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ABSTRACT

Subjective Discount Factors*

This Paper describes the equilibrium of a discrete-time exchange economy in
which consumers with arbitrary subjective discount factors and quasi-
homothetic period utility functions follow linear Markov consumption and
portfolio strategies. Explicit expressions are given for state prices and
consumption–wealth ratios. If utility is logarithmic or endowment growth is
i.i.d., then this economy is observationally equivalent to one in which
consumers discount geometrically. We provide analytically convenient
continuous-time approximations and examine the effects of non-geometric
subjective discount factors in an economy in which log endowments are
subject to temporary and permanent shocks that are governed by a Feller
(1951) square-root process. Hyperbolic and quasi-hyperbolic discount factors
can significantly increase the volatility of aggregate wealth and raise the
expected excess return on aggregate wealth.

JEL Classification: D50, D91 and G12
Keywords: asset pricing, consumption–wealth ratios, general equilibrium,
hyperbolic discounting and volatility

Erzo G J Luttmer
Thomas Mariotti
Department of Economics
London School of Economics
Houghton Street
London WC2A 2AE
UK
Tel: (44 20) 7955 7897
       (44 20) 7955 7517
Fax: (44 20) 7831 1840 (both)
Email: e.luttmer@lse.ac.uk
           t.mariotti@lse.ac.uk



* This is a work in progress. We thank Per Krusell, Rohit Rahi, and seminar
participants at the Bank of England, CEPR, the Universities of Minnesota and
Siena, and the Stockholm School of Economics for comments. The FMG and
STICERD at the London School of Economics provided financial support. This
Paper is produced as part of a CEPR research network on The Industrial
Organisation of Banking and Financial Markets in Europe, funded by the
European Commission under the Training and Mobility of Researchers
Programme (Contract No ERBFMRX-CT98-0222).

Submitted 12 June 2000



NON-TECHNICAL SUMMARY

This Paper examines an economy populated by consumers whose
preferences are time-inconsistent. These are consumers who may, for
instance, prefer one pound today to two pounds tomorrow, while at the same
time preferring two pounds a year and a day from today to one pound a year
from today. More generally, these consumers discount future utilities using
subjective rates of time preference that may not be constant. An important
implication of these preferences is that the course of action preferred by an
agent today need not coincide with the one he or she would like to implement
tomorrow. As a result, self-control and the degree to which agents can commit
to future choices become central issues for decision-making. In the absence
of a perfect commitment technology, individual choices of consumers with
these types of preferences can be viewed as the outcome of an ‘intra-personal
game’ in which at any date the current incarnation of an individual consumer
plays a game against future incarnations of the same consumer.

If consumers can perfectly commit to a sequence of consumption choices,
then the term structure of interest rates will reflect the rates at which
consumers discount utility at different horizons. Given that the term structure
of interest rates is typically upward sloping, this would imply that consumers
discount utility at lower rates over the short term than they do over the long
term. This is in contrast to evidence collected by psychologists that suggests
that subjective rates of time preference decrease as a function of the horizon
over which utility is evaluated.

In this Paper, we consider an exchange economy in which markets are
frictionless and consumers cannot commit themselves in advance to future
consumption and portfolio choices.

A first contribution of this Paper is to show how to construct a competitive
equilibrium in which consumer choices are the outcome of such a game. Our
construction relies on a class of preferences that generates linear decision
rules. We obtain explicit formulas for the prices of state-contingent claims and
for equilibrium consumption–wealth ratios. Because consumer choices result
from the strategic interaction between current and future incarnations of the
same consumer, standard arguments that rule out bubbles on long-lived
assets do not apply. We provide an example in which the presence of a long-
lived asset that is in positive net supply is required to ensure existence of a
competitive equilibrium. We give conditions on endowment growth and
subjective discount rates that rule out bubbles. These conditions cover most
interesting applications.



In addition, we derive analytically convenient expressions for interest rates
and risk premia by letting the length of a period go to zero. In the resulting limit
economy, we show that the ratio between the instantaneous expected return
and volatility is not affected by rates at which consumers discount utility.

Short-term interest rates in this economy depend on a utility-weighted average
of subjective rates of time-preference. If utility is expected to grow at a
constant rate, then the relevant utility weights are constant and the economy
is observationally equivalent to one in which consumers are time-consistent.
On the other hand, fluctuations in the growth rate of consumption affect these
utility weights. This causes interest rates to move in ways that differ from the
standard model. In particular, changes in expected future growth rates of
consumption affect the current short-term risk-free rate. In standard versions
of economies with time-consistent preferences, short-term interest rates would
only depend on the one-period ahead growth rate of consumption.

Psychologists have argued that, as in the example mentioned above,
subjective rates of time preference are higher at nearby horizons than at
distant horizons. To reconcile the low level of interest rates observed in the
data with the high short-run subjective discount rates emphasized by
psychologists we need to assume that long-run subjective discount rates are
quite low. For the preferences we consider, wealth–consumption ratios and
expected discounted utility growth are proportional. Low discount rates for
distant utilities tend to make expected discounted utility (and therefore wealth)
more sensitive to shocks that predict changes in future endowment growth
rates. This raises the volatility of aggregate wealth. In turn, the increased
volatility of wealth raises the risk premium on aggregate wealth.

Using numerical simulations we show that if consumers discount utility in this
way, aggregate wealth can be significantly more volatile relative to
consumption than is the case when consumers discount utility at a constant
rate. This may be part of an explanation for the empirical evidence that
suggests that important components of aggregate wealth, such as the stock
market, are too volatile.



41 Lqwurgxfwlrq

Prvw h{solflw g|qdplf htxloleulxp prghov lq pdfurhfrqrplfv dqg ?qdqfh duh edvhg
rq wkh dvvxpswlrq wkdw frqvxphuv kdyh wlph dqg vwdwh vhsdudeoh suhihuhqfhv dqg
glvfrxqw ixwxuh xwlolwlhv h{srqhqwldoo|1 Wklv lpsolhv wkdw vxemhfwlyh glvfrxqw udwhv duh
frqvwdqw/ dqg wkxv wkdw frqvxphu fkrlfhv duh g|qdplfdoo| frqvlvwhqw1

Sv|fkrorjlvwv kdyh txhvwlrqhg wkh ydolglw| ri wkh dvvxpswlrq ri h{srqhqwldo glv0
frxqwlqj rq wkh edvlv ri h{shulphqwdo hylghqfh +Khuuqvwhlq +4<94,/ Dlqvolh +4<:8/
4<<5,,1 Wkhvh vwxglhv vxjjhvw lqvwhdg wkdw vxemhfwlyh glvfrxqw ixqfwlrqv duh dssur{0
lpdwho| k|shuerolf1 Dffruglqj wr wklv olwhudwxuh/ hyhqwv lq wkh qhdu ixwxuh whqg wr
eh glvfrxqwhg dw d kljkhu udwh wkdq hyhqwv wkdw rffxu lq wkh orqj0uxq1 Wklv fuhdwhv
d frq lfw ehwzhhq dq lqglylgxdo djhqw*v suhihuhqfhv dw gl>huhqw srlqwv lq wlph1 Wkh
frxuvh ri dfwlrq suhihuuhg wrgd| e| d k|shuerolf djhqw grhv qrw frlqflgh zlwk wkh
rqh kh nqrzv kh zrxog olnh wr lpsohphqw wrpruurz1 Dv d uhvxow/ vhoi0frqwuro dqg wkh
ghjuhh wr zklfk djhqwv duh deoh wr frpplw wr ixwxuh fkrlfhv ehfrph fhqwudo lvvxhv iru
ghflvlrq pdnlqj1

Li frqvxphuv fdq shuihfwo| frpplw wr d vhtxhqfh ri frqvxpswlrq fkrlfhv/ wkhq
vwdqgdug frqvxphu wkhru| dssolhv/ zkhwkhu vxemhfwlyh glvfrxqw idfwruv duh jhrphwulf
ru qrw1 Frqvlghu iru h{dpsoh dq h{fkdqjh hfrqrp| zlwk wlph0lqyduldqw shulrg xwlolw|
ixqfwlrqv/ frqvwdqw djjuhjdwh hqgrzphqwv/ dqg gdwh0}hur pdunhwv iru frqvxpswlrq
dw doo ixwxuh gdwhv dqg lq doo ixwxuh vwdwhv1 Lq wklv hfrqrp|/ wkh whup vwuxfwxuh
ri lqwhuhvw udwhv frlqflghv zlwk wkh whup vwuxfwxuh ri wkh uhsuhvhqwdwlyh frqvxphu*v
udwhv ri wlph suhihuhqfh1 Dv Orhzhqvwhlq dqg Suhohf +4<<5, kdyh vxjjhvwhg/ wkh
h{shulphqwdo hylghqfh zrxog wkhq ohdg rqh wr h{shfw kljkhu |lhogv rq vkruw0pdwxulw|
erqgv wkdq rq orqj0pdwxulw| erqgv1 Hpslulfdo vwxglhv rq wkh whup vwuxfwxuh ri
lqwhuhvw udwhv lqglfdwh wkdw rq dyhudjh wkh rssrvlwh lv wuxh1

Lq wklv sdshu/ zh dvvxph lqvwhdg wkdw frqvxphuv kdyh qr phdqv wkurxjk zklfk
wkh| fdq frpplw wr ixwxuh frqvxpswlrq fkrlfhv1 Xqghu wklv dvvxpswlrq/ zh h{dplqh
dq h{fkdqjh hfrqrp| zlwk d vhtxhqfh ri pdunhwv1 Lq hyhu| shulrg/ frqvxphuv fdq
wudgh lq d frpsohwh vhw ri rqh0shulrg vwdwh frqwlqjhqw fodlpv +dqg srvvleo| lq vrph
orqj0olyhg vhfxulwlhv dv zhoo1, Wkhvh frqwudfwv fdq eh shuihfwo| hqirufhg/ vr wkdw
frqvxphuv fdq eh doorzhg wr eruurz xs wr wkh suhvhqw ydoxh ri wkhlu hqgrzphqwv1
Lq frqwudvw/ wkhuh duh qr hqirufhdeoh frqwudfwv wkdw doorz frqvxphuv wr frpplw wr d
sduwlfxodu vhtxhqfh ri frqvxpswlrq fkrlfhv1

Wkh rqo| uhvwulfwlrq zh lpsrvh rq vxemhfwlyh glvfrxqw idfwruv lv wkdw wkh xwlolw|
ri djjuhjdwh hqgrzphqwv lv ?qlwh1 Iroorzlqj Sroodn +4<9;,/ Skhosv dqg Sroodn +4<9;,
dqg pdq| rwkhuv vlqfh/ zh wdnh lqglylgxdo frqvxpswlrq dqg sruwirolr fkrlfhv wr eh
wkh rxwfrph ri dq 3lqwudshuvrqdo jdph4 lq zklfk wkh vdph lqglylgxdo frqvxphu lv
uhsuhvhqwhg e| d gl>huhqw sod|hu dw hyhu| gdwh14 Frqvxphuv duh dvvxphg wr kdyh
wkh vdph frqvwdqw uhodwlyh ulvn dyhuvlrq +FUUD, suhihuhqfhv1 Hqgrzphqwv surfhvvhv
pd| gl>hu dfurvv frqvxphuv1

Zh frqvlghu frpshwlwlyh htxloleuld lq zklfk frqvxphuv doo iroorz lqwudshuvrqdo

4Eh|rqg wkh frqvxpswlrq0vdylqjv sureohp/ wkh 3pxowlsoh vhoyhv4 phwkrgrorj| kdv ehhq dssolhg
wr d eurdg vhw ri vhoi0frqwuro lvvxhv1 Vhh iru lqvwdqfh Dnhuori +4<<4,/ Ehqderx dqg Wluroh +4<<<,/
Fduuloor dqg Pdulrwwl +4<<:,/ R*Grqrjkxh dqg Udelq +4<<9/ 4<<:,1
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vwudwhjlhv wkdw jlyh ulvh wr frqvxpswlrq dqg sruwirolr fkrlfhv wkdw duh olqhdu lq zhdowk1
Zh jlyh frqglwlrqv xqghu zklfk wkhuh h{lvwv d frpshwlwlyh htxloleulxp lq zklfk wkhvh
w|shv ri vwudwhjlhv frqvwlwxwh d Pdunry shuihfw htxloleulxp lq wkh lqwudshuvrqdo jdph1
Wkh olqhdulw| ri wkh lqglylgxdo ghflvlrq uxohv lpsolhv wkdw vwdqgdug djjuhjdwlrq uhvxowv
dsso|1 Zh rewdlq h{solflw h{suhvvlrqv iru wkh frqvxpswlrq dqg sruwirolr vwudwhjlhv/ dv
zhoo dv iru wkh htxloleulxp sulfhv ri vwdwh frqwlqjhqw fodlpv1 Wkh idfw wkdw lqglylgxdo
ehkdylru lv wkh rxwfrph ri d jdph lpsolhv wkdw vwdqgdug ghulydwlrqv ri d wudqvyhuvdolw|
frqglwlrq gr qrw dsso|1 Zh surylgh frqglwlrqv rq suhihuhqfhv dqg hqgrzphqwv wkdw
qhyhuwkhohvv uxoh rxw exeeohv rq orqj0olyhg dvvhwv1

Dq lpsruwdqw ?uvw txhvwlrq lv wr zkdw h{whqw vxemhfwlyh udwhv ri wlph suhihuhqfh
fdq eh lqihuuhg iurp pdunhw gdwd1 Zh jhqhudol}h wkh revhuydwlrqdo htxlydohqfh uhvxow
ri Eduur +4<<<, wr wkh fdvh ri dq hfrqrp| zlwk xqfhuwdlqw|1 Vxemhfwlyh glvfrxqw
ixqfwlrqv fdqqrw eh lqihuuhg iurp vwdwh sulfhv ru frqvxpswlrq0zhdowk udwlrv li wkh
shulrg xwlolw| ixqfwlrq lv orjdulwkplf/ ru li wkh frqglwlrqdoo| h{shfwhg jurzwk udwh
ri xwlolw| lv frqvwdqw1 Lq wkhvh flufxpvwdqfhv/ wkh uhsuhvhqwdwlyh djhqw frqvxphv d
frqvwdqw iudfwlrq ri zhdowk lq hdfk shulrg/ luuhvshfwlyh ri wkh vkdsh ri wkh vxemhfwlyh
glvfrxqw ixqfwlrq1 Lw iroorzv wkdw vwdwh sulfhv zloo eh wkh vdph dv li frqvxphuv zhuh
glvfrxqwlqj xwlolwlhv h{srqhqwldoo|15

Dowkrxjk zh rewdlq h{solflw h{suhvvlrqv iru vwdwh sulfhv/ wkh h>hfw ri qrq0jhrphwulf
glvfrxqwlqj rq lqwhuhvw udwhv dqg ulvn suhpld lv qrw hdv| wr dqdo|}h lq d glvfuhwh0wlph
hfrqrp|1 Zh ghulyh irupxodv iru wkh ulvn0iuhh udwh/ wkh pdunhw sulfh ri ulvn/ dqg wkh
ulvn suhplxp rq djjuhjdwh zhdowk lq d olplw hfrqrp| rewdlqhg e| ohwwlqj wkh ohqjwk
ri d shulrg jr wr }hur1 Zh vkrz krz lqwhuhvw udwhv ghshqg rq d xwlolw|0zhljkwhg
dyhudjh ri vxemhfwlyh glvfrxqw udwhv/ dqg hvwdeolvk wkdw wkh pdunhw sulfh ri ulvn lq wkh
olplw hfrqrp| grhv qrw ghshqg rq wkh vxemhfwlyh glvfrxqw ixqfwlrq1

Wklv frqwlqxrxv0wlph olplw doorzv xv wr ixuwkhu h{dplqh wkh lpsdfw ri wlph0
lqfrqvlvwhqf| rq dvvhw sulfhv lq dq hfrqrp| lq zklfk orj hqgrzphqw jurzwk lv jry0
huqhg e| d Ihoohu +4<84, vtxduh0urrw surfhvv1 Orj0hqgrzphqwv pd| eh hlwkhu wuhqg0
vwdwlrqdu| ru gl>huhqfh0vwdwlrqdu|1 Wkh vtxduh0urrw surfhvv jhqhudwhv shuvlvwhqfh lq
wkh yrodwlolw| ri hqgrzphqw jurzwk/ dqg srvvleo| lq phdq hqgrzphqw jurzwk dv zhoo1
Dv d uhvxow ri wklv shuvlvwhqfh/ jhrphwulf dqg qrq0jhrphwulf glvfrxqw idfwruv duh qr
orqjhu revhuydwlrqdoo| htxlydohqw1

Lq wklv hqylurqphqw/ zh vkrz wkdw wkh w|sh ri glvfrxqw ixqfwlrqv vxjjhvwhg e|
h{shulphqwdo vwxglhv pdnh djjuhjdwh zhdowk pruh yrodwloh1 Wkh lqwxlwlrq lv wkdw
wkh kljk vxemhfwlyh glvfrxqw udwhv iru qhdu0ixwxuh xwlolwlhv w|slfdoo| jhqhudwhg e| k|0
shuerolf glvfrxqw ixqfwlrqv pxvw eh pdwfkhg e| orz ru hyhq vljql?fdqwo| qhjdwlyh
vxemhfwlyh glvfrxqw udwhv iru orqj0uxq xwlolwlhv/ ru hovh lqwhuhvw udwhv zrxog eh wrr
kljk frpsduhg wr zkdw lv revhuyhg lq wkh gdwd1 Iru wkh w|sh ri hqgrzphqw surfhvvhv
zh frqvlghu/ wkhvh orz ru qhjdwlyh glvfrxqw udwhv dw orqj krul}rqv pdnh zhdowk pruh
vhqvlwlyh wr qhz lqirupdwlrq/ wkhuhe| lqfuhdvlqj yrodwlolw|1 Vlqfh wkh pdunhw sulfh ri
ulvn lv xqd>hfwhg e| frqvxphu udwhv ri wlph suhihuhqfh/ wklv udlvhv wkh ulvn suhplxp

5Lq wkh suhvhqfh ri pdunhw iulfwlrqv vxfk dv wudqvdfwlrq frvwv ru eruurzlqj frqvwudlqwv/ frqvxps0
wlrq zloo w|slfdoo| qrw eh d frqvwdqw iudfwlrq ri zhdowk/ hyhq li hqgrzphqw jurzwk lv l1l1g ru li
suhihuhqfhv duh orjdulwkplf1 Wklv doorzv rqh wr glvwlqjxlvk ehwzhhq jhrphwulf dqg qrq0jhrphwulf
vxemhfwlyh glvfrxqw idfwruv1 Vhh Kduulv dqg Odlevrq +4<<<,1

5



rq djjuhjdwh zhdowk1 Zh surylgh wzr qxphulfdo h{dpsohv wr looxvwudwh wkdw wkhvh
h>hfwv fdq eh txdqwlwdwlyho| vljql?fdqw/ zlwk wkh ulvn suhplxp rq djjuhjdwh zhdowk
lqfuhdvlqj e| vhyhudo shufhqwdjh srlqwv shu dqqxp16

Wkhvh uhvxowv vxjjhvw wkdw yduldeoh vxemhfwlyh udwhv ri wlph suhihuhqfh pd| eh sduw
ri dq h{sodqdwlrq iru wkh kljk yrodwlolw| dqg ulvn suhpld revhuyhg lq klvwrulfdo gdwd rq
vwrfn uhwxuqv +OhUr| dqg Sruwhu +4<;4,/ Vkloohu +4<;4,/ Phkud dqg Suhvfrww +4<;8,,1

Uhodwhg Olwhudwxuh Vwurw} +4<89, dqg Skhosv dqg Sroodn +4<9;, duh hduo| dxwkruv
zkr frqvlghuhg dgglwlyho| wlph0vhsdudeoh suhihuhqfhv zlwk qrq0jhrphwulf glvfrxqwlqj1
Wkh glvfuhwh0wlph 3txdvl0k|shuerolf4 glvfrxqw ixqfwlrq lqwurgxfhg e| Skhosv dqg
Sroodn lq d prgho ri lpshuihfw lqwhujhqhudwlrqdo dowuxlvp zdv odwhu xvhg e| Odlevrq
+4<<7, wr fdswxuh wkh txdolwdwlyh ihdwxuhv ri k|shuerolf glvfrxqwlqj iru dq lqglylgxdo
frqvxphu1 Odlevrq +4<<:, vkrzv wkdw d sduwldoo| looltxlg dvvhw pd| eh xvhg dv d
frpplwphqw ghylfh e| frqvxphuv zlwk wlph0lqfrqvlvwhqw suhihuhqfhv1 Kduulv dqg
Odlevrq +4<<<, vwxg| wkh g|qdplf fkrlfhv ri d txdvl0k|shuerolf frqvxphu idflqj d
frqvwdqw ulvn0iuhh lqwhuhvw udwh dqg vxemhfw wr eruurzlqj frqvwudlqwv1 Wkh| ghulyh dq
Hxohu htxdwlrq wkdw ghshqgv qrw rqo| rq wkh ohyho ri frqvxpswlrq dw wzr gdwhv/ exw
dovr rq wkh pdujlqdo surshqvlw| wr frqvxph rxw ri zhdowk1 Nuxvhoo dqg Vplwk +4<<<,
frqvlghu d yhuvlrq ri wkh hfrqrp| lq Phkud dqg Suhvfrww +4<;8, zlwk txdvl0k|shuerolf
glvfrxqw idfwruv lq zklfk revhuydwlrqdo htxlydohqfh grhv qrw rewdlq/ dqg dujxh wkdw
frqvxphuv pxvw kdyh qhjdwlyh udwhv ri wlph0suhihuhqfh iru qhdue| xwlolwlhv lq rughu wr
dffrxqw iru wkh orz ohyho ri lqwhuhvw udwhv revhuyhg lq XV gdwd1

