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ABSTRACT

Tax And Education Policy In A Heterogeneous Agent Economy:
What Levels Of Redistribution Maximize Growth And Efficiency?*

This Paper studies the effects of progressive income taxes and education
finance in a dynamic heterogeneous agent economy. Such redistributive
policies entail distortions to labour supply and savings, but also serve as
partial substitutes for missing credit and insurance markets. The resulting
trade-offs for growth and efficiency are explored, both theoretically and
guantitatively, in a model that yields complete analytical solutions. Progressive
education finance always leads to higher income growth than taxes and
transfers, but at the cost of lower insurance. Overall efficiency is assessed
using a new measure which properly reflects aggregate resources and
idiosyncratic risks but, unlike a standard social-welfare function, does not
reward equality per se. Simulations using empirical-parameter estimates show
that the efficiency costs and benefits of redistribution are generally of the
same order of magnitude, resulting in reasonable values for the optimal rates.
Aggregate income and aggregate welfare provide only very crude lower and
upper bounds around the true efficiency trade-off
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NON-TECHNICAL SUMMARY

How do redistributive policies affect growth, inequality and efficiency in an
economy with incomplete markets? In this Paper | develop a framework where
the usually complex dynamics associated with heterogeneous agents remain
tractable, then use it to study the trade-offs facing fiscal and educational
policy. Specifically, | analyse the effects of progressive income taxes and
redistributive education finance on aggregate growth, inequality, social
mobility, individual risk and intertemporal welfare. For each policy | ask what
degree of progressivity is efficient, or simply growth-maximizing; | also
compare the relative merits of two forms of redistribution. For such questions
to be posed realistically, two ingredients must be present. Redistributive
policies must have costs, due to distortions in agents’ efforts or savings
decisions. They must also have benefits, due to imperfections in asset
markets; redistribution then provides both insurance and a means to relax the
credit constraints that impede certain investments.

To analyse this trade-off theoretically and quantitatively, | develop a stochastic
model of human capital accumulation with endogenous effort and missing
credit and insurance markets. Explicit analytical solutions are obtained for all
individual and aggregate variables, under constant or time-varying policies.
Given a reasonably broad menu of fiscal instruments, intertemporal distortions
are shown to be preventable: to each income tax or education finance policy
can be associated a simple combination of consumption taxes and investment
subsidies which restores savings to its (constrained) optimal level. The
analysis also demonstrates that progressive education finance always leads to
higher income growth than taxes and transfers. Both are equally effective at
substituting for the missing credit market, but the second policy entails smaller
distortions to labour supply and (in the absence of corrective measures) to
savings, because it redistributes only a fraction of family income. This comes,
however, at the cost of lower consumption insurance.

To evaluate more generally, the extent to which market distortions and
imperfections are worsened or improved by alternative policies, the Paper
proposes a new measure of overall economic efficiency. This criterion
properly reflects (dynamic) variations in the aggregate consumption of goods
and leisure and in the idiosyncratic risks that agents face; but, unlike a
standard social-welfare function, it does not reward interpersonal equality per
se. The underlying idea is straightforward. Instead of aggregating individual
incomes or consumptions (which washes out all idiosyncratic uncertainty), or
individual utilities (which introduces a bias towards egalitarian allocations),
one sums up consumption certainty-equivalents, so as to obtain a kind of
risk-adjusted GDP. Aggregate efficiency is shown to be maximized at some



strictly positive rate of redistribution, which depends intuitively on parameters
like the elasticity of labour supply, the variability of idiosyncratic shocks, and
the growth losses from liquidity-constrained investments. Equity concerns can
be incorporated as well, but through a separate degree of inequality-aversion
which is a priori independent of individuals’ attitudes towards risk and
intertemporal fluctuations.

Complementing the theoretical analysis, quantitative policy exercises are
performed by simulating the model with parameter estimates from the
empirical literature. In the baseline specification long-run income (or growth) is
maximized by an average marginal tax-and-transfer rate of 21%, which
corresponds to a share of redistributive transfers in GDP of 6%. Taking into
account the value of insurance and leisure, efficiency maximization raises
these numbers to 48% and 14% respectively. Under the alternative policy of
progressive education finance, the income-maximizing equalization rate for
school expenditures is 62%, the efficient one 68%. In both cases, the efficient
policy results in the top 30% of families subsidizing the bottom 70%, whether
through the fiscal or the education system. More generally, the efficiency costs
and benefits of redistribution remain of the same order of magnitude over a
wide range of parameters values, so that omitting either side can seriously
bias the policy analysis. Another robust conclusion is that per capita income
and average welfare provide only crude lower and upper bounds around a
more proper (risk-adjusted but distribution-free) measure of overall efficiency.



Introduction

Absent the representative agent assumption, the evolution of macroeconomic aggregates is
determined jointly with that of the entire distribution of wealth. In this paper | present a frame-
work where these usually complex dynamics remain analytically tractable, and use it to study
..scal and educational policy. | thus analyze the ewects of progressive income taxes and redis-
tributive education ..nance on aggregate income, inequality, social mobility, individual risk, and
intertemporal welfare. For each policy | ask what degree of progressivity is e®cient, or simply
growth—-maximizing; | also compare the relative merits of two forms of redistribution. For such
questions to be posed realistically, two ingredients must be present. Redistributive policies must
have costs, due to distortions in agents’ eaort or savings decisions. They must also have bene..ts,
due to imperfections in asset markets; redistribution then provides both insurance and a means
to relax the credit constraints which impede certain investments.

To analyze this tradeox theoretically and quantitatively, | develop a stochastic model of hu-
man capital accumulation with endogenous e=ort and missing credit and insurance markets. The
model also incorporates recursive preferences a la Kreps—Porteus where agents’ risk aversion,
which determines the insurance value of redistributive policies, is independent of their intertem-
poral elasticity of substitution. Explicit analytical solutions are obtained for all individual and
aggregate variables, under constant or time—varying policies. Given a reasonably broad menu
of ..scal instruments, intertemporal distortions are shown to be preventable: to each income tax
or education ..nance policy can be associated a simple combination of consumption taxes and
investment subsidies which restores savings to its (constrained) optimal level. The analysis also
demonstrates that progressive education ..nance always leads to higher income growth than taxes
and transfers. Both are equally exective at substituting for the missing credit market, but the
second policy entails smaller distortions to labor supply and (in the absence of corrective mea-
sures) to savings, because it redistributes only a fraction of family income. This comes, however,
at the cost of lower consumption insurance.

To evaluate more generally the extent to which market distortions and imperfections are wors-
ened or improved by alternative policies, the paper proposes a new measure of overall economic
eCciency. This criterion properly refects (dynamic) variations in the aggregate consumption

of goods and leisure and in the idiosyncratic risks that agents face; but, unlike a standard so-



cial welfare function, it does not reward interpersonal equality per se. The underlying idea is
straightforward. Instead of aggregating individual incomes or consumptions (which washes out all
idiosyncratic uncertainty), or individual utilities (which introduces a bias towards egalitarian allo-
cations), one sums up consumption certainty—equivalents, so as to obtain a kind of risk-adjusted
GDP. Aggregate ecciency is shown to be maximized at some strictly positive rate of redistribu-
tion which depends intuitively on parameters like the elasticity of labor supply, the variability
of idiosyncratic shocks, and the growth losses from liquidity—constrained investments. Equity
concerns can be incorporated as well, but through a separate degree of inequality—aversion which
is a priori independent of individuals’ attitudes towards risk and intertemporal fuctuations.

Complementing the theoretical analysis, the model is simulated with parameter estimates from
the empirical literature. In the baseline speci..cation long run income (or growth) is maximized
by an average marginal tax-and-transfer rate of 21%, which corresponds to a share of redistribu-
tive transfers in GDP of 6%. Taking into account the value of insurance and leisure, e¢ciency
maximization raises these numbers to 48% and 14% respectively. Under the alternative policy of
progressive education ..nance, the income—-maximizing equalization rate for school expenditures
is 62%, the e¢cient one 68%. In both cases, the e¢cient policy results in the top 30% of families
subsidizing the bottom 70%, whether through the ..scal or the education system. Maximizing
average welfare would always imply much higher rates of redistribution.

Naturally, these numbers should only be taken as providing a rough assessment of the main
policy tradeoms. More important than the results corresponding to speci..c parameters are the
general lessons emerging from an extensive sensitivity analysis. First, the e®ciency costs and
bene...ts of redistribution are typically of the same order of magnitude, so that neither side can be
neglected. Second, aggregate income and aggregate welfare provide only very crude lower and
upper bounds around the true edciency tradeox.

This paper relates to three strands of literature. First, and most directly, to the work on
growth and distribution with imperfect credit markets (e.g., Loury (1981), Galor and Zeira (1993),
Banerjee and Newman (1993), Perotti (1993), Saint-Paul and Verdier (1994), Bénabou (1996a),
Durlauf (1996), Aghion and Bolton (1997), Piketty (1997)).1 This literature has remained es-

1This list is far from exhaustive: see also Banerjee and Newman (1991), Glomm and Ravikumar (1992), Fernan-
dez and Rogerson (1996), Bénabou (1996b), Gradstein and Justman (1997), Cooper (1998), and many others.



sentially theoretical, with the notable exception of Fernandez and Rogerson (1998) who study
the gquantitative impact of redistributing educational expenditures in a model calibrated to US
data. The framework proposed here allows new developments on both the theoretical and the
guantitative fronts. The second strand of literature deals with the implications of imperfect in-
surance markets for savings behavior and wealth inequality on the one hand, (Laitner (1992),
Aiyagari (1994), Heaton and Lucas (1996), Krusell and Smith (1998)), for public insurance on the
other (Varian (1981), Persson (1983), Hansen and Imrohoglu (1992), Atkeson and Lucas (1995),
Hopenhayn and Nicolini (1997), Acemoglu and Shimer (1998)).2 The present paper abstracts
from precautionary savings, which ..gure prominently in several of these models. On the other
hand, it lets credit constraints bear not just on consumption smoothing, but also on investment.
Finally, the paper relates methodologically to some of the asset pricing literature, both in its use
of non-expected utility (Epstein and Zin (1989), Weil (1990)) and in obtaining exact aggregation
in an economy with heterogeneous agents (Constantinides and Duce (1996)). But whereas this
literature focuses on explaining asset price movements with real quantities being exogenous (en-
dowment economies), this paper explores the polar case of endogenous macroeconomic dynamics
in an economy with missing asset markets.

Section 1 describes the model, then derives agents’ optimal labor supply and savings behavior
under progressive taxes and transfers. Section 2 does the same for progressive education ..nance.
Section 3 solves for the dynamics and steady-state values of total income and its cross-sectional
distribution. It also shows how to allow for endogenous growth in the model, without any of
the results being acected. Sections 4 and 5 develop an edciency criterion for such dynamic,
stochastic economies with wealth heterogeneity, then relate it to aggregate income and social
welfare functions. Section 6 explores the quantitative predictions of the model through a wide

range of simulations. Section 7 concludes. All proofs are gathered in the appendix.

ZHere again, the list only a partial one. See for instance Aiyagari and Peled (1995) and Castafieda, Diaz-Jimenez
and Rios—Rull (1998). A related line of work reassesses, under incomplete markets, some classical issues of optimal
taxation such as the long-run tax on capital (Aiyagari (1997), Chamley (1997)) or tax smoothing (Bassetto (1998)).



