit contraction is a concentrated
series, which implies that a burst in one period is followed by prolonged
periods of low contraction.

Understanding the magnitude and the dynamic of gross credit flows has
important policy and macroeconomic implications. Indeed, the Paper argues
that the transmission of aggregate shocks (including monetary policy shocks)
over the gross margins is likely to be asymmetric, with immediate
consequences for the dynamic response of credit to aggregate shocks.
Further, the Paper suggests that reallocative shocks to liquidity represent a
propagation mechanism of aggregate changes in net credit. Indeed, the
realization of reallocative liquidity shocks may raise credit contraction and,
with some delays, may raise credit expansion, with a temporary fall in
aggregate credit.

The Paper explores also the theoretical implication stemming from the
dynamic asymmetric behaviour between credit contraction and expansion.
Specifically, the Paper proposes and solves a dynamic matching model,



where homogeneous financiers actively search to establish investment
relationships with ex ante heterogeneous entrepreneurs. The model is used to
study the dynamic interaction of aggregate and idiosyncratic shocks on
entrepreneurs-financiers matches, and to analyse the response of the creation
and the destruction margins to stochastic shocks to the financier’s outside
options, which can be interpreted as changes in money market rates. Indeed,
a dynamic stochastic version of the proposed model generates gross credit
flows that replicate the main dynamic properties of credit creation and
destruction.
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_i�?i @ t|@|�L?@h) i^��*�Mh��4�

� 5|@|�L?@h) ,^��*�Mh��4 �t _i�?i_ @t @ ti| Lu |�L hitih�@|�L? 4@h}�?t E%Sc %_�c @? �?|ihit|

h@|i h�*i oE%�c @ t�_i T@)4i?| {c @?_ @ ti| Lu M@*@?Ui �L� UL?_�|�L?t

t�U� |�@|

� �?@?U�iht @?_ i?|hiThi?i�ht tL*�i |�i �?@?U�@* i?|h) _iU�t�L?(

� �?@?U�iht @?_ i?|hiThi?i�ht tL*�i |�i�h tiT@h@|�L? _iU�t�L?(

� |�i _�t|h�M�|�L? Lu |)Tit �t |�4i �?�@h�@?|�

W? |�i @TTi?_� c �i ThL�i |�@| ML|� t�hT*�t u�?U|�L?t @hi �?Uhi@t�?} �? %c @?_ �i t�L�

|�@| @ t�4T*i hit|h�U|�L? L? |�i T@h@4i|iht }�@h@?|iit |�i i �t|i?Ui Lu @ �?�^�i i^��*�Mh��4��b

W? i^��*�Mh��4c ?L ThL�iU| Lu |)Ti % 	 %S �t i�ih �?@?Ui_c @?_ ?L ThL�iU| Lu |)Ti % 	 %_ �t

i�ih !iT| @U|��i� �? |�i T*@? EfSc f_� |�i i^��*�Mh��4 U@? Mi �_i?|��i_ @t |�i �?|ihtiU|�L?

Lu |�L u�?U|�L?t hiThiti?|�?} |�i *LU�t 7fE%S� ' fc @?_ |�i *LU�t 7fE%_� ' fc hitTiU|��i*)�

6Lh4@**)c E%Sc %_� �t |�i tL*�|�L? Lu |�i t)t|i4

%S � o_ � bqA � 1� nM E%Sc %_� ' f c

%_ � o_ n E4n 1�A � 1� nM E%Sc %_� ' f c

4;Lq eulhi/ zh lqwurgxfhg wkhvh vkrfnv dv d uhgxfhg irup ri d prgho zkhuh �qdqflhuv kdyh erwk dq dvvhw

dqg d oldelolw| vlgh1 Lq vxfk d prgho/ �qdqflhuv zrxog kdyh �uvw wr froohfw ixqgv iurp ghsrvlwruv dqg/ wkhq/

hqjdjh lq ohqglqj1 Wr wkh h{whqw wkdw ghsrvlwruv dqg hqwuhsuhqhxuv zrxog qrw eh deoh wr edujdlq gluhfwo|/

wklv nlqg ri iudphzrun zrxog hqwdlo lqh�flhqw ghvwuxfwlrq +wkh ghvwuxfwlrq ri �qdqfldoo| yldeoh surmhfwv, li

ghsrvlwruv kdg wr zlwkgudz wkhlu ixqgv iru oltxlglw| qhhgv1
4<Wkh uhvwulfwlrq lv ?= � ? �. � 1

22



x d

x c

E n try  M a rg in

S o (xc)= 0

D es tru c tio n  M arg in

S1(x d)= 0

x c
*

x d
*

6�}�hi DG ,^��*�Mh��4 ,?|h) �@h}�? E%S � @?_ #it|h�U|�L? �@h}�? E%_ �

��ihi

M E%Sc %_� '
b

4n bn 1

%S]
%_

E�� 8 E5�� _5 n
b� kq

4n bn 1 n k E�� q�

%]
%S

E�� 8 E5�� _5�

Z6hL4 ���U� �| uL**L�t �44i_�@|i*) |�@|

%_ � %S ' E4n 1 n b�Ac

Lh |�@| %_ 	 %S @t *L?} @t A : f� 5�?Ui |�i i?|h) 4@h}�? i?|h) 4@h}�? �t �T�@h_ t*LT�?}