Jxo dqg Shvhqgruihu +4<<<d, kdyh sursrvhg dq d{lrpdwlf ghulydwlrq ri suhihu0
hqfhv iru frpplwphqw wkdw grhv qrw uho| rq qrq0jhrphwulf glvfrxqwlqj1 Wkh uhfxu0
vlyh vwuxfwxuh ri wkh uhvxowlqj 3g|qdplf vhoi0frqwuro4 suhihuhqfhv doorzv wkhp wr dsso|
vwdqgdug g|qdplf surjudpplqj whfkqltxhv wr ghwhuplqh rswlpdo frqvxphu fkrlfhv/
wkhuhe| dyrlglqj wkh pxowlsolflw| ri htxloleuld w|slfdoo| dvvrfldwhg zlwk wkh pxowlsoh
vhoyhv lqwhusuhwdwlrq ri lqglylgxdo ehkdylru1 Wkh| vwxg| wkh lpsdfw ri vxfk suhihu0
hqfhv iru frpshwlwlyh htxloleulxp lq Jxo dqg Shvhqgruihu +4<<<e,/ dqg dujxh wkdw dq
lqfuhdvh lq wkh frvw ri vhoi0frqwuro ri frqvxphuv fdq udlvh wkh htxlw| suhplxp1

Rxwolqh ri wkh Sdshu Wkh hfrqrp| lv ghvfulehg lq Vhfwlrq 51 Lq Vhfwlrq 6/ zh
dqdo|}h wkh lqwudshuvrqdo jdph idfhg e| d w|slfdo frqvxphu dqg ghulyh frpshwlwlyh
htxloleulxp sulfhv1 Vhfwlrq 7 ghulyhv h{suhvvlrqv iru lqwhuhvw udwhv dqg ulvn suhpld lq
d olplwlqj hfrqrp| rewdlqhg e| ohwwlqj wkh ohqjwk ri d shulrg jr wr }hur1 Lq Vhfwlrq 8/
zh dvvhvv wkh txdqwlwdwlyh lpsdfw ri wlph0lqfrqvlvwhqw suhihuhqfhv zkhq hqgrzphqw
jurzwk h{klelwv vhuldo ghshqghqfh1 Vhfwlrq 9 frqwdlqv frqfoxglqj uhpdunv1 Uhdghuv
pdlqo| lqwhuhvwhg lq rxu txdqwlwdwlyh h{shulphqwv fdq irfxv rq Vhfwlrq 616 wrjhwkhu
zlwk htxdwlrqv +43,/ +48,0+49, dqg +56,/ frpsduh +56, zlwk wkh frqwlqxrxv0wlph uhvxowv
+65,0+67,/ dqg wkhq frqwlqxh zlwk Vhfwlrq 81

6Kdelw shuvlvwhqfh dovr pdnhv wkh vkdsh ri wkh vxemhfwlyh glvfrxqw ixqfwlrq pdwwhu iru dvvhw
sulfhv e| jhqhudwlqj suhglfwdelolw| lq shulrg xwlolwlhv1 Zh kdyh h{shulphqwhg zlwk wkh suhihuhqfhv
sursrvhg e| Fdpsehoo dqg Frfkudqh +4<<<,/ dvvxplqj/ dv wkh| gr/ wkdw orj0hqgrzphqw jurzwk lv
l1l1g1 Txdvl0k|shuerolf vxemhfwlyh glvfrxqw idfwruv lq wklv hfrqrp| fdq udlvh wkh ulvn suhplxp rq
djjuhjdwh zhdowk e| dv pxfk dv 6( shu dqqxp1
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51 Dq H{fkdqjh Hfrqrp|

5141 Hqylurqphqw

Zh frqvlghu d glvfuhwh0wlph/ lq?qlwh0krul}rq hfrqrp|1 Wlph lv odehoohg e| | '
fc �c 2c ééé

Lqirupdwlrq Xqfhuwdlqw| lv ghvfulehg e| d suredelolw| vsdfh hqgrzhg zlwk d ?o0
wudwlrq iI|j"|'f1 Iru hdfk |/ zh ghqrwh e| .|düo wkh frqglwlrqdo h{shfwdwlrq rshudwru
zlwk uhvshfw wr I|1 Wkurxjkrxw/ udqgrp yduldeohv lqgh{hg e| | duh wdnhq wr eh
I|0phdvxudeoh1

Hqgrzphqwv Wkhuh lv d vlqjoh jrrg dydlodeoh iru frqvxpswlrq lq hyhu| shulrg1
Wkh uhsuhvhqwdwlyh frqvxphu*v qrq0qhjdwlyh hqgrzphqwv ri wklv jrrg duh ghqrwhg e|
i?|j"|'f1 Rqh lqwhusuhwdwlrq lv wkdw wkh frqvxphu vxssolhv oderu lqhodvwlfdoo| dqg kdv
dffhvv wr d olqhdu whfkqrorj| wkdw frqyhuwv oderu lqwr frqvxpswlrq jrrgv1 Wkhuh duh
dovr &3� è f xqlwv ri d orqj0olyhg dvvhw wkdw surgxfhv qrq0qhjdwlyh glylghqgv i_|j"|'f1
Djjuhjdwh hqgrzphqwv duh ghqrwhg e| e| ' ?| n _|&3�1 Zh dvvxph wkdw djjuhjdwh
hqgrzphqwv duh vwulfwo| srvlwlyh dw doo gdwhv/ zlwk suredelolw| rqh1

Suhihuhqfhv Iroorzlqj Vwurw} +4<89,/ zh ylhz wkh lqglylgxdo frqvxphu dv frpsrvhg
ri d vhtxhqfh ri dxwrqrprxv whpsrudo lqfduqdwlrqv/ khuhdiwhu fdoohg gdwh0| frqvxphuv/
lqgh{hg e| wkhlu shulrg ri frqwuro ryhu frqvxpswlrq dqg sruwirolr ghflvlrqv/ | '
fc �c 2c é é é Wkh gdwh0| frqvxphu hydoxdwhv fxuuhqw dqg ixwxuh frqvxpswlrq dffruglqj
wr d xwlolw| ixqfwlrq=

L|EiSrj"r'|ä ' .|
% "[
?'f

B?üES|n?ä

&
c +4,

zkhuh Bf ' � dqg B? è f17 Wkh vxp ri wkh B? pd| ru pd| qrw eh ?qlwh1 Wkh
frqvxphu*v suhihuhqfhv duh wlph0lqfrqvlvwhqw li B?n�*B? lv qrw d frqvwdqw ixqfwlrq ri
?1 Wkurxjkrxw/ zh dvvxph wkdw wkh shulrg xwlolw| ixqfwlrq üEüä lv jlyhq e|=

üESä '
S�3ò

�ý ò
iru vrph ò : f/ ò 9' �1 Zh wdnh ò ' � wr phdq üE%ä ' *?E%ä1

Lw lv srvvleoh wr prgli| +4, wr lqfrusrudwh h{rjhqrxv vxevlvwhqfh ohyhov iS|j"|'f e|
ohwwlqj wkh shulrg xwlolw| ixqfwlrq lq shulrg | eh=

ESý S|ä�3ò
�ý ò +5,

lqvwhdg ri üESä1 Li zh dvvxph wkdw ?| : S| wkhq frqvxphuv fdq dfklhyh vxevlvwhqfh
zlwkrxw sduwlflsdwlqj lq pdunhwv1 Lq wklv fdvh/ doo uhvxowv suhvhqwhg ehorz zloo frqwlqxh

7Prvw ri zkdw iroorzv lq wklv vhfwlrq jhqhudol}hv hdvlo| wr wkh fdvh lq zklfk wkh gdwh0w frqvxphu
xvhv vwrfkdvwlf vxemhfwlyh glvfrxqw idfwruv iïw>w.qj4q@3 zlwk ïw>w.q lq Iw.q1
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wr dsso|/ zlwkrxw ixuwkhu frqglwlrqv/ li wkurxjkrxw zh uhsodfh S|/ ?| dqg e| e| S|ý S|/
?|ý S| dqg e|ý S|/ uhvshfwlyho|1 Wkh dvvxpswlrq ?| : S| lpsolhv wkdw e|ý S| : _|&3�1
Wkhuhiruh qhw0ri0vxevlvwhqfh hqgrzphqwv zloo eh srvlwlyh/ dqg wkh suhvhqw ydoxh ri wkh
glylghqgv jhqhudwhg e| wkh orqj0olyhg dvvhw lv jxdudqwhhg wr eh ?qlwh li wkh suhvhqw
ydoxh ri qhw0ri0vxevlvwhqfh hqgrzphqwv lv ?qlwh1

H{dpsoh 4 Vwdqgdug jhrphwulf glvfrxqwlqj lv htxlydohqw wr B? ' q? iru vrph q : f1
Wkh lpsolhg udwh ri wlph suhihuhqfh lv frqvwdqw dqg htxdo wr ý *?Eqä1

H{dpsoh 5 H{shulphqwdo vwxglhv e| sv|fkrorjlvwv +vhh Khuuqvwhlq +4<94,/ dqg/ iru
d vxuyh|/ Dlqvolh +4<<5,, dqg hfrqrplvwv +Wkdohu +4<;4,, vxjjhvw wkdw udwhv ri wlph
suhihuhqfh whqg wr ghfolqh dv d ixqfwlrq ri wkh krul}rq ryhu zklfk xwlolw| lv glvfrxqwhg1
Orhzhqvwhlq dqg Suhohf +4<<5, kdyh sursrvhg dq d{lrpdwlf mxvwl?fdwlrq iru wkh iro0
orzlqj 3jhqhudol}hg k|shuerolf4 glvfrxqw ixqfwlrq=

B? ' E� n l?ä31*l c

zkhuh l dqg 1 duh erwk srvlwlyh1 Wklv jhqhudol}hv wkh k|shuerolf glvfrxqw ixqfwlrq
sursrvhg e| Dlqvolh +4<:8, wr dffrxqw iru wkh uhyhuvdo ryhu wlph ri suhihuhqfhv iru
uhzdugv dw gl>huhqw krul}rqv1 Wkh fruuhvsrqglqj glvfrxqw udwh 1 E� n l?ä3� ghfolqhv
k|shuerolfdoo| zlwk wkh krul}rq ?1 Wkh olplw fdvh/ dv l $ f/ lv wkh jhrphwulf glvfrxqw
ixqfwlrq B? ' i TEý1?ä1

H{dpsoh 6 Skhosv dqg Sroodn +4<9;,/ dqg pruh uhfhqwo| Odlevrq +4<<:, dqg Kdu0
ulv dqg Odlevrq +4<<<,/ dprqj rwkhuv/ kdyh frqvlghuhg zkdw lv qrz fdoohg 3txdvl0
k|shuerolf4 glvfrxqwlqj/ iroorzlqj Odlevrq +4<<7,=

B? '

;?=
EBqä? li ? é ù

Bùq? li ? : ù
1

Odlevrq +4<<7,/ frqvlghulqj wkh fdvh ù ' � dqg B ÷ �/ kdv dujxhg wkdw wklv sur0
ylghv d jrrg dssur{lpdwlrq wr wkh k|shuerolf glvfrxqw ixqfwlrq jlyhq lq wkh suhylrxv
h{dpsoh1 Pruh jhqhudoo|/ wkh sdudphwhuù fdq eh xvhg wr frqvwuxfw d nlqn lq wkh vxe0
mhfwlyh glvfrxqw ixqfwlrq dw gl>huhqw krul}rqv1 Wklv pd| eh xvhixo zkhq frqvlghulqj
dowhuqdwlyh dvvxpswlrqv derxw wkh ohqjwk ri d shulrg1

5151 Pdunhwv

Rxu pdlq dvvxpswlrq lv wkdw pdunhwv duh frpsohwh1

Dvvhwv Rqh0shulrg dkhdg vwdwh0frqwlqjhqw fodlpv duh wudghg dw hyhu| gdwh dqg lq
hyhu| vwdwh1 Iru dq| gdwh |/ zh ghqrwh e| K|n� wkh sruwirolr ri vxfk fodlpv sxufkdvhg
e| wkh gdwh0| frqvxphu dqg pdwxulqj dw gdwh |n�1 Wkhuh duh qr fodlpv rxwvwdqglqj
dw gdwh f= Kf ' f1 Wkh orqj0olyhg dvvhw ru 3vwrfn4 lv wudghg dw hyhu| gdwh | dw dq
h{0glylghqg sulfh r|1
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Wkh Exgjhw Vhw Dw gdwh |/ wkh gdwh0| frqvxphu fdq fkrrvh qrq0qhjdwlyh frqvxps0
wlrq S|/ d vwrfn sruwirolr &|/ dqg d sruwirolr ri vwdwh0frqwlqjhqw fodlpv K|n�/ vxemhfw wr
wkh shulrg0| exgjhw frqvwudlqw=

Z|S| n .|dZ|n�K|n�o n Z|r|&| é Z|?| n Z|K| n Z|Er| n _|ä&|3�é +6,

Wkh iZ|j"|'f duh vwulfwo| srvlwlyh suredelolw|0zhljkwhg vwdwh frqwlqjhqw sulfhv1 Zh zloo
xvxdoo| wdnh Zf ' �/ pdnlqj frqvxpswlrq dw gdwh f wkh qxphudluh1 Lq dgglwlrq/ dw
hyhu| gdwh |/ wkh frqvxphu idfhv wkh eruurzlqj frqvwudlqw=

Z|n�dK|n� n Er|n� n _|n�ä&|o è ý.|n�
% "[
r'|n�

Zr?r

&
é +7,

Sduw ri wkh gh?qlwlrq ri d frpshwlwlyh htxloleulxp zloo eh wkdw wkh uljkw0kdqg vlgh ri
+7, lv ?qlwh1 Zh vkdoo dvvxph wkdw frqvxphuv zkr krog d srvlwlyh dprxqw ri wkh vwrfn
fdq iuhho| glvsrvh ri lw li wkh vwrfn sulfh kdsshqv wr eh qhjdwlyh1 Lq dq| htxloleulxp/
wkhuhiruh/ r| pxvw eh qrq0qhjdwlyh1

Duelwudjh Vlqfh zh dvvxph wkdw wkhuh duh rqh0shulrg fodlpv iru hyhu| frqwlqjhqf|/
lw pxvw eh wkh fdvh wkdw=

Z|r| ' .| dZ|n�Er|n� n _|n�äo

iru doo | è f/ ru hovh wkh gdwh0| frqvxphu zrxog eh deoh wr frqvwuxfw dq duelwudjh18

Wrjhwkhu zlwk wkh idfw wkdw vwrfn sulfhv pxvw eh qrq0qhjdwlyh/ wklv lpsolhv wkdw=

Z|r| ' .|

% "[
r'|n�

Zr_r

&
n Z|5|c +8,

zkhuh i5|j"|'f lv d qrq0qhjdwlyh vhtxhqfh ri udqgrp yduldeohv wkdw vdwlv?hv=

Z|5| ' .| dZ|n�5|n�o +9,

iru doo | è f1 Wklv vd|v wkdw wkh ydoxh ri wkh vwrfn pxvw eh htxdo wr wkh suhvhqw
ydoxh ri glylghqgv/ soxv d qrq0qhjdwlyh 3exeeoh14 Lq dq| htxloleulxp/ wkh sulfh ri wkh
vwrfn pxvw eh ?qlwh/ dqg wkxv wkh suhvhqw ydoxh ri wkh glylghqgv pxvw eh ?qlwh lq
htxloleulxp19 Xvlqj +8, dqg +9,/ wrjhwkhu zlwk wkh gh?qlwlrq ri e|/ zh fdq gh?qh wkh
frqvxphu*v zhdowk ç| dw gdwh | wr eh=

Z|ç| ì .|
% "[
r'|

Zrer

&
n Z|EK| n 5|&|3�äé +:,

8D sulrul/ lw pljkw eh srvvleoh wr frqvwuxfw vxejdph0shuihfw htxloleuld ri wkh lqwudshuvrqdo jdph
lq zklfk vxfk duelwudjh rssruwxqlwlhv duh qrw h{sorlwhg1 Zh zloo qrw frqvlghu wklv srvvlelolw| khuh1

9Dq duelwudjh vwudwhj| wkdw dwwhpswv wr h{sorlw d vlwxdwlrq lq zklfk vw h{fhhgv wkh suhvhqw ydoxh
ri ixwxuh glylghqgv e| vhoolqj wkh vwrfn vkruw dqg xvlqj sduw ri wkh surfhhgv wr ?qdqfh glylghqg
sd|phqwv zloo dw vrph gdwh ylrodwh wkh eruurzlqj frqvwudlqw +7,1 Wkh lqhtxdolw| lq +7, zloo eh vwulfw
lq htxloleulxp dqg zh zloo jlyh frqglwlrqv xqghu zklfk }w @ 3 li ný4 A 31
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Lq wkh devhqfh ri duelwudjh rssruwxqlwlhv/ wkh sruwirolr ghflvlrq lq hdfk shulrg dprxqwv
wr d fkrlfh ri wkh dprxqw ri vwdwh frqwlqjhqw zhdowk dydlodeoh lq wkh qh{w shulrg1 Wkh
vhw ri exgjhw0ihdvleoh frqvxpswlrq fkrlfhv gh?qhg e| +6,0+7, lv wkhuhiruh htxlydohqw
wr wkh vhw ri vhtxhqfhv iS|j"|'f wkdw iru vrph vhtxhqfh iç|n�j"|'f vdwlvi|=

Z|S| n .|dZ|n�ç|n�o é Z|ç|c +;,

S|c ç|n� è f

iru doo | è f/ zkhuh çf lv jlyhq e| +:,1 Qrwh wkdw çf lv frpsohwho| ghwhuplqhg e|
vwdwh sulfhv li &3� ' f1 Li &3� : f/ wkhq wkh lqlwldo ydoxh ri wkh exeeoh rq wkh vwrfn
dovr d>hfwv wkh frqvxphu*v lqlwldo zhdowk1 Qrwh dovr wkdw wkh vwrfkdvwlf surfhvv ri
hqgrzphqwv ie|j"|'f rqo| d>hfwv wkh frqvxphu*v vhw ri ihdvleoh frqvxpswlrq fkrlfhv
yld çf/ xqolnh lq prghov zlwk eruurzlqj frqvwudlqwv wkdw duh wljkwhu wkdq +7,/ vxfk
dv Kduulv dqg Odlevrq +4<<<,1 Wklv phdqv wkdw wkhuh lv qr frpplwphqw ydoxh wr
fkdqjlqj wkh surfhvv ri ie|j"|'f/ xvlqj/ iru lqvwdqfh/ shqvlrq frpplwphqwv wkdw duh
qrw gluhfwo| wudgdeoh1

5161 Lqwudshuvrqdo dqg Frpshwlwlyh Htxloleulxp

Wkurxjkrxw/ zh pdlqwdlq wkh dvvxpswlrq wkdw frqvxphuv duh sulfh wdnhuv1 Lq wkh
devhqfh ri dq| frpplwphqw whfkqrorj|/ wkh frqvxphu*v lqglylgxdo ehkdylru lv wkh
rxwfrph ri d vwudwhjlf lqwhudfwlrq ehwzhhq klv vxffhvvlyh whpsrudo lqfduqdwlrqv/ dqg
qrw ri d vlqjoh rswlpl}dwlrq sureohp dv lq wkh vwdqgdug wkhru| ri frqvxphu ghpdqg1
Lq wkh uhvxowlqj lqwudshuvrqdo jdph/ hdfk gdwh0| frqvxphu fkrrvhv klv fxuuhqw frq0
vxpswlrq dqg d sruwirolr ri dvvhwv/ wdnlqj dv jlyhq d vhtxhqfh ri sulfhv iZ|c r|j"|'f
dqg wkh vwudwhjlhv ri klv vxffhvvruv1

Wkh Lqwudshuvrqdo Jdph Jlyhq d vhtxhqfh ri sulfhv iZ|c r|j"|'f/ d vwudwhj| iru
wkh gdwh0| frqvxphu lq wkh lqwudshuvrqdo jdph lv d pdsslqj kä|Eüäc`|n�Eüäl wkdw
vshfl?hv/ iru dq| klvwru| û| ri wkh jdph xs wr gdwh |=

+l, D frqvxpswlrq ohyho dw gdwh |/ S| ' ä|Eû|ä>

+ll, D vwdwh frqwlqjhqw zhdowk ohyho dw gdwh |n �/ ç|n� '`|n�Eû|ä/

vxfk wkdw wkh exgjhw frqvwudlqwv +;, duh vdwlv?hg jlyhq wkh zhdowk ohyho ç| dw gdwh |1
Wkh klvwru| û| frqvlvwv ri doo hyhqwv revhuyhg e| wkh gdwh0| frqvxphu/ lqfoxglqj wkh
uhdol}dwlrqv ri hqgrzphqwv dqg sulfhv/ dv zhoo dv sdvw frqvxpswlrq dqg zhdowk fkrlfhv1
Jlyhq d sulfh vhtxhqfh iZ|c r|j"|'f/ dq lqwudshuvrqdo htxloleulxp lv d vxejdph0shuihfw
htxloleulxp ri wkh lqwudshuvrqdo jdph sod|hg e| wkh vhtxhqfh ri gdwh0| frqvxphuv1

Frpshwlwlyh Htxloleulxp D frpshwlwlyh htxloleulxp ri wkh uhsuhvhqwdwlyh djhqw
hfrqrp| lv jlyhq e| d vwudwhj| sur?oh ikä|Eüäc`|n�Eüälj"|'f lq wkh lqwudshuvrqdo jdph
dqg d sulfh vhtxhqfh iZ|c r|j"|'f vxfk wkdw

+l, iZ|c r|j"|'f vdwlv?hv wkh duelwudjh frqglwlrqv +8,0+9,>

:



+ll, Lqlwldo zhdowk çf lv ?qlwh dw sulfhv iZ|c r|j"|'f>
+lll, ikä|Eüäc`|n�Eüälj"|'f lv dq lqwudshuvrqdo htxloleulxp dw sulfhv iZ|c r|j"|'f>
+ly, Rq dq| lqwudshuvrqdo htxloleulxp sdwk/ wkh jrrgv pdunhw fohdu dw dq| gdwh1