1 The Model

1.1 Preferences and Technology

There is a continuum of in..nitely-lived agents or dynasties, i € [0, 1]. In period ¢, agent i chooses
consumption ¢ and labor supply /i to maximize his intertemporal utility U/, subject to tech-
nological and budget constraints described below. The simplest description of preferences I will

consider is:

U =E; | > oIy — ()" | - 6h)
k=0

More generally, | use a speci..cation of preferences which allows attitudes towards intertempo-
ral substitution and towards risk to be distinguished (Kreps and Porteus (1979), Epstein and Zin
(1989), Weil (1990)). Because the latter determines the value placed by agents on the insurance
component of redistributive policies, it is important not to constrain it to any particular value.
On the other hand, the model’s analytical tractability requires a unitary intertemporal elasticity

of substitution.®> Agent i’s intertemporal utility at time ¢ is thus de..ned recursively by:

U = max { (1~ p)linet = 8 ()" + p(E(UF)) ) @
1 Ct

The degree of relative risk aversion to lotteries over U;,, is 1 —r > 0. When r = 0 the second

term in (2) becomes pE;[In UZH], and utility reduce to (1). When r # 0 preferences are not

time—separable, and agents care about both the magnitude of uncertainty and the timing of its

resolution.*® In period or generation ¢, agent : maximizes his intertemporal utility (2) subject to:

yi = (hp)* (1" ©)

®This last assumption is ubiquitous in the literature on income distribution dynamics —generally in conjunction
with a myopic bequest motive rather than the dynastic one assumed here. See Glomm and Ravikumar (1992),
Galor and Zeira (1993), Banerjee and Newman (1993), Saint-Paul and Verdier (1993), Bénabou (1996a), (1996b),
Aghion and Bolton (1997) or Gradstein and Justman (1997). In this model, however, it will not result in a constant
(policy-invariant) savings rate, due to the progressivity of the tax schemes that will be considered.

4As explained in Weil (1990), agents prefer early resolution when their aversion to risk is larger than their
aversion to intertemporal fuctuations, i.e. when 1 —r > 1. Conversely, they prefer late resolution when r > 0.

SWith respect to labor supply, the model easily extends to the more general speci..cation of felicity v = Inc —
v(l), v’, v"” > 0. Glomm and Ravikumar (1992) and Gradstein and Justman (1997) use v(l) = —In(1 —1). The
speci..cation (1)-(2) is more fexible, as the elasticity of labor supply is parametrized by 1/(n — 1). Speci..cally, the
intertemporal elasticity of substitution for labor is 1/(n — 1), and in an intratemporal (or steady-state) context the
compensated elasticity of labor supply given a wage w and non-wage income R is 1/[n — 1 + wl/(R + wl)].



g = (146, +e ey

i+1 = K- £i+1 (h)* (1 + ay) ei)’g- ®)

Human capital /¢ is combined with labor I} to produce output.® The resulting pre-tax income y is
then subject to taxes and transfers, resulting in a disposable income denoted ¢;. The government
also taxes consumption ¢ at the rate 6; and subsidizes investment in education e at the rate a;.
These three dimensions of ..scal policy and the constraints linking them will be examined in more
detail later on. Equation (4) refects the absence of a credit market to ..nance human capital
investment, requiring both consumption and education expenditures to come out of disposable
income.” Equation (5) describes a child’s human capital §+1 as the product of three inputs:
innate ability §§+1, the quality of the home or neighborhood environment as measured by parental
human capital hi, and purchased educational inputs such as teacher time, classrooms, books or
computers, (1-+a;) ei. The uninsurable ability or productivity shocks & are i.i.d. and log-normally
distributed: In&! ~ N(—s?/2,5%), hence E[¢] = 1.8 | shall also assume that Inh§ ~ N (mg, A2)
and -without prejudging the distribution of In A%, which is endogenous— denote its mean as m;
and its variance as AZ. Finally, let n > 1 > pand a + 8\ < 1.

The absence of any intertemporal trade is clearly an oversimpli..ed (but quite common) rep-
resentation of asset market incompleteness; it represents the main price of analytical tractability
in the model. Intratemporal linkages between agents, on the other hand, could easily be incor-
porated —for instance a labor market with dicerent skill levels being complements in production.
I shall nonetheless not pursue this extension, in order to better on focus the interactions —both

intra- and intertemporal- which arise through public policy.

®More generally, k¢ could be any non-traded asset. Note that (3) should be interpreted as income net of the
remuneration of physical capital (which can be collateralized), as in Barro, Mankiw and Sala-i-Martin (1995). Thus
if the production function is Yy = (hi)* (k%)* (11)*", equating the marginal product of capital to a ..xed world
interest rate ~ makes yi = Y — rki proportional to (hi)* (IH)*, with A= w/(1 —w') and p = w" /(1 — ).

"The simplest source of such incompleteness is the fact that children cannot be held responsible for the debts
incurred by their parents. The human capital accumulation on which the model focuses thus corresponds best to
early childhood, elementary and secondary schooling. It is much less relevant for college and beyond, where loans
(both public and private) are more readily available, at least in developed countries. Note ..nally that the education
expenditures ei may be incurred directly, as with private school tuitions, or indirectly, in the form of property taxes
and land rents conditioning access to a community’s public schools.

8The model can be extended to serially correlated shocks ¢, say ar(1). But it is much simpler, and qualitatively
similar, to replace the resulting ar(2) process by an ar(1) with higher persistence, by increasing .



1.2 Progressive Taxation

The government redistributes income using marginally progressive taxes and transfers, as is the
case in most countries. | use the same log-linear scheme as in Bénabou (1996b) (1996¢), so that

disposable income is:

g =)' T @) (6)
with g, de..ned by the balanced—budget constraint:

1
/0 WD) ) di = g, @

where y, is per—capita income. The elasticity 7, of disposable to market income measures the
rate of (residual) progressivity in ..scal policy. Denoting T'(yi) = ¢ — v! the net tax paid (after
transfers) at income level 3¢, note that both average and marginal rates are rising when 7, > 0.°

Furthermore, 7, is equal to the income-weighted average marginal tax (and transfer) rate:

1
| 7 iy = ®
Incentive—compatibility precludes 7, > 1, but nothing in principle prevents a regressive tax, 7; < 0.

1.3 The Shadow Value of Human Capital

Taking as given the policy sequence {7, 6, a:};2,, an agent with human wealth h solves the

dynamic programming problem:

InUg(h) = n&z;x{(l —p)n((1—=v)/(14+6,))+ (1 —7)(Alnh+ plnl) + 7 Ing, — 6 (1)7]

o (E (U (W)Y} ©)
K= k(1 + anv)? ()T ) e, (10)

Clearly, optimal decisions will depend on the private marginal value of human capital, or equiv-

alently on the elasticity V; = 0lnU;/d1n h. This shadow value will retect future expected rates

°Note also that agents with average income are made better on (§; > ) if and only if 7; > 0. A similar
“constant residual progression” scheme turns out to have been used in a couple of earlier (and static) models, to
study insurance or risk-taking (e.g., Feldstein (1969), Kanbur, (1979), Persson (1983)).



of redistribution, both directly and through their impact on the intergenerational persistence of

human wealth, given by (10):
p(1) = a+ A1 —71y). (11)

The sequence of p(7;)’s, which can also be thought of as inverse measures of social mobility, will

play a fundamental role throughout the model. In particular, one shows:

Proposition 1 The value function under ..scal redistributions is In U} = V; - (In hi — m;) + W,

where 1
Vi=X1-p) Zps(l — Ttis) Hp(TtHc) (12)
s=0 k=0

and W, which measures aggregate welfare in period ¢, is given in the appendix as a function of

{Tt+k> Ot+ks Gt+k}zo:o-lo

Note how the marginal value refects current and future rates of redistribution, but is invariant
to proportional consumption taxes and investment subsidies (a feature of logarithmic utility).
1.4 Labor Supply and Savings Decisions

The complete solution to the agent’s problem is easily obtained from (12) and the ..rst-order

conditions associated to (9)-(10). I ..rst consider labor supply.

Proposition 2 Agents choose in every period a common level of ecort, which decreases with

current and expected future tax rates {71 }32, :

L= [(u/6n) (1 =) (1 + p(1 = p) BV )] " (13)

where V4 is de..ned by (12). Under a constant tax pro..le 7 = 7, in particular:

(/o)A = 7)(1 = pa)\ /7
"(1—p<a+m<1—7>>> ‘ (14)

Recall that 1/(n — 1) is the intertemporal elasticity of susbstitution in labor supply, with

respect to variations in the real wage. The ..rst result shows that the uncompensated elasticity

10Recall that, by de..nition, m; = fol In hi di; therefore W, = fol In U{ di. Throughout that paper | shall use the
convention that Hz/:s zr =1and ZZIZS xx = 0 whenever s’ < s, for any sequence of z;’s.



with respect to 1 — 74, the net-of-tax (progressivity) rate, equals 1/5. The second result makes
transparent the role of the other parameters, and will be useful when focusing on steady-states

later on. | now turn to agents’ propensity to save out of disposable income.

Proposition 3 Agents choose in every period a common savings rate, v; = €& /4, which decreases

with expected future tax rates {74} :

pB Vit
Vg = , 15
YT 1 p+pBVin (15)
where V1 is de..ned as before. Under a constant tax pro..le, 7 = 7, in particular:
1 _
:ME(l_T)ﬁ_ (16)
1 — pa

where s is the laissez-faire savings rate.

These results, and in particular the second one, show clearly how the progressive taxation
of income (a constant share A\ of which is derived from human capital) distorts private savings
decisions. Income taxes, however, are not the only ..scal instrument available to policy—-makers
and the voters who elect them. In particular, consumption taxes and investment subsidies provide

a means to correct intertemporal distortions.

1.5 Consumption Taxes and Investment Subsidies

Recall that the government taxes consumption at the rate 6; and subsidizes education at the rate

as, subject to the budget constraint:

1 1
Gt/ c;di = at/ e; di,
0 0

gt(l — Vt)
146,

or, by Proposition 3,
= Q¢ V¢. (17)

Given a savings rate v, and a relative price of education or similarly credit—constrained investment
goods 1/(1 + a;), each agent’s actual investment rate is (1 + a;)v;. It can thus be restored to its

(credit—constrained) optimal level s = p5A/(1 — pa)) by a consumption tax of



5 — Ut
0; =
1—5’

(18)
whose proceeds are used to subsidize education. Moreover:

Proposition 4 For any sequence of current and future rates of redistribution {7,.;}%°_, let
{0t 4k, a1 )72, e the unique corresponding sequence of consumption tax rates and investment
subsidies such that, in every period t + & :

(i) the government budget is balanced, as described by (17);

(if) agents’ common investment rate is restored to its ..rst-best level s, as described by (18).

Every agent ¢ of every generation ¢ prefers the policy sequence {74,084k, a1k }ie, tO any

H / /
alternative {7 x, 0 1,y 1 }1720-

This unanimity result means that while the policy space is two—dimensional (taking into
account the budget constraint), the Pareto set is one-dimensional: distributional contict concerns
only the degree of progressivity {71} ,. Accordingly, I will from here on restrict attention to
undominated policy mixes, setting (1 + a;) vy = s for all ¢.

Given a reasonably broad menu of ..scal instruments, redistributive taxation thus causes only
intratemporal distortions, namely those to labor supply.!! This result is consistent with the
empirical evidence from cross—country regressions, surveyed in Bénabou (1996c¢). There is no sign
of a negative exect of redistribution (shares of various transfers in GDP, average and marginal tax
rates) on national investment rates rates. In fact, the regression coe€cient is more often positive
than not. By contrast, there is a positive association between labor tax rates and national
unemployment rates (Daveri and Tabellini (1997)).

If one wanted nonetheless to maintain intertemporal distortions in the model, one would simply
constrain a; and 6; to zero. This might conceivably retect the under-developed ..scal system of a

poor country, or some informational constraints which make subsidies to human capital investment

1 The policy mix described in Proposition 4 is ultimately equivalent to using a progressive consumption tax to
..nance a program of progressive education subsidies (with the same rate 7.) of the type studied in the next section.
Because it expropriates only labor and existing human wealth, such a policy generates only ewoort distortions.
Proposition 4 is thus related —but in an incomplete markets setting and with progressivity— to the classical public
..nance results about the superiority of consumption taxes over (capital plus labor) income taxes. See Atkinson and
Stiglitz (1980), Chamley (1985) and Judd (1985).



impractical. Throughout the rest of the paper, all one would need to do is to replace s by v;. As

shown by (16) this is particularly easy in steady-state, which will be our ultimate focus.

