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ABSTRACT

Centralized versus Decentralized Provision of Local
Public Goods: a Political Economy Analysis*

This Paper takes a fresh look at the trade-off between centralized and
decentralized provision of local public goods.  The point of departure is to
model a centralized system as one in which public spending is financed by
general taxation, but districts can receive different levels of local public goods.
In a world of benevolent governments, the disadvantages of centralization
stressed in the existing literature disappear, suggesting that the case for
decentralization must be driven by political economy considerations. Our
political economy analysis assumes that under decentralization public goods
are selected by locally elected representatives, while under a centralized
system policy choices are determined by a legislature consisting of elected
representatives from each district. We then study the role of taste
heterogeneity, spillovers and legislative behaviour in determining the case for
centralization.
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NON-TECHNICAL SUMMARY

Which tier of government should be responsible for particular taxing and
spending decisions? From Philadelphia to Maastricht, this question has vexed
constitution designers. Yet still the issues are unresolved. Witness the recent
debate in the US over whether the States or Federal government should take
responsibility for welfare policy. In Europe, the principle of subsidiarity dictates
that functions should be decentralized where possible, without any clearly
defined criteria for centralization to be desirable.

This Paper takes a fresh look at the trade-off between centralized and
decentralized provision of local public goods. Our analysis departs from the
existing literature in emphasizing the politics of decision-making.
Centralization requires a system of governance that balances regional
interests. Accordingly, the decision-making unit typically incorporates a
legislature consisting of representatives from each member district. The
behaviour of the legislature is then key in determining the performance of
centralized systems. Legislatures that produce minimum winning coalitions
expose members of federations to the risk of expropriation. More universalistic
legislatures offer insurance against this. However, they are open to
manipulation as citizens use the political process to exploit the budgetary
externality that centralization creates. While influential commentators have
stressed their importance for the performance of federal systems, such issues
have yet to be formally incorporated into models of fiscal federalism. Here we
develop an analysis which integrates them with the more traditional concerns
of achieving the right balance between respecting heterogeneous tastes and
internalizing spillovers.

The existing literature has typically modelled centralization as a system in
which public spending is financed by general taxation and all districts receive
a uniform level of the local public good. By contrast, a decentralized system is
one in which local public goods are financed by local taxation and each district
is free to choose its own level. The drawback with a decentralized system is
that it is susceptible to free-rider problems, while centralized decision-making
produces a ‘one size fits all’ outcome that does not reflect local needs. This
logic underpins Oates’ Decentralization Theorem stating that, in the absence
of spillovers, decentralization is preferable. When spillovers are present, the
appropriate level of government depends on weighing the benefits of
internalizing externalities with the costs of uniformity.

The usual assumption of uniform provision of local public goods like roads,
parks and airports, is very hard to justify empirically. This Paper, therefore,
allows a centralized system to allocate different levels of local public goods to
different districts. In this framework, decision-making by benevolent



governments makes centralization the preferred system – it respects the
preferences of citizens at the district level, while optimally accounting for
cross-border externalities. The case for decentralization must now follow from
political economy considerations, specifically the operation of centralized
systems.

We assume that, in a decentralized system, local public goods are selected by
locally elected representatives, while in a centralized system policy choices
are made by a legislature consisting of elected representatives from each
district. Two specifications of legislative behaviour are considered. Our
benchmark case assumes that spending on local public goods in the
legislature is determined by a ‘minimum winning coalition’ of representatives.
We then contrast this with a specification in which representatives determine
public spending in a more inclusive way.

This approach suggests an alternative vision of the drawbacks of
centralization - that sharing costs of local public spending in a centralized
system creates a conflict of interest between the citizens in different
jurisdictions - a conflict that is played out in the legislature. Citizens from
different districts may disagree both about the level of public spending and its
allocation across districts. If decisions on local public goods are made by a
minimum winning coalition of representatives, the allocation of public goods
will be characterized by uncertainty and inequity. The uncertainty is due to
membership of the coalition not being known ex ante with inequity, due to the
fact that the coalition will act to the detriment of those outside it. However, if
decisions are made in a more cooperative way, we show how strategic
delegation via elections will produce excessive public spending.

Understanding how this conflict of interest is affected by spillovers and
differences between districts sheds light on the relative performance of
centralization. Our results suggest rather different conclusions concerning the
circumstances under which centralized decision-making will be desirable. In
particular, neither homogeneity of districts nor complete spillovers imply a
case for centralization. All that can be said in general is that there is a strong
case for decentralization when spillovers are small and a strong case for
centralization when districts are similar and spillovers are large. When districts
are heterogeneous and spillovers are large, then which system is superior will
depend on how a centralized legislature is expected to behave. Moreover, the
familiar presumption that higher spillovers help the case for centralization
does not emerge cleanly from our political economy analysis. Overall, our
analysis suggests a weaker case for centralization than does the conventional
view.



4 Lqwurgxfwlrq
Zklfk wlhu ri jryhuqphqw vkrxog eh uhvsrqvleoh iru sduwlfxodu wd{lqj dqg vshqg0
lqj ghflvlrqvB Iurp Sklodghoskld wr Pddvwulfkw/ wklv txhvwlrq kdv yh{hg frqvwl0
wxwlrq ghvljqhuv1 \hw vwloo wkh lvvxhv duh xquhvroyhg1 Zlwqhvv wkh uhfhqw ghedwh
lq wkh X1V1 ryhu zkhwkhu wkh Vwdwhv ru Ihghudo jryhuqphqw vkrxog wdnh uhvsrq0
vlelolw| iru zhoiduh srolf|14 Lq Hxursh/ wkh sulqflsoh ri vxevlgldulw| glfwdwhv wkdw
ixqfwlrqv vkrxog eh ghfhqwudol}hg zkhuh srvvleoh/ zlwkrxw dq| fohduo| gh�qhg
fulwhuld iru fhqwudol}dwlrq wr eh ghvludeoh1

Wklv sdshu wdnhv d iuhvk orrn dw wkh wudgh r� ehwzhhq fhqwudol}hg dqg ghfhq0
wudol}hg surylvlrq ri orfdo sxeolf jrrgv1 Rxu dqdo|vlv ghsduwv iurp wkh h{lvwlqj
olwhudwxuh lq hpskdvl}lqj wkh srolwlfv ri ghflvlrq pdnlqj1 Fhqwudol}dwlrq uh0
txluhv d v|vwhp ri jryhuqdqfh wkdw edodqfhv uhjlrqdo lqwhuhvwv1 Dffruglqjo|/
wkh ghflvlrq pdnlqj xqlw w|slfdoo| lqfrusrudwhv d ohjlvodwxuh frqvlvwlqj ri uhs0
uhvhqwdwlyhv iurp hdfk phpehu glvwulfw1 Wkh ehkdylru ri wkh ohjlvodwxuh lv wkhq
nh| lq ghwhuplqlqj wkh shuirupdqfh ri fhqwudol}hg v|vwhpv1 Ohjlvodwxuhv wkdw
surgxfh plqlpxp zlqqlqj frdolwlrqv h{srvh phpehuv ri ihghudwlrqv wr wkh ulvn
ri h{sursuldwlrq1 Pruh xqlyhuvdolvwlf ohjlvodwxuhv r�hu lqvxudqfh djdlqvw wklv1
Krzhyhu/ wkh| duh rshq wr pdqlsxodwlrq dv flwl}hqv xvh wkh srolwlfdo surfhvv wr
h{sorlw wkh exgjhwdu| h{whuqdolw| wkdw fhqwudol}dwlrq fuhdwhv1 Zkloh lq xhqwldo
frpphqwdwruv/ vxfk dv Lqpdq dqg Uxelqihog +4<<:d, dqg +4<<:e,/ kdyh vwuhvvhg
wkhlu lpsruwdqfh iru wkh shuirupdqfh ri ihghudo v|vwhpv/ vxfk lvvxhv kdyh |hw wr
eh irupdoo| lqfrusrudwhg lqwr prghov ri �vfdo ihghudolvp1 Khuh zh ghyhors dq
dqdo|vlv zklfk lqwhjudwhv wkhp zlwk wkh pruh wudglwlrqdo frqfhuqv/ hpskdvl}hg
lq Rdwhv +4<:5,/ ri dfklhylqj wkh uljkw edodqfh ehwzhhq uhvshfwlqj khwhurjhqhrxv
wdvwhv dqg lqwhuqdol}lqj vslooryhuv1

Wkh h{lvwlqj olwhudwxuh kdv w|slfdoo| prghoohg fhqwudol}dwlrq dv d v|vwhp lq
zklfk sxeolf vshqglqj lv �qdqfhg e| jhqhudo wd{dwlrq dqg doo glvwulfwv uhfhlyh
d xqlirup ohyho ri wkh orfdo sxeolf jrrg1 E| frqwudvw/ d ghfhqwudol}hg v|vwhp lv
rqh lq zklfk orfdo sxeolf jrrgv duh �qdqfhg e| orfdo wd{dwlrq dqg hdfk glvwulfw
lv iuhh wr fkrrvh lwv rzq ohyho1 Wkh gudzedfn zlwk d ghfhqwudol}hg v|vwhp lv
wkdw lw lv vxvfhswleoh wr iuhh0ulghu sureohpv/ zkloh fhqwudol}hg ghflvlrq0pdnlqj
surgxfhv d �rqh vl}h �wv doo� rxwfrph wkdw grhv qrw uh hfw orfdo qhhgv1 Wklv orjlf
xqghuslqv Rdwhv* +4<:5, Ghfhqwudol}dwlrq Wkhruhp vwdwlqj wkdw/ lq wkh devhqfh
ri vslooryhuv/ ghfhqwudol}dwlrq lv suhihudeoh1 Zkhq vslooryhuv duh suhvhqw/ wkh
dssursuldwh ohyho ri jryhuqphqw ghshqgv rq zhljklqj wkh ehqh�wv ri lqwhuqdol}lqj
h{whuqdolwlhv zlwk wkh frvwv ri xqliruplw|1

Wkh xvxdo dvvxpswlrq ri xqlirup surylvlrq ri orfdo sxeolf jrrgv olnh urdgv/
sdunv dqg dlusruwv/ lv yhu| kdug wr mxvwli| hpslulfdoo|15 Wklv sdshu/ wkhuhiruh/

4Vhh Lqpdq dqg Uxelqihog +4<<:d, iru glvfxvvlrq ri wklv1
5Wkh fdvh ri ihghudo kljkzd| vshqglqj lq wkh X1V1 vhuyhv wr looxvwudwh wkh srlqw1 D vljql�fdqw

iudfwlrq ri ixqgv lq wkh Ihghudo Kljkzd| Dlg Surjudp duh hdupdunhg e| ohjlvodwruv iru vshfl�f
surmhfwv lq wkhlu glvwulfwv1 Pruhryhu/ zkloh wkh uhpdlqlqj ixqgv duh doorfdwhg dffruglqj wr d
irupxod/ wklv irupxod lv pdqlsxodwhg wr wdujhw vshqglqj wr sduwlfxodu idyruhg vwdwhv1 Lq wkh
zrugv ri Vhqdwru Sdwulfn Pr|qlkdq/ �\rx grq*w kdyh d irupxod khuh/ |rx kdyh 83 qhjrwldwhg
qxpehuv� +Zdvklqjwrq Srvw/ Pd| 56/ 4<<; 0 flwhg lq Nqljkw +5333,,1 Vhh Nqljkw +5333, iru
ixuwkhu dqdo|vlv ri wkh doorfdwlrq ri ixqgv lq wkh Ihghudo Kljkzd| Dlg Surjudp1

5



doorzv d fhqwudol}hg v|vwhp wr doorfdwh gl�huhqw ohyhov ri orfdo sxeolf jrrgv wr
gl�huhqw glvwulfwv1 Lq wklv iudphzrun/ ghflvlrq pdnlqj e| ehqhyrohqw jryhuq0
phqwv pdnhv fhqwudol}dwlrq wkh suhihuuhg v|vwhp � lw uhvshfwv wkh suhihuhqfhv
ri flwl}hqv dw wkh glvwulfw ohyho/ zkloh rswlpdoo| dffrxqwlqj iru furvv0erughu h{whu0
qdolwlhv1 Wkh fdvh iru ghfhqwudol}dwlrq pxvw qrz iroorz iurp srolwlfdo hfrqrp|
frqvlghudwlrqv/ vshfl�fdoo| wkh rshudwlrq ri fhqwudol}hg v|vwhpv1

Zh dvvxph wkdw/ lq d ghfhqwudol}hg v|vwhp/ orfdo sxeolf jrrgv duh vhohfwhg
e| orfdoo| hohfwhg uhsuhvhqwdwlyhv/ zkloh lq d fhqwudol}hg v|vwhp srolf| fkrlfhv
duh pdgh e| d ohjlvodwxuh frqvlvwlqj ri hohfwhg uhsuhvhqwdwlyhv iurp hdfk glvwulfw1
Wzr vshfl�fdwlrqv ri ohjlvodwlyh ehkdylru duh frqvlghuhg1 Rxu ehqfkpdun fdvh
dvvxphv wkdw vshqglqj rq orfdo sxeolf jrrgv lq wkh ohjlvodwxuh lv ghwhuplqhg e|
d �plqlpxp zlqqlqj frdolwlrq� ri uhsuhvhqwdwlyhv dv vxjjhvwhg/ iru h{dpsoh/ e|
Exfkdqdq dqg Wxoorfn +4<95,/ Ulnhu +4<95,/ Ihuhmrkq/ Ilrulqd dqg PfNhoyh|
+4<;:, dqg Edurq dqg Ihuhmrkq +4<;<,1 Zh wkhq frqwudvw wklv zlwk d vshfl�0
fdwlrq lq zklfk uhsuhvhqwdwlyhv ghwhuplqh sxeolf vshqglqj lq d pruh lqfoxvlyh
zd| dorqj wkh olqhv vxjjhvwhg e| Zhlqjdvw +4<:<, dprqj rwkhuv1 Wkh hohfwlrq ri
uhsuhvhqwdwlyhv gudzv rq wkh flwl}hq0fdqglgdwh prgho ri uhsuhvhqwdwlyh ghprf0
udf| +Rveruqh dqg Volylqvn| +4<<9,/ Ehvoh| dqg Frdwh +4<<:,,/ lq sduwlfxodu wkh
h{whqvlrq wr ohjlvodwlyh hohfwlrqv gxh wr Frdwh +4<<:,1

Wkh uhpdlqghu ri wkh sdshu lv dv rujdql}hg dv iroorzv1 Vhfwlrq 5 eulh |
uhylhzv vrph uhodwhg olwhudwxuh zkloh vhfwlrq 6 rxwolqhv wkh iudphzrun iru rxu
dqdo|vlv1 Dv edfnjurxqg/ vhfwlrq 7 surylghv d eulhi uhylhz ri wkh lpsolfdwlrqv ri
Rdwhv* dqdo|vlv lq rxu iudphzrun1 Vhfwlrq 8 wkhq suhvhqwv rxu srolwlfdo hfrqrp|
dqdo|vlv iru wkh ehqfkpdun ri d qrq0frrshudwlyh ohjlvodwxuh1 Vhfwlrq 9 frqvlghuv
wkh fdvh zkhuh wkh ohjlvodwxuh dfwv rq d pruh frrshudwlyh edvlv1 Vhfwlrq :
glvfxvvhv wkh vljql�fdqfh ri rxu pdlqwdlqhg dvvxpswlrq ri xqlirup �qdqflqj
dqg frqfoxglqj uhpdunv dsshdu lq vhfwlrq ;1

5 Uhodwhg Olwhudwxuh
Lq dgglwlrq wr wkh zrun ri Rdwhv +4<:5,/ wkhuh lv d vljql�fdqw erg| ri olwhudwxuh
frpsdulqj fhqwudol}hg dqg ghfhqwudol}hg srolf|0pdnlqj1 Rqh lpsruwdqw vwudqg
ri olwhudwxuh/ gdwlqj edfn wr Wlherxw +4<89,/ vhhv wkh dgydqwdjhv ri ghfhqwudo0
l}dwlrq dv vwhpplqj iurp wkh prelolw| ri flwl}hqv dfurvv orfdo mxulvglfwlrqv1 Wklv
lqyrnhv wkh dujxphqw wkdw wkh delolw| ri flwl}hqv wr yrwh zlwk wkhlu ihhw vkdus0
hqv wkh frqvwudlqwv idfhg e| orfdo srolf|0pdnhuv +vhh/ iru h{dpsoh/ Frxudqw/
Judpolfk dqg Uxelqihog +4<:<,/ Hssoh dqg ]hohqlw} +4<;4, dqg Rdwhv +4<;8,,1
Wklv uhvxowv lq ghfhqwudol}hg srolflhv pruh forvho| uh hfwlqj flwl}hqv* suhihuhqfhv1
Xqghuslqqlqj wklv lv wkh qrwlrq wkdw xqfrqvwudlqhg fkrlfhv e| srolwlfldqv zrxog
qrw uh hfw wkhlu frqvwlwxhqwv* lqwhuhvwv1 Wkh lghd wkdw ghfhqwudol}dwlrq pd| pruh
h�hfwlyho| ghdo zlwk srolwlfdo djhqf| sureohpv dovr prwlydwhv wkh uhfhqw frqwul0
exwlrqv ri Edugkdq dqg Prrnkhumhh +4<<;, dqg Wrppdvl dqg Zhlqvfkhoedxp
+4<<<,1

Lq d vhulhv ri uhfhqw sdshuv/ Shuvvrq dqg Wdehoolql kdyh xvhg srolwlfdo hfrq0
rp| dqdo|vlv wr vkhg oljkw rq wkh gl�huhqfh lq srolf| rxwfrphv hphujlqj iurp
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fhqwudol}hg dqg ghfhqwudol}hg v|vwhpv1 Shuvvrq dqg Wdehoolql +4<<7, dvn zkhwkhu
d pruh fhqwudol}hg v|vwhp ri jryhuqphqw zloo whqg wr ohdg wr d odujhu jryhuqphqw
vhfwru1 Olnh xv/ wkh| prgho srolf| fkrlfhv xqghu fhqwudol}dwlrq dv hphujlqj iurp
d ohjlvodwxuh frqvlvwlqj ri uhsuhvhqwdwlyhv iurp hdfk glvwulfw1 Krzhyhu/ wkh| gr
qrw frqvlghu hohfwlrqv wr vxfk d ohjlvodwxuh1 Shuvvrq dqg Wdehoolql +4<<9d/e,
frqwudvw ulvn vkdulqj e| fhqwudol}hg dqg ghfhqwudol}hg jryhuqphqwv1 Wkh| ir0
fxv rq wkh wudgh0r� ehwzhhq lpsuryhg ulvn vkdulqj xqghu fhqwudol}dwlrq zlwk
wkh lqfuhdvhg prudo kd}dug gxh wr uhjlrqv wdnlqj rq pruh ulvn1 Wkh| dovr
frqvlghu krz gl�huhqw ihghudo frqvwlwxwlrqv vkdsh uhjlrqdo wudqvihuv lq srolwlfdo
htxloleulxp dqg zklfk w|sh ri frqvwlwxwlrqdo duudqjhphqw shuirupv ehwwhu1

D qxpehu ri uhfhqw sdshuv kdyh irfxvhg rq wkh srvlwlyh srolwlfdo hfrqrp|
txhvwlrq ri zkhq d vrflhw| zloo fkrrvh fhqwudol}hg ryhu ghfhqwudol}hg srolf|0
pdnlqj1 Iru h{dpsoh/ Erowrq dqg Urodqg +4<<:, dqdo|}h zkhq d ihghudwlrq
zrxog eh olnho| wr euhdn xs1 Wkh| zrun zlwk wkh dvvxpswlrq wkdw srolflhv
duh xqlirup xqghu fhqwudol}dwlrq1 Lq dgglwlrq/ wkh| dvvxph h{rjhqrxvo| jlyhq
h!flhqf| jdlqv iurp fhqwudol}dwlrq vr wkdw wkhlu wudgh0r� lv wkhq sulqflsdoo|
ehwzhhq uhdslqj wkh ehqh�wv ri wkhvh djdlqvw wkh delolw| wr wdloru srolflhv wr
lqglylgxdo glvwulfwv* wdvwhv1 Dohvlqd dqg Vsrdoduh +4<<:, frqvlghu wkh rswlpdo
dqg htxloleulxp qxpehu ri glvwulfwv lq d prgho wkdw wudghv r� vfdoh hfrqrplhv
djdlqvw suhihuhqfh glyhuvlw|1 Hoolqjvhq +4<<;, frqvlghuv wkh srvlwlyh dqg qrupd0
wlyh hfrqrplfv ri fhqwudol}dwlrq ri d sxuh sxeolf jrrg16 Wkh phgldq yrwhu ri
wkh odujhu frppxqlw| fuhdwhg e| fhqwudol}dwlrq vhohfwv srolf|1 Li wkh glvwulfwv duh
lghqwlfdo/ wkhq fhqwudol}dwlrq lv dwwudfwlyh vlqfh wkhuh lv vfrsh iru frvw vkdulqj
dqg furvv0glvwulfw iuhh0ulghu sureohpv duh holplqdwhg1 Krzhyhu/ khwhurjhqhlw|
xqghuplqhv wkh fdvh iru fhqwudol}dwlrq1

Wkh forvhvw sdshu wr rxuv lv wkh lqghshqghqw zrun ri Orfnzrrg +4<<;,1 Olnh
xv/ kh lv fulwlfdo ri wkh dvvxpswlrq wkdw fhqwudol}dwlrq lpsolhv xqliruplw| lq
sxeolf vshqglqj dfurvv glvwulfwv dqg ghyhorsv d srolwlfdo hfrqrp| dqdo|vlv ri
ghfhqwudol}dwlrq yhuvxv fhqwudol}dwlrq ri sxeolf jrrg surylvlrq1 Kh dovr dvvxphv
wkdw d fhqwudol}hg v|vwhp irupv srolf| lq d ohjlvodwxuh frpsulvlqj ri hohfwhg uhs0
uhvhqwdwlyhv iurp hdfk glvwulfw1 Kh vshfl�hv dq h{whqvlyh irup edujdlqlqj jdph
iru wkh ohjlvodwxuh zklfk suhglfwv wkdw vslooryhuv d�hfw wkh qdwxuh ri wkh ohjlvod0
wlyh rxwfrph1 Krzhyhu/ lq frqwudvw wr wklv sdshu/ kh dvvxphv wkdw wkh orfdo
sxeolf jrrg lq hdfk glvwulfw lv glvfuhwh dqg wkdw flwl}hqv duh krprjhqhrxv1 Wkh
odwwhu dvvxpswlrq pdnhv ohjlvodwlyh hohfwlrqv vwudljkwiruzdug1 Ryhudoo/ Orfn0
zrrg*v irfxv lv frpsohphqwdu| zlwk rxuv/ sd|lqj juhdwhu dwwhqwlrq wr ohjlvodwlyh
surfhvvhv dqg ohvv dwwhqwlrq wr hohfwlrq rxwfrphv1