Lw iroorzv iurp wkh sulfh0wdnlqj dvvxpswlrq wkdw zkhq hydoxdwlqj wkh sd|r> ri d
ghyldwlrq iurp wkh lqwudshuvrqdo htxloleulxp/ hdfk gdwh0| frqvxphu wdnhv lqwr dffrxqw
wkh lpsdfw ri suhydlolqj sulfhv rq wkh frqwlqxdwlrq htxloleulxp1 Lq sduwlfxodu/ pdunhwv
qhhg qrw fohdu iroorzlqj d ghyldwlrq1

61 Htxloleulxp

Iru dq lq?qlwho|0olyhg frqvxphu/ wkh frruglqdwlrq sureohp ehwzhhq klv whpsrudo lq0
fduqdwlrqv pd| ohdg wr wkh h{lvwhqfh ri pxowlsoh lqwudshuvrqdo htxloleuld1 Lq sduwlfx0
odu/ errwvwuds vwudwhjlhv pd| eh xvhg yhu| qdwxudoo| lq d pxowl0vhoi frqwh{w wr plwl0
jdwh wkh frqvxphu*v vhoi0frqwuro sureohp +Odlevrq +4<<7,,1 Zh vwxg| wkhvh htxloleuld
lq Oxwwphu dqg Pdulrwwl +4<<<,1 Dv d ehqfkpdun/ zh irfxv khuh rq lqwudshuvrqdo
Pdunry htxloleuld lq zklfk wkh frqvxpswlrq dqg sruwirolr fkrlfhv ri wkh frqvxphu dw
dq| gdwh zloo ghshqg rqo| rq klv zhdowk dqg rq h{rjhqrxv yduldeohv1: Lq wkh iroorzlqj/
zh ?uvw fkdudfwhul}h wkh olqhdu lqwudshuvrqdo Pdunry htxloleuld1 Zh wkhq frqvwuxfw d
frpshwlwlyh htxloleulxp iru wkh uhsuhvhqwdwlyh djhqw hfrqrp|1;

6141 Lqwudshuvrqdo Htxloleulxp

Zh vkdoo frqvwuxfw d vxejdph shuihfw htxloleulxp iru wkh lqwudshuvrqdo jdph lq zklfk
d gdwh0| frqvxphu zkr vwduwv zlwk zhdowk ç fkrrvhv frqvxpswlrq S|Eçä dqg qh{w0
shulrg zhdowk ç|n�Eçä dffruglqj wr wkh iroorzlqj olqhdu uxoh=

S|Eçä ' è|ç +<,

ç|n�Eçä ' ú|n�ç

iru vrph wlph dqg vwdwh ghshqghqw frh!flhqwv è| dqg ú|n� wkdw gr qrw ghshqg rq
zhdowk1 Wkhvh vwudwhjlhv duh Pdunry vwudwhjlhv lq wkh vhqvh wkdw wkh fkrlfhv ri wkh
gdwh0| frqvxphu duh rqo| lq xhqfhg e| sdvw dfwlrqv wkurxjk wkh vwdwh yduldeoh zhdowk1

Jlyhq wkh vwudwhjlhv +<,/ ohw S|c|n?Eçä ghqrwh frqvxpswlrq dw gdwh | n ? zkhq
zhdowk dw wkh ehjlqqlqj ri gdwh | lv jlyhq e| ç1 Gh?qh=

T|Eçä ' .|

% "[
?'f

B?n�üES|c|n?Eçää

&
é +43,

:Wklv lv dovr wkh shuvshfwlyh dgrswhg e| Skhosv dqg Sroodn +4<9;, dqg Kduulv dqg Odlevrq +4<<<,1
Vhh Pdvnlq dqg Wluroh +4<<;, iru d wkrurxjk lqyhvwljdwlrq ri wkh Pdunry shuihfw htxloleulxp frqfhsw1

;Wkh ghulydwlrqv zh suhvhqw lq wklv vhfwlrq rqo| fryhu wkh fdvh ð 9@ 41 Dqdorjrxv ghulydwlrqv
fdq eh shuiruphg iru wkh fdvh ri orjdulwkplf suhihuhqfhv1 Wkh| vkrz wkdw rxu irupxodv iru zhdowk0
frqvxpswlrq udwlrv dqg vwdwh sulfhv ++54, dqg +56, ehorz, frqwlqxh wr dsso|1

;



+Qrwh wkdw wkh ?uvw vxemhfwlyh glvfrxqw idfwru lq T|Eçä lv B�1, Wkhq +<, |lhogv=

T|Eçä ' ø|

ë
ç�3ò

�ý ò
ê
c

zkhuh=

ø| ' .|

57 "[
?'f

B?n�è
�3ò
|n?

#
?\
&'�

ú|n&

$�3ò68 é +44,

Wr frqvwuxfw d vxejdph shuihfw htxloleulxp zh qhhg wr ghwhuplqh wkh ehvw uhvsrqvh
ri wkh gdwh0| frqvxphu zkhq wkh gdwh0| n ? frqvxphuv frqvxph d iudfwlrq è|n? ri
wkhlu zhdowk dqg ohw zhdowk jurz dw d udwh ú|n?/ iru doo ? è �1 Jlyhq zhdowk ç|/ wklv
ehvw uhvsrqvh lv wkh vroxwlrq wr=

4@ 
S|cç|n�Df

ã
S�3ò|

�ý ò n .| dT|n�Eç|n�äo G Z|S| n .|dZ|n�ç|n�o é Z|ç|
â
é

Wkh ?uvw0rughu frqglwlrqv iru wklv pd{lpl}dwlrq fdq eh zulwwhq dv=<

Z|n�
Z|

' ø|n�

ë
ç|n�
S|

ê3ò
é +45,

Wrjhwkhu zlwk wkh exgjhw frqvwudlqw wklv |lhogv rswlpdo fkrlfhv iru S| dqg ç|n�1 Lw lv
qrw gl!fxow wr vhh wkdw wkhvh fkrlfhv duh djdlq ri wkh irup +<,1 Wkh frh!flhqwv è|
dqg ú|n� wkdw ghvfuleh wkh ehvw uhvsrqvh ri wkh gdwh0| frqvxphu duh ghwhuplqhg e|=

è| '

#
� n .|

%ë
Z|n�
Z|

ê�3�*ò
ø
�*ò
|n�

&$3�
+46,

ú|n� '

#
� n .|

%ë
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D vxejdph shuihfw htxloleulxp iru wkh lqwudshuvrqdo jdph lv qrz jlyhq e| wkh vwudwh0
jlhv +<, dqg d vhtxhqfh iø|c è|c ú|n�j"|'f wkdw vdwlv?hv +44, dqg +46,0+47,1 H{solflw
vroxwlrqv iru iø|c è|c ú|n�j"|'f duh hdvlo| rewdlqhg lq wkh fdvh ri wlph0frqvlvwhqw suhi0
huhqfhv ru li wkh shulrg xwlolw| ixqfwlrq lv orjdulwkplf1 Zkhq ò 9' �/ wkh v|vwhp ri
htxdwlrqv olqnlqj wrjhwkhu iø|c è|c ú|n�j"|'f lv qrq0olqhdu1 Jlyhq duelwudu| vwdwh sulfhv/
w|slfdoo| qr h{solflw vroxwlrqv duh dydlodeoh/ dowkrxjk rqh fdq vkrz wkdw wkhuh h{lvwv
d xqltxh dqg frqvwdqw vroxwlrq iru iø|c è|c ú|n�j"|'f li ò : � dqg iZ|n�*Z|j"|'f lv l1l1g1
Qhyhuwkhohvv/ h{solflw vroxwlrqv fdq eh rewdlqhg dw htxloleulxp sulfhv1

6151 Frpshwlwlyh Htxloleulxp

Vwdwh sulfhv iZ|j"|'f/ wrjhwkhu zlwk vwudwhjlhv iru wkh lqwudshuvrqdo jdph wkdw vdwlvi|
+<,/ +44, dqg +46,0+47,/ irup d frpshwlwlyh htxloleulxp li dqg rqo| li wkh lpsolhg
frqvxpswlrq fkrlfhv fohdu jrrgv pdunhwv dw doo gdwhv dqg lq doo vwdwhv1

<D suhflvh mxvwl?fdwlrq lv jlyhq lq wkh surri ri Sursrvlwlrq 41

<



Wkh ?uvw vwhs lq frqvwuxfwlqj dq htxloleulxp zloo eh wr xvh wkh pdunhw fohdulqj
frqglwlrqv wr h{suhvv ø| lq whupv ri wkh hqgrzphqw surfhvv1 Wr vlpsoli| wkh uhvxowlqj
irupxodv/ gh?qh=

K| ' .|
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?'f

B?

ë
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ê�3ò&
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dqg qrwh wkdw K| dqg {|n� duh uhodwhg yld=
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Ri frxuvh/ zh vkdoo qhhg wr dvvxph wkdw wkh vxemhfwlyh glvfrxqw idfwruv dqg hqgrz0
phqwv duh vxfk wkdw K| dqg {| duh ?qlwh1 Lw lv lpphgldwh iurp +48, wkdw wklv lv wuxh
li dqg rqo| li wkh glvfrxqwhg xwlolw| iurp wkh djjuhjdwh hqgrzphqwv lv ?qlwh iurp wkh
shuvshfwlyh ri hyhu| gdwh0| frqvxphu1

Lw iroorzv iurp wkh olqhdu frqvxpswlrq dqg sruwirolr vwudwhjlhv +<, wkdw pdunhw
fohdulqj dw doo gdwhv dqg lq doo vwdwhv lv htxlydohqw wr=

ef ' èfçf +4;,

wrjhwkhu zlwk=
e|n�
e|
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è|n�ú|n�
è|

+4<,

iru doo | è f dqg lq doo vwdwhv1 Xvlqj +4<, dqg wkh gh?qlwlrqv +44, dqg +49, ri ø| dqg
{| rqh fdq yhuli| wkdw ø| pxvw wkhuhiruh vdwlvi|=
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lq dq| htxloleulxp1 Dw S| ' e|/ wkh ?uvw0rughu frqglwlrq +45, fdq eh zulwwhq dv
Z|n�*Z| ' ø|n�è

ò
|n�Ee|n�*e|ä

3ò 1 Wrjhwkhu zlwk +46, wklv jlyhv=
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Lq frpelqdwlrq zlwk +4:, dqg +53, wklv lpsolhv wkdw è| pxvw eh jlyhq e|=
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+54,

lq dq| htxloleulxp1 Iru wkhvh frqvxpswlrq0zhdowk udwlrv/ sruwirolr fkrlfhv ú|n� pxvw
vdwlvi|=
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é +55,
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wr hqvxuh wkdw frqvxpswlrq jurzv dw wkh udwh uhtxluhg e| +4<,1 Qrwh iurp +53, dqg
+54, wkdw ø|è

ò
| ' {|*K|1 Vwdwh sulfhv pxvw wkhuhiruh eh jlyhq e|=
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é +56,

Dw wklv srlqw/ zh kdyh frqvwuxfwhg frqvxpswlrq0zhdowk udwlrv +54,/ sruwirolr fkrlfhv
+55,/ dqg vwdwh sulfhv +56,/ iru zklfk wkh jurzwk udwh ri frqvxpswlrq lv htxdo wr wkh
jurzwk udwh ri hqgrzphqwv lq doo vwdwhv dqg dw doo gdwhv | è �1 Lw uhpdlqv wr vkrz
wkdw wkh jrrgv pdunhw fohduv dw gdwh f1

Lw iroorzv iurp +4;,/ +54,/ dqg wkh gh?qlwlrq +:, ri zhdowk dw gdwh f wkdw pdunhw
fohdulqj dw gdwh f uhtxluhv wkdw=

Kf '
�

Zfef
.f

% "[
|'f

Z|e|

&
n
5f&3�
ef

é

Jlyhq rxu frqvwuxfwlrq ri vwdwh sulfhv/ zh vkdoo dujxh wkdw wkh ?uvw whup rq wkh uljkw0
kdqg vlgh ri wklv htxdwlrq lv ?qlwh dqg qr juhdwhu wkdq Kf1 Li &3� : f/ wklv hvwdeolvkhv
wkdw dq htxloleulxp h{lvwv= rqh fdq vlpso| dgmxvw 5f è f wr pdnh xs wkh gl>huhqfh
ehwzhhq efKf dqg wkh suhvhqw ydoxh ri hqgrzphqwv1 Li 5f : f lv uhtxluhg/ wkhq wkhuh
lv d exeeoh rq wkh orqj0olyhg dvvhw1 Zh vkdoo jlyh frqglwlrqv wkdw hqvxuh wkdw efKf lv
dfwxdoo| htxdo wr wkh suhvhqw ydoxh ri hqgrzphqwv1 Wkhvh frqglwlrqv wkhq lpso| wkdw
wkhuh fdq/ lq idfw/ eh qr exeeoh rq wkh orqj0olyhg dvvhw1 Ixuwkhupruh/ wkhvh frqglwlrqv
hqvxuh wkdw dq htxloleulxp dovr h{lvwv li &3� ' f1

Wr vhh zk| efKf fdqqrw eh ohvv wkdq wkh suhvhqw ydoxh ri hqgrzphqwv/ qrwh wkdw
wkh vroxwlrq iru vwdwh sulfhv +56, wrjhwkhu zlwk +4:, lpsolhv=
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Ehfdxvh vwdwh sulfhv dqg hqgrzphqwv duh srvlwlyh zh fdq wkxv zulwh=
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Vlqfh K| lv srvlwlyh e| frqvwuxfwlrq/ wkh olplw whup rq wkh uljkw0kdqg vlgh ri wklv htxd0
wlrq lv qrq0qhjdwlyh/ dqg wkxv efKf pxvw grplqdwh wkh suhvhqw ydoxh ri hqgrzphqwv1

Wr uxoh rxw exeeohv dqg hqvxuh h{lvwhqfh ri htxloleulxp lq fdvh &3� ' f zh wkhuh0
iruh qhhg wr vkrz wkdw +xvlqj +56,,=
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Wklv grhv qrw iroorz vlpso| iurp dvvxplqj wkdw {| dqg K| duh ?qlwh dw doo gdwhv
dqg lq doo vwdwhv1 Zh vkdoo frqvlghu wzr dvvxpswlrqv xqghu zklfk +57, krogv1 Wkhvh
frqglwlrqv fryhu rxu dssolfdwlrqv lq Vhfwlrq 81
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Frqglwlrq D Wkhuh lv d V 5 Efc �ä vxfk wkdw VK| 5 Efc �o dw doo gdwhv dqg lq doo vwdwhv1

Frqglwlrq E Wkhuh lv vrph q : f vxfk wkdw B?n�*B? é q iru doo ? è f/ dqg iru
zklfk=

.|

% "[
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q?
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e|n?
e|

ê�3ò&
÷4 +58,

dw doo gdwhv dqg lq doo vwdwhv1

Frqglwlrq D lv htxlydohqw wr vwdwlqj wkdw wkh htxloleulxp frqvxpswlrq0zhdowk udwlr
lv erxqghg dzd| iurp }hur1 Wklv hqvxuhv wkdw frqvxphuv gr qrw ryhu0dffxpxodwh
zhdowk1 Frqglwlrq E lv d vlpsoh zd| wr wudqvodwh dujxphqwv wkdw uxoh rxw exeeohv lq
hfrqrplhv lq zklfk frqvxphuv glvfrxqw jhrphwulfdoo| wr hfrqrplhv zlwk pruh frp0
solfdwhg vxemhfwlyh glvfrxqw idfwruv1 Rqh dssolfdwlrq ri Frqglwlrq E lv dq hfrqrp|
zlwk ò : � dqg B?n� é B?/ dqg zlwk hqgrzphqwv wkdw duh h{shfwhg wr jurz h{srqhq0
wldoo| lq wkh orqj uxq/ iroorzlqj hyhu| gdwh dqg vwdwh1 Lq wklv fdvh zh fdq vlpso| wdnh
q ' �1 Wkh surri ri wkh iroorzlqj sursrvlwlrq lv jlyhq lq Dsshqgl{ D1

Sursrvlwlrq 4 Li dw ohdvw rqh ri Frqglwlrqv D ru E krogv/ wkhq wkhuh lv dq htxloleulxp
dqg wkhuh lv qr exeeoh rq wkh orqj0olyhg dvvhw li lw lv lq srvlwlyh qhw vxsso|1

Lq Oxwwphu dqg Pdulrwwl +4<<<, zh frqvlghu wkh ù ' � fdvh ri wkh txdvl0k|shuerolf
suhihuhqfhv lqwurgxfhg lq H{dpsoh 61 Iru wklv fdvh/ zh vkrz wkdw wkhuh lv dozd|v d
xqltxh olqhdu Pdunry htxloleulxp/ surylghg Kf lv ?qlwh143

D Exeeoh H{dpsoh Sursrvlwlrq 4 lpsolhv wkdw wkhuh fdq eh qr exeeoh li suhihu0
hqfhv duh wlph0frqvlvwhqw/ vlqfh lq wkdw fdvh Frqglwlrq E dssolhv1 Li Frqglwlrqv D
dqg E gr qrw krog/ wkhq d olqhdu Pdunry htxloleulxp pd| qrw h{lvw zkhq &3� ' f/ ru
wkhuh pd| eh d exeeoh rq wkh orqj0olyhg dvvhw zkhq &3� : f1 Dv dq h{dpsoh/ frqvlghu
dq hfrqrp| zlwk ò 9' � dqg hqgrzphqwv jlyhq e| ef : f dqg=

e|
e|3�
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iru vrph 0 : f dqg iru doo | è �1 Wkhvh hqgrzphqw jurzwk udwhv duh vr odujh
wkdw xwlolw| zloo qrw eh ?qlwh iru dq| jhrphwulf vxemhfwlyh glvfrxqw ixqfwlrq1 Qr
htxloleulxp zrxog h{lvw li frqvxphuv zhuh wlph frqvlvwhqw/ dqg Frqglwlrq E pxvw
eh ylrodwhg1 Vxssrvh lqvwhdg wkdw wkh uhsuhvhqwdwlyh frqvxphu*v vxemhfwlyh glvfrxqw
idfwruv duh jlyhq e|=
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zkhuh q lv srvlwlyh dqg vpdoohu wkdq rqh1 Wkhvh vxemhfwlyh glvfrxqw idfwruv ghfolqh
idvw hqrxjk wr hqvxuh wkdw=
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43Li ï é 4 lq H{dpsoh 6/ wklv iroorzv gluhfwo| iurp Sursrvlwlrq 4 dv Frqglwlrq E lv wkhq vdwlv?hg1

Li ï A 4/ d vhsdudwh dujxphqw lv qhhghg dv Frqglwlrq E pd| qrw krog1
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lv ?qlwh144 Fohduo|/ {| lv lqfuhdvlqj dqg xqerxqghg lq |1 Uhfdoo iurp +4:, wkdw
K|3� ' � n Ee|*e|3�ä�3ò{|1 Vr Frqglwlrq D pxvw eh ylrodwhg/ dqg=
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Wklv frqyhujhv wr d srvlwlyh qxpehu dv A $ 4/ vlqfh 0 dqg {f duh erwk vwulfwo|
srvlwlyh1 Khqfh/ +57, lv ylrodwhg/ dqg wklv hfrqrp| kdv qr olqhdu Pdunry htxloleulxp
li wkhuh lv qr orqj0olyhg dvvhw lq srvlwlyh qhw vxsso|1 Li &3� : f/ vxfk dq htxloleulxp
h{lvwv/ exw wkhuh pxvw eh d exeeoh rq wkh orqj0olyhg dvvhw1

Dyhudjh Vxemhfwlyh Glvfrxqw Idfwruv Dv fdq eh vhhq iurp wkh htxdwlrq iru
vwdwh sulfhv +56,/ wkh wzr yduldeohv wkdw ghwhuplqh vwdwh sulfhv lq wklv hfrqrp| duh
hqgrzphqw jurzwk dqg wkh udwlr {|*K|1 Li frqvxphuv glvfrxqw jhrphwulfdoo|/ wkh
udwlr {|*K| lv frqvwdqw dqg htxdo wr wkh vxemhfwlyh glvfrxqw idfwru q1 Iru jhqhudo
vxemhfwlyh glvfrxqw idfwruv/ wkh udwlr {|*K| fdq eh h{suhvvhg dv d zhljkwhg dyhudjh
ri B?n�*B?=
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zkhuh wkh zhljkwv /?c| duh jlyhq e|=
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Wkhvh zhljkwv duh sursruwlrqdo wr wkh h{shfwhg xwlolw| ri gdwh0| n ? frqvxpswlrq
iurp wkh shuvshfwlyh ri wkh gdwh0| frqvxphu1 Lq wkh vshfldo fdvh ri txdvl0k|shuerolf
glvfrxqwlqj/ Bf ' � dqg B? ' Bq? iru doo ? è �/ wklv |lhogv wkh 3jhqhudol}hg Hxohu
htxdwlrq=4
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ri Kduulv dqg Odlevrq +4<<<,1 Pruh jhqhudoo|/ frqvlghu wkh surshuwlhv ri +59, li
vxemhfwlyh glvfrxqw udwhv duh uhodwlyho| kljk dw qhdue| krul}rqv/ dqg orz dw glvwdqw
krul}rqv1 Wkh glvfrxqw udwhv lpsolhg e| {|*K| zloo wkhq ghshqg rq wkh wlplqj ri
hqgrzphqw jurzwk1 Li ò : �/ kljk hduo| hqgrzphqw jurzwk orzhuv wkh zhljkwv rq
B?n�*B? iru vpdoo ydoxhv ri ? dqg wklv orzhuv wkh glvfrxqw udwh lpsolhg e| {|*K|1 Li

44Qrwh wkdw
S4
q@3 ñ

q
ý
wý4.q
q

ü
@ +4 ý ñ,ýw1 Iurp wklv rqh fdq frpsxwh üw dw % @ 31 Wkh uhvxow

wkhq iroorzv iru % A 3 vlqfh doo exw ?qlwho| pdq| ri wkh whupv lq wkh vhulhv wkdw gh?qhv üw pxvw eh
vpdoohu wkdq rqh1
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wkh vdph dprxqw ri hqgrzphqw jurzwk lv ghod|hg/ pruh zhljkw lv sxw rq B?n�*B? iru
vpdoo ydoxhv ri ?1 Ghod|hg jurzwk wkhuhiruh lqfuhdvhv wkh glvfrxqw udwh lpsolhg e|
{|*K|1

