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ABSTRACT

Rent Seeking/Corruption And Growth: A Simple Model*

The goal of this Paper is to propose a simple paradigm for understanding rent
seeking and corruption in the growth context. We develop an endogenous
growth model where entrepreneurs, as intermediate-good producers, may
engage in rent-seeking activities. The latter are defined by the following
properties: (i) their internal effect is positive; (ii) their external effect is
negative; and (iii) they use real resources. Our formulation may be viewed as
a parable for theft and fraud; organized crime; industrial espionage; lobbying
and policy influence; misgovernance, institutional inefficiency, tax evasion, etc.
The economy is shown to fall into a trap of high rent seeking/corruption and
low growth. Agents’ perceptions about the external effects of rent seeking, and
the complementarity or substitutability of intermediate inputs, are crucial.
Contrary to conventional wisdom, higher returns to capital and more
competition can be detrimental for welfare and growth, as they induce more
rent seeking/corruption. Finally, our paradigm yields insights into the
relationship of R&D, politico-economic equilibrium, income distribution, and
growth, as well as the design of tax/growth policies in the presence of rent
seeking/corruption.
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NON-TECHNICAL SUMMARY

In this Paper, we seek to shed some light onto corruption and rent seeking
questions like: how activities (e.g. theft and fraud; organized crime; industrial
espionage; lobbying and policy influence; misgovernance, institutional
inefficiency, tax evasion, etc.) that increase the income or profit of one that
engages in them affect overall economic growth, income distribution and
political outcomes. (i) Their internal effect is negative, and (ii) they use real
resources.

In particular, we introduce corruption and rent-seeking activities into the
neoclassical growth theory. Corruption or rent-seeking activities are defined by
three properties: First, we model the internal effect or corruption/rent-seeking
activities as being positive for those engaged in such activities; as being
negative for everybody else. Second, we take corruption/rent seeking to be, at
least eventually, a redistributive activity, so that if everyone is engaging in rent
seeking/corruption, then none can profit from these activities. Third, we model
corruption/rent-seeking activities as using up real resources. These properties
constitute a ‘rent-seeking or corruption technology’, a ‘black box’ that
characterizes the available opportunities for and the consequent benefits from
engaging in rent seeking and corruption. This formulation can indeed be seen
as a model of theft and fraud; or a model of industrial espionage; of lobbying
and policy influence; of misgovernance and institutional inefficiency in the sale
and provision of public goods; of tax evasion and tax-burden transfer; of
patent imitation and property rights expropriation; of a broad class of activities
that have a redistributive rather than productive effect. Notably, corruption/rent
seeking in our model is not distinguished by whether or not it is lawful, morally
correct, or socially acceptable.

The growth model we choose to work with is an endogenous growth model
where certain agents, intermediate-good producers, may engage in rent-
seeking activities. The latter are defined by the three properties mentioned
above. The growth engine is human capital, but this is to be viewed only as a
parable intended to capture the more fundamental relation that exists between
the static allocation of real resources and the dynamics of growth. Our
formulation is indeed in line with the idea of an endogenous allocation of
entrepreneurship and talent between innovative and rent-seeking activities.

Despite the fact that this is a simple and highly stylized model, it accounts for
several stylized facts of the relationship between rent seeking/corruption and
growth. Moreover, it yields insights into the relationship of R&D, politico-
economic equilibrium, income distribution, and growth, as well as the design
of tax/growth policies in the presence of corruption.



The economy is shown to follow a path of high rent seeking/corruption and low
growth. This is essentially a case of ‘the tragedy of commons’: Real
resources, like labour time, entrepreneurship and talent, are allocated to
unproductive corruption and rent seeking, rather than being employed in
productive and growth-promoting activities. For instance, entrepreneurs,
lawyers, lobbyists, chief executives, etc., invest time and resources in red tape
and bribery, lobbying and political influence, spying, negotiations or court
suits, and other wasteful corruption/rent-seeking activities.

Looking at the comparative statistics, the agents’ perceptions of the external
effects of their corruption activities coupled with the degree of
complementarity (or substitutability) between intermediate inputs, are found to
be crucial determinants for growth. With strong complementarity, sophisticated
perceptions result in less corruption and more growth, but with intense
substitutability, myopia may be welfare-improving.

A novel and challenging implication of our theory is that the higher the
intensity of intermediate-good inputs and final-good production, the higher the
income share of capital, the higher the rents to be distributed through
corruption/rent seeking, and therefore the higher is the demand for corruption.
For that reason, and contrary to conventional wisdom, a higher capital share is
coupled with lower investment and lower growth.

Further, our model allows for the possibility that more intense competition, or
stronger substitutability between intermediate inputs, may be detrimental to
growth, because it may induce more corruption. The driving force is the
strategic interaction over the choice of the individually optimal level of rent
seeking.

The equilibrium allocation in the presence of corruption/rent-seeking
opportunities is of course inefficient, both in static and in dynamic terms. The
normative case for an ‘anti-corruption tax’ is thus made. We consider in
particular the second-best policy of a distortive tax on the rents of capital or
the output of intermediate producers. We find that the second best tax rate is
increasing in the level of corruption and, more interestingly, on the income
share of capital. Indeed, while in the absence of rent seeking/corruption, a
subsidy may be necessary in order to cure the market inefficiency due to
monopolistic power in the intermediate sector, the second-best policy may
instead call for a tax in order to discourage rent seeking/corruption.

We observe that higher corruption implies higher benefits for those employed
in rent-seeking activities, and higher current wages, at the cost of a lower
wage growth rate. This observation can provide us with a politico-economic
explanation for the obstacles to the elimination of corruption. We discuss the
related incentives of bureaucrats, politicians and lawmakers, lawyers and



mediators, etc. We hence suggest a simple positive theory for the
endogenous determination of the ‘rules of the games’ or the ‘rent-
seeking/corruption technology’ in the spirit of Helpman and Grossman.

We finally discuss some positive implications for the relationship between
growth and income distribution. A simple extension of our benchmark model
can account for a negative correlation between growth and income inequality,
or even for the Kuznets Curve observed in the data.

The plan of the Paper is as follows. In Section 2 we develop the basic model,
characterize individual behaviour and determine the demand for rent
seeking/corruption. In Section 3 we proceed to general equilibrium and
characterize the steady state and the transition dynamics; we next compare
with the first best; and we finally discuss the case of a second-best anti-
corruption tax. In Section 4 we present four extensions of the model: (i)
alternative engines of growth; (ii) endogenous determination of the corruption
technology; (iii) the role of competition and anti-corruption coordination; and
(iv) the relation between corruption/rent seeking, growth, and income
distribution. Section 5 concludes the Paper.



�Frpshwlwlyh uhqw vhhnlqj uhvxowv lq d glyhujhqfh ehwzhhq wkh sulydwh dqg vrfldo
frvwv ri fhuwdlq dfwlylwlhv111 ^dqg` ohdgv wr wkh rshudwlrq ri wkh hfrqrp| lqvlgh lwv
wudqvirupdwlrq fxuyh1� +Nuxhjhu/ 4<:7/ s1 5<4,

�Wkh surgxfwlyh frqwulexwlrq ri wkh vrflhw|*v hqwuhsuhqhxuldo dfwlylwlhv ydulhv pxfk
pruh ehfdxvh ri wkhlu doorfdwlrq ehwzhhq surgxfwlyh dfwlylwlhv vxfk dv lqqrydwlrq
dqg odujho| xqsurgxfwlyh dfwlylwlhv vxfk dv uhqw vhhnlqj ru rujdql}hg fulph1� +Edx0
pro/ 4<<3/ s1 ;<61,

4 Lqwurgxfwlrq

Dowkrxjk lw lv kdug wr gh�qh dqg doprvw lpsrvvleoh wr phdvxuh/ fruuxswlrq dqg uhqw
vhhnlqj duh wkrxjkw wr kdyh lpsruwdqw h�hfwv rq hfrqrplf jurzwk1 Wkh irupv dqg wkh
vshfl�fv ri uhqw vhhnlqj pd| ydu| dfurvv wlph dqg vsdfh/ exw wkh skhqrphqrq lv dozd|v
suhvhqw dqg riwhq shuydvlyh1 Shrsoh olylqj ru grlqj exvlqhvv lq Vrxwkhuq dqg Hdvwhuq
Hxursh/ Odwlq Dphulfd/ Diulfd/ ru Lqgld/ nqrz txlwh zhoo wkdw eulehu| dqg fruuxswlrq lv
wkh uxoh ri wkh jdph lq ghdolqj zlwk wkh exuhdxfudf|1 Exw hyhq lq wkh XV/ uhqw vhhnlqj
wkulyhv lq wkh srolwlfdo vfhqh � oree|lqj dw erwk wkh vwdwh dqg wkh ihghudo ohyho/ ru
SDFv dqg frqwulexwlrqv wr srolwlfdo fdqglgdwhv1 Zlooldp Edxpro +4<<3/ s1 <48, dovr
qrwhv= �Wrgd|/ xqsurgxfwlyh hqwuhsuhqhxuvkls wdnhv pdq| irupv1 Uhqw vhhnlqj/ riwhq
yld dfwlylwlhv vxfk dv olwljdwlrq dqg wdnh0ryhuv/ dqg wd{ hydvlrq dqg dyrlgdqfh h�ruwv
vhhp qrz wr frqvwlwxwh wkh sulph wkuhdw wr surgxfwlyh hqwuhsuhqhxuvkls1 111 Frusrudwh
h{hfxwlyhv ghyrwh pxfk ri wkhlu wlph dqg hqhuj| wr ohjdo vxlw dqg frxqwhuvxlw/ dqg
olwljdwlrq lv xvhg wr suhyhqw h{fhvvlyh yljru lq frpshwlwlrq e| ulydov1 111 Vlploduo| wd{hv
fdq vhuyh wr uhgluhfw hqwuhsuhqhxuldo h�ruw1� Dqg zh doo nqrz wkdw wkh vwhdnv lq vxfk
lvvxhv fdq eh ploolrqv ru eloolrqv ri grooduv1

Krzhyhu/ wkh shuwlqhqw olwhudwxuh grhv qrw fohduo| djuhh rq hlwkhu wkh hylghqfh ru
wkh wkhru| uhjduglqj wkh h�hfwv ri uhqw vhhnlqj dqg fruuxswlrq1 Edugkdq +4<<:,/ lq klv
h{whqvlyh vxuyh| ri wkh olwhudwxuh/ flwhv vhyhudo klvwrulfdo hslvrghv zkhuh fruuxswlrq dqg
uhqw vhhnlqj dfwlylwlhv duh wkrxjkw wr kdyh surprwhg jurzwk1 Wr wkh frqwudu|/ Pdxur
+4<<8,/ edvhg rq exvlqhvv vxuyh| gdwd iurp vhyhqw| frxqwulhv/ �qgv vljql�fdqw qhjdwlyh
fruuhodwlrq ehwzhhq wkh xqghuo|lqj fruuxswlrq lqgh{/ rq wkh rqh vlgh/ dqg wkh lqyhvwphqw
udwh ru wkh jurzwk udwh/ rq wkh rwkhu vlgh1 Dqg/ Pxusk| hw do1 +4<<4, suhvhqw hylghqfh
zkhuhe| frxqwulhv zlwk wdohqwhg shrsoh hqjdjlqj lq fruuxswlrq dqg uhqw vhhnlqj dfwlylwlhv
jurz uhodwlyho| vorzo|1

Rq wkh wkhruhwlfdo iurqw/ Oh� +4<97,/ Kxqwlqjwrq +4<9;,/ dqg Oxl +4<;8,/ dprqj
rwkhuv/ kdyh hpskdvl}hg wkh lpsruwdqfh ri eulehv lq flufxpyhqwlqj exvlqhvv revwdfohv
dqg vshhglqj xs wklqjv/ lq wkh suhvhqfh ri fxpehuvrph uhjxodwlrqv dqg xqprwlydwhg
exuhdxfudwv1 Exw/ Vkohlihu ) Ylvkq| +4<<6, kdyh dujxhg wkdw wkh loohjdolw| ri fruuxswlrq
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dqg wkh qhhg iru vhfuhf| pdnh lw pxfk pruh glvwruwlrqdu| dqg frvwo| wkdq wkh lqh!0
flhqflhv lw uhpryhv/ vxfk dv wkh kdupixo h�hfwv ri wd{dwlrq1 Lq idfw/ P|ugdo +4<97, dqg
Edqhumhh +4<<:, kdyh srlqwhg rxw wkdw vrph ri wkh uhg wdsh flufxpyhqwhg e| fruuxswlrq
pd| eh lqwhqwlrqdoo| sxw lq sodfh mxvw iru h{wudfwlqj eulehv1 Dqg/ Pxusk| hw do1 +4<<6,
kdyh dujxhg wkdw lqfuhdvlqj uhwxuqv wr vfdoh lq uhqw vhhnlqj dfwlylwlhv wdnh uhvrxufhv dzd|
iurp lqyhvwphqw dqg fuhdwh glvlqfhqwlyhv iru lqqrydwlyh dfwlylwlhv wkdw surprwh jurzwk14

Qr grxew/ wkhvh duh hpslulfdo dqg wkhruhwlfdo revhuydwlrqv wkdw iuhtxhqwo| dsshdu wr
frqwudglfw hdfk rwkhu1 Zkdw lv pruh/ wkh uhdghu ri wkh shuwlqhqw olwhudwxuh lv lq gdqjhu
wr jhw klpvhoi orvw lq wkh vshfl�fv ri wkh sduwlfxodu vwru| ru prgho lq xvh/ wr irfxv rq wkh
wuhh dqg plvv wkh iruhvw1 Lw lv reylrxv wkdw dq h{sodqdwlrq dqg fodul�fdwlrq lv lq rughu1
Lq wklv sdshu zh duh prwlydwhg e| wklv txduu| wr lqyhvwljdwh wkh uhodwlrqvkls ehwzhhq
fruuxswlrq dqg uhqw vhhnlqj dfwlylwlhv/ rq wkh rqh kdqg/ dqg jurzwk/ rq wkh rwkhu kdqg1
Wkh sxusrvh ri rxu sdshu lv prvwo| wkhruhwlfdo= Wr sursrvh d vlpsoh dqg fohdu sdudgljp/
dq devwudfw exw looxplqdwlqj frqfhswxdo iudphzrun iru uhqw vhhnlqj dqg fruuxswlrq lq
wkh jurzwk frqwh{w1 Zh wkhq wxuq pruh dssolhg/ wr lqyhvwljdwh wkh frpsdudwlyh vwdwlfv
ri wkh ohyho ri uhqw vhhnlqj2fruuxswlrq dqg h{soruh vrph srolf|0rulhqwhg txhvwlrqv15

Lq sduwlfxodu/ zh lqwurgxfh fruuxswlrq dqg uhqw vhhnlqj dfwlylwlhv lqwr wkh qhrfodvvl0
fdo jurzwk wkhru|1 Fruuxswlrq ru uhqw0vhhnlqj dfwlylwlhv duh gh�qhg e| wkuhh surshuwlhv=
Iluvw/ iroorzlqj Oh� +4<97,/ Kxqwlqjwrq +4<9;,/ dqg Oxl +4<;8,/ zh prgho wkh lqwhu0
qdo h�hfw ri fruuxswlrq2uhqw vhhnlqj dfwlylwlhv dv ehlqj srvlwlyh iru wkrvh hqjdjhg lq
vxfk dfwlylwlhv> dqg/ iroorzlqj Vkohlihu ) Ylvkq| +4<<6, dqg Pxusk| hw do1 +4<<6,/ dv
ehlqj qhjdwlyh iru hyhu|erg| hovh1 Vhfrqg/ zh wdnh fruuxswlrq2uhqw vhhnlqj wr eh/ dw
ohdvw hyhqwxdoo|/ d uhglvwulexwlyh dfwlylw|/ vr wkdw li hyhu|rqh lv hqjdjlqj lq uhqw vhhn0
lqj2fruuxswlrq/ wkhq qrqh fdq sur�w iurp wkhvh dfwlylwlhv1 Wklug/ iroorzlqj Wxoorfn
+4<9:,/ Nuxhjhu +4<:7/ 4<:;,/ dqg Pxusk| hw do1 +4<<6,/ zh prgho fruuxswlrq2uhqw0
vhhnlqj dfwlylwlhv dv xvlqj xs uhdo uhvrxufhv1 Wkhvh surshuwlhv frqvwlwxwh d cuhqw0vhhnlqj
ru fruuxswlrq whfkqrorj|*/ d ceodfn er{* wkdw fkdudfwhul}hv wkh dydlodeoh rssruwxqlwlhv
iru dqg wkh frqvhtxhqw ehqh�wv iurp hqjdjlqj lq uhqw vhhnlqj dqg fruuxswlrq16 Wklv
irupxodwlrq fdq lqghhg eh vhhq dv d prgho ri wkhiw dqg iudxg> ru d prgho ri lqgxvwuldo

4Edugkdq +4<<:, vxjjhvwv wkh srvvlelolw| ri d qrqolqhdu uhodwlrqvkls ehwzhhq fruuxswlrq dqg jurzwk/
zlwk wkh uhodwlrqvkls ehhq srvlwlyh dw uhodwlyho| orz ohyhov ri ghyhorsphqw dqg wxuqlqj lqwr qhjdwlyh dw
uhodwlyho| kljk ohyhov ri ghyhorsphqw1 Krzhyhu/ wklv lv qrw vxssruwhg e| wkh gdwd1

5Rxu frpsdqlrq sdshu +Dqjhohwrv ) Nroolqw}dv/ 5333, jrhv wr wkh hpslulfdo iurqw/ dqg �qgv qhz
vwurqj hylghqfh iru wkh dgyhuvh h�hfw ri fruuxswlrq rq jurzwk/ lqyhvwphqw/ dqg lqqrydwlrq1

6Wklv eodfn0er{ whfkqrorj| frxog eh mxvwl�hg lq whupv ri dqrwkhu vwudqg ri wkh olwhudwxuh rq fruuxs0
wlrq/ qdpho| wkh sulqflsdo�djhqw prghov wkdw jhqhudwh fruuxswlrq dv d phfkdqlvp iru hlwkhu doorfdwlqj
vfdufh sxeolf jrrgv lq wkh suhvhqfh ri pdunhw idloxuh dqg lpshuihfw prqlwrulqj +Edqhumhh/ 4<<:,> ru vh0
fxulqj wkh doorfdwlrq ri h{ srvw ehqh�wv wr lqyhvwphqw/ lq vlwxdwlrqv zkhuh wkh hqirufhphqw ri surshuw|
uljkwv lv lqfrpsohwh +Dfhprjox ) Yhuglhu/ 4<<9,> ru frooxglqj zlwklq exuhdxfudwlf klhudufklhv Fduulor
+4<<8d/ 4<<8e,1
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hvslrqdjh> ri oree|lqj dqg srolf| lq xhqfh> ri plvjrqyhuqdqfh dqg lqvwlwxwlrqdo lqh!0
flhqf| lq wkh vdoh dqg surylvlrq ri sxeolf jrrgv> ri wd{ hydvlrq dqg wd{0exughq wudqvihu>
ri sdwhqw lplwdwlrq dqg surshuw| uljkwv h{sursuldwlrq> ri d eurdg fodvv ri dfwlylwlhv wkdw
kdyh d uhglvwulexwlyh udwkhu wkdq surgxfwlyh h�hfw1 Qrwdeo|/ fruuxswlrq2uhqw vhhnlqj lq
rxu prgho lv qrw glvwlqjxlvkhg e| zkhwkhu ru qrw lw lv odzixo/ prudoo| fruuhfw/ ru vrfldoo|
dffhswdeoh1

Wkh jurzwk prgho zh fkrrvh wr zrun zlwk lv dq hqgrjhqrxv jurzwk prgho zkhuh
fhuwdlq djhqwv/ lqwhuphgldwh0jrrg surgxfhuv/ pd| hqjdjh lq uhqw0vhhnlqj dfwlylwlhv1 Wkh
odwwhu duh gh�qhg e| wkh wkuhh surshuwlhv phqwlrqhg deryh1 Wkh jurzwk hqjlqh lv kxpdq
fdslwdo dv lq Oxfdv +4<;;,/ exw wklv lv wr eh ylhzhg rqo| dv d sdudeoh lqwhqghg wr fdswxuh
wkh pruh ixqgdphqwdo uhodwlrq wkdw h{lvwv ehwzhhq wkh vwdwlf doorfdwlrq ri uhdo uhvrxufhv
dqg wkh g|qdplfv ri jurzwk17 Rxu irupxodwlrq lv lqghhg lq olqh zlwk wkh lghd ri dq hq0
grjhqrxv doorfdwlrq ri hqwuhsuhqhxuvkls dqg wdohqw ehwzhhq lqqrydwlyh dqg uhqw0vhhnlqj
dfwlylwlhv +Edxpro/ 4<<3> Pxusk|/ Vkohlihu ) Ylvkq|/ 4<<4> Dfhprjox ) Yhuglhu 4<<9,1

Ghvslwh wkh idfw wkdw wklv lv d vlpsoh dqg kljko| vw|ol}hg prgho/ lw dffrxqwv iru
vhyhudo vw|ol}hg idfwv ri wkh uhodwlrqvkls ehwzhhq uhqw vhhnlqj2fruuxswlrq dqg jurzwk1
Pruhryhu/ lw |lhogv lqvljkwv lqwr wkh uhodwlrqvkls ri U)G/ srolwlfrhfrqrplf htxloleulxp/
lqfrph glvwulexwlrq/ dqg jurzwk/ dv zhoo dv wkh ghvljq ri wd{2jurzwk srolflhv lq wkh
suhvhqfh ri fruuxswlrq1