@?_ UL?|h@U|�L? 4@h}�? �t _L�?�@h_ t*LT�?} E6�}�hi D�c |�i i^��*�Mh��4 �t �?�^�i�

�L|i |�@| �? i^��*�Mh��4c |�i UL?|�?��4 Lu ThL�iU|t U@? Mi _���_i_ �? uL�h U@|i}Lh�it @U�

ULh_�?} |L |�i�h |)Tic %c @?_ |�i�h t|@|ic @U|��i Lh �_*i� 6�ht|c |�ihi �t @ 4@tt �} Lu BLL_ �U|��i

�hL�iU|t � A�i) hiThiti?| i?|hiThi?i�ht |�@| @hi �?@?Ui_ @?_ @U|��ic @?_ ��Lti �_�Lt)?Uh@|�U

|)Ti �t @ML�i |�i i?|h) 4@h}�?c Lh % : %S� 5iUL?_c |�ihi �t @ 4@tt �K Lu �@_ �U|��i �hL�iU|t �

A�iti @hi i?|hiThi?i�ht |�@| @hi U�hhi?|*) @U|��ic M�| �L�*_ ?L| Mi hi�?@?Ui_ �u uhit�*)

4i| L? |�i 4@h!i|� `�i? Lh�}�?@**) �?@?Ui_c |�iti �ihi ��}�*) ThL_�U|��i ThL�iU|t ��|� @

|)Ti % : %Sc @?_ *@|ih _i|ih�Lh@|i_ MiU@�ti Lu ?i}@|��i �_�Lt)?Uh@|�U t�LU!tc t�U� |�@| |�i�h

U�hhi?| |)Ti *�it Mi|�ii? %S @?_ %_� A��t }hL�T Lu ThL�iU|t �t !iT| @*��i MiU@�ti Lu |�i ULt|

Lu *�^��_@|�L? A @?_ |�i @ttLU�@|i_ *L@?t U@? Mi UL?t�_ihi_ Rt|�U! *�^��_�|)�� A��h_c |�ihi �t

@ 4@tt �} Lu BLL_ W_*i �hL�iU|t� A�iti @hi i?|hiThi?i�ht |�@| �L�*_ }i| *�^��_�|) �u |�i) 4i|

@ �?@?U�ihc @?_ @hi t�U� |�@| |�i�h U�hhi?| �_�Lt)?Uh@|�U |)Ti % �t @ML�i |�i i?|h) 4@h}�?c

Lh % : %S� 6�?@**)c |�ihi �t @ 4@tt �K Lu �@_ W_*i �hL�iU|t � A�iti @hi �_*i ThL�iU|t |�@| �?

2�



S tu ck  (b ad )
E n trep ren eu rs

Jb

G o o d
E n trep ren eu rs
Jg

B ad  Id le
P ro jec ts
V b

D es tru c tio n
M a rg in  X d

C re a tio n  M arg in
X c

f (x )

G o o d   Id le
P ro jec ts

V g

B ad  Id le
P ro jec ts

V b

X

6�}�hi SG ,?_L}i?L�t �@h|�|�L? Lu |�i #�t|h�M�|�L? Lu �hL�iU|t

|�i�h U�hhi?| t|@|i �L�*_ Mi |�h?i_ _L�? M) �?@?U�ihtc M�| UL�*_ MiUL4i @ ThL�|@M*i 4@|U�

�u |�i) �ihi ��| M) @ TLt�|��i �_�Lt)?Uh@|�U t�LU!� 6Lh4@**)c |�i) ULhhitTL?_ |L @** |�i �_*i

i?|hiThi?i�h ��Lti |)Ti �t Mi*L� |�i i?|h) 4@h}�?c Lh % 	 %S� 5)44i|h�U@**)c |�ihi ��**

Mi @ 4@tt Lu �?@?U�@* *�^��_�|) _ ' �K n �} �?�it|i_ L? |�i 4L?i) 4@h!i|c @ 4@tt S} ' �}

*i?| |L }LL_ i?|hiThi?i�htc @?_ @ 4@tt SK ' �K t|�U! L? ?L?�TihuLh4�?} *L@?t� �M��L�t*)c

�K n �} n �K n �} ' _n SK n S} ' ��

W? t|i@_) t|@|i |�i 4@tt Lu ThL�iU|t �? i@U� |)Ti%t|@|i �t UL?t|@?|� A�i?c �i U@? _ih��i

|�i t|i@_)�t|@|i �@*�it Lu �Kc �}c �Kc@?_ �} M) �4TLt�?} |�@| �?�L�t @?_ L�|�L�t �? i@U�

|)Ti%t|@|i @hi M@*@?Ui_� A�i M@*@?Ui �L� UL?_�|�L? uLh M@_ i?|hiThi?i�ht �t

db8 E%_� n bE�� 8 E%S�� n 1o�K ' db8 E%S�� b8 E%_�o�} c E2f�

��ihi |�i *iu| �@?_ t�_i �t |�i L�|�L� @?_ |�i h�}�| �@?_ t�_i �t |�i �?�L�� ��|�L�t