Lghqwl?fdwlrq Wkh fkdudfwhulvwlf ihdwxuh ri qrq0jhrphwulf glvfrxqwlqj lv wkh idfw
wkdw {|*K| uhsodfhv wkh xvxdo jhrphwulf vxemhfwlyh glvfrxqw idfwru1 Wklv lpsolhv wkdw
lw lv qrw srvvleoh wr glvwlqjxlvk qrq0jhrphwulf glvfrxqw idfwruv iurp jhrphwulf rqhv li
{|*K| kdsshqv wr eh frqvwdqw1 Wklv zloo eh wkh fdvh li frqglwlrqdoo| h{shfwhg xwlolw|
jurzwk/ .| dEe|n�*e|ä�3òo/ lv frqvwdqw1 Iru dq| vxemhfwlyh glvfrxqw ixqfwlrq/ rqh fdq
wkhq frqvwuxfw dq dowhuqdwlyh hfrqrp| zlwk d jhrphwulf vxemhfwlyh glvfrxqw idfwru
jlyhq e| q ' {|*K|1 Vwdwh sulfhv zloo eh wkh vdph lq erwk hfrqrplhv1 Lw lv qrw gl!fxow
wr yhuli| wkdw wkh zhdowk0frqvxpswlrq udwlr lq wkh dowhuqdwlyh hfrqrp| lv djdlq htxdo
wr h{shfwhg xwlolw| jurzwk glvfrxqwhg xvlqj wkh jhrphwulf vxemhfwlyh glvfrxqw idfwru
q1 Wkxv frqvxpswlrq0zhdowk udwlrv fdqqrw eh xvhg wr lghqwli| surshuwlhv ri wkh
vxemhfwlyh glvfrxqw ixqfwlrq hlwkhu1

Dv dq h{dpsoh/ rqh fdq wdnh hqgrzphqw jurzwk wr eh l1l1g1 dqg wkh lqirupdwlrq
vwuxfwxuh iI|j"|'f vxfk wkdw dw dq| gdwh qrwklqj lv nqrzq derxw ixwxuh hqgrzphqw
jurzwk1 Dowhuqdwlyho|/ rqh fdq wdnh suhihuhqfhv wr eh orjdulwkplf1 Li ò ' �/ wkhq K|
dqg {| duh vlpso| vxpv ri vxemhfwlyh glvfrxqw idfwruv/ dqg wkhuhiruh frqvwdqw dfurvv
wlph145

6161 Vrph Lqwxlwlrq derxw Vwdwh Sulfhv dqg Pdujlqdo Xwlolwlhv

Lq frqvwuxfwlqj rxu htxloleulxp/ zh kdyh douhdg| gh?qhg d ydoxh ixqfwlrq T|Eçä lq
+43,1 Wklv ydoxh ixqfwlrq uhsuhvhqwv wkh h{shfwhg xwlolw| iurp gdwh | rq/ dv ylhzhg e|
wkh gdwh0|ý � frqvxphu/ lq wkh gdwh0| vxejdph lq zklfk wkh gdwh0| frqvxphu vwduwv
zlwk zhdowk ç1 Qrz ohw 8|Eçä eh h{shfwhg xwlolw| iru wkh gdwh0| frqvxphu lq wkh vdph
vxejdph=
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Fohduo|/ li B? ' q? wkhq T|Eçä ' q8|Eçä1 Pruh jhqhudoo|/ wkh wzr ydoxh ixqfwlrqv duh
uhodwhg yld=
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zkhuh wkh pd{lpl}dwlrq lv vxemhfw wr wkh exgjhw frqvwudlqw +;,146 Wkh ?uvw0rughu dqg
hqyhorsh frqglwlrqv iru wklv pd{lpl}dwlrq duh=
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45Eduur +4<<<, revhuyhv wkdw lq wkh vwdqgdug ghwhuplqlvwlf Fdvv0Nrrspdqv jurzwk prgho rqh
fdqqrw lqihu iurp gdwd zkhwkhu frqvxphuv glvfrxqw jhrphwulfdoo| ru qrw li wkh hfrqrp| lv lq vwhdg|
vwdwh/ ru li suhihuhqfhv duh orjdulwkplf1 Vhh dovr Odlevrq +4<<9,1

46Wklv htxdwlrq lv uhodwhg wr wkh 3txdvl0Ehoopdq htxdwlrq4 ghyhorshg e| Kduulv dqg Odlevrq +4<<<,
iru txdvl0k|shuerolf vxemhfwlyh glvfrxqw ixqfwlrqv1
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lq doo vwdwhv dqg dw doo gdwhv1 Frpelqlqj wkh ?uvw0rughu frqglwlrq dw gdwh | zlwk wkh
hqyhorsh frqglwlrq dw gdwh |n �/ rqh fdq zulwh=

Z|n�
Z|

'
(T|n�Eç|n�ä

(8|n�Eç|n�ä

(üES|n�ä

(üES|ä
é +5;,

Wkdw lv/ wkh xvxdo +jhrphwulf, vxemhfwlyh glvfrxqw idfwru lv uhsodfhg e| d udwlr ri
pdujlqdo xwlolwlhv ri zhdowk edvhg rq wkh 3rqh0shulrg dkhdg4 ydoxh ixqfwlrq T|n�/ dqg
qh{w shulrg*v 3fxuuhqw4 ydoxh ixqfwlrq 8|n�1 Jlyhq wkdw suhihuhqfhv duh krprwkhwlf/
dqg wkdw frqvxpswlrq dqg sruwirolr vwudwhjlhv duh olqhdu lq zhdowk/ lw lv qrw gl!fxow
wr vhh wkdw T|Eçä ' {| Eç*K|ä

�3ò*E� ý òä dqg 8|Eçä ' K| Eç*K|ä
�3ò*E� ý òä lq

htxloleulxp1 Frpelqlqj wklv zlwk +5;, lpsolhv wkdw htxloleulxp vwdwh sulfhv duh lqghhg
jlyhq e| +56,1

71 Frqwlqxrxv0Wlph Dssur{lpdwlrqv

Lq wkh glvfuhwh0wlph hfrqrplhv zh kdyh frqvlghuhg vr idu/ lw zdv uhodwlyho| hdv| wr
frqvwuxfw d frpshwlwlyh htxloleulxp1 Krzhyhu/ fkdudfwhul}lqj wkh surshuwlhv ri wklv
htxloleulxp lv pruh gl!fxow1 Dv zh vkrz lq wklv vhfwlrq/ wklv wdvn lv vlpsol?hg frq0
vlghudeo| zkhq zh ohw wkh ohqjwk ri d shulrg jr wr }hur1

7141 Olplw Surshuwlhv ri Glvfuhwh0Wlph Hfrqrplhv

Vxssrvh wkdw wkh vxemhfwlyh glvfrxqw ixqfwlrq BE|ä lv gh?qhg iru doo | 5 dfc4ä/ dqg
qrupdol}hg vr wkdw BEfä ' �1 Vxssrvh dovr wkdw wkhuh h{lvwv dq xqghuo|lqj frqwlqxrxv0
wlph hqgrzphqw surfhvv ie|j|Df wkdw hyroyhv dffruglqj wr d gl>xvlrq=

_ *?Ee|ä ' >eE%|ä_|n jeE%|ä
ê_î|c +5<,

zkhuh iî|j|Df lv d yhfwru ri lqghshqghqw vwdqgdug Eurzqldq prwlrqv/ dqg i%|j|Df lv
d yhfwru ri vwdwh yduldeohv wkdw vdwlv?hv=47

_%| ' >%E%|ä_|n j%E%|ä
ê_î|é +63,

Jlyhq wkh glvfrxqw ixqfwlrq BEüä dqg wkh hqgrzphqw surfhvv ie|j|Df/ zh frqvwuxfw
d vhtxhqfh ri glvfuhwh0wlph hfrqrplhv dv iroorzv1 Iru dq| ô : f/ lqwhusuhwhg dv wkh
ohqjwk ri d shulrg/ frqvlghu d glvfuhwh0wlph hfrqrp| zlwk d vhtxhqfh ri vxemhfwlyh
glvfrxqw idfwruv B? ' BE?ô ä/ ? ' fc �c 2c é é é/ dqg hqgrzphqwv lq shulrg ? jlyhq e|
ôe?ô 1 Iru dq| | è f dqg ô : f/ ohw=

K|Eô ä ' .|

% "[
?'f

BE?ôä

ë
e|n?ô
e|

ê�3ò&
c

{|Eô ä ' .|

% "[
?'f

BEE?n �äôä

ë
e|n?ô
e|

ê�3ò&
47Zlwkrxw orvv ri jhqhudolw|/ zh wdnh wkh glphqvlrq ri Ew wr eh htxdo wr rqh soxv wkh glphqvlrq

ri {w1
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ghqrwh wkh dqdorjxhv ri +48, dqg +49, iru wkh glvfuhwh0wlph hfrqrp| zlwk shulrg
ohqjwk ô 1 Lw wkhq iroorzv iurp +56, dqg dq dssursuldwh qrupdol}dwlrq wkdw wkh vwdwh
sulfhv iru wklv hfrqrp| duh jlyhq e| iZ?ô Eô äj"?'f/ zkhuh iru dq| | è f=

Z|Eô ä ' i T

3Cdd|*ô oo[
?'�

ë
�

ô
*?

ë
{?ô Eôä

K?ô Eôä

êê
ô

4D e3òô dd|*ô ooc +64,

dqg dd|*ô oo ghqrwhv wkh lqwhjhu sduw ri |*ô 1 Iurp +54,/ �*K?ô Eô ä lv wkh frqvxpswlrq0
zhdowk udwlr edvhg rq frqvxpswlrq dw gdwh ?ô lq wkh glvfuhwh0wlph hfrqrp| zlwk
shulrg ohqjwk ô 1

Zh qrz h{dplqh wkh vdpsoh sdwk surshuwlhv ri wkh glvfuhwh0wlph vwdwh sulfh surfhvv
+64, zkhq ô jrhv wr }hur1 Qrwh ?uvw wkdw wkh frqvxpswlrq0zhdowk udwlr dqg wkh udwlr
�*{?ô Eôä ydqlvk dv ô jrhv wr }hur1 Lq Dsshqgl{ E zh surylgh frqglwlrqv wkdw hqvxuh
wkdw/ iru hyhu| | è f/ wkh txdqwlwlhv ô {|Eô ä dqg ô K|Eô ä frqyhujh doprvw vxuho| wr
KE%|ä dv ô jrhv wr }hur/ zkhuh wkh ixqfwlrq KEüä lv gh?qhg e|=48

KE%|ä ' .|

%] "

f

BEñä

ë
e|nñ
e|

ê�3ò
_ñ

&
é +65,

Ixuwkhupruh/ zh vkrz wkdw/ iru hyhu| | è f/ wkh gl>huhqfh K|Eô ä ý {|Eôä frqyhujhv
doprvw vxuho| wr xE%|ä dv ô jrhv wr }hur/ zkhuh wkh ixqfwlrq xEüä lv gh?qhg e|=

xE%|ä ' ý.|
%]

dfc"ä

ë
e|nñ
e|

ê�3ò
_BEñä

&
c +66,

dqg wkh lqwhjudwlrq lq +66, lv zlwk uhvshfw wr wkh phdvxuh lqgxfhg e| BEüä rq dfc4ä1
Wklv/ wrjhwkhu zlwk +64,/ lpsolhv wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 5 Xqghu uhjxodulw| frqglwlrqv/ wkh vwdwh sulfhv iZ|Eôäj|Df iru wkh glvfuhwh0
wlph hfrqrp| zlwk shulrg ohqjwk ô frqyhujh wr=

iZ|j|Df '
ã
i T

ë
ý
] |

f

xE%ñä

KE%ñä
_ñ

ê
e3ò|

â
|Df

+67,

dv ô jrhv wr }hur/ doprvw vxuho|1

Dsshqgl{ E jlyhv d suhflvh vwdwhphqw dqg surri ri wklv uhvxow1 Qrwh wkdw wkh vhqvh lq
zklfk wkh surfhvv iZ|Eôäj|Df frqyhujhv wr iZ|j|Df dv ô jrhv wr }hur lv txlwh vwurqj=
doprvw hyhu| vdpsoh sdwk ri vwdwh sulfhv lq wkh glvfuhwh0wlph hfrqrp| zlwk shulrg
ohqjwk ô frqyhujhv srlqwzlvh wr wkh fruuhvsrqglqj frqwlqxrxv0wlph vdpsoh sdwk1

48Qrwh wkdw vlqfh i{wjwè3 dqg ihwjwè3 duh wlph0krprjhqrxv gl>xvlrq surfhvvhv/ wkh| erwk vdwlvi|
wkh Pdunry surshuw|/ khqfh ý+ü, lv lqghshqghqw ri w1 Wkh vdph dssolhv wr wkh ixqfwlrq õ+ü, gh?qhg
ehorz1
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Lqwhuhvw Udwhv dqg Ulvn Suhpld Iurp +67,/ wkh olplwlqj vwdwh sulfh surfhvv
iZ|j|Df vdwlv?hv=

_Z| ' ýZ|
ý
oE%|ä_|n jZE%|ä

ê_î|
ü
c +68,

zkhuh wkh lqvwdqwdqhrxv ulvn0iuhh udwh oE%|ä dqg wkh 3pdunhw sulfh ri ulvn4 jZE%|ä duh
ghwhuplqhg e|=

oE%|ä '
xE%|ä

KE%|ä
n ò>eE%|äý

�

2
ò2jeE%|ä

êjeE%|äc +69,

jZE%|ä ' òjeE%|äé +6:,

Revhuyh wkdw wkh vkdsh ri wkh vxemhfwlyh glvfrxqw ixqfwlrq BEüä lv uh hfwhg lq wkh ?uvw
whup lq +69,1 Fohduo|/ li BE|ä ' i TEý4|ä/ wkhq xE%|ä ' 4KE%|ä dqg wklv whup uhgxfhv
wr 4 dv h{shfwhg1 Wkh odvw wzr whupv lq +69, duh wkh xvxdo whupv wkdw uhvxow iurp
hqgrzphqw jurzwk dqg fxuydwxuh ri wkh shulrg xwlolw| ixqfwlrq1 Lw iroorzv iurp +6:,
wkdw wkh pdunhw sulfh ri ulvn jZE%|ä lv qrw d>hfwhg e| wkh vkdsh ri wkh vxemhfwlyh
glvfrxqw ixqfwlrq BEüä1

Ohw -E%|ä eh wkh ulvn suhplxp rq djjuhjdwh zhdowk9wkdw lv/ wkh lqvwdqwdqhrxv
h{shfwhg h{fhvv uhwxuq rq djjuhjdwh zhdowk1 Lq wkh olplw hfrqrp|/ djjuhjdwh zhdowk
dw wlph | lv htxdo wr e|KE%|ä1 Vwdqgdug fdofxodwlrqv lpso| wkdw -E%|ä lv jlyhq e| wkh
qhjdwlyh ri wkh lqvwdqwdqhrxv fryduldqfh ehwzhhq e|KE%|ä dqg Z|/ glylghg e| Z|e|KE%|ä1
Wklv |lhogv=

-E%|ä ' ò

ë
jeE%|ä

ê n
(KE%|äj%E%|ä

ê

KE%|ä

ê
jeE%|äé +6;,

Wkh ulvn suhplxp rq djjuhjdwh zhdowk wkhuhiruh grhv ghshqg rq wkh glvfrxqw ixqfwlrq
BEüä/ yld lwv h>hfw rq wkh zhdowk0frqvxpswlrq udwlr KE%|ä1

Li BEüä lv vx!flhqwo| vprrwk vr wkdw rqh fdq zulwh BE|ä ' i T+ý U |
f
4Eñä _ñ,/ wkhq

wkh ?uvw whup lq +69, vlpsol?hv wr d zhljkwhg dyhudjh ri wkh vxemhfwlyh glvfrxqw udwhv
i4EñäjñDf=

xE%|ä

KE%|ä
'

] "

f

4Eñä/E%|c ñä _ñc +6<,

zkhuh wkh zhljkwv /E%|c ñä duh jlyhq e|=

/E%|c ñä '
.|
û
BEñä Ee|nñ*e|ä

�3òú
.|
ûU"
f
BEñä Ee|nñ*e|ä

�3ò _ñ
ú c

dv lq +59,1 Dowhuqdwlyho|/ qrq0vprrwk vxemhfwlyh glvfrxqw ixqfwlrqv dulvh li frqvxphuv
glvfrxqw dq| srvlwlyh ghod| ri xwlolw| e| d glvfuhwh dprxqw/ zkloh xwlolw| dw srvlwlyh
krul}rqv lv glvfrxqwhg dw dq lqvwdqwdqhrxv udwh1 Frqvlghu iru h{dpsoh wkh glvfrxqw
ixqfwlrq BEfä ' �/ dqg BE|ä ' B i TEý4|ä iru doo | : f1 Wkh mxps lq wkh glvfrxqw
ixqfwlrq vkrzv xs lq wkh ulvn0iuhh udwh +69, yld=

xE%|ä

KE%|ä
' 4n

�ý B
KE%|ä

é +73,

Qrwh wkdw BEüä fdq eh vhhq dv wkh olplw dv ô jrhv wr }hur ri glvfuhwh0wlph txdvl0
k|shuerolf glvfrxqw ixqfwlrqv zlwk BfEôä ' � dqg B?Eô ä ' B i TEý4?ô ä iru hdfk ? è �1
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Rqh ihdwxuh ri wklv olplw lv wkdw wkh zhdowk0frqvxpswlrq udwlr +65, lv sursruwlrqdo wr
wkh wlph0lqfrqvlvwhqf| sdudphwhu B=

KE%|ä ' B.|

%] "

f

i TEý4ñä
ë
e|nñ
e|

ê�3ò
_ñ

&
é

Wklv lpsolhv wkdw wkh yhfwru (KE%|ä*KE%|ä/ dqg wkhuhiruh wkh ulvn0suhplxp rq djjuh0
jdwh zhdowk +6;,/ rqo| ghshqg rq 4 dqg qrw rq B1

7151 D Frqwlqxrxv0Wlph Hfrqrp| zlwk Sduwldo Frpplwphqw

Vr idu zh kdyh vwxglhg wkh olplwlqj surshuwlhv ri d vhtxhqfh ri glvfuhwh0wlph hfrqrplhv
dv wkh shulrg ohqjwk jrhv wr }hur1 Krzhyhu/ lw lv dovr srvvleoh wr dqdo|}h wkh frqwlqxrxv0
wlph hfrqrp| gluhfwo|1 Iroorzlqj Eduur +4<<<,/ rqh zd| wr gr wklv lv wr dvvxph wkdw
frqvxphuv fdq frpplw wr d sduwlfxodu frqvxpswlrq vwudwhj| iru d vkruw shulrg ri
wlph/ dqg wkhq ohw wklv frpplwphqw shulrg jr wr }hur1 Zh qrz lqyhvwljdwh xqghu
zkdw frqglwlrqv wklv frqwlqxrxv0wlph dssur{lpdwlrq lv htxlydohqw wr wkh rqh jlyhq lq
wkh suhylrxv vhfwlrq1

D Vhtxhqfh ri Sduwldo Frpplwphqwv Dvvxph dv deryh wkdw wkh hqgrzphqw dqg
vwdwh yduldeoh surfhvvhv ie|j|Df dqg i%|j|Df hyroyh dv lq +5<, dqg +63,/ dqg frqvlghu
dq lq?qlwho| olyhg frqvxphu zkrvh suhihuhqfhv dw dq| gdwh | ryhu frqwlqxrxv0wlph
ixwxuh vwuhdpv ri frqvxpswlrq iS|nñjñDf duh jlyhq e|=

L|EiS|nñjñDfä ' .|
é] "

f

BEñä üES|nñä _ñ

è
c

zkhuh üEüä lv d FUUD xwlolw| ixqfwlrq/ dv ehiruh1 Vxssrvh wkdw dw dq| gdwh | ' ?ô /
? ' fc �c 2c é é é/ wkh gdwh0| frqvxphu fdq frpplw wr frqvxpswlrq fkrlfhv iru dq hslvrgh
ô : f1 Wkxv/ dw dq| vxfk gdwh |/ wkh gdwh0| frqvxphu frpplwv wr d vwuhdp ri
frqvxpswlrq iS|nñjñMdfcôä/ dv zhoo dv wr dq dprxqw ri zhdowk ç|nô wr eh ohiw wr wkh
gdwh0|n ô frqvxphu1 Wkh exgjhw frqvwudlqw iru wkh gdwh0| frqvxphu lv wkhq=

.|

é] ô

f

Z|nñS|nñ _ñ n Z|nôç|nô

è
é Z|ç|c +74,

wrjhwkhu zlwk wkh uhtxluhphqw wkdw ç|nô è f149 Iru dq| gdwh | ' ?ô / ? ' fc �c 2c é é é/
ohw iS|c|nñEçäjñDf dqg iç|c|n&ô Eçäj"&'� eh wkh frqvxpswlrq dqg sruwirolr vwudwhjlhv
lq wkh vxejdph lq zklfk wkh gdwh0| frqvxphu vwduwv shulrg | zlwk zhdowk ç1 Dv lq
wkh fdvh ri wkh glvfuhwh0wlph hfrqrp|/ zh zloo irfxv rq frqvxpswlrq dqg sruwirolr
vwudwhjlhv wkdw duh olqhdu lq fxuuhqw zhdowk=

S|c|nñEçä ' è|nñçc

ç|c|nñEçä ' ú|nñçc

49Rqh srvvleoh lqwhusuhwdwlrq lv wkdw dw hyhu| gdwh w @ qá wkhuh lv d frpsohwh vhw ri vwdwh0frqwlqjhqw
fodlpv iru hyhu| gdwh w.y/ y 5 ^3> á `1 Dowhuqdwlyho|/ rqh fdq dvvxph wkdw wkhuh lv frqwlqxrxv wudglqj
lq d fhuwdlq vhw ri orqj0olyhg dvvhwv/ lq vxfk d zd| wkdw pdunhwv duh g|qdplfdoo| frpsohwh1
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zkhuh ñ 5 dfc ôä1 Iru dq| gdwh | ' ?ô / ? ' �c 2c é é é/ ohw T|Eçä eh wkh glvfrxqwhg xwlolw|
h{shfwhg e| wkh gdwh0| ý ô frqvxphu iurp gdwh | rq/ lq wkh vxejdph lq zklfk wkh
gdwh0| frqvxphu vwduwv zlwk zhdowk ç=

T|Eçä ' .|

é] "

f

BEñ n ô äüES|c|nñEçää _ñ

è
é

Dv lq wkh glvfuhwh0wlph hfrqrp|/ wkh olqhdulw| ri wkh frqvxpswlrq dqg zhdowk vwudwh0
jlhv lpsolhv wkdw T|Eçä ' ø|ç�3ò*E�ý òä1 Dv d uhvxow/ wkh rswlpdo frqvxpswlrq dqg
sruwirolr fkrlfhv iru wkh gdwh0| frqvxphu zloo eh olqhdu li wkrvh ri klv vxffhvvruv duh
olqhdu1 Rqh fdq wkxv vroyh iru wkh htxloleulxp ghflvlrq uxohv dqg vwdwh sulfhv h{dfwo|
dv lq Vhfwlrq 51 Iru dq| | ' ?ô / ? ' fc �c 2c é é é/ wkh dqdorjxhv ri +48, dqg +49, fdq
eh gh?qhg dv hK| ' KE%|ä/ dqg=

h{|Eô ä ' .|

%] "

f

BEñ n ô ä

ë
e|nñ
e|

ê�3ò
_ñ

&
é

Qrwh wkdw hK| lv lqghshqghqw ri wkh frpplwphqw shulrg ô 1 Frqvxpswlrq dqg zhdowk
fkrlfhv duh ghwhuplqhg e|=

hè|nñ '
e|nñ

e|hK| chú|nô '
e|nôhK|nô
e|hK| c

iru hdfk ñ 5 dfc ôä/ dqg htxloleulxp vwdwh sulfhv duh jlyhq e|=

hZ|nñEô ähZ|Eôä ' BEñä

ë
e|nñ
e|

ê3ò
c

hZ|nô Eô ähZ|Eôä '
h{|nô Eô ähK|nô

ë
e|nô
e|

ê3ò
c

zkhuh ñ 5 dfc ô ä dqg | ' ?ô / ? ' �c 2c ééé1 Li zh ohw hZfEô ä ' e3òf / wkh surfhvv iru vwdwh
sulfhv fdq eh zulwwhq dv=

hZ|Eô ä ' BE|ý ô dd|*ô ooä i T
3Cdd|*ô oo[
&'�

*?