2 Education Finance

As an alternative to progressive income taxes and transfers, | consider the redistribution of edu-
cation expenditures (mainly from early childhood to the secondary level). This may correspond
to a policy of school funding equalization, such as those which have been mandated by consti-
tutional courts in many U.S. states, or more generally of subsidizing dicerentially the education
expenditures of rich and poor families or communities. Formally, let income itself remain untaxed,

9 =y, while in (5) educational investment (1 + a;) €} is replaced by
& = (14 ar) (Ge/yi)™ ¢ (5)

This means that a family with income i faces the ecective price pi = (1 + a;) ™! (yi/9:)™ for
education. The progressivity rate 7, can also be thought as the degree of equalization of school
inputs, while a; still represents the average rate of education subsidization. Indeed, with all
agents saving a fraction v, of their income (as shown below), & = (1 + a;) vy (y8)* ="t (4 )t. The
polar cases of 7, = 0 and 7, = 1 correspond respectively to decentralized and egalitarian school
funding, with most states in practice falling somewhere in-between.!’? Summing across agents,
the net subsidy is a; v+ y;, to be funded as previously by a consumption tax.

The Bellman equation is now:

InUi(h) = max;, {1 —p)In((1 —»)/(1+6)) + Xnh+ pulnl, — 6§ (1))

(19)
+pln(Et[(Ut+1(h/)r])l/r)}’

with &’ still given by (10). The solution has a similar structure to that obtained for ..scal redis-

tributions.

1250me of the distributional and eCciency properties of these two polar regimes have been analyzed in Loury
(1981), Glomm and Ravikumar (1992), Bénabou (1996a) (1996b), Gradstein and Justman (1997) and Fernandez and
Rogerson (1998). Note that the redistributive scheme described in (5’) is less detrimental to investment incentives
than if educational budgets were being redistributed directly (e.g., & = (1 + a¢)(el)! ™7t (&)™), as is the case in
some US states such as California (see Hoxby (1998)).

10



Proposition 5 The value function under progressive school ..nance is In U} = V;-(In hi —my)+W,

where .
Vi=A1=p)> 0" [ p(ress) (20)
s=0 k=0

and aggregate welfare W is given in the appendix as a function of {7 %, 01k, @t ik }72 -

The only dizerence with (12) is the absence of the factor 1 — 7., multiplying each discounted
product term. As a result, human capital is more valuable (V; is higher), for all non-negative
sequences {711 }52,. This retects the fact that progressive redistribution now applies only to the
fraction of income which is saved, and not to that which is consumed. As one would expect, this

lessens both inter— and intratemporal distortions.

Proposition 6 For any expected sequence of education ..nance equalization rates {7:yx}72,,
agents’ common savings rate v, is still given by (15), but with V; now de..ned by (20). In partic-

ular, under a constant education ..nance policy 7, = T,

B PBA _ S
V_l—pa—i—pﬂx\f_l—i—m' (21)
As to agents’s labor supply, it is now
le = [(1/60)(1+ p(L = p) (1 = 7¢) BVerr)] V7, (22)
so that under a constant T,
_ 1/n
- < (1/om)(1 — pa) > ' 23)
1—pla+pA(1-1))

Note that v, and [, remain positive even for 7., = 1, which corresponds in equilibrium to
uniform funding of education, é; = (1+ay) v; y;. In particular, steady-state ecort remains bounded
below even as the intertemporal elasticity of substitution e = 1/ (n — 1) becomes in..nite.

As in the case of income taxes, the decline in savings can be fully oaset by taxing consumption
at the rate 0, given by (18), and using the proceeds to ..nance the net (or average) education
subsidy a; which restores the investment rate to s. Since the distortion to v; is now smaller, the
required rates of 6, and a; are lower. Moreover, conditional on any {7,,}32, this policy will once

again be supported unanimously, both within and across generations. As explained above, the
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remainder of the paper will incorporate this Pareto—improving policy mix, but if it were for some
reason infeasible one would simply replace s by v, in all derivations.
3 The Dynamics of Human Wealth and Income

Let us now take logarithms in (3) and (5) in the case of income taxes, or in (3) and (5") in that
of progressive education ..nance. Under either redistributive scheme agent i’s net investment is

s(yH)1=7 (7)™, so the law of motion of human capital takes the form:
Inhi ;=& +Ink+Bns+ Bu(l — 7o) Inl + (a+ BAL — 7¢)) Inh} + Brilng.  (24)

This implies that both 2¢ and income yi = (hi)*(I;)* remain log-normally distributed over time.

If Inhi ~ N (my, A2), then

mir1 = (a+BNmy+ Bulnly + Bry (2 — 70)N2A2/2 + Blns +Ink — 52/2, (25)

Al = (a+BA1—70)? A7 + 5%, (26)
where the ..rst equation is obtained by substituting into (24) the break—even level of income
g =Iny + (1 — 7)N2A2/2 = dmy + plnly + (2 — 74)N2A2 /2, 27)

de..ned by the budget constraint (7). Finally, (25)-(26) easily yield the following results.

Proposition 7 The distribution of income at time ¢ is Iny} ~ N (Am; + plnly, A2A?), where my
and A? evolve according to the linear dicerence equations (25)-(26) and I; = I(;) is given by

Proposition 2 or 6. The growth rate of per capita income equals
Iny1 —Iny;=Inik— (1 —a— N Iny + p(lnly — alnly) — £(m:)A\2A2/2, (28)
where In& = A(Inx + Blns) — A\(1 — \)s%/2 is a constant and

gr)=a+AN1-7)2 = (a+B8X1-7))2>0 (29)

measures the extent to which income inequality slows down growth.
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While Propositions 2 to 6 dealt with the costs of redistribution, the above results bring to
light some of the bene..ts. From the point of view of equity, equations (24) and (26) show that a
higher 7, works to reduce both the persistence p(7¢) = a + 3A(1 — 1) and the magnitude A?,,
of disparities in human capital and income. From the point of view of e®ciency, redistribution
provides a partial substitute for the missing credit market. This investment reallocation ecect
is refected in the last term of equation (28), which measures the shortfall in per capita income
growth compared to that of a representative agent economy. Because decreasing returns and
credit constraints imply that poorer families have a higher marginal return than wealthier ones,
redistributing education resources directly or indirectly (through income taxes) reduces this loss,
but only up to a point: £(7) is minimized for = 1—a/(1— (). The more important the comple-
mentary inputs provided by families and communities, i.e. the greater is «, the less redistribution
is called for —at least in the short run, where Af is given.

Having solved for the economy’s aggregate and distributional dynamics under any policy pro..le
{r+}52, | shall now explore —.rst analytically, then quantitatively—how ..scal and educational
redistributions acect total income, inequality, risk—sharing and welfare. The exposition of these

policy tradeoss will often focus on steady-states, but the results are derived more generally.

3.1 Steady-State Income, Inequality and Redistribution

e Asymptotic Values. Given a constant rate of ..scal progressivity or school ..nance equalization

7, income inequality converges to A>A?(7), with

52

AYr) = 1= (@t GA1—7))2 (30)

and long-run income per capita is:

nk —a)Inl(r) — L(T)N2A2(r
lny(T)El + p(1 )11lc(k)ﬂf( JAZAZ( )/2

(31)

Redistribution but has two opposing ecects on long—run income. On one hand, it reduces labor
supply I(7); it would also depress savings, were it not for the oasetting exect of consumption taxes
and investment subsidies. If those are for some reason infeasible, one simply replaces s by s(1 —7)

or s/(1 4+ 7s) in the term In&. The other exect is to alleviate the misallocation of education
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resources due to credit constraints: by reducing £(7), up to some point, as well as A%(7), a
positive 7 tends to raise y(7). The degree of progressivity 73 which maximizes long-run output is
easily seen to: (a) decrease with the labor supply elasticity 1/, the share of labor in production
1, and the discount factor p; (b) increase with the variability of shocks to ability or human wealth,

s2. The exects of o and 8\ are generally ambiguous, and will be explored quantitatively.

e Endogenous Growth. The above results are easily transposed from long-run levels to long—
run growth rates, by allowing for knowledge spillovers in the accumulation of human capital.
This can be done in a “heterogeneity—neutral” manner (that is, without introducing additional
costs or bene..ts of redistribution), by replacing the constant « in (5) with the human capital
index k; = (fol (Ri)A dz’)wA. All previous results remain unchanged, with «; simply substituted
for k everywhere. In steady-state, the only dicerence is that the denominator in (31) is now
1—a—pBA—~. For a+ X+~ =1 the numerator gives the economy’s asymptotic growth rate,

which behaves with respect to 7 exactly as Iny(7) did in the original speci..cation.®

e Redistribution in Steady-State. A tax rate 7 yields inequality AA(7) in earnings, but only
(1-7)AA(7) in disposable incomes. When 7 is a rate of school ..nance progressivity, as in Section 2,
this narrowing operates only on education spending. To assess the extent of redistribution implied
by either policy, recall from (27) that the threshold 3 separating losers and gainers is always given
by In(j/y) = (1 — 7)A\2A2(7)/2.%* This corresponds to a rank in the income distribution of
r(1) = ®[(2 — 7)AA(7)/2)], where & denotes the c.d.f. of a standard normal. Moreover:

Proposition 8 The Lorenz curve for a log-normal distribution with variance w? is
Iriw)=2a (<I>_1(r) —w), forall r € [0,1].

In the steady-state resulting from a rate of ..scal progressivity 7, the 1—r(7) richest households

constituting the net tax base thus earn

3 The reason why the above de..nition of ; is heterogeneity-neutral is that it aggregates individual human capital
contributions with the same elasticity of substitution as total output. Alternative spillovers, embodying social costs
or bene..ts of heterogeneity in human capital interactions, can easily be dealt with by letting the elasticity of
substitution in x. be, respectively, smaller or greater than 1/(1 — ~). See Bénabou (1996a).

4By losers and gainers | mean: (i) families paying a net tax and those receiving a net transfer, when 7 describes
..scal policy; (ii) families whose education expenditures are subsidized beyond the average rate a(7) and those whose
expenditures are taxed relative to a(7), when 7 describes school ..nance policy.
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1=T(r(1);AA(T)) =1 =2 ((2 = 7)AA(T)/2 — AA(T)) = P (TAA(T)/2) 32)
of total pre—tax income. After redistribution their share falls to

1-T(r(1); A =7)AA(T)) =1 =2 ((2—=7)AA(T)/2 — (1 = T)AA(T)) = D (—TAA(7)/2)). (33)

The share of net transfers in national income is therefore:
b(1) =20 (TAA(7)/2) — 1. (34

When redistribution occurs only in school expenditures, the top 1 — r(r) families’ shares
of disposable income, consumption and personal education spending are given by (32). The
proportion of school inputs actually allocated to their children, however, is reduced to (33). Thus
(34) now describes the share of the total educational budget which is transferred from those above

7 to those below it. Multiplying this number by s translates it into a percentage of total income.

4 A Criterion of Aggregate Economic Edciency

Aggregate income growth is important from a macroeconomic perspective, but provides only an
incomplete picture of the e€ciency implications of redistributive policies. First, it omits the value
of leisure and other non-market activities; this could be remedied by looking at the aggregate
consumption-leisure bundle. More fundamentally, it fails to retect redistribution’s role as social
insurance: by the law of large numbers, individual shocks cancel out when computing aggregate
quantities.

Policies are most often evaluated according to some social welfare criterion such as Wy =
fol InU¢ di or Ty = fol Ul di. Risk and eoort concerns are now properly embodied, and | shall indeed
compute such utility aggregates. But the problem is that whereas aggregate income underestimates
the e€ciency value of redistribution, aggregate welfare overestimates it. Because of the concavity
of individual utility, any such utilitarian criterion rises (keeping labor supply and savings ..xed)
with all current and future redistributions, even when there are no shocks to be insured against

and no credit—constrained investments in need of reallocation.1®

SFor instance, in our model, even when s = 0 and either (o, 8\) = (0,0) (no accumulation) or a + SA = 1
(accumulation with constant returns to investment).
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I shall therefore propose an alternative measure of pure aggregate economic e@ciency, which
puts zero value on equity of consumption or income per se, and is acected by redistribution only to
the (full) extent that such policies: (i) distort emort and savings decisions; (ii) relax the liquidity
constraints which impede growth; (iii) reduce the idiosyncratic risk faced by individuals. The
basic idea is very simple:

o First, replace agents’ stochastic consumptions sequences with appropriate certainty—equivalents.
In this aggregation over states, the relevant parameter is the degree of risk—aversion.

e Second, aggregate linearly individuals’ certainty—equivalent consumptions, which are thus
treated as perfect substitutes. More generally, when aggregating over individuals the relevant
parameter should be society’s degree of inequality—aversion, which here is set to zero.

e Finally, aggregate over time using agents’ common discount rate and intertemporal elasticity
of substitution.