6 Wkh Prgho
Wkh hfrqrp| lv glylghg lqwr 5 jhrjudsklfdoo| glvwlqfw glvwulfwv lqgh{hg e| l 5
i4> 5j1 Hdfk glvwulfw kdv d frqwlqxxp ri flwl}hqv zlwk d pdvv ri xqlw|17 Wkhuh duh

6Klv dqdo|vlv eulh | frqvlghuv wkh h{whqvlrq wr d orfdo sxeolf jrrg1
7Zh ljqruh lvvxhv ri prelolw| lq wklv dqdo|vlv1 Zkloh vxfk frqvlghudwlrqv duh reylrxvo|

lpsruwdqw/ lqfrusrudwlqj wkhp lv vx!flhqwo| gl!fxow wkdw wkh| duh ehvw ohiw iru d vhsdudwh
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6 jrrgv lq wkh hfrqrp|> d vlqjoh sulydwh jrrg/ {/ dqg wzr orfdo sxeolf jrrgv/ j4
dqg j5/ hdfk rqh dvvrfldwhg zlwk d sduwlfxodu glvwulfw1 Wkh odwwhu fdq eh wkrxjkw
ri dv urdgv ru sdunv1 Hdfk flwl}hq lv hqgrzhg zlwk vrph ri wkh sulydwh jrrg1 Wr
surgxfh rqh xqlw ri hlwkhu ri wkh sxeolf jrrgv/ uhtxluhv s xqlwv ri wkh sulydwh
jrrg1

Hdfk flwl}hq lq glvwulfw l lv fkdudfwhul}hg e| d sxeolf jrrg suhihuhqfh sdudp0
hwhu �1 Wkh suhihuhqfhv ri d w|sh � flwl}hq lq glvwulfw l duh

{. �^+4� �,e+jl, . �e+j�l,`>

zkhuh e+�, lv d wzlfh frqwlqxrxvo| gl�huhqwldeoh/ lqfuhdvlqj/ dqg vwulfwo| frqfdyh
ixqfwlrq vdwlvi|lqj e+3, @ 31 Wkh sdudphwhu � 5 ^3> 4@5` lqgh{hv wkh ghjuhh ri
vslooryhuv > zkhq � @ 3 flwl}hqv fduh rqo| derxw wkh sxeolf jrrg lq wkhlu rzq
glvwulfw/ zkloh zkhq � @ 4@5 wkh| fduh htxdoo| derxw wkh sxeolf jrrgv lq erwk
glvwulfwv1 Zkloh vslooryhuv duh wkh vdph iru doo flwl}hqv/ wkrvh zlwk kljkhu �*v
ydoxh sxeolf jrrgv pruh kljko|1

Lq hdfk glvwulfw/ wkh udqjh ri suhihuhqfh w|shv lv ^3> �`1 Wkh phdq w|sh lq
glvwulfw l lv ghqrwhg e| pl dqg zh dvvxph wkurxjkrxw wkdw wklv htxdov wkh
phgldq w|sh18 Zh dvvxph wkdw wkh phdq w|sh lv dw ohdvw dv kljk lq glvwulfw 4
+p4 � p5,> wkdw p5 A s@e3+3, dqg wkdw 5p4 ? �1 Wkh uroh ri wkh odwwhu wzr
frqglwlrqv zloo ehfrph dssduhqw ehorz1

Xqghu d ghfhqwudol}hg v|vwhp/ wkh ohyho ri sxeolf jrrg lq hdfk glvwulfw lv
fkrvhq e| wkh jryhuqphqw ri wkdw glvwulfw dqg sxeolf h{shqglwxuhv duh �qdqfhg
e| d xqlirup khdg wd{ rq orfdo uhvlghqwv1 Wkxv/ li glvwulfw l fkrrvhv d sxeolf
jrrg ohyho jl/ hdfk flwl}hq lq glvwulfw l sd|v d wd{ ri sjl19 Xqghu d fhqwudol}hg
v|vwhp/ wkh ohyhov ri erwk sxeolf jrrgv duh ghwhuplqhg e| d jryhuqphqw wkdw
uhsuhvhqwv erwk glvwulfwv/ zlwk vshqglqj ehlqj �qdqfhg e| d xqlirup khdg wd{ rq
doo flwl}hqv1 Wkxv/ sxeolf jrrgv ohyhov +j4> j5,/ uhvxow lq d khdg wd{ ri

s
5 +j4.j5,1:

Rxu fulwhulrq iru frpsdulqj wkh shuirupdqfh ri fhqwudol}hg dqg ghfhqwudol}hg
v|vwhpv zloo eh djjuhjdwh sxeolf jrrg vxusoxv1 Zlwk sxeolf jrrg ohyhov +j4> j5,>
wklv lv

V+j4> j5, @ ^p4+4� �, .p5�`e+j4, . ^p5+4� �, .p4�`e+j5,� s+j4 . j5,=

Rxu dvvxpswlrq wkdw p4 � p5 A s@e3+3,> lpsolhv wkdw wkh vxusoxv pd{lpl}lqj
sxeolf jrrg ohyhov duh srvlwlyh iru doo vslooryhu ohyhov dqg vdwlvi| wkh Vdpxhovrq
frqglwlrqv

^pl+4� �, .p�l�`e
3+jl, @ s> l 5 i4> 5j=

sdshu1
8Wklv lv e| qr phdqv qhfhvvdu| wr xqghuwdnh wkh dqdo|vlv1 Lw mxvw vhuyhv wr vlpsoli| wkh

uhvxowv1 Wkh lqwhuhvwhg uhdghu vkrxog kdyh qr wurxeoh xqghuvwdqglqj krz uhod{lqj wkh dvvxps0
wlrq dowhuv wkh uhvxowv1

9Zh zloo dvvxph wkurxjkrxw wkdw flwl}hqv hqgrzphqwv duh odujh hqrxjk wr phhw wkhlu wd{
reoljdwlrqv1

:Vhfwlrq : glvfxvvhv wkh vljql�fdqfh ri frpprq �qdqflqj iru rxu uhvxowv1
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Ohwwlqj i+�, @ dujpd{i�e+i, � si = i � 3j/ wkh vxusoxv pd{lpl}lqj sxeolf
jrrg ohyhov fdq eh zulwwhq dv

+j4> j5, @ +i+p4+4� �, .p5�,> i+p5+4� �, .p4�,,=

Qrwh wkdw zkhq p4 A p5/ wkh vxusoxv pd{lpl}lqj ohyho lv kljkhu lq glvwulfw 4
iru doo � ? 4@51

7 Rdwhv* Dqdo|vlv= D Uhylhz
Pdq| sxeolf �qdqfh hfrqrplvwv* ylhzv rq wkh uhodwlyh phulwv ri ghfhqwudol}dwlrq
dqg fhqwudol}dwlrq kdyh ehhq vkdshg e| Rdwhv +4<:5,1 Wr surylgh wkh edfn0
jurxqg iru rxu dqdo|vlv/ zh eulh | uhylhz Rdwhv* dqdo|vlv lq rxu iudphzrun1
Rdwhv* vxssrvhv wkdw/ lq d ghfhqwudol}hg v|vwhp/ hdfk glvwulfw*v srolf| lv fkrvhq
lqghshqghqwo| e| d vrfldo sodqqhu zkrvh remhfwlyh lv wr pd{lpl}h sxeolf jrrgv
vxusoxv lq wkh glvwulfw1 Dffruglqjo|/ zh orrn iru d sdlu ri h{shqglwxuh ohyhov
+jg4 > j

g
5, wkdw vdwlvi|

jgl @ dujpd{
jl
ipl^+4� �,e+jl, . �e+jg�l,`� sjlj> l 5 i4> 5j=

Wdnlqj wkh �uvw rughu frqglwlrqv/ |lhogv=

+jg4 > j
g
5, @ +i+p4+4� �,,> i+p5+4� �,,,=

Hdfk glvwulfw*v sodqqhu rqo| wdnhv dffrxqw ri wkh ehqh�wv uhfhlyhg e| flwl}hqv
lq klv glvwulfw dqg/ dffruglqjo|/ orfdo sxeolf jrrg ghflvlrqv duh rqo| vxusoxv
pd{lpl}lqj zkhq wkhuh duh qr vslooryhuv1 Zlwk vslooryhuv/ sxeolf jrrgv duh
xqghusurylghg lq erwk glvwulfwv dqg wklv xqghusurylvlrq lv lqfuhdvlqj lq wkh
h{whqw ri vslooryhuv1

Lq d fhqwudol}hg v|vwhp/ Rdwhv dvvxphv wkdw d sodqqhu fkrrvhv d xqlirup
ohyho ri wkh sxeolf jrrg wr pd{lpl}h djjuhjdwh sxeolf jrrgv vxusoxv1 Wklv ohyho/
ghqrwhg jf/ vdwlv�hv

jf @ dujpd{
j
i^p4 .p5`e+j,� 5sjj>

|lhoglqj

jf @ i+
p4 .p5

5
,=

Wkh frpprq ohyho ri sxeolf jrrg lv lqghshqghqw ri wkh ohyho ri vslooryhuv dqg
htxdov wkh vxusoxv pd{lpl}lqj ohyho zkhq wkh glvwulfwv duh lghqwlfdo1 Krzhyhu/
zkhq p4 A p5/ fhqwudol}dwlrq xqghu0surylghv sxeolf jrrgv wr glvwulfw 4 dqg
ryhu0surylghv wkhp wr glvwulfw 5 h{fhsw zkhq � @ 4

5 1
Lw lv fohdu iurp wkhvh uhvxowv wkdw/ zkhq glvwulfwv duh krprjhqhrxv/ fhqwudo0

l}dwlrq grplqdwhv ghfhqwudol}dwlrq zkhqhyhu vslooryhuv duh suhvhqw1 Pruhryhu/
zkhq glvwulfwv duh qrw lghqwlfdo/ ghfhqwudol}dwlrq grplqdwhv zkhq wkhuh duh qr
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vslooryhuv zkloh fhqwudol}dwlrq lv ehwwhu zkhq vslooryhuv duh pd{lpdo1 Lw fdq dovr
eh vkrzq wkdw vxusoxv xqghu ghfhqwudol}dwlrq lv ghfuhdvlqj lq vslooryhuv/ vr wkdw
wkhuh lv d fulwlfdo ohyho ri vslooryhuv deryh zklfk fhqwudol}dwlrq grplqdwhv1 Wklv
|lhogv wkh iroorzlqj sursrvlwlrq1;

Sursrvlwlrq 4 +l, Xqghu Rdwhv* dvvxpswlrqv/ li wkh glvwulfwv duh lghqwlfdo dqg
vslooryhuv duh suhvhqw +� A 3,/ d fhqwudol}hg v|vwhp surgxfhv d kljkhu ohyho ri
vxusoxv wkdq grhv ghfhqwudol}dwlrq1 Li wkhuh duh qr vslooryhuv +� @ 3,/ wkh wzr
v|vwhpv jhqhudwh wkh vdph ohyho ri vxusoxv1 +ll, Li wkh glvwulfwv duh qrw lghqwlfdo/
wkhuh lv d fulwlfdo ydoxh ri �/ juhdwhu wkdq 3 exw ohvv wkdq 4

5 / vxfk wkdw d fhqwudol}hg
v|vwhp surgxfhv d kljkhu ohyho ri vxusoxv li dqg rqo| li � h{fhhgv wklv fulwlfdo ohyho1

Wkxv/ zlwkrxw vslooryhuv/ d ghfhqwudol}hg v|vwhp lv vxshulru 0 d uhvxow riwhq
uhihuuhg wr dv Rdwhv* Ghfhqwudol}dwlrq Wkhruhp1 Zlwk vslooryhuv dqg lghqwlfdo
glvwulfwv/ d fhqwudol}hg v|vwhp lv suhihuuhg1 Zlwk vslooryhuv dqg qrq0lghqwlfdo
glvwulfwv/ lw lv qhfhvvdu| wr frpsduh wkh pdjqlwxgh ri wkh wzr h�hfwv1 Fhqwudo0
l}dwlrq lv ghvludeoh li dqg rqo| li vslooryhuv duh vx!flhqwo| odujh1<

Wkh wudgh0r� lghqwl�hg e| Rdwhv uholhv fulwlfdoo| rq wkh dvvxpswlrq wkdw
h{shqglwxuhv xqghu fhqwudol}dwlrq duh xqlirup dfurvv glvwulfwv1 Li/ xqghu fhq0

;Wkh surri ri wklv dqg wkh vxevhtxhqw uhvxowv pd| eh irxqg lq wkh Dsshqgl{1
<Zkloh Rdwhv* dqdo|vlv lv w|slfdoo| lqwhusuhwhg dv vxjjhvwlqj wkdw khwhurjhqhlw| kxuwv wkh

fdvh iru fhqwudol}dwlrq/ wklv grhv qrw iroorz orjlfdoo| iurp klv dvvxpswlrqv1 Wr hvwdeolvk vxfk d
uhvxow/ lw zrxog eh qhfhvvdu| wr vkrz wkdw dv glvwulfwv ehfdph pruh khwhurjhqhrxv/ wkh fulwlfdo
ohyho ri vslooryhuv lqfuhdvhg1 Sursrvlwlrq � rqo| whoov xv wkdw wkh fulwlfdo ohyho ri vslooryhuv
lv kljkhu iru dq hfrqrp| zlwk khwhurjhqhrxv glvwulfwv wkdq iru dq hfrqrp| zlwk lghqwlfdo
glvwulfwv1 Lq idfw/ wkhuh lv qr jxdudqwhh wkdw wkh fulwlfdo ohyho lv ghfuhdvlqj lq khwhurjhqhlw|1
Wklv lv ehfdxvh khwhurjhqhlw| fdq zruvhq wkh vrfldo frvwv ri xqghu0surylvlrq dqg khqfh kdv
dq dpeljxrxv h�hfw rq vxusoxv xqghu ghfhqwudol}dwlrq1 Wkh lvvxh pd| eh dqdo|}hg e| ohwwlqj
7_E�c V� ghqrwh vxusoxv xqghu ghfhqwudol}dwlrq zlwk vslooryhuv V/ zkhq E6�c62� ' E�1c E� 3
��1�1 Wkhq/ vlqfh vxusoxv xqghu fhqwudol}dwlrq lv lqghshqghqw ri erwk � dqg V/ wkh fulwlfdo
ydoxh ri V/ ghqrwhg VWE��/ lv xqltxho| gh�qhg e| wkh htxdwlrq= 7_E�c VW� ' 7S

J1 Wr vkrz wkdw
VW lv dq lqfuhdvlqj ixqfwlrq ri �/ lw lv qhfhvvdu| wr vkrz wkdw iru doo �/ Y7_E�c VW�*Y� : f1
Gl�huhqwldwlqj/ zh kdyh=

Y7_E�c V�

Y�
' 1E�3 2V�dKEsE1�E�3 V���3 KEsE1E�3 ��E�3 V���o

n1VRt
�3 �

�
s �E1�E�3 V��3

�

�3 �
s �E1E�3 ��E�3 V����

Wkh �uvw whup lv wkh gluhfw h�hfw ri lqfuhdvlqj khwhurjhqhlw| dqg lv srvlwlyh1 Lw uh hfwv wkh
idfw wkdw/ xqghu ghfhqwudol}dwlrq/ glvwulfw � kdv d kljkhu ohyho ri sxeolf jrrgv wkdq glvwulfw
2/ dqg juhdwhu khwhurjhqhlw| frqfhqwudwhv flwl}hqv zlwk kljkhu wdvwhv iru sxeolf jrrgv lq wkh
kljk sxeolf jrrg glvwulfw1 Wkh vhfrqg whup uh hfwv wkh lqgluhfw h�hfw ri khwhurjhqhlw|/ zklfk
zrunv wkurxjk fkdqjhv lq wkh sxeolf jrrg ohyhov ri wkh wzr glvwulfwv1 Dv wkh glvwulfwv ehfrph
pruh khwhurjhqhrxv/ wkh �uvw ehvw ohyho ri orfdo sxeolf jrrgv ulvhv iru glvwulfw � dqg idoov iru
glvwulfw 21 Lq wkh htxloleulxp/ glvwulfw � doorfdwhv pruh uhvrxufhv wr sxeolf jrrgv dqg glvwulfw
2 doorfdwhv ohvv1 Vlqfh orfdo sxeolf jrrgv duh xqghu0surylghg lq htxloleulxp/ wkh �uvw h�hfw
udlvhv vxusoxv dqg wkh odwwhu orzhuv lw1 Wkh vhfrqg whup uh hfwv wkhvh wzr h�hfwv/ wkh �uvw
sduw wkh ehqh�wv iurp lqfuhdvlqj surylvlrq lq glvwulfw 4 dqg wkh vhfrqg sduw wkh frvwv iurp
uhgxflqj surylvlrq lq glvwulfw 21 Vlqfh � D �*2/ wklv vhfrqg whup lv qhjdwlyh li s ��Ek� $ f1
Lw lv fohdu wkdw wkh �uvw whup jrhv wr }hur dv vslooryhuv lqfuhdvh/ dqg khqfh lw lv srvvleoh wkdw
Y7_E�c V�*Y� 	 f1 Wklv idfw pdnhv lw srvvleoh wr frqvwuxfw h{dpsohv lq zklfk wkh fulwlfdo
ydoxh ri vslooryhuv lv dfwxdoo| ghfuhdvlqj lq khwhurjhqhlw|1

:



wudol}dwlrq/ wkh sodqqhu frxog fkrrvh gl�huhqw ohyhov ri sxeolf jrrgv iru wkh wzr
glvwulfwv/ kh zrxog fkrrvh wkh vxusoxv pd{lpl}lqj ohyho iru hdfk glvwulfw1 Wkxv/
d fhqwudol}hg v|vwhp zrxog dozd|v surgxfh dw ohdvw dv pxfk vxusoxv dv d ghfhq0
wudol}hg v|vwhp dqg vwulfwo| pruh lq wkh suhvhqfh ri vslooryhuv1 Khqfh/ vlqfh wkh
uhdvrq iru lpsrvlqj wkh xqliruplw| frqvwudlqw vhhpv xqfohdu rq erwk hpslulfdo
dqg wkhruhwlfdo jurxqgv/ Rdwhv* dqdo|vlv lv vxvshfw1

8 D Srolwlfdo Hfrqrp| Dqdo|vlv

814 Srolf| ghwhuplqdwlrq xqghu ghfhqwudol}dwlrq

Xqghu ghfhqwudol}dwlrq/ zh dvvxph wkdw hdfk glvwulfw hohfwv d uhsuhvhqwdwlyh
wr fkrrvh srolf|143 Iroorzlqj wkh flwl}hq0fdqglgdwh dssurdfk/ wklv uhsuhvhqwd0
wlyh lv d flwl}hq iurp wkh glvwulfw lq txhvwlrq1 Dffruglqjo|/ uhsuhvhqwdwlyhv duh
fkdudfwhul}hg e| wkhlu sxeolf jrrg suhihuhqfhv �1 Wkhuh lv qr h{ dqwh srolf|
frpplwphqw/ vr wkdw wkhvh suhihuhqfhv ghwhuplqh wkhlu srolf| fkrlfhv li wkh|
zlq r!fh1

Wkh srolf| ghwhuplqdwlrq surfhvv kdv wzr vwdjhv1 Iluvw/ hohfwlrqv ghwhuplqh
zklfk flwl}hqv duh vhohfwhg wr uhsuhvhqw wkh wzr glvwulfwv1 Vhfrqg/ srolflhv duh
fkrvhq vlpxowdqhrxvo| e| wkh hohfwhg uhsuhvhqwdwlyh lq hdfk glvwulfw1 Zrunlqj
edfnzdugv/ ohw wkh w|shv ri wkh uhsuhvhqwdwlyhv lq glvwulfwv 4 dqg 5 eh �4 dqg
�51 Wkhq wkh srolf| rxwfrph +j4+�4,> j5+�5,, vdwlv�hv

jl+�l, @ dujpd{
jl
i�l^+4� �,e+jl, . �e+j�l+��l,,`� sjlj iru l 5 i4> 5j =

Vroylqj wklv |lhogv

+j4+�4,> j5+�5,, @ +i+�4+4� �,,> i+�5+4� �,,,=

Hdfk glvwulfw*v vshqglqj lv kljkhu wkh vwurqjhu lv wkh sxeolf jrrgv suhihuhqfh ri
lwv uhsuhvhqwdwlyh dqg orzhu wkh kljkhu wkh ohyho ri vslooryhuv1

Li wkh uhsuhvhqwdwlyhv lq glvwulfwv 4 dqg 5 duh ri w|shv �4 dqg �5/ d flwl}hq ri
w|sh � lq glvwulfw l zloo hqmr| d sxeolf jrrgv vxusoxv

�^+4� �,e+jl+�l,, . �e+j�l+��l,,`� sjl+�l,=

Wkhvh suhihuhqfhv ryhu w|shv ghwhuplqh flwl}hqv* yrwlqj ghflvlrqv1 D sdlu ri
uhsuhvhqwdwlyh w|shv +��4> �

�
5, lv pdmrulw| suhihuuhg xqghu ghfhqwudol}dwlrq li/ lq

hdfk glvwulfw l> d pdmrulw| ri flwl}hqv suhihu wkh w|sh ri wkhlu uhsuhvhqwdwlyh wr
dq| rwkhu w|sh � 5 ^3> �`/ jlyhq wkh w|sh ri wkh rwkhu glvwulfw*v uhsuhvhqwdwlyh
���l1

43Zh uhfrjql}h wkdw/ lq wkh uhdo zruog/ ghflvlrqv lq ghfhqwudol}hg v|vwhpv duh w|slfdoo| pdgh
e| ohjlvodwxuhv frqvlvwlqj ri hohfwhg uhsuhvhqwdwlyhv ri hdfk ri wkh vxe0glvwulfwv ri wkh glvwulfwv1
Rxu dvvxpswlrq wkdw ghflvlrqv duh pdgh e| d vlqjoh uhsuhvhqwdwlyh lv vlpso| wu|lqj wr fdswxuh
wkh uhdolw| wkdw wkhuh zloo eh d juhdwhu frpprqdolw| ri lqwhuhvw dfurvv wkhvh vxe0glvwulfwv wkdq
dfurvv glvwulfwv1 Lq wkh h{wuhph/ zkhq doo vxe0glvwulfwv lq d glvwulfw duh krprjhqhrxv dqg doo
lpsdfwhg e| wkh sxeolf jrrg lq wkh vdph zd|/ wkhq wkh| zloo doo zlvk wr hohfw wkh vdph w|sh
ri uhsuhvhqwdwlyh dqg wkh glvwulfw ohjlvodwxuh zloo dfw dv li lw lv d vlqjoh lqglylgxdo1