# h{&ô EôähK&ô
$4D e3ò| é +75,

Revhuyh wkdw wkhvh vwdwh sulfhv zloo lq jhqhudo gl>hu iurp wkh rqhv rewdlqhg lq dq
hfrqrp| zlwk jhrphwulf glvfrxqw idfwruv/ hyhq li hqgrzphqw jurzwk lv l1l1g1 ru li
xwlolw| lv orjdulwkplf1 Wkh idfwru BE|ý ô dd|*ô ooä lqwurgxfhv d shulrglflw| lq vwdwh sulfhv
wkdw doorzv rqh wr lghqwli| BE|ä ryhu wkh lqwhuydo dfc ô ä1

Vpdoo0ô Olplwv Zh qrz lqyhvwljdwh wkh vdpsoh sdwk surshuwlhv ri wkh vwdwh sulfh
surfhvv +64, zkhq ô jrhv wr }hur1 Qrwh ?uvw wkdw/ dv ô jrhv wr }hur/ BE| ý ô dd|*ô ooä
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frqyhujhv wr BEfnä/ iru dq| | è f1 Li BEfnä ÷ �/ wklv rqo| dprxqwv wr d gl>huhqw
qrupdol}dwlrq ri wkh olplwlqj vwdwh sulfh surfhvv/ dqg zh fdq wkhuhiruh ljqruh lw1
Xvlqj wkh idfw wkdw=

dd|*ô oo[
&'�

*?

# h{&ô Eô ähK&ô
$

'

dd|*ô oo[
&'�

�

ô
*?

3C�ý ô
3C �

ô

íhK&ô ý h{&ô Eô ä
ì

hK&ô
4D4D ô

iru doo | è f dqg ô : f/ rqh fdq vkrz wkdw wkh vwdwh sulfhv ihZ|Eôäj|Df iru wkh
frqwlqxrxv0wlph hfrqrp| zlwk frpplwphqw shulrg ô frqyhujh doprvw vxuho| dv ô
jrhv wr }hur wr d vwdwh0sulfh surfhvv sursruwlrqdo wr=

ihZ|j|Df ' +i T#ý] |

f

hxñhKñ _ñ
$
e3ò|

,
|Df
c +76,

zkhuh/ iru hdfk | è f=

hx| ' *ð4
ô<fn

hK| ý h{|Eô ä

ô
' ý.|

%]
Efc"ä

ë
e|nñ
e|

ê�3ò
_BEñä

&
c +77,

Li BEüä lv frqwlqxrxv dw f/ wkhq hx| ' xE%|ä iru hdfk | è f/ doprvw vxuho|/ zkhuh
xEüä lv jlyhq e| +66,1 Khqfh/ lq wkdw fdvh/ wkh vdpsoh sdwkv ri wkh olplw vwdwh0sulfh
surfhvv ihZ|j|Df frlqflgh doprvw vxuho| zlwk wkrvh ri iZ|j|Df rewdlqhg dv wkh olplw ri
vwdwh sulfhv iru glvfuhwh0wlph hfrqrplhv zkhq wkh shulrg ohqjwk jrhv wr }hur1 Exw lq
jhqhudo/ +66, dqg +77, gl>hu e| dq dprxqw �ý BEfnä/ vr wkdw wkh wzr olplw vwdwh0sulfh
surfhvvhv gr qrw frlqflgh1

Wklv srwhqwldo glvfuhsdqf| lv dq duwlidfw ri wkh frpplwphqw whfkqrorj|1 Wkh
uhdvrq lv wkdw iru dq| ô : f dqg ? ' fc �c 2c é é é/ wkh suhvhqfh ri d mxps lq wkh
glvfrxqw ixqfwlrq BEüä dw f grhv qrw d>hfw wkh rswlpdo fkrlfh ri wkh gdwh0?ô frqvxphu
zkr fdq frpplw wr d frqvxpswlrq vwuhdp ryhu wkh lqwhuydo ri wlph d?ôc E? n �äô ä1
Wkh glvfrqwlqxlw| ri wkh glvfrxqw ixqfwlrq dw 3 fdqqrw wkhuhiruh eh uh hfwhg lq wkh
olplw vwdwh0sulfh surfhvv ihZ|j|Df rewdlqhg dv ô jrhv wr }hur1 D srvvleoh zd| wr fdswxuh
wkh lpsdfw ri vxfk vkdus fkdqjhv lq wkh glvfrxqw ixqfwlrq lq wkh qhljkerukrrg ri wkh
suhvhqw shulrg zrxog eh wr frqvlghu d vhtxhqfh ri hfrqrplhv lqgh{hg e| ô : f/ zkhuh
qrz ô qrw rqo| uhsuhvhqwv wkh ohqjwk ri wkh frpplwphqw shulrg/ exw dovr ghwhuplqhv
wkh vkdsh ri wkh vxemhfwlyh glvfrxqw ixqfwlrq1 Iru lqvwdqfh=

Bô E|ä '

;?= � li | 5 dfc ô ä

BE|ä li | 5 dô c4ä
c +78,

Wklv fruuhvsrqgv wr d fdvh lq zklfk frqvxphuv gr qrw glvfrxqw ryhu wkh frpplwphqw
shulrg1 Ohw K|Eô ä eh wkh htxloleulxp zhdowk0frqvxpswlrq udwlr iru vxfk dq hfrqrp|1
Lq Dsshqgl{ F/ zh vkrz wkdw=

*ð4
ô<fn

K|Eô äý{|Eôä

ô
' ý.|

%]
dfc"ä

ë
e|nñ
e|

ê�3ò
_BEñä

&
' xE%|ä +79,
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iru hdfk | è f/ doprvw vxuho|1 Lw lv hdv| wr fkhfn wkdw +79, lpsolhv wkdw wkh vdp0
soh sdwkv ri wkh surfhvv rewdlqhg dv wkh olplw ri vwdwh0sulfhv iru wkh frqwlqxrxv0wlph
hfrqrplhv zkhq wkh frpplwphqw shulrg ohqjwk jrhv wr }hur frlqflgh doprvw vxuho|
zlwk wkrvh ri wkh surfhvv frqvwuxfwhg dv wkh olplw ri vwdwh0sulfhv iru glvfuhwh0wlph
hfrqrplhv zkhq wkh shulrg ohqjwk jrhv wr }hur1 Wklv surylghv dq dowhuqdwlyh prwlyd0
wlrq iru +67,1

81 Wlph0Lqfrqvlvwhqf| dqg Yrodwlolw|

Dv hpskdvl}hg lq Vhfwlrq 5/ hfrqrplhv zlwk gl>huhqw vxemhfwlyh glvfrxqw idfwruv duh
revhuydwlrqdoo| htxlydohqw li frqglwlrqdoo| h{shfwhg xwlolw| jurzwk lv frqvwdqw1 Lq
wklv vhfwlrq zh vkdoo frqvlghu d prgho ri hqgrzphqw jurzwk wkdw h{klelwv vhuldo gh0
shqghqfh/ dqg vkrz krz txdvl0k|shuerolf dqg k|shuerolf glvfrxqw idfwruv fdq pdnh
djjuhjdwh zhdowk pruh yrodwloh wkdq zkhq suhihuhqfhv duh wlph frqvlvwhqw1

Zh vkdoo dvvxph wkdw frqvxphuv glvfrxqw xvlqj d vxemhfwlyh glvfrxqw ixqfwlrq BEüä
wkdw vdwlv?hv BEfä ' � dqg hlwkhu=

BE|ä ' B i TEý4|ä

iru dq| | : f +wkh txdvl0k|shuerolf fdvh,/ ru=

BE|ä ' E� n l|ä31*l i TEý4|ä

iru dq| | : f +wkh k|shuerolf fdvh1, Wdnlqj B ' � ru l $ f fruuhvsrqgv wr jhr0
phwulf glvfrxqwlqj/ dw udwhv 4 dqg 4n 1/ uhvshfwlyho|1 Qrwh wkdw wkh vhfrqg glvfrxqw
ixqfwlrq frpelqhv d jhrphwulf sduw zlwk wkh jhqhudol}hg k|shuerolf glvfrxqw ixqfwlrq
sursrvhg e| Orhzhqvwhlq dqg Suhohf +4<<5,1 Iru wklv frpelqhg glvfrxqw ixqfwlrq/
wkh vxemhfwlyh udwh ri wlph suhihuhqfh frqyhujhv wr 4n 1 dv wkh krul}rq jrhv wr }hur
dqg wr 4 dv wkh krul}rq jrhv wr lq?qlw|1 Wkh sdudphwhu l jryhuqv wkh vshhg dw zklfk
wkh vxemhfwlyh udwh ri wlph suhihuhqfh fkdqjhv iurp lwv vkruw0uxq ydoxh 4 n 1 wr lwv
orqj0uxq ydoxh 41 Wkh sdudphwhu 4 dovr ghwhuplqhv wkh frqvxphu*v orqj0whup vxemhf0
wlyh glvfrxqw udwh lq wkh txdvl0k|shuerolf fdvh1 Nhhslqj wkh ydoxh ri 4 orz/ ru hyhq
qhjdwlyh/ zkloh dw wkh vdph wlph fkrrvlqj B ÷ � ru l : f doorzv xv wr h{dplqh suhi0
huhqfhv wkdw h{klelw erwk kljk glvfrxqw udwhv lq wkh vkruw uxq dqg yhu| orz/ ru hyhq
qhjdwlyh glvfrxqw udwhv lq wkh orqj uxq14: Uhfdoo iurp +69, dqg +6;, wkdw wkh ulvn0iuhh
udwh ghshqgv rq xE%ä*KE%ä/ dqg wkdw wkh ulvn suhplxp rq djjuhjdwh zhdowk ghshqgv
rq (KE%ä*KE%ä1 D nh| idfwru lq rxu dqdo|vlv zloo eh krz wkhvh udwlrv ghshqg rq wkh
orqj0uxq udwh ri wlph suhihuhqfh 41 Rxu vshfl?fdwlrq ri wkh hqgrzphqw surfhvv zloo
hqdeoh xv wr fkdudfwhul}h wklv ghshqghqfh h{solflwo|1

4:Nrfkhuodnrwd +4<<3, vkrzv wkdw frpshwlwlyh htxloleuld pd| h{lvw lq dq lq?qlwh0krul}rq hfrqrp|
hyhq li frqvxphuv kdyh qhjdwlyh glvfrxqw udwhv/ dqg vxjjhvwv wklv dv sduw ri vroxwlrq wr wkh htxlw|
suhplxp dqg ulvn0iuhh udwh sx}}ohv1 Wklv kdv vrphwlphv ehhq remhfwhg wr rq lqwxlwlyh jurxqgv1 Vlqfh
zh fdq doorz iru vwurqjo| srvlwlyh udwhv ri wlph suhihuhqfh dw vkruw krul}rqv/ vxfk remhfwlrqv kdyh
ohvv irufh lq rxu frqwh{w1
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8141 D Vtxduh0Urrw Hqgrzphqw Surfhvv

Zh frqvlghu dq hfrqrp| lq zklfk hqgrzphqwv hyroyh dffruglqj wr=

*?Ee|ä ' *?Eefä n #|n b
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f
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%r _îr +7;,

zkhuh V/ > dqg j duh srvlwlyh1 Wkh ie|j|Df surfhvv lv d vshfldo fdvh ri rqh frqvlghuhg
e| Khvwrq +4<<6,1 Wkh i%|j|Df surfhvv lv wkh Ihoohu +4<84, vtxduh0urrw surfhvv xvhg
e| Fr{/ Lqjhuvroo dqg Urvv +4<;8, dqg rwkhuv1 Wklv surfhvv lv vwdwlrqdu| zkhq %f
kdv wkh uljkw lqlwldo glvwulexwlrq1 Lwv vwdwlrqdu| ghqvlw| lv sursruwlrqdo wr %D3�e3/%/
zkhuh D ' 2V>*j2 dqg / ' 2V*j21 Wkh phdq ri %| lv > dqg lwv yduldqfh lv D*/21
Iru vpdoo D/ wkh vwdwlrqdu| ghqvlw| lv vwurqjo| vnhzhg wr wkh uljkw1 Gh0wuhqghg orj
hqgrzphqwv duh vwdwlrqdu| li dqg rqo| li=
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Li wklv frqglwlrq lv qrw phw/ wkhq orj hqgrzphqwv duh gl>huhqfh0vwdwlrqdu|1 Rqh fdq
wkhq lqwhusuhw Eb*Vä%| dv d vwdwlrqdu| ghyldwlrq iurp wkh vwrfkdvwlf wuhqg=

#|n

ë
w

j
ý b
V

ê
j

] |

f

s
%r _îré

Lq rxu fdoleudwlrqv zh vkdoo wdnh b ÷ f1 Li %| lv odujh/ wkhq wkh ohyho ri hqgrzphqwv
lv idu ehorz lwv vwrfkdvwlf wuhqg/ dqg wkh hyroxwlrq ri erwk wkh vwrfkdvwlf wuhqg dv
zhoo dv wkh jds ehwzhhq wuhqg dqg dfwxdo hqgrzphqwv duh pruh xqfhuwdlq wkdq xvxdo1
Vlqfh wkh vwdwlrqdu| ghqvlw| ri i%|j|Df lv vnhzhg wr wkh uljkw/ wkh hqgrzphqw surfhvv
vshqgv uhodwlyho| olwwoh wlph ehorz lwv wuhqg1

Qrwh wkdw rqh fdq qrupdol}h wkh i%|j|Df surfhvv dqg dw wkh vdph wlph uh0vfdoh b
dqg w zlwkrxw fkdqjlqj wkh surshuwlhv ri wkh hqgrzphqw jurzwk surfhvv1 Li %| lv qrw
revhuydeoh/ wkhq wkhuh lv qr orvv ri jhqhudolw| lq vhwwlqj / ' �1 Wkh vkdsh sdudphwhu
ri wkh vwdwlrqdu| ghqvlw| ri i%|j|Df lv wkhq vlpso| D ' >1

H{shfwhg Xwlolw| Jurzwk Zh vkdoo xvh wkh frqwlqxrxv0wlph dssur{lpdwlrqv ri
Vhfwlrq 715 wr rewdlq lqwhuhvw udwhv dqg ulvn suhpld1 Wkhvh yduldeohv ghshqg rq wkh
ixqfwlrqv KEüä dqg xEüä1 Erwk wkhvh ixqfwlrqv fdq eh h{suhvvhg dv lqwhjudov ryhu wlph
ri dssursuldwho| glvfrxqwhg h{shfwhg xwlolw| jurzwk1 Vlqfh orj0hqgrzphqw jurzwk lv
d vwdwlrqdu| Pdunry surfhvv/ zh fdq h{suhvv h{shfwhg xwlolw| jurzwk ryhu d shulrg |
dv d ixqfwlrq ri wkh fxuuhqw vwdwh %=
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D frqyhqlhqw ihdwxuh ri rxu vshfl?fdwlrq ri hqgrzphqw jurzwk lv wkdw CE%c |ä fdq eh
frpsxwhg dqdo|wlfdoo|1 Lq Dsshqgl{ G zh vkrz wkdw xqghu fhuwdlq uhvwulfwlrqv rq wkh
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sdudphwhuv=
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Iurp khuhrq/ zh vkdoo dvvxph wkdw frqvxphuv duh pruh ulvn dyhuvh wkdq zkhq xwlolw|
lv orjdulwkplf1 Wkdw lv/ ò : �1 Wkh sdudphwhu uhvwulfwlrqv xqghu zklfk +7<, lv ydolg
wkhq fruuhvsrqg wr uhtxlulqj wkdw R ' Eòý�äb*E/Vä dqg ^ ' Eòý�äw*E/jä olh ehorz
wkh vrolg fxuyh lq wkh Iljxuh 4 +vhh Htxdwlrq +94, lq Dsshqgl{ G> hvvhqwldoo|/ ' pxvw
eh qr vpdoohu wkdq ý�1, Li wklv frqglwlrq lv qrw vdwlv?hg wkhq CE%c |ä glyhujhv wr 4
dw vrph ?qlwh |1 Li CE%c |ä lv ?qlwh iru doo |/ wkhq erwk KE%ä dqg xE%ä duh ?qlwh li dqg
rqo| li å n 4 : f1 Li orj0hqgrzphqw jurzwk lv wuhqg0vwdwlrqdu|/ wkhq å ' Eò ý �ä#
dqg å n4 : f dprxqwv wr wkh idploldu frqglwlrq 4 : E�ýòä#1 Li orj hqgrzphqwv duh
gl>huhqfh vwdwlrqdu|/ wkhq å ÷ Eò ý �ä# dqg odujhu ydoxhv ri 4 duh uhtxluhg wr hqvxuh
xwlolw| lv ?qlwh1

q
1.510.50-0.5-1-1.5-2

p

2

1

0

-1

-2

-3

Iljxuh 4= Ihdvleoh ydoxhv ri R ' Eò3�äb
/V

dqg ^ ' Eò3�äw
/j

1

8151 Lqwhuhvw Udwhv dqg Ulvn Suhpld

Wkh h{suhvvlrqv iru wkh ulvn0iuhh udwh +69,/ wkh pdunhw sulfh ri ulvn +6:,/ dqg iru wkh
ulvn suhplxp rq djjuhjdwh zhdowk +6;, vshfldol}h wr=
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iru doo % è f1
Wkh ghshqghqfh rq BEüä ri wkh ulvn0iuhh udwh dqg wkh ulvn suhplxp rq djjuhjdwh

zhdowk lv qrw gl!fxow wr fkdudfwhul}h lq wkh fdvh ri txdvl0k|shuerolf suhihuhqfhv1 Dv
vkrzq lq +73,/ txdvl0k|shuerolf glvfrxqw idfwruv lpso| wkdw KE%ä lv sursruwlrqdo wr B
dqg wkdw xE%ä*KE%ä ' 4nE�ýBä*KE%ä1 Wkhuhiruh xE%ä*KE%ä lv lqfuhdvlqj lq 4 dv orqj
dv B é �/ dqg ghfuhdvlqj lq B1 Frqvlghu pdnlqj frqvxphuv pruh wlph0lqfrqvlvwhqw e|
orzhulqj B zkloh dw wkh vdph wlph dovr orzhulqj 4 wr nhhs wkh phdq ri wkh ulvn0iuhh udwh
xqfkdqjhg1 Vlqfh KE%ä lv sursruwlrqdo wr B/ orzhulqj B grhv qrw d>hfw (KE%ä*KE%ä1
Exw orzhulqj 4 grhv1

Wr vhh krz/ ohw sE|m%ä eh wkh ghqvlw| BE|äCE%c |ä*KE%ä dqg revhuyh wkdw wkh ghuly0
dwlyh ri *?ECE%c |ää zlwk uhvshfw wr % lv prqrwrqh lq | dqg ri rqh vljq1 E| wdnlqj d
ghulydwlyh zlwk uhvshfw wr 4 ri (KE%ä*KE%ä '

U"
f

dY *?ECE%c |ää*Y%o sE|m%ä_| rqh fdq
yhuli| wkdw wklv hqvxuhv wkdw=4;

Y

Y4

ññññ(KE%ä

KE%ä

ññññ ÷ fé +84,

Wkdw lv/ wkh orj frqvxpswlrq0zhdowk udwlr ehfrphv pruh yrodwloh dv wkh orqj0uxq udwh
ri wlph suhihuhqfh 4 ghfolqhv1