Wkh hfrqrp| lv vkrzq wr iroorz d sdwk ri kljk uhqw vhhnlqj2fruuxswlrq dqg orz
jurzwk1 Wklv lv hvvhqwldoo| d fdvh ri cwkh wudjhg| ri frpprqv*= Uhdo uhvrxufhv/ olnh oderu
wlph/ hqwuhsuhqhxuvkls dqg wdohqw/ duh doorfdwhg wr xqsurgxfwlyh fruuxswlrq dqg uhqw
vhhnlqj/ udwkhu wkdq ehlqj hpsor|hg lq surgxfwlyh dqg jurzwk0surprwlqj dfwlylwlhv1
Iru lqvwdqfh/ hqwuhsuhqhxuv/ odz|huv/ oree|lvwv/ fklhi h{hfxwlyhv/ hwf/ lqyhvw wlph dqg
uhvrxufhv rq uhg wdsh dqg eulelqj/ oree|lqj dqg srolwlfdo lq xhqfh/ vs|lqj/ qhjrwldwlrqv
ru frxuw vxlwv/ dqg rwkhu zdvwhixo fruuxswlrq2uhqw0vhhnlqj dfwlylwlhv1

Orrnlqj dw wkh frpsdudwlyh vwdwlfv/ wkh djhqwv* shufhswlrqv derxw wkh h{whuqdo hi0
ihfwv ri wkhlu fruuxswlrq dfwlylwlhv frxsohg zlwk wkh ghjuhh ri frpsohphqwdulw| +ru vxevwl0
wxwdelolw|, ehwzhhq lqwhuphgldwh lqsxwv/ duh irxqg wr eh fuxfldo ghwhuplqdqwv iru jurzwk1
Zlwk vwurqj frpsohphqwdulw|/ vrsklvwlfdwhg shufhswlrqv uhvxow wr ohvv fruuxswlrq dqg
pruh jurzwk/ exw zlwk lqwhqvh vxevwlwxwdelolw|/ p|rsld pd| eh zhoiduh lpsurylqj1

D qryho dqg fkdoohqjlqj lpsolfdwlrq ri rxu wkhru| lv wkdw wkh kljkhu wkh lqwhqvlw|
ri �qdo0jrrg surgxfwlrq lq lqwhuphgldwh0jrrg lqsxwv/ wkh kljkhu wkh lqfrph vkduh ri
fdslwdo/ wkh kljkhu wkh uhqwv wr eh glvwulexwhg wkurxjk fruuxswlrq2uhqw vhhnlqj/ dqg
wkhuhiruh wkh kljkhu lv wkh ghpdqg iru fruuxswlrq1 Iru wkdw uhdvrq/ dqg frqwudu| wr

7Lw lv wklv lqwhudfwlrq wkdw lv lpsruwdqw lq h{sodlqlqj wkdw fruuxswlrq pd| eh ehqh�fldo wr vrph lq wkh
vkruw uxq/ zkloh lw lv ghwulphqwdo wr doo lq wkh orqj uxq1 Lq vxevhfwlrq 814 zh eulh | h{whqg rxu glvfxvvlrq
wr dowhuqdwlyh vrxufhv ri jurzwk/ olnh U)G dqg surgxfw lqqrydwlrq/ ru jryhuqphqw lqyhvwphqw1
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frqyhqwlrqdo zlvgrp/ d kljkhu fdslwdo vkduh lv frxsohg zlwk orzhu lqyhvwphqw dqg orzhu
jurzwk18

Ixuwkhu/ rxu prgho doorzv iru wkh srvvlelolw| wkdw pruh lqwhqvh frpshwlwlrq/ ru
vwurqjhu vxevwlwxwdelolw| ehwzhhq lqwhuphgldwh lqsxwv/ pd| eh ghwulphqwdo iru jurzwk/
ehfdxvh lw pd| lqgxfh pruh fruuxswlrq1 Wkh gulylqj irufh lv wkh vwudwhjlf lqwhudfwlrq
ryhu wkh fkrlfh ri wkh lqglylgxdoo| rswlpdo ohyho ri uhqw vhhnlqj1

Wkh htxloleulxp doorfdwlrq lq wkh suhvhqfh ri fruuxswlrq2uhqw0vhhnlqj rssruwxqlwlhv
lv ri frxuvh lqh!flhqw/ erwk lq vwdwlf dqg lq g|qdplf whupv1 Wkh qrupdwlyh fdvh iru
dq cdqwl0fruuxswlrq wd{* lv wkxv pdgh1 Zh frqvlghu lq sduwlfxodu wkh vhfrqg0ehvw sro0
lf| iru d glvwruwlyh wd{ rq wkh uhqwv ri fdslwdo ru wkh rxwsxw ri lqwhuphgldwh surgxfhuv1
Zh �qg wkdw wkh vhfrqg0ehvw wd{ udwh lv lqfuhdvlqj lq wkh ohyho ri fruuxswlrq dqg/ pruh
lqwhuhvwlqjo|/ rq wkh lqfrph vkduh ri fdslwdo1 Lqghhg/ zkloh lq wkh devhqfh ri uhqw vhhn0
lqj2fruuxswlrq d vxevlg| pd| eh qhfhvvdu| lq rughu wr fxuh wkh pdunhw lqh!flhqf| gxh
wr prqrsrolvwlf srzhu lq wkh lqwhuphgldwh vhfwru/ wkh vhfrqg0ehvw srolf| pd| lqvwhdg
fdoo iru d wd{ lq rughu wr glvfrxudjh uhqw vhhnlqj2fruuxswlrq1

Zh revhuyh wkdw kljkhu fruuxswlrq lpsolhv kljkhu ehqh�wv iru wkrvh hpsor|hg lq uhqw0
vhhnlqj dfwlylwlhv/ dqg kljkhu fxuuhqw zdjhv/ dw wkh frvw ri d orzhu zdjh jurzwk udwh1 Wklv
revhuydwlrq fdq surylgh xv zlwk d srolwlfrhfrqrplf h{sodqdwlrq iru wkh revwdfohv wr wkh
holplqdwlrq ri fruuxswlrq1 Zh glvfxvv wkh uhodwhg lqfhqwlyhv ri exuhdxfudwv/ srolwlfldqv
dqg odzpdnhuv/ odz|huv dqgphgldwruv/ hwf1 Zh khqfh vxjjhvw d vlpsoh srvlwlyh wkhru| iru
wkh hqgrjhqrxv ghwhuplqdwlrq ri wkh cuxohv ri wkh jdph* ru wkh cuhqw0vhhnlqj2fruuxswlrq
whfkqrorj|* lq wkh vslulw ri Khospdq ) Jurvvpdq +4<<8,1

Zh �qdoo| glvfxvv vrph srvlwlyh lpsolfdwlrqv iru wkh uhodwlrq ehwzhhq jurzwk dqg
lqfrph glvwulexwlrq1 D vlpsoh h{whqvlrq ri rxu ehqfkpdun prgho fdq dffrxqw iru d
qhjdwlyh fruuhodwlrq ehwzhhq jurzwk dqg lqfrph lqhtxdolw|/ ru hyhq iru wkh Nx}qhwv
fxuyh revhuyhg lq wkh gdwd19

Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq Vhfwlrq 5 zh ghyhors wkh edvlf prgho/
fkdudfwhul}h lqglylgxdo ehkdylru/ dqg ghwhuplqh wkh ghpdqg iru uhqw vhhnlqj2fruuxswlrq1
Lq Vhfwlrq 6 zh surfhhg wr jhqhudo htxloleulxp dqg fkdudfwhul}h wkh vwhdg| vwdwh dqg
wkh wudqvlwlrq g|qdplfv/ zh qh{w frpsduh zlwk wkh �uvw ehvw/ dqg zh �qdoo| glvfxvv wkh
fdvh ri d vhfrqg0ehvw dqwl0fruuxswlrq wd{1 Lq Vhfwlrq 7 zh suhvhqw irxu h{whqvlrqv ri wkh
prgho= +l, dowhuqdwlyh hqjlqhv ri jurzwk> +ll, hqgrjhqrxv ghwhuplqdwlrq ri wkh fruuxswlrq

8Frqfoxvlyh hylghqfh rq wklv lpsolfdwlrq lv kdug wr surylgh ehfdxvh ri wkh odfn ru uholdeoh +ru dq|,
gdwd rq wkh lqfrph vkduh ri fdslwdo1 Qrqhwkhohvv/ wkh vljql�fdqw dqg odujh srvlwlyh fruuhodwlrq ehwzhhq
wkh fdslwdo vkduh dqg phdvxuhv ri fruuxswlrq dqg wkh vljql�fdqw dqg odujh qhjdwlyh fruuhodwlrq ehwzhhq
wkh fdslwdo vkduh dqg wkh jurzwk udwh lq wkh RHFG frxqwulhv/ dv grfxphqwhg lq rxu frpsdqlrq sdshu
+Dqjhohwrv ) Nroolqw}dv/ 5333,/ duh txlwh vwulnlqj1

9Vhh/ h1j1/ Eduur +4<<<, iru wkh hylghqfh rq wkh Nx}qhwv fxuyh1 Lq Dqjhohwrv ) Nroolqw}dv +5333,/
zh lqyhvwljdwh hpslulfdoo| wkh h�hfw ri fruuxswlrq rq jurzwk dqg lqhtxdolw|1
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whfkqrorj|> +lll, wkh uroh ri frpshwlwlrq dqg dqwl0fruuxswlrq frruglqdwlrq> dqg +ly, wkh
uhodwlrq ehwzhhq fruuxswlrq2uhqw vhhnlqj/ jurzwk/ dqg lqfrph glvwulexwlrq1 Vhfwlrq 8
frqfoxghv wkh sdshu1

5 Wkh Prgho

514 Krxvhkrogv 0 Hqwuhsuhqhxuv

Wkh hfrqrp| lv srsxodwhg e| d odujh qxpehu ri lghqwlfdo g|qdvwlhv1 Suhihuhqfhv duh

vwdqgdug wlph vhsdudeoh= Lf '
"S
|'f

q|�E�|�c zkhuh q 5 Efc �� lv wkh glvfrxqw idfwru/ �| 5
Un lv +shu fdslwd, frqvxpswlrq lq shulrg |/ dqg � G Un $ U lv d qhrfodvvlfdo whpsrudo
xwlolw| ixqfwlrq1 Mxvw wr vlpsoli|/ zh frqvlghu wkh fodvv ri lvrhodvwlf +FHLV2FUUD, xwlolw|
ixqfwlrqv= �E�� ' ��3�*w3�

�3�*w
c zkhuh w : f lv wkh frqvwdqw hodvwlflw| ri lqwhuwhpsrudo

vxevwlwxwlrq1
Krxvhkrogv rshudwh dovr dv chqwuhsuhqhxuv*/ zkr rzq wkh wzr idfwruv ri surgxf0

wlrq/ sk|vlfdo fdslwdo dqg oderu wlph/ dqg doo �upv lq wkh hfrqrp|1 Fdslwdo hyroyhv
dffruglqj wr wkh vwdqgdug �{hg jhrphwulf ghsuhfldwlrq sdwwhuq dqg hdfk krxvhkrog +ru
hqwuhsuhqhxu, kdv rqh �{hg xqlw ri oderu wlph +ru wdohqw/ ru hqwuhsuhqhxuvkls, wkdw
vkh hpsor|v lq hlwkhu surgxfwlyh2lqqrydwlyh dfwlylwlhv ru uhqw vhhnlqj1 Wkxv/ lq pd{l0
pl}lqj +BB,/ wkh uhsuhvhqwdwlyh krxvhkrog idfhv lq hyhu| shulrg wkh exgjhw frqvwudlqw/
�|n U| � o|g|n�|Eu

+
| nu%

| � n(|( wkh odz ri prwlrq iru fdslwdo/ g|n� ' E�� B�g|n U|(

dqg wkh wlph frqvwudlqw/ u+
| n u%

| � �( zkhuh g|c U|c (| duh fdslwdo hqgrzphqw/ �{hg
lqyhvwphqw/ dqg �up glylghqgv/ uhvshfwlyho|/ u+

| dqg u%
| lv wkh iudfwlrq ri oderu/ wdohqw

ru hqwuhsuhqhxuvkls hpsor|hg lq surgxfwlyh2lqqrydwlyh dfwlylwlhv dqg lq uhqw vhhnlqj/
uhvshfwlyho|> �| lv wkh uhdo zdjh/ ru wkh uhwxuq wr wdohqw dqg hqwuhsuhqhxuvkls> dqg o|
wkh uhdo uhqwdo sulfh ri fdslwdo1

Iroorzlqj Edxpro +4<<3,/ zh pd| wklqn ri u+ lq d Vfkxpshwhuldq frqwh{w dv csur0
gxfwlyh hqwuhsuhqhxuvkls* wkdw rqh zd| ru wkh rwkhu gulyh lqqrydwlrq dqg jurzwk1 Zh
lqvwhdg wklqn ri u% dv cxqsurgxfwlyh hqwuhsuhqhxuvkls* wkdw vshfldol}hv lq sulydwho| suri0
lwdeoh exw vrfldoo| xqsurgxfwlyh uhqw vhhnlqj1 Wkh phdqlqj ri wklv glvwlqfwlrq zloo eh
pdgh fohduhu lq Vhfwlrqv 516 dqg 5181

Wkh krxvhkrog/ ru hqwuhsuhqhxu/ pdnhv khu frqvxpswlrq/ vdylqj/ dqg hpsor|phqw
ghflvlrqv wdnlqj lqsxw uhwxuqv dv jlyhq1 Wkh xvxdo Hxohu htxdwlrq fkdudfwhul}hv rswlpdo
vdylqjv dqg ghwhuplqhv wkh htxloleulxp jurzwk udwh=:

�|n�

�|

' qw d� n o|n� � Bow +4,

:Zh suhvxph wkdw wkh sdudphwhuv ri wkh hfrqrp| duh vxfk wkdw xqerxqghg xwlolw| lv qrw ihdvleoh/
wkh wudqvyhuvdolw| frqglwlrq lv vdwlv�hg/ dqg d pd{lpxp h{lvwv1

9



Rq wkh rwkhu kdqg/ wkh wzr w|shv ri hqwuhsuhqhxuvkls uhfhlyh lq htxloleulxp wkh vdph
uhwxuq +zdjh,/ vr wkdw wkh hqwuhsuhqhxu lv lqgl�huhqw ehwzhhq khu wzr dowhuqdwlyh hp0
sor|phqw rswlrqv/ surgxfwlrq ru uhqw vhhnlqj � wkh doorfdwlrq ri hqwuhsuhqhxuvkls zloo
eh hyhqwxdoo| ghwhuplqhg e| wkh ghpdqg vlgh1;

515 Ilqdo0Jrrg Surgxfhuv

Wkhuh lv d odujh qxpehu ri �upv wkdw surgxfh d krprjhqhrxv �qdo jrrg/ zklfk fdq eh
hlwkhu frqvxphg ru vdyhg dqg lqyhvwhg1 Lq grlqj vr/ �upv hpsor|/ xqghu frqvwdqw uhwxuqv
wr vfdoh/ oderu vhuylfhv/ wdohqw ru hqwuhsuhqhxuvkls/ dqg d frpsrvlwh ri lqwhuphgldwh
lqsxwv1 Zh doorz hlwkhu d glvfuhwh qxpehu ru d frqwlqxxp ri lqwhuphgldwhv/ ghshqglqj rq
zkhwkhu zh zdqw wkh lqwhuphgldwh �up wr kdyh d qrq0}hur phdvxuh1< Wkh uhsuhvhqwdwlyh
�qdo0jrrg surgxfhu idfhv wkh iroorzlqj whfkqrorj|=

t|�8 EM+
| u

+
| c f|� � � dM+

| u
+
| o
�3kfk

| +5,

f|�

;A?
A=
kU �

f
%|E5�

l_5
l�*l

li d frqwlqxxp ri lqwhuphgldwhvkS�
5'� %|E5�

l
l�*l

li frxqwdeo| pdq| lqwhuphgldwhv
+6,

zkhuh 8 G U2
n $ Un lv Free0Grxjodv> t| lv �qdo0jrrg rxwsxw> u+

| lv oderu wlph/ wdohqw
ru hqwuhsuhqhxuvkls hpsor|hg lq wkh �qdo0jrrg vhfwru/ dqg M+

| lv lwv txdolw|/ ru kxpdq
fdslwdo vshfl�f wr �qdo0jrrg surgxfwlrq dqg lqqrydwlrq> 5 lv dq lqgh{ iru gl�huhqw lqwhu0
phgldwhv> %|E5� lv wkh vhuylfhv h{wudfwhg iurp lqwhuphgldwh jrrg 5> f| lv wkh frpsrvlwh
ri doo lqwhuphgldwhv> k 5 Efc �� phdvxuhv wkh hodvwlflw| ri surgxfwlrq zlwk uhvshfw wr wkh
frpsrvlwh lqwhuphgldwh +ru zlwk uhvshfw wr fdslwdo/ dv zh vkdoo vhh,> dqg l 5 Efcn4�

phdvxuhv wkh vxevwlwxwdelolw| ehwzhhq gl�huhqw lqwhuphgldwhv1 Zh �qdoo| doorz iru hlwkhu
d glvfuhwh qxpehu ru d frqwlqxxp ri lqwhuphgldwhv/ ghshqglqj rq zkhwkhu zh zdqw wkh
lqwhuphgldwh �up +wkh sod|hu lq wkh uhqw0vhhnlqj jdph, wr kdyh d qrq0}hur phdvxuh143

Wkh surgxfwlrq ixqfwlrq lq +5,0+6, ehorqjv wr wkh FHV idplo|/ lq wkdw lw h{klelwv frq0
vwdqw hodvwlflw| ri vxevwlwxwlrq dfurvv lqwhuphgldwhv1 Wkh odwhu lv j ' �

�3l
/ sdudphwhul}hg

lqghhg e| l1 Iru l ' kc wkh surgxfwlrq ixqfwlrq ehfrphv wkdw ri Urphu +4<<3,/ qdpho|

;Wkh prgho frxog eh h{whqghg wr doorz iru khwhurjhqhrxv djhqwv zkr gl�hu zlwk uhvshfw wr wkhlu
frpsdudwlyh dgydqwdjh lq hdfk w|sh ri hqwuhsuhqhxuvkls1 Lq wklv fdvh/ wkhuh zrxog eh d qhdw htxloleulxp
vkruwlqj dqg qrw hyhu| hqwuhsuhqhxu exw rqo| wkh pdujlqdo rqh zrxog eh lqgl�huhqw ehwzhhq wkh wzr
w|shv ri hpsor|phqw1 Khwhurjhqhlw| lv lqwurgxfhg/ iru lqvwdqfh/ lq Pxusk|/ Vkohlihu ) Ylvkq| +4<<4/
4<<6,1 Wklv khwhurjhqhlw|/ krzhyhu/ lv qrw qhfhvvdu| lq xqghuvwdqglqj wkh qdwxuh ri uhqw vhhnlqj dqg
lwv h�hfw rq jurzwk/ dqg pd| wkxv eh rplwwhg iurp wkh edvlf sdudgljp zlwkrxw orvv ri jhqhudolw|1

<Wkdw glvwlqfwlrq zloo suryh khosixo lq xqghuvwdqglqj wkh h�hfw ri frpshwlwlrq rq uhqw vhhnlqj/
fruuxswlrq/ dqg jurzwk1

43Wkdw glvwlqfwlrq zloo suryh xvhixo lq xqghuvwdqglqj wkh h�hfw ri frpshwlwlrq rq uhqw vhhnlqj/ fru0
uxswlrq/ dqg jurzwk1
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t| ' � dM+
| u

+
| o
�3k U �

f
%|E5�

k_5c zklfk kdv wkh surshuw| wkdw wkh pdujlqdo surgxfwlylw|
ri hdfk lqwhuphgldwh lqsxw lv lqghshqghqw ri wkh txdqwlw| ri doo rwkhu lqwhuphgldwhv hp0
sor|hg1 Lqvwhdg/ l 	 k +l : k, lpsolhv jurvv frpsohphqwdulw| +vxevwlwxwdelolw|, ehwzhhq
wkh lqwhuphgldwhv144

Dw wkh ehjlqqlqj ri dq| shulrg |/ wkh uhsuhvhqwdwlyh �qdo0jrrg �up wdnhv doo lqsxw
sulfhv dv jlyhq/ dv zhoo dv wkh txdolw| ri kxpdq fdslwdo/ dqg hpsor|v oderu vhuylfhv
+ru wdohqw dqg hqwuhsuhqhxuvkls, dqg lqwhuphgldwh0jrrg lqsxwv/ vr dv wr khu pd{lpl}h
sur�wv1 Sur�wv duh vlpso| �+

| ' t| � �|u
t
| � U �

f
R|E5�%|E5�_5 +frqwlqxxp fdvh, ru

�+
| ' t| � �|u

t
| �S�

5'� R|E5�%|E5� +glvfuhwh fdvh,/ zkhuh R|E5� ghqrwhv wkh uhdo uhqwdo
sulfh ri lqwhuphgldwh jrrg 51 Wkh IRFv duh erwk qhfhvvdu| dqg vx!flhqw1 Wkh rswlpdo
lqsxw ghpdqgv iru wkh �qdo0jrrg vhfwru duh wkxv gh�qhg e|=

�|'E�� k�
t|
u+
|

' E�� k��M+
| dM

+
| u

+
| o
3kfk

| +7,

R|E5�'k
t|
f|

�
%|E5�

f|

�l3�
' k dM+

| u
+
| o
�3kfk3l

| %|E5�
l3� +8,

Qrwlfh wkdw wkh ghpdqg iru dq lqwhuphgldwh %|E5� lqfuhdvhv +ghfuhdvhv, zlwk wkh wrwdo
frpsrvlwh f|/ ru zlwk dq| rwkhu lqwhuphgldwh %|E/� ;/ 9' 5/ li dqg rqo| li l 	 k +l : k,>
wkdw lv/ li dqg rqo| li lqwhuphgldwhv duh jurvv frpsohphqwv +vxevwlwxwhv,1