The point of this construction is not that this is “the right” social welfare function, nor
that society should not care about equity. In fact, the next section will explicitly incorporate
inequality—aversion into the analysis. The point is instead that one should be able to separate
e€ciency concerns —namely, the extent to which market distortions and imperfections are worsened
or improved by policy- from pure equity concerns. For instance, inequality of initial endowments
should not armect a measure of pure e¢ciency, unless wealth acects an agent’s ability to invest or
bear risk. Conversely, redistributions should acect an index of total ecciency only to the extent
that they change the “size of the pie” (the path of aggregate consumption) or the riskiness of
individual “slices”. We shall see that the index proposed above has these properties, whereas none
of the usual (utilitarian) social welfare functions, such as Wy or Ty, do. (The latter also applies
to standard total compensating variation). These points will be established in the context of the
present model, but the underlying idea is clearly more general.

I shall now proceed to compute the e®ciency criterion, focusing the exposition on redistribu-
tion through ..scal policy. The case of redistributive education ..nance is very similar; it is treated
in the appendix, and the main results are presented at the end of the next section.

By Proposition 1, the intertemporal utility of agent ¢ in period zero can be written as:

00 t—1 [e'e)
InUs = (1-p) (Z pL—) Hp(m)) AMinhfy —mo) + > p (Wi = pWi1).
t=0 k=0

t=0
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The ..rst term captures the lasting exects of dicerences in initial endowments. The second repre-
sents the part that is common to all agents, including labor supply and risk concerns. The same
level of intertemporal utility would clearly result from the deterministic, or certainty—equivalent

consumption sequence {c:}2°, de..ned by:

g —8(l)" = (1-70) (Hm> (In by — mo) + (Wi — pWesn)/(1— p), (35)

with unchanged eocorts {I;}°,. Moreover, it is shown in the appendix that & simpli..es to:

i i pi P Vs
Inc = Eg [lnct|h0]+r<1_p)< t+21 ) (36)

In the absence of shocks, ¢t = c¢i. When r = 0, ¢t is the standard certainty-equivalent consumption

given time-separable, logarithmic preferences. In the more general case there is an extra term
which might be called (minus) the “resolution premium” for the shock §§+1.16 It is negative when
tastes favor early resolution of uncertainty (r < 0), positive in the reverse case.

The next step is to compute total certainty—equivalent consumption, then Ej itself.

De..nition 1 Let C; = fol ¢ di. The aggregate ec®ciency of a tax sequence {7;}°, is de..ned as:

pHn Gy — 8(1,)™).

NE

Ey=(1-p)

I
=)

Given two policies {7+}{2, and {7} }7°,, E{—Eo can thus be expressed as a percentage dicerence

in total consumption. The lognormality of the & s makes it easy to compute C;, and obtain:

it 5\ [ A2A2
Eoy=Wo+(1-p <ZP (1 —7y) H (k))( 5 )a 37)

k=0

where Wy = fol InU} di.r" Thus E, dizers from aggregate welfare by a term which increases
with Ay and declines with all present and future rates of redistribution. As shown below, this
adjustment eliminates all emects of inequality except those relating to e¢ciency via market incom-

pleteness, so that Ej indeed satis..es properties (i) to (iii) postulated earlier. These results appear

18That shock has variance s? and azects the agent through hi, 1, which enters the intertemporal utility U}, ;with
an elasticity equal to Viy1; see Proposition 1.

YBy (35), InC; =, Inc} di+ (1 — 7¢) [T1_b p(1)2A?A3/2, and Wo = 3252, o' (fol Iné di — 5(zt)") A
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most clearly with time—invariant policies, but are established more generally in the appendix.

Proposition 9 (a) The aggregate edciency of a constant rate of progressive taxation 7 equals:

- r . 252
Ey=(1-p) Y o'y —8(L)")] + (1 —5) = p(1 - 7)° <1 - p1p<7>2 e (1pp<i)>>2> (A2 > ‘
t=0

b) For any initial conditions (mg, A2), Ey is maximized at some strictly positive 7%, .
y 0 yp E0

The interpretation is simple. The ..rst term, which reduces to Iny(7) — 6(I(7))" in steady-
state, captures the ecects of redistribution on the path of total output, net of ecort. These operate
through its infuence on the allocation of investment and on labor supply (plus possibly on savings,
if s is replaced by v(7)), and were discussed earlier. Adding the second term yields the utility
derived by a ..ctitious representative agent from aggregate consumption and leisure. More novel
is the last term, which measures the disutility which agents suzer from uninsured idiosyncratic
shocks —or conversely, the insurance and uncertainty—resolution value of redistribution. This risk
premium is always positive, hence minimized for = = 1; it is larger, the greater is agents’ risk—
aversion 1 — r. Part (b) of the proposition is also quite intuitive: starting from 7 = 0, a small
tax increase generates only second—order losses from labor (and possibly savings) distortions; but
due to market frictions it yields a ..rst—order gain in insurance and in the allocation of investment
resources across dicerentially credit—constrained families.

Finally, note that E, is independent of the distribution of initial endowments A2, except to
the extent that it acects the present value of total output, through accumulation. Equation
(37) makes clear that such is not the case of Wy. It also shows that the median voter, whose

intertemporal utility is W, would always choose taxes exceeding the eccient level.

5 Ecciency, Equality, and Social Welfare

I now extend the preceding results to social welfare indices which incorporate both e&ciency
and equity concerns. The procedure is the same as for constructing FEy, except that individual
certainty—equivalents are aggregated with an interpersonal elasticity of substitution o = 0, whose

inverse 1/0 measures society’s degree of inequality—aversion (as in Atkinson (1970)):
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Cy(o) = < /0 L) di) - (38)

I will also compute more standard social welfare functions, which are aggregates of (intertemporal)
utilities rather than risk—-adjusted consumptions. These have the clearly desirable property that
maximizing such a criterion ensures Pareto e¢ciency. On the other hand, it will be seen that they
can not distinguish between the ezects of policy which operate through its role as a substitute for

missing markets, and those which refect an implicit equity concern.

De...nition 2 For any ¢ € R, de..ne the two social welfare indices:

So(o) Z P In Cy(o) — 8(1)",

t=0

To(o) = In </01(U0) ; dz)ﬁ.

The log—normality of the ¢i’s makes it again straightforward to compute each C;(o), hence

So(0).1 As to Ty(o), it is easily obtained by recalling that In U} = V;(In h}) — mg) + Wjy. Hence:

Proposition 10 The social welfare levels resulting from a tax sequence {r.}7°, are equal to:

) ((1 - Ysa ”)Qﬁp(ﬂ“)z> <A22A%> |

t=0 k=0
o — 00 t—1 2 2A2
o) = Wt (“) ((1P)Zpt(17t)Hp(m)> (57)-
t=0 k=0

The ..rst result, together with (37), implies that Sy(o) can be naturally decomposed into

So(0) = Wo+<0

eCciency and equity concerns, with the latter’s intensity being parametrized by 1/0 :

0 t—1 2A2
So(0) = Fy - ((1 A Hmm?) (AQf‘)) , (39)

t=0 k=0

or, in the simpler case of a time—invariant policy 7 :

8By (35), InCy(0) = f Ingdi+ (252) (1 — 70)? (TTi_h p(1)?) A2A3/2.
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So(0) = Eo — < (-7 ) <A2A3> (40)

1 — pp(7)? 20

By contrast, there is no value of o for which the utility—based criterion Ty(o) does not reward
equity per se. Although Ty(o) can also be decomposed into aggregate eCciency and a pure
social cost of inequality, the latter now has two components: Ty(o) = Eg — (Tp(o0) — To(o)) —
(So(00) — Tp(o0)) . The ..rst cost of inequality (and bene..t of redistribution) arises naturally from
society’s aversion to disparities in welfare; given a constant 7, it is proportional to (1—7)2\?A2 /20
The second one, proportional to (1 — T)2A2A3/2, arises mechanically and inevitably from the
concavity of individual preferences.®

The ..nal observation is that the utilitarian criterion W, belongs to both families of indices, and
therefore combines their two de..ning properties: exact decomposability and Pareto—compatibility.
But it arbitrarily equates society’s degree of inequality aversion 1/o, not even with individuals’
risk aversion 1 —r, which might perhaps make sense in an ex—ante “veil-of-ignorance” perspective,
but with the inverse of their (unitary) intertemporal elasticity of substitution.

In studying e@ciency and its relation to aggregate output and social welfare, | have so far
concentrated on policies of income redistribution. The case of progressive education ..nance is

treated similarly in Section C of the appendix, where | show:

Proposition 11 The economic e€ciency and social welfare indices Ey, So(o) and Tp(o) resulting
from a sequence of education ..nance progressivity rates {7;}¢°, are given by the same expressions
as in equations (37)—-(40) and Propositions 9-10, except that the terms (1 — 74)2 and (1 —7)? are

replaced by 1.

The absence of the terms in (1—7,)? retects, once again, the fact that parental consumption is
not expropriated. This was shown to reduce both intra— and intertemporal distortions, compared

to the case of income taxes. The counterpart, as made clear by Proposition 11, is that redistribu-

9Recall that U} = (h§)Y0e Yo 2motWo with V4 € [0, 1]. The fact that So(co) —To(oco) is indeed a positive welfare
cost (whether or not 7 is constant) follows from:
-1

A - ((1 ~p) YT Hp<m>2> - ((1 ~Y A=) Hpm)) >0,

k=0 t=0 =0

2
since (1—p) (ZZO p2t/2$t) <(1-p) (X20p") (X2gp'ar) = (3052, p'ai) forall z, > 0, by Schwartz’s inequality.
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tional education ..nance owers less risk—sharing. For instance, with income taxation = = 1 yields
full consumption insurance (hence Ey = (1 —p) > 72, p'[Iny: — 6(1:)")] + In(1 — s)); but when only

educational inputs are equalized, individuals families remain exposed to signi..cant risk .

6 Quantitative Analysis

That redistribution may generate output and e€ciency gains when insurance and credit markets
are incomplete has been understood for quite some time. Yet there has been little attempt to
evaluate the size of these gains and compare them to the losses from distortionary taxation. Two
notable exceptions are Inman (1978) and Fernandez and Rogerson (1998). Inman examines how
dicerent education ..nance schemes acect a social welfare function in a static model. Calibrating
an overlapping generations model with educational bequests to U.S. data, Fernandez and Rogerson
(1998) ..nd that moving from local to state ..nance would increase steady-state output by about
3%. In both models the distortions induced by redistributive policies acect utilities but not
incomes, as there is no labor supply or personal savings decision. Also absent are family or social
inputs into education, which were seen earlier to potentially reduce the ec¢ciency of redistributive
schemes (and also clearly matter for mobility). Neither is there any role for insurance, which has
the reverse ecect.