;



Zh dvvxph wkdw wkh hohfwhg uhsuhvhqwdwlyhv lq wkh wzr glvwulfwv zloo eh ri
wkhvh pdmrulw| suhihuuhg w|shv1 Wkxv/ li wkh pdmrulw| suhihuuhg w|shv duh +��4> �

�
5,/

wkh srolf| rxwfrph xqghu ghfhqwudol}dwlrq zloo eh +j4+�
�
4,> j5+�

�
5,,1 Wkhuh duh

wzr srvvleoh mxvwl�fdwlrqv1 Iluvw/ wkhuh lv dq htxloleulxp ri wkh flwl}hq0fdqglgdwh
prgho lq zklfk d fdqglgdwh ri wkh pdmrulw| suhihuuhg w|sh iurp hdfk glvwulfw
uxqv dqg lv hohfwhg xqrssrvhg144 Vhfrqg/ li lq hdfk glvwulfw/ wzr Grzqvldq
sduwlhv frpshwh iru r!fh e| vhohfwlqj fdqglgdwhv/ htxloleulxp zloo lqyroyh erwk
sduwlhv lq hdfk glvwulfw vhohfwlqj fdqglgdwhv ri wkh pdmrulw| suhihuuhg w|sh1

Wkh rswlpdo w|sh ri uhsuhvhqwdwlyh iru d flwl}hq ri w|sh � lq glvwulfw l pd{0
lpl}hv �+4� �,e+jl+�l,,� sjl+�l,= Vlqfh d w|sh � fdqglgdwh fkrrvhv wkh sxeolf
jrrg ohyho wkdw vroyhv wklv sureohp/ hdfk flwl}hq suhihuv d fdqglgdwh ri klv rzq
w|sh1 Flwl}hqv* suhihuhqfhv ryhu w|shv duh vlqjoh0shdnhg45 lpso|lqj wkdw d sdlu
ri uhsuhvhqwdwlyh w|shv lv pdmrulw| suhihuuhg xqghu ghfhqwudol}dwlrq li dqg rqo|
li lw lv d phgldq sdlu> l1h1/ +��4> �

�
5, @ +p4>p5,1 Wkxv zh kdyh=

Ohppd 4 Wkh srolf| rxwfrph xqghu ghfhqwudol}dwlrq lv

+j4> j5, @ +i+p4+4� �,,> i+p5+4� �,,,=

Wklv kdv d frqyhqwlrqdo  dyru vlqfh orfdo sxeolf jrrg surylvlrq uhvshfwv wkh
suhihuhqfhv ri wkh phgldq yrwhu zlwklq d glvwulfw1 Wklv lv zhoo nqrzq iru sxuh
orfdo sxeolf jrrgv +� @ 3,/ dqg kdv vhuyhg dv wkh zrunkruvh suhglfwlyh prgho
iru orfdo sxeolf �qdqfh � vhh Uxelqihog +4<;:,1 Lw dovr krogv lq rxu prgho zkhq
� A 3146 Xqghu rxu dvvxpswlrq wkdw wkh phgldq wdvwh lq hdfk glvwulfw htxdov
wkh phdq/ rxu prgho djuhhv zlwk Rdwhv* dqdo|vlv ri ghfhqwudol}dwlrq1

815 Srolf| ghwhuplqdwlrq xqghu fhqwudol}dwlrq

Wkh srolf| ghwhuplqdwlrq surfhvv xqghu fhqwudol}dwlrq dovr kdv dq hohfwlrq dqg
d srolf| vhohfwlrq vwdjh1 Rqh flwl}hq iurp hdfk glvwulfw lv hohfwhg wr vhuyh lq
d ohjlvodwxuh1 Wkh ohjlvodwxuh wkhq ghwhuplqhv sxeolf vshqglqj lq hdfk glvwulfw1
D nh| lvvxh lv krz wr dssurdfk ghflvlrq pdnlqj lq wkh ohjlvodwxuh1 Wkhuh lv
qr vwdqgdug prgho lq wkh olwhudwxuh dowkrxjk d qxpehu ri gl�huhqw dssurdfkhv
kdyh ehhq vxjjhvwhg147 Rxu ehqfkpdun prgho fdswxuhv wkh plqlpxp zlqqlqj
frdolwlrq ylhz ri glvwulexwlyh srolf|0pdnlqj148 Xqghu wklv ylhz/ d frdolwlrq ri

44Wklv dvvxphv wkdw wkh frvwv ri uxqqlqj duh vpdoo dqg wkdw qr sxeolf jrrg zrxog eh
surylghg li qr0erg| udq1 Wkh orjlf lv edvlfdoo| wkdw lq Sursrvlwlrq 2 ri Ehvoh| dqg Frdwh
+4<<:,1 Li wkhuh duh shutxlvlwhv ri r!fh/ wkhq pxowlsoh fdqglgdwhv ri wkh pdmrulw|0suhihuuhg
w|sh pljkw uxq1

45Jlyhq dq| wzr w|shv b� dqg b�

�
vxfk wkdw b� 	 b�

�
	 b ru b 	 b�

�
	 b�/ w|sh b flwl}hqv

dozd|v suhihu w|sh b�

�
flwl}hqv1

46Wkh dvvxpswlrq wkdw suhihuhqfhv duh dgglwlyh lv fulwlfdo iru wklv uhvxow1 Lw zrxog qr orqjhu
eh rswlpdo iru wkh phgldq yrwhu wr hohfw d phgldq flwl}hq zlwk V : f/ li wkh sxeolf jrrgv
zhuh frpsohphqwv ru vxevwlwxwhv1 Iru h{dpsoh/ vxevwlwxwhv jlyh dq lqfhqwlyh iru wkh phgldq
w|shv wr hohfw d flwl}hq ehorz wkh phgldq wr uhsuhvhqw wkhp/ wkxv dffhqwxdwlqj wkh iuhh0ulghu
sureohp1

47Vhh Froolh +4<;;, iru d uhylhz1
48Glvwulexwlyh srolflhv duh wkrvh/ olnh fhqwudoo| �qdqfhg orfdo sxeolf jrrgv/ wkdw sulpdulo|

ehqh�w wkh frqvwlwxhqwv ri rqh glvwulfw exw zkrvh frvwv duh eruqh froohfwlyho|1
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84( ri wkh uhsuhvhqwdwlyhv irupv wr vkduh wkh ehqh�wv ri sxeolf vshqglqj dprqj
wkhlu glvwulfwv1 Glvwulfwv zkrvh uhsuhvhqwdwlyhv gr qrw ehorqj wr wklv frdolwlrq duh
rqo| doorfdwhg vshqglqj wr wkh h{whqw wkdw wklv ehqh�wv frdolwlrq phpehuv1 Wkh
orjlf lv wkdw/ lq d pdmrulw| uxoh ohjlvodwxuh/ li wkhuh zhuh dq| pruh wkdq 84( ri
wkh uhsuhvhqwdwlyhv lq wkh frdolwlrq vxssruwlqj wkh vshqglqj eloo/ wkh pdmrulw| ri
frdolwlrq phpehuv zrxog ehqh�w iurp h{shoolqj wkh vxusoxv phpehuv dqg ixuwkhu
frqfhqwudwlqj vshqglqj rq wkhlu rzq glvwulfwv1 Vlqfh wkhuh duh pdq| srvvleoh
plqlpxp zlqqlqj frdolwlrqv/ wklv ylhz vxjjhvwv wkdw wkhuh zloo eh xqfhuwdlqw|
frqfhuqlqj wkh lghqwlw| ri wkh frdolwlrq wkdw frdohvfhv wr ghwhuplqh vshqglqj149

Lq rxu wzr glvwulfw prgho/ hdfk uhsuhvhqwdwlyh fdq eh wkrxjkw ri dv d plql0
pxp zlqqlqj frdolwlrq/ vr zh pd| fdswxuh wklv ylhz e| dvvxplqj wkdw hdfk glv0
wulfw*v uhsuhvhqwdwlyh lv vhohfwhg wr fkrrvh srolf| zlwk htxdo suredelolw|1 Wkxv/ li
wkh uhsuhvhqwdwlyhv duh ri w|shv �4 dqg �5/ wkh srolf| rxwfrph zloo eh +j44+�4,> j

4
5+�4,,

zlwk suredelolw| 4@5 dqg +j54+�5,> j
5
5+�5,,zlwk suredelolw| 4@5zkhuh +j

l
4+�l,> j

l
5+�l,,

lv wkh rswlpdo fkrlfh ri glvwulfw l*v uhsuhvhqwdwlyh> wkdw lv/

+jl4+�l,> j
l
5+�l,, @ duj pd{

+jl>j�l,
i�l^+4� �,e+jl, . �e+j�l,`� s

5
+jl . j�l,j=

Lw lv hdvlo| fkhfnhg wkdw

+jll+�l,> j
l
�l+�l,, @ +i+5�l+4� �,,> i+5�l�,,> l 5 i4> 5j=

Zh uhihu wr wklv ohjlvodwlyh ehkdylru dv qrq0frrshudwlyh dv lw ohdyhv rshq wkh
srvvlelolw| ri jdlqv wr frrshudwlrq dprqj uhsuhvhqwdwlyhv1 Ehorz/ zh frqvlghu
wkh lpsolfdwlrqv ri dvvxplqj wkdw wkh ohjlvodwruv fdswxuh wkhvh jdlqv e| vrph
irup ri edujdlqlqj1

Li wkh uhsuhvhqwdwlyhv* w|shv duh �4 dqg �5/ d flwl}hq ri w|sh � lq glvwulfw l
rewdlqv dq h{shfwhg sxeolf jrrgv* vxusoxv ri

4

5

[
n5i4>5j

i�^+4� �,e+jnl +�n,, . �e+jn�l+�n,,`�
s+jn4 +�n, . jn5+�n,,

5
j=

D sdlu ri uhsuhvhqwdwlyh w|shv +��4> �
�
5, lv pdmrulw| suhihuuhg li/ lq hdfk glvwulfw

d pdmrulw| ri flwl}hqv suhihu wkh w|sh ri wkhlu uhsuhvhqwdwlyh wr dq| rwkhu w|sh/
jlyhq wkh rwkhu glvwulfw*v uhsuhvhqwdwlyh w|sh1 Dv deryh/ zh dvvxph wkdw wkh
hohfwhg uhsuhvhqwdwlyhv lq wkh wzr glvwulfwv zloo eh ri wkh pdmrulw| suhihuuhg
w|shv14: Wkxv/ li wkh pdmrulw| suhihuuhg uhsuhvhqwdwlyh w|shv duh +��4> �

�
5,/ wkh

49 Lq vrph wkhrulhv/ wkh lghqwlw| ri wkh plqlpxp zlqqlqj frdolwlrq ghshqgv rq wkh srolf|
suhihuhqfhv ri wkh ohjlvodwruv +Ihuhmrkq/ Ilrulqd dqg PfNhoyh| +4<;:, dqg Edurq +4<<4,,1
Wklv fuhdwhv lqfhqwlyhv iru yrwhuv wr vhohfw uhsuhvhqwdwlyhv zkrvh suhihuhqfhv duh vxfk wkdw
wkh| duh lqfoxghg lq wkh plqlpxp zlqqlqj frdolwlrq +Qlrx dqg Rughvkrrn +4<;8,/ Fkdul/
Mrqhv dqg Pdulprq +4<<:, dqg Frdwh +4<<:,,1 Lq htxloleulxp/ wkhuhiruh/ wkh vhw ri hohfwhg
uhsuhvhqwdwlyhv lv vxfk wkdw wkh lghqwlw| ri wkh plqlpxp zlqqlqj frdolwlrq lv xqfhuwdlq1 Zkloh
rxu vshfl�fdwlrq ri qrq0frrshudwlyh ohjlvodwlyh ehkdylru devwudfwv iurp vxfk frqvlghudwlrqv/
wkh| rqo| vhuyh wr uhlqirufh wkh edvlf wkuxvw ri rxu dujxphqwv1

4:Wkh wzr mxvwl�fdwlrqv jlyhq lq wkh ghfhqwudol}hg fdvh uhpdlq ydolg1 Vhh Frdwh +4<<:, iru
pruh glvfxvvlrq ri wkh flwl}hq0fdqglgdwh dssurdfk wr ohjlvodwlyh hohfwlrqv1
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srolf| rxwfrph zloo eh +j44+�
�
4,> j

4
5+�

�
4,, zlwk suredelolw| 4@5 dqg +j54+�

�
5,> j

5
5+�

�
5,,

zlwk suredelolw| 4@51
Wklv prgho ri wkh ohjlvodwxuh lpsolhv wkdw hdfk glvwulfw l*v uhsuhvhqwdwlyh

rqo| d�hfwv wkh rxwfrph li kh lv vhohfwhg wr fkrrvh srolf| dqg wkhq kh vhohfwv klv
xwlolw| pd{lpl}lqj srolf|1 Wklv lpsolhv wkdw hdfk flwl}hq suhihuv d fdqglgdwh ri
klv rzq w|sh1 Wkxv/ d sdlu ri uhsuhvhqwdwlyh w|shv lv pdmrulw| suhihuuhg li dqg
rqo| li lw lv d phgldq sdlu> l1h1/ +��4> �

�
5, @ +p4>p5,1 Wklv hvwdeolvkhv=

Ohppd 5 Wkh srolf| rxwfrph xqghu fhqwudol}dwlrq zlwk d qrq0frrshudwlyh ohjlv0
odwxuh lv +j4> j5, @ +i+5p4+4��,,> i+5p4�,, zlwk suredelolw| 4@5 dqg +j4> j5, @
+i+5p5+4� �,,> i+5p5�,, zlwk suredelolw| 4@51

Wklv uhvxow pdnhv fohdu wkh gudzedfnv ri fhqwudol}dwlrq zkhq srolflhv duh gh0
whuplqhg e| plqlpxp zlqqlqj frdolwlrqv1 Wkh �uvw sureohp lv wkdw hdfk glvwulfw
idfhv xqfhuwdlqw| dv wr wkh dprxqw ri sxeolf jrrg wkdw lw zloo uhfhlyh/ uh hfwlqj
wkh xqfhuwdlqw| lq wkh lghqwlw| ri wkh plqlpxp zlqqlqj frdolwlrq1 Wkh vhfrqg
sureohp frqfhuqv wkh ohyhov ri wkh sxeolf jrrgv fkrvhq e| hdfk plqlpxp zlq0
qlqj frdolwlrq1 Iru orz ohyhov ri vslooryhuv/ sxeolf jrrgv duh ryhu0surylghg wr
glvwulfwv lq wkh plqlpxp zlqqlqj frdolwlrq dqg xqghu0surylghg wr wkrvh rxwvlgh
wkh frdolwlrq/ uh hfwlqj wkh exgjhwdu| h{whuqdolw| fuhdwhg e| frpprq �qdqflqj1
Zkloh kljkhu vslooryhuv ohdg wkrvh lq wkh plqlpxp zlqqlqj frdolwlrq wr doorfdwh
sxeolf jrrgv wr glvwulfwv rxwvlgh wkh frdolwlrq/ wkh fkrvhq ohyhov vwloo rqo| uh hfw
wkh suhihuhqfhv ri wkrvh lq wkh frdolwlrq1 Zkhq p4 A p5/ glvwulfw 4*v uhsuhvhq0
wdwlyh dozd|v ryhu0surylghv orfdo sxeolf jrrgv wr klv rzq glvwulfw/ zkloh glvwulfw
5*v uhsuhvhqwdwlyh dozd|v xqghu0surylghv orfdo sxeolf jrrgv wr glvwulfw 41 Lw lv
rqo| zkhq wkh glvwulfwv duh lghqwlfdo dqg vslooryhuv duh frpsohwh lq wkh vhqvh
wkdw � @ 4@5/ wkdw fhqwudol}dwlrq surgxfhv wkh vxusoxv pd{lpl}lqj ohyho ri orfdo
sxeolf jrrgv1

816 Ghfhqwudol}dwlrq yhuvxv fhqwudol}dwlrq

Zh kdyh douhdg| vhhq wkdw sxeolf jrrgv ohyhov duh vxusoxv pd{lpl}lqj xqghu
ghfhqwudol}dwlrq lq wkh devhqfh ri vslooryhuv1 Fhqwudol}dwlrq/ rq wkh rwkhu kdqg/
surgxfhv wkh vxusoxv pd{lpl}lqj sxeolf jrrgv ohyhov rqo| li wkh glvwulfwv duh
lghqwlfdo dqg vslooryhuv duh frpsohwh1 Wkxv/ zlwk lghqwlfdo glvwulfwv/ ghfhqwudo0
l}dwlrq grplqdwhv zkhq vslooryhuv duh vpdoo dqg fhqwudol}dwlrq grplqdwhv zkhq
vslooryhuv duh odujh1 Zlwk qrq0lghqwlfdo glvwulfwv/ rqo| wkh iruphu vwdwhphqw ds0
solhv1 Zh fdq dovr vkrz wkdw/ lq wkh fdvh ri lghqwlfdo glvwulfwv/ wkh shuirupdqfh
ri fhqwudol}dwlrq lv lqfuhdvlqj lq �1 Lqfuhdvlqj vslooryhuv fdxvhv hdfk glvwulfw*v
uhsuhvhqwdwlyh wr uhgxfh klv rzq glvwulfw*v sxeolf jrrg ohyho dqg lqfuhdvh wkdw
ri wkh rwkhu glvwulfw +dvvxplqj lw lv srvlwlyh,1 Wklv udlvhv vxusoxv vlqfh or0
fdo sxeolf jrrgv duh ryhu0surylghg lq wkh ghflvlyh uhsuhvhqwdwlyh*v glvwulfw dqg
xqghu0surylghg lq wkh rwkhu glvwulfw1 Lw iroorzv wkdw wkhuh h{lvwv d fulwlfdo ydoxh
ri vslooryhuv deryh zklfk fhqwudol}dwlrq grplqdwhv zkhq glvwulfwv duh lghqwlfdo1

Sursrvlwlrq 5 +l, Zlwk d qrq0frrshudwlyh ohjlvodwxuh/ li wkh glvwulfwv duh lghq0
wlfdo/ wkhuh h{lvwv d fulwlfdo ydoxh ri �/ vwulfwo| juhdwhu wkdq 3 exw ohvv wkdq 4

5 /
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vxfk wkdw d fhqwudol}hg v|vwhp surgxfhv d kljkhu ohyho ri vxusoxv li dqg rqo| li �
h{fhhgv wklv fulwlfdo ohyho1 +ll, Li wkh glvwulfwv duh qrw lghqwlfdo/ d ghfhqwudol}hg
v|vwhp surgxfhv d kljkhu ohyho ri vxusoxv zkhq vslooryhuv duh vx!flhqwo| vpdoo1

Frpsdulqj wklv zlwk Sursrvlwlrq 4/ wkhuh duh wzr pdlq gl�huhqfhv1 Iluvw/
Rdwhv* dqdo|vlv vxjjhvwv wkdw zlwk lghqwlfdo glvwulfwv/ fhqwudol}dwlrq lv ehwwhu
wkdq ghfhqwudol}dwlrq iru doo vslooryhu ohyhov1 Krzhyhu/ wkh srolwlfdo hfrq0
rp| dqdo|vlv uhyhuvhv wkh frqfoxvlrq iru vpdoo vslooryhu ohyhov1 Zlwk d qrq0
frrshudwlyh ohjlvodwxuh/ sxeolf jrrg ghflvlrqv uh hfw rqo| wkh suhihuhqfhv ri
wkrvh uhsuhvhqwdwlyhv lq wkh plqlpxp zlqqlqj frdolwlrq1 Iru vpdoo vslooryhu
ohyhov/ phpehuv ri wklv frdolwlrq kdyh qr lqfhqwlyh wr surylgh sxeolf jrrgv wr
wkrvh rxwvlgh1 Wklv eldvhv sxeolf vshqglqj ohyho wrzdugv d sduwlfxodu vhw ri glv0
wulfwv1 Wklv/ frxsohg zlwk wkh udqgrp lghqwlw| ri wkh plqlpxp zlqqlqj frdol0
wlrq/ fuhdwhv d orvv ri vxusoxv uhodwlyh wr ghfhqwudol}dwlrq1 Dv vslooryhuv lqfuhdvh/
phpehuv ri wkh plqlpxp zlqqlqj frdolwlrq doorfdwh pruh vshqglqj wr glvwulfwv
zkrvh uhsuhvhqwdwlyhv duh rxwvlgh wkh frdolwlrq lqfuhdvlqj djjuhjdwh vxusoxv dqg
vwuhqjwkhqlqj wkh fdvh iru fhqwudol}dwlrq1 Dw wkh vdph wlph/ ghfhqwudol}dwlrq lv
ohvv dwwudfwlyh dv orfdoo| hohfwhg ohdghuv iuhh0ulgh rq hdfk rwkhu*v srolflhv1

Wkh vhfrqg gl�huhqfh zlwk Sursrvlwlrq 4 dulvhv zkhq glvwulfwv duh qrw lghq0
wlfdo1 Zkloh Rdwhv* dqdo|vlv vkrzv wkdw fhqwudol}dwlrq pxvw grplqdwh ghfhqwudo0
l}dwlrq iru vx!flhqwo| odujh vslooryhuv/ Sursrvlwlrq 5 r�huv qr vxfk dvvxudqfh1
Lqghhg/ qr vxfk dvvxudqfh lv srvvleoh/ dv rxu qh{w Sursrvlwlrq zloo ghprqvwudwh1
Lw vkrzv wkdw/ iru vx!flhqwo| glyhuvh glvwulfwv/ ghfhqwudol}dwlrq lv ehwwhu wkdq
fhqwudol}dwlrq zkhq vslooryhuv duh pd{lpdo iru dq h{dpsoh zkhuh e+j, @ oq+4.j,1
Wr vkrz wklv/ zh xvh wkh iroorzlqj vlpsoh zd| ri uhsuhvhqwlqj wkh ghjuhh ri khw0
hurjhqhlw| ehwzhhq wkh wzr glvwulfwv1 Ohw +p4>p5, @ +��> �+4 � �,, iru vrph
� A 5s@e3+3, zkhuh � phdvxuhv wkh ghjuhh ri furvv0glvwulfw khwhurjhqhlw|1 Glv0
wulfwv duh lghqwlfdo li � @ 4@5/ dqg ehfrph pruh khwhurjhqhrxv dv � lqfuhdvhv1
Vlqfh d ydoxh ri � htxdo wr 4� s@�e3+3, lpsolhv wkdw p5 @ s@e3+3,/ frqvlvwhqf|
zlwk rxu dvvxpswlrqv lpsolhv wkdw � ? 4� s@�e3+3,1

