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ABSTRACT

The Generalized Dynamic Factor Model: Representation Theory*

This Paper, along with the companion paper Forni, Hallin, Lippi and Reichlin
(1999), introduces a new model – the generalized dynamic factor model – for
the empirical analysis of financial and macroeconomic data sets characterized
by a large number of observations, both cross-section and over time. This
model provides a generalization of the static approximate factor model of
Chamberlain (1983) and Chamberlain and Rothschild (1983) by allowing serial
correlation within and across individual processes, and of the dynamic factor
model of Sargent and Sims (1977) and Geweke (1977) by allowing for non-
orthogonal idiosyncratic terms. While the companion paper concentrates on
identification and estimation, here we give a full characterization of the
generalized dynamic factor model in terms of observable spectral density
matrices, thus laying a firm basis for empirical implementation of the model.
Moreover, the common factors are obtained  as limits of linear combinations of
dynamic principal components. Thus the Paper reconciles two seemingly
unrelated statistical constructions.
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NON-TECHNICAL SUMMARY

The dynamic factor model or index model (Sargent and Sims, 1977, Geweke,
1977) is a powerful tool for the analysis of economic data sets with many
observations both over time and across sections.

Each variable is represented as the sum of a common component – i.e. a term
depending, possibly with heterogeneous dynamic responses, on a small
number of unobserved factors which are common to all variables – and an
idiosyncratic component, which is orthogonal at any lead and lag both to the
common factors and to the idiosyncratic components of all the other variables.

Such a representation is very convenient from a statistical point of view, in that
it provides a fair compromise between flexibility and parsimony of the
parameterization. Moreover, it is well-suited for a number of interesting
economic applications, e.g. the construction of leading and coincident
indicators, the analysis of the business cycle, the measurement of insurable
(idiosyncratic) and uninsurable (common) risk, the study of co-movements
among different regions or sectors, prediction of macroeconomic indicators.
Some recent references are Forni and Reichlin (1998), Forni and Lippi (1997),
Forni, Hallin, Lippi and Reichlin (1999), Stock and Watson (1999).

On the other hand, a severe limitation of the traditional index model is the
demanding assumption that the idiosyncratic components are mutually
orthogonal at any lead and lag. Such an assumption rules out the case of
shocks having important effects on a small number of cross-sectional units – a
case which is likely to occur in many practical situations (think for instance of
local events affecting directly more than one area or technological shocks
affecting a few sectors).

In this Paper, and the companion paper Forni, Hallin, Lippi and Reichlin
(1999), a new model, that we call the generalized dynamic factor model, is
introduced and analysed. In this model the orthogonality assumption is
relaxed and both contemporaneous and lagged correlation between the
idiosyncratic terms is allowed. This is done by introducing a new logical
distinction between the concepts of ‘common’ and ‘idiosyncratic’, which
requires an infinite cross-sectional dimension. For this reason, the model is
well-suited for the analysis of large cross-sections of time series.

While in the companion paper the estimation of the model is the central issue,
here we deal with representation theory. First, we characterize the existence
of a generalized dynamic factor structure in terms of observable spectral
density matrices. This characterization, which provides a dynamic
generalization of a key result in Chamberlain and Rothschild (1983), lays a
firm basis for the empirical implementation of the model. Second, we prove
that the common and the idiosyncratic terms are uniquely identified and



therefore can in principle be estimated. Finally, we show that the dynamic
principal component representation (Brillinger, 1981) is deeply related to the
dynamic factor representation, since the former converges to the latter as the
number of cross-sectional units goes to infinity. This result, besides being
interesting from a theoretical point of view, provides the basic intuition for the
dynamic principal component estimator proposed in the companion paper.
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