The present framework incorporates these elements into a more comprehensive analysis of
the ecciency costs and bene..ts of redistribution, be it ..scal or educational. Given the model’s
simplicity and the fact that the empirical literature provides only imprecise estimates of certain
key parameters, however, the results should still be read as a only broad assessment of the main
tradeoss. Two points in particular should be kept in mind. On one hand, credit and insurance
markets are completely absent from the model, rather than simply imperfect; there is also no
precautionary savings. These factors all tend to overstate the bene..ts of redistribution, so I
will compensate by using conservative values for agents’ risk—aversion and the ewectiveness of
educational expenditures. On the other hand, by focusing on the eCciency criterion Ey one
abstracts from many potential sources of losses from inequality. These include of course pure
equity concerns such as those embodied in standard social welfare functions, but also production

complementarities (as in Tamura (1992) or Bénabou (1996a)), political instability, crime and other
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forms of rent—seeking. These omissions all tend to understate the bene..ts of redistribution.?®

6.1 Parameter Values

e Production. The shares A and 1 of human capital and labor are determined by “maximizing out”
physical capital, which is not subject to borrowing constraints, from a three—factor production
function.?! This follows Barro, Mankiw and Sala—i—-Martin (1995) and, like them, I use the shares
estimated by Jorgensen, Gollop and Fraumeni (1987): .5 for human capital, .3 for physical capital,
and .2 for labor. This yields A = .5/.8 = .625 and p = .3/.8 = .375.

e Accumulation. Most estimates of intergenerational persistence p(7) = a + SA(1 — 7) range
from about .3 to .55 (Solon (1992), Zimmerman (1992), Cooper, Durlauf and Johnson (1996)).
Mulligan (1995) ..nds values of .5 to .7 for family income, and up to .8 for consumption. | set
a = .35 and g = .4, which allows p(7) to range from .35 to .60. The chosen value of 3 implies an
elasticity of children’s income to education expenditures of S\ = .25. This is slightly above the
value of .19 used by Fernandez and Rogerson (1998), but well below those of .35 and .45 used by
Hendricks (1998) and Jones, Manuelli and Rossi (1993), respectively.?? Fernandez and Rogerson
base their choice on the studies of Card and Krueger (1992), Johnson and Sta=ord (1973) and
Wachtel (1976), which all imply elasticities of about .2. Hendricks appeals to the estimates of
Haley (1976) and Heckman (1976). In a recent study using historical data on US States, Tamura
(1998) ..nds the elasticity of income to school expenditures to be at least .4. Given its critical role
in the accumulation of human capital, S\ will be allowed to vary from 0 to .4 in the sensitivity
analysis.

e Inequality. Given « and g\, the variability of idiosyncratic shocks determines the feasible
range for steady-state inequality: AA(7) € [As/v1 — a2, \s/y/1 — (a+ BN)2]. If one approxi-

mates the US distribution of family incomes as a log—normal, the mean—to—median ratio implies

2050 will the fact that the simulations focus (for simplicity) on steady-states. Proposition 9 showed that, for any
initial conditions (mo, A3), 75 = arg max, [Eo(r;mo,A?))] > 0; this takes into account the full transition path
from (mo, A3) to (m(7), A%()). On the other hand, arg max, [Eo(;m(7), A%(7))] need not be positive a priori.

21gee footnote 6. Note that since the optimal amount of physical capital used by agent 4 is proportional to the
reduced—form net output yi = (hi)A (11)", so is gross output from the three factors: yi /Yy =1 —w' = /Y.

22 ps js well-known, the ezect of (marginal) variations in school expenditures on educational and labor market
outcomes is the subject of signi..cant empirical controversy. The traditional view that there is little demonstrable
eoect at the elementary and secondary levels is represented by Hanushek (1986). In a recent and broader meta-
analysis, Dewey, Husted and Kenny (1998) provide evidence that the lack of signi..cant positive estimates is largely
the result of systematic econometric misspeci..cation in many earlier studies.
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a standard deviation of log—incomes of about .61 in the 1990 Census and .69 in that of 1995.
Computing the variance directly from data on the decile income distribution leads to higher val-
ues, between .75 (1990 Census) and 1.1 (..scal data of Bishop, Formby and Smith (1991)). | set
s = 1.0, so that the feasible range for steady—state inequality is [. 67 ,.78].

e Labor Supply. A small number of microeconomic studies, surveyed in Browning, Hansen
and Heckman (1998), provide direct estimates of the intertertemporal elasticity of substitution,
e = 1/(n—1). Values for males vary between 0 and .40, with a median of about .20; the sole
study on female participation yields a value of 1.6. All such estimates, however, are predicated
on the assumption of a frictionless credit market —which is precisely the one we depart from.
Intratemporal elasticities are not subject to this problem, and also more consistent with the present
focus on lifetime outcomes and steady-states. Cross-sectional estimates of the compensated labor
supply elasticity for men are surveyed by Ashenfelter (1984) and Pencavel (1986); they typically
vary around .10. For women, Killingsworth and Heckman’s (1986) survey includes both high
and insigni..cant values, with a median of about .43. In view of both inter- and intra-temporal
estimates | choose a reference value of ¢ = .20, but in the sensitivity analysis | will explore the
full range from e = 0 to € = 00.?% As to the coe¢cient on labor disutility 617, it can be normalized
to 6 = 1 without loss of generality.

e Discounting. The standard discount factor used in macroeconomic models is approximately
.96 per year, which compounds to .962% = .36 per generation (25 years). However, this computa-
tion is quite sensitive to the choice of the annual value: .97%° = .47, while .98%5 = .60. | set p = .4
in the reference case, then let it vary between .2 and .8.

e Risk—Aversion. For the coe¢cient of relative risk aversion 1 — r, | focus on two values of
interest. The ..rst is 1, which corresponds to the intertemporally separable log-utility. The second
is 2, which is a more standard estimate of risk-aversion, yet still on the conservative side. In the

sensitivity analysis 1 — r will vary from zero (static risk—neutrality) to 4.

I report through a series of graphs the simulations for steady—state output In y(7), utility from

23Given the utility function (2), the uncompensated elasticity for a wage w and non-wage income R is ¢* =
R/((n—1)R+ nwl), and the marginal propensity to earn out of non-wage income is mpe = —wl/((n — 1) R + nwl).
Conversely, we can write e = 1/(n — 1) = ¢/ [1 + mpe], where (¢ = ¢* + mpe is the compensated elasticity. Thus
typical values such as ¢¢ ~ —mpe € [.10,.20] yield € in the range [.11,.25]. For instance, (¢ = .11 in Lucas’ (1990)
parametrization, and ¢¢ = .19 in that of Hendricks (1998).
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aggregate consumption and leisure In z(7) = In C(7) —6(I(7))", e€ciency E(7), and welfare W (7);
all are measured as deviations from their values under laissez—faire (7 = 0). The four functions
are always single-peaked, with maxima at 75, < 77, < 73 < 7y,. | also graph net transfers
b(T), intergenerational mobility p(7), income inequality AA(7), labor supply i(7), private savings
v(7), and the combination of consumption taxes and investment subsidies (6(7),a(7)) required
to restore the rate of accumulation to its undistorted level s. Finally, Tables I and Il show how
the optimal redistribution rates (73,75, 75, Tyy) Vary with e and SA. This extensive sensitivity
analysis also allows readers to replace our benchmark values for these two key parameters with

their preferred ones.

6.2 Fiscal Redistribution: Benchmark Case

e Income. Figures la and 2a show that maximum per capita income occurs at 73 = 20.9%, which
corresponds to a share of net transfers in GDP of b(73,) = 6.2%. The output gain with respect
to laissez—faire is 1.3%, representing the balance of a 2.7% shortfall due to the fact that agents
reduce hours by 4.4% (Figure 2c), and a 5.0% increase from relaxing the liquidity constraints of
poorer families. In a representative agent setting (s? = 0) only the ..rst, negative, emect would be
present. Figures 2d and 2e show that the savings distortion is fully oaset by a consumption tax
of 2.7%, used to ..nance a 26.4% subsidy for human capital investment.?* Finally, note that in
the endogenous growth version of the model the 1.3% net gain in long run income becomes a 0.5
percentage point rise in the long run growth rate.

e ECciency. With 1—r = 1 total e@ciency is maximized at 773, = 48.5%, which corresponds to
a transfer share b(73,) = 13.7% (Figures 1a and 2a). The gain relative to ~ = 0 is the same as would
result from an increase in every agent’s consumption of 9.6%. The actual ecect of 77}, on aggregate
resources, however, is a decline of 0.9% (—7.4% from decreased labor supply versus +6.5% from
the relaxation of credit constraints). But this is more than ooset by the 12.1% reduction in ezort,
worth a 3.6% increase in consumption, and especially by the value of insurance, equivalent to
another 6.8% of aggregate consumption. Neutralizing the savings distortion now requires a 6.4%

consumption tax and a 94.3% subsidy for human capital investment.

24The economy’s investment rate then remains at s = 11.6% of aggregate income net of physical capital’s re-
muneration, which corresponds to s(1 — ') = 8.1% of total factor income. Absent the corrective policy mix, the
decline in savings would reduce aggregate output by (A3)(1 — a— 8X) " In (v(7})/s) = 14.6%.
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Figures la—1b also illustrate one of the most important results, namely the relationship be-
tween aggregate income, economic edciency, and a utilitarian social welfare function. In addition
to the utility from leisure, the vertical distance between the Iny(7) and E(7) curves measures
the insurance value of taxation, which increases with risk aversion 1 — r. The additional distance
between E(7) and W (1) retects the pure equity value of redistribution, for a degree of inequality
aversion 1/0 = 1. More generally, each value of 1/0 > 0 de..nes a social welfare function S(o)
above E = S(0).

e Inequality and Mobility. Figure 2b plots intergenerational persistence and cross—sectional
income inequality. Going from laissez—faire to 75, = 20.8% reduces p(r) from .60 to .55, and a
further increase to 73, = 48.5% brings it down to .48. Equivalently, the annual convergence rate
rises from 2.0% to 2.4% and then 2.9%. The erect on long-run inequality is similar: as 7 rises

from zero to 73, and then to 73, AA(7) ..rst falls from .78 to .75, then to .71.

e Redistribution. To assess the extent of redistribution implied by dicerent values of 7, recall
that it is also the (income-weighted) average marginal tax—-and-transfer rate. For taxes alone,
the weighted marginal rate in the US varies between 23% in the late 1970’s and 17% in the late
1980’s.2> There is no readily available data on the incidence of transfers, but these are typically
distributed much more progressively than taxes. A more relevant range for the true value of 7
could thus be between .3 and .4, implying 75, < 7 < T*E.ZG Another way to measure redistribution
is to look at net transfers. In the United States the share of transfers in GDP is about 16% to
18%, but only about half are genuinely redistributive; the other half consists of social security
and medicare payments. In the model, with 735 = 20.8% the cutoa j between losers and gainers
occurs at the 75th percentile, where family income is 1.25 times the average, or 1.65 times the
median. The top 25% households earn 53.1% of total pre-tax income, but after redistribution

their share falls to 46.1%.%” Net transfers thus represent b(7%) = 6.2% of national income; see

25These are typical estimates reported by Easterly and Rebello (1993) and Gouveia and Strauss (1994). Using
the income tax data by decile reported by Bishop, Formby and Smith (1991), | computed that same number and
again found values of 21% to 24% for 1979 and 17% to 19% for 1988.

28 For instance, Lambert (1993, chapter 10) computes an index of progressivity of the U.S. net ..scal system which
is a properly weighted average of indices for taxes and bene..ts. He ..nds that the inclusion of the latter more than
doubles overall progressivity. In the case of Chile, Engel, Galetovic and Raddatz (1998) ..nd that the targeting of
transfers and other public expenditures is by far the main source of income equalization in the ..scal system.

27 As a comparison, the richest 30% households in the United States earned 60% of total income in 1986 (Bishop,
Formby and Smith (1991)).
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Figure 2a. Under the e€cient policy 7}, = 48.5% the cuto= occurs at the 70th percentile (1.11
times the average, or 1.43 times the median). The pre- and post-redistribution shares of the
top 30% families are 56.9% and 43.1%, hence a share of net transfers b(7},) = 13.7%. Finally,
if policy is set by the median voter —or, equivalently, a social planner with inequality aversion
1/o0 = 1- his purely distributional concerns will lead to 73, = 61.2%, and transfers will rise to
b(ty,) = 17.0% of national income. In summary, looking at either the average marginal tax rate
or the transfer share suggests (quite tentatively, or course) that ..scal redistribution in the United
States exceeds the income or growth—-maximizing level, could be somewhat below the e@cient

level, and is markedly lower than the median family’s preferred outcome.?®

6.3 Fiscal Redistribution: Sensitivity Analysis

Figures 3a-3b show how the tradeo= between the e€ciency costs and bene..ts of redistribution
worsens as the elasticity of labor supply e = 1/(n — 1) rises. Table | provides more detail on the
optimal values 73, 7%, 7 and 73, which all decline with e. Looking for instance at the row which
contains the benchmark case, we see that in the absence of distortions 73 would be 66.8%, whereas
beyond ¢ = 0.5 redistribution only reduces total income. By contrast, the eCcient tax rate and
transfer share always remain positive. When e = 1, for instance, 75, = 28.7% and b(7},) = 8.4%,
yielding a gain of 4.8% in aggregate certainty—equivalent consumption. Even as e tends to in..nity

these numbers remain bounded below by 14.5% and 4.4% respectively (with a gain of 1.6%).