Sursrvlwlrq 6 Vxssrvh wkdw e+j, @ oq+4 . j, dqg wkdw +p4>p5, @ +��> �+4 �
�,, iru vrph � A 7s dqg � 5 ^45 > 4 � s@�,1 Wkhq/ iru vx!flhqwo| odujh �/
ghfhqwudol}dwlrq surgxfhv d kljkhu ohyho ri vxusoxv wkdq fhqwudol}dwlrq zlwk d
qrq0frrshudwlyh ohjlvodwxuh zkhq vslooryhuv duh pd{lpdo1

Wr xqghuvwdqg wkh uhvxow/ frqvlghu zkdw kdsshqv zkhq vslooryhuv duh pd{l0
pdo dqg � lv forvh wr 4�s@�e3+3,= Wkh vxusoxv pd{lpl}lqj sxeolf jrrgv ohyhov duh
wkhq i+�5, iru erwk glvwulfwv1 Xqghu ghfhqwudol}dwlrq/ glvwulfw 5 surylghv qr orfdo
sxeolf jrrgv zkloh glvwulfw 4 surylghv i+�5�,1 Xqghu fhqwudol}dwlrq/ glvwulfw 5*v
uhsuhvhqwdwlyh surylghv doprvw qr sxeolf jrrgv iru hlwkhu glvwulfw li kh lv vhohfwhg
zkloh glvwulfw 4*v uhsuhvhqwdwlyh surylghv i+��, iru erwk glvwulfwv1 Jlyhq wkdw
hdfk glvwulfw*v uhsuhvhqwdwlyh lv vhohfwhg zlwk htxdo suredelolw|/ wklv lv doprvw
htxlydohqw wr rqh glvwulfw kdylqj qr sxeolf jrrgv dqg wkh rwkhu kdylqj i+��,1
Khqfh/ wkh rqo| uhdo gl�huhqfh ehwzhhq wkh wzr v|vwhpv lv wkdw/ xqghu ghfhqwudo0
l}dwlrq/ wkh glvwulfw zlwk sxeolf jrrgv kdv i+ �5�, zkloh/ xqghu fhqwudol}dwlrq/ lw
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kdv i+��,1 Frpsdulqj wklv zlwk wkh vxusoxv pd{lpl}lqj ohyho/ ghfhqwudol}dwlrq
surgxfhv wrr olwwoh ri wkh sxeolf jrrg dqg fhqwudol}dwlrq wrr pxfk1 Krzhyhu/ li
s@�e3+3, lv vx!flhqwo| vpdoo/ wkhq wkh sxeolf jrrgv ohyho i+ �5�, lv suhihuuhg wr
i+��, zkhq � lv qhdu lwv xsshu erxqg ri 4� s@�e3+3,= Lq wkh orjdulwkplf fdvh/
e3+3, @ 4 dqg wkh dvvxpswlrq wkdw s@� ? 4@7 lv vx!flhqw wr |lhog wkh uhvxow1

Zkloh ghfhqwudol}dwlrq fdq grplqdwh fhqwudol}dwlrq iru doo vslooryhu ohyhov
zkhq glvwulfwv duh qrw lghqwlfdo/ lv lw vwloo wkh fdvh wkdw wkh uhodwlyh shuirupdqfh
ri fhqwudol}dwlrq lv qhfhvvdulo| lqfuhdvlqj lq vslooryhuvB Wklv lv d gl!fxow txhvwlrq
lq jhqhudo/ exw zh kdyh ehhq deoh wr �qg frqglwlrqv xqghu zklfk lw lv wuxh1

Sursrvlwlrq 7 Zlwk d qrq0frrshudwlyh ohjlvodwxuh/ wkh uhodwlyh shuirupdqfh ri
fhqwudol}dwlrq lv lqfuhdvlqj lq wkh ghjuhh ri vslooryhuv li +l, p5 A 5s@e3+3, dqg
+ll, iru doo � � s@e3+3,> i 33+�, � 3 dqg �i 33+�,�

i 3+�, ? p5

p4�p5

1

Zkdw pdnhv wkh sureohp gl!fxow lv wkdw zh fdq qr orqjhu jxdudqwhh wkdw
lqfuhdvlqj vslooryhuv zloo pryh doo wkh sxeolf jrrg ohyhov lq d vxusoxv pd{lpl}lqj
gluhfwlrq xqghu fhqwudol}dwlrq zkhq glvwulfwv gl�hu1 Vlqfh p4 A p5/ glvwulfw 4*v
uhsuhvhqwdwlyh zloo dozd|v ryhuvxsso| sxeolf jrrgv wr klv rzq glvwulfw dqg khqfh
lqfuhdvlqj vslooryhuv zloo pryh glvwulfw 4*v sxeolf jrrg ohyho lq wkh uljkw gluhfwlrq1
Krzhyhu/ li p5+4 � �, ? p4�/ kh zloo dovr ryhuvxsso| sxeolf jrrgv wr glvwulfw
5 dqg lqfuhdvlqj vslooryhuv zloo pryh glvwulfw 5*v sxeolf jrrg ohyho lq wkh zurqj
gluhfwlrq1 Wkh ehqh�wv ri prylqj glvwulfw 4*v sxeolf jrrg ohyho lq wkh uljkw
gluhfwlrq pxvw wkhuhiruh eh zhljkhg xs djdlqvw wkh orvvhv iurp prylqj glvwulfw
5*v sxeolf jrrg ohyhov lq wkh zurqj gluhfwlrq1 Vlploduo|/ li p5+4 � �, ? p4�/
glvwulfw 5*v uhsuhvhqwdwlyh zloo xqghuvxsso| sxeolf jrrgv wr klv rzq glvwulfw dqg
khqfh lqfuhdvlqj vslooryhuv zloo pryh glvwulfw 5*v sxeolf jrrg ohyho lq wkh zurqj
gluhfwlrq1 Wkh ehqh�wv ri prylqj glvwulfw 4*v sxeolf jrrg ohyho lq wkh uljkw
gluhfwlrq pxvw wkhuhiruh eh zhljkhg xs djdlqvw wkh orvvhv iurp prylqj glvwulfw
5*v sxeolf jrrg ohyhov lq wkh zurqj gluhfwlrq1 Wkxv/ lw lv fohdu wkdw lqfuhdvlqj
vslooryhuv lqgxfhv d ehqh�fldo fkdqjh lq sxeolf jrrg ohyhov iru � � p5

p4.p5

exw
iru kljkhu ohyhov ri �/ lw lv qrw fohdu1 Wkh frqglwlrqv rq i 33 vhuyh wr jxdudqwhh
wkdw wkh qhw fkdqjh lv dozd|v ehqh�fldo1 Wkh| duh vdwlv�hg/ iru h{dpsoh/ lq wkh
orjdulwkplf fdvh e+j, @ oq+4 . j,/ lq zklfk fdvh i 33+�, @ 31

9 Fhqwudol}dwlrq zlwk d Frrshudwlyh Ohjlvodwxuh
Xqghu wkh plqlpxp zlqqlqj frdolwlrq ylhz ri ohjlvodwlyh ghflvlrq0pdnlqj/ srolf|
rxwfrphv duh h{ dqwh Sduhwr lqh!flhqw iurp wkh ylhzsrlqw ri wkh uhsuhvhqwd0
wlyhv1 Vlqfh wkh qxpehu ri ohjlvodwruv lv w|slfdoo| uhodwlyho| vpdoo/ Frdvldq orjlf
vxjjhvwv wkdw ohjlvodwruv vkrxog �qg wkhlu zd| durxqg wkh lqh!flhqf| fuhdwhg
e| pdmrulwduldq ghflvlrq fulwhuld +Zlwwpdq +4<;<,,1 Wklv wkhruhwlfdo revhuyd0
wlrq/ frxsohg zlwk wkh hpslulfdo revhuydwlrq wkdw +dw ohdvw lq wkh Xqlwhg Vwdwhv,
plqlpxp zlqqlqj frdolwlrqv iru wklv w|sh ri vshqglqj vhhp wkh h{fhswlrq udwkhu
wkdq uxoh/ kdv ohg pdq| wr dedqgrq wkh plqlpxp zlqqlqj frdolwlrq ylhz ri
ohjlvodwlyh ehkdylru lq idyru ri pruh frrshudwlyh dssurdfkhv1 Lq wklv vhfwlrq/
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zh vwxg| zkhwkhu rxu edvlf frqfoxvlrqv ri wkh suhylrxv vhfwlrq krog zlwk pruh
frrshudwlyh ohjlvodwlyh ehkdylru1

914 Srolf| ghwhuplqdwlrq

Wkh idfw wkdw wkhuh duh jdlqv iurp frrshudwlrq grhv qrw ohdg wr d fohdu dowhuqdwlyh
iru suhglfwlqj ohjlvodwlyh fkrlfhv/ vlqfh wkhuh duh pdq| sdluv ri sxeolf vshqglqj
ohyhov wkdw duh erwk h!flhqw iurp wkh ylhzsrlqw ri wkh uhsuhvhqwdwlyhv dqg wkdw
h{ dqwh Sduhwr grplqdwh plqlpxp zlqqlqj frdolwlrq rxwfrphv1 Khuh zh dvvxph
wkdw ohjlvodwruv* ehkdylru fdq eh ghvfulehg e| wkh xwlolwduldq edujdlqlqj vroxwlrq>
wkdw lv/ wkh| djuhh wr wkh sxeolf jrrgv doorfdwlrq wkdw pd{lpl}hv wkhlu mrlqw
sxeolf jrrgv vxusoxv1 Wklv vroxwlrq zrxog vhhp wr r�hu fhqwudol}dwlrq wkh ehvw
fkdqfh ri grplqdwlqj ghfhqwudol}dwlrq jlyhq rxu zhoiduh fulwhulrq1 Wklv surylghv
d vwl� whvw ri wkh urexvwqhvv ri wkh uhvxowv r�huhg lq wkh odvw vhfwlrq1

Rxu xwlolwduldq vroxwlrq fdq dovr eh prwlydwhg e| wkh olwhudwxuh rq xqlyhu0
vdolvp lq ohjlvodwxuhv1 Edvhg rq vwxg| ri wkh X1V1 Frqjuhvv/ Zhlqjdvw +4<:<,
vxjjhvwhg wkdw ohjlvodwruv dyrlg wkh sureohpv dvvrfldwhg zlwk plqlpxp zlqqlqj
frdolwlrqv e| ghyhorslqj d qrup ri xqlyhuvdolvp wkdw doorzv hdfk uhsuhvhqwdwlyh
wr sduwlflsdwh lq ghflvlrq pdnlqj1 Rq wklv ylhz/ hdfk uhsuhvhqwdwlyh fkrrvhv wkh
vshqglqj kh zrxog olnh iru klv rzq glvwulfw dqg wkh ohjlvodwxuh sdvvhv dq rp0
qlexv eloo frqvlvwlqj ri doo wkhvh vshqglqj ohyhov1 Xqiruwxqdwho|/ krzhyhu/ wklv
surgxfhv d yhfwru ri vshqglqj ohyhov wkdw duh lqh!flhqw iru wkh uhsuhvhqwdwlyhv/
zklfk xqghuplqhv wkh mxvwl�fdwlrq iru wkh wkhru| +vhh/ iru h{dpsoh/ Vfkzduw}
+4<<7,,1 Dq dowhuqdwlyh irupdol}dwlrq/ lv wkdw wkh qrup dovr uhtxluhv uhsuhvhq0
wdwlyhv wr wdnh dffrxqw ri wkh frvwv dqg ehqh�wv wr wkhlu froohdjxhv +Lqpdq dqg
Ilwwv +4<<3,, dqg rxu xwlolwduldq vroxwlrq lv d qdwxudo zd| ri fdswxulqj wklv1

Xqghu wklv vshfl�fdwlrq/ li wkh uhsuhvhqwdwlyhv duh ri w|shv �4 dqg �5/ wkh
srolf| rxwfrph/ +j4+�4> �5,> j5+�4> �5,,/ zloo pd{lpl}h[

l5i4>5j

i�l^+4� �,e+jl, . �e+j�l,`� s

5
+jl . j�l,j=

Lw lv vwudljkwiruzdug wr yhuli| wkdw

+j4+�4> �5,> j5+�4> �5,, @ +i+�4+4� �, . �5�,> i+�4�. �5+4� �,,,=

Dffruglqjo|/ zkhq wkh uhsuhvhqwdwlyh w|shv duh �4 dqg �5/ d flwl}hq ri w|sh � lq
glvwulfw l rewdlqv sxeolf jrrgv vxusoxv

�^+4� �,e+jl+�4> �5,, . �e+j�l+�4> �5,,`� s+j4+�4> �5, . j5+�4> �5,,

5
=

D sdlu ri pdmrulw| suhihuuhg uhsuhvhqwdwlyh w|shv lv gh�qhg lq wkh e| qrz idploldu
zd|1 D sxeolf jrrgv sdlu +j4> j5, lv d srolf| rxwfrph xqghu fhqwudol}dwlrq zlwk
d frrshudwlyh ohjlvodwxuh li wkhuh h{lvwv d pdmrulw| suhihuuhg sdlu +��4> �

�
5, vxfk

wkdw +j4> j5, @ +j4+�
�
4> �

�
5,> j5+�

�
4> �

�
5,,1

Wkh pdlq dgglwlrqdo frpsolfdwlrq lqwurgxfhg e| frrshudwlyh ohjlvodwxuhv olhv
lq �qglqj wkh pdmrulw| suhihuuhg w|shv1 Wklv lv ehfdxvh wkh sxeolf jrrg ohyho iru

47



hdfk glvwulfw ghshqgv rq wkh w|sh ri wkh ohjlvodwru lq erwk glvwulfwv dqg/ wkhuhe|/
jhqhudwhv lqfhqwlyhv iru flwl}hqv lq hdfk glvwulfw wr ghohjdwh srolf| pdnlqj vwudwh0
jlfdoo| wr d uhsuhvhqwdwlyh zlwk gl�huhqw wdvwhv wkdq wkhlu rzq14;

Wr ehjlq wkh wdvn ri �qglqj wkh pdmrulw| suhihuuhg w|shv/ qrwh wkdw d sdlu ri
uhsuhvhqwdwlyh w|shv +��4> �

�
5, lv pdmrulw| suhihuuhg li dqg rqo| li lq hdfk glvwulfw l

wkh phgldq w|sh suhihuv ��l wr dq| rwkhu w|sh � 5 ^3> �`/ jlyhq wkh rwkhu glvwulfw*v
uhsuhvhqwdwlyh w|sh ���l1

4< Wklv phdqv wkdw +��4> �
�
5, lv pdmrulw| suhihuuhg li dqg

rqo| li +��4> �
�
5, lv d Qdvk htxloleulxp ri wkh wzr sod|hu jdph lq zklfk hdfk sod|hu

kdv vwudwhj| vhw ^3> �` dqg sod|hu l 5 i4> 5j kdv sd|r� ixqfwlrq

Xl+�4> �5>pl, @ pl^+4� �,e+jl+�,, . �e+j�l+�,,`� s+j4+�, . j5+�,,
5

=

Lq wklv jdph/ wkh glvwulfw l phgldq flwl}hq wulhv wr pdqlsxodwh �l vr wkdw
kh rewdlqv vrphwklqj forvh wr klv suhihuuhg srolf| rxwfrph dqwlflsdwlqj wkh
vxevhtxhqw zrunlqj ri wkh ohjlvodwxuh1 Vlqfh kh rqo| kdv rqh ghjuhh ri iuhhgrp/
�l/ dqg wzr remhfwlyhv +j4> j5,/ wklv lqvwuxphqw lv udwkhu eoxqw1 Zkloh udlvlqj �l
dozd|v ohdgv wr dq lqfuhdvh lq glvwulfw l*v ohyho ri sxeolf jrrgv/ li � A 3/ lw dovr
udlvhv wkh sxeolf jrrgv ohyho lq wkh rwkhu glvwulfw1

Lq rughu wr rewdlq dq h{solflw vroxwlrq iru wkh htxloleulxp sxeolf jrrgv fkrlfhv
zkhq wkh glvwulfwv duh qrw lghqwlfdo/ zh dgrsw wkh orjdulwkplf vshfl�fdwlrq ri
sxeolf jrrg ehqh�wv iurp Sursrvlwlrq 6> l1h1/ e+j, @ oq+4.j,1 Wklv vshfl�fdwlrq
lpsolhv wkdw i+�, lv d olqhdu ixqfwlrq ri �/ zklfk doorzv wkh frpsxwdwlrq ri
forvhg irup vroxwlrqv1 Wr vwdwh wkh htxloleulxp srolf| fkrlfhv/ gh�qh e� dv wkh
vroxwlrq wr

^e�6 . +4� e�,6`e�+4� e�, @
p4

p5
=

Lq wkh fdvh ri lghqwlfdo glvwulfwv/ e� @ 4@5= Lq wkh qrq0lghqwlfdo glvwulfwv fdvh/e� ? 4@51 Qrz zh kdyh=

Ohppd 6= +l, Vxssrvh wkdw wkh ohjlvodwxuh lv frrshudwlyh dqg wkdw wkh glvwulfwv
duh lghqwlfdo +p4 @ p5 @ p,1 Wkhq/ li i 33+�, � 3 iru doo � � s@e3+3,> wkh
srolf| rxwfrph xqghu fhqwudol}dwlrq lv

j4 @ j5 @ i+5p^+4� �,5 . �5`,=

+ll, Li wkh glvwulfwv duh qrw lghqwlfdo dqg e+j, @ oq+4 . j,/ wkh srolf| rxwfrph
lv

+j4> j5, @ +i+
5p4^+4� �,7 � �7`

+4� �,5 � p4

p5

�5
,> i+

5p4^+4� �,7 � �7`
p4

p5

+4� �,5 � �5
,,

4;Wklv lv uhplqlvfhqw ri Shuvvrq dqg Wdehoolql +4<<5, zkr frqvlghu vwudwhjlf ghohjdwlrq lq d
edujdlqlqj frqwh{w wr prgho Hxurshdq lqwhjudwlrq1

4<Revhuyh wkdw li glvwulfw � hohfwv d flwl}hq ri d kljkhu w|sh/ wkhq lw uhfhlyhv pruh ri erwk
sxeolf jrrgv1 Lw iroorzv wkdw li flwl}hqv ri w|sh b suhihu d w|sh b�

�
fdqglgdwh wr d w|sh hb�/

zkhuh b�

�
	 hb� +b

�

�
: hb�,/ wkhq vr pxvw doo flwl}hqv ri w|shv orzhu +kljkhu, wkdq b1 Wklv lpsolhv

wkdw d pdmrulw| ri flwl}hqv lq glvwulfw � suhihu d w|sh b�

�
fdqglgdwh wr d w|sh hb� fdqglgdwh li

dqg rqo| li wkh phgldq w|sh suhihuv d w|sh b�

�
fdqglgdwh wr d w|sh hb� fdqglgdwh1
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li � ? e�> dqg
+j4> j5, @ +i+5p4+4� �,,> i+5p4�,,>

li � � e�=
Uhfdoo wkdw zlwk lghqwlfdo glvwulfwv/ wkh vxusoxv pd{lpl}lqj ohyho ri sxeolf

jrrgv lv i+p,1 Wkxv/ sduw +l, ri wkh Ohppd whoov xv wkdw orfdo sxeolf jrrgv
duh surylghg dw wrr kljk d ohyho iru doo � ? 4@51 Wkh h{whqw ri ryhusurylvlrq
lv ghfuhdvlqj lq wkh ghjuhh ri vslooryhuv/ zlwk wkh vxusoxv pd{lpxp dfklhyhg dw
� @ 4@51 Wkh phfkdqlvp xqghuo|lqj wklv ryhu0surylvlrq lv vwudwhjlf ghohjdwlrq
dv hdfk glvwulfw*v phgldq yrwhu ghohjdwhv srolf|0pdnlqj wr d uhsuhvhqwdwlyh zlwk
d kljkhu suhihuhqfh iru sxeolf jrrgv153

Wkh lqfhqwlyhv wr vwudwhjlfdoo| ghohjdwh fdq eh vhhq prvw fohduo| lq wkh fdvh
ri }hur vslooryhuv1 Wkhq/ wkh rswlpdo vshqglqj ohyhov iru glvwulfw 4*v phgldq
yrwhu duh +j4> j5, @ +i+5p,> 3,= Dvvxplqj wkdw glvwulfw 5 hohfwv d uhsuhvhqwdwlyh
zlwk wkh phgldq suhihuhqfh/ hohfwlqj d uhsuhvhqwdwlyh ri w|sh p zrxog surgxfh
d sxeolf jrrgv rxwfrph +j4> j5, @ +i+p,> i+p,,1 Hohfwlqj d uhsuhvhqwdwlyh zlwk
d vwurqjhu wdvwh iru sxeolf vshqglqj udlvhv glvwulfw 4*v sxeolf jrrgv doorfdwlrq/
zlwk qr lpsdfw rq glvwulfw 5*v1 Hdfk glvwulfw lv wkxv gudzq wr hohfw d w|sh 5p
uhsuhvhqwdwlyh1

Dv vslooryhuv lqfuhdvh/ wkh rswlpdo vshqglqj ohyhov lq wkh wzr glvwulfwv iru
hdfk glvwulfw*v phgldq yrwhu frqyhujh1 Pruhryhu/ hohfwlqj d uhsuhvhqwdwlyh zlwk
d kljkhu wdvwh iru sxeolf jrrgv lqfuhdvhv vshqglqj lq wkh rwkhu glvwulfw1 Wkxv/
wkh glvwulfwv hohfw uhsuhvhqwdwlyhv zlwk suhihuhqfhv forvhu wr wkhlu rzq1 Lq wkh
olplwlqj fdvh ri frpsohwh vslooryhuv/ hdfk glvwulfw hohfwv d uhsuhvhqwdwlyh ri wkh
phgldq w|sh dqg orfdo sxeolf jrrgv duh surylghg rswlpdoo|1

Khwhurjhqhlw| fuhdwhv dq dgglwlrqdo frq lfw ryhu wkh ohyho ri sxeolf vshqglqj1
Wklv fdq eh vhhq prvw fohduo| lq wkh fdvh ri pd{lpdo vslooryhuv1 Li � @ 4

5
dqg hdfk glvwulfw hohfwv d uhsuhvhqwdwlyh ri wkh phgldq w|sh/ wkh sxeolf jrrgv
ohyhov duh j4 @ j5 @ i+p4.p5