UL?t�t| Lu M@_ ThL�iU|t |�@| |h@?t�| �?|L M@_ �_*i ThL�iU|t MiU@�ti Lu @ ?i}@|��i �_�Lt)?Uh@|�U

t�LU! Lh @ t�LU! |L |�i�h �?@?U�ihc @?_ Lu ThL�iU|t |�@| MiUL4i }LL_ MiU@�ti Lu @ TLt�|��i

�_�Lt)?Uh@|�U t�LU!� W?�L�t ULhhitTL?_ |L }LL_ i?|hiThi?i�ht |�@| @hi ��| M) @ ?i}@|��i

t�LU! |L |�i�h ThL_�U|���|) @?_ i?_ �T ��|� @ |)Ti % 5 d %_c %S�� �i | UL?t�_ih |�i �L�t uLh

|�i M@_ �_*i ThL�iU|t� A�i M@*@?Ui UL?_�|�L? )�i*_t

b8 E%_��} n db8 E%_� n 1o�K ' bd�� 8 E%S�o�K � E2��

A�i *iu| �@?_ t�_i t�4T*) t@)t |�@| @U|��i ThL�iU|t E}LL_ @?_ M@_� �L� �?|L |�i M@_ �@U@?U)

2e



t|@|i ��i? ��| M) @ ?i}@|��i t�LU! |�@| Mh�?}t |�i�h |)Ti Mi*L� |�i i �| |�hit�L*_ Lhc uLh

M@_ ThL�iU|t L?*)c ��i? |�i�h �?@?U�ih �t ��| M) @ *�^��_�|) t�LU!� 5�U� �?�L�t �?|L |�i

M@_ �_*i t|@|i @hi M@*@?Ui_ M) |�i L�|�L�t UL?t�t|�?} Lu ThL�iU| *i@��?} |�i M@_ �_*i t|@|i

MiU@�ti Lu t��U�i?|*) *@h}i TLt�|��i �_�Lt)?Uh@|�U t�LU!t� �hL�iU|t t|LT Mi�?} R}LL_ �_*i

ThL�iU|t� ��i? t�UUittu�**) 4@|U�i_ ��|� @ �?@?U�ih Lh ��i? ��| M) @ t��U�i?|*) ?i}@|��i

�_�Lt)?Uh@|�U t�LU!( ?i� }LL_ �_*i ThL�iU|t UL?t�t| Lu M@_ �_*i ThL�iU|t ��| M) TLt�|��i t�LU!t

@?_ M) }LL_ @U|��i ThL�iU|t |�@| |�h? �_*i �? hitTL?ti |L @ t�LU! |L |�i�h �?@?U�ih� A�i

M@*@?Ui UL?_�|�L? )�i*_t

k�} n b8 E%S��} ' bd�� 8 E%S�o�K n 1�} � E22�

6�?@**)c |�i M@*@?Ui UL?_�|�L? uLh |�i }LL_ @U|��i ThL�iU|t hi@_t

k�} n bE�� 8 E%S���K ' db8 E%S� n 1o�} E2��

��ihi L�|�L�t ULhhitTL?_ |L }LL_ @U|��i ThL�iU|t ���U� @hi ��| M) ?i}@|��i t�LU!t @?_ |�h?

�?|L M@_ @U|��i ThL�iU|t Lh @hi *�^��_@|i_� W?�L�t @hi ?i� 4@|U�it @?_ M@_ @U|��i ThL�iU|t

|�h?�?} }LL_� A�i t)t|i4 UL?t�t|�?} Lu |�hii i^�@|�L?t @4L?} E2f�c E2��c E22�c E2��c @?_

|�i UL?_�|�L? |�@| |�i�h t�4 i^�@*t L?i )�i*_t �?�^�i tL*�|�L? uLh �} c �Kc �Kc @?_ �}�

D�� �L4T@h@|��i 5|@|�Ut
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ì �@�i Thiti?|i_ |�iLh) @?_ i��_i?Ui L? }hLtt Uhi_�| �L�tc |�i t�4�*|@?iL�t ThLUitt Lu

Uhi_�| i T@?t�L? @?_ UL?|h@U|�L? @ttLU�@|i_ ��|� @ ?i| U�@?}i �? |�i @}}hi}@|i *i�i* Lu Uhi_�|�

,4T�h�U@**)c �i �@�i t�44@h�3i_ �i|ihL}i?i�|) �? |�i N�5� M@?!�?} t)t|i4 M) UL?t|h�U|�?}

@}}hi}@|i 4i@t�hit Lu Uhi_�| i T@?t�L?t @?_ UL?|h@U|�L?t� ��h i4T�h�U@* i ihU�ti �@t t�L�?

|�@| t�3@M*i }hLtt Uhi_�| �L�t ULi �t| @| @?) T�@ti Lu |�i U)U*ic i�i? ��|��? ?@hhL�*) _i�?i_

hi}�L?@* �?�|t @?_ ��|��? t4@** T@h|�|�L? Lu |�i M@?! t�3i _�t|h�M�|�L?� 6�h|�ih4Lhic Uhi_�|