The evect of the education return parameter g\ is more complex. Figures 4a—4b and Table |
show a signi..cant positive impact on 73, but only a small negative one on 77,; S\ mainly acects
the size of the gains in E(7). The intuition is as follows. When g\ = 0 there is no investment,
so redistribution can only reduce output and deteriorate the consumption-leisure tradeo=; hence

*

73y = 75 = 0. Nonetheless, the insurance motive implies 77, > 0. Table | shows that 773, is

28There are several possible (complementary) explanations for this last result. First, it is well-documented that
the propensity to engage in most forms of political participation (voting, contributing time or money to campaigns
or parties, etc.), rises markedly with income and education; some of this evidence is presented in Bénabou (1996b).
Second, the observed levels of progressivity and transfers may be consistent with a median voter outcome 73y,
if voters perceive su€ciently large tax distortions. As shown by Table | below, these would have to correspond
to an intertemporal labor supply elasticity well above 2, and/or to an inability to owmset savings distortions via
consumption taxes and investment subsidies, as done in the model. Last, but not least, | am considering (here and
in the next subsection) ..scal and educational redistribution separately. In reality both are present simultaneously,
and their esects cumulative.
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even fairly high since the labor disincentive is relatively small when human capital is not very
persistent (see (14)). As S rises the investment reallocation exect becomes increasingly important
and gradually replaces insurance as the predominant bene..t in the e¢ciency tradeoa with the
(now stronger) labor supply ezect. Consequently, 73 and 7% move towards each another.29:30
The role of the family or neighborhood exect is illustrated on Figures 5a-5b. We know from
Propositions 6 and 7 that a higher o simultaneously exacerbates the eaort distortion and reduces
the gain from reallocating education resources toward poor families. On the other hand, it also
makes human capital accumulation less sensitive to variations in investment, hence in ecort, since
more of it takes place “automatically” within families or neighborhoods (see the term 1 — «
multiplying pInl(7) in (31)). This exect turns out to be dominant at relatively low values of T,
but dominated at higher ones. This is what explains the initially puzzling results that 73 increases
with o while 77, simultaneously decreases, in spite of the fact that more persistent shocks raise

the value of insurance (as shown by the risk premium in (9), for » = 0).

Last but not least, Figure 6a shows the role of risk—aversion. The e€cient rate of redistribution
T}, starts at 36.3% for 1 — r = 0, then rises to 48.5%, 55.6% and 63.9% for 1 —r = 1,2 and 4
respectively. The corresponding shares of net transfers in national income are b(7}) = 10.5%,
13.7%,15.5%, and 17.6%. These large variations make clear the value of working with the general
preferences (2) rather than restricting attention to the separable case, » = 0. Finally, note that in

all cases 73, remains well below 77;, and well above 73 (or even 77), as shown on Figure 1b.

Beyond the results obtained for speci..c parameters values, it is the general message from these
simulations which is most important. They consistently show that the eCciency costs and bene..ts
of redistribution are both quantitatively important, and that per capita income and aggregate

welfare provide only very imperfect measures of the resulting tradeoo.

29The only column of Table I along which 7% decreases with 8 is the ..rst one, where ¢ = 0. Indeed, when there
is no distortion to trade o= against the credit-constraint ecect £(7)A?(7), the latter’s increasing magnitude with
B is irrelevant. All that matters is the fact that arg min, {S(T)Az(r)} declines with 8\, due the predominant
infuence of argmin, {£(7)} =1 — a/(1 — BN).

39The results remain essentially unchanged when « and 8\ are varied with o+ 8 ..xed at its reference value of
.60, so as to leave total returns unchanged.
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6.4 Education Finance: Benchmark Case

e Income. Because current consumption is not redistributed, policy distortions from equalizing
educational investments are considerably smaller than from equalizing family incomes. Figure
7a shows that the output-maximizing rate is now 73 = 61.9%, leading to a sizeable 6.1% gain
with respect to laissez—faire. The fall in labor supply is only 1.3%, as can be read o= Figure 7c.
On the savings side, a consumption tax of 0.9% and a 7.2.% average subsidy for education are
now succient to maintain accumulation at its ..rst-best level, still equal to s = 11.6%.3% In the
endogenous growth version of the model, the 6.1% increase in per capita income becomes a 2.4

percentage point rise in the long—run growth rate.

e ECciency. With 1—r = 1, the e€cient rate of education ..nance equalization is 77, = 68.2%.
In other words, about two-thirds of the variations in per—pupil expenditures retecting dicerences
in family incomes should be ooset. The corresponding e¢ciency gain is 7.3%, of which 6.0% is
due to increased aggregate income and consumption, 0.6% to lower ecort, and only 0.7% to better
risk—sharing. Figures 7a—7b clearly show the reduced value of redistributive education ..nance as
a social insurance scheme, compared to that of taxes and transfers: E(7) is closer to In z(7) than

on Figures la-1b, and much less sensitive to agents’ degree of risk aversion.

e Inequality and Mobility. Since the optimal rate of progressivity is higher than for ..scal policy,
intergenerational persistence and cross-sectional inequality are reduced further. Figure 8b shows
that as 7 rises from zero to 73 and then to 77, p(7) falls from .68 to .45 and then to .43. Cooper
(1998) ..nds evidence in the PSID data that redistribution of educational expenditures (measured
by the percentage of school funding coming from outside each district) lowers intergenerational
persistence between fathers’ and sons’ incomes. Consider next inequality in family incomes and
per—student expenditures , AA(7) and (1 — 7)AA(7). These are reduced from (.78,.78) under
laissez—faire to (.70,.27) under 73, (.69,.22) under 77, and (.68,.08) under 73, = 87.4%. The
expenditure numbers may be compared to Hoxby’s (1998b) estimates of the coe€cient of varia-
tion in per—pupil spending among local school districts in California, Illinois and Massachusetts:

respectively .16, .25 and .28 for recent years. When normalized by state-wide income inequality,

31 Absent this corrective scheme, the decline in savings would reduce from 6.6% to 2.3% the gain in long-run
income resulting from 73 = 61.9%.
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the corresponding ratios are all around .15. The values generated by the model thus tends to
suggest that the extent of school ..nance redistribution in those three states exceeds the level
that would maximize long—run income (or growth), but is below what the median agent would
choose, or what would maximize average welfare. It may be somewhat lower or higher than the

e¢ciency—maximizing level, depending on the value of risk aversion.3?

e Redistribution.  Under the policy 73, the break—-even point § which separates families
whose education is subsidized beyond the average rate a(7) from those whose expenditures are
taxed relative to a(7) occurs at the 69th percentile (1.10 times per capita income, or 1.40 times
the median). The 31% richest families earn 58.5% of total income, but their share of total
educational expenditures is reduced to 41.4%. The fraction of total school spending reallocated
from to relatively rich to relatively poor families or communities is thus b(73,) = 17.1%. As
illustrated on Figure 8a, it rises to 18.7% under the e@cient policy 77, (the cutoa remains almost
unchanged, at the 68th percentile), and to 23.2% under the policy 7§;, which maximizes average

welfare and the utility of the median family.

6.5 Education Finance: Sensitivity Analysis

The most striking feature of the results reported in Figures 9a—9b and Table 11 is that high rates of
education ..nance equalization remain optimal, no matter how large the intertemporal elasticity of
labor supply e. Even when preferences become linear in ecort, ¢ = +o00, the income—maximizing
and e@cient rates of equalization are still 75, = 39.2% and 77}, = 59.6%. The corresponding shares
of educational resources being redistributed are b(7}.) = 11.3% and b(7}) = 16.5%, and the
resulting gains still amount to 2.8% for output and 5.9% for e&ciency.

The ecect of the education return parameter is, once again, more complicated. A higher G\
lowers both 73 and 7% while at the same time signi..cantly increasing the gains resulting from
these policies, compared to 7 = 0. For instance, as A rises from .05 (7 is irrelevant when G\ = 0)
to .30, 73 declines from 68.5% to 59.6% and 77, from 76.1% to 65.6%. At the same time, the
corresponding gains rise from 0.9% to 8.2% for output, and from 1.1% to 9.7% for e¢ciency. The

32With 1 —r = 2 the ..gures are 7} = 74.9%, leading to (AA(7}), (1 —75)AA(TE)) = (.69,.17); and 73 = 93.1%,
leading to (AA(73), (1 — T3 )AA(T3)) = (.67,.05). As to 73, it is of course unchanged. Note that the data used
by Hoxby pertains only to elementary and secondary school budgets. This leaves out spending disparities at the
early childhood stage, which is often considered to play a critical role in shaping later educational outcomes.
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intuition is as follows. With labor supply distortions and insurance both playing relatively modest
roles, the key determinant of educational policy’s impact on growth and e@ciency is the relaxation
of credit constraints. This emect, measured by £(7)A%(7) in (31), becomes more important as
B rises, i.e. as resource expenditure matters more for accumulation. Yet the optimal = declines,
because the accumulation technology gets closer to constant (private) returns; recall that £(7) is

minimized at 7 = (1 — o — BA) /(1 — BA).

The role of family or peer exects is depicted on Figures 11a-11b. The main impact of « is
now to reduce the optimal degree of equalization of school inputs across students from dicerent
social backgrounds, as explained earlier. Thus, both 75, and 77, decline with . The importance
of this result is best illustrated by starting from a case similar to that of Fernandez and Rogerson
(1998): « = 0 (no family or peer erect), ¢ = 0 (inelastic labor), and g\ = .19. The optimal
policy is then complete equalization (75 = 73, = 1), and brings a 3.8% gain in long run output
over decentralized funding —a ..gure close to Fernandez and Rogerson’s 3.2%. Incorporating the
benchmark labor response (e = .20) reduces 73 to 92.1%, and the maximum gain to 3.2%. But
much more signi..cant is the role of social background: with o = .35 and ¢ = 0, 75§ falls very
sharply, to 69.0%. On the other hand, long-run income gains are magni..ed by the higher total
return, o + BA : 4.6% under 73, but only 3.9% under 7 = 1. When social capital and labor
supply ecects are combined the results are very close to those in Table II, third column, third

row: 73 = 63.8% raises output by 4.4%, while complete equalization yields only a 3.3% gain.

As explained earlier, risk—aversion plays much less of a role than under ..scal redistribution.
Figure 12a shows that the eCcient progressivity rate 773, starts at 61.6% for 1 —r = 0 but rises
relatively slowly, to 68.2%, 74.9% and 88.3% for 1—r = 1, 2 and 4 respectively. The corresponding
fractions of school expenditures being redistributed are b(7%,) = 17.0%, 18.7%, 20.3%, and 23.4%.
Except for very low values of risk—aversion, aggregate income still underestimates the value of
redistribution, although less so than with taxes and transfers; see Figures 7a—7b. The bias in
aggregate welfare, on the contrary, is now much more severe. Of course, pure equity considerations

(a positive value of 1/0) may well be more relevant in educational than in tax policy.
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7 Conclusion

This paper has studied how progressive income taxation and education ..nance acect the level
and distribution of income in a dynamic heterogeneous agent economy. The model was ..rst
solved analytically, then quantitative policy exercises were performed. A simple combination of
consumption taxes and education subsidies can help restore investment to its undistorted level.
Whether or not this additional policy instrument is used, education ..nance always dominates taxes
and transfers from the point of view of growth, but is inferior from that of insurance. Simulating
the model with empirical parameter estimates leads to generally reasonable results. For the
benchmark speci..cation e€ciency is maximized with transfers equal to 14% of GDP, or with a
68% equalization rate for school expenditures. In both cases the richest 30% of families end up
subsidizing the education (and possibly the consumption) of the remaining 70%, whether through
school ..nance or through the ..scal system. More generally, the e€¢ciency costs and bene..ts of
redistribution remain of the same order of magnitude over a wide range of parameters values, so
that omitting either side can seriously bias the policy analysis. Another robust conclusion is that
per capita income and average welfare provide only crude lower and upper bounds around a more
proper (risk—adjusted but distribution—free) measure of overall e¢ciency.