5 ,1 Wklv frpprq ohyho lv wrr kljk iru glvwulfw 5*v
phgldq yrwhu dqg wrr orz iru glvwulfw 4*v1 Wklv jlyhv glvwulfw 5*v phgldq yrwhu dq
lqfhqwlyh wr kdyh d orzhu uhsuhvhqwdwlyh w|sh wr uhgxfh sxeolf jrrgv vshqglqj/
zkloh glvwulfw 4*v phgldq yrwhu ghvluhv d uhsuhvhqwdwlyh zlwk d kljkhu ydoxdwlrq1
Wkh| sxoo lq rssrvlwh gluhfwlrqv xqwlo rqh ru erwk glvwulfwv kdv sxw lq wkhlu prvw
h{wuhph w|sh1 Rxu dvvxpswlrq wkdw 5p4 ? � lpsolhv wkdw glvwulfw 4 fdq rewdlq
lwv suhihuuhg ohyho ri sxeolf jrrgv zkhq glvwulfw 5 kdv sxw lq lwv prvw h{wuhph
w|sh vr wkdw glvwulfw 4*v phgldq yrwhu hqgv xs jhwwlqj klv suhihuuhg rxwfrph ri
j4 @ j5 @ i+p4,1

Wklv dgglwlrqdo frq lfw ri lqwhuhvw fuhdwhv d frpsoh{ uhodwlrqvkls ehwzhhq
vslooryhuv dqg sxeolf jrrgv ohyhov1 Dqdo|}lqj wkh vroxwlrqv ghvfulehg lq sduw +ll,
ri wkh Ohppd/ zh fdq vkrz wkdw glvwulfw 4*v sxeolf jrrgv ohyho lv ghfuhdvlqj lq
wkh ohyho ri vslooryhuv iru � vx!flhqwo| vpdoo dqg � A e�1 Krzhyhu/ lw lv lqfuhdvlqj
lq vslooryhuv iru � vx!flhqwo| forvh wr exw ohvv wkdq e�154 Wklv dsshduv sx}}olqj

53Wkh vwudwhjlf lqfhqwlyh wr hohfw uhsuhvhqwdwlyhv zlwk vwurqj suhihuhqfhv iru orfdo sxeolf
vshqglqj dovr dulvhv lq wkh dqdo|vlv ri Fkdul/ Mrqhv dqg Pdulprq +4<<:,1

54Wklv dqg wkh rwkhu fodlpv frqfhuqlqj wkh sxeolf jrrg ohyhov ghvfulehg lq Ohppd 6 duh
hvwdeolvkhg lq wkh Dsshqgl{1
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dv glvwulfw 4*v phgldq yrwhu*v suhihuuhg sxeolf jrrgv ohyho lv dfwxdoo| ghfuhdvlqj
lq vslooryhuv1 Wkh uhvxow uh hfwv wkh frq lfw ryhu vshqglqj ohyhov wkdw hphujhv
dv vslooryhuv lqfuhdvh1 Wr suhyhqw glvwulfw 5 iurp sxoolqj grzq vshqglqj lq
erwk glvwulfwv/ glvwulfw 4*v phgldq yrwhu hohfwv d uhsuhvhqwdwlyh zlwk d kljkhu
suhihuhqfh iru sxeolf jrrgv/ udlvlqj glvwulfw 4*v sxeolf jrrg ohyho1 Glvwulfw 5*v
sxeolf jrrgv ohyho lv ghfuhdvlqj lq wkh ohyho ri vslooryhuv iru � � e� dqg lqfuhdvlqj
wkhuhdiwhu1 Lw lqfuhdvhv iru vslooryhu ohyhov lq h{fhvv ri e�/ ehfdxvh lw lv qrz
h�hfwlyho| frqwuroohg e| glvwulfw 4*v phgldq yrwhu1

Frpsdulqj wkhvh rxwfrphv zlwk wkh vxusoxv pd{lpl}lqj ohyhov ri sxeolf
vshqglqj/ glvwulfw 4*v sxeolf jrrg ohyho lv dozd|v wrr kljk1 Wkh ohyho surylgh
wr glvwulfw 5 lv wrr kljk iru vpdoo � dqg zkhq � lv vx!flhqwo| odujh1 Krzhyhu/
lw lv ohvv wkdq wkh vxusoxv pd{lpl}lqj ohyho iru � vx!flhqwo| forvh wr e�1 Wklv
xqghu0surylvlrq lv lq vkdus frqwudvw wr wkh ryhu0surylvlrq uhvxowv iru wkh fdvh ri
lghqwlfdo glvwulfwv1

915 Ghfhqwudol}dwlrq yhuvxv fhqwudol}dwlrq

Iurp wkh deryh glvfxvvlrq/ lw lv fohdu wkdw fhqwudol}dwlrq surgxfhv wkh vxu0
soxv pd{lpl}lqj sxeolf jrrgv ohyhov rqo| zkhq wkh glvwulfwv duh lghqwlfdo dqg
vslooryhuv duh frpsohwh1 Wkxv/ zlwk lghqwlfdo glvwulfwv/ ghfhqwudol}dwlrq grpl0
qdwhv zkhq vslooryhuv duh vpdoo dqg fhqwudol}dwlrq lv ehwwhu zkhq vslooryhuv duh
odujh1 Zlwk lghqwlfdo glvwulfwv/ wkh shuirupdqfh ri fhqwudol}dwlrq lpsuryhv dv
� lqfuhdvhv dqg d fulwlfdo ydoxh ri vslooryhuv h{lvwv deryh zklfk fhqwudol}dwlrq
lv zhoiduh vxshulru1 Zlwk qrq0lghqwlfdo glvwulfwv/ ghfhqwudol}dwlrq frqwlqxhv wr
grplqdwh zkhq vslooryhuv duh vpdoo1 Krzhyhu/ xqolnh wkh qrq0frrshudwlyh fdvh/
fhqwudol}dwlrq grplqdwhv zkhq vslooryhuv duh odujh hqrxjk1 Wkhvh �qglqjv duh
odlg rxw lq=

Sursrvlwlrq 8 +l, Zlwk d frrshudwlyh ohjlvodwxuh dqg lghqwlfdo glvwulfwv/ li i 33+�, �
3 iru doo � � s@e3+3,> wkhuh lv d fulwlfdo ydoxh ri �/ vwulfwo| juhdwhu wkdq 3 exw
ohvv wkdq 4

5 / vxfk wkdw d fhqwudol}hg v|vwhp surgxfhv d kljkhu ohyho ri vxusoxv
li dqg rqo| li � h{fhhgv wklv fulwlfdo ohyho1 +ll, Li wkh glvwulfwv duh qrw lghqwlfdo
dqg e+j, @ oq+4. j,/ wkhq d ghfhqwudol}hg v|vwhp surgxfhv d kljkhu ohyho ri vxu0
soxv zkhq vslooryhuv duh vx!flhqwo| vpdoo/ zkloh d fhqwudol}hg v|vwhp surgxfhv d
kljkhu ohyho zkhq vslooryhuv duh vx!flhqwo| odujh1

Wkxv/ wkh edvlf ohvvrqv ri Sursrvlwlrq 5 jhqhudol}h wr wkh fdvh ri d frrshudwlyh
ohjlvodwxuh1 Ghfhqwudol}dwlrq grplqdwhv fhqwudol}dwlrq iru orz ohyhov ri vslooryhuv
lq erwk wkh lghqwlfdo dqg qrq0lghqwlfdo glvwulfwv fdvhv/ zkloh fhqwudol}dwlrq grp0
lqdwhv iru kljk ohyhov ri vslooryhuv lq wkh krprjhqrxv fdvh1 Wkh rqo| uhdo gl�hu0
hqfh lv wkdw fhqwudol}dwlrq grplqdwhv zlwk vx!flhqwo| kljk vslooryhuv lq wkh fdvh
zkhuh wkh glvwulfwv duh qrw lghqwlfdo1

Wkh �qglqjv duh lqwhuhvwlqj ehfdxvh wklv prgho ri ohjlvodwlyh ehkdylru dv0
vxphv wkdw ohjlvodwruv ehkdyh lq d vxusoxv pd{lpl}lqj zd|1 Ghvslwh wklv/ fhqwudo0
l}dwlrq lv vwulfwo| lqihulru wr ghfhqwudol}dwlrq zkhq vslooryhuv duh vpdoo/ hyhq lq

4:



wkh krprjhqrxv fdvh1 Wkh vkduhg �qdqflqj ri sxeolf jrrgv xqghu fhqwudol}dwlrq
ohdgv yrwhuv wr ghohjdwh vwudwhjlfdoo| wr uhsuhvhqwdwlyhv zkr surylgh h{fhvvlyh
ohyhov ri sxeolf jrrgv1 Pruhryhu/ hyhq zkhq vslooryhuv duh odujh dqg glvwulfwv
vkduh dq lqwhuhvw lq hdfk rwkhu*v sxeolf jrrgv/ wkh frq lfw ri lqwhuhvw ryhu wkh
ohyho ri sxeolf vshqglqj phdqv wkdw fhqwudol}dwlrq |lhogv srolf| rxwfrphv wkdw
duh idu iurp wkh vxusoxv pd{lpl}lqj lghdo1 Zkloh wkh Sursrvlwlrq vkrzv wkdw
fhqwudol}dwlrq grplqdwhv ghfhqwudol}dwlrq zkhq vslooryhuv duh kljk/ wkhuh vkrxog
eh qr jhqhudo suhvxpswlrq wkdw wkh uhodwlyh shuirupdqfh ri fhqwudol}dwlrq lv
lqfuhdvlqj lq vslooryhuv1 Lq idfw vxusoxv xqghu fhqwudol}dwlrq lv ghfuhdvlqj lq �
iru � vx!flhqwo| forvh wr e�1 Lq wklv udqjh/ lqfuhdvlqj vslooryhuv/ erwk lqfuhdvhv
glvwulfw 4*v sxeolf jrrg zklfk lv ryhu0surylghg dqg ghfuhdvhv glvwulfw 5*v sxeolf
jrrg zklfk lv xqghu0surylghg1

: Qrq0xqlirup Wd{lqj dqg Vshqglqj
Wkurxjkrxw/ zh kdyh dvvxphg wkdw/ xqghu fhqwudol}dwlrq/ �qdqflqj ghflvlrqv
duh xqlirup/ zkloh h{shqglwxuh ghflvlrqv duh qrw1 Wklv lv mxvwl�hg rq hpslu0
lfdo jurxqgv vlqfh prvw fhqwudol}hg v|vwhpv ri jryhuqphqw dsshdu wr rshudwh
+dssur{lpdwho|, dffruglqj wr vxfk uxohv155 Krzhyhu/ lqyhvwljdwlqj zkdw zrxog
kdsshq zlwkrxw xqlirup �qdqflqj ohqgv lqvljkw lqwr wkh uroh sod|hg e| wklv
dvvxpswlrq lq jhqhudwlqj wkh uhvxowv1

Vxssrvh wkhq wkdw wd{hv fdq eh gl�huhqw lq hdfk glvwulfw/ vr wkdw wkh ohj0
lvodwxuh ghflghv rq d sdlu ri orfdo sxeolf jrrgv ohyhov +j4> j5, dqg d sdlu ri
glvwulfw0vshfl�f wd{hv +W4> W5,1 Vxssrvh wkdw wkh kljkhvw wd{ ohyho wkdw fdq eh
lpsrvhg rq glvwulfw l lv W l dqg wkdw W l A s^i +p4 +4� �,, . i +p4�,` iru hdfk
glvwulfw l1 Ixuwkhu vxssrvh wkdw Wl fdq eh qhjdwlyh/ vr wkdw wd{hv fdq vhuyh wzr
urohv � udlvlqj uhyhqxh iru sxeolf vshqglqj dqg furvv0glvwulfw uhglvwulexwlrq1

Frqvlghu �uvw wkh fdvh ri d qrq0frrshudwlyh ohjlvodwxuh1 Flwl}hqv zloo frqwlqxh
wr ghvluh d uhsuhvhqwdwlyh zkr vkduhv wkhlu w|sh/ lpso|lqj wkdw wkh pdmrulw|
suhihuuhg uhsuhvhqwdwlyh w|shv zloo eh +p4>p5,1 Glvwulfw l*v uhsuhvhqwdwlyh zloo
zlvk wr h{wudfw dv pdq| uhvrxufhv dv lw fdq iurp phpehuv ri wkh rwkhu glvwulfwv
dqg wkxv zloo vhw W�l @ W�l dqg Wl @ s ^jl . j�l` � W�l1 Klv rswlpdo sxeolf
jrrg ohyhov zloo/ wkhuhiruh/ vroyh=

Pd{+jl>j�l,ipl^+4� �,e +jl, . �e +j�l,`� s ^jl . j�l`j>

zklfk |lhogv +jl> j�l, @ +i +pl +4� �,, > i +pl�,,1 Wkxv/ wkh srolf| rxwfrph lv
+j4> j5, @ +i+p4+4��,,> i+p4�,, zlwk suredelolw| 4@5 dqg +j4> j5, @ +i+p5+4�
�,,> i+p5�,, zlwk suredelolw| 4@51

55Zh gr qrw phdq wkdw wd{ exughqv duh frpprq dfurvv glvwulfwv1 Krzhyhu/ lw lv w|slfdo wr
kdyh d frpprq wd{ frgh1 Lq wkh X1V1/ lw zrxog suredeo| eh xqfrqvwlwxwlrqdo iru wkh ihghudo
jryhuqphqw wr wd{ lqfrphv dw gl�huhqw udwhv dfurvv vwdwhv1 Wkdw vdlg/ wkh ihghudo jryhuqphqw
fdq r�hu wd{ fuhglwv iru wklqjv olnh fkdulwdeoh frqwulexwlrqv ru uhvhdufk dqg ghyhorsphqw zklfk
pd| kdyh d gl�huhqwldo lpsdfw dfurvv mxulvglfwlrqv1
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Frpsduhg wr wkh fdvh ri xqlirup �qdqflqj +vhh Ohppd 5,/ lw lv hylghqw wkdw
sxeolf jrrgv ohyhov duh dozd|v orzhu1 Vlqfh wkh zlqqlqj frdolwlrq fdq h{wudfw
zhdowk iurp wkh rwkhu glvwulfwv lq wkh irup ri wd{ �qdqfhg wudqvihuv/ frdolwlrq
phpehuv h�hfwlyho| sd| wkh zkroh frvw ri sxeolf vshqglqj1 Wkh exgjhwdu|
h{whuqdolw| irxqg xqghu xqlirup �qdqflqj lv wkhuhiruh holplqdwhg/ zklfk uhgxfhv
wkh lqfhqwlyh wr surylgh sxeolf jrrgv1 Wklv holplqdwhv wkh fdvh iru fhqwudol}dwlrq/
dv zh qrz ghprqvwudwh=

Sursrvlwlrq 9 Vxssrvh wkdw wkh ohjlvodwxuh ehkdyhv qrq0frrshudwlyho| dqg wkdw
wkhuh lv qrq0xqlirup wd{dwlrq1 Wkhq/ iru doo ohyhov ri vslooryhuv/ vxusoxv xqghu
ghfhqwudol}dwlrq lv dw ohdvw dv kljk dv wkdw xqghu fhqwudol}dwlrq li i 33+�, � 3 iru
doo � � s@e3+3,1

Wklv uhvxow lv hdvlo| xqghuvwrrg lq wkh fdvh ri lghqwlfdo glvwulfwv +p4 @ p5 @
p,1 Zlwk qrq0xqlirup wd{dwlrq/ wkh sxeolf jrrgv ohyhov duh +i +p +4� �,, > i +p�,,
li glvwulfw 4*v uhsuhvhqwdwlyh irupv wkh plqlpxpzlqqlqj frdolwlrq dqg +i +p�, > i +p +4� �,,,
rwkhuzlvh= Wkxv/ sxeolf vshqglqj lv wkh vdph dv xqghu ghfhqwudol}dwlrq lq wkh
glvwulfw zkrvh uhsuhvhqwdwlyh irupv wkh plqlpxp zlqqlqj frdolwlrq dqg ohvv lq
wkh rwkhu glvwulfw1 Wklv lv dozd|v ixuwkhu iurp wkh vrfldo rswlpxp wkdq xqghu
ghfhqwudol}dwlrq$

Wklv uhvxow lpsolhv wkdw xqlirup �qdqflqj dfwxdoo| pdnhv wkh fdvh iru fhqwudo0
l}dwlrq1 Wkh exgjhwdu| h{whuqdolw| surylghv d qhhghg errvw wr sxeolf vshqglqj
ohyhov1 Zkloh lw ohdgv wr ryhu0surylvlrq zkhq vslooryhuv duh vpdoo/ lw dssursul0
dwho| vxevlgl}hv surylvlrq zkhq vslooryhuv duh kljk1 Wklv jlyhv d udwkhu gl�huhqw
vslq rq wkh qrupdo glvfxvvlrq ri exgjhwdu| h{whuqdolwlhv lq wkh olwhudwxuh +iru
h{dpsoh lq Zhlqjdvw/ Vkhsvoh dqg Mrkqvhq +4<;4, dqg Fkdul/ Mrqhv dqg Pdul0
prq +4<<:,,1 Wklv lv ehfdxvh wkh olwhudwxuh irfxvhv rq wkh fdvh zkhuh � @ 3
zkhq/ dv zh kdyh vkrzq/ fhqwudol}dwlrq lv qrw d jrrg lghd1 Lq wkh suhvhqfh ri
vslooryhuv/ surylglqj wkh dssursuldwh pdujlqdo exgjhwdu| vxevlg| lv qhfhvvdu|
wr surylgh dq dssursuldwh errvw wr vshqglqj1 Iru vpdoo vslooryhuv d odujh exg0
jhwdu| h{whuqdolw| lv olnho| wr eh wrr glvwruwlrqdu| vr wkdw wkh suhihuhqfh iru
ghfhqwudol}dwlrq lv pdlqwdlqhg1 Krzhyhu dv � ehfrphv odujh/ wkh yluwxhv ri wklv
�qdqflqj h{whuqdolw| frph wr grplqdwh1

Wkh lpsolfdwlrqv ri qrq0xqlirup wd{dwlrq lq wkh frrshudwlyh ohjlvodwxuh fdvh
duh pruh gl!fxow wr dqwlflsdwh ehfdxvh rxu prgho ri ghflvlrq pdnlqj |lhogv
qr suhglfwlrq derxw wkh doorfdwlrq ri wd{hv ehwzhhq glvwulfwv1 Wklv lv ehfdxvh
wkh uhsuhvhqwdwlyhv* xwlolwlhv duh olqhdu lq lqfrph dqg khqfh wkh vxp ri wkhlu
sd|r�v lv lqghshqghqw ri wkh glvwulexwlrq ri lqfrph1 Lq sduwlfxodu/ wkhuhiruh/ lw
lv srvvleoh wkdw wkh| djuhh rq d xqlirup vkdulqj uxoh/ lq zklfk fdvh wkh dqdo|vlv
ri wkh suhylrxv vhfwlrq dssolhv1

Vlqfh wkh uhsuhvhqwdwlyhv duh lqgl�huhqw ryhu doo vkdulqj uxohv/ rqh fdq dvn
zkhwkhu d vkdulqj uxoh h{lvwv wkdw zrxog holplqdwh vwudwhjlf ghohjdwlrq1 Lq wkh
lghqwlfdo glvwulfwv fdvh/ wkh wd{ v|vwhp

+W4> W5, @ ++4� �, j4 . �j5> �j4 . +4� �, j5,
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vhuyhv wklv sxusrvh1 Xqghu wklv wd{ v|vwhp/ hdfk glvwulfw hohfwv d uhsuhvhqwdwlyh
ri w|sh p dqg wkh srolf| fkrlfhv pd{lpl}h djjuhjdwh vxusoxv156 Dv lq Rdwhv*
dqdo|vlv/ fhqwudol}dwlrq grplqdwhv ghfhqwudol}dwlrq iru doo ohyhov ri vslooryhuv1
Krzhyhu/ wkh uhvxow grhv qrw fduu| ryhu wr zkhuh glvwulfwv gl�hu1 Khuh/ wkh idfw
wkdw wkh wzr glvwulfwv glvdjuhh ryhu erwk wkh ohyho ri vshqglqj dqg lwv doorfdwlrq/
djdlq jlyhv ulvh wr vwudwhjlf ghohjdwlrq1

; Frqfoxvlrq
Wkh uhodwlyh phulwv ri ghfhqwudol}hg dqg fhqwudol}hg v|vwhpv ri sxeolf vshqglqj
kdyh orqj ehhq ri lqwhuhvw wr sxeolf hfrqrplvwv1 Wkh frqyhqwlrqdo zlvgrp vhhv
wkh pdlq gudzedfn zlwk ghfhqwudol}hg ghflvlrq pdnlqj dv wkh xqghu0surylvlrq
ri orfdo sxeolf jrrgv lq wkh suhvhqfh ri vslooryhuv1 Wklv lv ehfdxvh orfdo ghflvlrq
pdnhuv zloo qhjohfw ehqh�wv jrlqj wr rwkhu glvwulfwv1 Fhqwudol}hg ghflvlrq pdn0
lqj/ rq wkh rwkhu kdqg/ kdv wkh olplwdwlrq ri �rqh vl}h �wv doo� srolf| rxwfrphv
wkdw duh lqvhqvlwlyh wr wkh suhihuhqfhv ri orfdolwlhv1 Lw lv wklv frqfhuq wkdw zh
kdyh wdnhq lvvxh zlwk khuh/ vlqfh wkh dvvxpswlrq ri xqlirup surylvlrq ri orfdo
sxeolf jrrgv grhv qrw vhhp d uhdvrqdeoh fkdudfwhul}dwlrq ri krz fhqwudol}hg
v|vwhpv zrun1 Lqghhg/ d odujh srolwlfdo vflhqfh olwhudwxuh lv ghyrwhg suhflvho| wr
xqghuvwdqglqj wkh doorfdwlrq ri orfdo sxeolf jrrgv dfurvv glvwulfwv lq fhqwudol}hg
v|vwhpv1

Wklv sdshu kdv ghyhorshg dq dowhuqdwlyh ylvlrq ri wkh gudzedfnv ri fhqwudo0
l}dwlrq � wkdw vkdulqj frvwv ri orfdo sxeolf vshqglqj lq d fhqwudol}hg v|vwhp
fuhdwhv d frq lfw ri lqwhuhvw ehwzhhq wkh flwl}hqv lq gl�huhqw mxulvglfwlrqv1 Flw0
l}hqv iurp gl�huhqw glvwulfwv pd| eh h{shfwhg wr glvdjuhh erwk derxw wkh ohyho
ri sxeolf vshqglqj dqg lwv doorfdwlrq dfurvv glvwulfwv1 Li/ dv lv w|slfdoo| wkh fdvh/
srolf| ghflvlrqv duh pdgh e| d ohjlvodwxuh frqvlvwlqj ri uhsuhvhqwdwlyhv iurp hdfk
glvwulfw/ wklv frq lfw ri lqwhuhvw zloo sod| rxw lq wkh ohjlvodwxuh1 Li ghflvlrqv rq
orfdo sxeolf jrrgv duh pdgh e| d plqlpxp zlqqlqj frdolwlrq ri uhsuhvhqwdwlyhv/
wkh doorfdwlrq ri sxeolf jrrgv zloo eh fkdudfwhul}hg e| xqfhuwdlqw| dqg lqhtxlw|1
Li ghflvlrqv duh pdgh lq d pruh frrshudwlyh zd|/ wkhq vwudwhjlf ghohjdwlrq yld
hohfwlrqv zloo surgxfh h{fhvvlyh sxeolf vshqglqj1