516 Lqwhuphgldwh0Jrrg Surgxfhuv/ dqg wkh Uhwxuqv wr Uhqw
Vhhnlqj

Hdfk lqwhuphgldwh0jrrg �up lv d txdvl0prqrsrolvw/ lq wkdw vkh vhwv wkh sulfh ri lwv rzq
lqwhuphgldwh surgxfw1 Lqwhuphgldwh jrrgv duh surgxfhg zlwk fdslwdo dqg oderu vhuylfhv/
lqfoxglqj cxqsurgxfwlyh hqwuhsuhqhxuvkls*1 Lw lv wkurxjk wkh odwwhu wkdw zh dwwhpsw wr
fdswxuh wkh uroh ri fruuxswlrq dqg uhqw0vhhnlqj dfwlylwlhv1 Wkdw lv/ hdfk lqwhuphgldwh0
jrrg �up hpsor|v oderu vhuylfhv/ wdohqwv dqg vnloov wkdw duh qrw gluhfwo| surgxfwlyh
lq wkh xvxdo vhqvh1 Wkh ixqfwlrq ri wkhvh fruuxswlrq dqg uhqw vhhnlqj dfwlylwlhv lv wr
uhglvwulexwh h{lvwlqj uhqwv ru qhw rxwsxw dprqj wkh ydulrxv lqwhuphgldwh0jrrg �upv1
Wkdw phdqv wkdw wkdw wkhlu lqwhuqdo sulydwh h�hfw dqg wkhlu h{whuqdo vrfldo h�hfw ixoo|
fdqfho hdfk rwkhu rxw1 Lq sduwlfxodu/ wkh h�hfwlyh oderu vhuylfhv hpsor|hg e| dq| jlyhq
lqwhuphgldwh0jrrg �up lq fruuxswlrq dqg uhqw0vhhnlqj dfwlylwlhv kdv d gluhfw srvlwlyh
h�hfw rq khu rzq rxwsxw/ dqg wkhuhe| rq khu sur�wv dqg rq wkh uhwxuq ri khu fdslwdo/
exw lw kdv d qhjdwlyh h�hfw +dv dq h{whuqdolw|, rq wkh rxwsxwv dqg fdslwdo uhwxuqv ri doo

44Wr yhuli| wkh odvw dvvhuwlrq/ qrwlfh wkdw wkh pdujlqdo surgxfwlylw| ri {w+}, lv jlyhq e| C\w
C{w+},

@

� ^K|
w O

|
w `
4��

[���
w {w+},

��4> wklv lv lqfuhdvlqj +ghfuhdvlqj, lq [w> dqg wkhuhe| lq {w+$,;$ 9@ }> li dqg
rqo| li � ? � +� A �,1
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ulydo �upv1 Lw lv suhflvho| wklv qhjdwlyh h{whuqdolw| ru uhglvwulexwlrq ihdwxuh wkdw surylghv
xv zlwk d zrunlqj gh�qlwlrq iru uhqw0vhhnlqj dfwlylwlhv dqg fruuxswlrq1

Whfkqlfdoo|/ d cuhqw0vhhnlqj2fruuxswlrq whfkqrorj|* pd| eh uhsuhvhqwhg dv iroorzv1
Hdfk lqwhuphgldwh jrrg 5 lv surgxfhg xvlqj fdslwdo dqg oderu vhuylfhv ru hqwuhsuhqhxu0
vkls dffruglqj wr d whfkqrorj| ri wkh irup=

%|E5� � xE&|E5�cM
%
| ,

%
| E5�cM

%
| u

%
| � +9,

zkhuh x G U�
n $ Un> &|E5� lv fdslwdo lq �up 5> ,|E5� lv oderu wlph/ wdohqw/ ru hqwuhsuhqhxu0

vkls hpsor|hg e| �up 5 dqg hqjdjhg lq fruuxswlrq/ oree|lqj/ eulelqj/ ru dq| irup ri
uhqw vhhnlqj> M%

| lv wkh txdolw| ri wklv oderu/ ru kxpdq fdslwdo vshfldol}hg lq uhqw0vhhnlqj
dfwlylwlhv> dqg/ �qdoo|/ u%

| '
U �

f
,|E5�_5 +frqwlqxxp fdvh, ru u%

| '
S�

5'� ,|E5� +glvfuhwh
fdvh, lv wkh wrwdo oderu hpsor|hg lq wkh lqwhuphgldwh0jrrg vhfwru/ ru wkh djjuhjdwh ohyho
ri uhqw vhhnlqj145

Iru wklv whfkqrorj|/ zh dvvxph wkh iroorzlqj surshuwlhv= E�� x lv krprjhqhrxv ri gh0
juhh rqh lq E&|E5�c M%

| ,
%
| E5�cM

%
| u

%
| �> E��� x lv krprjhqhrxv ri ghjuhh }hur lq EM%

| ,
%
| E5�c M

%
| u

%
| �>

E���� x�E�� � YxE��
Y&|E5�

: f> E��� x2E�� � YxE��
YdM%

| ,
%
| E5�o

: f> dqg E�� x�E�� � YxE��
YdM%

| u
%
| o
	 f1

Pxfk ri wklv vwuxfwxuh fdq eh uhod{hg/ exw lw vkrxog eh fohdu wkdw wkhvh surshu0
wlhv fdswxuh wkh ixqgdphqwdov ri rxu iudphzrun1 Surshuw| E�� phdqv wkdw wkh vhfwru
dv d zkroh h{klelwv frqvwdqw uhwxuqv wr vfdoh/ dqg wrjhwkhu zlwk E��� lpsolhv wkdw wkh
surgxfwlrq lv olqhdu lq rzq fdslwdo &|E5�c vr wkdw=

%|E5� ' �|E5� � &|E5� +:,

zkhuh �|E5� � xE�cM%
| ,

%
| E5�c M

%
| u

%
| � ' x�E�� : f lv wkh uhwxuq ri fdslwdo lq �up 5/ jlyhq

dv d ixqfwlrq ri wkh uhqw0vhhnlqj dfwlylwlhv ri wkh sduwlfxodu �up dqg ri wkh vhfwru dv d
zkroh146 Prvw lpsruwdqw/ frqglwlrqv E����/ E���/ dqg E�� fdswxuh wkh surshuwlhv ri uhqw
vhhnlqj glvfxvvhg deryh1 Lq sduwlfxodu/ E��� lpsolhv wkdw li doo djhqwv lqfuhdvh wkhlu uhqw0
vhhnlqj dfwlylwlhv e| wkh vdph idfwru/ wkhq wkh surgxfwlrq ohyho dqg fdslwdo uhwxuqv iru
hdfk ri wkhp zloo uhpdlq xqdowhuhg1

Wklv grhv qrw phdq wkdw fruuxswlrq lv qrw d sur�wdeoh hfrqrplf dfwlylw| iru wkh
lqglylgxdo �up ru hqwuhsuhqhxu1 Wr wkh frqwudu|/ rzq uhqw0vhhnlqj dfwlylwlhv udlvh sulydwh
rxwsxw dqg fdslwdo uhwxuqv= Y�|E5�

YdM%
| ,
%
| E5�o

' x2 : f dqg _�|E5�
_dM%

| ,
%
| E5�o

' x2 n >x� � fc47 zkhuh

45Qrwklqj fkdqjhv li zh lqvwhdg gh�qh wkh wklug whup lq �+=, wr eh wkh dyhudjh ohyho ri fruuxswlrq/
ru wkh vxp ri doo ulydov* uhqw vhhnlqj/ udwkhu wkdq wkh djjuhjdwh ohyho K}

w O
{
w 1

46Wkh olqhdulw| lq fdslwdo lv qrw fulwlfdo/ exw/ dv vwdqgdug lq hqgrjhqrxv0jurzwk prghov/ d nlqg ri
olqhdulw| lq dffxpxodwdeoh idfwruv lv qhfhvvdu| wr jhw d edodqfhg0jurzwk vwhdg| vwdwh1 Wkh olqhdulw| ri
wkh djjuhjdwh whfkqrorj| ehfrphv wudqvsduhqw li zh vxevwlwxwh {w+}, @ Ewnw @ EwNw@Q lq +5,0+6, wr
jhw \w @ �D^K|

w O
|
w `
4��^Nw`� iru �D � DQ +4��,�@�E�=

47Iurp +l, dqg +ll,/ �5+=,K
{
w o
{
w +},.�6+=,K

{
w O

{
w @ �+=,��4+=,nw+}, @ 3> zkloh �5+=, A 3 dqg �6+=, ? 3=

Wkxv/ zkhqhyhu O{w A o{w +},> phdqlqj qrw d vlqjoh prqrsrolvw/ zh kdyh �5+=, . �6+=, A �5+=,o{w +}, .

�6+=,O
{
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> ' � lq wkh glvfuhwh fdvh dqg > ' f lq wkh frqwlqxxp fdvh � wkh �uvw ghulydwlyh
ljqruhv wkh h{whuqdo h�hfw ri lqglylgxdo uhqw vhhnlqj rq wkh djjuhjdwh ohyho/ zkloh wkh
vhfrqg lqfrusrudwhv lw zkhqhyhu wkh lqglylgxdo �up kdv d qrq0}hur phdvxuh1 Rq wkh
rwkhu kdqg/ Y�|E5�

YdM%
| u

%
| o

' x� 	 f dqg Y�|E/�
YdM%

| ,
%
| E5�o

' >x� � fc phdqlqj wkdw djjuhjdwh uhqw
vhhnlqj ghfuhdvhv rqh*v rzq uhqwv1

Vr/ wkh }hur0ghjuhh krprjhqhlw| ri �|E5� lq EM%
| ,

%
| E5�c M

%
| u

%
| � vlpso| phdqv wkdw

fruuxswlrq dqg uhqw vhhnlqj duh d }hur0vxp jdph zlwk uhvshfw wr rxwsxw ru fdslwdo uhwxuqv/
frqvlvwhqw zlwk wkh uhglvwulexwlyh qdwxuh ri fruuxswlrq dqg uhqw vhhnlqj zh kdyh lq plqg1
Exw/ uhqw vhhnlqj dfwlylwlhv duh frvwo|/ dqg wkxv wkh jdph wxuqv qhjdwlyh0vxp zlwk uhvshfw
wr qhw sur�wv1

Zh qrz orrn dw dqrwkhu lvvxh/ uhjduglqj vwudwhjlf lqwhudfwlrq= Lq wkh frqwlqxxp fdvh/
wkh lqglylgxdo �up lv lq�qlwhvlpdo dqg wkxv wkh h�hfw ri lwv rzq uhqw0vhhnlqj dfwlylwlhv rq
wkh djjuhjdwh ohyho lv qxoo1 Exw lq wkh glvfuhwh fdvh/ hdfk �up kdv d srvlwlyh phdvxuh dqg
d qrq0}hur h�hfw rq wkh djjuhjdwh ohyho ri uhqw vhhnlqj � dqg wkhuhe| rq wkh uhqwv dqg
rxwsxw ri hyhu| ulydo �up1 Zkhwkhu wkh lqglylgxdo surgxfhu lqwhuqdol}hv wklv h{whuqdo
h�hfw ri khu rzq uhqw0vhhnlqj dfwlylwlhv rq wkh djjuhjdwh ohyho/ lv d pdwwhu ri shufhswlrq1
Wr h{soruh wkh frqvhtxhqfhv ri gl�huhqw vxfk shufhswlrqv iru wkh vwudwhjlf lqwhudfwlrq
ri djhqwv dqg wkhuhe| iru wkh htxloleulxp ohyho ri uhqw vhhnlqj/ zh doorz lq wkh glvfuhwh
fdvh +zkhuh �upv kdyh d srvlwlyh phdvxuh, iru wkh iroorzlqj wzr dowhuqdwlyhv= Hlwkhu
E@� djhqwv duh cp|rslf* dqg ljqruh wkh h{whuqdo h�hfw ri wkhlu rzq uhqw vhhnlqj rq wkh
djjuhjdwh ohyho dqg wkhuhe| rq wkh rxwsxw ri wkhlu ulydov> ru EK� djhqwv duh cvrsklvwlfdwhg*
dqg ixoo| lqwhuqdol}h wkh jhqhudo0htxloleulxp h�hfw ri wkhlu dfwlylwlhv1

H{dpsoh D frqfuhwh h{dpsoh ri d cuhqw0vhhnlqj2fruuxswlrq whfkqrorj|* vdwlvi|lqj doo
surshuwlhv E��0E��/ kdv wkh iroorzlqj FHV vshfl�fdwlrq=

�|E5� ' x E�cM%
| ,

%
| E5�cM

%
| u

%
| � ' K

�
M%

| ,|E5�

M%
| u

%
|

��
c f 	 � 	 �cK : f +;,

Wkdw lv/ uhqwv iru surgxfhu 5 ghshqg rq wkh udwlr ri 5*v rzq ohyho ryhu wkh djjuhjdwh
ohyho ri uhqw0vhhnlqj dfwlylwlhv1 Xqghu +;,/ wkh uhwxuqv wr uhqw0vhhnlqj duh srvlwlyh
exw glplqlvklqj +x2 : f exw x22 	 f, dqg wkdw lw sd|v pruh wr eh fruuxsw zkhq
wkhuh lv d orw ri fruuxswlrq durxqg +x2� : f,1

Lqflghqwdoo|/ wkh cuhqw0vhhnlqj2fruuxswlrq whfkqrorj|* zh sursrvh lv qrwdeo| frqvlv0
whqw zlwk zkdw Edxpro +4<<3, fdoov wkh cuxohv ri wkh jdph* � wkhvh duh zkdw �ghwhuplqh
wkh uhodwlyh sd|r� wr gl�huhqw w|shv ri hqwuhsuhqhxuvkls1� +s1;<<, Wklv lv dovr wkh suhflvh
ixqfwlrq ri wkh cuhqw0vhhnlqj2fruuxswlrq whfkqrorj|* lq rxu irupxodwlrq � wr ghwhuplqh
wkh sd| r� wr uhqw vhhnlqj dqg xqsurgxfwlyh hqwuhsuhqhxuvkls148

48Edxpro +4<<3, ylvlwv Dqflhqw Urph/ Phglhydo Fklqd/ wkh Plggoh Djhv/ dqg odwhu wlphv/ wr h{0
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517 Wkh Ghpdqg iru Uhqw Vhhnlqj2Fruuxswlrq

Frqvlghu qrz wkh ehkdylru ri d w|slfdo lqwhuphgldwh0jrrg �up1 Dw wkh ehjlqqlqj ri
dq| shulrg |/ vkh wdnhv doo lqsxw sulfhv dv jlyhq dqg fkrrvhv khu rxwsxw dqg lqsxw
ohyhov dqg wkh sulfh ri khu surgxfw vr dv wr pd{lpl}hv sur�wv/ �%

| E5� ' R|E5�%|E5� �
o|&|E5� � �|,|E5�c vxemhfw wr wkh +lqyhuvh, pdunhw ghpdqg iru khu surgxfw/ R|E5� '

k dM+
| u

+
| o
�3kfk3l

| %|E5�
l3�1 Ilup 5 fkrrvhv ,|E5� dqg &|E5� wdnlqj dv jlyhq ,|E/� dqg

&|E/� ;/ 9' 51 Wkdw lv wr vd|/ lq hyhu| shulrg lqwhuphgldwh0jrrg �upv sod| d rqh0vkrw
vlpxowdqhrxv0pryh Frxuqrw jdph lq uhqw vhhnlqj1

Wkh odwwhu lpsolhv lq wkh frqwlqxxp fdvh wkdw �up 5 shufhlyhv wkh surgxfwlylw|
�|E/� dqg rxwsxw %|E/� ri dq| ulydo / 9' 5 dv jlyhq dqg lqghshqghqw ri khu rzq uhqw
vhhnlqj/ zklfk lv ri frxuvh qhjoljleoh lq wkh djjuhjdwh1 Wkh vdph shufhswlrqv duh krog lq
wkh glvfuhwh fdvh li djhqwv duh cp|rslf*/ exw wkhvh shufhswlrqv duh qrz lqfruuhfw � wkh
h{whuqdo h�hfw lv qrq0}hur dqg lv |hw ljqruhg1 Zkhq lqvwhdg djhqwv duh cvrsklvwlfdwhg*/
wkh| lghqwli| wkh qrq0}hur djjuhjdwh h�hfw ri wkhlu lqglylgxdo uhqw vhhnlqj dqg lqwhuqdol}h
wkh h{whuqdolw| rq ulydov* rxwsxw1 Wkh ghpdqg iru uhqw vhhnlqj fdq wkhuhiruh eh fulwlfdoo|
d�hfwhg e| djhqwv* shufhswlrqv dqg wkhlu delolw| wr lqwhuqdol}h wkh djjuhjdwh h�hfw ri wkhlu
uhqw vhhnlqj1

Zh duh qrz uhdg| wr fkdudfwhul}h wkh rswlpdo vwudwhjlf ehkdylru ri wkh lqwhuphgldwh0
jrrg vhfwru dqg wkhuhe| wkh ghpdqg iru uhqw vhhnlqj=

Sursrvlwlrq 4 Jlyhq dq| �|c o| : f/ wkhuh lv d xqltxh dqg v|pphwulf Frxuqrw0Qdvk
htxloleulxp lq wkh lqwhuphgldwh vhfwru/ zlwk=

%|'�g|*� +<,

t|' ��dM+
| u

+
| o
�3kg|

k +43,

�|' Hxk�t|u%
|
3� +44,

o|'k�t|g|
3� +45,

zkhuh � ' xE�c �c �� dqg �� � �� E�3l�k*l�k( � � l
k
� n k3l

l
�
�

l
lv wkh lqyhuvh ri wkh

pdun0xs udwh> Hx � �Y *L}�|E5�
Y *L}dM%

| ,|E5�o
lv wkh htxloleulxp shufhlyhg hodvwlflw| ri fdslwdo uhwxuqv/

�|E5�c zlwk uhvshfw wr rzq h�hfwlyh uhqw0vhhnlqj dfwlylwlhv/ M%
| ,|E5�( Hx ' ex � x2E��nx�E��

xE��

dqg � � l lq wkh glvfuhwh0vrsklvwlfdwhg fdvh> Hx ' 0x � x2E��
xE��

dqg � � � � l
k
� n k3l

l
�
�

l
lq wkh glvfuhwh0p|rslf ru wkh frqwlqxxp fdvh149 Ehvlghv/ k� dqg kHx� duh wkh lqfrph

soruh krz wkh cuxohv ri wkh jdph* ru wkh cfruuxswlrq whfkqrorj|*/ phdqlqj wkh uhwxuqv wr uhqw vhhnlqj/
klvwrulfdoo| d�hfwhg wkh doorfdwlrq ri hqwuhsuhqhxuvkls1

49Iru wkh h{dpsoh whfkqrorj| +;,/ %�+Q, @ ! dqg h�+Q, @ !� !@Q 1
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vkduhv ri fdslwdo dqg xqsurgxfwlyh hqwuhsuhqhxuvkls/ uhvshfwlyho|14:

Qrwlfh wkdw/ dv orqj dv wkh shufhlyhg hodvwlflw| Hx lv srvlwlyh/ wkh htxloleulxp gh0
pdqg iru xqsurgxfwlyh hqwuhsuhqhxuvkls dqg uhqw vhhnlqj lv srvlwlyh dv zhoo1 Khqfh/ wkh
hfrqrp| idoov lq d wuds ri kljk fruuxswlrq ru uhqw vhhnlqj1 Li doo surgxfhuv frxog vlpxo0
wdqhrxvo| vhl}h wkhlu uhqw0vhhnlqj dfwlylwlhv/ wkhq wkhlu fdslwdo uhwxuqv dqg rxwsxw ohyho
zrxog uhpdlq wkh vdph/ exw wkh| zrxog vdyh wkh uhzdugv sdlg wr xqsurgxfwlyh hqwuhsuh0
qhxuvkls +odz|huv/ oree|lvwv/ hwf1,/ pdnlqj hyhu|erg| ehwwhu r�1 Exw }hur +ru orz, uhqw
vhhnlqj2fruuxswlrq lv qrw dq htxloleulxp/ ehfdxvh hdfk lqglylgxdo kdv dq lqfhqwlyh wr
ghyldwh dqg jhw lqyroyhg lq lqglylgxdo uhqw vhhnlqj2fruuxswlrq1 Wkh vlwxdwlrq lv lqghhg
dq h{dpsoh ri wkh sulvrqhu*v glohppd= Lw lv d grplqdqw exw vhoi0ghihdwlqj vwudwhj| wr eh
fruuxsw1

Vrph sduwldo0htxloleulxp frpsdudwlyh vwdwlfv duh lpphgldwh iurp +44,=

Fruroodu| 4 Wkh ghpdqg iru uhqw0vhhnlqj dfwlylwlhv/ u5
| / lv ghfuhdvlqj lq wkh uhdo zdjh/

�|c dqg lqfuhdvlqj lq wkh djjuhjdwh ohyho ri rxwsxw/ t|> lqfuhdvlqj lq wkh shufhlyhg hodv0
wlflw| ru wkh uhwxuqv wr uhqw vhhnlqj/ Hx> lqfuhdvlqj lq wkh lqfrph vkduh ri fdslwdo/ k�>
dqg lqfuhdvlqj +ghfuhdvlqj, lq wkh ghjuhh ri lqwhuphgldwh0vhfwru frpshwlwlyhqhvv +frp0
sohphqwdulw|,/ ru wkh hodvwlflw| ri vxevwlwxwlrq/ j ' �

�3l
1

Wkh uhvxow wkdw wkh ohyho ri fruuxswlrq dqg uhqw0vhhnlqj dfwlylwlhv lqfuhdvhv +fhwhulv
sdulexv, zlwk d kljkhu djjuhjdwh ghpdqg iru �qdo jrrgv ru d kljkhu vkduh ri lqfrph jrlqj
wr wkh lqwhuphgldwh vhfwru/ lv vwudljkwiruzdug= Wkh kljkhu k�t|c wkh kljkhu wkh vwhdnv
lq wkh uhqw0vhhnlqj2fruuxswlrq duhqd1 Wkh lqwxlwlrq iru wkh h�hfw ri Hx lv lpphgldwh=
Wkh pruh h�hfwlyh uhqw vhhnlqj lv lq uhglvwulexwlqj uhqwv/ wkh pruh wkh ghpdqg iru lw1
Zkdw lv ohvv lpphgldwh lv wkh idfw wkdw wkh hodvwlflw| Hx lv d vx!flhqw vwdwlvwlf iru wkh
zkdwhyhu uxohv ri wkh jdph1 Wkdw lv/ wkh vshfl�fv ri wkh dydlodeoh rssruwxqlwlhv iru uhqw
vhhnlqj dqg fruuxswlrq/ ru wkh sduwlfxodu vfkhphv ri surshuw| uljkwv dqg wkh cwhfkqrorj|*
ri uhglvwulexwlqj uhqwv/ gr qrw pdwwhu shu vh1 Doo lv fdswxuhg e| wkh shufhlyhg hodvwlflw|
ri fdslwdo uhqwv zlwk uhvshfw wr rzq uhqw0vhhnlqj dfwlylwlhv1

Qrwlfh qh{w wkdw/ zlwk glvfuhwh � / wkh p|rslf surgxfhuv shufhlyh d kljkhu hodvwlflw|
wkdq wkh vrsklvwlfdwhg rqhv/ iru vlpso| wkh odwwhu lqwhuqdol}h wkh qhjdwlyh h{whuqdo h�hfw
ri fruuxswlrq1 Dv d uhvxow/ wkh djjuhjdwh ghpdqg iru fruuxswlrq whqgv wr eh kljkhu zlwk
p|rslf djhqwv wkdq zlwk vrsklvwlfdwhg1 Wkdw*v qrw wkh hqg ri wkh vwru|/ krzhyhu/ ehfdxvh
wkh h{whuqdo h�hfw ri 5*v rzq uhqw vhhnlqj sursdjdwhv lwvhoi wkurxjk wkh djjuhjdwh vxsso|
ri lqwhuphgldwh lqsxwv dqg wkhuhe| ihhgv edfn wr wkh ghpdqg iru 5*v rzq surgxfw1 Li
lqwhuphgldwh lqsxwv duh frpsohphqwdu| +vxevwlwxwhv,/ wkhq d ghfuhdvh lq ulydo*v rxwsxw

4:Dq lppdwhuldo sdudphwhu uhvwulfwlrq zh qhhg wr lpsrvh lq rughu wr hqvxuh �{
w � 3> lv Q � ���

4�� = Vhh
wkh Dsshqgl{ iru ghwdlov1
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dqg surgxfwlylw| gxh wr dq lqfuhdvh lq 5*v uhqw vhhnlqj zloo ghfuhdvh +lqfuhdvh, wkh
ghpdqg iru 5*v rzq surgxfw1 Wkxv/ vrsklvwlfdwlrq ghfuhdvhv lqglylgxdo lqfhqwlyhv iru uhqw
vhhnlqj li wkhuh lv frpsohphqwdulw|/ exw pd| h{dfhuedwh wkh sureohp li vxevwlwxwdelolw|
+dqg frpshwlwlrq, lv yhu| lqwhqvh=

Fruroodu| 5 Zlwk glvfuhwh � / vxssrvh wkdw wkh p|rslf surgxfhuv pdnh d orzhu sur�w
udwh wkdq wkh vrsklvwlfdwhg rqhv> wkhq/ dqg rqo| wkhq/ wkh ghpdqg iru fruuxswlrq u%

| lv
kljkhu zlwk p|rslf djhqwv wkdq zlwk vrsklvwlfdwhg1 Wklv lv qhfhvvdulo| wuxh iru vx!flhqwo|
vwurqj frpsohphqwdulw| +orz l dqg j, dprqj lqwhuphgldwh jrrgv1 Iru wkh FHV uhqw
vhhnlqj2fruuxswlrq whfkqrorj| +;,/ wklv lv wuxh dozd|v1

Zh �qdoo| orrn dw � / wkh qxpehu ri �upv lq wkh lqwhuphgldwh vhfwru1 Zh fdq
lghqwli| wzr sduwldo h�hfwv ri � rq wkh ghpdqg iru uhqw vhhnlqj/ u%

| = Wkh rqh h�hfw zrunv
lqgluhfwo| wkurxjk wkh cuxohv ri wkh jdph* ru wkh cuhqw0vhhnlqj2fruuxswlrq whfkqrorj|* dqg
wkh srwhqwldo lq xhqfh wkdw � pd| kdyh rq wkh hodvwlflw| Hx> zh fdoo wklv wkh clqgluhfw
hodvwlflw| h�hfw*1 Wkh rwkhu lv wkh cgluhfw* h�hfw wkdw � kdv rq u%

| nhhslqj Hx �{hg1
Wkh gluhfw h�hfw lqghhg frphv iurp wkh htxloleulxp pdun0xs dqg dovr wkh h{whuqdolw|
wkdw rqh*v uhqw0vhhnlqj dfwlylwlhv kdyh rq khu ulydov14; Zh qrwh wkdw wkh gluhfw h�hfw
lv srvlwlyh zkhq vxevwlwxwdelolw| lv vwurqj/ phdqlqj wkdw pruh lqwhqvh frpshwlwlrq fdq
lqfuhdvh uhqw vhhnlqj2frpshwlwlrq dqg wkhuhe| eh ghwulphqwdo iru zhoiduh dqg jurzwk1
Zh uhwxuq wr wklv srlqw zkhq zh fkdudfwhul}h wkh jhqhudo htxloleulxp14<

518 Wkh Jurzwk Hqjlqh= Hqwuhsuhqhxuvkls dqg Kxpdq Fdslwdo

Uhfdoo wkdw wkhuh duh wzr w|shv ri oderu ru hqwuhsuhqhxuvkls � wkh rqh/ u+/ hpsor|hg
lq �qdo0jrrg surgxfwlrq dqg wkh rwkhu/ u%/ hqjdjhg lq uhqw0vhhnlqj dfwlylwlhv1 Fruuh0
vsrqglqjo|/ zh lqwurgxfh wzr w|shv ri kxpdq fdslwdo ru nqrzohgjh vwrfn � wkh rqh/ M+/
vshfldol}hg lq surgxfwlrq dqg lqqrydwlrq dqg wkh rwkhu/ M%/ vshfldol}hg lq fruuxswlrq
dqg doo irupv ri uhqw vhhnlqj1

Zh wklqn ri u+ dv oderu/ wdohqw ru hqwuhsuhqhxuvkls hpsor|hg wr gluhfwo| surgxfwlyh
ru lqqrydwlyh dfwlylwlhv wkdw jhqhudwh d qhw vrfldo vxusoxv/ dqg zh fruuhvsrqglqjo| wklqn
riM+ dv d sdudeoh iru doo irupv ri surgxfwlyh nqrzohgjh/ irupdo hgxfdwlrq ru ohduqlqj0e|0
grlqj lq surgxfwlyh dfwlylwlhv/ U)G dqg surgxfw lqqrydwlrq/ whfkqlfdo surjuhvv/ pdunhw
lqqrydwlrq/ hwf1 Wkhq/ doprvw e| gh�qlwlrq/M+ lv wkh w|sh ri fdslwdo wkdw gulyhv hfrqrplf
jurzwk1

4;Wkh gluhfw h�hfw ri Q rq O{w lv fdswxuhg lq wkh glvfuhwh0vrsklvwlfdwhg fdvh e| #3+Q, @ 3/ dqg
rwkhuzlvh e| #3+Q, @ ���

Q5

�
?3 li �?�
A3 li �A� 1

4<Wr jlyh dq h{dpsoh/ frqvlghu wkh FHV uhqw0vhhnlqj vshfl�fdwlrq +;,1 Zh kdyh %�+Q, @ ! dqg
h�+Q, @ ! � ! 4

Q > vr wkdw wkh lqgluhfw hodvwlflw| h�hfw lv dozd|v dgyhuvh1 Frpelqlqj zlwk wkh gluhfw
h�hfw/ d kljkhu Q qhfhvvdulo| udlvhv wkh ghpdqg iru uhqw vhhnlqj zkhq � A �=
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Rq wkh rwkhu kdqg/ zh wklqn ri u% dv wdohqw ru hqwuhsuhqhxuvkls dwwudfwhg e| h{0
lvwlqj uhqwv dqg lpshuihfw surshuw| uljkwv dqg wkxv hpsor|hg lq vrfldoo| xqsurgxfwlyh
exw sulydwho| sur�wdeoh dfwlylwlhv1 Wkh fruuhvsrqglqj w|sh ri kxpdq fdslwdo/ M%/ lv d
phdvxuh ri vnloov lq frppxqlfdwlqj dqg frooxglqj zlwk wkh exuhdxfudf|/ ru lq klglqj
dqg hvfdslqj odz0hqirufhphqw/ ru d phdvxuh ri h{shuwlvh lq oree|lqj/ eulelqj/ vs|lqj/
frqvslulqj/ vwhdolqj/ dqg doo irupv ri uhqw vhhnlqj153 Dqg djdlq doprvw e| gh�qlwlrq/ wklv
w|sh ri kxpdq fdslwdo lv luuhohydqw wr lqqrydwlrq dqg jurzwk1

Dv uhjdugv wkh dffxpxodwlrq ri wkh surgxfwlyh ru lqqrydwlyh w|sh ri kxpdq fdslwdo/
M+/ zh iroorz Oxfdv +4<;;, lq dvvxplqj h{whuqdo ohduqlqj e| grlqj=

M+
|n�

M+
|

' �� B+ n >+u
+
| +46,

zkhuh >+ : B+ 5 dfc �o� Rq wkh rwkhu kdqg/ wkh dffxpxodwlrq ri fruuxswlrq0vshfl�f
kxpdq fdslwdo lv luuhohydqw dqg pd| eh doorzhg wr wdnh dq| irup154

Wkh sduwlfxodu hqjlqh ri jurzwk wkdw zh hpsor| lq rxu prgho lv qrw fulwlfdo � zkdw
lv ixqgdphqwdo derxw +46, lv wkdw wkh jurzwk udwh lv srvlwlyho| uhodwhg zlwk vrph phdvxuh
ri csurgxfwlrq* ru cvxusoxv* lq wkh hfrqrp|> ru zlwk wkh sruwlrq ri uhdo uhvrxufhv wkdw duh
rulhqwhg wrzdugv vxusoxv0fuhdwlqj dqg jurzwk0surprwlqj dfwlylwlhv/ olnh surgxfwlrq dqg
ohduqlqj/ hgxfdwlrq/ U)G dqg lqqrydwlrq/ hwf1 Qru lv wkh dvvxpswlrq ri h{whuqdo df0
fxpxodwlrq fulwlfdo � lqwhuqdol}lqj wkh ohduqlqj0e|0grlqj h�hfw/ ru wkh zkdwhyhu hqjlqh
ri jurzwk/ zrxog vlpso| fkdqjh wkh pdjqlwxghv exw zrxog qrw dowhu wkh ixqgdphqwdo
txdolwdwlyh ihdwxuh wkdw lw lv wkh wudgh0r� ehwzhhq wkh uhwxuqv wr surgxfwlyh dfwlylwlhv
dqg wkh uhwxuqv wr uhqw vhhnlqj wkdw d�hfw wkh doorfdwlrq ri hqwuhsuhqhxuvkls dqg wdo0
hqw dqg wkhuhe| wkh vshhg ri lqqrydwlrq dqg jurzwk1 Wr uhshdw dqg foduli|/ zkdw lv
fulwlfdo lv rqo| wkdw uhqw vhhnlqj dqg fruuxswlrq devrue uhdo uhvrxufhv wkdw frxog kdyh
ehhq dowhuqdwlyho| hpsor|hg lq surgxfwlyh dqg lqqrydwlyh dfwlylwlhv/ wkhuhe| furzglqj
rxw lqyhvwphqw dqg lqqrydwlrq1 Ru/ wr txrwh Edxpro +4<<3,/ �wkh doorfdwlrq ri hqwuhsuh0
qhxuvkls ehwzhhq surgxfwlyh dqg xqsurgxfwlyh dfwlylwlhv111 fdq kdyh d surirxqg h�hfw
rq wkh lqqrydwlyhqhvv ri wkh hfrqrp| dqg wkh ghjuhh ri glvvhplqdwlrq ri lwv whfkqrorjlfdo
glvfryhulhv1�

Lq ryhudoo/ rxu irupxodwlrq lv fdswxulqj wkh lghd wkdw fruuxswlrq dqg uhqw vhhnlqj
rssruwxqlwlhv d�hfw wkh hqgrjhqrxv doorfdwlrq ri wdohqw dqg hqwuhsuhqhxuvkls dfurvv
dfwlylwlhv= Sur�w rssruwxqlwlhv dozd|v dwwudfw hqwuhsuhqhxuvkls/ exw wkh lqqrydwlrq lv

53Edxpro +4<<3/ s1 ;<:, vxjjhvwv �lqqrydwlrqv lq uhqw0vhhnlqj surfhgxuhv/ iru h{dpsoh/ glvfryhu| ri
d suhylrxvo| xqxvhg ohjdo jdpelw wkdw lv h�hfwlyh lq glyhuwlqj uhqwv wr wkrvh zkr duh �uvw lq h{sorlwlqj
lw1�

54Wklv zrxog qrw eh wuxh li wkh djjuhjdwh vwrfn ri K{ frxog d�hfw H� dqg wkhuhe| wkh dwwudfwlyhqhvv
ri uhqw vhhnlqj1 Wkh odwwhu lv suhfoxghg lq rxu fdvh ehfdxvh wkh lqwhuqdo dqg h{whuqdo h�hfw ri K{ h{dfwo|
fdqfho hdfk rwkhu1
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qrw dozd|v wkh rqo| ru grplqdqw sur�wdeoh dfwlylw|1 Rssruwxqlwlhv iru h{sorlwlqj dqg
uhglvwulexwlqj h{lvwlqj uhqwv fdq eh txlwh dwwudfwlyh lq d zruog ri lpshuihfw surshuw|
uljkwv dqg ihuwloh fruuxswlrq1 Lq doo wkhvh zh duh frqvlvwhqw zlwk d Vfkxpshwhuldq ylhz
rq wkh uhodwlrq ri uhqw vhhnlqj dqg lqqrydwlrq ru jurzwk/ dqg lq olqh zlwk Edxpro +4<<3,/
Pxusk|/ Vkohlihu ) Ylvkq| +4<<4,/ dqg Dfhprjox ) Yhuglhu +4<<9,1

6 Jhqhudo Htxloleulxp/ Vwhdg| Vwdwh/ dqg Zhoiduh
Dqdo|vlv

614 Wkh Txdvl0Frpshwlwlyh Htxloleulxp Sdwk

Wkh gh�qlwlrq ri htxloleulxp lv fohdu/ dqg lqghhg dqdorjrxv wr wkdw lq Urphu +4<<3,1
Uhfdoo wkdw zh dvvxph shuihfw frpshwlwlrq iru wkh �qdo0jrrg/ wkh oderu dqg wkh fds0
lwdo pdunhwv/ dqg lpshuihfw frpshwlwlrq d od Frxuqrw0Qdvk iru wkh lqwhuphgldwh0jrrg
pdunhw1 Wr jlyh wklv jhqhudo htxloleulxp d qdph/ zh fdoo lw wkh ctxdvl0frpshwlwlyh htxl0
oleulxp* ri wkh hfrqrp|1

Sursrvlwlrq 5 Jlyhq dq| lqlwldo Egfc M
+
f � : f/ wkhuh h{lvwv d xqltxh htxloleulxp155

Doorfdwlrqv i�|c t|c u
+
| c u

%
| c g|n�cM

+
|n�j"|'f dqg sulfhv i�|c o|c R|j"|'f duh ghwhuplqhg e|=

t|' ��dM+
| u

+
| o
�3kdg|o

k +47,

o|' ��R| ' k�t|*g| +48,

�|' Hx�kt|*u%
| +49,

�|'E�� k�t|*u
+
| +4:,

�'u+
| n u%

| +4;,

g|n�'t| n E�� B�g| � �| +4<,
�|n�

�|

'qwd� n o|n� � Bow +53,

M+
|n�

M+
|

'�� B+ n >+u
+
| +54,

iru doo |/ soxv wkh wudqvyhuvdolw| frqglwlrq/ *�4
|<"

q|g|n��
3�*w
| ' f1 ��c�c Hxc �c � duh

gh�qhg dv lq Sursrvlwlrq 41

Qrwlfh wkdw +47, jlyhv d uhgxfhg irup iru wkh �qdo0jrrg whfkqrorj|/ zklfk lv lqghhg
ri wkh �g fodvv � olqhdu lq wkh exqgoh ri dffxpxodwdeoh idfwruv1 Wkh �uvw htxdolw| lq
+48, lv wkh rswlpdo sulflqj iru lqwhuphgldwh jrrgv/ dqg wkh vhfrqg jlyhv wkh lqwhuphgldwh
vhfwru*v ghpdqg iru fdslwdo1 +49, lv wkh ghpdqg iru xqsurgxfwlyh hqwuhsuhqhxuvkls/ ru

55Iroorzlqj xs irrwqrwh 4:/ zh suhvxph 4� H�+Q,#+Q, . y+Q, � 3=
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iru fruuxswlrq dqg uhqw vhhnlqj/ zkloh +4:, lv wkh ghpdqg ri wkh �qdo0jrrg vhfwru iru
oderu dqg surgxfwlyh hqwuhsuhqhxuvkls1

D frqyhqlhqw uhvxow iroorzlqj iurp +49, dqg +4:, lv wkdw wkh lqwhuvhfwruldo doorfdwlrq
ri hqwuhsuhqhxuvkls/ dv zhoo dv wkh lqfrph vkduhv ri ydulrxv vhuylfhv/ uhpdlq frqvwdqw
dorqj wkh wudqvlwlrq g|qdplfv=

Ohppd 4 Dorqj dq| htxloleulxp sdwk/ surgxfwlyh hqwuhsuhqhxuvkls lv frqvwdqw dw u+
| '

u+ � �
�n k

�3k
-x�

;| dqg uhqw vhhnlqj2fruuxswlrq lv frqvwdqw dw u%
| ' u% �

k
�3k

-x�

�n k
�3k

-x�
;|� Wkh

lqfrph vkduh ri fdslwdo lv k�c wkdw ri surgxfwlyh hqwuhsuhqhxuvkls lv E��k�c wkdw ri uhqw
vhhnlqj lv Hxk�/ dqg wkh uhvlgxdo kd��Hx���o lv wkh lqfrph vkduh ri sur�wv2glylghqgv1

Revhuyh wkdw u+ 	 � dqg u% : fc vr wkdw wkh hfrqrp| idoov lq d kljk uhqw vhhn0
lqj2fruuxswlrq wuds/ iru doo � : f lq wkh frqwlqxxp dqg glvfuhwh0p|rslf fdvhv/ dqg iru
doo � � 2 lq wkh glvfuhwh0vrsklvwlfdwhg fdvh1 Wkh frpsdudwlyh vwdwlfv iru wkh htxloleulxp
ohyho ri uhqw0vhhnlqj dqg fruuxswlrq duh vwudljkwiruzdug/ dqg wkh lqwxlwlrq lv dqdorjrxv
wr wkh rqh zh kdg lq wkh sduwldo0htxloleulxp dqdo|vlv ri Vhfwlrq 5171 Zh uhwxuq wr wkh
frpsdudwlyh vwdwlfv diwhu zh fkdudfwhul}h wkh vwhdg| vwdwh1