UL?|h@U|�L? �t @ UL?Ui?|h@|i_ tih�itc ���U� �4T*�it |�@| @ M�ht| �? L?i Tih�L_ �t uL**L�i_ M)

ThL*L?}i_ Tih�L_t Lu *L� �@*�it� A�iLhi|�U@**)c �i �@�i ThLTLti_ @ 4@|U��?} 4L_i* �? ���U�

�?@?U�iht �@�i |L tTi?_ |�4i @?_ hitL�hUit |L i T@?_ Uhi_�| |L �i|ihL}i?iL�t i?|hiThi?i�ht�

A�i UL4M�?@|�L? Lu �_�Lt)?Uh@|�U @?_ @}}hi}@|i t�LU!tc @?_ @t)44i|h�U @_��t|4i?| Mi|�ii?

Uhi_�| i T@?t�L? @?_ UL?|h@U|�L? @TTi@ht UL?t�t|i?| ��|� |�i U�@h@U|ih�t|�Ut Lu @}}hi}@|i

Uhi_�| �L�t� W? |��t tiU|�L?c �i i4T�@t�3i |�i hi*i�@?Ui Lu L�h |�iLhi|�U@* @?_ i4T�h�U@*

uh@4i�Lh!tc @?_ �i t�}}it| ui� _�hiU|�L?t uLh u�|�hi hiti@hU��

A�i UL?Ui?|h@|�L? Lu @}}hi}@|i Uhi_�| UL?|h@U|�L? �@t �4TLh|@?| TL*�U) �4T*�U@|�L?t� Wu

|�i @}}hi}@|i t�LU!t |L |�i 4L?i)�4@h!i| h@|i i4T�@t�3i_ M) L�h |�iLhi|�U@* @?@*)t�t @hi

�?|ihThi|i_ @t TL*�U) �??L�@|�L?tc L�h uh@4i�Lh! ThL��_it ?i� �?t�}�|t L? |�i _)?@4�U igiU|t

Lu 4L?i|@h) TL*�U) L? @}}hi}@|i Uhi_�|� W?_ii_c |�i ThLT@}@|�L? Lu �?|ihit| h@|i U�@?}it L�ih

|�i M@?!�?} t)t|i4 _iTi?_t Uh�U�@**) L? |�i hi@U|�L? Lu |�L _�gihi?| 4@h}�?tG |�i M@?!�?}

��



t)t|i4<t @M�*�|) |L �?_ @?_ tUhii? ?i� ThL�iU|tc @?_ |�i M@?!�?} t)t|i4<t @M�*�|) |L hiU@**

i �t|�?} *L@?t� 5�?Ui |�iti ThLUittit @hi �?�ihi?|*) _�gihi?|c M@?! *i?_�?} ��** hitTL?_

@t)44i|h�U@**) |L TLt�|��i @?_ ?i}@|��i �??L�@|�L?t� Oi?Uic |�i _it�}? @?_ �4T*i4i?|@|�L?

Lu 4L?i|@h) TL*�U) t�L�*_ |@!i �?|L @UUL�?| |�i @t)44i|h�U *@} t|h�U|�hi Mi|�ii? TL*�U)

UL?|h@U|�L?t @?_ TL*�U) i T@?t�L?tc @?_ hi@U| UL?ti^�i?|*)� W? T@h|�U�*@hc @t @ t�}?��U@?|

T@h| Lu |�i t|LU! Lu Uhi_�| 4@) UL?t�t| Lu �?�ti_ Uhi_�| *�?itc �| �t *�!i*) |�@| M@?!t @hi @M*i

|L UL?|h@U| Uhi_�| 4�U� u@t|ih |�@? |�i) U@? i T@?_ �|� W?_ii_c t�U� _)?@4�U @t)44i|h)

@TTi@ht u�**) UL?t�t|i?| ��|� |�i UL?Ui?|h@|�L? Lu @}}hi}@|i Uhi_�| UL?|h@U|�L?� W? @__�|�L?c

#i**<�h�UU�@ @?_ B@h�M@*_� E�bbH� it|�4@|i |�i �4T@U| Lu 4L?i|@h) TL*�U) t�LU!t L? ?i| �L�tc

@?_ �?_ i��_i?Ui Lu @t)44i|h)G @}}hi}@|i Uhi_�| hi@U|t 4Lhi t�@hT*) |L TL*�U) UL?|h@U|�L?t

|�@? |L TL*�U) i T@?t�L?t�

��h |�iLhi|�U@* @?@*)t�t t�}}it|t |�@| hi@**LU@|��i t�LU!t |L *�^��_�|) U@? Mi @? @__��

|�L?@* tL�hUi Lu _)?@4�Ut �? @}}hi}@|i Uhi_�|� W? L�h 4L_i*c *�^��_�|) �t hi@**LU@|i_ @UhLtt

|�i M@?!�?} t)t|i4 @| |�i �?t|@?|@?iL�t h@|i 1� 6L**L��?} |�i hi@*�3@|�L? Lu @ *�^��_�|) t�LU!