Xqghuvwdqglqj krz wklv frq lfw ri lqwhuhvw lv d�hfwhg e| vslooryhuv dqg gl�hu0
hqfhv ehwzhhq glvwulfwv vkhgv oljkw rq wkh uhodwlyh shuirupdqfh ri fhqwudol}dwlrq1
Rxu uhvxowv vxjjhvw udwkhu gl�huhqw frqfoxvlrqv frqfhuqlqj wkh flufxpvwdqfhv
xqghu zklfk fhqwudol}hg ghflvlrq pdnlqj zloo eh ghvludeoh1 Lq sduwlfxodu/ qhlwkhu
krprjhqhlw| ri glvwulfwv qru frpsohwh vslooryhuv lpso| d fdvh iru fhqwudol}dwlrq dv
Sursrvlwlrqv 5 dqg 6 ghprqvwudwh1 Doo wkdw fdq eh vdlg lq jhqhudo lv wkdw wkhuh lv

56Wr vhh zk| wklv wd{ v|vwhp lqgxfhv wkh phgldq flwl}hq wr zdqw d uhsuhvhqwdwlyh ri klv rzq
w|sh/ vxssrvh wkdw glvwulfw 2*v uhsuhvhqwdwlyh lv ri w|sh 6 dqg ohw vEb�� ' L�Eb�c6c6� ghqrwh
wkh sd|r� ri glvwulfw �*v phgldq yrwhu zkhq kh vhohfwv d uhsuhvhqwdwlyh ri w|sh b�1 Wkhq/ zh
pd| zulwh=

vEb�� ' E�3 V�d6KEsE���3 RsE��o n Vd6KEsE2��3 RsE2�o/

zkhuh sE�� ' sEb�E�3V�n6V� dqg sE2� ' sE6E�3V�nb�V�1 Fohduo|/ wklv sd|r� lv rswlpl}hg
zkhq b�E�3 V� n6V ' 6E�3 V� n b�V ' 6/ zklfk lpsolhv wkdw b� ' 61
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d vwurqj fdvh iru ghfhqwudol}dwlrq zkhq vslooryhuv duh vpdoo dqg d vwurqj fdvh iru
fhqwudol}dwlrq zkhq glvwulfwv duh vlplodu dqg vslooryhuv duh odujh1 Zkhq glvwulfwv
duh khwhurjhqhrxv dqg vslooryhuv duh odujh/ wkhq zklfk v|vwhp lv vxshulru zloo
ghshqg rq krz d fhqwudol}hg ohjlvodwxuh lv h{shfwhg wr ehkdyh1 Pruhryhu/ wkh
idploldu suhvxpswlrq wkdw kljkhu vslooryhuv khos wkh fdvh iru fhqwudol}dwlrq grhv
qrw hphujh fohdqo| iurp rxu srolwlfdo hfrqrp| dqdo|vlv1 Ryhudoo/ rxu dqdo|vlv
vxjjhvwv d zhdnhu fdvh iru fhqwudol}dwlrq wkdq grhv wkh frqyhqwlrqdo ylhz1

Pxfk uhpdlqv wr eh grqh wr ghyhors rxu xqghuvwdqglqj ri wkh ghfhqwudo0
l}dwlrq yhuvxv fhqwudol}dwlrq txhvwlrq iurp wklv srolwlfdo hfrqrp| shuvshfwlyh1
Zkloh rxu dqdo|vlv kdv doorzhg xv wr sdudphwul}h wkh nh| glphqvlrqv ri wkh sure0
ohp dqg frpsxwh forvhg irup vroxwlrqv iru htxloleulxp ohyhov ri sxeolf vshqglqj/
d pruh jhqhudo wuhdwphqw ri wkh lvvxhv dgguhvvhg khuh +li ihdvleoh, zrxog eh xvh0
ixo1 D ixuwkhu zhdnqhvv lv wkdw zh kdyh dvvxphg wkdw wkh rqo| ixqfwlrq ri
ghfhqwudol}hg dqg fhqwudol}hg jryhuqphqwv zdv surylglqj wkh sxeolf jrrgv lq
txhvwlrq1 Lq uhdolw|/ erwk ohyhov ri jryhuqphqw ghwhuplqh qxphurxv lvvxhv dqg
khqfh wkh srolwlfdo frqvhtxhqfhv ri wudqvihuulqj uhvsrqvlelolw| iru rqh duhd ri
vshqglqj duh olnho| wr eh pxfk pruh vxewoh wkdq rxu dqdo|vlv vxjjhvwv1
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^53` Rveruqh/ Pduwlq dqg Do Volylqvnl/ ^4<<9`/ �D Prgho ri Srolwlfdo Frpsh0
wlwlrq zlwk Flwl}hq0Fdqglgdwhv/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 444+4,/
980<91

^54` Shuvvrq/ Wruvwhq dqg Jxlgr Wdehoolql/ ^4<<5`/ �Wkh Srolwlfv ri 4<<5= Ilvfdo
Srolf| dqg Hxurshdq Lqwhjudwlrq�/ Uhylhz ri Hfrqrplf Vwxglhv/ 8<+7,/ 9;<0
:341

^55` Shuvvrq/ Wruvwhq dqg Jxlgr Wdehoolql/ ^4<<7`/ �Grhv Fhqwudol}dwlrq Lqfuhdvh
wkh Vl}h ri JryhuqphqwB�/ Hxurshdq Hfrqrplf Uhylhz/ 6; +607,/ :980:61

^56` Shuvvrq/ Wruvwhq dqg Jxlgr Wdehoolql/ ^4<<9d`/ �Ihghudo Ilvfdo Frqvwlwx0
wlrqv= Ulvn Vkdulqj dqg Uhglvwulexwlrq/� Mrxuqdo ri Srolwlfdo Hfrqrp|/
437+8,/ <:<0433<1

^57` Shuvvrq/ Wruvwhq dqg Jxlgr Wdehoolql/ ^4<<9e`/ �Ihghudo Ilvfdo Frqvwlwx0
wlrqv= Ulvn Vkdulqj dqg Prudo Kd}dug/� Hfrqrphwulfd/ 97+6,/ 95609791

^58` Ulnhu/ Zlooldp/ ^4<95`/ Wkh Wkhru| ri Srolwlfdo Frdolwlrqv/ \doh Xqlyhuvlw|
Suhvv= Qhz Kdyhq1

^59` Uxelqihog/ Gdqlho/ ^4<;:`/ �Wkh Hfrqrplfv ri wkh Orfdo Sxeolf Vhfwru/� lq
D1M1 Dxhuedfk dqg P1 Ihogvwhlq/ +hgv,/ Kdqgerrn ri Sxeolf Hfrqrplfv LL/
Qhz \run= Hovhylhu Vflhqfh Sxeolvkhuv1

^5:` Vfkzduw}/ Wkrpdv/ ^4<<7`/ �Uhsuhvhqwdwlrq dv Djhqf| dqg wkh Srun0Eduuho
Sdudgr{/� Sxeolf Fkrlfh/ :;/ 60541

^5;` Wrppdvl/ Pduldqr dqg Ihghulfr Zhlqvfkhoedxp/ ^4<<<`/ �D Sulqflsdo0
Djhqw Exloglqj Eorfn iru wkh Vwxg| ri Ghfhqwudol}dwlrq dqg Lqwhjudwlrq/�
w|shvfulsw1

^5<` Zhlqjdvw/ Eduu|/ ^4<:<`/ �D Udwlrqdo Fkrlfh Shuvshfwlyh rq Frqjuhvvlrqdo
Qrupv/� Dphulfdq Mrxuqdo ri Srolwlfdo Vflhqfh/ 56/ 57805951
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^63` Zhlqjdvw/ Eduu|/ Nhqqhwk Vkhsvoh dqg Fkulvwrskhu Mrkqvrq/ ^4<;4`/ �Wkh
Srolwlfdo Hfrqrp| ri Ehqh�wv dqg Frvwv= D Qhrfodvvlfdo Dssurdfk wr Glv0
wulexwlyh Srolwlfv/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;</ 97509971

^64` Zlwwpdq/ Grqdog/ ^4<;<`/ �Zk| Ghprfudflhv Surgxfh H!flhqw Uhvxowv/�
Mrxuqdo ri Srolwlfdo Hfrqrp|/ <:+9,/ 46<8047571
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Dsshqgl{

Surri ri Sursrvlwlrq 4= Sduw +l, ri wkh sursrvlwlrq iroorzv lpphgldwho| iurp
wkh uhodwlrqvkls ehwzhhq wkh sxeolf jrrgv ohyhov xqghu wkh wzr v|vwhpv dqg
wkh vxusoxv pd{lpl}lqj ohyhov1 Iru sduw +ll,/ qrwh wkdw djjuhjdwh sxeolf jrrgv
vxusoxv xqghu ghfhqwudol}dwlrq lv jlyhq e|=

Vg+�, @ ^p4+4� �, .p5�`e+i+p4+4� �,,, . ^p5+4� �, .p4�`e+i+p5+4� �,,,

�s^i+p4+4� �,, . i+p5+4� �,,`>

zkloh vxusoxv xqghu fhqwudol}dwlrq lv=

Vfr+�, @ ^p4 .p5`e+i+
p4 .p5

5
,,� 5si+

p4 .p5

5
,=

Iurp rxu hduolhu glvfxvvlrq/ zh nqrz wkdw zkhq p4 9@ p5/ Vfr+3, ? Vg+3, dqg
Vfr+

4
5, A Vg+45,1 Lw lv dovr fohdu wkdw vxusoxv xqghu fhqwudol}dwlrq lv lqghshqghqw

ri �1 Wr suryh wkh uhvxow zh zloo vkrz wkdw vxusoxv xqghu ghfhqwudol}dwlrq lv
qrq0lqfuhdvlqj lq � dqg ghfuhdvlqj dw wkh srlqw dw zklfk Vfr+�, @ Vg+�,1

Lqyhvwljdwlqj krz vxusoxv xqghu ghfhqwudol}dwlrq ghshqgv rq � lv pdujlqdoo|
frpsolfdwhg e| wkh srvvlelolw| ri qrq0lqwhulru vroxwlrqv iru hdfk glvwulfw*v sxeolf
jrrg fkrlfh1 Wkhuh duh wkuhh fdvhv wr frqvlghu= +l, p5 � 5s@e3+3,> +ll, p5 ?
5s@e3+3, �p4/ dqg +lll, p4 ? 5s@e3+3,1 Lq fdvh +l,/ iru hdfk glvwulfw l/ i+pl+4�
�,, vdwlv�hv wkh �uvw rughu frqglwlrq pl+4 � �,e3+i+pl+4 � �,,, @ s iru doo �1
Wklv phdqv wkdw iru doo �

gVg

g�
@ +p5 �p4,^e+i+p4+4� �,,,� e+i+p5+4� �,,,`

�p5�s
i 3+p4+4� �,,

4� �
�p4�s

i 3+p5+4� �,,

4� �
>

zkhuh i 3+�, @ �e3+i+�,,@�e33+i+�,,1 Vlqfh wklv lv qhjdwlyh/ vxusoxv xqghu gh0
fhqwudol}dwlrq lv ghfuhdvlqj lq wklv fdvh1

Lq fdvh +ll,/ iru glvwulfw 4/ i+p4+4 � �,, vdwlv�hv wkh �uvw rughu frqglwlrq
p4+4� �,e3+i+p4+4� �,,, @ s iru doo �1 Krzhyhu/ iru glvwulfw 5/ i+p5+4� �,,
vdwlv�hv wkh �uvw rughu frqglwlrq p5+4 � �,e3+i+p5+4 � �,,, @ s iru doo � �
4� s@p5e

3+3,/ zkloh i+p5+4� �,, @ 3 iru doo � A 4� s@p5e
3+3,1 Wkxv/ iru doo

� ? 4� s@p5e
3+3,

gVg

g�
@ +p5 �p4,^e+i+p4+4� �,,,� e+i+p5+4� �,,,`

�p5�s
i 3+p4+4� �,,

4� �
�p4�s

i 3+p5+4� �,,

4� �
>

dqg iru doo � A 4� s@p5e
3+3,

gVg

g�
@ +p5 �p4,e+i+p4+4� �,,,�p5�s

i 3+p4+4� �,,

4� �
=
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Vlqfh erwk wkhvh ghulydwlyhv duh qhjdwlyh/ vxusoxv xqghu ghfhqwudol}dwlrq lv djdlq
ghfuhdvlqj1

Lq fdvh +lll,/ iru hdfk glvwulfw l/ i+pl+4 � �,, vdwlv�hv wkh �uvw rughu frq0
glwlrq pl+4 � �,e3+i+pl+4 � �,,, @ s iru doo � � 4 � s@p5e3+3,1 Iru � 5
+4 � s@p5e

3+3,> 4 � s@p4e
3+3,`/ i+p4+4 � �,, vdwlv�hv wkh �uvw rughu frqglwlrq

p4+4� �,e3+i+p4+4� �,,, @ s zkloh i+p5+4� �,, @ 31 Iru � A 4� s@p4e
3+3,/

iru hdfk glvwulfw l/ i+pl+4� �,, @ 31 Wkxv/ iru doo � ? 4� s@p5e3+3,

gVg

g�
@ +p5 �p4,^e+i+p4+4� �,,,� e+i+p5+4� �,,,`

�p5�s
i 3+p4+4� �,,

4� �
�p4�s

i 3+p5+4� �,,

4� �
>

iru doo � 5 +4� s@p5e
3+3,> 4� s@p4e

3+3,,/

gVg

g�
@ +p5 �p4,e+i+p4+4� �,,,�p5�s

i 3+p4+4� �,,

4� �
>

dqg iru doo � A 4� s@p4e
3+3,

gVg

g�
@ 3=

Lw iroorzv wkdw vxusoxv xqghu ghfhqwudol}dwlrq lv ghfuhdvlqj iru doo � ? 4 �
s@p4e

3+3, dqg frqvwdqw wkhuhdiwhu1 Qrwlfh wkdw Vg+�, @ Vg+45, iru doo � A
4 � s@p4e3+3, dqg khqfh wkdw Vg+�, @ Vg+45, ? Vfr+

4
5, @ Vfr+�, iru doo � A

4� s@p4e
3+3,1

Surri ri Sursrvlwlrq 5= Djjuhjdwh sxeolf jrrgv vxusoxv xqghu ghfhqwudol}d0
wlrq lv dv iru Rdwhv dqdo|vlv/ zkloh vxusoxv xqghu fhqwudol}dwlrq lv=

Vfq+�, @
4

5

[
l5i4>5j

i^pl+4� �, .p�l�`e+i+5pl+4� �,,, . ^p�l+4� �, .pl�`e+i+5pl�,,

�s^i+5pl+4� �,, . i+5pl�,`j=
Iru sduw +l,/ zh nqrz iurp wkh hduolhu glvfxvvlrq wkdw zkhq p4 @ p5/ Vfq+3, ?
Vg+3, dqg Vfr+

4
5, A Vg+45,1 Zh dovr nqrz iurp wkh surri ri Sursrvlwlrq 4/ wkdw

vxusoxv lv qrq0lqfuhdvlqj lq vslooryhuv xqghu ghfhqwudol}dwlrq1 Wkxv/ lw vx!fhv
wr vkrz wkdw vxusoxv lv lqfuhdvlqj lq vslooryhuv xqghu fhqwudol}dwlrq1

Zkhqp5 @ p4 @ p> i+5p�, vdwlv�hv wkh �uvw rughu frqglwlrq 5p�e3+i+5p�,, @
s iru doo � � s@5pe3+3, zkloh i+5p�, @ 3 iru doo � ? s@5pe3+3,1 Wkxv/ iru doo
� ? s@5pe3+3,

CVfq
C�

@ p+4� 5�,s
i 3+5p+4� �,,

4� �
>

dqg iru doo � A s@5pe3+3,

CVfq
C�

@ p+4� 5�,sii
3+5p+4� �,,

4� �
.

i 3+5p�,

�
j=
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Erwk ghulydwlyhv duh srvlwlyh/ dv uhtxluhg1
Iru sduw +ll,/ qrwh wkdw zkhq p4 9@ p5/ Vfq+3, ? Vg+3,1 Vlqfh erwk vxusoxv

ixqfwlrqv duh frqwlqxrxv ixqfwlrqv ri �/ iru hdfk +p4>p5, wkhuh h{lvwv % A 3
vxfk wkdw Vfq+�, ? Vg+�, iru doo � ? %1

Surri ri Sursrvlwlrq 6= Ohw Vg+�> �, dqg Vfq+�> �, ghqrwh vxusoxv xqghu
ghfhqwudol}dwlrq dqg fhqwudol}dwlrq zkhq p4 @ ��> p5 @ �+4 � �,> dqg e+j, @
oq+4 . j,1 Zkdw zh qhhg wr vkrz lv wkdw wkhuh h{lvwv e� 5 ^45 > 4 � s@�, zlwk
wkh surshuw| wkdw iru doo � 5 +e�> 4� s@�,/ Vg+�> 45, A Vfq+�>

4
5,1 Hydoxdwlqj wkh

vxusoxv h{suhvvlrqv/ zh kdyh wkdw iru � A 4� 5s@�>

Vg+�>
4

5
, @

�

5
oq

��

5s
� ��

5
. s>

dqg

Vfq+�>
4

5
, @

�

5
ioq ��

s
. oq

�+4� �,

s
j � � . 5s=

Wkxv/ wdnlqj olplwv zh rewdlq

olp
�$4�s@�

Vg+�>
4

5
, @

�

5
ioq+ �

5s
+4� s@�,,� +4� 6s

�
,j>

dqg

olp
�$4�s@�

Vfq+�>
4

5
, @

�

5
ioq+�

s
+4� s@�,,� +5� 7s

�
,j=

Wkxv/ zh kdyh wkdw

olp
�$4�s@�

Vg+�>
4

5
,� olp

�$4�s@�
Vfq+�>

4

5
, @

�

5
i4� s@� � oq 5j

A
�

5
i3=6� s@�j

A
�

5
i3=6� 3=58j A 3=

Lw iroorzv wkdw wkhuh pxvw h{lvw e� 5 ^45 > 4 � s@�, zlwk wkh surshuw| wkdw iru doo
� 5 +e�> 4� s@�,/ Vg+�> 45, A Vfq+�>

4
5,1

Surri ri Sursrvlwlrq 7= Zh zloo vkrz wkdw/ xqghu wkh vwdwhg frqglwlrqv/
Vfq+�,�Vg+�, lv dq lqfuhdvlqj ixqfwlrq ri �1 Zh ehjlq e| rewdlqlqj h{suhvvlrqv
iru wkh ghulydwlyhv gVg

g� dqg gVf
q

g� 1 Lq wkh surri ri Sursrvlwlrq 4/ zh vkrzhg
wkdw/ xqghu wkh dvvxpswlrq wkdw p5 A 5s@e3+3,/ iru hdfk glvwulfw l/ i+pl+4��,,
vdwlv�hv wkh �uvw rughu frqglwlrqpl+4��,e3+i+pl+4��,,, @ s iru doo �/ lpso|lqj
wkdw iru doo �

gVg

g�
@ +p5 �p4,^e+i+p4+4� �,,,� e+i+p5+4� �,,,`

�p5�s
i 3+p4+4� �,,

4� �
�p4�s

i 3+p5+4� �,,

4� �
=

5:



Wxuqlqj wr fhqwudol}dwlrq/ iru doo � ? s@5p4e3+3,> i+5pl�, @ 3 iru hdfk
glvwulfw l dqg khqfh

gVfq
g�

@
4

5
i+p5 �p4,^e+i+5p4+4� �,,,� e+i+5p5+4� �,,`

.^p4+4� �,�p5�`
si 3+5p4+4� �,,

4� �
. ^p5+4� �,�p4�`

si 3+5p5+4� �,,

4� �
j=

Iru doo � 5 +s@5p4e
3+3,> s@5p5e

3+3,,/ zh nqrz wkdw i+5p4�, vdwlv�hv wkh �uvw
rughu frqglwlrq 5p4�e

3+i+5p4�,, @ s/ zkloh i+5p5�, @ 31 Wkxv/

gVfq
g�

@
4

5
i+p5 �p4,^e+i+5p4+4� �,,,� e+i+5p4�,,� e+i+5p5+4� �,,`

.^p4+4� �,�p5�`
si 3+5p4+4� �,,

4� �

.^p5+4� �,�p4�`
si 3+5p4�,

�
. ^p5+4� �,�p4�`

si 3+5p5+4� �,,

4� �
j=

Iru doo � A s@5p5e
3+3,/ zh nqrz wkdw i+5pl�, vdwlv�hv wkh �uvw rughu frqglwlrq

5pl�e
3+i+5pl�,, @ s iru hdfk glvwulfw l1 Wkxv/

gVfq
g�

@
4

5
i+p5 �p4,^e+i+5p4+4� �,,,� e+i+5p4�,, . e+i+5p5�,,,� e+i+5p5+4� �,,`

.^p4+4� �,�p5�`
si 3+5p4+4� �,,

4� �
. ^p5+4� �,�p4�`

si 3+5p4�,

�

.^p4+4� �,�p5�`
si 3+5p5�,

�
. ^p5+4� �,�p4�`

si 3+5p5+4� �,,

4� �
j=

Zh qrz hvwdeolvk wkh iroorzlqj wzr fodlpv1

Fodlp 4= Iru doo � 5 +s@5p4e3+3,> s@5p5e3+3,,/

gVfq
g�

� 4

5
i+p5 �p4,^e+i+5p4+4� �,,,� e+i+5p5+4� �,,` .