615 Edodqfhg0Jurzwk Vwhdg| Vwdwh

Iurp Ohppd 4/ wkh lqwhuvhfwruldo doorfdwlrq ri oderu2hqwuhsuhqhxuvkls lv frqvwdqw dorqj
wkh wudqvlwlrq sdwk/ dqg vr lv wkh jurzwk udwh ri wkh surgxfwlyh kxpdq fdslwdo1 Dq
lpsolfdwlrq ri wkh odwwhu lv wkdw wkh wudqvlwlrq g|qdplfv ri rxu hfrqrp| uhvhpeoh wkrvh
ri wkh qhrfodvvlfdo jurzwk prgho zlwk �{hg h{rjhqrxv whfkqrorjlfdo fkdqjh= Dorqj wkh
wudqvlwlrq sdwk/ wkh udwlrv ri fdslwdo vwrfnv/ M+

| *g| dqg M%
| *g|/ dgmxvw prqrwrqlfdoo|

wrzdugv wkhlu vwhdg|0vwdwh ydoxhv1

Sursrvlwlrq 6 Wkh hfrqrp| h{klelwv d xqltxh vwhdg| vwdwh/ zklfk lv joredoo| vwdeoh/
dqg wudqvlwlrq lv prqrwrqlf lq wkh fdslwdo vwrfn1 Wkh vwhdg| vwdwh lv fkdudfwhul}hg e| d
frqvwdqw lqwhuvhfwruldo doorfdwlrq ri hqwuhsuhqhxuvkls/ u%

u+
' k�-x

�3k
> d frqvwdqw jurzwk udwh/

� ' >+u
+ � B+ ' >+

�
-xk�n�3k

�3k

�3� � B+( d frqvwdqw lqwhuhvw udwh/ o ' d�n �owq3� � � n B>

d frqvwdqw rxwsxw0fdslwdo udwlr/ t
g

' o
kl

k
� n k3l

l
�
�

l3�
> dqg d frqvwdqw kxpdq0sk|vlfdo

fdslwdo udwlr M+

g
' ��3

�

�3k

�
t
g

� �

�3k u3�+ 1

Qrwlfh wkdw/ zkloh wkh pd{lpxp ihdvleoh jurzwk udwh lv >+ � B+ : f/ lq htxloleulxp
u+ 	 � dqg wkxv � 	 >+ � B+1 Wkh jds lv lqghhg lqfuhdvlqj lq wkh ohyho ri uhqw vhhn0
lqj2fruuxswlrq/ dqg wkhuhiruh wkh frpsdudwlyh vwdwlfv iru wkh vwhdg|0vwdwh jurzwk udwh
duh txlwh vwudljkw iruzdug=
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Fruroodu| 6 Lq vwhdg| vwdwh/ dq lqfuhdvh lq Hx udlvhv uhqw vhhnlqj2fruuxswlrq u% dqg
orzhuv jurzwk �c dorqj zlwk o/ t

g
c dqg M+

g
1 Wkh jurzwk udwh/ �c dqg wkh udwh ri uhwxuq/

oc erwk ghfuhdvh zlwk fdslwdo lqwhqvlw|/ k> dqg56 zlwk lqwhuphgldwh0vhfwru frpshwlwlyhqhvv
ru vxevwlwxwdelolw|/ l ru j1 Ixuwkhu/ iru vx!flhqwo| vwurqj frpsohphqwdulw| +orz lc j,/
erwk � dqg o duh orzhu zkhq djhqwv duh p|rslf udwkhu wkdq vrsklvwlfdwhg1 Ilqdoo|/ wkh
gluhfw h�hfw ri � lv ghwulphqwdo li l : k( dqg/ iru wkh FHV vshfl�fdwlrq +;,/ � dqg o

xqdpeljxrxvo| ghfuhdvh zlwk � li l � k�

Wkh lqwxlwlrq lv dv ehiruh1 Wkh h�hfwv rq jurzwk frph vlpso| yld wkh doorfdwlrq ri
uhvrxufhv +oderu/ hqwuhsuhqhxuvkls/ ru wdohqw, ehwzhhq surgxfwlyh2lqqrydwlyh dfwlylwlhv
+u+, dqg xqsurgxfwlyh uhqw vhhnlqj +u%,1 Zh wkhq uhshdw wkdw pruh frpshwlwlrq/ lq
wkh vhqvh ri d kljkhu l dqg j ru d kljkhu � / pd| zhoo udlvh wkh djjuhjdwh ohyho ri uhqw
vhhnlqj/ dqg fdq wkhuhe| eh ghwulphqwdo iru jurzwk1 Dovr ghwulphqwdo iru jurzwk fdq eh
d kljkhu fdslwdo lqwhqvlw|/ dv phdvxuhg e| k1 Wklv uhvxow jrhv djdlqvw frpprq zlvgrp
dqg wkh suhglfwlrq ri vwdqgdug jurzwk prghov/ ehfdxvh khuh d kljkhu fdslwdo lqwhqvlw|
udlvhv wkh uhodwlyh sulydwh uhwxuqv wr uhqw vhhnlqj dqg wkhuhe| lqgxfhv pruh uhqw vhhnlqj
dw wkh h{shqvh ri ohvv lqqrydwlrq dqg jurzwk1 Ilqdoo|/ p|rsld dqg idloxuh wr dffrxqw ri
wkh h{whuqdo h�hfw ri uhqw0vhhnlqj whqgv wr udlvh fruuxswlrq dqg vorz grzq jurzwk/ dw
ohdvw zkhq frpsohphqwdulw| lv vwurqj1

616 Frpsdulvrq zlwk wkh Iluvw Ehvw

Wkh pdunhw ru txdvl0frpshwlwlyh htxloleulxp hqwdlov wzr glvwruwlrqv1 Wkh rqh lv wkh pr0
qrsrolvwlf sulflqj ri lqwhuphgldwh lqsxwv/ dqg wkh rwkhu lv/ dssduhqwo|/ wkh srvlwlyh ohyho
ri xqsurgxfwlyh uhqw vhhnlqj1 Wkh vrfldo sodqqhu/ lqvwhdg/ uhvroyhv erwk lqh!flhqflhv1
Wkh pdun0xs rq lqwhuphgldwh lqsxw sulfhv lv }hur dqg qr uhvrxufhv duh hpsor|hg wr uhqw
vhhnlqj ru fruuxswlrq/ wkh odwwhu phdqlqj wkdw doo oderu/ wdohqw/ dqg hqwuhsuhqhxuvkls
lv doorfdwhg wr surgxfwlyh dqg lqqrydwlyh dfwlylwlhv1 Dv d frqvhtxhqfh/ surgxfwlyh kx0
pdq fdslwdo M+

|n� jurzv dw lwv pd{lpxp ihdvleoh udwh dqg wkh jurzwk sdwk dwwdlqv lwv
rswlpxp1

Sursrvlwlrq 7 Iru dq| jlyhq Egfc M
+
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56Wkh h�hfw ri � lv vr lq wkh glvfuhwh0vrsklvwlfdwhg fdvh iru dq| Q / dqg lq wkh glvfuhwh0p|rslf ru wkh
frqwlqxxp fdvhv dw ohdvw iru Q kljk hqrxjk1
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Wkh frpsdulvrq ri wkh txdvl0frpshwlwlyh vwhdg| vwdwh zlwk lwv �uvw0ehvw frxqwhusduw
lv lpphgldwh=

Fruroodu| 7 Dv orqj dv Hx : f/ erwk wkh jurzwk udwh dqg wkh uhwxuq wr lqyhvwphqw duh
dozd|v orzhu lq wkh txdvl0frpshwlwlyh vwhdg| vwdwh wkdq lq wkh �uvw ehvw= � 	 �W dqg
o 	 oW1 Ixuwkhu/ u+ 	 u+Wc t

M+�3kg@ 	
�

t
M+�3kg@

�W
c dqg t

g
	

�
t
g

�W
dqg2ru t

M+ 	
�
t
M+

�W
1

Uhqw vhhnlqj dqg fruuxswlrq lqyroyh erwk d ohyho dqg d jurzwk h�hfw1 Wkh vwdwlf
ohyho h�hfw frqvlvwv lq wkdw/ dw dq| srlqw ri wlph/ wkh pdunhw htxloleulxp hpsor|v sduw
ri wkh oderu lq uhqw vhhnlqj dqg fruuxswlrq dfwlylwlhv udwkhu wkdq lq gluhfw surgxfwlrq1
Dv d uhvxow/ wkh hfrqrp| rshudwhv lq wkh lqwhulru ri lwv Sduhwr iurqwlhu= t| 	 t W| '
��dM+

| o
�3kdg|o

@ vlqfh u+
| 	 �1 Eh|rqg wkdw/ wkh idfw wkdw d sruwlrq ri hqwuhsuhqhxuvkls

dqg wdohqw lv glyhuwhg dzd| iurp surgxfwlyh dqg lqqrydwlyh dfwlylwlhv kdv dq dgyhuvh
g|qdplf h�hfw rq ohduqlqj e| grlqj/ lqqrydwlrq/ dqg wkh dffxpxodwlrq ri fdslwdo=

M+
|n�

M+
|

	

� n >+ � B+1 Wklv wudqvodwhv wr dq dgyhuvh jurzwk h�hfw erwk lq vwhdg| vwdwh dqg dorqj
wudqvlwlrq157

Wkh vrxufh ri erwk h�hfwv olhv rq wkh qhjdwlyh h{whuqdolw| wkdw rqh*v rzq uhqw0
vhhnlqj dfwlylwlhv fuhdwhv rq doo rwkhu lqwhuphgldwh0jrrg surgxfhuv1 Rxu prgho lv lqghhg
dq h{dpsoh ri wkh wudjhg| ri frpprqv/ dqg lq wklv vhqvh wkh ydolglw| ri rxu vwru| lv
pxfk eurdghu= Lqwhuphgldwh0jrrg surgxfhuv frpshwh zlwk hdfk rwkhu dqg zlwk �qdo0
jrrg surgxfhuv ryhu wkh srro ri uhdo uhvrxufhv � wklv srro lv oderu vhuylfhv/ wdohqw/ ru
hqwuhsuhqhxuvkls/ lq rxu prgho1 Wkh lqwhuphgldwh0jrrg surgxfhuv* idloxuh wr lqwhuqdol}h
+hyhq li wkh| uhfrjql}h, wkh dgyhuvh h{whuqdo h�hfwv ri wkhlu rzq uhqw0vhhnlqj dfwlylwlhv
ohdgv wkhp wr ryhugudz iurp wkh frpprq srro ri uhdo uhvrxufhv/ h�hfwlyho| furzglqj rxw
surgxfwlyh2lqqrydwlyh dfwlylwlhv1 Uhqw vhhnlqj dqg fruuxswlrq wkhq frph dw wkh frvw ri
ghfuhdvhg h!flhqf| dqg orzhu jurzwk1

617 D Vhfrqg0Ehvw Dqwl0Fruuxswlrq Wd{

Wr lpsuryh xsrq wkh pdunhw htxloleulxp/ wkh vrfldo sodqqhu zrxog olnh wr ghwhu uhqw vhhn0
lqj dqg vkliw uhvrxufhv wr surgxfwlyh2lqqrydwlyh dfwlylwlhv1 Li d gl�huhqwldo wd{58 frxog
eh lpsrvhg rq wkh dowhuqdwlyh hpsor|phqwv ri wkh vdph idfwru +khuh/ wkh wzr gl�huhqw
w|shv ri oderu ru hqwuhsuhqhxuvkls,/ wkhq wkh fdvh zrxog eh vlpsoh= Mxvw wd{ hpsor|phqw
lq fruuxswlrq2uhqw vhhnlqj dqg2ru vxevlgl}h hpsor|phqw lq surgxfwlyh dfwlylwlhv1 Li vxfk

57Zh dovr revhuyh wkdw wkh �uvw ehvw kdv u� @ �
�
\
N

��
zkloh wkh txdvl0frpshwlwlyh htxloleulxp kdv

u @ �y \N > zlwk y ? 4= Wklv glvfuhsdqf| ehwzhhq wkh vrfldo dqg wkh pdunhw uhwxuq wr fdslwdo uh hfwv wkh
vwdwlf lqh!flhqf| jhqhudwhg e| prqrsrolvwlf sulflqj ri lq pdunhw iru lqwhuphgldwh lqsxwv1 Wkh lqyhuvh
ri y � �

k
4 . ���

�
4
Q

l
lv vlpso| wkh pdun0xs udwh1

58D cwd{* fdq eh lqwhusuhwhg dv vrph ghwhfwlrq dqg sxqlvkphqw phfkdqlvp lqwhqghg wr ghwhu fruuxs0
wlrq2uhqw vhhnlqj1
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d w|sh0frqwlqjhqw idfwru wd{dwlrq zhuh ihdvleoh/ wkh �uvw0ehvw frxog eh dfklhyhg hdvlo|
e| lpsrvlqj d surklelwlyh +433(, wd{ rq wkh sulydwh uhwxuqv ri uhqw0vhhnlqj dfwlylwlhv159

Vxfk d surklelwlyh dqwl0fruuxswlrq wd{ lv Sljrxyldq/ lw fxuhv wkh qhjdwlyh h{whuqdolw|
jhqhudwhg e| uhqw vhhnlqj zlwkrxw eulqjlqj dq| qhz glvwruwlrqv/ dqg uhvwruhv wkh �uvw
ehvw1

Lq uhdo zruog/ krzhyhu/ lqirupdwlrq dv|pphwulhv pd| suhyhqw wkh jryhuqphqw iurp
ghwhfwlqj zkhwkhu d w|sh ri oderu vhuylfh ru hqwuhsuhqhxuvkls lv wuxo| surgxfwlyh ru
sulpdulo| dlplqj wr uhqw vhhnlqj1 Srolwlfrhfrqrplf uhdvrqv pd| dovr suhyhqw wd{hv iurp
ehlqj frqwlqjhqw rq wkh w|sh ri hpsor|phqw1 Xqghu vxfk flufxpvwdqfhv/ wkh deryh �uvw0
ehvw uhvwrulqj wd{ vfkhph zloo qrw eh dydlodeoh1 Lq d vhfrqg0ehvw hqylurqphqw/ d wd{
dlphg wr fxuh wkh h{lvwlqj qhjdwlyh h{whuqdolw| zloo fdxvh vrph rwkhu glvwruwlrq/ dqg wkh
frvwv dqg ehqh�wv zloo kdyh wr eh zhljkhg lq rughu wr ghwhuplqh wkh rswlpdo +dqg fohduo|
qrq0surklelwlyh, ohyho ri wklv vhfrqg0ehvw wd{1

Frqvlghu lq sduwlfxodu d wd{ lpsrvhg rq wkh rxwsxw +ru wkh uhyhqxh/ ru wkh fdslwdo
uhwxuqv, ri lqwhuphgldwh0jrrg �upv15: Vlqfh wkhvh �upv hpsor| oderu dqg hqwuhsuhqhxu0
vkls iru uhqw vhhnlqj dqg fruuxswlrq/ wkh ehqh�w ri wd{lqj wkhlu surgxfwlrq lv suhflvho|
wkh lqgluhfw wd{dwlrq ri xqsurgxfwlyh hqwuhsuhqhxuvkls= D kljkhu wd{ rq wkh lqwhuph0
gldwh lqsxwv ghfuhdvhv wkh ghpdqg iru uhqw vhhnlqj2fruuxswlrq1 Exw/ wkhuh lv qrz dq
dvvrfldwhg frvw= Wkh wd{ uhgxfhv wkh ghpdqg iru fdslwdo lq wkh lqwhuphgldwh0jrrgv vhf0
wru dqg lv sduwo| wudqvihuuhg wr �qdo0jrrg surgxfhuv/ yld dq lqfuhdvh lq wkh lqwhuphgldwh
lqsxw sulfhv1 Wklv lqgxfhv d vxevwlwxwlrq dzd| iurp lqwhuphgldwh lqsxwv wrzdugv oderu
vhuylfhv/ zklfk wudqvodwhv wr d orzhu fdslwdo lqwhqvlw| � dv qhfhvvdu| lq rughu wr frp0
shqvdwh iru wkh wd{dwlrq dqg udlvh edfn wkh uhwxuq wr fdslwdo1 Wkh orzhu fdslwdo lqwhqvlw|
�qdoo| wudqvodwhv wr d qhjdwlyh ohyho h�hfw rq rxwsxw1

Wkh wudgh r� wkdw fkdudfwhul}hv wkh vhfrqg0ehvw wd{ vfkhph lv wkxv fohdu= Wkh kljkhu
wkh wd{ lv/ wkh orzhu wkh ohyho ri uhqw vhhnlqj dqg fruuxswlrq/ dqg wkh kljkhu wkh jurzwk
udwh ri wkh hfrqrp|/ exw dovr wkh vwurqjhu wkh vdylqjv glvwruwlrq dqg wkh orzhu wkh
ohyho ri wkh �qdo0jrrg surgxfwlrq1 Zkdw lv pruh/ wkhuh lv d vwdwlf lqh!flhqf| gxh wr
wkh prqrsrolvwlf vwuxfwxuh ri wkh lqwhuphgldwh0jrrg vhfwru/ dq lqh!flhqf| wkdw lq wkh
devhqfh ri fruuxswlrq +Hx ' f dqg u+ ' �, zrxog fdoo iru d vxevlg| ri wkh surgxfw ri
wkh lqwhuphgldwh vhfwru/ ru htxlydohqwo| d vxevlg| ri wkh fdslwdo uhwxuq1

Lq pruh ghwdlo/ ohw � eh wkh +wlph0lqyduldqw dqg  dw, wd{ udwh lpsrvhg rq lqwhuphgldwh0
jrrg rxwsxw/ vr wkdw sur�wv ri surgxfhu 5 duh �%

| E5� ' E��� ��R|E5�%|E5��o|&|E5���|,|E5�

1 Wdnlqj wkh �uvw0rughu frqglwlrqv/ zh ghwhuplqh wkh ghpdqg ri wkh lqwhuphgldwh vhfwru

59Wklv frxsohg ri frxuvh zlwk d vxevlg| ri wkh lqwhuphgldwh0vhfwru rxwsxw lqwhqghg wr fxuh wkh lqhi0
�flhqf| jhqhudwhg e| prqrsrolvwlf sulflqj1

5:Uhjduglqj wkh wd{ uhyhqxhv/ dvvxph wkdw wkh| duh glvwulexwhg edfn wr frqvxphuv dv oxps0vxp
wudqvihuv1
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iru fdslwdo dqg oderu vhuylfhv dv iroorzv=

o|'E�� � � � ��R| ' E�� � � � �kt|*g| +55,

�|'E�� � � � Hx�kt|*u%
| +56,

Wkh uhvw ri wkh v|vwhp +47,0+54, gh�qlqj wkh htxloleulxp/ uhpdlqv dv lw zdv zlwkrxw wkh
wd{1 Zh fdq wkxv frqfoxgh wr wkh iroorzlqj vwhdg|0vwdwh uhvxowv=

Ohppd 5 Vhw w ' B ' B+ ' � +orj xwlolw| dqg ixoo ghsuhfldwlrq,1 Jlyhq d wd{ udwh
� c ohw r ' rE� �c � ' �E� �c dqg V ' VE� � eh wkh vwhdg|0vwdwh vdylqj udwh/ jurzwk udwh/
dqg fdslwdo lqwhqvlw| g|*dM

+
| u

+
| oc uhvshfwlyho|1 Dorqj wkh wudqvlwlrq sdwk/ wkh doorfd0

wlrq ri oderu2hqwuhsuhqhxuvkls dqg wkh vdylqj udwh duh frqvwdqw1 Wkh sdwk lv jlyhq
e| u+
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�3k
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� n E�� �� k�

�3k
Hx

�
� Lw iroorzv wkdw � dqg u+ duh lqfuhdvlqj lq � / dqg

V lv ghfuhdvlqj lq � 1 Vrfldo zhoiduh lv jlyhq e|

Lf' *L}E�� r� n kq
�3kq

*L} rn \ *L}u+ ' +57,

' *L}d�� E�� � �qk�on kq
�3kq

*L}E�� � �� \ *L}
�
� n E�� � �k�-x

�3k

� � LE��

iru dssursuldwh frqvwdqw \ : fc dqg lv vlqjoh0shdnhg lq � 1

Lq +57,/ wkh �uvw whup fdswxuhv wkh qhjdwlyh h�hfw ri � rq wkh vdylqjv udwh r '

E��� �qk� dqg wkhuhe| lwv srvlwlyh h�hfw rq frqvxpswlrq ohyhov1 Wkh vhfrqg whup uhvxowv
iurp wkh qhjdwlyh ohyho h�hfw ri � rq vdylqjv dqg wkhuhe| rq fdslwdo dffxpxodwlrq dqg
fdslwdo lqwhqvlw| V1 Dqg wkh odvw whup frpelqhv wkh vfdoh dqg jurzwk h�hfwv ri uhqw
vhhnlqj2fruuxswlrq1

Lq wkh devhqfh ri uhqw vhhnlqj2fruuxswlrq +Hx ' fc u+ ' �, zh fdq zulwh Lf '

*L}E� � r� n kq
�3kq

*L} r/ zklfk lpsolhv wkdw wkh �uvw0ehvw vdylqj udwh lv rW ' kq� Wkh
pdunhw vdylqjv udwh zlwkrxw d wd{2vxevlg| +� ' f, lv wkhq rqo| r ' k�q dqg idoov vkruw
ri rW vlqfh � 	 �� Wklv uh hfwv lqghhg wkh vwdwlf lqh!flhqf| jhqhudwhg e| prqrsrolvwlf
sulflqj lq wkh lqwhuphgldwh vhfwru1 Wkh uhphg| zrxog eh wr vxevlgl}h lqwhuphgldwh0jrrg
surgxfwlrq dw d udwh � W ' ��3�

�
	 fc vr wkdw r ' E�� � W�k�q ' kq ' rW� Wkh Sljrxyldq

vxevlg| � W zrxog lpsohphqw wkh �uvw ehvw lq wkh devhqfh ri uhqw vhhnlqj2fruuxswlrq1
Exw/ zkdw li uhqw vhhnlqj2fruuxswlrq lv suhvhqwB

Sursrvlwlrq 8 Vhw w ' B ' B+ ' � dqg gh�qh � rK � @h}4@ � LE� � dv wkh vhfrqg0ehvw
rswlpdo wd{/ zlwk LE�� dv lq +57,1 Wkhq Hx : f , � W 	 � rK 	 �/ zkhuh � W ' ��3�

�
	 f

lv �uvw0ehvw vxevlg| zkhq Hx ' f� Ixuwkhu/ ohwwlqj rrK ' E� � � rK�k�q dqg �rK iru wkh
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vhfrqg0ehvw vdylqj dqg jurzwk udwhv/ uhvshfwlyho|/ dqg rW ' kq dqg �W iru wkh �uvw0ehvw
rqhv/ rrK 	 rW dqg �rK 	 rW zkhqhyhu Hx : f1 Ilqdoo|/ � rK lv lqfuhdvlqj dqg �rK lv
ghfuhdvlqj lq Hx dqg k1

Revhuyh wkdw/ zkloh � W 	 f lv wkh rswlpdo vxevlg| lq wkh devhqfh ri fruuxswlrq/ wkh
suhvhqfh ri uhqw0vhhnlqj dfwlylwlhv fdoov iru d wd{ rq lqwhuphgldwh surgxfwlrq/ vr wkdw
� rK : � W zkhqhyhu Hx : f � iru kljk hqrxjk fruuxswlrq/ � rK : f dqg wkh vxevlg|
wxuqv wr d ixoo|  hvkhg wd{1 Wklv lv lqwhqghg wr ghwhu hpsor|phqw ri xqsurgxfwlyh
hqwuhsuhqhxuvkls/ wr zklfk wkh lqwhuphgldwh vhfwru lv lqwhqvlyh uhodwlyho| wr wkh uhvw ri
wkh hfrqrp|1 Dqg zkloh lq wkh devhqfh ri uhqw vhhnlqj2fruuxswlrq wkh vlqjoh vxevlg|
frxog lpsohphqw wkh �uvw ehvw/ wklv lv qr pruh wuxh lq rxu vhfrqg0ehvw zruog1 Rxu uhvxow
lv lqghhg uhplqlvfhqw ri Edqhumhh*v +4<<:, srlqw wkdw wkh ghvljq ri sxeolf srolf| pd| eh
vxevwdqwldoo| dowhuhg li wkh srolf| pdnhu lqfrusrudwhv wkh h{lvwhqfh ri fruuxswlrq1