1c |�i *�^��_�|) @**LU@|i_ |L @ �?@?U�ih Ui@tit |L Mi @�@�*@M*ic @?_ uLhUit |�i �?@?U�ih �?|L

M@?!h�T|U) ��i?i�ih t�U� *�^��_�|) �t �?�it|i_ �? i?|hiThi?i�h�@* ThL�iU|t� A��tc |�i hi@*�

�3@|�L? Lu hi@**LU@|��i *�^��_�|) t�LU!t 4@) h@�ti Uhi_�| UL?|h@U|�L? @?_c ��|� tL4i _i*@)tc

4@) h@�ti Uhi_�| i T@?t�L?� 5�?Ui Uhi_�| i T@?t�L? �t |�4i UL?t�4�?}c @}}hi}@|i Uhi_�| |i4�

TLh@h�*) u@**t� 6�h|�ih4Lhic |�i t�3i Lu |�i �4T@U| Lu hi@**LU@|��i t�LU!t L? @}}hi}@|i Uhi_�|

_iTi?_t L? |�i TihUi?|@}i Lu *�^��_�|) �?�it|i_ �? Uhi_�| hi*@|�L?t��Ttc @?_ �t |��t *�!i*)

|L Mi 4Lhi �4TLh|@?| �? Tih�L_t Lu u@t| ?i| Uhi_�| i T@?t�L?� W? |�i hi@* �Lh*_c �?|ihM@?!

4@h!i|t @hi *�!i*) |L @**i��@|i |�i M�h_i? Lu hi@**LU@|��i t�LU!tc M) }���?} |L �?@?U�iht |�@|

�@�i �**�^��_c M�| tL*�i?|c TLt�|�L?t |�i LTTLh|�?�|) |L MLhhL� @}@�?t| |�i�h @tti|t� OL��

i�ihc �i !?L� |�@| tL4i M@?!tc @?_ |�Lti Lu *L�ih t�3i �? T@h|�U�*@hc �@�i ?L| �?*�4�|i_

@UUitt |L |�i �?|ihM@?! 4@h!i|� A��tc �i @hi UL?��?Ui_ |�@| |�i tL�hUi Lu @}}hi}@|i Uhi_�|

_)?@4�Ut i4T�@t�3i_ M) L�h T@Tih �t �4TLh|@?|c @?_ u�|�hi hiti@hU� t�L�*_ |h) |L ^�@?|�u)

�|t i4T�h�U@* hi*i�@?Ui�

W? @__�|�L?c @t *L?} @t |�i �?|ihM@?! 4@h!i| ThL��_it L?*) �4TihuiU| �?t�h@?Ui @}@�?t|

*�^��_�|) t�LU!tc L�h |�iLhi|�U@* @?@*)t�t t�}}it|t @*tL |�@| hi@**LU@|��i t�LU!t *i@_ |L �?i��

U�i?| tiT@h@|�L?t� 6L**L��?} @ 1 t�LU!c L|�ih��ti @U|��ic i?|hiThi?i�ht Ui@ti ThL_�U|�L? @?_

hi4@�? �_*ic @?_ @hi uLhUi_ |L �?_ih}L @ ?i� hL�?_ Lu tUhii?�?}� W? t�U� U�hU�4t|@?Uitc

|�ihi �L�*_ Mi LM��L�t hLL4 uLh @? i L}i?L�t �?�iU|�L? Lu *�^��_�|)c @?_ @ hL**�L�ih Lu |�i

�?@?U�@* hi*@|�L?t��Tt |�@| U@4i |L @? @Mh�T| �@*|�

6�|�hi hiti@hU� t�L�*_ |h) |L @__hitt i�U�i?U) UL?t�_ih@|�L?t hi*@|i_ |L }hLtt Uhi_�|

�e



�L�t� A�i 4@}?�|�_i Lu }hLtt Uhi_�| hi@**LU@|�L? _iTi?_t U*i@h*) L? |�i @�ih@}i _�h@|�L? Lu

�?@?U�@* UL?|h@U|tc @?_ �| �t ThLM@M*) _��U�*| |L it|@M*�t� @ *�?! Mi|�ii? h@|it Lu Uhi_�| hi@*�

*LU@|�L? @?_ i�U�i?U) 4i@t�hit �? |�i M@?!�?} t)t|i4� OL�i�ihc �i 4@) t|�** @t! ��i|�ihc

uLh @ }��i? @�ih@}i _�h@|�L? Lu �?@?U�@* UL?|h@U|tc *@h}ih h@|it Lu Uhi_�| hi@**LU@|�L? @hi �?�

_ii_ _it�h@M*i� ��h 4L_i* t�}}it| |�@| *�^��_@|�L? ULt|t *�4�| |�i M@?!t< @M�*�|) |L hiU@** |�i

�?�it|i_ U@T�|@*c @?_ *i@_t |L *L�ih Uhi_�| hi@**LU@|�L? �? i^��*�Mh��4� A��tc 4i@t�hit @�4i_