The model’s analytical structure has a number of advantages, which hopefully justify the
strong simplifying assumptions which lie behind it. One is the transparency of the insights ob-
tained from complete closed—form solutions. Another is allowing anyone to easily generate alter-
native policy assessments, by replacing in the formulas our parameter choices with their preferred
values. Finally, the model can be extended in several interesting directions. One could thus
analyze ..scal and educational policy jointly rather than separately, and look for the optimal mix
which alleviates the imperfections in the credit and insurance markets with minimal distortions.
Another route is to endogenize the degree of redistribution through a political mechanism. This
is pursued in Bénabou (1996b), which seeks to explain how countries with similar economic and

political fundamentals can nonetheless choose very dicerent ..scal and education systems.
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Appendix

A Proofs for the Case of Income Taxation

Proofs of Propositions 1, 2 and 3

The ..rst—order condition for the optimal savings rate in (9) is:

1-— P _ Et [(Ut+1)r(61n Ut+1/811’1 h/>(6h’l h’/au)]
11—y P E¢[(Us+1)"]
vi — _ pB B [(U41)"(OIn U1 /0 In h)]
l—vy  1—p % E[(Uir)"] (Al)

while for labor supply it is:

Ey [(Unp1)™ (@10 Uyt /010 1) (00 B /1)
Ee[(Ut41)"]

pi <Et [(Ut+1)”(61nUt+1/81nh’)]ﬂ

1—p E[(Ut41)"] '

We guess that the value function is of the form: In U} = V; In hi+ B;. Substituting into the Bellman

(1= p) =1 —7) (/D) +onl" ] =p

il = (1 — 71) [1 ¥ (A2)

equation yields:

Vilnhy + B; = mlax{(l —p+pBVir1) (I —7m)plnl — (1 —p)é ()"}
—l—mfxx{(l —p)In((1—v)/(1+6;)) + pBVip1 In(ve (1 + az))}
FL0 = A= 70) + pVisa(a 4 BA1 — 7o) ki + (1~ p+ pBVisa)re In i

~(p/7) [rVirr (1 = V)5 /2] + p(Bisa + Vi ). (A3)

This problem is strictly concave in v, as well as in [ given n > 1 (strictly quasiconcavity in [ is
even ensured for all » > 0). Therefore, if (A3) does hold, the ..rst-order conditions are su&cient
to characterize the optimum. Moreover, in this case (Al)-(A2) immediately simplify to yield

Propositions (2) and (3). Now, (A3) requires that
Vi=(1=p)A =7)A+ pla+ BA(L = 70)) Vi, (Ad)

which yields (12). As to By, it is given as the solution to the direrence equation:
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By —pBi1 = (1=p+pBVig1) (I —7)pnly — (1 = p) 6(1;)" + pVig1Ink (A5)
+(1 = p)In((1 = v¢) /(1 + 601)) + pBVis1 In(ve(1 + ar))

+(1 = p+ pBVir1) G — (p/7)[rVira (1 — 7Vig))s? /2. (A6)

with the transversality condition lim;_, (e—PtBt) = 0, which implies that B, equals the present
value of the right—hand side terms. To simplify further, note that since all agents have the same

I = I; and v = v, one can write:
Inhi =&, +Ink+ Blns, + Bu(l — ) Inly + (a+ BA(L — 7¢)) Inh} + BreIng, (A7)

where s; = v4(1 + a;). Thus ki remains log-normally distributed over time. If In hi ~ N (my, A?),

then (7) yields for g, the value given by equation (27). Substituting into (A7) yields (25)—(26).
Let us now de..ne W; = Vi my + By, so that Vi(h) = Vi (Inh — m) + W,. Substituting B; =

Wi — Vimg into (A5), then using (25)—(26) to eliminate m;,; and Afﬂ, the budget constraint

(17) to eliminate 6;, and (27) to eliminate In 7;, we obtain:

Wi—pWirr = (1—=p+pBVit)(1 —m)ulnly — (1 —p)6 ()" + pViy1 Ink
+(1 = p)In(1 = s¢) + pBVis1Ins, — (p/7)[rViga (1 — 1Vis1)]s% /2
+(1 —p+ pBVig1)Ts [)\mt +plnl + (2 - Tt))\2A%/2] + Vimy

—pVis1 [(a+ BN)my + Bulnl, + By (2 — T)A2AZ/2 4 Blns; +Ink — 52/2] .

Therefore, denoting W, = W;/(1 — p) :

Wi — oW1 = plnly — 6 (1) +1In(1 — s¢) + My +74(2 — 1) A AZ /2 +7p(1 — p) V2 152/2, (A8)

where we used the recursion equation (A4) to simplify the coe@cient on m;. Thus:

W, = Wy/(1—p) = Zpk ()\mHk +pInlpp g+ Tk(2 — 7't+k))\2At2+k/2)
k=0

+> 0 (1= sp4x) = 6 (lpn)" +7p(1 = p) V2 157/2) - (A9)
k=0

It just remains to compute 3%, p' (Amy + plnly 4+ 74(2 — 7,)A*A?/2) as a function of the initial

distribution (mg, A3) and the policy sequence {7+, at, 0;}:°,. Now, (25) implies:
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Zpt()\mt +plnly + 74 (2 — 7)) N2A2/2)
=0

= (1—pla+pBN)" ()\mo + p)\ipt(ﬂlnn —s2/2+ Blnst)>

=0
+ (1 4+ pBAL — p(a+ BN) ™ (Zpt,ulnlt+7't( Tt))\ZA?/Q]).
t=0

So, ..nally:

_ 1 — pa
We = 1—p oz—i—ﬁ)\ Zp [( a—l—ﬁ)\))“lnlt*k 6lt+k:|

+Zpk [r(l — ) Vi — 1(++5)\] < ) T Zpk<ln (1= st4k)
k=0

k=0

pA(Ink + Blnsg k) 1— pa \2ZA .
i 1 —p(a+ BA) >+(1 a+5)\>zp [Tt+k — Titk) 2”].(A10)

In particular, under a constant policy {r: = 7}°, aggregate welfare simpli...es to:

2 A2 232
Wo = mo(r) + (1= p)a(r) (552 +p0u(r) (557 (A1D)
where

_ A1 =p)ymo+ p(Ink + Flns)] 1 — pa
(1) = . —Op(a s +1In(1 —s) + (W) pwlnl(r) —81(r)",

_ 1—pa T(2—17)
falr) = <1 p(a+ﬁk)> <1 pp(7)2> ’

B 1/ 1—7 \?
Wr) = )~ T 0 ()

In steady-state it simpli..es further, as A2 becomes equal to A2 (1) = s2/(1 — p(7)?).

Proof of Proposition 4

Let us now examine consumers’ preferred time paths of consumption taxes and associated
investment subsidies {0;x, a1} 52, given any expected redistribution path {7, }2° ;. Note that
once the 6,,’s are eliminated from the budget constraint (17), choosing {a;1}7>, is equivalent
to choosing {s;x = vik (1 + arr) }52,- Since an agent’ i’s utility is InU; = V; (In ki — my) + W,
and V; is independent of {0, a;11};2,, all agree on the optimal path of {s;,+}3°,, namely the

one that maximizes aggregate welfare 1W;. By (A10), this sequence is given by:
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1— A A A
pla+BA) _ pB Lo spp = poN
1 -5k Siik 1 —pa

Proof of Proposition 8
Let = be a normal random variable with mean m, variance A2, and c.d.f. therefore equal to

F(z) = ®((x —m)/A). By direct computation one easily establishes that, for any 6 and A € in R,
0 2
/ AR (z) = MM P9 — AA?). (A12)

—00

Consider now the Iog—normal variable y = ¢*. Its c.d.f. is G(y) = (ln y), and the corresponding

Lorenz curve is T'(r (fo 0 ydG(y )/(fo ydG(y)) = (fo e dF ( ))/(ff"oo e”%lF(x)).

Applying (A12) with A =1 and 6 = F~1(r) = m + A®~!(r) yields the claimed result.

Proof of Proposition 9
First, observe that (36) follows directly from (A8) and (24), given the de..nition of & in (35).

Turning now to the proposition itself, we can rewrite (A8) at ¢t = 0 as:
Wo/(1 — Zp Iny, — (1 —7¢)2A2A7/2 — 6 (I)" + In(1 — 5) +7p(1 — p) V2152 /2) =

Ey/(1—p EZpt Iny — 6 ()" +In(1 — s¢))
t=0

el L Ny a(H A
+;p<1 w[p(l p><1pp(m) (2) 2+(gp<k>>2]-

Now, from (26) we know that

t—1 t t—1
A} = <H pm)?) Af+ (Z pm)?) 52 (A13)
k=1 k

k=0 =1q=

Therefore:

~ B t i1 22
%:Zptlnyt—é(lﬂ )]—i—lnl 5 +Zp 1 Tt> (%ZHP(T@?) <)‘2 )
t=0 1=0 et
(Al4)

With a constant rthe last present value, times 1 — p, becomes —p(1 — 7)2¢(,7)\%s% /2, where

1 r(l-p) = PEp()?—2(7))
1—pp(T)? (1- pp(n)P) 2 9(r1) = (1= pp(1)?)(1 — pp(74))?

o(r,7) = (
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with strict inequality for all p(7) < 1. This establishes the proposition, together with the fact that
the risk premium is always positive and minimized at = = 1.

Finally, we prove the second result in the proposition. From (All) and (37), we have:

Wo = ao(r) +(1-p)0(r) (Azfg) T p0u(r) (”;2) , (Al5)
= (o) (2

First, it is easily veri..ed from (14) and (16) that u((0) = 0; this holds whether the investment
rate is s or v(7). Next, straightforward but somewhat tedious derivations show that s (0) +
(0/07),—o [(L=7)2/ (1 = pp(7)?)] > 0, with strict inequality unless p3\ = 1; and that €2,(0) > 0,

with strict inequality unless a + 3\ = 1. Therefore E(0) > 0, hence 773, > 0.

B Proofs for the Case of Education Finance

Proofs of Propositions 5 and 6

The ..rst—order condition for the optimal savings rate in (9) is unchanged:

l—p  E[(Um1)"(0InUpy /OO I /OV)]
1—v, 7 Ec[(Urr1)"]
R R T ®Y)
while for labor supply it becomes:
(1= P/l + g1 = pt [(U’*“)T(al“é]{&}ti ?;?]h/)(mn "/00)]
omly = u[1+p5(1—rt)<Et [(Ut+1)|;’t([<?£+lﬁt]1/6lnh/)])]_ (B2)

We guess once again that the value function is of the form: InU} = V; Inh! + B,. Substituting

into the Bellman equation yields:

Vilnhy + By = mlax{(l —p+pB(l—7)Veg)plnl — (1 —p)o ()"}

+max {(1 = p)In((1 = »)/(1+6:)) + pBVip1 (w4 (1 + ar)) }
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+[(1 = p)A + pVira(a + BAA = 70))] In oy + (pBVi1) T In g

—(p/r) [PVerr (1 = rVig1)s? /2] + p(Bis1 + Vig1 In k). (B3)

Thus:
Vi=(1—=p)A+pla+ BA1 — 7)) Vis1, (B4)

which yields (20), as claimed. Proposition 6 then follows immediately from the ..rst-order con-
ditions (B1)—(B2), which are again su¢cient. The transition equation for In i, the formula for
In ; and dynamics of the distribution (m;, A?) remain unchanged from the case of income taxes.