Qrw vxusulvlqjo|/ d kljkhu hodvwlflw| Hxc phdqlqj kljkhu uhodwlyh uhwxuqv wr uhqw vhhn0
lqj dqg fruuxswlrq/ fdoov iru vwurqjhu dqwl0fruuxswlrq phdvxuhv/ lq wkh irup ri d kljkhu
� rK1 Ilqdoo|/ d kljkhu lqfrph vkduh ri fdslwdo fdoov iru d kljkhu wd{ � rK/ ehfdxvh/ xqghu
rxu vshfl�fdwlrq ri wkh uhqw0vhhnlqj jdph/ hfrqrplhv zlwk kljk fdslwdo vkduhv duh pruh
surqh wr uhqw vhhnlqj iru dq| jlyhq Hx1

Zh �qdoo| qrwh wkdw rxu uhvxow wkdw wkh vhfrqg ehvw lqyroyhv d prghudwh rqo| uhgxf0
wlrq +udwkhu wkdq ixoo holplqdwlrq, ri uhqw vhhnlqj/ lv uhplqlvfhqw ri vlplodu uhvxowv e|
Edqhumhh +4<<9, ru Dfhprjox ) Yhuglhu +4<<9,1 Lq doo fdvhv/ lw lv wkh suhvhqfh ri vrph
rwkhu glvwruwlrq wkdw pdnhv ixoo holplqdwlrq ri uhqw vhhnlqj qrw ghvludeoh15;

7 H{whqvlrqv�Glvfxvvlrq

714 Dowhuqdwlyh Hqjlqhv ri Jurzwk

Lq rxu prgho zh dvvxphg wkdw wkh jurzwk hqjlqh lv d ohduqlqj0e|0grlqj surfhvv wkdw lv
h{whuqdo wr doo lqglylgxdo djhqwv1

Vxssrvh zh lqvwhdg doorz krxvhkrogv2hqwuhsuhqhxuv wr lqwhuqdol}h wkh dffxpxodwlrq
ri wkh wzr w|shv ri kxpdq fdslwdo1 Wklv prgl�fdwlrq zrxog qrw pdwwhu txdolwdwlyho|1
Hdfk lqglylgxdo zrxog vlpso| lqwhuqdol}h wkh ohduqlqj0e|0grlqj h�hfw ri klv fxuuhqw hp0
sor|phqw dqg wkxv wkh wzr w|shv ri hqwuhsuhqhxuvkls zrxog qr pruh eh shuihfw vxe0
vwlwxwhv15< Lq htxloleulxp/ wkh uhodwlyh uhwxuqv wr uhqw vhhnlqj zrxog vwloo ghwhuplqh
wkh lqwhuvhfwruldo doorfdwlrq ri oderu2hqwuhsuhqhxuvkls/ dqg pruh fruuxswlrq zrxog vwloo
wudqvodwh wr ohvv jurzwk1

5;Li doo rwkhu glvwruwlrqv frxog eh uhvroyhg/ li lqirupdwlrq dv|pphwulhv dqg prudo kd}dug frxog eh
ryhufrph/ dqg li surshuw| uljkwv frxog eh shuihfwo| gh�qhg dqg frvwohvvo| surwhfwhg/ wkhq wkh �uvw ehvw
frxog eh wulyldoo| dfklhyhg zlwk qxoo uhqw vhhnlqj2fruuxswlrq1

5<Wkhuh zrxog eh wzr zdjhv/ rqh iru chqjlqhhuv* dqg gl�huhqw rqh iru codz|huv*1 Wkh zdjh gl�huhqwldo
zrxog uh hfw wkh glvfrxqwhg ydoxh ri ohduqlqj e| grlqj lq hdfk hpsor|phqw1
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Zkdw li jurzwk zdv gulyhq e| gholehudwh sulydwh U)G dqg d pdunhw phfkdqlvp
iru lqqrydwlrqvB Vxssrvh lqghhg wkdw zh doorzhg lqwhuphgldwh surgxfhuv wr hqjdjh lq
U)G ä od Djklrq ) Krzlww +4<<5, ru Urphu +4<<3,1 Lq vxfk d fdvh/ wkh lqqrydwlrq
udwh zrxog ghshqg rq wkh uhvrxufhv ghyrwhg wr U)G dqg wkxv rq wkh sur�wv ri wkh
lqwhuphgldwh vhfwru1 Iurp Ohppd 4 zh nqrz wkdw wkh lqfrph vkduh ri wkhvh sur�wv lv
dkE� � �� � Hxk�o/ zklfk lv ghfuhdvlqj lq Hx/ wkh shufhlyhg fruuxswlrq hodvwlflw|/ ru lq
Hxk�c wkh lqfrph vkduh sdlg wr uhqw0vhhnlqj vhuylfhv1 Kljkhu uhqw vhhnlqj2fruuxswlrq
zrxog wkxv phdq d orzhu udwh ri uhvrxufhv ghyrwhg wr U)G dqg wkhuhe| d orzhu jurzwk
udwh iru wkh hfrqrp|1 Wklv srlqw kdv lqghhg ehhq pdgh lq Urphu +4<<7,/ zkr lghqwl�hv
fruuxswlrq dv d cwd{* rq lqyhvwphqw1

D vlplodu srlqw fdq eh pdgh li jurzwk lv gulyhq e| jryhuqphqw lqyhvwphqw/ sxeolf
jrrgv/ lqiudvwuxfwxuh/ dqg wkh olnh � vd|/ dv lq Eduur +4<<3,1 Li jryhuqphqw vhuylfhv
duh �qdqfhg zlwk lqfrph wd{hv/ wkh qhjdwlyh h�hfw ri uhqw vhhnlqj2fruuxswlrq rq lqfrph
zrxog wudqvodwh wr orzhu wd{ uhyhqxhv/ orzhu jryhuqphqw lqyhvwphqw/ dqg wkhuhe| orzhu
jurzwk1 Wklv vlwxdwlrq lv vlplodu wr wd{ hydvlrq= Lq rxu vhw xs/ uhqw vhhnlqj2fruuxswlrq
uhgxfhv wkh wd{ edvh/ mxvw dv wd{ hydvlrq/ dqg wkhuh lv vrph zdvwh ri uhvrxufhv lqyroyhg
lq dgglwlrq1 Hlwkhu zd|/ wkh rshudwlrq ri wkh jurzwk hqjlqh lv glvwruwhg1

715 Frpshwlwlrq dqg Dqwl0Fruuxswlrq Frrshudwlrq

D vwulnlqj uhvxowv ri rxu dqdo|vlv kdv ehhq wkdw pruh frpshwlwlrq pd| ohdg wr pruh
uhqw vhhnlqj2fruuxswlrq dqg wkhuhe| pd| kdup lqqrydwlrq dqg jurzwk1 Lq ghulylqj wklv
uhvxow/ zh dvvxphg wkdw wkh djhqwv lqyroyhg lq uhqw vhhnlqj sod|hg qr0frrshudwlyho|/ lq
d Frxuqrw0Qdvk idvklrq/ ljqrulqj uhsxwdwlrq irufhv1 Li zh h{whqg rxu dqdo|vlv wr doorz
iru frrshudwlrq/ wkhq dq hyhq vwurqjhu dujxphqw fdq eh pdgh djdlqvw frpshwlwlrq1

Wr vhh wklv/ zh mxvw kdyh wr ohw wkh sod|huv h{sorlw wkh lq�qlwh krul}rq ri wkh jdph/
lqwurgxfh uhsxwdwlrq/ dqg lqyrnh wkh ironv wkhruhpv iurp jdph wkhru|1 Li sod|huv duh ihz
dqg sdwlhqw hqrxjk/ wkhq zh nqrz wkdw wkh| vkrxog eh deoh wr frrshudwh/ jhw wkhpvhoyhv
rxw ri wkh frpprqv wudjhg| wkh| duh wudsshg lq/ dqg hqvxuh wkh �uvw0ehvw rxwfrph1

Lq sduwlfxodu/ frqvlghu dq hfrqrp| dv lq rxu prgho/ sdudphwhul}hg e| �c wkh qxpehu
ri sod|huv/ dqg qc wkh glvfrxqw idfwru1 Iru dq| � zh pd| �qg d fxw0r� q ' qE�� 5 Efc ��

vxfk wkdw/ zkhqhyhu q : qc wkh �uvw0ehvw doorfdwlrq/ zlwk }hur fruuxswlrq dqg pd{lpdo
jurzwk/ lv vhoi0vxvwdlqhg wkurxjk uhsxwdwlrq163 Zh pd| wkhq vkrz wkdw Yq*Y� : f/
phdqlqj wkdw dqwl0fruuxswlrq frrshudwlrq lv ohvv olnho| wkh kljkhu wkh qxpehu ri sod|huv1
Dowhuqdwlyho|/ iru �{hg Eqc��c zh pd| ohw u% ' u%Eqc�� eh wkh plqlpdo ohyho ri uhqw
vhhnlqj2fruuxswlrq vxvwdlqdeoh xqghu frrshudwlrq2uhsxwdwlrq/ dqg 7� ' 7�Eqc�� wkh fru0
uhvsrqglqj pd{lpdo vxvwdlqdeoh udwh ri jurzwk1 Zh pd| wkhq vkrz wkdw Yu%*Y� : f

dqg Y7�*Y� 	 fc phdqlqj wkdw pruh frpshwlwlrq pdnhv lpsolflw frrshudwlrq kdughu dqg

63Wr pdnh wkh surri hdv|/ zh pd| xvh uhyhuvlrq wr wkh Frxuqrw0Qdvk rxwfrph dv wkh fuhgleoh wkuhdw1
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wkhuhiruh pd| udlvh uhqw vhhnlqj dqg orzhu jurzwk1
Qrwdeo|/ rxu uhvxowv duh uhplqlvfhqw ri wkh pruh jhqhudo revhuydwlrq wkdw frpshwlwlrq

lq glphqvlrqv rwkhu wkdq sulfhv pd| zhoo eh ghwulphqwdo iru hfrqrplf h!flhqf| dqg vrfldo
zhoiduh1

716 Hqgrjhql}lqj wkh Uhqw0Vhhnlqj Whfkqrorj|= cFruuxswlrq
iru Vdoh*

Rxu dqdo|vlv kdv wuhdwhg cuxohv ri wkh jdph*/ ru wkh rssruwxqlwlhv iru uhqw vhhnlqj2fruuxswlrq
dqg wkh zd|v yld zklfk uhqw0vhhnlqj dfwlylwlhv duh pdsshg wr uhglvwulexwlrq ri fdslwdo
uhqwv/ dv h{rjhqrxv1 Wkhvh doo kdyh ehhq exulhg xqghu rxu eodfn0er{ cuhqw0vhhnlqj whfk0
qrorj|*1 Wuhdwlqj wklv cwhfkqrorj|* dv h{rjhqrxv lv d ohjlwlpdwh �uvw0ohyho devwudfwlrq/
exw d eurdghu dqg ghhshu xqghuvwdqglqj gh�qlwho| fdoov xv wr hqgrjhql}h wkh uxohv ri wkh
jdph164 Lqghhg/ fdvxdo revhuydwlrq dqg klvwru| vxjjhvw wkdw d frpsolfdwhg vrflr0srolwlfr0
hfrqrplf phfkdqlvp ghwhuplqhv wkh csdudphwhuv* ri wkh uhqw0vhhnlqj whfkqrorj|165

Zh ri frxuvh dfnqrzohgjh wkh lpsruwdqfh ri prgholqj wkh plfurirxqgdwlrqv ri wkh
cuhqw0vhhnlqj whfkqrorj|*/ exw zh gr qrw wu| wr vhulrxvo| sxuvxh wklv gluhfwlrq khuh166 Zh
lqvwhdg iroorz wkh �Surwhfwlrq iru Vdoh� zrun ri Jurvvpdq ) Khospdq +4<<8, dqg vnhwfk
dq h{whqvlrq ri rxu prgho wkdw frxog doorz xv wr chqgrjhql}h* wkh csdudphwhuv* ri wkh
uhqw0vhhnlqj2fruuxswlrq whfkqrorj| � e| dqdorj|/ zh qdph rxu h{whqvlrq �Fruuxswlrq
iru Vdoh�1

D qhdw lpsolfdwlrq ri rxu vshfl�fdwlrq lv wkdw doo wkdw pdwwhuv rxw ri wkh cuxohv ri wkh
jdph* lv d vlqjoh sdudphwhu= Hx/ wkh shufhlyhg hodvwlflw| ri rzq sulydwh uhqwv zlwk uhvshfw
wr rzq uhqw0vhhnlqj dfwlylwlhv1 Fohduo|/ d ehqhyrohqw vrfldo sodqqhu zrxog vhw Hx ' f1
Li krzhyhu wkh fkrlfh ri Hx lv vrphkrz xqghu wkh frqwuro djhqwv zkr duh gluhfwo| ru
lqgluhfwo| ehqh�whg iurp wkh h{lvwhqfh ri fruuxswlrq/ oree|lqj/ srolwlfdo frqwulexwlrqv/

64Iru d glvfxvvlrq rq wklv srlqw/ vhh dovr Edugkdq +4<<:,1
65E| vxfk csdudphwhuv* zh phdq hohphqwv olnh wkh ohjdo v|vwhp dqg odz hqirufhphqw> wkh ghwhuplqd0

wlrq/ doorfdwlrq dqg surwhfwlrq ri surshuw| uljkwv> wkh srolwlfdo phfkdqlvp ghwhuplqlqj wkh surgxfwlrq
dqg surylvlrq ri sxeolf jrrgv/ ru wkh ghvljq ri sxeolf srolflhv> wkh frqvwlwxwlrqdo uxohv> wkh rssruwxqlwlhv
iru oree|lqj/ ru wkh vfkhphv ri srolwlfdo �qdqflqj> wkh wd{dwlrq v|vwhp> wkh sulqflsdo0djhqw uhodwlrqv/
wkh lqvlgh prqlwrulqj/ dqg wkh klhudufklfdo vwuxfwxuh zlwklq d jryhuqphqw/ d exuhdxfudf|/ ru d �up> wkh
ghwhfwlrq dqg sxqlvkphqw ri loohjdo uhqw0vhhnlqj dfwlylwlhv> ru hyhq wkh yhu| gh�qlwlrq ri zkdw nlqg ri
sur�w0ehdulqj dfwlylwlhv duh loohjdo> ru hyhq wkh vrfldo dwwlwxghv wrzdugv uhqw0vhhnlqj dqg fruuxswlrq1 Wr
gudz khuhrq dq h{dpsoh iurp wkh frqwhpsrudu| XV/ wkh qhwzrun ri Zdvklqjwrq oree|lvwv iru ydulrxv
lqgxvwulhv ru lqwhuhvw jurxsv/ wkh zrunlqjv ri SDFv +Srolwlfdo Dfwlrq Frpplwwhhv, dqg wkh frqwulexwlrqv
wr Frqjuhvvlrqdo2Suhvlghqwldo fdqglgdwhv/ lqkhuhqwo| lqyroyh uhqw vhhnlqj> dqg wkhlu ohjdo olplwv ru wkhlu
vrfldo dffhswdqfh duh fohduo| hqgrjhqrxv1

66Wkh txhvwlrq uhpdlqv rshq/ exw xvhixo lqvljkwv fdq eh jdlqhg iurp wkh sulqflsdo0djhqw dssurdfk/
lqfoxglqj Edqhumhh +4<<:,/ Dfhprjox ) Yhuglhu +4<<9,/ dqg Wluroh +4<<9,1 Vhh dovr irrwqrwh 61
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dqg wkh olnh/67 wkhq zh vkrxog h{shfw Hx : f1 Lq wkh vslulw ri Jurvvpdq dqg Khospdq
+4<<8,/ zh pd| lqwurgxfh dq dwrplvwlf uhsuhvhqwdwlyh srolwlfdo djhqw zkrvh ixqfwlrq lv
wr vhw Hx1 Wklv uhsuhvhqwdwlyh srolwlfdo hqwlw|/ khqfhiruwk wr eh fdoohg cwkh srolwlfldqv*/
lv d sdudeoh iru vrph vrflr0srolwlfr0hfrqrplf phfkdqlvp/ d yrwlqj v|vwhp/ d jryhuqdqfh
v|vwhp/ hwf1

Zh khqfh dvvxph wkh suhihuhqfhv ri csrolwlfldqv* wr djjuhjdwh +lq d zhljkwhg vxp,
vrfldo zhoiduh zlwk wkh sulydwh ehqh�wv wkh| hqmr| iurp uhqw vhhnlqj2fruuxswlrq1 Dv d
phdvxuh ri wkh sulydwh ehqh�wv iurp zh pd| wdnh wkh uhwxuqv wr uhqw vhhnlqj/ ru wkh
zdjh sdlg wr xqsurgxfwlyh hqwuhsuhqhxuvkls1 Wklv k|srwkhvlv pd| uh hfw wkdw eulehv
wr exuhdxfudwv ru wr odzpdnhuv ghshqg rq wkh uhqwv dwwdlqhg/ ru wkdw ihhv wr od|huv/
phgldwruv dqg oree|lvwv duh sursruwlrqdo wr wkh pdunhw uhwxuqv ri uhqw vhhnlqj1 Wr
dgrsw d sduwlfxodu vshfl�fdwlrq/ ohw wkh ehqh�w hqmr|hg e| d srolwlfldq eh d frqvxpswlrq
 dz sursruwlrqdo wr �|u

%
| 1 Wkdw lv/ ohw � E�| n / � �|u

%
| � eh wkh xwlolw|  rz hqmr|hg e|

srolwlfldqv lq shulrg |1 Wkh lqfoxvlrq ri frqvxpswlrq �| fdswxuhv vrfldo zhoiduh/ zkloh
/ : f lv h�hfwlyho| d zhljklqj idfwru168

D Vwdfnhoehuj jdph vhwv lq hyhu| shulrg= Srolwlfldqv pryh �uvw/ vhwwlqj Hxc dqg wkh
pdunhw pryhv vhfrqg/ uhvsrqglqj zlwk d txdvl0frpshwlwlyh htxloleulxp dorqj wkh olqhv
ri Sursrvlwlrqv 5 dqg 61 Wkhuhiruh/ wkh srolwlfldqv vhw Hx vr dv wr pd{lpl}h

lEHx� '
"[
|'f

q|� E�| n / � �|u
%
| � +58,

vxemhfw wr frqglwlrqv +47, wkurxjk +54,1 cFruuxswlrq iru Vdoh* wkhq dulvhv qdwxudoo|/ lq
wkh vhqvh wkdw wkh hqgrjhqrxv ydoxh iru Hx lv vwulfwo| srvlwlyh lq doo shulrgv1 Wr jlyh d
frqfuhwh h{dpsoh=

Sursrvlwlrq 9 Vhw w ' B ' B+ ' � dqg ohw Hx � @h}4@ - lEH�1 Wkhq Hx : f;/ : fc

dqg YHx*Y/ : f dqg YHx*Yk : f iru / vx!flhqwo| kljk1 Hyhq zkhq YHx*Yk 	 f/ lw
pd| vwloo krog wkdw Yu%*Yk : f dqg Y�*Yk 	 f�

Wkxv/ rxu uhvxow wkdw hfrqrplhv zlwk kljk lqfrph vkduhv ri fdslwdo duh pruh surqh wr
fruuxswlrq dqg uhqw vhhnlqj pd| uhpdlq urexvw wr hqgrjhql}lqj Hxc wkh ohjdo2jryhuqdqfh
v|vwhp dqg wkh rssruwxqlwlhv iru fruuxswlrq/ ru wkh cuxohv ri wkh jdph*1 Wkh fdvh iru
YHx*Yk 	 f dulvhv ehfdxvh srolwlfldqv lqwhuqdol}h sduw ri wkh ghwulphqwdo vrfldo h�hfwv
ri fruuxswlrq1 Qdwxudoo|/ wklv fdq eh wkh fdvh rqo| li wkh zhljkw sxw rq vrfldo zhoiduh

67Vxfk djhqwv fdq eh srolwlfldqv/ odz0pdnhuv/ exuhdxfudwv/ oree|lvwv/ od|huv dqg phgldwruv/ kroghuv ri
prqrsro| uljkwv/ sulydwh surylghuv ri sxeolf vhuylfhv ru sxeolf0zrunv frqwudfwruv/ hwf1

68Wkh zhljkwlqj idfwru pd| uh hfw krz h{whqvlyh lq vrflhw| fruuxswlrq lv/ krz dffhvvleoh lw lv dqg
zkdw sruwlrq ri wkh srsxodwlrq lv hqjdjhg wr lw/ zkdw wkh srolwlfdo v|vwhp lv dqg zkhwkhu wkhuh lv d
fruuxsw uxolqj holwh/ hwf1
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lv yhu| kljk +/ yhu| orz,1 Rwkhuzlvh/ wkh sulydwh0ehqh�w lqfhqwlyhv grplqdwh/ pdnlqj
YHRx*Yk : f1 Exw hyhq zkhq / lv orz dqg YHR

x*Yk 	 fc wkh htxloleulxp ohyho ri fruuxswlrq
pd| vwloo eh lqfuhdvlqj +dqg jurzwk ghfuhdvlqj, lq wkh fdslwdo vkduh/ ehfdxvh wkh gluhfw
h�hfw k kdv rq u%1

717 Uhqw Vhhnlqj/ Fruuxswlrq/ dqg Lqfrph Lqhtxdolw|

Wkh uhodwlrq ehwzhhq jurzwk dqg lqfrph lqhtxdolw| kdv ehhq d fhqwudo wkhph lq rog dqg
qhz uhvhdufk1 D olplwhg0sduwlflsdwlrq vwru| dorqj wkh olqhv ri rxu prgho fdq suhglfw d
qhjdwlyh uhodwlrq ehwzhhq jurzwk dqg lqfrph lqhtxdolw|/ ru hyhq d Nx}qhwv fxuyh169