@| tTii_�?} �T |�i *�^��_@|�L? ThLUitt Ei�}� �4ThL�i4i?|t �? M@?!h�T|U) *@�tc �?Uhi@ti_

i?uLhUi4i?| Lu ThLTih|) h�}�|t� @hi *�!i*) |L Mi �i*u@hi �4ThL��?}� �|�ih |��?}t i^�@*c |�i

*L�ih �t |�i *�^��_@|�L? ULt|tc |�i ��}�ih �t Uhi_�| hi@**LU@|�L? @?_ |�i ��}�ih �t |�i @M�*�|) Lu

|�i M@?!�?} t)t|i4 |L hi@**LU@|i *�^��_�|) uhL4 *itt ThL_�U|��i |L 4Lhi ThL_�U|��i ThL�iU|t�

�?i �44i_�@|i UL?ti^�i?Ui �t uLh |�i @?@*)t�t Lu M@?!�?} Uh�tit� �L�?|h�it U�@h@U|ih�3i_ M)

��}�ih *�^��_@|�L? ULt|t ��** t�gih 4Lhi ��i? ��| M) @}}hi}@|i @?_%Lh hi@**LU@|��i t�LU!t�

W?_ii_c |�i @4L�?| Lu *�^��_�|) @**LU@|i_ |L �?ThL_�U|��i ThL�iU|t �L�*_ Mi ��}�ihc ��|�

_�hiU| UL?ti^�i?Uit L? M@?!t< �i@*|� @?_ @}}hi}@|i L�|T�|�

�TTi?_� 

� Htxloleulxp H{lvwhqfh

Wkh vxusoxv ixqfwlrq lpsolhg e|

7fE%� '
�

4n bn 1

;?
=%� o � bqA � 1� n b

%]
%

4@ d7fE5� n A ( fo _8 E5� E2H�

�kq

%]
%

4@ d7fE5�( fo _8 E5�� kE�� q�4@ d7fE%�

<@
> ( fo � E2b�

grhv qrw vdwlvi| wkh Eodfnzhoo frqglwlrqv iru d frqwudfwlrq1 Krzhyhu/ zh fdq suryh htxloleulxp h{lvwhqfh

dqg xqltxhqhvv gluhfwo| e| dsso|lqj wkh Frqwudfwlrq Pdsslqj Wkhruhp1 Htxdwlrq +5;, lpsolhv dv pdsslqj

ixqfwlrq A G 7 $ 7( zkhuh 7 lv d vsdfh ri erxqghg uhdo ixqfwlrqv zlwk d phwulf _ gh�qhg e|

_E`ct � ' n` � t n '

%]
%

m` E5�� t E5�m _8 E5�� E�f�

Lq dgglwlrq/ gh�qh d vruw ri glvfrxqw idfwru/ � ' bnk

4nbn1
c ghshqglqj rq wkh dfwxdo glvfrxqw idfwru/ 4c dqg

rwkhu sdudphwhuv ri wkh prgho1 Zh fdq/ wkhq/ vwdwh wkh iroorzlqj sursrvlwlrq wkdw jxdudqwhhv wkh h{lvwhqfh

ri d xqltxh �{hg srlqw=

�D



�hLTLt�|�L? � Li # ? 4> iru dq| Z / \ 5 U> < * 5 +3> 4, vxfk wkdw nW +Z ,� W +\ ,n � * nZ � \ n =
Surri1 AIurp Ht1 +5;, zh fdq zulwh iru dq| {

mW +Z +{,,� W +\ +{,,m @
4

�. �. �

�������
{]

{

ipd{ ^Z +}, . W > 3`�pd{ ^\ +}, . W > 3`jgI +},

.��

{]
{

ipd{ ^\ +},> 3`�pd{ ^Z +},> 3`j gI +},

.�+4� �, ipd{^\ +{,> 3`�pd{^Z +{,> 3`jm

e| dsso|lqj wkh wuldqjxodu lqhtxdolw|/ zh rewdlq

mW +Z +{,,� W +\ +{,,m �
�

�. �. �

������
{]

{

ipd{ ^Z +}, . W > 3`�pd{ ^\ +}, . W > 3`jgI +},

������

.
��

�. �. �

������
{]

{

ipd{ ^\ +},> 3`�pd{ ^Z +},> 3`jgI +},

������
.
�+4� �,

�. �. �
mpd{^\ +{,> 3`�pd{^Z +{,> 3`m 1

Qrz frqvlghu wkh �uvw whup rq wkh ukv1 E| dsso|lqj wkh wuldqjxodu lqhtxdolw| djdlq zh fdq zulwh

������
{]

{

ipd{ ^Z +}, . W > 3`�pd{ ^\ +}, . W > 3`j gI +},

������ �
{]

{

mpd{ ^Z +}, . W > 3`�pd{ ^\ +}, . W > 3`m gI +}, 1

Ixuwkhupruh/ zh nqrz wkdw ;}

mpd{ ^Z +}, . W > 3`�pd{ ^\ +}, . W > 3`m � m+Z +}, . W ,� +\ +}, . W ,m @ mZ +},� \ +},m

wkdw phdqv ������
{]

{

ipd{ ^Z +}, . W > 3`�pd{ ^\ +}, . W > 3`jgI +},

������ �
{]