Wkh ulvn suhplxp rq djjuhjdwh zhdowk lv gulyhq erwk e| wkh yrodwlolw| ri wkh
frqvxpswlrq0zhdowk udwlr/ dqg e| wkh fruuhodwlrq ri wklv udwlr zlwk hqgrzphqw jurzwk1
Rqh pd| yhuli| wkdw E- ý 7ä(KE%ä ÷ f xqohvv - kdsshqv wr eh htxdo wr 7 +- : 7
fruuhvsrqgv wr wkh duhd xqghu wkh sduderod lq Iljxuh 41, Wkh h{suhvvlrq iru wkh ulvn
suhplxp rq djjuhjdwh zhdowk wkhq lpsolhv wkdw=

Y-E%ä

Y4
÷ f iru doo %/ wE-ý 7ä ÷ fé

Li wE- ý 7ä ÷ f/ wkhq w dqg (KE%ä duh ri wkh vdph vljq/ dqg wkxv lqqrydwlrqv lq
djjuhjdwh hqgrzphqwv dqg lq wkh zhdowk0frqvxpswlrq udwlr duh srvlwlyho| fruuhodwhg1
Wklv lpsolhv wkdw wkh uhwxuq rq djjuhjdwh zhdowk dqg djjuhjdwh hqgrzphqwv duh
dozd|v srvlwlyho| fruuhodwhg1 Wklv hqvxuhv wkdw wkh ulvn suhplxp rq djjuhjdwh zhdowk
lv dozd|v srvlwlyh dqg lqfuhdvlqj lq wkh yrodwlolw| ri djjuhjdwh zhdowk1 Lw iroorzv wkdw
pdnlqj frqvxphuv pruh wlph0lqfrqvlvwhqw e| orzhulqj B dqg 4 udlvhv wkh lqvwdqwdqhrxv
ulvn suhplxp rq djjuhjdwh zhdowk li wE-ý 7ä ÷ f1

Wkh fdvh ri k|shuerolf glvfrxqw idfwruv lv d elw pruh frpsolfdwhg1 Qrz xE%ä*KE%ä
vdwlv?hv +6<, dqg rqh fdq yhuli| wkdw xE%ä*KE%ä lv lqfuhdvlqj lq 4 dqg 1/ dqg ghfuhdv0
lqj lq l1 E| orzhulqj 4 dqg udlvlqj 1 dqg l rqh fdq pdnh wkh vxemhfwlyh glvfrxqw
idfwruv 3pruh wlph0lqfrqvlvwhqw4 +glvfrxqw qhdue| xwlolwlhv dw kljkhu udwhv dqg glvwdqw
xwlolwlhv dw orzhu udwhv, zkloh nhhslqj wkh phdq ri wkh ulvn0iuhh udwh wkh vdph1 Iru

4;Qrwh wkdw i+wm{, lv d ghqvlw| iru dq| ã/ dqg wkdw Gý+{,@ý+{, ghshqgv rq ã rqo| yld i+wm{,1 Wkh
ghulydwlyh ri Gý+{,@ý+{, zlwk uhvshfw wr ã fdq wkhq eh zulwwhq dv d fryduldqfh +lqwhusuhwlqj w dv d
3udqgrp yduldeoh4 zlwk ghqvlw| i+wm{,, ehwzhhq C oq+ï+w,,@Cã @ ýw dqg C oq+J+{> w,,@C{1
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wkh vdph uhdvrqv dv lq wkh fdvh ri txdvl0k|shuerolf glvfrxqw idfwruv/ +84, krogv/ dqg
wkxv orzhulqj 4 djdlq pdnhv zhdowk pruh yrodwloh1 Exw qrz (KE%ä*KE%ä dovr fkdqjhv
zlwk 1 dqg l1 Wkh qxphulfdo uhvxowv lq wkh qh{w vhfwlrq looxvwudwh krz lqfuhdvhv lq 1
dqg l fdq dffhqwxdwh wkh lqfuhdvh lq yrodwlolw| ri wkh frqvxpswlrq0zhdowk udwlr wkdw
lv jhqhudwhg e| orzhulqj 41

8161 Txdqwlwdwlyh Uhvxowv4<

Zh frqgxfw wzr vhwv ri h{shulphqwv/ orrvho| prwlydwhg e| XV gdwd rq djjuhjdwh
frqvxpswlrq/ glylghqgv/ dqg dvvhw uhwxuqv1 Dv dq lpshuihfw sur{| iru wkh uhwxuq rq
djjuhjdwh zhdowk zh vkdoo xvh wkh uhwxuq rq wkh ydoxh0zhljkwhg lqgh{ ri wkh Qhz
\run Vwrfn H{fkdqjh +Q\VH1, Wdeoh 4 ehorz surylghv d jxlgh iru vshfli|lqj wkh
hqgrzphqw surfhvv1 Lw vkrzv phdqv dqg vwdqgdug ghyldwlrqv iru dqqxdo XV shu
fdslwd frqvxpswlrq dqg glylghqg jurzwk iru wzr vdpsoh shulrgv1 Phdq jurzwk udwhv
ri frqvxpswlrq dqg glylghqgv ydu| zlwklq d uhodwlyho| qduurz udqjh/ exw wkh yduldqfhv
gl>hu vljql?fdqwo|1 Wr jhw vrph lghd ri wkh txdqwlwdwlyh lpsolfdwlrqv ri rxu prgho zh
vkdoo wdnh # ' éf�.D dqg ohw wkh vwdqgdug ghyldwlrq ri hqgrzphqwv eh ôI shu dqqxp
lq H{shulphqw L dqg SI shu dqqxp lq H{shulphqw LL1 Wklv lv lq wkh plg0udqjh ri wkh
vwdwlvwlfv uhsruwhg lq Wdeoh 41

Wdeoh 4= Hqgrzphqwv

53wk Fhqwxu| Srvwzdu
Frqvxpswlrq= Phdq 41:: 41;<

Vw1 ghy1 6159 4155
Glylghqgv= Phdq 417< 5156

Vw1 ghy1 4715 9133

+Dqqxdo jurzwk udwhv lq shufhqw1,

Zh vkdoo dgrsw wkh qrupdol}dwlrq / ' � dqg wdnh V ' é� dqg D ' �éD1 Wkh sdudphwhu
V jryhuqv wkh shuvlvwhqfh ri wkh i%|j|Df surfhvv dqg/ lqgluhfwo|/ wkdw ri lqwhuhvw udwhv
dqg frqvxpswlrq0zhdowk udwlrv1 Gdwd rq vkruw0whup lqwhuhvw udwhv dqg Q\VH sulfh0
glylghqg udwlrv vxjjhvw wkdw erwk vkrxog eh kljko| shuvlvwhqw1 Wkxv V vkrxog eh
vpdoo1 D vpdoo ydoxh ri V dovr lpsolhv wkdw hqgrzphqw jurzwk h{klelwv rqo| orz
ohyhov ri vhuldo fruuhodwlrq/ dv vhhpv wr eh wkh fdvh iru XV shu fdslwd frqvxpswlrq1 D
ydoxh ri �éD iru D pdnhv wkh vwdwlrqdu| glvwulexwlrq ri i%|j|Df kljko| vnhzhg +vhh wkh
ghqvlwlhv sorwwhg lq wkh edfnjurxqg ri Iljxuhv 709,/ dqg wklv pd| fdswxuh exvlqhvv
f|foh dv|pphwulhv ri wkh w|sh grfxphqwhg e| Kdplowrq +4<;<,1

Wr frpsohwh wkh ghvfulswlrq ri wkh hqgrzphqw surfhvv/ zh qhhg wr ghwhuplqh
b dqg w1 Lq H{shulphqw L zh wdnh orj hqgrzphqwv wr eh wuhqg0vwdwlrqdu|1 Wklv
uhvwulfwlrq vx!fhv wr ghwhuplqh b dqg w1 Lq H{shulphqw LL zh wdnh wkh ulvn0iuhh udwh
wr eh frqvwdqw xqghu jhrphwulf glvfrxqwlqj1 Iru d jlyhq ydoxh ri ò wklv dovr lghqwl?hv

4<Wklv vhfwlrq lv suholplqdu| dqg rqo| lqwhqghg wr looxvwudwh vrph srvvlelolwlhv1 D pruh frpsohwh
hpslulfdo lqyhvwljdwlrq lv lq surjuhvv1 Doo vwdwlvwlfv uhsruwhg lq wklv vhfwlrq duh jdwkhuhg iurp Fdps0
ehoo +4<<<,/ dqg Fdpsehoo dqg Frfkudqh +4<<<,1 Wkhvh sdshuv frqwdlq wkh ruljlqdo vrxufhv ri wkh
gdwd dqg wkh suhflvh vdpsoh shulrgv xvhg1
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b dqg w1 Lq erwk h{shulphqwv/ zh vkdoo wdnh ò ' .éD1 Dv zh vkdoo vhh/ wklv |lhogv
phdq Vkdush udwlrv .djZE%|äo wkdw duh lq wkh uljkw udqjh iru XV vwrfn uhwxuqv1 Wkh
uhvxowlqj hvwlpdwhv ri b dqg w duh qhjdwlyh lq erwk h{shulphqwv/ vr wkdw 3uhfhvvlrqv4
+shulrgv ri ehorz0wuhqg frqvxpswlrq, duh uhodwlyho| vkruw dqg xqfhuwdlq1 Pruhryhu/
- : 7 iru wkhvh hvwlpdwhv vr wkdw KE%ä lv d ghfuhdvlqj ixqfwlrq ri wkh vwdwh %1 Wkh
sdudphwhu uhvwulfwlrqv lpsrvhg vr idu duh vxppdul}hg lq Wdeoh 51

Wdeoh 5= Sdudphwhuv

H{shulphqw= L LL
ò .éD .éD
V é�f é�f

D ' 2V>*j2 �éD �éD
/ ' 2V*j2 �éf �éf
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Jlyhq wklv vshfl?fdwlrq ri hqgrzphqwv dqg ri wkh shulrg xwlolw| ixqfwlrq/ zh vkdoo
qrz ghvfuleh wkh lpsolfdwlrqv ri ydulrxv dvvxpswlrqv derxw vxemhfwlyh udwhv ri wlph
suhihuhqfh1 Zh fkrrvh wkh sdudphwhuv ri BEüä vr wkdw wkh phdq ri wkh lqvwdqwdqhrxv
ulvn0iuhh udwh lv htxdo wr 2éDI shu dqqxp lq H{shulphqw L dqg �I shu dqqxp lq
H{shulphqw LL1 Wkhvh ydoxhv duh lq wkh udqjh ri wkh phdq iru wkh fhqwxu|0orqj vdpsoh
+2éb2I, dqg wkh srvwzdu vdpsoh +ébeI, uhsruwhg lq Fdpsehoo dqg Frfkudqh +4<<<,1

Zh vkdoo eh lqwhuhvwhg wr vhh zkdw w|sh ri vxemhfwlyh glvfrxqw idfwruv fdq jhqhudwh
d ulvn suhplxp rq djjuhjdwh zhdowk wkdw lv frpsdudeoh wr wkh htxlw| suhplxp lq XV
gdwd1 Dv rqh phdvxuh ri wkh ulvn suhplxp rq djjuhjdwh zhdowk zh uhsruw .d-E%|äo1
Wklv lv wkh phdq ri wkh lqvwdqwdqhrxv h{shfwhg h{fhvv uhwxuq rq zhdowk1 Dowkrxjk
dqdo|wlfdoo| frqyhqlhqw/ wklv lv qrw d gluhfw phdvxuh ri d glvfuhwh0wlph uhwxuq1 Iru
frpsdulvrq zlwk gdwd/ zh dovr uhsruw wkh phdq ri wkh dqqxdo orj uhwxuq rq djjuhjdwh
zhdowk1 Rqh fdq vkrz wkdw wkh phdq ri wkh orj uhwxuq rq djjuhjdwh zhdowk ryhu d
shulrg ô lv jlyhq e| E#n.

û
K3�|

ú
äô / dqg wkh wdeohv ehorz uhsruw ydoxhv iru ô ' �1 Wkh

frqfdylw| ri wkh orjdulwkp lpsolhv wkdw wklv uhwxuq lv orzhu wkdq pljkw eh h{shfwhg
iurp .d-E%|äo dqg wkh ohyho ri wkh lqvwdqwdqhrxv ulvn0iuhh udwh1

H{shulphqw L Wdeoh 6 uhsruwv phdqv dqg vwdqgdug ghyldwlrqv ri uhwxuqv iru ydulrxv
vshfl?fdwlrqv ri wkh vxemhfwlyh glvfrxqw ixqfwlrq1 Iru wkh jhrphwulf glvfrxqw ixqfwlrq/
wkh sdudphwhu 4 lv ghwhuplqhg vr wkdw wkh phdq ri wkh ulvn0iuhh udwh lv htxdo wr 2éDI1
Wkh uhvxowv iru wklv sdudphwhul}dwlrq duh uhsruwhg lq froxpq J ri Wdeoh 61 Wkh phdq
ulvn suhplxp rq djjuhjdwh zhdowk lpsolhg e| wkhvh sdudphwhuv lv ôéDDI shu dqqxp/
vrphzkdw ehorz wkh klvwrulfdo dyhudjh iru wkh shulrg 4;:404<<61 Qrwh wkdw 4 kdv wr
eh qhjdwlyh lq rughu wr pdwfk wkh uhodwlyho| orz uhdo lqwhuhvw udwhv irxqg lq wkh gdwd1

Wkh froxpqv odehoohg K lq Wdeoh 6 vkrz uhvxowv iru gl>huhqw k|shuerolf glvfrxqw
idfwruv153 Lq hdfk fdvh/ 4 lv vhw htxdo wr ýé��/ zklfk lv ohvv wkdq �f32 dzd| iurp

53Wkh lqwhjudov ryhu w wkdw ghwhuplqh ý+{, dqg õ+{, duh fdofxodwhg qxphulfdoo| xvlqj wkh QDJ
urxwlqh G34DMI diwhu wkh fkdqjh ri yduldeohv w3 @ w@+4 . w,1
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å 1 Fkrrvlqj 4 forvh wr wkh erxqgdu| ri wkh uhjlrq wkdw hqvxuhv wkdw zhdowk lv ?qlwh
pd{lpl}hv wkh yrodwlolw| ri wkh zhdowk0frqvxpswlrq udwlr1 Iru jlyhq ydoxhv ri l/ wkh
ydoxhv ri 1 uhsruwhg lq Wdeoh 6 zhuh fkrvhq vr wkdw wkh phdq ri wkh ulvn0iuhh udwh lv
htxdo wr 2éDI1Wkh uhvxowv lq Wdeoh 6 vkrz wkdw wkh ulvn suhplxp rq djjuhjdwh zhdowk
lqfuhdvhv qrwlfhdeo| dv frqvxphuv glvfrxqw pruh udslgo| ryhu vkruw krul}rqv +wkdw lv/
dv l jhwv odujhu1, Iru odujh ydoxhv ri l/ wklv ulvn suhplxp lv derxw �é�I kljkhu wkdq
zkhq frqvxphuv glvfrxqw jhrphwulfdoo|1

Wdeoh 6= H{shulphqw L

Fdvh= J K K K TK XV0[[ XV0SZ
B � 8 8 8 é2ff 8 8
4 ýéfHf ýé��f ýé��f ýé��f ýé�f. 8 8
l 8 � �f �fS 8 8 8
1 8 éeH. ôé�b �é�bf�f

D
8 8 8

m.djZE%|äom é2� é2� é2� é2� é2� é22 éeô
.doE%|äo 2éDf 2éDf 2éDf 2éDf 2éDf �ébS é.b
r|_doE%|äo 2éb. ôéHô eé�b eéSS eéDe Héb2 �é.S
. d-E%|äo ôéDD eé�H eée2 eé.� eéSe 8 8

# n . d�*KE%|äo eéb2 Déf. Dé�� Dé�e Dé�e SéH2 .éSô
.dKE%|äo ôeée ôeéô ôeéS ôDé� ôeéb 2�é� 2eé.

Uhwxuqv duh uhdo/ dqqxdo/ dqg phdvxuhg lq shufhqw1 Wkh froxpq XV0[[
lv edvhg rq 53wk fhqwxu| gdwd iru wkh XV dqg XV0SZ lv edvhg rq srvwzdu
gdwd1 Ulvn0iuhh udwh vwdwlvwlfv duh iurp Wdeoh 5 ri Fdpsehoo +4<<<,1 Rwkhu
gdwd duh iurp Wdeoh 5 ri Fdpsehoo dqg Frfkudqh +4<<<,1

t
76543210

1.2

1

0.8

0.6

0.4

0.2

Iljxuh 5= BE|ä ' i TEý4|äE� n l|ä31*l= 4 ' ýé�� dqg l ' �c 1 ' éeH
+gdvk0grw,/ l ' �fc 1 ' ôé�b +gdvk,/ l ' �fSc 1 ' �é�b û �fD +vrolg,> wkh
wklq fxuyh uhsuhvhqwv BE|ä ' i TEéfH|ä1
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Iljxuh 5 looxvwudwhv wkh vkdsh ri wkh k|shuerolf sduw ri vhyhudo ri wkh glvfrxqw
idfwruv xvhg lq Wdeoh 61 Dv wkh ?jxuh vxjjhvwv/ wkh jhqhudol}hg k|shuerolf glvfrxqw
idfwru fruuhvsrqglqj wr l ' �fS vkrxog eh zhoo dssur{lpdwhg e| d txdvl0k|shuerolf
glvfrxqw idfwru zlwk B durxqg é21 Wkh uhvxowv iru wklv fdvh duh uhsruwhg lq froxpq
TK ri Wdeoh 61 Djdlq/ wkh sdudphwhu 4 zdv fkrvhq wr hqvxuh wkdw wkh prgho lpsolhv
d phdq ulvn0iuhh udwh ri 2éDI shu dqqxp1 Wkh ulvn suhplxp rq djjuhjdwh zhdowk
uhsruwhg lq wkh wklug K froxpq dqg wkh TK froxpq ri Wdeoh 6 duh txlwh vlplodu/ dv
h{shfwhg1

H{shulphqw LL Wkh uhvxowv iru wkh h{shulphqw zlwk yrodwloh hqgrzphqw jurzwk
duh uhsruwhg lq Wdeoh 71 Wkh qrq0jhrphwulf h{dpsohv duh frqvwuxfwhg e| vhwwlqj
4 ' ýé�f1 Wkh fruuhvsrqglqj glvfrxqw idfwruv duh looxvwudwhg lq Iljxuh 6 ehorz1 Wkh
lpsdfw rq wkh ulvn suhplxp rq djjuhjdwh zhdowk ri pdnlqj frqvxphuv pruh wlph0
lqfrqvlvwhqw lv pxfk pruh gudpdwlf lq wklv h{shulphqw wkdq lq H{shulphqw L1 Wkh
ydoxhv ri 1 dqg l uhtxluhg wr rewdlq d vljql?fdqw lpsdfw rq uhwxuqv duh pxfk vpdoohu
wkdq lq Wdeoh 61 Rqh uhdvrq lv wkdw wkh fkdqjh lq 4 lv odujhu= iurp ýéfH wr ýé�� lq
Wdeoh 6 dqg iurp ýéf�D wr ýé�f lq Wdeoh 71 Lq wxuq/ wklv lv d frqvhtxhqfh ri wkh idfw
wkdw wkh suhfdxwlrqdu| vdylqjv whup ý>ò2w2*2 lq wkh h{suhvvlrq iru wkh ulvn0iuhh udwh
lv odujhu lq wklv h{shulphqw wkdq lq H{shulphqw L1 D vhfrqg uhdvrq lv wkh idfw wkdw lq
wklv h{shulphqw wkh Vkdush udwlr lv wzlfh dv odujh dv lq H{shulphqw L1 Wklv grxeohv
wkh lpsdfw wkdw fkdqjhv lq wkh yrodwlolw| ri djjuhjdwh zhdowk kdyh rq wkh h{shfwhg
uhwxuq rq djjuhjdwh zhdowk1

Wdeoh 7= H{shulphqw LL

Fdvh= J K K K TK XV0[[ XV0SZ
B � 8 8 8 é2ff 8 8
4 ýéf�D ýé�ff ýé�ff ýé�ff ýéf.� 8 8
l 8 é�ff é2Df éDff 8 8 8
1 8 é�bD éô2S éD�e 8 8 8

m.djZE%|äom ée2 ée2 ée2 ée2 ée2 é22 éeô
.doE%|äo �éff �éff �éff �éff �éff �ébS é.b
r|_doE%|äo féff �éff �éS2 2é�ô 2éS2 Héb2 �é.S
. d-E%|äo Dé.f .éfe .éH. HéDe béeô 8 8

# n . d�*KE%|äo SéSf .éeD .ébe Héô� HéHf Sé H2 .éSô
.dKE%|äo �béH �.ée �.éS �.éf �Séô 2�é� 2eé.

Uhwxuqv duh uhdo/ dqqxdo/ dqg phdvxuhg lq shufhqw1 Wkh froxpq XV0[[
lv edvhg rq 53wk fhqwxu| gdwd iru wkh XV dqg XV0SZ lv edvhg rq srvwzdu
gdwd1 Ulvn0iuhh udwh vwdwlvwlfv duh iurp Wdeoh 5 ri Fdpsehoo +4<<<,1 Rwkhu
gdwd duh iurp Wdeoh 5 ri Fdpsehoo dqg Frfkudqh +4<<<,1