H{whqg rxu prgho wr doorz iru wzr jurxsv ri lqwhuphgldwh0jrrg �upv/ dqg fruuh0
vsrqglqjo| wzr jurxsv ri hqwuhsuhqhxuv rzqlqj dqg rshudwlqj wkhvh gl�huhqw �upv1 Wkh
rqh jurxs lv h{foxghg iurp uhqw vhhnlqj2fruuxswlrq dqg lv olplwhg wr sxuho| surgxfwlyh
dfwlylwlhv1 Wkh rwkhu jurxs/ lqvwhdg/ krogv wkh sulylohjh ri dffhvv wr wkh uhqw vhhn0
lqj2fruuxswlrq whfkqrorj|/ lq wkh vhqvh wkdw wkh| fdq hqjdjh lq iuxlwixo uhqw vhhnlqj dw
wkh h{shqvh ri wkh uhvw ri wkh hfrqrp|1 Zlwk wklv h{whqvlrq/ wkh htxloleulxp ohyho ri uhqw
vhhnlqj dqg wkh udwh ri jurzwk qrz ghshqg dovr rq wkh uhodwlyh vl}h ri wkh wzr jurxsv/ ru
wkh sruwlrq ri wkh srsxodwlrq wkdw kdv dffhvv wr uhqw vhhnlqj1 Ixuwkhu/ wkh sulylohjh ri
dffhvv wr uhqw vhhnlqj2fruuxswlrq wudqvodwhv lqwr d gl�huhqwldo lq uhqwv/ fdslwdo uhwxuqv/
rxwsxw ohyhov/ dqg qhw sur�wv1 Wkhuh lv v|pphwu| zlwklq hdfk jurxs/ exw wkh cholwh
jurxs* grhv pxfk ehwwhu wkdq wkh cglvdgydqwdjhg od|phq*1 Wkh h�hfw ri uhqw vhhnlqj lv
djdlq qxoo zlwklq wkh sulylohjhg jurxs/ exw qrz wkhuh lv d qhw wudqvihu iurp wkh glvdg0
ydqwdjhg edvh wr wkh sulylohjhg holwh1 Olplwhg sduwlflsdwlrq lq uhqw vhhnlqj2fruuxswlrq
wkxv frqvlvwv wkh vrxufh ri lqhtxdolw| lq rxu vwru|1

Wkhuhiruh/ uhqw vhhnlqj2fruuxswlrq lv uhodwhg erwk zlwk lqh!flhqwo| orz jurzwk dqg
zlwk vrfldo lqhtxdolw|1 Li yduldwlrq lq fruuxswlrq ohyhov/ jurzwk udwhv/ dqg lqhtxdolw| lv
jhqhudwhg e| yduldwlrq lq Hxc wkh xqghuo|lqj fruuxswlrq2uhqw vhhnlqj rssruwxqlwlhv/ iru
jlyhq uhodwlyh vl}h ri wkh wzr jurxsv/ wkhq d qhjdwlyh uhodwlrq uhvxowv ehwzhhq jurzwk dq
lqhtxdolw|= D kljkhu Hx prwlydwhv pruh uhqw vhhnlqj iurp doo phpehuv ri wkh holwh jurxs/
dqg wklv lq wxuq lpsolhv erwk pruh lqhtxdolw| dqg ohvv jurzwk16:

Li rq wkh rwkhu kdqg wkh vrxufh ri yduldwlrq lv gl�huhqfhv lq wkh csduwlflsdwlrq udwh*/
ru wkh uhodwlyh vl}h ri wkh wzr jurxsv/ wkhq d Nx}qhwv fxuyh uhvxowv � d qrq0prqrwrqlf/
lqyhuwhg0X0vkdshg uhodwlrq ehwzhhq jurzwk dqg lqhtxdolw|1 Wr vhh wklv/ ohw > 5 dfc �o

eh wkh uhodwlyh vl}h ri wkh holwh jurxs dqg frqvlghu wkh frpsdudwlyh vwdwlfv ri ydu|lqj
> iru �{hg Hx1 Zkhq > � �c wkhq doprvw hyhu|erg| hqjdjhv lq uhqw vhhnlqj/ dqg zh

69Dorqj wkhvh olqhv/ rxu frpsdqlrq sdshu +Dqjhohwrv ) Nroolqw}dv/ 5333, �qgv hpslulfdo hylghqfh
iru dq dgyhuvh h�hfw ri fruuxswlrq rq erwk jurzwk dqg lqhtxdolw|1 Iru erwk hylghqfh dqg d olwhudwxuh
uhylhz rq wkh Nx}qhwv fxuyh/ vhh Eduur +4<<<,1

6:Lw lv wkh v|pphwu| ri wkh h{rjhqrxv yduldwlrq dfurvv jurxsv wkdw dsshduv fulwlfdo lq suhglfwlqj d
qhjdwlyh uhodwlrq ehwzhhq jurzwk dqg lqhtxdolw|1

58



duh edfn wr rxu ehqfkpdun prgho1 Jurzwk lv yhu| orz/ ehfdxvh fruuxswlrq lv yhu| kljk/
exw wkhuh lv olwwoh lqhtxdolw|/ ehfdxvh hyhu|erg| kdv dffhvv wr fruuxswlrq1 Lqghhg/ > ' �

lqgxfhv plqlpdo jurzwk frxsohg zlwk plqlpdo lqhtxdolw|1 Rq wkh rwkhu h{wuhph/ zkhq
> � fc doprvw qrerg| hqjdjhv lq uhqw vhhnlqj/ dqg wkh pdunhw htxloleulxp lv fruuxswlrq0
iuhh zlwk pd{lpdo jurzwk6; dqg plqlpdo lqhtxdolw|1 Zkhq > wdnhv lqwhuphgldwh ydoxhv/
wkhuh lv d vl}deoh holwh jurxs wkdw h{sorlwv wkh uhvw ri wkh hfrqrp|/ uhvxowlqj wr vxevwdqwldo
lqhtxdolw|1 Fruuxswlrq lv suhvhqw/ exw qrw pd{lpdo/ ehfdxvh sduwlflsdwlrq wr uhqw vhhnlqj
lv olplwhg1 Wkh rwkhu vlgh ri wkh wrnhq/ jurzwk lv orz exw qrw plqlpdo1 Wkhuhiruh/
lqwhuphgldwh ydoxhv ri > duh frxsohg zlwk lqwhuphgldwh udwhv ri jurzwk dqg kljk ohyhov
ri lqhtxdolw| � khqfh wkh Nx}qhwv fxuyh1

Iurp d srolf| ru hpslulfdo shuvshfwlyh/ olplwhg dffhvv wr uhqw vhhnlqj dqg fruuxswlrq
pd| h{dfhuedwh lqhtxdolw| exw pd| zhoo surprwh jurzwk1 Lv wkdw suredeo| d ihdwxuh ri
Hdvw DvldB

8 Frqfoxglqj Uhpdunv

Wklv sdshu vrxjkw wr lghqwli| wkh ixqgdphqwdo qdwxuh ri uhqw0vhhnlqj dfwlylwlhv +lqfoxglqj
exw qrw olplwhg wr fruuxswlrq, dqg xqghuvwdqg wkhlu h�hfw rq hfrqrplf h!flhqf| dqg
jurzwk1 Lq hvvhqfh/ zh wrrn wkh uhohydqw olwhudwxuh dqg vxppdul}hg lw lq d vlpsoh
frkhuhqw iudphzrun/ e| lghqwli|lqj uhqw vhhnlqj2fruuxswlrq zlwk wkh iroorzlqj wkuhh
surshuwlhv= E�� Wkh lqwhuqdo h�hfw ri uhqw0vhhnlqj dfwlylwlhv lv srvlwlyh> E��� wkhlu h{whuqdo
h�hfw lv qhjdwlyh> dqg E���� wkh| xvh uhdo uhvrxufhv1 Zh wkhq lqfrusrudwhg wklv iudphzrun
lqwr d jurzwk prgho dqg h{dplqhg wkh vlpxowdqhrxv hqgrjhqrxv ghwhuplqdwlrq ri wkh
ohyho ri uhqw vhhnlqj2fruuxswlrq dqg wkh udwh ri jurzwk1 cWkh uxohv ri wkh jdph*/ wkh
rssruwxqlwlhv iru dqg wkh uhwxuqv wr uhqw vhhnlqj/ d�hfw wkh lqwhuvhfwruldo doorfdwlrq ri
hqwuhsuhqhxuvkls dqg wdohqw1 Wkhuhe| uhqw vhhnlqj kdv erwk d vwdwlf dqg d g|qdplf
h!flhqf| frvw � lw uhgxfhv surgxfwlrq dqg vorzv grzq lqqrydwlrq dqg jurzwk1

Wkh frpsdudwlyh vwdwlfv vxjjhvwhg wkdw d kljkhu lqfrph vkduh ri fdslwdo +d kljkhu
sursruwlrq ri lqfrph vxemhfw wr uhglvwulexwlrq wkurxjk uhqw vhhnlqj, ru vwurqjhu frp0
shwlwlrq pd| uhvxow wr d kljkhu htxloleulxp ohyho ru uhqw vhhnlqj2fruuxswlrq/ wr d orzhu
ohyho ri surgxfwlyh hqwuhsuhqhxuvkls/ dqg wkhuhe| wr d orzhu jurzwk udwh1 Wxuqlqj irfxv
wr rswlpdo dqwl0fruuxswlrq srolflhv/ wkh vhfrqg ehvw lqyroyhv sduwldo rqo| uhgxfwlrq ri
uhqw vhhnlqj2fruuxswlrq> dqg d kljkhu wd{ rq fdslwdo uhqwv pd| khos lq wklv gluhfwlrq1
Rxu edvlf iudphzrun zdv dovr h{whqghg wr jlyh ixuwkhu lqvljkwv rq wkh uhodwlrq ehwzhhq
uhqw vhhnlqj2fruuxswlrq dqg U)G/ lqhtxdolw|/ dqg srolwlfrhfrqrplf htxloleulxp1

Zh krsh wkdw zh kdyh surylghg d fohdu dqg xvhixo iudphzrun iru wklqnlqj derxw uhqw
vhhnlqj dqg fruuxswlrq lq wkh jurzwk frqwh{w1 Zh eholhyh wkdw wklv lv d krw wrslf/ dqg
pruh uhvhdufk vkrxog eh gxh1

6;Zh e|sdvv wkh lqh!flhqf| gxh wr prqrsrolvwlf sulflqj1

59



9 Uhihuhqfhv

Dfhprjox/ G1/ dqg W1 Yhuglhu +4<<9,= �Surshuw| Uljkwv/ Fruuxswlrq dqg wkh Doorfdwlrq ri Wdohqw= D

Jhqhudo Htxloleulxp Dssurdfk/� FHSU Glvfxvvlrq Sdshu &47<71

Dqjhohwrv/ J1P11/ dqg W1 Nroolqw}dv +5333,= �Fruuxswlrq dqg wkh Ghwhuplqdqwv ri Jurzwk= Furvv0

Frxqwu| Hylghqfh/� zrun lq surjuhvv1

Edqhumhh/ D1Y1 +4<<:,= �D Wkhru| ri Plvjryhuqdqfh/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 445/ 45;<0

46641

Edugkdq/ S1 +4<<:,= �Fruuxswlrq dqg Ghyhorsphqw= D Uhylhz ri Lvvxhv/� Mrxuqdo ri Hfrqrplf

Olwhudwxuh 68/ 4653046791

Edxpro/ Z1M1 +4<<3,= �Hqwuhsuhqhxuvkls= Surgxfwlyh/ Xqsurgxfwlyh/ dqg Ghvwuxfwlyh/� Mrxuqdo ri

Srolwlfdo Hfrqrp| <;/ ;<60<541

Eduur/ U1M1 +4<<<,= �Lqhtxdolw| dqg Jurzwk lq d Furvv0Vhfwlrq ri Frxqwulhv/� Kduydug Xqlyhuvlw|

plphr1

+4<<4,= �Hfrqrplf Jurzwk lq d Furvv Vhfwlrq ri Frxqwulhv/� Txduwhuo| Mrxuqdo ri Hfrqrplfv

439/ 73:0761

Fduuloor/ M1 +4<<8d,= �Fruuxswlrq lq Klhudufklhv/� Xqlyhuvlw| ri Wrxorxvh plphr1

+4<<8e,= �Judiwv/ Eulehv dqg wkh Sudfwlfh ri Fruuxswlrq/� Xqlyhuvlw| ri Wrxorxvh plphr1

Grzqv/ D1 +4<9<,= Lqvlgh Exuhdxfudf|/ Olwwoh/ Eurzq ) Fr1/ 4<9:1

Jurvvpdq/ J1/ dqg H1 Khospdq +4<<8,= �Surwhfwlrq iru Vdoh/� Dphulfdq Hfrqrplf Uhylhz ;7/

;660831

Kxqwlqjwrq/ V1S1 +4<9;,= Srolwlfdo Rughu lq Fkdqjlqj Vrflhwlhv/ Qhz Kdyhq/ FW= \doh Xqlyhuvlw|

Suhvv/ 4<9;1

Nuxhjhu/ D1 +4<:7,= �Wkh Srolwlfdo Hfrqrp| ri d Uhqw0Vhhnlqj Vrflhw|/� Dphulfdq Hfrqrplf

Uhylhz 97/ 5<406361

Oh�/ Q1 +4<97,= �Hfrqrplf Ghyhorsphqw wkurxjk Exuhdxfudwlf Fruuxswlrq/� Dphulfdq Ehkdylrudo

Vflhqwlvw/ ;0471

Oxl/ I1W1 +4<<9,= �Wkuhh Dvshfwv ri Fruuxswlrq/� Frqwhpsrudu| Hfrqrplf Srolf| 47/ 5905<1

Pdxur/ S1 +4<<8,= �Fruuxswlrq dqg Jurzwk/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 443/ 9;40:451

Pxusk|/ N1P1/ Vkohlihu/ D1 dqg Ylvkq|/ U1Z1 +4<<4,= �Wkh Doorfdwlrq ri Wdohqw= Lpsolfdwlrqv iru

Jurzwk/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 439/ 8360631

/ dqg +4<<6,= �Zk| lv Uhqw0Vhhnlqj vr Frvwo| wr JurzwkB� Dphulfdq Hfrqrplf

Uhylhz Sdshuv dqg Surfhhglqjv ;6/ 73<0471

P|ugdo/ J1 +4<9;,= Dvldq Gudpd= Dq Hqtxlu| lq wkh Sryhuw| ri Qdwlrqv/ Qhz \run/ Q\= Wkh

Wzhqwlhwk Fhqwxu| Ixqg1

Qruwk/ G1F1 +4<<3,= Lqvwlwxwlrqv/ Lqvwlwxwlrqdo Fkdqjh dqg Hfrqrplf Shuirupdqfh/ Qhz \run/ Q\=

Fdpeulgjh Xqlyhuvlw| Suhvv1

Rovrq/ P1 +4<:4,= Wkh Orjlf ri Froohfwlyh Dfwlrq= Sxeolf Jrrgv dqg wkh Wkhru| ri Jurxsv/ Fdp0

eulgjh/ PD= Kduydug Xqlyhuvlw| Suhvv1
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Sduhqwh/ V1/ dqg H1 Suhvfrww +4<<7,= �Eduulhuv wr Whfkqrorj| Dgrswlrq dqg Ghyhorsphqw/� Mrxuqdo

ri Srolwlfdo Hfrqrp| 435/ 5<<06541

Urphu/ S1P1 +4<<3,= �Hqgrjhqrxv Whfkqrorjlfdo Fkdqjh/� Mrxuqdo ri Srolwlfdo Hfrqrp| <;/ V:40

4351

+4<<7,= �Wkh Ruljlqv ri Hqgrjhqrxv Jurzwk/� Mrxuqdo ri Hfrqrplf Shuvshfwlyhv ;/ 60551

Urvh0Dfnhupdq/ V1 +4<:8,= �Wkh Hfrqrplfv ri Fruuxswlrq/� Mrxuqdo ri Sxeolf Hfrqrplfv 7/ 4;:0

5361

+4<:;,= Fruuxswlrq= D Vwxg| lq Srolwlfdo Hfrqrp|/ Qhz \run/ Q\= Dfdghplf Suhvv1

Vkohlihu/ D1 dqg U1Z1 Ylvkq| +4<<6,= �Fruuxswlrq/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 437/ 8<<094:1

Wluroh/ M1 +4<<6,= �D Wkhru| ri Froohfwlyh Uhsxwdwlrqv +zlwk Dssolfdwlrqv wr wkh Shuvlvwhqfh ri

Fruuxswlrq dqg wr Ilup Txdolw|,/� Uhylhz ri Hfrqrplf Vwxglhv 96/ 40551

Wxoorfn/ J1 +4<<9,= �Fruuxswlrq Wkhru| dqg Sudfwlfh/� Frqwhpsrudu| Hfrqrplf Srolf| 47/ 6/

90461

: Dsshqgl{= Surriv

Surri ri Sursrvlwlrq 4= Iru wkh pdlq uhvxowv= � Zh vkdoo surylgh wkh surri iru glvfuhwh Q rqo|/ exw

wkh frqwlqxxp fdvh lv lpphgldwh dv zhoo1 Xvlqj +8,/ sur�wv iru dq lqglylgxdo lqwhuphgldwh �up duh=
�{
w +}, @ sw+},{w+},� uwnw+},�zwow+}, @ �D ^K|

w O
|
w `
4��

[���
w {w+},� � uwnw+},�zwow+}, @

@ �D ^K|
w O

|
w `
4�� �S

$ Ew+$,
�nw+$,

�
�+���,@�

Ew+},
�nw+},

� � uwnw+},�zwow+},
zkhuh Ew+}, � �+4> K{

w o
{
w +},> K

{
w O

{
w , = Zh qh{w wdnh wkh IRFv/ qrwlflqj wkdw zh qhhg wr gl�huhqwldwh

wkh vxp
S

$^=` dv zhoo1 Z1u1w1 ow+}, iru wkh p|rslf fdvh zh jhw=

zw @ ��D ^K|
w O

|
w `
4�� �S

$ Ew+$,
�nw+$,

�
����

� Ew+},
��4nw+},

��5 +=,K
{
w .

.�+�� �,D ^K|
w O

|
w `
4�� �S

$ Ew+$,�nw+$,�
����

� Ew+},5��4nw+},5��5+=,K{
w

zkloh iru wkh vrsklvwlfdwhg fdvh=

zw @ �� ^K|
w O

|
w `
4�� �S

$ Ew+$,�nw+$,�
����

� Ew+},��4nw+},� ^�5+=, . �6+=,`K{
w .

.�+�� �, ^K|
w O

|
w `
4�� �S

$ Ew+$,
�nw+$,

�
����

� Ew+},
�nw+},

��
�
q
Ew+},��4nw+},� ^�5+=, . �6+=,`K{

w .
S

$ 9@}

�
Ew+$,��4nw+$,��6+=,K{

w

�r
zkhuh �m+=, @ �m +4> K

{
w o
{
w +},> K

{
w O

{
w ,1 Z1u1w1 nw+}, lq erwk fdvhv zh jhw=

uw @ ��D ^K|
w O

|
w `
4�� �S

$ Ew+$,
�nw+$,

�
����

� Ew+},
�nw+},

��4.