{

mZ +},� \ +},m gI +}, >

vlploduo|/ iru wkh vhfrqg whup zh kdyh

������
{]

{

ipd{ ^\ +},> 3`�pd{ ^Z +},> 3`jgI +},

������ �
{]

{

mZ +},� \ +},m gI +}, >

dqg iru wkh wklug whup/

mpd{^\ +{,> 3`�pd{^Z +{,> 3`m � mZ +{,� \ +{,m 1

�S



Ilqdoo|/ sxwwlqj wkh wkuhh whupv edfn wrjhwkhu/ zh fdq zulwh

nW +Z ,� W +\ ,n �

{]
{

3
C �

�. �. �

{]
{

mZ +},� \ +},m gI +},

.
��

�. �. �

{]
{

mZ +},� \ +},m gI +},

.
�+4� �,

�. �. �
mZ +},� \ +},m

�
gI +}, >

dv
{U
{

gI +}, @ 4/ lw iroorzv gluhfwo| wkdw

nW +Z ,� W +\ ,n �
�

�. �. �

{]
{

mZ +},� \ +},mgI +},

.
��

�. �. �

{]
{

mZ +},� \ +},m gI +},

.
�+4� �,

�. �. �

{]
{

mZ +},� \ +},m gI +}, /

dqg vxevwlwxwlqj iurp +63,/

{]
{

mZ +},� \ +},m gI +}, �
�

�. �. �

{]
{

mZ +},� \ +},m gI +},

.
��

�. �. �

{]
{

mZ +},� \ +},m gI +},

.
�+4� �,

�. �. �

{]
{

mZ +},� \ +},m gI +}, 1

Wkhq d vx�flhqw frqglwlrq iru W wr eh d frqwudfwlrq pdsslqj lv

�

�. �. �
.

��

�. �. �
.

�+4� �,

�. �. �
? 4/

ru

� ? �. �1

t1g1h1

�.



� Prqrwrqlflw| ri wkh Vxusoxv Ixqfwlrqv

�hLTLt�|�L? 2 Li i+{, A 3 iru dq| { 5 ^{> {` > wkh vxusoxv ixqfwlrq V3+{, dqg V4+{, duh lqfuhdvlqj lq {=

Surri1 Zh fdq zulwh

V3+{, @ F+{,�G. M+{,� Y +{, /

V4+{, @ V3+{, . W /

dqg vxevwlwxwlqj xvlqj Htxdwlrqv +45,/ +46,/ +47,/ dqg +48,/ ehfrphv

+�. �. �,V3+{, @ {� u � �W � �E . �

{]
{

pd{ ^V4+},> 3` gI +},

���

{]
{

pd{ ^V3+},> 3` gI +},

��+4� �,pd{^V3+{,> 3`1

AIurp zklfk lw iroorzv lpphgldwho| wkdw

V
3

3
+{, @

4

+�. �. �,
;{ mV3+{, ? 3

dqg

V
3

3
+{, @

4

+�. �. � . � +4� �,,
;{ mV3+{, � 3

zklfk vkrzv wkdw wkh vxusoxv V3+{, dq lqfuhdvlqj ixqfwlrq ri {= Dqdorjrxvo|/ iru V4+{, zh kdyh

V
3

4
+{, @

4

+�. �. �,
;{ mV4+{, ? W

dqg

V
3

4
+{, @

4

�. �. � . � +4� �,
;{ mV4+{, A W

t1g1h1

� Vwrfkdvwlf G|qdplf Prgho

Wkh v|vwhp lv ghvfulehg e| 2? ydoxh ixqfwlrqv iru wkh vxusoxvhv 7�
JE%� dqg 7�

�E%� zkrvh h{suhvvlrq uhdg

E# nP�Z���7
�
JE%� ' %� o�_ � 1� � bA n b

%]
%

4@ d7�
�E5�( fo_8 E5� E���

�kq

%]
%

4@ d7�
fE5�( fo_8 E5� n P�Z�� 4@ d7�

JE%�( fo

�H



dqg

E# nP�Z���7
�
�E%� ' %� o�_ � 1� n E4n 1�A n b

%]
%

4@ d7�
�E5�( fo_8 E5� E�2�

�kq

%]
%

4@ d7�
fE5�( fo_8 E5� n P�Z�� 4@ d7�

�E%� n A ( fo

iru � ' ����?1 Wkh 2? uhvhuydwlrq surgxfwlylw| duh gh�qhg dv 7�
�E%

�
_� ' f dqg 7�

fE%
�
S� ' f iru � ' ����?1

Gl�huhqwldwlqj wkh suhylrxv h{suhvvlrqv zlwk uhvshfw wr % vkrzv wkdw hdfk vxusoxv ixqfwlrq lv d slhfh zlvh

olqhdu lqfuhdvlqj ixqfwlrq ri %c zlwk ? nlqnv fruuhvsrqglqj wr wkh ydoxhv ri wkh uhvhuydwlrq surgxfwlylwlhv1

Wkh �uvw vwhs ri wkh surfhgxuh lv wr vroyh wkh olqhdu v|vwhp rewdlqhg e| gl�huhqwldwlqj htxdwlrqv +65, dqg