Finally, B; is given as the solution to the dicerence equation:

By —pBii1 = (1—p+pB(l—71)Vir)plnly — (1= p)6(l))" + pVir1Ink
+(1 = p)In((1 = ve) /(1 +64)) + pBVir1 In(ve(1 + ar))
H(pBVisn) Wi — (pfr) [P Via (1 — 1Virn)]52/2 (85)

with the transversality condition lim;_, (e—PtBt) = 0, which implies that B, equals the present
value of the right-hand side terms. De..ning again W; = V; m; + By, so that Vi(h) = V; (Inh —
m) + W;, then substituting the budget constraint (17) as well as Ing, from (27), we obtain:

Wi—pWipr = (1—p+pB(1—71t)Ver)ulnly — (1 —p)6 (It)" + pVer1 Ink

+(1 = p)In(1 = ) + pBVisrIns, — (p/7)[rVer1 (1 = rVis1)]s” /2

+(pBVes1)Te [Amy + plnly + (2 — 1) N*AF /2] + Vimy

—pViy1 [(a+ BN)my + Bulnly + By (2 — T)AN2AZ/2 4 Blns; +Ink — 52/2] &
Wi—=pWipr = (1 —p+pB(1—71)Vir)pulnly — (1 — 74)pBVisa (pnly)

+74(2 — TN AL /2[pBVis1 — pBVis1] + mu[Vi — pViga(a + BA(L — 7¢))]

+(1 = p)In(1 = 5¢) — (1 = p)8 (I)" + (prViiy)s?/2,
where we used (B4) to simplify the coe¢cient on m;. Thus, denoting again W, = W, /(1 — p) :

Wi — pWit1 = plnly — 8 (1) + In(1 — s¢) + Amy +rp(1 — p) V2 5%/2, (B6)
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and ..nally:
Wy = Zpk(Amt+k + plnleyr) + Zﬂk (In(1 = sg4%) — 6 (L) + rp(1 — p) " V2 415°/2) .
k=0 k=0

It just remains to compute >°7°  pF(Amy ik + plnliyy) as a function of the initial conditions

(mo, A2) and the policy sequence {7+, at, 0;}5°,. Now, (25) implies:

Zpt (Amg+plnly) = (14 pBA(L — pla+ BN))” (Zp ,ulnlt) + pla+ BA) 1
=0

t=0

X <)\mo + p)\Zpt(an —5%/2+ Blns; + Bre (2 — Tt))\2At2/2)> .

t=0

So, ultimately:

- & _l—pa
M Ty Zp K a+m))“lnlt+k 6lt+k}

o ) () S (0

k=0

pAInk + Glnsgyy) pBA )\QA?M
U CENGY > " (1— (a+ BA) >Zp lmk ~Tek)— |- (B7)

Proof of the Education Finance Analogue of Proposition 4

Once again, choosing {0k, a;+1}7>, subject to the budget constraint (17) is equivalent to
choosing {s;4x = Ve (1 + arer) 152, Since an agent’ i’s utility is In U} = V; (In h{ —m,) + W, and
V; is independent of {0k, a;11}:2, all agree on the optimal path of {s,,.}72,, namely the one
that maximizes aggregate welfare W,. By (B7), this yields s, = s once again.
C Aggregate E€ciency: the Case of Education Finance
By Proposition 5, the intertemporal utility of an agent 7 in period zero can be written as:

InU§ = (Zp Hka.> (Inhf —mo) + Y _ p' (In Wy — pIn Wiy).
t=0 = t=0

The certainty—-equivalent sequence {c;}$°,, to the random stream {c:}°, is now de..ned as:
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t—1
Inc; —6(L;)" = A (H P(ﬂc)) (In hy — mo) + (Wi — pWig1)/(1 = p). (C1)
k=0

Given (A8) and (24), this implies once again that In¢c} and Eg [Inc} | h{)] are related by (36). As

to the aggregate certainty—equivalent consumption, it is now equal to:

1 1 t—1
InC; =1In (/ c dz’) = / Ine di + [ [ p(re)* A2 A3 /2. (C2)
0 0 k=0

Finally, economic e¢ciency is de..ned as before: Ey = (1—p) 352, pt{ln C; — 6(1;)"]. The following

results underlie the claims of Proposition 11 in the text.
Proposition 12 The aggregate e¢ciency of a sequence of education ..nance equalization rates

Eo=Wo+(1-p (ip Uka ><AA )

Under a constant educational policy 7, this becomes:

= tn n(l — . B ates) s
;pl ye — 0(1)")] +In(1 — 5) — (1pp(7’)2 (1pp(7))2>< 2 )

Proof of Proposition 12

{T}2, equals:

We can rewrite the equation for W; at t = 0 as:

Wo/(L=p) = > o (g = NAF/2 -8 (1)" +In(1 —s0) +rp(L — p)"'Vi,5%/2) =

t=0
oo

Eo/(1—p) = Y p'(Ing—6(1)"+1n(l —s))
- e’} Lo B ; 2 S_Q 7A_2 t—1 7_ ) A_%
;pA [Tp(l p><1pp(n)> <2> 2 +<,€1i[0p( k)> 2]'

Substituting (A13) into the last term, we obtain the analogue to (A14) but with the (1 — 7;)2’s
replaced by 1. Under a constant policy, in particular, this yields the claimed result. Similar deriva-
tions can be carried out for any social welfare function associated to an interpersonal elasticity of

substitution o, hence the results which parallel those of Proposition 10.
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1. Fiscal Redistribution: Benchmark Case
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2. Benchmark Case (continued)
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3. Varying the Labor Supply Elasticity
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4. Varying the Return to Investment
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5. Varying the Family or Peer Effect
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6. Varying the Degree of Risk-Aversion and the Discount Factor
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7. Education Finance: Benchmark Case
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8. Benchmark Case (continued)
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9. Varying the Labor Supply Elasticity
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10. Varying the Return to Investment
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FigurelOb.Efficiency, for g\ = .15, .20, .25, .30, .35 (bottom to top)



11. Varying the Family or Peer Effect
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Figure 11a. Aggregate Income, for o =0, .25, .35, .45, .50 (bottom to top)
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Figure 11b. Efficiency, for a =0, .25, .35,.45, .50 (bottom to top)



12. Varying the Degree of Risk-Aversion the Discount Factor
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Figure 12a. Efficiency, for 1-r=0,1,2,3, 4 (bottom to top)
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Figure 12b. Efficiency, for p = .2, 4, .6, .8 (bottom to top)



a\° 0 .10 .20 .30 .50 1 2 00 %
- 0 0 0 0 0 0 0 TV
0 - 0 0 0 0 0 0 0 TS
100 63.7 54.5 49.1 429 35.9 31.2 24.8 TE
100 75.9 68.9 64.6 59.2 52.8 48.1 41.1 T
71.7 13.6 0 0 0 0 0 0 TV
10 71.7 36.1 26.5 21.3 15.6 9.8 6.1 1.6 Ty
) 91.2 61.7 52.7 47.3 40.9 33.5 28.7 20.9 )
96.0 73.6 66.5 62.1 56.5 499 44.8 374 Tw
68.6 31.0 15.3 5.2 0 0 0 0 TV
20 68.6 42.0 32.8 273 20.9 13.7 8.8 2.0 TS
) 84.2 59.0 50.2 4.7 38.1 304 24.7 16.6 TE
91.6 70.8 63.5 59.0 53.3 46.4 41.1 33.3 Tw
66.8 34.5 209 121 1.2 0 0 0 TV
25 66.8 429 34.0 28.6 22.2 14.9 9.6 0 T
) 80.8 57.3 48.5 43.1 36.5 28.7 22.8 14.5 TR
89.1 69.0 61.7 57.1 51.4 4.4 39.1 31.1 T
64.8 36.4 244 16.8 7.3 0 0 0 TV
30 64.8 43.0 344 29.2 22.9 15.6 10.3 2.7 T
) 774 55.2 46.6 41.3 34.7 26.8 21.0 12.6 )
86.4 67.0 59.6 55.0 49.2 42.2 36.9 28.9 T
62.3 374 26.6 19.9 11.7 2.0 0 0 TV
35 62.3 424 34.2 29.2 23.1 16.0 10.8 0 TS
) 73.6 52.8 444 39.1 32.6 24.9 19.1 10.9 TH
83.3 64.6 57.2 52.6 46.8 39.8 34.5 26.7 W
59.4 37.1 27.8 21.9 14.6 6.1 0 0 TV
40 59.4 41.7 33.8 20.1 23.5 16.8 11.9 4.9 Ty
) 68.6 50.4 42.6 37.6 31.5 24.2 18.7 10.8 TE
79.7 62.8 55.8 514 45.8 39.1 34.0 26.4 Tw
Table I: Fiscal Redistribution
Values of (73,7%, 7%, Ty ) in %, for different
combinations of € and SA; benchmark case in bold.
TV maximizes aggregate income and consumption
T maximizes utility from aggregate consumption and leisure
TE maximizes overall efficiency
Tw maximizes aggregate welfare
€ intertemporal elasticity of substitution in labor supply
BA elasticity of earnings to educational investment




Ba\¢ 0 .10 .20 .30 .50 1 2 00 %
72.9 70.5 68.5 66.8 64.2 59.8 55.5 46.9 TV
05 72.9 72.8 72.6 72.5 72.3 72.0 1.7 71.1 TS
) 76.4 76.2 76.1 76.0 75.8 754 75.2 74.5 TE
98.0 97.8 97.7 97.5 974 97.0 96.7 96.1 Ty
71.7 69.2 67.1 65.4 62.6 58.2 53.8 45.1 TV
10 7.7 71.3 71.0 70.8 70.4 69.7 69.1 67.8 TS
) 75.1 74.7 74.5 74.2 73.8 73.2 72.5 71.3 TE
96.0 95.6 94.3 95.1 94.7 94.0 93.4 92.1 T
68.6 66.0 63.8 62.0 59.1 54.5 50.0 41.2 TV
20 68.6 67.9 67.3 66.8 65.9 64.5 63.2 60.6 TS
) 72.0 71.2 70.6 70.0 69.2 67.8 66.5 63.8 TE
91.6 90.9 90.3 89.7 88.9 87.6 86.3 83.8 T
66.8 64.1 61.9 60.0 57.0 52.3 47.8 39.2 Ty
25 66.8 65.8 65.0 64.3 63.3 61.5 59.8 56.5 TS
) 70.1 69.1 68.2 67.6 66.5 64.7 63.0 59.6 TE
89.1 88.2 874 86.8 85.8 84.1 82.5 79.3 T
64.8 61.9 59.6 57.7 54.7 50.0 45.5 37.1 Ty
30 64.8 63.5 62.5 61.7 60.3 58.2 56.1 52.1 TS
‘ 67.8 66.6 65.6 64.7 63.4 61.2 59.1 55.1 T%
88.4 85.3 83.3 83.5 82.3 80.3 78.3 74.5 Tw
62.3 59.4 57.0 55.1 52.0 47.3 429 34.9 TV
35 62.3 60.8 59.6 56.8 57.0 54.5 52.0 474 T
’ 65.3 63.8 62.5 61.5 59.9 57.3 54.9 50.2 TR
83.3 81.9 80.8 79.9 78.4 76.0 73.7 69.2 W
59.4 56.4 54.0 52.0 48.9 44.3 40.0 32.5 TV
40 59.4 57.7 56.2 55.0 53.2 50.3 475 42.5 Ty
) 62.7 60.4 58.9 57.7 55.8 52.9 50.1 44.9 TE
79.8 78.0 76.7 75.6 73.8 71.1 68.4 63.4 Tw
Table II: Education Finance Redistribution
Values of (73, 7%, 7}, T3y) in %, for different
combinations of € and 8); benchmark case in bold.
TS maximizes aggregate income and consumption
TS maximizes utility from aggregate consumption and leisure
TE maximizes overall efficiency
W maximizes aggregate welfare
€ intertemporal elasticity of substitution in labor supply
BA elasticity of earnings to educational investment