^p4+4� �,�p5�`
si 3+5p4+4� �,,

4� �
. ^p5+4� �,�p4�`

si 3+5p5+4� �,,

4� �
j=

Wr suryh wklv/ lw lv hqrxjk wr vkrz wkdw

+p4 �p5,e+i+5p4�,, � ^p4��p5+4� �,`
si 3+5p4�,

�
=

Wkh lqhtxdolw| krogv li p4� � p5+4 � �, vr zh pd| dvvxph wkdw p4� A
p5+4��,1 E| dvvxpswlrq/ e+�, lv d vwulfwo| frqfdyh ixqfwlrq vdwlvi|lqj e+3, @ 31
Pruhryhu/ iru � � s@e3+3,/ zh kdyh wkdw i lv lqfuhdvlqj dqg frqfdyh1 Lw iro0
orzv wkdw wkh frpsrvlwh ixqfwlrq e+i+�,, lv d frqfdyh ixqfwlrq rq wkh lqwhuydo
^s@e3+3,>4,1 Wkxv/

e+i+5p4�,, @ e+i+5p4�,,� e+3, � e3+i+5p4�,,i
3+5p4�,5p4�

@ si 3+5p4�,=

5;



Lw lv wkhuhiruh hqrxjk wr vkrz wkdw

p4 �p5 � ^p4��p5+4� �,`
4

�
@ p4 �p5

+4� �,

�

Wklv iroorzv iurp wkh idfw wkdw � � 4
5 1

Fodlp 5= Iru doo � A s@5p5e
3+3,/

gVfq
g�

� 4

5
i+p5 �p4,^e+i+5p4+4� �,,,� e+i+5p5+4� �,,`

.^p4+4� �,�p5�`
si 3+5p4+4� �,,

4� �

.^p5+4� �,�p4�`
si 3+5p5+4� �,,

4� �
j=

Wr suryh wklv/ lw lv hqrxjk wr vkrz wkdw

^p4+4� �,�p5�`i
3+5p5�, � ^p4��p5+4� �,`i 3+5p4�,=

Wklv lv fohduo| wuxh zkhq p4� � p5+4 � �,1 Exw zkhq p4� A p5+4� �,/ wkh
uhvxow iroorzv iurp wkh dvvxpswlrq wkdw i 33+�, � 3 iru doo � � s@e3+3,1

Wr frpsduh krz vxusoxv fkdqjhv zlwk vslooryhuv xqghu wkh wzr uhjlphv/ zh
zloo qhhg wkh iroorzlqj wzr fodlpv1

Fodlp 6= Iru doo �>

4

5
^e+i+5p4+4� �,,,� e+i+5p5+4� �,,` � e+i+p4+4� �,,,� e+i+p5+4� �,,,=

Gh�qlqj wkh ixqfwlrq

!+�, @ e+i+�p4+4� �,,,� e+i+�p5+4� �,,,>

lw lv hqrxjk wr vkrz wkdw !+5, � !+4,1 Wklv pxvw eh wkh fdvh li !3+�, � 3 iru
doo � 5 ^4> 5`1 Gl�huhqwldwlqj/ zh rewdlq

!3+�, @ ^i 3+�p4+4� �,,� i 3+�p5+4� �,,`@�

Wklv lv qhjdwlyh/ vlqfh i 33+�, � 3 iru doo � � s@e3+3,1

Fodlp 7= Iru doo �>

^p4+4� �,�p5�`i
3+5p4+4� �,, A ^p4��p5+4� �,`i 3+5p5+4� �,,=

Wkh uhvxow lv reylrxv li p4� �p5+4��,/ vr vxssrvh wkdw p4� A p5+4��,1
Gh�qlqj wkh ixqfwlrq

!+�, @ ^p4+4� �,�p5�`i
3+5p4+4� �,,>

5<



zh qhhg wr vkrz wkdw !+�, A !+4��,1 Khqfh/ lw lv hqrxjk wr vkrz wkdw !3+�, ? 3
iru � 5 ^�> 4� �`1 Gl�huhqwldwlqj/ zh rewdlq

!+�, @ �^p4 .p5`i
3+5p4+4� �,,� ^p4+4� �,�p5�`i

33+5p4+4� �,,5p4=

Wkxv/ zh uhtxluh wkdw

�^p4+4� �,�p5�`i
33+5p4+4� �,,5p4 ? ^p4 .p5`i

3+5p4+4� �,,

ru/ htxlydohqwo|/ wkdw

�i 33+5p4+4� �,,5p4+4� �,

i 3+5p4+4� �,,
?

^p4 .p5`

^p4 �p5
�

+4��, `

Exw/ e| k|srwkhvlv/ zh nqrz wkdw=

�i 33+5p4+4� �,,5p4+4� �,

i 3+5p4+4� �,,
?

p5

p4 �p5
=

Wkxv/ lw lv hqrxjk wr vkrz wkdw

p5

p4 �p5
?

^p4 .p5`

^p4 �p5
�

+4��, `
=

Zh nqrz wkdw �
4�� � �

4�� A p5

p4

1 Wkxv/ lw lv hqrxjk wr vkrz wkdw

p5

p4 �p5
?

p4^p4 .p5`

^p5
4 �p5

5`
@

p4

p4 �p5
=

Wklv iroorzv iurp wkh idfw wkdw p4 A p51 +pd|eh vkrxog fkdqjh wkh dvvxpswlrq

khuh,

Frpelqlqj wkhvh irxu fodlpv/ zh frqfoxgh wkdw iru doo � dw zklfk gVf
q

g� h{lvwv/
zh kdyh wkdw

gVfq
g�

� +p5 �p4,^e+i+p4+4� �,,,� e+i+p5+4� �,,,`

dqg khqfh wkdw gVf
q

g� A gVg

g� 1 Lw iroorzv wkdw wkh uhodwlyh shuirupdqfh ri fhqwudo0
l}dwlrq lv lqfuhdvlqj lq �1

Surri ri Ohppd 6= Dv revhuyhg lq wkh wh{w/ +��4> �
�
5, lv pdmrulw| suhihuuhg

xqghu fhqwudol}dwlrq zlwk d frrshudwlyh ohjlvodwxuh li dqg rqo| li +��4> �
�
5, lv d

Qdvk htxloleulxp ri wkh wzr sod|hu jdph lq zklfk hdfk sod|hu kdv vwudwhj| vhw
^3> �` dqg sod|hu l 5 i4> 5j kdv sd|r� ixqfwlrq Xl+�4> �5>pl,1 Zh suryh wkh
Ohppd e| fdofxodwlqj wkh vhw ri htxloleuld ri wklv jdph dqg frpsxwlqj wkh
dvvrfldwhg srolf| rxwfrphv1

+l, Zh hvwdeolvk sduw +l, ri wkh Ohppd yld d vhulhv ri fodlpv1
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Fodlp 4= Iru doo �

��4 @ ��5 @ 5p^+4� �,5 . �5`

lv dq htxloleulxp1

Zh qhhg wr vkrz wkdw li rqh glvwulfw*v phgldq yrwhu lv hohfwlqj d w|sh 5p^+4�
�,5.�5` fdqglgdwh/ wkhq wkh rwkhu glvwulfw*v phgldq yrwhu zlvkhv wr gr wkh vdph1
Ohw  +�4, @ X4+�4> �

�
5>p, ghqrwh wkh sd|r� ri glvwulfw 4*v phgldq yrwhu zkhq

kh vhohfwv d uhsuhvhqwdwlyh ri w|sh �4 dqg glvwulfw 5*v uhsuhvhqwdwlyh lv ri w|sh
��5 @ 5p^+4� �,5 . �5`1 Wkhq/ zh kdyh wkdw

 +�4, @ p^+4� �,e+i+4,, . �e+i+5,,`� s

5
+i+4, . i+5,,/

zkhuh i+4, @ i+�4+4� �, . ��5�, dqg i+5, @ i+��5+4� �, . �4�,1
Lw lv vwudljkwiruzdug wr vkrz wkdw glvwulfw 4*v phgldq yrwhu zloo dozd|v zdqw

wr fkrrvh d uhsuhvhqwdwlyh w|sh vxfk wkdw i+4, A 31 Wkxv/ zh pd| dvvxph wkdw
�4+4� �, . ��5� A e3+3,@s1 Wkhq/ gl�huhqwldwlqj/ zh rewdlq

 3+�4, @ ^p+4� �,5e3+i+4,,� s

5
+4� �,`i 3+4,� ^

s

5
��p�5e3+i+5,,`i 3+5,1

zkhuh i 3+4, @ i 3+�4+4� �, . ��5�, dqg i 3+5, @ i 3+��5+4� �, . �4�,1 Xvlqj wkh
idfw wkdw e3+i+�,, @ s@�/ zh pd| zulwh=

 3+�4, @ ^
p+4� �,5

�4+4� �, . ��5�
� +4� �,

5
`si 3+4,� ^

�

5
� p�5

��5+4� �, . �4�
`si 3+5,=

@ ^
5p+4� �,5 � +�4+4� �,5 . ��5�

5,

5+�4+4� �, . ��5�,
`si 3+4,� ^

��5+4� �,�. �4�5 � 5p�5

5+��5+4� �, . �4�,
`si 3+5,=

Revhuyh wkdw/ li �4 ? ��5/ wkhq �4+4 � �, . ��5� � ��5+4 � �, . �4� dqg
i 3+4, � i 3+5,1 Pruhryhu/

5p+4� �,5 � +�4+4� �,5 . ��5�
5,� ^��5+4� �,�. �4�

5 � 5p�5`

@ 5p^+4� �,5 . �5`� �4^+4� �,5 . �5`� ��5^+4� �,�. �5`

A 5p^+4� �,5 . �5`^4� +4� �,5 � �5 � +4� �,�� �5` @ 3=

Wklv lpsolhv wkdw  3+�4, A 31 D vlplodu dujxphqw lpsolhv wkdw li �4 A ��5/ wkhq
 3+�4, ? 31 Wkxv/ �4 @ ��5 lv wkh fkrlfh ri uhsuhvhqwdwlyh wkdw pd{lpl}hv wkh
glvwulfw 4 phgldq yrwhu*v sd|r�1

Fodlp 5= Li � ? 4@5 dqg +��4> �
�
5, lv dq htxloleulxp wkhq

��4 @ ��5 @ 5p^+4� �,5 . �5`=

Lw lv vwudljkwiruzdug wr vkrz wkdw li +��4> �
�
5, lv dq htxloleulxp wkhq i+��4+4�

�, . ��5�, A 3 dqg i+��5+4� �, . ��4�, A 3/ vr zh dvvxph wklv lq zkdw iroorzv1
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Wkh qh{w srlqw wr qrwh lv wkdw ��4 @ ��51 Wr vhh wklv/ vxssrvh/ wr wkh frqwudu|/
wkdw ��4 A ��51 Wkhq/ wkh Nxkq Wxfnhu frqglwlrqv lpso| wkdw

CX4+�
�
4> �

�
5>p,

C�4
� 3 � CX5+�

�
4> �

�
5>p,

C�5
=

Zh pd| zulwh

CX4

C�4
@ ^

5p+4� �,5 � +��4+4� �,5 . ��5�
5,

5+��4+4� �, . ��5�,
`si 3+4,� ^

��5+4� �,�. ��4�
5 � 5p�5

5+��5+4� �, . ��4�,
`si 3+5,

dqg

CX5

C�5
@ ^

5p+4� �,5 � +��5+4� �,5 . ��4�
5,

5+��5+4� �, . ��4�,
`si 3+5,� ^

��4+4� �,�. ��5�
5 � 5p�5

5+��4+4� �, . ��5�,
`si 3+4,=

Vlqfh i 3+5, A i 3+4,/ wkh Nxkq Wxfnhu frqglwlrqv dqg wkhvh h{suhvvlrqv lpso|
wkdw

^5p+4� �,5 � +��4+4� �,5 . ��5�
5,`+��5+4� �, . ��4�,

^��5+4� �,�. ��4�
5 � 5p�5`+��4+4� �, . ��5�,

� i 3+5,

i 3+4,
A 4>

dqg

^��4+4� �,�. ��5�
5 � 5p�5`+��5+4� �, . ��4�,

^5p+4� �,5 � +��5+4� �,5 . ��4�
5,`+��4+4� �, . ��5�,

� i 3+5,

i 3+4,
A 4=

Vlqfh

��5+4� �, . ��4�

��4+4� �, . ��5�
? 4>

wkhvh wzr lqhtxdolwlhv lpso| wkdw

5p+4� �,5 � +��4+4� �,5 . ��5�
5,

��5+4� �,�. ��4�
5 � 5p�5

A 4

dqg

��4+4� �,�. ��5�
5 � 5p�5

5p+4� �,5 � +��5+4� �,5 . ��4�
5,

A 4=

Wkhvh wzr lqhtxdolwlhv/ lq wxuq/ lpso| wkdw

5p^+4� �,5 . �5` A ��4^+4� �,5 . �5` . ��5^+4� �,�. �5`

dqg

5p^+4� �,5 . �5` ? ��5^+4� �,5 . �5` . ��4^+4� �,�. �5`=

65



Exw wklv lv lqfrqvlvwhqw zlwk wkh k|srwkhvlv wkdw ��4 A ��51

Wkxv/ zh nqrz wkdw ��4 @ ��5 @ ��1 Lw lv vwudljkwiruzdug wr vkrz wkdw
�� ? 5p dqg wkxv CX4+�

�>��>p,
C�4

@ 31 Wklv htxdwlrq lpsolhv wkdw

5p+4� �,5 � ��^+4� �,5 . �5` @ ��^+4� �,�. �5`� 5p�5=

Uhduudqjlqj dqg vroylqj/ |lhogv

�� @ 5p^+4� �,5 . �5`=

Fodlp 6= Li � @ 4@5 dqg +��4> �
�
5, lv dq htxloleulxp wkhq

��4 . ��5 @ 5p=

Wr vhh wklv/ vlpso| qrwh wkdw zkhq � @ 4@5/ zh kdyh wkdw

CX4+�4> �5>p,

C�4
@ ^

p� +�4.�55 ,

�4 . �5
`si 3+

�4 . �5
5

,=

Lw iroorzv iurp wkhvh fodlpv wkdw zkhq � ? 4@5 wkhuh lv d xqltxh pdmrulw|
suhihuuhg sdlu wkdw jhqhudwhv wkh srolf| rxwfrph j4 @ j5 @ i+5p^+4��,5.�5`,=
Zkhq � @ 4@5 wkhuh duh pxowlsoh pdmrulw| suhihuuhg sdluv/ exw wkh| doo jhqhudwh
wkh srolf| rxwfrph j4 @ j5 @ i+p,= Wklv suryhv sduw +l, ri wkh Ohppd1

+ll, Zh qrz wxuq wr sduw +ll, ri wkh Ohppd1 Qrwh �uvw wkdw li e+j, @ oq+j.4,/
wkhq iru � � s/ i+�, @ �

s � 41 Zkhq i 33+�, @ 3/ hdfk sod|hu*v sd|r� ixqfwlrq lv
d wzlfh frqwlqxrxvo| gl�huhqwldeoh dqg vwulfwo| frqfdyh ixqfwlrq ri klv vwudwhj|
dqg hdfk sod|hu*v vwudwhj| vhw lv frpsdfw dqg frqyh{1 Wkxv/ wkh vhw ri htxloleuld
lv qrq0hpsw|1 Pruhryhu/ C5X4

C�4C�5
? 3 dqg C5X5

C�5C�4
? 3/ lpso|lqj wkdw w|shv duh

vwudwhjlf vxevwlwxwhv1
Iru l @ 4> 5/ ohw ul = ^3> �`$ ^3> �` ghqrwh wkh glvwulfw lphgldq yrwhu*v uhdfwlrq

ixqfwlrq1 E| gh�qlwlrq/ iru doo �5 5 ^3> �`/

u4+�5, @ dujpd{iX4+u4> �5>p4, = u4 5 ^3> �`j>

dqg iru doo �4 5 ^3> �`/

u5+�4, @ dujpd{iX5+�4> u5>p5, = u5 5 ^3> �`j=
Wkhq/ +��4> �

�
5, lv dq htxloleulxp ri wkh jdph li dqg rqo| li +��4> �

�
5, @ +u4+�

�
5,> u5+�

�
4,,1

Vrph jhqhudo ihdwxuhv ri wkh uhdfwlrq ixqfwlrqv iroorz iurp wkh surshuwlhv
ri wkh sd|r� ixqfwlrqv1 Wkh idfw wkdw hdfk sod|hu*v sd|r� lv d vwulfwo| frq0
fdyh dqg gl�huhqwldeoh ixqfwlrq ri klv vwudwhj| lpsolhv +l, wkdw u4+�5, @ 3
li CX4+3> �5>p4,@C�4 ? 3> +ll, wkdw u4+�5, @ � li CX4+�> �5>p4,@C�4 A 3>
dqg +lll, wkdw rwkhuzlvh u4+�5, lv lpsolflwo| gh�qhg e| wkh �uvw rughu frqglwlrq
CX4+u4+�5,> �5>p4,@C�4 @ 31 Lq dgglwlrq/ wkh idfw wkdw w|shv duh vwudwhjlf vxe0
vwlwxwhv lpsolhv wkdw u4+�5, lv qrq0ghfuhdvlqj1 Vlplodu uhpdunv dsso| wr wkh
glvwulfw 5 phgldq yrwhu*v uhdfwlrq ixqfwlrq
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Lw uhpdlqv wkhuhiruh wr ghwhuplqh wkh ghwdlov ri hdfk sod|hu*v uhdfwlrq ixqf0
wlrq1 Ohw �4+�5, ghqrwh wkh ohyho ri �4+�5, eh|rqg zklfk glvwulfw 5*v phgldq
yrwhu +glvwulfw 4*v phgldq yrwhu, zrxog olnh d w|sh 3 uhsuhvhqwdwlyh1 Wkhvh ohyhov
duh lpsolflwo| gh�qhg e| wkh htxdolwlhv

CX4+3> �5>p4,@C�4 @ 3>

dqg

CX5+�4> 3>p5,@C�5 @ 3=

Xvlqj wkh idfwv wkdw

CX4

C�4
@ sip4^

+4� �,5

�4+4� �, . �5�
.

�5

�5+4� �, . �4�
`� 4

5
j>

dqg

CX5

C�5
@ sip5^

+4� �,5

�5+4� �, . �4�
.

�5

�4+4� �, . �5�
`� 4

5
j>

zh rewdlq

�4 @ 5p5i+4� �,6 . �6

�+4� �,
j

dqg

�5 @ 5p4i +4� �,6 . �6

�+4� �,
j>

Revhuyh wkdw +4��,6.�6

�+4��, lv ghfuhdvlqj lq �/ wdnhv rq wkh ydoxh 4 zkhq � @ 4@5 dqg

whqgv wr lq�qlw| dv � jrhv wr }hur1 Wklv lpsolhv wkdw �4 � 5p5 dqg �5 � 5p41
Qh{w zh fkdudfwhul}h wkh kljkhvw w|sh uhsuhvhqwdwlyh hdfk glvwulfw*v phgldq

yrwhu zrxog zdqw1 Lw lv vwudljkwiruzdug wr vkrz wkdw

CX4+5p4> 3>p4,

C�4
@ 3

dqg

CX5+3> 5p5>p5,

C�5
@ 3>

zklfk lpsolhv wkdw glvwulfw l*v phgldq yrwhu ghvluhv d w|sh 5pl fdqglgdwh zkhq
wkh rwkhu glvwulfw vhohfwv d w|sh 3 fdqglgdwh1 E| dvvxpswlrq/ 5pl ? �/ vr wkdw
wkh xsshu erxqg frqvwudlqw rq w|sh fkrlfh lv qrw elqglqj khuh1 Lw iroorzv wkdw
iru erwk glvwulfwv l @ 4> 5> ul+3, @ 5pl=
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Zh pd| frqfoxgh iurp wkh deryh wkdw iru doo �5 5 ^3>plqi�5> �j`/ u4+�5, lv
lpsolflwo| gh�qhg e| wkh �uvw rughu frqglwlrq

CX4+u4+�5,> �5>p4,

C�4
@ 3

dqg iru doo �5 5 +plqi�5> �j> �`/
u4+�5, @ 3=

Ixuwkhu/ zh nqrz wkdw u4+3, @ 5p4 dqg wkdw u4+�5, lv grzqzdug vorslqj rq
^3>plqi�5> �j`1 Vlploduo|/ iru doo �4 5 ^3>plqi�4> �j`/ u5+�4, lv lpsolflwo| gh�qhg
e| wkh �uvw rughu frqglwlrq

CX5+�4> u5+�4,>p5,

C�5
@ 3

dqg iru doo �4 5 +plqi�4> �j> �`/

u5+�4, @ 3=

Ixuwkhu/ zh nqrz wkdw u5+3, @ 5p5 dqg wkdw u5+�4, lv grzqzdug vorslqj rq
^3>plqi�4> �j`1

Zh fdq qrz suryh wkh ohppd1 Li � ? e�/ lw iroorzv iurp wkh gh�qlwlrq ri e�
lq wkh wh{w wkdw +4��,6.�6

�+4��, A p4

p5

1 Wklv lq wxuq lpsolhv wkdw

�4 @ 5p5i +4� �,6 . �6

�+4� �,
j A 5p4=

Wklv lqhtxdolw| lpsolhv wkdw wkhuh h{lvw qr erxqgdu| htxloleuld lq zklfk ��l @ 3
iru rqh ru pruh glvwulfwv1 Li ��5 @ 3/ wkhq ��4 @ u4+3, @ 5p4/ exw vlqfh 5p4 ? �4
zh nqrz wkdw u5+5p4, A 3 zklfk frqwudglfwv wkh idfw wkdw ��5 @ 31 Li ��4 @ 3/
wkhq ��5 @ u5+3, @ 5p5/ exw vlqfh 5p5 ? �5 zh nqrz wkdw u4+5p5, A 3 zklfk
frqwudglfwv wkh idfw wkdw ��4 @ 31 Vlqfh pd{ ul+��l, ? �/ lw lv dssduhqw wkdw
wkhuh fdq eh qr erxqgdu| htxloleuld lq zklfk ��l @ � iru rqh ru pruh glvwulfwv1

Lw iroorzv wkdw wkhuh pxvw h{lvw dq lqwhulru htxloleulxp1 Dq| vxfk htxloleulxp
+��4> �

�
5, pxvw vdwlvi| wkh �uvw rughu frqglwlrqv CXl+�

�

4
>��

5
>pl,

C�l
@ 3 iru l 5 i4> 5j=

Xvlqj wkh h{suhvvlrqv iru CXl
C�l

> l 5 i4> 5j iurp deryh/ zh pd| zulwh wkhvh �uvw
rughu frqglwlrqv dv=

p4^
+4� �,5

��4+4� �, . ��5�
.

�5

��5+4� �, . ��4�
` @

4

5
>

dqg

p5^
+4� �,5

��5+4� �, . ��4�
.