+64, zlwk uhvshfw wr %1 Wkh vroxwlrq wr wkh olqhdu v|vwhp |lhogv wkh sduwldo ghulydwlyh
Y7��
Y%

' _&c�c dqg
Y7��
Y%

' _&cJ iru & ' ���?� Wkh h{shfwhg ydoxhv lq wkh vxusoxv ixqfwlrq fdq wkhq eh frpsxwhg dv

%]
%

4@ d7�
�E5�( fo_8 E5� '

%?
_]

%�
_

7�
�_8 E5� '

?[
&'�

_&c�

] %
&n�
_

%&
_

E�� 8 E5��_E5�

dqg

%]
%

4@ d7�
JE5�( fo_8 E5� '

%?
S]

%�S

7�
J_8 E5� '

?[
&'�

_&cJ

] %
&n�
S

%&
S

E�� 8 E5��_E5�

Wkh vhfrqg vwhs lq wkh surfhgxuh uhtxluhv vroylqj iru %�_0%
�
Swkh qrq olqhdu v|vwhp ri E2?� htxdwlrq jlyhq

e|

f ' %�_ � o�_ � 1� n E4n 1�A � 1� n b

?[
&'�

_&c�

] %
&n�
_

%&
_

E�� 8 E5��_E5�

�kE�� q�

?[
&'�

_&c�

] %&n�S

%&S

E�� 8 E5��_E5� n P�Z�� 4@ d7�
�E%_�( fo

dqg

f ' %�S � o�_ � 1� � bA � 1� n b

?[
&'�

_&cJ

] %
&n�
_

%&
_

E�� 8 E5��_E5�

�kE�� q�
?[

&'�

_&c�

] %
&n�
S

%&
S

E�� 8 E5��_E5� n P�Z�� 4@ d7�
JE%S�( fo

uLh @** � ' ����?

�b



+iuihi?Uit

�ih}ihc ��c k@t�)@Tc ��c @?_ a� 5U@*�tic �bbDc RA�i Ah@?tuLh4@|�L? Lu |�i N5 �@?!�?}
W?_�t|h)G ��@| @ *L?}c t|h@?}i |h�T �|<t Mii?c� �hLL!�?} �@Tiht L? ,UL?L4�U �U|���|)c
TT� DD�2f��

�ih?@?!ic �� @?_ �� wL�?c �bb�c RA�i �hi_�| �h�?U�c� �hLL!�?} �@Tiht L? ,UL?L4�U
�U|���|)c �L� 2c TT� DD�2f��

��h_i||c kc @?_ +� h̀�}�|c E�bbH�c RA�L�5�_i_ 5i@hU��c +i��i� Lu ,UL?L4�U #)?@4�Utc
VL*� �

#@��tc 5�c O@*|��@?}ihc a� @?_ 5c 5U���c E�bbS�c R aLM �hi@|�L? @?_ #it|h�U|�L?c� �@4�
Mh�_}iG �WA �hitt�

#i**<�h�UU�@c Bc @?_ �� B@h�M@*_� E�bbH�c R�@?! wi?_�?} @?_ W?|ihit| +@|i ��@?}it �?
@ #)?@4�U �@|U��?} �L_i*�c W?|ih?@|�L?@* �L?i|@h) 6�?_ L̀h!�?} �@Tih�

#i? O@@?c `�c +@4i)c a�c @?_ a� @̀|tL? E�bbH�c Rw�^��_�|) 6*L�t @?_ 6h@}�*�|) Lu
��t�?itt ,?|ihTh�titc� N�5# 4�4iL�

#�@4L?_c �� E�bH2�c R @̀}i #i|ih4�?@|�L? @?_ ,�U�i?U) �? 5i@hU� ,^��*�Mh��4�� +i��i�
Lu ,UL?L4�U 5|�_�it� VL*� ebG 2�.�22.�

6h�i_4@?c �� @?_ k� k�||?ihc E�bb��c R,UL?L4�U �U|���|) @?_ |�i 5�Lh|�|ih4 �hi_�|
�@h!i|tG �? �?@*)t�t Lu �h�Uit @?_ "�@?|�|�itc� �hLL!�?} �@Tiht L? ,UL?L4�U �U|���
�|)c

O@**c +�c �bbbc RA�i �L?Ui?|h@|�L? Lu aLM #it|h�U|�L?c� ��,+ L̀h!�?} �@Tih �L�
.f2D�

k@t�)@T �� @?_ a� 5|i�?c E2fff�c �`�@| #L � ��**�L? �Mtih�@|�L?t L? �@?!t 5@) �ML�|
|�i Ah@?t4�tt�L? Lu �L?i|@h) �L*�U)q�c �4ih�U@? ,UL?L4�U +i��i�c uLh|�UL4�?}�

�Lh|i?ti?c #� @?_ �� ��tt@h�_itcE�bbe�c RaLM �hi@|�L? @?_ aLM #it|h�U|�L? �? |�i A�i�
Lh) Lu N?i4T*L)4i?|�c +i��i� Lu ,UL?L4�U 5|�_�itc VL*� S� Ea�*)� TT� �b.�e�D�
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