Wkh uhvxowv lq Wdeohv 6 dqg 7 looxvwudwh wkh idfw wkdw k|shuerolf glvfrxqw idfwruv
fdq ohdg wr pruh yrodwloh zhdowk dqg wr kljkhu ulvn suhpld rq djjuhjdwh zhdowk1
Li frqvxphuv glvfrxqw qhdu0ixwxuh xwlolwlhv dw kljk udwhv +dv wkh| gr zkhq glvfrxqw
idfwruv duh vwurqjo| k|shuerolf> qrwh wkdw 4n1 ÷ f lq doo fdvhv lq Wdeohv 6 dqg 7, wkhq
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wkh| pxvw dovr glvfrxqw glvwdqw ixwxuh xwlolwlhv dw d orz udwh/ ru hovh lqwhuhvw udwhv
zrxog eh pxfk kljkhu wkdq irxqg lq wkh gdwd1 Wklv phdqv wkdw 4pxvw eh orzhu +pruh
qhjdwlyh, wkdq zrxog eh wkh fdvh li frqvxphuv glvfrxqwhg xwlolw| jhrphwulfdoo|1 Iru
rxu vshfl?fdwlrq ri wkh hqgrzphqw surfhvv/ wklv pdnhv (KE%ä*KE%ä pruh qhjdwlyh1
Dv fdq eh vhhq iurp +83, wklv vkrxog lqfuhdvh wkh ulvn suhplxp rq djjuhjdwh zhdowk
+w ÷ f1, Wkh wkuhh k|shuerolf fdvhv lq Wdeohv 6 dqg 7 vkrz wkdw wkh vdph h>hfw dovr
rshudwhv iru d jlyhq ydoxh ri 4/ dv rqh pdnhv wkh glvfrxqw ixqfwlrq pruh k|shuerolf
zkloh frqwlqxlqj wr pdwfk wkh klvwrulfdo dyhudjh ri wkh ulvn0iuhh udwh1

t
20151050

1.2

1.1

1

0.9

0.8

0.7

0.6

0.5

Iljxuh 6= BE|ä ' i TEý4|äE� n l|ä31*l = 4 ' ýé�f dqg l ' é�c 1 ' é�bD
+gdvk0grw,/ l ' é2Dc 1 ' éô2S +gdvk,/ l ' éDc 1 ' éD�e +vrolg,> wkh wklq olqh
uhsuhvhqwv BE|ä ' i TEéf�D|ä1

Wkhvh h>hfwv duh pdgh pruh h{solflw lq Iljxuhv 7091 Wkhvh ?jxuhv uhsruw *L}EKE%ää/
-E%ä dqg oE%ä iru wkh jhrphwulf glvfrxqw ixqfwlrq uhsruwhg lq Wdeoh 7/ dqg iru wkh
k|shuerolf fdvh ri l ' éD1 Wkh vwdwlrqdu| ghqvlw| ri i%|j|Df lv sorwwhg lq wkh edfn0
jurxqg1 Wkh orj zhdowk0frqvxpswlrq udwlr lv qrw idu iurp olqhdu dqg pruh vwhhso|
grzqzdug vorslqj iru wkh k|shuerolf fdvh1

Lq erwk Wdeoh 6 dqg Wdeoh 7 wkh ulvn0iuhh udwh ehfrphv pruh yrodwloh dv frqvxphuv
ehfrph pruh wlph0lqfrqvlvwhqw1 Wklv lv ehfdxvh xE%ä*KE%ä ehfrphv pruh yrodwloh dqg
xE%ä*KE%ä kdv d qrq0qhjdwlyh fruuhodwlrq zlwk

ý
bn òw2*2

ü
%1 Wklv qhhg qrw dozd|v

eh wkh fdvh1 Rqh fdq vkrz wkdw wkhvh yduldeohv duh qhjdwlyho| fruuhodwhg zkhq R dqg
^ lq Iljxuh 4 olh lq ehwzhhq wkh sduderodv R n ^2 ' f dqg R n ^2ò*Eò ý �ä ' f1 Lq
H{shulphqw LL/ b n òw2*2 lv }hur dqg R dqg ^ olh rq wkh odwwhu sduderod1 Wkxv/ iru
ydoxhv ri b*V wkdw duh d elw ohvv qhjdwlyh wkdq lv wkh fdvh lq H{shulphqw LL/ wlph0
lqfrqvlvwhqf| uhgxfhv +dw ohdvw lqlwldoo|, wkh yrodwlolw| ri wkh ulvn0iuhh udwh/ zkloh dw
wkh vdph wlph lqfuhdvlqj wkh yrodwlolw| ri wkh zhdowk0frqvxpswlrq udwlr1
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Iljxuh 9= Ulvn0iuhh Udwhv +H{shulphqw LL/ l ' éDc 1 ' éD�e1,

91 Frqfoxglqj Uhpdunv

Lq dq lq?qlwh0krul}rq h{fkdqjh hfrqrp| lq zklfk xwlolw| lv h{shfwhg wr jurz dw d frq0
vwdqw udwh/ dqg lq zklfk frqvxphuv fdqqrw frpplw wr ixwxuh fkrlfhv/ sulfh dqg zhdowk
gdwd fdq dozd|v eh lqwhusuhwhg dv uhvxowlqj iurp wkh rswlpdo fkrlfhv ri frqvxphuv
zlwk jhrphwulf glvfrxqw idfwruv1 Zkloh wkh idfw wkdw h{shfwhg xwlolw| pxvw eh ?qlwh
doorzv rqh wr uxoh rxw vrph vxemhfwlyh glvfrxqw ixqfwlrqv/ wkhuh zloo w|slfdoo| eh d
odujh vhw ri vxemhfwlyh glvfrxqw ixqfwlrqv frqvlvwhqw zlwk wkh vdph gdwd1 Li xwlolw| lv
orjdulwkplf/ wklv revhuydwlrqdo htxlydohqfh uhvxow dssolhv hyhq iru hvvhqwldoo| duelwudu|
hqgrzphqw surfhvvhv1

Vrxufhv ri hylghqfh wkdw pd| doorz rqh wr pdnh lqihuhqfhv derxw vxemhfwlyh glv0
frxqw idfwruv lqfoxgh vlwxdwlrqv lq zklfk frqvxphuv fdq pdnh rqo| sduwldoo| uhyhuvleoh
frpplwphqwv/ dv lq Odlevrq +4<<:,/ ru lq zklfk frqvxphuv idfh elqglqj eruurzlqj
frqvwudlqwv/ dv lq wkh ex>hu0vwrfn vdylqjv prgho dqdo|}hg e| Kduulv dqg Odlevrq
+4<<<,1 Lq wklv sdshu/ zh kdyh devwudfwhg iurp frpplwphqw ghylfhv ru pdunhw iulf0
wlrqv1 Lqvwhdg/ zh kdyh h{dplqhg wkh h{whqw wr zklfk vhuldo ghshqghqfh lq xwlolw|
dorqh doorzv rqh wr glvwlqjxlvk dprqj ydulrxv w|shv ri vxemhfwlyh glvfrxqw idfwruv1

Lq wkh suhvhqfh ri vhuldo ghshqghqfh lq hqgrzphqw jurzwk/ lpsolflw glvfrxqw udwhv
duh qr orqjhu frqvwdqw zkhq frqvxphuv kdyh k|shuerolf ru txdvl0k|shuerolf glvfrxqw
idfwruv1 Dv d uhvxow/ htxloleulxp sulfhv zloo gl>hu iurp wkrvh lq dq hfrqrp| lq zklfk
frqvxphuv glvfrxqw xwlolw| jhrphwulfdoo|1

Zh kdyh h{soruhg wkh txdqwlwdwlyh lpsolfdwlrqv ri k|shuerolf dqg txdvl0k|shuerolf
glvfrxqwlqj lq dq hfrqrp| wkdw h{klelwv shuvlvwhqfh lq wkh yrodwlolw| ri hqgrzphqw
jurzwk/ dqg srvvleo| lq phdq hqgrzphqw jurzwk1 Zh vkrz wkdw zkhq frqvxphuv
kdyh k|shuerolf ru txdvl0k|shuerolf glvfrxqw idfwruv/ djjuhjdwh zhdowk fdq ehfrph
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vljql?fdqwo| pruh yrodwloh dqg wkh ulvn suhplxp rq djjuhjdwh zhdowk fdq ehfrph
vljql?fdqwo| kljkhu wkdq zkhq frqvxphuv glvfrxqw jhrphwulfdoo|1

Vwdqgdug prghov whqg wr jhqhudwh vwrfn sulfhv wkdw duh ohvv yrodwloh wkdq dsshduv
wr eh frqvlvwhqw zlwk wkh gdwd +OhUr| dqg Sruwhu +4<;4,/ Vkloohu +4<;4,,1 Wkh ulvn
suhplxp rq vwrfnv lpsolhg e| wkhvh prghov dovr dsshduv wr eh wrr orz +Phkud dqg
Suhvfrww +4<;8,,1 Jlyhq wkdw vwrfnv duh d qrq0qhjoljleoh iudfwlrq ri djjuhjdwh zhdowk/
rxu uhvxowv vxjjhvw wkdw k|shuerolf glvfrxqwlqj fdq frqwulexwh wr dq xqghuvwdqglqj
ri wkhvh skhqrphqd1

Iru wkh shulrg xwlolw| ixqfwlrqv zh frqvlghu/ wkhvh uhvxowv klqjh rq wkh suhvhqfh
ri vhuldo ghshqghqfh lq hqgrzphqw jurzwk1 Vhuldo ghshqghqfh lq xwlolw| fdq dovr
eh jhqhudwhg e| kdelw shuvlvwhqfh dqg wkh frqvxpswlrq ri gxudeoh jrrgv1 Krz wkhvh
dvshfwv ri frqvxphu suhihuhqfhv lqwhudfw zlwk qrq0jhrphwulf glvfrxqwlqj lv wkh vxemhfw
ri rqjrlqj uhvhdufk1

Dq lpsruwdqw ihdwxuh ri wkh frqwlqxrxv0wlph dssur{lpdwlrq zh suhvhqw lq wklv
sdshu lv wkh idfw wkdw wkh lqvwdqwdqhrxv pdunhw sulfh ri ulvn lv qrw d>hfwhg e| krz
frqvxphuv glvfrxqw xwlolw|1 Vxemhfwlyh udwhv ri wlph suhihuhqfh rqo| d>hfw wkh ohyho
dqg g|qdplfv ri wkh lqvwdqwdqhrxv ulvn0iuhh udwh1 Iru wkh hqgrzphqw surfhvv zh
frqvlghu lq wkh txdqwlwdwlyh sduw ri wklv sdshu lw lv hdv| wr fdofxodwh dqdo|wlfdoo| wkh
whup vwuxfwxuh ri lqwhuhvw udwhv zkhq frqvxphuv duh wlph0frqvlvwhqw1 Wkh lpsdfw
ri wlph0lqfrqvlvwhqw suhihuhqfhv rq wkh whup vwuxfwxuh ri lqwhuhvw udwhv qhhgv wr eh
lqyhvwljdwhg ixuwkhu1
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D Uxolqj rxw Exeeohv

Wr suryh Sursrvlwlrq 4/ zh surfhhg lq wzr vwhsv1 Zh ?uvw jlyh d suhflvh vwdwhphqw
dqg surri ri wkh ?uvw0rughu frqglwlrq +45,1 Qh{w/ zh fkhfn wkdw Frqglwlrqv D dqg E
lpso| wkh h{lvwhqfh ri dq htxloleulxp lq zklfk wkhuh lv qr0exeeoh rq wkh orqj0olyhg
dvvhw1

Surri ri wkh Iluvw0Rughu Frqglwlrq +45,1 Jlyhq fxuuhqw zhdowk ç| : f/ wkh
gdwh0| frqvxphu*v ghflvlrq sureohp fdq eh zulwwhq dv=

4@ 
ES|cç|n�äMUnfun|n�

ã
üES|ä n .| dø|n�üEç|n�äo G S| n .|

é
Z|n�
Z|

ç|n�

è
é ç|

â
c +85,

zkhuh un|n� lv wkh vhw ri qrqqhjdwlyh I|n�8phdvxudeoh udqgrp yduldeohv/ ø|n� 5 un|n�
lv d å 0doprvw vxuho| srvlwlyh udqgrp yduldeoh wr eh ghwhuplqhg lq htxloleulxp/ dqg
Z|n�*Z| 5 un|n� uhsuhvhqwv wkh uhodwlyh sulfh ri qh{w0shulrg frqvxpswlrq1

Ohppd 4 Vxssrvh wkdw +85, kdv d vroxwlrq ESW| c ç
W
|n�ä dw zklfk h{shfwhg glvfrxqwhg

xwlolw| lv ?qlwh1 Wkhq +45, krogv å 0doprvw vxuho|1

Surri1 Vlqfh ø|n� lv srvlwlyh å 0doprvw vxuho|/ wkh idfw wkdw wkh pdujlqdo xwlolw|
(üEüä dw }hur lv lq?qlwh lpsolhv wkdw SW| dqg çW|n� duh erwk srvlwlyh1 Ixuwkhupruh/
jlyhq wkdw üEüä lv vwulfwo| lqfuhdvlqj/ zh nqrz wkdw wkh exgjhw frqvwudlqw pxvw eh
elqglqj dw wkh rswlpxp1 Shuwxue çW|n� wr ç|n� ' kçW|n� iru vrph k : f vpdoo
hqrxjk dqg wdnh S| ' ç| ý.|dEZ|n�*Z|äç|n�o1 E| krprwkhwlflw| ri üEüä/ wkh pdsslqj
k :$ .|dø|n�üEkç

W
|n�äo lv gl>huhqwldeoh rq Unn1 Wkh rswlpdolw| ri ESW| c ç

W
|n�ä wkhq

lpsolhv=

Y
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' fé +86,

Dowhuqdwlyho|/ frqvlghu shuwxuelqj zhdowk wr ç|n� ' E� n kóîäç
W
|n� iru vrph k è f

dqg î 5 I|n�1 Iru k vpdoo hqrxjk/ ç| ý .|dEZ|n�*Z|äç|n�o lv srvlwlyh1 Ixuwkhupruh/
vlqfh üEüä lv lqfuhdvlqj dqg frqfdyh/ rqh kdv=ññññø|n�EüEE� n kóîäçW|n�äý üEçW|n�ääk

ññññ é ø|n�óîçW|n�(üEçW|n�ä é ø|n�çW|n�(üEçW|n�äé
Vlqfh çW|n�(üEç

W
|n�ä ' E� ý òäüEçW|n�ä dqg h{shfwhg xwlolw| lv ?qlwh/ wkh uljkw0kdqg

vlgh ri wklv lqhtxdolw| lv lqwhjudeoh1 Wkh gl>huhqwldelolw| ri üEüä rq Unn wrjhwkhu
zlwk wkh grplqdwhg frqyhujhqfh wkhruhp wkhuhiruh lpso| wkdw wkh uljkw0ghulydwlyh ri
wkh pdsslqj k :$ .|dø|n�üEE� n kóîäç

W
|n�äo dw k ' f lv zhoo0gh?qhg dqg jlyhq e|

.|dø|n�óîç
W
|n�üEç

W
|n�äo1 Wkh rswlpdolw| ri ESW| c ç

W
|n�ä wkhq uhtxluhv wkdw=
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Qrwh wkdw ehfdxvh î lv dq duelwudu| hohphqw ri I|n�/ htxdwlrqv +86, dqg +87, lpso|
wkdw

ýý(üESW| äZ|n�*Z| nø|n�(üEçW|n�äüçW|n� ' f å 0doprvw vxuho|1 Vlqfh çW|n� lv
dozd|v srvlwlyh/ wkh uhvxow iroorzv1

Zh duh qrz uhdg| wr frpsohwh wkh surri ri Sursrvlwlrq 41

Surri ri Sursrvlwlrq 41 Frqglwlrqv D dqg E hqvxuh wkdw wkh txdqwlwlhv K|/ {| dqg
ø|n� duh zhoo0gh?qhg dqg å 0doprvw vxuho| ?qlwh iru dq| | è f1 E| frqvwuxfwlrq/ wkh
frqvxpswlrq dqg zhdowk fkrlfhv Ee|c e|n�K|n�ä vdwlvi| wkh ?uvw0rughu frqglwlrq +45, dw
pdunhw0fohdulqj sulfhv Z|n�*Z| ' E{|n�*K|n�äEe|n�*e|ä

3ò iru dq| | è f1 Lw wkhq iroorzv
iurp wkh frqfdylw| ri wkh remhfwlyh ixqfwlrq lq +85, wkdw Ee|c e|n�K|n�ä lv rswlpdo iurp
wkh shuvshfwlyh ri wkh gdwh0| frqvxphu/ dqg vlqfh K| lv ?qlwh/ wkdw wkh ydoxh ri sureohp
+85, lv ?qlwh1 Wr frqfoxgh wkh surri/ zh qhhg rqo| wr fkhfn wkdw Frqglwlrqv D dqg E
lpso| +57,1 Frqvlghu ?uvw Frqglwlrq D1 Xvlqj +4:, rqh fdq zulwh=
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iurp zklfk lw lv lpphgldwh wkdw +57, lv vdwlv?hg1 Xqghu Frqglwlrq E zh fdq zulwh
{|*K| é q vlqfh {|*K| lv dq dyhudjh ri B?n�*B? é q 1 Dovr/ B? é q? dqg wkhuhiruh=
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+58, lpsolhv wkdw wkh UKV ri wklv lqhtxdolw| frqyhujhv wr }hur/ khqfh wkh uhvxow1

E Frqwlqxrxv0Wlph Dssur{lpdwlrq

Lq wkh iroorzlqj/ i%|j|Df ghqrwhv d frqwlqxrxv0wlph Pdunry surfhvv gh?qhg rq wkh
vdph suredelolw| vsdfh ElcI c å ä dv wkh hqgrzphqw surfhvv ie|j|Df/ dqg wdnlqj lwv
ydoxhv lq vrph vwdwh vsdfh f ã Uù 1 Hqgrzphqwv ie|j|Df duh srvlwlyh dqg zh zulwh=
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iru dq| % 5 f dqg | è f1 Xqohvv vwdwhg rwkhuzlvh/ wkh iroorzlqj dvvxpswlrqv zloo eh
pdlqwdlqhg lq wkh uhpdlqghu ri wklv Dsshqgl{1

Dvvxpswlrq 4 Wkh vxemhfwlyh glvfrxqw ixqfwlrq B G Un $ dfc �o lv qrq0lqfuhdvlqj/
ohiw0frqwlqxrxv dqg srvlwlyh rq d vhw ri srvlwlyh Ohehvjxh phdvxuh1 Pruhryhu/ BEüä lv
lqwhjudeoh ryhu Un dqg BEfä ' �1

Dvvxpswlrq 5 Wkhuh h{lvwv d ixqfwlrq � G f $ Un wkdw lv erxqghg rq frpsdfw
vxevhwv ri f dqg vxfk wkdw CE%c |ä é�E%ä iru doo % 5 f dqg | è f1

Dvvxpswlrq 6 Wkh ixqfwlrq CE%c üä lv frqwlqxrxv iru hyhu| % 5 f1 Pruhryhu/ wkh
idplo| ri ixqfwlrqv iCEüc |äj|MUn lv htxlfrqwlqxrxv dw dq| % 5 f1

Vlqfh BEüä lv qrq0lqfuhdvlqj dqg lqwhjudeoh ryhu Un/ *ð4|<" BE|ä ' f1 Wkxv BEüä
lqgxfhv d xqltxh suredelolw| phdvxuh >B rq wkh Eruho vhwv ri Un vxfk wkdw >BEdrc |ää '
BEräý BE|ä iru dq| | : r è f +Odqj +4<<6/ Sursrvlwlrq [141;,,1 Qrwh wkdw e| Ixelql*v
wkhruhp/ zh pd| uhzulwh +65, dqg +66, dv=

KE%ä '

] "

f

BE|äCE%c |ä _|c

xE%ä '

]
dfc"ä

CE%c |ä _>BE|ä

iru dq| % 5 f1 Dvvxpswlrqv 406 hqvxuh wkdw wkhvh ixqfwlrqv duh zhoo gh?qhg dqg
?qlwh1 Ixuwkhupruh/ KE%ä lv srvlwlyh iru doo % lq f vlqfh CE%c üä : f dqg BEüä : f rq
vrph vhw ri srvlwlyh Ohehvjxh phdvxuh1 Dvvxpswlrq 6 hqvxuhv wkdw KEüä lv frqwlqxrxv
rq f1 Lw iroorzv wkdw KEüä lv erxqghg dzd| iurp }hur rq frpsdfw vxevhwv ri f1 Dovr/
xEüä lv srvlwlyh dqg erxqghg deryh e| �Eüä1 Iru dq| ô : f dqg % 5 f/ gh?qh=

KE%c ô ä '
"[
?'f

BE?ô äCE%c ?ôäc

{E%c ô ä '
"[
?'f

BEE?n �äô äCE%c ?ô äc

dqg ohw xE%c ôä ' KE%c ôä ý {E%c ô ä1 Dvvxpswlrqv 4 dqg 5 hqvxuhv wkdw wkhvh vxpv
duh ?qlwh iru dq| ô : f dqg % 5 f/ dqg wkdw KE%c ôä lv srvlwlyh iru doo ô : f vpdoo
hqrxjk1 Lw iroorzv iurp wkh prqrwrqh frqyhujhqfh wkhruhp wkdw KE%|c ô ä ' K|Eô ä dqg
{E%|c ô ä ' {|Eôä iru dq| | è f dqg ô : f1

Ohppd 5 Iru dq| % 5 f/ *ð4ô<fn ô KE%c ô ä ' KE%ä1

Surri1 Iru dq| ô : f/ | è f/ dqg % 5 f/ ohw Cô E%c |ä ' CE%c ô dd|*ô ooä dqg Bô E|ä '
BEô dd|*ô ooä/ zkhuh dd|*ô oo lv wkh lqwhjhu sduw ri |*ô 1 Revhuyh wkdw=

ô KE%c ôä '
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BE?ôäCE%c ?ô ä ô '

] "

f

Bô E|äCô E%c |ä _|é

68



Dvvxpswlrqv 4 dqg 5 lpso| wkdw Bô E|äCô E%c |ä é �E%ä iru dq| | 5 dfc �ä dqg ô :
f/ dv zhoo dv Bô E|äCô E%c |ä é BE| ý �ä�E%ä iru doo | è � dqg ô 5 Efc �o1 Wkxv
Bô EüäCô E%c üä lv grplqdwhg iru doo ô 5 Efc �o e| dq lqwhjudeoh ixqfwlrq ri |1 Pruhryhu/
wkh frqwlqxlw| riCE%c üä lpsolhv wkdw *ð4ô<fn Cô E%c |ä ' CE%c |ä dqg wkh ohiw0frqwlqxlw|
ri BEüä lpsolhv wkdw *ð4ô<fn Bô E|ä ' BE|ä1 Wkh uhvxow wkhq iroorzv e| Ohehvjxh*v
grplqdwhg frqyhujhqfh wkhruhp1