�5

��4+4� �, . ��5�
` @

4

5
=
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Frpelqlqj wkh wzr �uvw rughu frqglwlrqv/ zh rewdlq

��4+4� �, . ��5� @ ^��5+4� �, . ��4�`
p4+4� �,5 �p5�5

p5+4� �,5 �p4�5
=

Xvlqj wklv dqg wkh �uvw rughu frqglwlrqv iru ��4 dqg ��5 uhvshfwlyho| |lhogv=

��4+4� �, . ��5� @
5p4p5^+4� �,7 � �7`

p5+4� �,5 �p4�5

dqg

��5+4� �, . ��4� @
5p4p5^+4� �,7 � �7`

p4+4� �,5 �p5�5
=

Wkxv/ dv fodlphg/ wkh srolf| rxwfrph lv

+j4> j5, @ +i+
5p4p5^+4� �,7 � �7`

p5+4� �,5 �p4�5
,> i+

5p4p5^+4� �,7 � �7`

p4+4� �,5 �p5�5
,,=

Li � � e�/ lw iroorzv wkdw +4��,6.�6

�+4��, � p4

p5

/ zklfk lq wxuq lpsolhv wkdw

�4 @ 5p5i +4� �,6 . �6

�+4� �,
j � 5p4=

Wklv lqhtxdolw| lpsolhv wkdw wkhuh h{lvwv d erxqgdu| htxloleulxp lq zklfk +��4> �
�
5, @

+5p4> 3,1 Wklv lv ehfdxvh u5+5p4, @ 3 dqg u4+3, @ 5p41 Wkh vdph dujxphqwv
iurp deryh lpso| wkdw wkhuh h{lvw qr rwkhu erxqgdu| htxloleuld1 Zh dovr fodlp
wkdw wkhuh duh qr lqwhulru htxloleuld1 Dq| vxfk htxloleulxp +��4> �

�
5, pxvw vdw0

lvi| wkh �uvw rughu frqglwlrqv CXl+�
�

4
>��

5
>pl,

C�l
@ 3 iru l 5 i4> 5j= Wkhvh �uvw rughu

frqglwlrqv lpso| wkdw

p4^�
�
5+4� �,6 . ��4�+4� �,5 . ��4+4� �,�5 . ��5�

6`

@ p5^�
�
4+4� �,6 . ��5�+4� �,5 . ��5+4� �,�5 . ��4�

6`=

Wklv phdqv wkdw

��5 @
^p5++4� �,6 . �6,�p4�+4� �,`

^p4++4� �,6 . �6,�p5�+4� �,`
��4

Exw wkh dvvxpswlrq wkdw � � e� lpsolhv wkdw ��5 � 3 li ��4 A 3>zklfk/ lq wxuq/ lv
lqfrqvlvwhqw zlwk wkh k|srwkhvlv wkdw +��4> �

�
5, A +3> 3,1 Wkxv/ wkh rqo| htxlole0

ulxp lv wkdw +��4> �
�
5, @ +5p4> 3, zklfk lpsolhv wkdw

+j4> j5, @ +i+5p4+4� �,,> i+5p4�,,>

dv uhtxluhg1

Idfw Ohw +jf4+�,> j
f
5+�,, eh wkh sxeolf jrrg ohyhov ghvfulehg lq Ohppd 6 dqg

dvvxph wkdw p4 A p51 Wkhq +l, jf4+�, lv ghfuhdvlqj iru � vx!flhqwo| vpdoo dqg
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� A e�/ exw lqfuhdvlqj iru � vx!flhqwo| forvh wr exw ohvv wkdq e�> +ll, jf5+�, lv
ghfuhdvlqj iru � � e� dqg lqfuhdvlqj wkhuhdiwhu> +lll, jf4+�, lv juhdwhu wkdq wkh
vxusoxv pd{lpl}lqj ohyho> dqg +ly, jf5+�, h{fhhgv wkh vxusoxv pd{lpl}lqj ohyho
iru � vx!flhqwo| vpdoo dqg � vx!flhqwo| odujh/ exw lw lv ohvv wkdq wkh vxusoxv
pd{lpl}lqj ohyho iru � vx!flhqwo| forvh wr e�1
Surri= +l, Iru doo � � e�/ zh kdyh wkdw

jf4+�, @ i+
5p4^+4� �,7 � �7`

+4� �,5 � p4

p5

�5
,=

Ohwwlqj

*+�, @ oq 5p4^+4� �,7 � �7`� oq^+4� �,5 � p4

p5
�5`>

zh zloo vkrz wkdw *3+3, ? 3 dqg *3+e�, A 31 Wkh ghulydwlyh ri wklv h{suhvvlrq lv

*3+�, @ 5i ^+4� �, . p4

p5

�`

^+4� �,5 � p4

p5

�5`
� 5^+4� �,6 . �6`

^+4� �,7 � �7`
j=

Qrwh �uvw wkdw *3+3, @ �5 dv uhtxluhg1 Dw � @ e�/ zh kdyh wkdw
+4� e�,6 . e�6e�+4� e�, @

p4

p5
=

Wkxv/

*3+e�, @ 5i ^+4� e�,5 . +4� e�,6 . e�6`
^+4� e�,7 � e�7` � 5^+4� e�,6 . e�6`

^+4� e�,7 � e�7` j=
Lw iroorzv wkdw *3+e�, A 3 li

+4� e�,5 A +4� e�,6 . e�6 @ +4� e�,5+4� e�, . e�6>
ru/ htxlydohqwo|/ li

+4� e�,5 A e�5
zklfk lv wuxh1

Iru doo � A e�/ zh kdyh wkdw
jf4+�, @ i+5p4+4� �,,>

zklfk lv reylrxvo| ghfuhdvlqj lq �1
+ll, Iru doo � � e�/ zh kdyh wkdw

jf5+�, @ i+
5p4^+4� �,7 � �7`
p4

p5

+4� �,5 � �5
,=

6:



Wkxv/ zh qhhg wr vkrz wkdw 5p4^+4��,
7��7`

p4

p5
+4��,5��5

lv ghfuhdvlqj lq � ru/ htxlydohqwo|

wkdw

oq 5p4^+4� �,7 � �7`� oq^
p4

p5
+4� �,5 � �5`

lv ghfuhdvlqj lq �1 Wkh ghulydwlyh ri wklv h{suhvvlrq lv

5i ^p4

p5

+4� �, . �`

^p4

p5

+4� �,5 � �5`
� 5^+4� �,6 . �6`

^+4� �,7 � �7`
j>

dqg khqfh zh qhhg wr vkrz wkdw iru doo � � e�
^p4

p5

+4� �, . �`

^p4

p5

+4� �,5 � �5`
?

5^+4� �,6 . �6`

^+4� �,7 � �7`

Revhuyh wkdw wkh h{suhvvlrq rq wkh ohiw kdqg vlgh lv ghfuhdvlqj lq p4

p5

1 Wkxv/
li wkh lqhtxdolw| krogv iru p4

p5

@ 4/ lw krogv iru doo p4

p5

1 Wkxv/ lw vx!fhv wr vkrz
wkdw

4

^+4� �,5 � �5`
?

5^+4� �,6 . �6`

^+4� �,7 � �7`
=

Zh nqrz wkdw +4��,7��7 @ ^+4��,5.�5`^+4��,5��5` dqg khqfh wkh deryh
lqhtxdolw| lv htxlydohqw wr

^+4� �,5 . �5` ? 5^+4� �,6 . �6` @ 5^+4� �,5+4� �, . �5�`=

Wklv krogv li

+4� 5�,+4� �,5 A +4� 5�,�5>

zklfk lv wuxh1
Iru doo � A e�/ zh kdyh wkdw

jf5 @ i+5p4�,>

zklfk lv reylrxvo| lqfuhdvlqj lq �1
+lll, Vxssrvh �uvw wkdw � � e�1 Wkhq/ vlqfh wkh vxusoxv pd{lpl}lqj sxeolf

jrrg ohyho iru glvwulfw 4 lv i+p4+4� �, .p5�,/ zh pxvw vkrz wkdw

i+
5p4^+4� �,7 � �7`

+4� �,5 � p4

p5

�5
, A i+p4+4� �, .p5�,>

ru/ htxlydohqwo|/ wkdw

5p4^+4� �,7 � �7`

+4� �,5 � p4

p5

�5
A p4+4� �, .p5�=

6;



Uhduudqjlqj/ zh uhtxluh wkdw

5p4^+4� �,7 � �7` A i+4� �,5 � p4

p5
�5jip4+4� �, .p5�j=

Vlqfh p4

p5

A 4/ lw lv hqrxjk wr vkrz wkdw

5^+4� �,7 � �7` A i+4� �,5 � �5j
ru/ htxlydohqwo|/ wkdw

+4� �,5 . �5 A 4@5=

Wklv lv wuxh iru doo � lq wkh uhohydqw udqjh1
Li � A e�/ wkhq zh pxvw vkrz wkdw

i+5p4+4� �,, A i+p4+4� �, .p5�,>

zklfk lv reylrxvo| wuxh1
+ly, Wkh vxusoxv pd{lpl}lqj sxeolf jrrg ohyho iru glvwulfw 5 lv i+p5+4��,.

p4�,= Li � � e�/ wkhq
jf5+�, @ i+

5p4^+4� �,7 � �7`
p4

p5

+4� �,5 � �5
,

zkloh li � A e�/ wkhq
jf5+�, @ i+5p4�,=

Lw lv reylrxv wkdw jf5+�, h{fhhgv wkh vxusoxv pd{lpl}lqj ohyho iru � vx!flhqwo|
forvh wr 3 dqg � vx!flhqwo| forvh wr 4@51 Wr vkrz wkdw jf5+�, lv ohvv wkdq
wkh vxusoxv pd{lpl}lqj ohyho zkhq � lv vx!flhqwo| forvh wr e�/ lw lv hqrxjk wr
ghprqvwudwh wkdw

5^+4� e�,7 � e�7`
p4

p5

+4� e�,5 � e�5 ?
p5

p4
+4� e�, . e�=

Uhfdoolqj wkdw/ e| gh�qlwlrq/

+4� e�,6 . e�6e�+4� e�, @
p4

p5
>

wklv h{suhvvlrq ehfrphv=

+4� e�,6 . e�6 ? +4� e�,5>
ru/ htxlydohqwo|/

e�5 ? +4� e�,5
6<



zklfk lv wuxh1

Surri ri Sursrvlwlrq 8= Ohwwlqj +jf4+�,> j
f
5+�,, eh wkh srolf| rxwfrph xq0

ghu fhqwudol}dwlrq zlwk d frrshudwlyh ohjlvodwxuh dqg vslooryhuv �/ vxusoxv xqghu
fhqwudol}dwlrq zlwk d frrshudwlyh ohjlvodwxuh lv jlyhq e|

Vff+�, @ ^p4+4� �, .p5�`e+j
f
4+�,, . ^p5+4� �, .p4�`e+j

f
5+�,,

�s+jf4+�, . jf5+�,,=

Iru sduw +l,/ zh nqrz iurp wkh hduolhu glvfxvvlrq wkdw zkhq p4 @ p5 @ p/
Vfq+3, ? Vg+3, dqg Vfr+

4
5, A Vg+45,1 Zh dovr nqrz iurp wkh surri ri Sursrvlwlrq

4/ wkdw vxusoxv lv qrq0lqfuhdvlqj lq vslooryhuv xqghu ghfhqwudol}dwlrq1 Wkxv/ lw
vx!fhv wr vkrz wkdw vxusoxv lv lqfuhdvlqj lq vslooryhuv xqghu fhqwudol}dwlrq1

Zkhq p5 @ p4 @ p>

jf4+�, @ jf5+�, @ i+5p^+4� �,5 . �5`,

Vlqfh p A s@e3+3,/ zh nqrz wkdw i+5p^+4 � �,5 . �5`, vdwlv�hv wkh �uvw rughu
frqglwlrq 5p^+4� �,5 . �5`e3+i+5p�,, @ s iru doo �1 Wkxv/ iru doo �

gVff
g�

@ 5p+4� 5�,si 3+5p^+4� �,5 . �5`,
4� 7�+4� �,

^+4� �,5 . �5`
A 3=

Lqwxlwlyho|/ lqfuhdvlqj vslooryhuv fdxvhv hdfk glvwulfw wr vhohfw d uhsuhvhqwdwlyh
zlwk d w|sh forvhu wr wkh phgldq zklfk uhgxfhv wkh ryhu surylvlrq ri orfdo sxeolf
jrrgv1

Iru wkh �uvw sduw ri +ll,/ qrwh wkdw zkhq p4 9@ p5/ Vff+3, ? Vg+3,1 Vlqfh
erwk vxusoxv ixqfwlrqv duh frqwlqxrxv ixqfwlrqv ri �/ iru hdfk +p4>p5, wkhuh
h{lvwv % A 3 vxfk wkdw Vff+�, ? Vg+�, iru doo � ? %1 Vlplodu orjlf hvwdeolvkhv
wkh vhfrqg sduw ri +ll,/ li Vff+

4
5, A Vg+45,1 Wkxv/ lw uhpdlqv wr hvwdeolvk wklv

lqhtxdolw|1 Ohw +p4>p5, eh jlyhq dqg vxssrvh wkdw p4 A p51 Zh fdq �qg �
dqg � vr wkdw +p4>p5, @ +��> �+4 � �,, iru vrph � A 5s dqg � 5 ^45 > 4� s@�,1
Lq dgglwlrq/ vlqfh e� ? 4@5/ zh kdyh wkdw

jf4+
4

5
, @ jf5+

4

5
, @

��

s
� 4=

Wklv lpsolhv wkdw

Vff+�>
4

5
, @

�

5
ioq+��

s
, . oq+

��

s
,j � 5s^

��

s
� 4`=

Xqghu ghfhqwudol}dwlrq/ li �+4� �, � 5s/

+j4> j5, @ +
��

5s
� 4>

�+4� �,

5s
� 4,

dqg vxusoxv lv jlyhq e|=

Vg+�>
4

5
, @

�

5
ioq �

5s
� . oq

�

5s
+4� �,j � s^

��

5s
� 4 .

�+4� �,

5s
� 4`=
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Li �+4� �, ? 5s/

+j4> j5, @ +
��

5s
� 4> 3,

dqg vxusoxv lv

Vg+�>
4

5
, @

�

5
ioq �

5s
�j � s^

��

5s
� 4`=

Wdnlqj gl�huhqfhv/ zh kdyh wkdw li �+4� �, � 5s

Vff+�>
4

5
,� Vg+�>

4

5
, @

�

5
ioq 5 . oq+

5�

4� �
,j � 6��

5
.

�+4� �,

5

Zkloh iru �+4� �, ? 5s/

Vff+�>
4

5
,� Vg+�>

4

5
, @

�

5
ioq+5, . oq+

��

s
,j � 6��

5
. s=

Gl�huhqwldwlqj wkh iruphu gl�huhqfh zlwk uhvshfw wr � |lhogv

g^Vff+�>
4
5,� Vg+�> 45,`

g�
@

�

5�+4� �,
� 5�

@ �
4� 7�+4� �,

5�+4� �,
� 3=

Wkxv/ wklv gl�huhqfh lv qrq0ghfuhdvlqj lq �1 Dffruglqjo|/ li Vff+�>
4
5 , A Vg+�> 45,

dw � @ 4@5/ wkhq wkh lqhtxdolw| krogv iru doo � lq wkh uhohydqw udqjh1 Exw
� @ 4@5 fruuhvsrqgv wr wkh v|pphwulf fdvh dqg zh lqghhg nqrz wkdw vxusoxv
xqghu fhqwudol}dwlrq lv kljkhu wkdq ghfhqwudol}dwlrq wkhq1 Gl�huhqwldwlqj wkh
odwwhu gl�huhqfh zlwk uhvshfw wr � |lhogv

g^Vff+�>
4
5,� Vg+�> 45,`

g�
@

�

5
i 4
�
� 6j ? 3

zklfk lpsolhv wkdw wkh vxusoxv gl�huhqfh lv ghfuhdvlqj lq �1 Wkxv/ li zh fdq
vkrz wkdw Vff+�>

4
5, A Vg+�> 45, dw � @ 4� s@�/ wkhq wkh lqhtxdolw| krogv iru doo

� lq wkh uhohydqw udqjh1 Hydoxdwlqj/ zh kdyh

Vff+4� s@�>
4

5
,� Vg+4� s@�>

4

5
, @@

�

5
ioq+5, . oq+

� � s

s
,� 6 .

8s

�
j=

Wklv h{suhvvlrq lv lqfuhdvlqj lq �1 Wkxv/ lw vx!fhv wr vkrz lw lv srvlwlyh dw
� @ 5s1 Hydoxdwlqj/ |lhogv

Vff+
4

5
>
4

5
,� Vg+

4

5
>
4

5
, @@ sioq+5,� 4

5
j A 3=
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Surri ri Sursrvlwlrq 9= Djjuhjdwh vxusoxv xqghu fhqwudol}dwlrq zlwk qrq0
xqlirup �qdqflqj lv jlyhq e|=

Vfq +�, @
4

5
^+p4 +4� �, .p5�, e +i +p4 +4� �,,, . +p5 +4� �, .p4�, e +i +p4�,,

�si +p4 +4� �,,� si +p4�,` .

4

5
^+p5 +4� �, .p4�, e +i +p5 +4� �,,, . +p4 +4� �, .p5�, e +i +p5�,,

�si +p5 +4� �,,� si +p5�,`=

Zh pxvw vkrz wkdw Vfq +�, � Vg +�, iru doo �/ zkhuh Vg +�, lv dv gh�qhg lq wkh
surri ri Sursrvlwlrq 41 Zh glylgh wkh surri lqwr vhtxhqfh ri wkuhh Fodlpv1

Fodlp 4= Li � � pd{i p5

p4.p5

> s
p4e3+3,

j/ wkhq Vfq +�, � Vg +�,1

Wr vhh wklv qrwh wkdw/ vlqfh e+�, lv frqfdyh/ zh kdyh wkdw

Vfq +�, � +p4 +4� �, .p5�, e

�
i +p4 +4� �,, . i +p5�,

5

�
� s

i +p4 +4� �,, . i +p5�,

5

. +p5 +4� �, .p4�, e

�
i +p5 +4� �,, . i +p4�,

5

�
� s

i +p5 +4� �,, . i +p4�,

5
=

Qrwlfh wkdw wkh h{suhvvlrq rq wkh uljkw kdqg vlgh lv vlplodu wr wkh h{suhv0
vlrq iru vxusoxv xqghu ghfhqwudol}dwlrq/ h{fhsw wkdw wkh sxeolf jrrg ohyhov duh
i+p4+4��,,.i+p5�,

5 dqg i+p5+4��,,.i+p4�,
5 lqvwhdg ri i +p4 +4� �,, dqg i +p5 +4� �,,1

Wkh ixqfwlrqv +p4 +4� �, .p5�, e +j,�sj dqg +p5 +4� �, .p4�, e +j,�sj duh
fohduo| lqfuhdvlqj rq wkh lqwhuydov ^3> i +p4 +4� �,,` dqg ^3> i +p5 +4� �,,` uh0
vshfwlyho|1 Wkh ghvluhg lqhtxdolw| wkhq iroorzv iurp wkh idfwv wkdw i+p4+4��,,.i+p5�,

5 �
i +p4 +4� �,, dqg/ li � � pd{i p5

p4.p5

> s
p4e3+3,

j/ wkdw i+p5+4��,,.i+p4�,
5 �

i +p5 +4� �,,1

Fodlp 5= Li � � plqi45 > 4� s
p5e3+3,

j/ wkhq Vfq +�, � Vg +�,1

Li 4
5 � 4� s

p5e3+3,
/ wkh uhvxow iroorzv lpphgldwho| iurp wkh idfw wkdw Vfq

�
4
5

�
@

Vg
�
4
5

�
1 Vr vxssrvh wkdw 4

5 A 4 � s
p5e3+3,

dqg ohw � 5 +4 � s
p5e3+3,

> 45 `1 Wkhq/
i +p5 +4� �,, @ i +p5�, @ 31 Lw iroorzv wkdw

Vfq +�, @
4

5
^+p4 +4� �, .p5�, e +i +p4 +4� �,,, . +p5 +4� �, .p4�, e +i +p4�,,

�si +p4 +4� �,,� si +p4�,`

� +p4 +4� �, .p5�, e

�
i +p4 +4� �,, . i +p4�,

5

�
� s

i +p4 +4� �,, . i +p4�,

5

� +p4 +4� �, .p5�, e +i +p4 +4� �,,,� si +p4 +4� �,,

� Vg +�, =
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Fodlp 6= Li pd{i p5

p4.p5

> s
p4e3+3,

j ? � ? plqi45 > 4 � s
p5e3+3,

j/ wkhq Vfq +�, �
Vg +�,1

Li qrw/ wkhuh h{lvwv e� 5 +pd{i p5

p4.p5

> s
p4e3+3,

j>plqi45 > 4� s
p5e3+3,

j, vxfk wkdw
Vfq +e�, A Vg +e�,1 Zh zloo vkrz wkdw wkh ixqfwlrq Vfq +�,�Vg +�, lv lqfuhdvlqj rq
^e�>plqi45 > 4 � s

p5e3+3,
j, zklfk/ vlqfh Vfq +�, � Vg +�, lv frqwlqxrxv/ frqwudglfwv

Fodlp 51 Li � 5 ^e�>plqi45 > 4 � s
p5e3+3,

j,/ wkhuh duh wzr srvvlelolwlhv= hlwkhu
� ? s

p5e3+3,
lq zklfk fdvh i +p5�, @ 3 ru � A s

p5e3+3,
lq zklfk fdvh i +p5�, @ 31

Lq wkh iruphu fdvh/ zh kdyh wkdw=

gVfq +�,

g�
@ +p5 �p4,

4

5
^e +i +p4 +4� �,,,� e +i +p5 +4� �,,,� e +i +p4�,,`

�p5�s
i 3+p4+4� �,,

5+4� �,
�p4�s

i 3+p5+4� �,,

5+4� �,
.p5+4� �,s

i 3+p4�,

5+4� �,
=

Lq wkh odwwhu/

gVfq +�,

g�
@ +p5 �p4,

4

5
^e +i +p4 +4� �,,, . e +i +p5�,,� e +i +p5 +4� �,,,� e +i +p4�,,`

�p5�s
i 3+p4+4� �,,

5+4� �,
�p4�s

i 3+p5+4� �,,

5+4� �,

.p4+4� �,s
i 3+p5�,

5+4� �,
.p5+4� �,s

i 3+p4�,

5+4� �,
=

Qrz qrwh iurp wkh surri ri Sursrvlwlrq 4 wkdw vlqfh � ? 4 � s
p5e3+3,

/ lq erwk
fdvhv zh kdyh wkdw

gVg+�,

g�
@ +p5 �p4,^e+i+p4+4� �,,,� e+i+p5+4� �,,,`

�p5�s
i 3+p4+4� �,,

4� �
�p4�s

i 3+p5+4� �,,

4� �
=

Lw lv lpphgldwh wkdw gVg+�,
g� ?

gVf
q
+�,

g� / zklfk lpsolhv wkdw Vfq +�, � Vg +�, lv
lqfuhdvlqj rq ^e�>plqi45 > 4� s

p5e3+3,
j, dv uhtxluhg1
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