.�+�� �,D ^K|
w O

|
w `
4�� �S

$Ew+$,�nw+$,�
����

� Ew+},5�nw+},5��4

Jlyhq v|pphwu|/ dqg ohwwlqj �D � DQ�+4��,@� / zh jhw
uw @ ��

k
4 . ���

�
4
Q

l
�D^K|

w O
|
w `
4��E�

w ^Qnw`
��4

zw @

+
��

k
4 . ���

�
4
Q

l
�D^K|

w O
|
w `
4��^EwQnw`��4E

�4
w �5+=,K{

w +p|rslf,

�� �D^K|
w O

|
w `
4��^EwQnw`

��4E�4w ^�5+=, . �6+=,`K
{
w +vkrsklvwlfdwhg,

dqg �{
w @ �D^K|

w O
|
w `
4��Q�+4��,@��4 ^EwQnw`

� � uwnw � zwo
{
w 1 Dovr/ {w @ Ewnw/ [w @ Q4@� / {w @

Q +4��,@� ^EwQnw` dqg \w @ �D ^K|
w O

|
w `
4��

^EwQnw`
�1 E| pdunhw fohdulqj/ Qnw @ Nw dqg Qo{w @ O{w = E|

krprjhqhlw| ri �+=,> Ew @ �+4> K{
w o
{
w > QK{

w o
{
w , @ �+4> 4> Q, dqg wkhq/ jlyhq wkh gh�qlwlrq ri %� dqg h�/

%�+=, @
�5+=,
Ew

K{
w O

{
w dqg h�+=, @

�5+=,.�6+=,
Ew

K{
w O

{
w = Frpelqlqj doo wrjhwkhu/ dqg gh�qlqj y+Q, dqg #+Q,

dv lq Sursrvlwlrq 4/ zh jhw +<, wkurxjk +45,1 Ilqdoo|/ uwNw@\w @ �y+Q, dqg zwO
{
w @\w @ �H�+Q,#+Q, iru
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wkh lqfrph vkduhv1 � Uhjduglqj qrz irrwqrwh 4:= � Lqglylgxdo sur�wv duh �{
w @ �\w@Q � uwnw�zwow @

�\w^4 � H�+Q,#+Q, � y+Q,`@Q 1 Iru wkh sursrvhg vshfl�fdwlrq wr frqvlvw dq htxloleulxp/ zh qhhg

�{
w � 31 Iru wklv lw lv qhfhvvdu| wkdw y+Q, � 4 / Q � ���

4�� 1 Wkh odwwhu lv wuxh iru doo Q A 3 lq fdvh

wkdw � � � +vwurqj vxevwlwxwdelolw|,1 Exw li � ? � +vwurqj frpsohphqwdulw|,/ wkhuh vkrxog eh hqrxjk

lqwhuphgldwh0jrrg frpsohphqwv/ Q � ���
4�� / iru lqglylgxdo surgxfwlrq wr eh sur�wdeoh1 Ixuwkhu/ zlwk

y+Q, � 4 hqvxuhg/ zh vwloo qhhg H�+Q, � 4�y+Q,
#+Q, iru �{

w � 3= li wkh shufhlyhg hodvwlflw| ri rzq fdslwdo

uhqwv wr rzq uhqw0vhhnlqj dfwlylwlhv lv wrr kljk/ wkhq wrr pxfk prqh| zrxog eh vshqw rq uhqw0vhhnlqj/

pdnlqj ryhudoo surgxfwlrq xqsur�wdeoh1 Iruwxqdwho|/ wkh uhvwulfwlrq wkdw H� lv vpdoo hqrxjk lv udwkhu

lqqrfxrxv1 Li wkh cuxohv ri wkh jdph* duh vhw hqgrjhqrxvo| e| exuhdxfudwv ru srolwlfldqv lq vrph srolwlfdo0

hfrqrp| phfkdqlvp/ olnh wkh cfruuxswlrq0iru0vdoh* fdvh zh glvfxvv odwhu rq/ wkhq H� zloo eh irufhg wr eh

vpdoo hqrxjk/ lq rughu suhflvho| wr lpsohphqw dq htxloleulxp1 Ilqdoo|/ d iuhh0hqwu| htxloleulxp ydoxh

iru Q frxog eh irxqg e| vroylqj wkh }hur0sur�w frqglwlrq 4 @ H�+Q,#+Q, . y+Q,1 � THG

Surri ri Fruroodu| 4= Reylrxv iurp frqglwlrq +44, dqg wkh gh�qlwlrqv ri y+Q, dqg #+Q,>

revhuylqj wkdw �y+Q, @ uwNw@\w iurp +45,1 THG

Surri ri Fruroodu| 5= Xvlqj +44,/ iru wkh vrsklvwlfdwhg/ �{
w @ ^4 � h�+Q,� � y+Q,`�\w@Q dqg

O{w @ h�+Q,��\w@zw> iru wkh p|rslfv/ �{
w @ ^4�%�+Q,y+Q,�y+Q,`�\w@Q dqg O{w @ %�+Q,y+Q,�\w@zw=

Wkxv/ jlyhq \w/ zw> dqg Q / �{
w mp|rslf ? �{

w mvrsk / %�+Q,y+Q, A h�+Q,� / O{w mp|rslf ? O{w mvrsk1
Ixuwkhu/ jlyhq wkdw %�+Q, @ �5

� A �5.�6
� @ h�+Q,/ d vx!flhqw frqglwlrq iru %�+Q,y+Q, A h�+Q,�

lv y+Q, � �
k
4 . ���

�
4
Q

l
� � / ���

�
4
Q � 3 / � � � / � � 4

4�� 1 Zkhq lqvwhdg � A �/ zh qhhg
y+Q,
� A h�+Q,

%�+Q, / Q A ��d
�

%�+Q,
%�+Q,�h�+Q, ^A 3`> qrwlfh wkdw wkh uljkw0kdqg0vlgh ghshqgv rq Q> exw wklv

frqglwlrq zloo krog iru Q kljk hqrxjk surylghg wkh jds %� � h� vwd|v erxqghg deryh }hur dv Q $ 41

Iru wkh h{dpsoh whfkqrorj| +;,/ zh kdyh orjEw+}, @ orj � . ! orj^K{
w ow+},` � ! orj^K{

w O
{
w ` dqg wkxv

%�+=, � C orjEw+},
C orj^K{

w ow+},`
@ ! h�+=, � C orjEw+},

C orj^K{
w ow+},`

. C orjEw+},
C orj^K{

w O
{
w `

C orj^K{
w O

{
w `

C orj^K{
w ow+},`

@ ! � !K{
w ow+},
K{
w O

{
w

@ ! � ! 4
Q > lw

iroorzv %� � h� @ !
Q $ 3 dv Q $ 4> qrqhwkhohvv/ Q A ��d

�
%�+Q,

%�+Q,�h�+Q, @ ��d
� Q dqg khqfh krogv

%�+Q,y+Q, A h�+Q,� iru dq| Q A 3> =dqg dq| �1 THG

Surri ri Sursrvlwlrq 5= Lw iroorzv iurp Sursrvlwlrq 4/ dqg wkh rwkhu uhvxowv lq Vhfwlrq 51

Frqglwlrqv +47, wkurxjk +49, iroorz iurp +<, wkurxjk +45, dqg +8,1 +4:, iroorzv iurp +7,> +53, uhshdwv

wkh Hxohu frqglwlrq +4,> +4<, dqg +53, duh wkh krxvhkrog*v frqvwudlqwv> dqg +54, uhshdwv +46,1 H{lvwhqfh

dqg xqltxhqhvv duh hqvxuhg surylghg wkdw wkh sdudphwhuv ri wkh hfrqrp| duh vxfk wkdw wkh wudqvyhuvdolw|

frqglwlrq lv vdwlv�hg1 Lq Sursrvlwlrq zh lqghhg hvwdeolvk wkdw wkh wudqvlwlrqdo g|qdplfv duh lvrprusklf

wr wkrvh ri wkh qhrfodvvlfdo jurzwk prgho/ vr wkdw h{lvwhqfh/ xqltxhqhvv dqg fkdudfwhul}dwlrq uhvxowv

fdq eh gudzq e| gluhfw dqdorj| wr wkh qhrfodvvlfdo jurzwk prgho1 THG

Surri ri Ohppd 4= � Iurp +49, dqg +4:,/ H�#�\w
O{w

@ zw @
+4��,\w

O|w
, O{w

O|w
@ �

4��H�#/ d frqvwdqw/
;w1 Frpelqlqj zlwk O{w .O|w @ 4 jlyhv wkh htxloleulxp O{w > O

|
w 1 Ixuwkhu/ iru doo w> uwNw@\w @ �y iurp +48,>

zwO
{
w @\w @ �H�# iurp +49,> zwO

|
w @\w @ 4�� iurp +4:,> dqg �qdoo|Q�{

w @\w @ �^4�H�+Q,#+Q,�y+Q,`

hlwkhu e| gluhfw fdofxodwlrq ru dv uhvlgxdo1 THG

Surri ri Sursrvlwlrq 6= Gh�qh ]w � �D
4

4�� ^K|
w O

|
w ` ;w dqg ohw 4� � � y+Q,1 Iurp Sursrvlwlrq 5

dqg +47, wkurxjk +53, zh jhw wkdw/ jlyhq d sdwk i]wj4w@3> wkh wudqvlwlrqdo g|qdplfv lq iFw> \w>Nw.4j4w@3
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duh jlyhq e| wkh iroorzlqj v|vwhp= Fw.4
Fw

@ ��
�
4 . +4� �,�

k
]w.4
Nw.4

l4��
� �

��
> \w @ ]4��

w N�
w > dqg

Nw.4 @ \w . +4 � �,Nw � Fw> ;w= Revhuyh wkdw wklv v|vwhp lv lghqwlfdo wr wkh wudqvlwlrqdo g|qdplfv

ri wkh qhrfodvvlfdo jurzwk prgho/ surylghg wkdw zh uhdg ]w dv wkh ch{rjhqrxv* jhrphwulf surgxfwlylw|

jurzwk dqg 4 � y+Q, � � dv cwd{ udwh*1 Iurp Ohppd 4 dqg wkh gh�qlwlrq ri ]w lw iroorzv wkdw
]w.4
]w

@
K|
w.4

K|
w

@ 4. �|O
| � �| zlwk O| frqvwdqw dorqj wkh wudqvlwlrq> wkxv ]w lqghhg iroorzv d frqvwdqw0

jurzwk jhrphwulf surfhvv1 Wkhuhiruh/ whfkqlfdoo| wkh wudqvlwlrqdo g|qdplfv duh lqghhg lvrprusklf wr

wkrvh ri wkh qhrfodvvlfdo jurzwk prgho> wkh rqo| +whfkqlfdoo| luuhohydqw exw hfrqrplfdoo| vxevwdqwldo,

gl�huhqfh lv wkdw surgxfwlylw| ]w jurzv dw d frqvwdqw exw hqgrjhqrxv udwh1 Wkhuhiruh/ rxu hfrqrp|

h{klelwv d xqltxh dqg joredoo| vwdeoh vwhdg| vwdwh1 Ixuwkhu/ iru dq| lqlwldo srlqw/ wkh udwlr Nw@]w ru/

htxlydohqwo|/ Nw@K
|
w frqyhujh prqrwrqlfdoo| wr lwv vwhdg|0vwdwh ydoxh> frqyhujhqfh lv prqrwrqlf iru wkh

jurzwk udwh dv zhoo1 Xvlqj Ohppd 4 dqg hydoxdwlqj +47, wkurxjk +54, dw wkh vwhdg| vwdwh/ zh frqfoxgh

wr wkh uhsruwhg vwhdg| vwdwh ydoxhv1 THG

Surri ri Fruroodu| 6= Lpphgldwh iurp Sursrvlwlrq 6 dqg Fruroodu| 41 THG

Surri ri Sursrvlwlrq 7= Gxh wr frqyh{lw|/ wkh vrfldo sodqqhu lpsrvhv v|pphwu| dfurvv lq0

whuphgldwh jrrgv/ vr wkdw {w+}, @ {w @ EwNw@Q 1 Ixuwkhu/ uhfrjql}lqj wkdw O{w kdv qhjdwlyh ohyho

dqg jurzwk h�hfwv/ wkh vrfldo sodqqhu vhwv O{w @ 3 dqg O|w @ 41 Wkxv/ \w @ �D^K|
w `

4��^Nw`
�=dqg

K|
w.4@K

|
w @ 4 . �| � �| iru doo w Wkh uhvw wkhq iroorz mxvw dv lq wkh qhrfodvvlfdo jurzwk prgho1 THG

Surri ri Fruroodu| 7= Zh ohw d vxshuvfulsw - ghqrwh wkh �uvw0ehvw ydoxh1 Lw lv lpphgldwh

iurp Sursrvlwlrqv 6 dqg 7 wkdw O{ A 3> O| ? 4 dqg wkxv � ? ��> u ? u�1 Ixuwkhu O| ? 4 lpsolhvk
\w
K|
w

l4�� k
\w
Nw

l�
\w

K|
w
4��Nd

w
@ �D^O|`4�� ? �D @

k
\w

K|
w
4��Nd

w

l�
@

k
\w
K|
w

l�4�� k
\w
Nw

l��
= Lw iroorzv wkdw \w

K|
w
?k

\w
K|
w

l�
dqg2ru \w

Nw
?

k
\w
Nw

l�
dv zhoo1 THG

Surri ri Ohppd 5= �Zrunlqj dv lq Sursrvlwlrq 5 dqg Ohppd 4 zh jhw O|w @ O| @ 4
4.+4��, �#

4��
H�

>

lpso|lqj 4 . � @ �|O
| @

�|

4.+4��, �#
4��

H�
> vlqfh �| @ 3> dqg K|

w.4 @ +4 . �,K|
w ;w1 Hydoxdwlqj wkh

Hxohu frqglwlrq Fw.4
Fw

@ �uw.4 @ �+4 � �,�y \w.4
Nw.4

@ �+4� �,�y
k
Kw.4O

|

Nw.4

l4��
lq wkh vwhdg| vwdwh/ jlyhv

4 . � @ �+4� �,�y��+4��,> zkhuhe| �4�� @ �+4��,�y
4.� @ �+4��,�y

�
|

k
4 . +4� �, �#

4��H�
l
zh jhw 4 . � @

Fw.4
Fw

@ �uw.4 @ �+4��,�y \w.4
Nw.4

@ �+4��,�y
k
Kw.4O

|

Nw.4

l4��
1 Ixuwkhu/ lq olqh zlwk wkh qhrfodvvlfdo jurzwk

prgho dqg dv zh glg lq Sursrvlwlrq 6/ jlyhq iK|
w j4w@3 wkh g|qdplfv lq iFw>Nw.4> \wj4w@3 duh ghwhuplqhg

e| wkh v|vwhp= \w @ �D^K|
w O

|`4��N�
w > Nw.4 @ \w � Fw>

Fw.4
Fw

@ �+4� �,�y \w.4
Nw.4

>;w= Dq hgxfdwhg jxhvv

iru wkh vroxwlrq wr wklv v|vwhp lv Nw.4 @ v\w> Fw @ +4�v,\w>;w> iru vrph v 5 +3> 4,= Wklv jxhvv lv fruuhfw

/ Fw.4
Fw

@ +4�v,\w.4
+4�v,\w

@ \w.4
\w

@ �+4 � �,�y \w.4
Nw.4

/ Nw.4 @ �+4 � �,�y\w / v @ +4 � �,��y1 Ilqdoo|/

K|
w.4@K

|
w @ �|O| @ 4 . �>;w= Wkxv idu zh kdyh ixoo| fkdudfwhul}h wkh htxloleulxp iru jlyhq � 1 � Qrz/

jlyhq � dqg dq| lqlwldo +N3> K
|
3 , A 3> zh frpsxwh wkh olihwlph xwlolw| X3 dwwdlqhg lq htxloleulxp1 �

Ohw nw � orjNw= Iurp \w @ �D^K|
w O

|`4��N�
w dqg K|

w.4@K
|
w @ 4 . � , K|

w @ +4 . �,wK|
3 > zh jhw \w @

�D^K|
3O

|`4��+4.�,+4��,wN�
w = Z1o1r1j1/ qrupdol}h dw �D^K|

3 `
4�� @ 4> vr wkdw \w @ O|4��+4. �,+4��,wN�

w

Qh{w/ iurp Nw.4 @ v\w/ nw.4 @ orj^v\w` @ orj^vO|4��` . orj^+4 . �,+4��,w` . � orjNw , nw.4 @

�.�w.�nw >zkhuh � � orj
�
vO|4��

�
dqg � � +4��, orj+4. �,= Wklv jlyhv d olqhdu qrq0krprjhqrxv
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gl�huhqfh htxdwlrq lq n> wkh xqltxh vroxwlrq wr nw.4 @ �.�w. �nw fdq eh vkrzq wr eh

nw @
4��w

4�� �. �w�4.+4��,w
+4��,5 �. �wn3 > nw � orjNw +D4,

Iurp Nw.4 @ v\w dqg Fw @ +4 � v,\w/ lw iroorzv wkdw orjFw @ orj 4�v
v . nw.4= Vxevwlwxwlqj nw.4 iurp

+D4, zh jhw orjFw @ orj 4�v
v . 4��w.4

4�� �. �w.4�4.+4��,+w.4,
+4��,5 �.�w.4n31 Z1o1r1j1 vhw N3 @ 4 , n3 @ 3=

Vxevwlwxwlqj � � orj
�
vO|4��

�
dqg � � +4� �, orj+4 . �, zh jhw

orjFw @ orj 4�v
v . 4��w.4

4�� orj v. +4� �w.4, orjO| . �w.4�4.+4��,+w.4,
4�� orj+4 . �, @

@ orj+4� v, . �+4��w,
4�� orj v. +4� �w.4, orjO| .

k
w. 4� 4

4��+4� �w.4,
l
orj+4 . �,

dqg xvlqj 4 . � @ �|O
| zh frqfoxgh

orjFw @ orj+4� v, . i5+w, orj v. i6+w, orjO| . i3+w, +D5,

zkhuh i5+w, �
k
�4��w

4��

l
A 3> i6+w, �

k
+4� �w.4, . w. 4� 4

4��+4� �w.4,
l
@ ^i5+w, . w . 4` A 3 dqg

i3+w, �
qk

w. 4� 4
4��+4� �w.4,

l
orj�|

r
= Qrwlfh wkdw v dqg O| duh ixqfwlrqv ri wkh wd{ udwh �> zkloh

i3> i5> i6 duh qrw1 Xvlqj +D5, dqg zh fdq frpsxwh olihwlph xwlolw| dv

X3 @
S4

w@3 �
w orjFw @ I3 . I4 orj+4� v, . I5 orj v. I6 orjO| +D6,

zkhuh I3 � S4
w@3 �

wi3+w,> I4 � S4
w@3 �

w @ 4
4�� A 3> I5 � S4

w@3 �
wi5+w, @ �

4��

S4
w@3^�

w � +��,w` @

�
4��

k
4

4�� � 4
4���

l
@ ��

+4��,+4���, ? 3> dqg I6 � S4
w@3 �

wi6+w, @ I5 .
S4

w@3 �
w+w. 4, @ ��

+4��,+4���, .
�

+4��,5 . 4
4�� = Qh{w/ glylglqj +D6, e| I4 @ 4

4�� > gh�qlqj � � I6@I4 @ 4 . ��
4��� . �

4�� A 3 dqg

dsso|lqj d olqhdu wudqvirupdwlrq wr X3> zh jhw wkh �uvw sduw +57,1 Ilqdoo|/ vxevwlwxwlqj v @ �y+4 � �,

dqg O| @
k
4 . +4� �, �#

4��H�
l�4

gh�qhv X+�, dv lq wkh odvw sduw ri +57,1 � Zh qh{w suryh wkdw

X+�, lv vlqjoh0shdnhg lq � = � Lw fdq eh vkrzhg X 3+�, @ 3 lv d txdgudwlf htxdwlrq lq � dqg kdv wr

glvwlqfw uhdo vroxwlrqv +�4> �5,> vxfk wkdw �4 ? �4���y
��y ? �4�y

y � �5 ? 4> X 3+�4, @ X 3+�5, @ 3 dqg

X 33+�4, A 3 A X 33+�5,> iru dq| sdudphwhuv +H�> �> �> #,= Wkxv/ �4 lv d orfdo plqlpl}hu ri X / dqg �5 lv d

orfdo pd{lpl}hu1 Ixuwkhu/ v @ +4��,��y lv erxqghg lq +3> 4,/ dqg wkxv � lv erxqghg lq
�
�4���y

��y > 4
�
= Lw

iroorzv wkdw �5> wkh odujhu urrw ri X 3+�,> lv wkh joredo pd{lpl}hu lq wkh dgplvvleoh udqjh
�
�4���y

��y > 4
�
>

phdqlqj wkdw X+�, lv vlqjoh shdnhg1 � THG

Surri ri Sursrvlwlrq 8= Jlyhq wkh dujxphqwv deryh/ gh�qh �ve � dujpd{X+�, @ i� mX 3+�, @ 3j
dqg vve @ v+�ve, @ +4� �ve,�y�= Iurp +57,/

X 3+�, @ �y�
4�+4��,�y� � ��

4���
4

+4��, .��#H�
4��

k
4 . +4� �,�#H�4��

l�4
+D7,

Iluvw frqvlghu H� @ 3> wkhq X 3+�, @ 3 / v+�, @ �� � v� / � @ �4�y
y � ��= Qh{w frqvlghu H� @ 3> wkhq

X 3+��, @ ��#H�
4��

k
4 . +4� ��,�#H�4��

l
A 3 @ X 3+�ve,= E| wkh vlqjoh0shdn surshuw| ri X> lw iroorzv wkdw X

lv frqfdyh durxqg �� dqg �ve/ dqg wkxv X 3+��, A X 3+�ve, lpsolhv �� ? �ve= Ixuwkhu/ olp�$4X 3+�, @ �4/

lpso|lqj �ve ? 4= Qh{w/ dsso|lqj wkh LIW zh jhw C�ve@CH� @ �CX3+=,@CH�
X 33+=, dqg C�ve@C� @ �CX 3+=,@C�

X33+=, >

exw CX 3+=,@CH� A 3 dqg CX 3+=,@C� A 3 e| +D7, dqg X 33+�ve, ? 3 e| wkh vhfrqg rughu frqglwlrq/

lpso|lqj C�ve@CH� A 3 dqg C�ve@C� A 3= Dowhuqdwlyho|/ dq h{solflw +exw orqj, vroxwlrq iru �ve fdq eh

surylghg/ yhuli|lqj rxu uhvxowv1 Ilqdoo|/ jlyhq wkh rqh0wr0rqh fruuhvsrqghqfh � dqg v ru �/ wkh uhvxowv

iru vve ru �ve duh lpphgldwh1 THG

Surri ri Sursrvlwlrq 9= Wkh surri khuh lv vlplodu wr wkdw lq Ohppd 8 dqg Sursrvlwlrq 81

Zh fdq vkrz wkdw Fw @ +4 � v,\w iru v @ ��y> ixuwkhu/ zwO
{
w @ �#H�\w iurp +49,1 Lw iroorzv wkdw

orj^Fw . $zwO
{
w ` @ orj^4 � ��y . $�#H` . orj\w dqg wkdw/ xs wr d olqhdu wudqvirupdwlrq= +H, @
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S4
w@3 �

wx+Fw, @ orj^4���y. $�#H ` . � orjO| @ orj^4� ��y. $�#H`�� orj
k
4 . �#H

4��

l
1 Reylrxvo|/

+=, lv vwulfwo| frqfdyh dqg vlqjoh0shdnhg lq H�> zlwk 3+H, @ $�#
4���y.$�#H � � �#

4��

k
4 . �#H

4��

l�4
= Wkh

rswlpdo H� lv gh�qhg e| 3+H�, @ 3 dqg xvlqj wkh LIW zh fdq vkrz wkdw CH�@C$ A 3 dqg CH�@C� A 3

iru $ vx!flhqwo| kljk1 Jlyhq wkdw O{ @ �#H�
4��

k
4 . �#H�

4��

l�4
dqg wkxv CO{

C�

��
+H� �{hg,

A 3> wkh wrwdo

CO{@C� pd| eh qhjdwlyh hyhq zkhq CH�@C� ? 31 THG
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