Ohppd 6 Wkh frqyhujhqfh ri ô KE%c ôä wr KE%ä dv ô $ fn lv xqlirup rq dq| frpsdfw
vxevhw ri f1

Surri1 Dvvxpswlrq 6 lpsolhv wkdw wkh idplo| iCEüc |äj|MUn lv xqlirupo| htxlfrqwlqx0
rxv rq dq| frpsdfw g ri f1 Khqfh/ iru dq| 0 : f/ wkhuh h{lvwv # : f vxfk wkdw iru
doo | è f dqg ô 5 Efc �o/ mCô E%c |äýCô E+c |äm é 0*

ý
� n

U"
f
BEñä _ñ

ü
iru dq| %c + 5 g

vxfk wkdw n%ý +n ÷ #1 Lw iroorzv wkdw iru dq| ô 5 Efc �o/

mô KE%c |äý ô KE+c |äm é
] "

f

Bô Eñä mCô E%c ñäýCô E+c ñäm _ñ é 0

iru dq| %c + 5 g vxfk wkdw n%ý +n ÷ #/ zkhuh wkh vhfrqg lqhtxdolw| iroorzv iurp
wkh idfw wkdw

U"
f
Bô Eñä _ñ '

S"
?'f BE?ôä ô é ô n

U"
f
BEñä _ñ dv BEüä lv ghfuhdvlqj

ryhu Un1 Wklv lpsolhv wkdw wkh idplo| iôKEüc ôäjôMEfc�o lv xqlirupo| htxlfrqwlqxrxv rq
g1 E| Dvfrol*v wkhruhp +Odqj +4<<6/ Wkhruhp LLL1614 dqg Fruroodu| LLL1616,,/ wkh
frqyhujhqfh ri ô KE%c ô ä wr KE%ä dv ô $ fn lv wkhuhiruh xqlirup rq g1

Ohppd 7 Iru dq| % 5 f/ *ð4ô<fn xE%c ô ä ' xE%ä1

Surri1 Xvlqj wkh qrwdwlrq ri Ohppd 5/ revhuyh wkdw iru dq| % 5 f dqg ô : f=

xE%c ôä '
"[
?'f

CE%c ?ô ä EBE?ô äý BEE?n �äô ää '

]
dfc"ä

Cô E%c |ä _>BE|äé

Dv ehiruh/ *ð4ô<fn Cô E%c |ä ' CE%c |ä dqg Cô E%c |ä é �E%ä iru dq| ô : f/ | è f
dqg % 5 f1 Vlqfh >B lv d suredelolw| phdvxuh/ wkh uhvxow iroorzv lpphgldwho| iurp
Ohehvjxh*v grplqdwhg frqyhujhqfh wkhruhp1

Zh fdq qrz vwdwh dqg suryh rxu pdlq uhvxow1

Sursrvlwlrq 5 Li wkh Pdunry surfhvvhv i%|j|Df dqg ie|j|Df kdyh å 0doprvw vxuho|
frqwlqxrxv vdpsoh sdwkv/ dqg li Dvvxpswlrqv 406 duh vdwlv?hg/ wkhq iru å 0doprvw
hyhu| / 5 l/ *ð4ô<fn Z/| Eô ä ' i T+ý U |

f
xE%/ñ ä
KE%/ñ ä

_ñ,Ee/| ä
3ò ' Z/| iru hdfk | è f1

Surri1 Frqvlghu d frqwlqxrxv vdpsoh sdwk i%/| j|Df1 Dw dq| gdwh | ' &ô / & 5 Q/
glvfuhwh0wlph vwdwh sulfhv duh jlyhq e|=
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zkhuh ó|cô Eñä ' � li ñ*ô 5 d�c dd|*ô ooo dqg }hur rwkhuzlvh/ dqg=

'E%c ôä '
�

ô
*?

ë
�ý ô

ë
xE%c ô ä

ô KE%c ôä

êê
iru doo ô : f dqg % 5 f1 Dw gdwhv | 9' &ô / & 5 Q/ vlpso| vhw Z/| Eôä ' Z/ô dd|*ô ooEô ä1 E|
Ohppdv 5 dqg 7/ *ð4ô<fn 'E%c ôä ' ýxE%ä*KE%ä iru dq| % 5 f1 Qh{w/ uhfdoo wkdw
*ð4ô<fn ô KE%c ôä ' KE%ä xqlirupo| rq frpsdfw vxevhwv g ri f1 Khqfh/ vlqfh %/ñ lv d
frqwlqxrxv ixqfwlrq ri ñ/ *ð4ô<fn ô KE%/ô ddñ*ô ooc ô ä ' KE%/ñ ä xqlirupo| rq dfc |o1 Wkhuhiruh
ô KE%/ô ddñ*ô ooc ô ä lv erxqghg dzd| iurp }hur rq dfc |o iru doo ô : f vpdoo hqrxjk1 Ehfdxvh
>B lv d suredelolw| phdvxuh dqg CE%c üä 5 dfc�E%äo/ zh nqrz wkdw xE%c ôä 5 dfc�E%äo
iru dq| % 5 f dqg ô : f vpdoo hqrxjk1 Wkxv 'E%/ô ddñ*ô ooc ôä lv xqlirupo| erxqghg rq
dfc |o/ iru doo ô : f vpdoo hqrxjk1 Wkh uhvxow wkhq iroorzv iurp Ohehvjxh*v grplqdwhg
frqyhujhqfh wkhruhp dqg wkh frqwlqxlw| ri i%/| c e/| j|Df iru å 0doprvw hyhu| / 5 l1

Uhpdun 4 Lq vrph dssolfdwlrqv/ rqh fdq hqvxuh wkdw Dvvxpswlrqv 406 duh vdwlv?hg
e| uhsodflqj BE|ä dqg CE%c |ä e| BWE|ä ' i TEýk|ä BE|ä dqg CWE%c |ä ' i TEk|äCE%c |ä/
iru vrph frh!flhqw k : f1 Wkh dqdorjv ri KE%c ôä dqg {E%c ô ä duh wkhq KWE%c ôä '
KE%c ô ä dqg {WE%c ô ä ' i TEk|ä{E%c ôä/ dqg glvfuhwh0wlph vwdwh sulfhv duh jlyhq e|=

Z/| Eô ä ' i T

3Ckô dd|*ô oo n dd|*ô oo[
?'�
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ë
{WE%/?ô c ôä
KWE%/?ô c ôä

ê4D Ee/| ä
3ò

iru dq| / 5 l dqg ô : f/ dqg dw dq| gdwhv | ' &ô / & 5 Q1 Li BW dqg CW vdw0
lvi| Dvvxpswlrqv 406/ wkhq Sursrvlwlrq 5 lpsolhv wkdw iru å 0doprvw hyhu| / 5 l/
*ð4ô<fn Z/| Eô ä ' i T+k|ý U |

f
xE%/ñ änkKE%

/
ñ ä

KE%/ñ ä
_ñ,Ee/| ä

3ò ' Z/| iru hdfk | è f1

Uhpdun 5 Sursrvlwlrq 4 dovr krogv iru dq| ohiw0frqwlqxrxv dqg lqwhjudeoh vxemhfwlyh
glvfrxqw ixqfwlrq B G Un $ Un wkdw lv ri erxqghg yduldwlrq dqg ghfuhdvlqj lq dq
lqwhuydo dAc4ä1 Lq wkdw fdvh wkhuh h{lvw wzr ghfuhdvlqj dqg ohiw0frqwlqxrxv ixqfwlrqv
Bn dqg B3 vxfk wkdw B ' Bn ý B3 dqg B3 ' f rq dAc4ä1 Wkhvh ixqfwlrqv lqgxfh wzr
?qlwh phdvxuhv >nB dqg >3B rq wkh Eruho vhwv ri Un wkdw vdwlvi| >nB drc |ä ' B

nEräýBnE|ä
dqg >3B drc |ä ' B

3Eräý B3E|ä iru dq| | : r è f1 Doo wkh dujxphqwv deryh fdq wkhq eh
jhqhudol}hg lq d vwudljkwiruzdug pdqqhu/ surylghg wkdw wkh phdvxuh >B wkdw dsshduv
lq wkh h{suhvvlrq ri xE%ä lv uhsodfhg e| wkh vljqhg phdvxuh >nB ý >3B 1

F Sduwldo Frpplwphqw

Lq wklv Dsshqgl{ zh zloo pdlqwdlq wkh Dvvxpswlrqv 406 ri Dsshqgl{ E1 Zh dgg wkh
iroorzlqj wzr dvvxpswlrqv1

Dvvxpswlrq 7 Wkh ixqfwlrq CE%c üä lv frqwlqxrxvo| gl>huhqwldeoh iru hdfk % 5 f1

Dvvxpswlrq 8 Wkhuh h{lvwv d ixqfwlrqP G f $ Un wkdw lv erxqghg rq frpsdfw
vxevhwv ri f dqg vxfk wkdw m(2CE%c |äm é PE%ä iru hdfk % 5 f dqg | : f1

6:



Iru dq| % 5 f dqg ô : f/ gh?qh=

h{E%c ôä '

] "

f

BE|n ô äCE%c |ä _|c

hxE%ä '

]
Efc"ä

CE%c |ä _>BE|äc

dqg ohw hxE%c ô ä ' �
ô

í
KE%äý h{E%c ô ä

ì
1 Dvvxpswlrq 406 hqvxuh wkdw wkhvh ixqfwlrqv

duh zhoo0gh?qhg dqg ?qlwh1 Dv ehiruh/ KEüä lv erxqghg dzd| iurp }hur rq frpsdfw
vxevhwv ri f/ hxEüc üä lv srvlwlyh/ dqg >B lv wkh suredelolw| phdvxuh lqgxfhg e| wkh
glvfrxqw ixqfwlrq BEüä1 Lw iroorzv iurp Ixelql*v wkhruhp wkdw h{E%|c ôä ' h{|Eô ä dqghxE%|ä ' hx| iru dq| | è f dqg ô : f1

Ohppd 8 Iru dq| % 5 f/ *ð4ô<fn hxE%c ô ä ' hxE%ä1
Surri1 Iru dq| % 5 f dqg ô : f/ zh fdq uhzulwh hxE%c ôä dv=
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BE|äCE%c |ä _|n
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BE|n ôä
CE%c |n ô äýCE%c |ä

ô
_|é +88,

Qrwh wkdw �
ô

U ô
f
mBE|äCE%c |äý BEfnäCE%c fäm _| é BEfnä4@ |Mdfcô o mCE%c |äý CE%c fäm

vlqfh BEüä lv qrq0lqfuhdvlqj1 Lw iroorzv wkdw *ð4ô<fn �
ô

U ô
f
BE|äCE%c |ä _| ' BEfnäCE%c fä

e| frqwlqxlw| ri CE%c üä1 Qh{w/ e| wkh phdq0ydoxh wkhruhp/ mCE%c |n ô äýCE%c |äm é
ô týT1Mdfc�o m(2CE%c |n 1ôäm1 Dvvxpswlrq 8 lpsolhv wkdw wkh lqwhjudqg lq wkh vhfrqg
whup ri wkh uljkw0kdqg vlgh ri +88, lv erxqghg lq devroxwh ydoxh e| BE|äPE%ä iru doo
| : f1 Vlqfh BEüä lv lqwhjudeoh/ zh wkxv kdyh/ e| Ohehvjxh*v grplqdwhg frqyhujhqfh
wkhruhp=

*ð4
ô<fn
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f

BE|n ô ä
CE%c |n ôäýCE%c |ä

ô
_| '

] "

f

BE|nä(2CE%c |ä _|é

Wklv lq wxuq lv htxdo wr
U"
f
BE|ä(2CE%c |ä _| vlqfh BEüä lv prqrwrqh dqg khqfh frqwlq0

xrxv h{fhsw rq d vhw ri phdvxuh }hur1 Zh wkhuhiruh kdyh=

*ð4
ô<fn

hxE%c ôä ' BEfnäCE%c fä n ] "

f

BE|ä(2CE%c |ä _|é +89,

Ohw A : f1 E| Dvvxpswlrqv 4 dqg 7/ wkh ixqfwlrq BEüä(2CE%c üä lv frqwlqxrxv h{fhsw
rq d vhw ri phdvxuh }hur dqg wkhuhiruh Ulhpdqq lqwhjudeoh rq dfc A o1 Pruhryhu/
vlqfh CE%c üä lv frqwlqxrxvo| gl>huhqwldeoh dqg BEüä lv ri erxqghg yduldwlrq/ zh kdyhU A
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Uhihuhqfhv

^4` Dlqvolh/ J1 +4<:8,= 3Vshflrxv Uhzdug= D Ehkdylrudo Wkhru| ri Lpsxovlyhqhvv
dqg Lpsxovh Frqwuro/4 Sv|fkrorjlfdo Exoohwlq/ ;5= 79607<91

^5` Dlqvolh/ J1 +4<<5,= Slfrhfrqrplfv/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^6` Dnhuori/ J1D1 +4<<4,= 3Surfudvwlqdwlrq dqg Rehglhqfh/4 Dphulfdq Hfrqrplf
Uhylhz/ ;4= 404<1

^7` Eduur/ U1M1 +4<<<,= 3Udpvh| Phhwv Odlevrq lq wkh Qhrfodvvlfdo Jurzwk Prgho/4
Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Yro1 F[LY/ Lvvxh 7 +Qryhpehu,= 4458044851

^8` Ehqderx/ U1/ dqg M1 Wluroh +4<<<,= 3Vhoi0Frq?ghqfh= Lqwudshuvrqdo Vwudwhjlhv/4
plphr/ JUHPDT1

^9` Fdpsehoo/ M1\1 +4<<<,= 3Dvvhw Sulfhv/ Frqvxpswlrq/ dqg wkh Exvlqhvv F|foh/4 lq
Kdqgerrn ri Pdfurhfrqrplfv/ hglwhg e| Mrkq E1 Wd|oru dqg Plfkdho Zrrgirug/
Dpvwhugdp/ Qruwk0Kroodqg1

^:` Fdpsehoo/ M1\1 dqg M1K1 Frfkudqh +4<<<,= 3E| Irufh ri Kdelw= D Frqvxpswlrq0
Edvhg H{sodqdwlrq ri Djjuhjdwh Vwrfn Pdunhw Ehkdylru/4 Mrxuqdo ri Srolwlfdo
Hfrqrp|/ Yro1 5/ Qr1 5 +Dsulo,= 53805841

^;` Fduuloor/ M1G1/ dqg W1 Pdulrwwl +4<<:,= 3Vwudwhjlf Ljqrudqfh dv d Vhoi0Glvflsolqlqj
Ghylfh/4 iruwkfrplqj Uhylhz ri Hfrqrplf Vwxglhv1

^<` Fr{/ M1F1/ M1H1 Lqjhuvroo/ dqg V1D1 Urvv +4<;8,= 3DWkhru| ri wkh Whup Vwuxfwxuh
ri Lqwhuhvw Udwhv/4 Hfrqrphwulfd/ 86= 6;807391

^43` Ihoohu/ Z1 +4<84,= 3Wzr Vlqjxodu Gl>xvlrq Sureohpv/4 Dqqdov ri Pdwkhpdwlfv/
87/ 4:604;51

^44` Jxo/ I1 dqg Z1 Shvhqgruihu +4<<<d,= 3Whpswdwlrq dqg Vhoi0Frqwuro/4 iruwkfrp0
lqj/ Hfrqrphwulfd1

^45` Jxo/ I1 dqg Z1 Shvhqgruihu +4<<<e,= 3Vhoi0Frqwuro dqg wkh Wkhru| ri Frqvxps0
wlrq/4 Sulqfhwrq Xqlyhuvlw|1

^46` Kdplowrq/ M1 +4<;<,= 3D Qhz Dssurdfk wr wkh Hfrqrplf Dqdo|vlv ri Qrqvwd0
wlrqdu| Wlphv Vhulhv dqg wkh Exvlqhvv F|foh/4 Hfrqrphwulfd/ 8:/ 68:06;71

^47` Kduulv/ F1/ dqg G1 Odlevrq +4<<<,= 3G|qdplf Fkrlfhv ri K|shuerolf Frqvxphuv/4
iruwkfrplqj/ Hfrqrphwulfd1

^48` Khuuqvwhlq/ U1M1 +4<94,= 3Uhodwlyh dqg Devroxwh Vwuhqjwkv ri Uhvsrqvh dv d
Ixqfwlrq ri Iuhtxhqf| ri Uhlqirufhphqw/4 Mrxuqdo ri wkh H{shulphqwdo Dqdo|vlv
ri Dqlpdo Ehkdylru/ 7= 59:05:51
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^49` Khvwrq/ V1O1 +4<<6,= 3D Forvhg0Irup Vroxwlrq iru Rswlrqv zlwk Vwrfkdvwlf
Yrodwlolw| zlwk Dssolfdwlrqv wr Erqg dqg Fxuuhqf| Rswlrqv/4 Wkh Uhylhz ri
Ilqdqfldo Vwxglhv/ Yro1 9/ Qr1 5= 65:06761

^4:` Nrfkhuodnrwd/ Q1 +4<<3,= 3Rq wkh cGlvfrxqw Idfwru* lq Jurzwk Hfrqrplhv/4
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 58= 7607:1

^4;` Odlevrq/ G1 +4<<7,= 3Vhoi0Frqwuro dqg Vdylqj/4 plphr/ Kduydug Xqlyhuvlw|1

^4<` Odlevrq/ G1 +4<<9,= 3K|shuerolf Glvfrxqw Ixqfwlrqv/ Xqghuvdylqj/ dqg Vdylqjv
Srolf|/4 QEHU zrunlqj sdshu 89681

^53` Odlevrq/ G1 +4<<:,= 3Jroghq Hjjv dqg K|shuerolf Glvfrxqwlqj/4 Txduwhuo| Mrxu0
qdo ri Hfrqrplfv/ Yro1 F[LL/ Lvvxh 5 +Pd|,= 77607::1

^54` Odqj/ V1 +4<<6,= Uhdo dqg Ixqfwlrqdo Dqdo|vlv/ Qhz \run= Vsulqjhu0Yhuodj1

^55` OhUr|/ V1 dqg U1 Sruwhu +4<;4,= 3Wkh Suhvhqw Ydoxh Uhodwlrq= Whvwv Edvhg rq
Yduldqfh Erxqgv/4 Hfrqrphwulfd/ 7</ 88808::1

^56` Orhzhqvwhlq/ J1/ dqg U1 Wkdohu +4<;<,= 3Dqrpdolhv= Lqwhuwhpsrudo Fkrlfhv/4
Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 6= 4;404<61

^57` Orhzhqvwhlq/ J1/ dqg G1 Suhohf +4<<5,= 3Dqrpdolhv lq Lqwhuwhpsrudo Fkrlfh=
Hylghqfh dqg dq Lqwhusuhwdwlrq/4 Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Yro1 FYLL/
Lvvxh 6 +Dsulo,/ 8:608<:1

^58` Oxwwphu/ H1J1M1/ dqg W1 Pdulrwwl +4<<<,= 3Wkh Htxloleulxp Lpsolfdwlrqv ri
Wlph0Lqfrqvlvwhqw Suhihuhqfhv/4 plphr/ OVH1

^59` Nuxvhoo/ S1/ dqg D1 Vplwk +4<<<,= 3Frqvxpswlrq dqg Vdylqjv Ghflvlrqv zlwk
Txdvl0Jhrphwulf Glvfrxqwlqj/4 plphr/ Fduqhjlh Phoorq Xqlyhuvlw|1

^5:` Pdvnlq/ H1/ dqg M1 Wluroh +4<<;,= 3Pdunry Shuihfw Htxloleulxp L= Revhuydeoh
Dfwlrqv/4 plphr/ JUHPDT1

^5;` Phkud/ U1/ dqg H1F1 Suhvfrww +4<;8,= 3Wkh Htxlw| Suhplxp= D Sx}}oh/4 Mrxuqdo
ri Prqhwdu| Hfrqrplfv/ 48= 47804951

^5<` Skhosv/ H1V1/ dqg U1D1 Sroodn +4<9;,= 3Rq Vhfrqg0Ehvw Qdwlrqdo Vdylqj dqg
Jdph0Htxloleulxp Jurzwk/4 Uhylhz ri Hfrqrplf Vwxglhv/ Yro1 68/ Qr1 5 +Dsulo,=
4;804<<1

^63` R*Grqrjkxh/ W1/ dqg P1 Udelq +4<<<,= 3Grlqj lw Qrz ru Odwhu/4 Dphulfdq
Hfrqrplf Uhylhz/ ;<= 43604571

^64` R*Grqrjkxh/ W1/ dqg P1 Udelq +4<<<,= 3Lqfhqwlyhv iru Surfudvwlqdwruv/4 Txdu0
whuo| Mrxuqdo ri Hfrqrplfv/ Yro1 F[LY/ Lvvxh 7 +Dxjxvw,= :9<0;491

^65` Vkloohu/ U1M1 +4<;4,= 3Gr Vwrfn Sulfhv Pryh Wrr Pxfk wr Eh Mxvwl?hg e| Vxe0
vhtxhqw Fkdqjhv lq GlylghqgvB4 Dphulfdq Hfrqrplf Uhylhz/ :4/ 75407691
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^66` Vwurw}/ U1K1 +4<89,= 3P|rsld dqg Lqfrqvlvwhqf| lq G|qdplf Xwlolw| Pd{lpl}d0
wlrq/4 Uhylhz ri Hfrqrplf Vwxglhv/ Yro1 56/ Qr1 6= 49804;31

^67` Wkdohu/ U1 +4<;4,= 3Vrph Hpslulfdo Hylghqfh rq G|qdplf Lqfrqvlvwhqf|/4 Hfr0
qrplfv Ohwwhuv/ 7= 4<605381
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