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ABSTRACT

Asset Prices with Heterogeneity in Preferences and Beliefs*

In this paper, we study asset prices in a dynamic, continuous-time, general-
equilibrium endowment economy where agents have “catching up with the
Joneses” utility functions and differ with respect to their beliefs (because of
differences in priors) and their preference parameters for time discount, risk
aversion, and sensitivity to habit. A key contribution of our paper is to
demonstrate how one can obtain a closed-form solution to the consumption-
sharing rule for agents who have both heterogeneous priors and
heterogeneous preferences without restricting the risk aversion of the two
agents to special values. We solve in closed form also for the state-price
density, the riskless interest rate and market price of risk; the stock price,
equity risk premium, and volatility of stock returns; the term structure of
interest rates; and the conditions necessary to obtain a stationary equilibrium
in which both agents survive in the long run. The methodology we develop is
sufficiently general that, as long as markets are complete, it can be used to
obtain the sharing rule and state prices for models set in discrete or
continuous time and for arbitrary endowment and belief updating processes.

JEL Classification: G11 and G12
Keywords: asset pricing and general equilibrium

Harjoat S. Bhamra

Sauder School of Business
University of British Columbia
2053 Main Mall

Vancouver BC

CANADA

Email:
harjoat.bhamra@sauder.ubc.ca

For further Discussion Papers by this author see:

www.cepr.org/pubs/new-dps/dplist.asp?authorid=160622

Raman Uppal

Edhec Business School
10 Fleet Place, Ludgate
London EC4M 7RB

Email: raman.uppal@edhec.edu

For further Discussion Papers by this author see:
www.cepr.org/pubs/new-dps/dplist.asp?authorid=135807



*We are grateful for detailed comments from Michael Brennan, Bernard
Dumas, Francisco Gomes, and Burton Hollifield. We would also like to
acknowledge suggestions from Karim Abadir, Suleyman Basak, Pierluigi
Balduzzi, Oliver Berndt, Andrea Buraschi, Georgy Chabakauri, David
Chapman, Joao Cocco, Jaksa Cvitani¢, James Dow, Lorenzo Garlappi, Alan
Kraus, Igor Makarov, Semyon Malamud, Anna Pavlova, Greg Vilkov, Hongjun
Yan, and Yingzi Zhu, and from seminar participants at Boston College, Ecole
Polytechnique Fédérale de Lausanne, European Summer Symposium on
Financial Markets at Gerzensee, Imperial College, Jackson Hole Finance
Group, London Business School, London School of Economics, University of
Cambridge, University of Oxford, University of Mannheim, Tel Aviv University,
University of Pennsylvania, University of St. Gallen, the 2009 UBC Summer
Finance Conference, the 2010 meetings of the American Finance Association,
the European Finance Association, and the Jackson Hole Finance Group.

Submitted 23 April 2013



1 Introduction and Motivation

Two key characteristics of economic agents are their beliefs and preferences. Our objective in
this paper is to study the effect of heterogeneity in both of these characteristics on the choices of
individual agents and the resulting asset prices. The agents we study have different beliefs about the
growth rate of the aggregate endowment process and catching up with the Joneses utility functions
with different parameters for patience, risk aversion, and sensitivity to the historical standard of
living. We show how to solve in closed form for optimal policies and asset prices of the stock and
bond in a general equilibrium stochastic dynamic exchange economy with heterogeneous agents.
This allows us to identify the strengths and limitations of the model with heterogeneity in both

preferences and beliefs.

The importance of studying models with heterogeneous agents rather than a representative
agent has been recognized by both policymakers and academics. For instance, the April 15, 2010
issue of the Economist describing the Soros-sponsored conference on “The Economic Crisis and the
Crisis in Economics” says that, “The conference rehearsed many familiar complaints, bashing ...
the use of representative agents (a kind of economic Everyman, whose behavior mimics the macroe-
conomy in microcosm).” Hansen (2010) in his talk at this conference lists one of the challenges for
macroeconomic models to be “Building in explicit heterogeneity in beliefs, preferences ....” Stiglitz
(2010) in his presentation at the same conference also criticizes the representative agent model and
highlights the importance of heterogeneous agents as a key modeling challenge. Sargent (2008), in
his presidential address to the American Economic Association, discusses extensively the implica-
tions of the common beliefs assumption for policy, and Hansen (2007, p. 27) in his Ely lecture says:
“While introducing heterogeneity among investors will complicate model solution, it has intriguing
possibilities. ... There is much more to be done.” Empirical work by Beber, Buraschi, and Breedon
(2009), Berrada and Hugonnier (2011), Buraschi and Jiltsov (2006), Buraschi, Trojani, and Vedolin
(2009, 2010), and Ziegler (2007) also suggests the importance of allowing for heterogeneous beliefs

and preferences in models of asset pricing.

A key contribution of our paper is to demonstrate how one can obtain a closed-form solution
to the consumption-sharing rule for agents who have both heterogeneous priors and heterogeneous

preferences without restricting the risk aversion of the two agents to special values.! In the case

1Our work can be viewed as complementary to that of Calin, Chen, Cosimano, and Himonas (2005), who provide
an analytic representation (that is, a convergent power series) for the price-dividend function of one state variable



of two agents, the consumption-sharing rule is a non-linear algebraic equation, which reduces to
a polynomial of degree 7 if the ratio of the risk aversion of one agent to that of the other is a
natural number. If 1 equals two, three or four, then this polynomial equation can of course be
solved in closed-form. We show how to construct a closed-form solution for all real values of 7
using a theorem due to Lagrange, and we solve in closed form for the interest rate and market
price of risk, and express the stock price, equity premium, volatility of stock market returns, and
the term structure of interest rates as deterministic one dimensional integrals, when agents have
heterogeneous preferences and beliefs. Thus, the model we analyze nests the models that consider
an exchange economy with agents who have expected utility with different degrees of risk aversion,
such as Wang (1996), Bhamra and Uppal (2009), and Weinbaum (2012), models with “catching
up with the Joneses” utility functions, as in Chan and Kogan (2002) and Xiouros and Zapatero
(2010), and models where agents have expected utility with heterogeneous beliefs, for instance,

Basak (2005) and Yan (2008).

The methodology we develop is sufficiently general that, as long as markets are complete, it
can be used to obtain the sharing rule and state prices for models set in discrete or continuous time
and for arbitrary endowment and belief updating processes. We consider the “catching up with the
Joneses” utility function that has external habit but in contrast to Chan and Kogan (2002) and
Xiouros and Zapatero (2010), we allow the sensitivity to the historical standard of living to be agent-
specific. Our specification nests isoelastic and logarithmic utility functions, and is straightforward
to apply to other time-additive utility functions, such as exponential and quadratic utility. Given
the ubiquity of nonlinear sharing rules in solutions to problems in economics, finance and decision
theory (see Peluso and Trannoy (2007) for examples of such problems), the approach we develop

can be applied also to other problems, which previously would have called for numerical methods.

The paper that is closest to our work is Cvitani¢, Jouini, Malamud, and Napp (2012), which
also studies asset prices in an economy where agents have expected utility and differ with respect
to both beliefs and their preference parameters. Their paper provides bounds on asset prices and
characterizes prices in the limit when only one agent survives. However, it does not provide closed-

form solutions for these quantities. In fact, Cvitani¢ and Malamud (2009b, p. 3) write that:

in an economy with a single representative agent whose utility function displays habit formation, and to Garlappi
and Skoulakis (2011), who show how to exploit Taylor series expansions to solve portfolio choice problems in partial
equilibrium.



“when risk aversion is heterogeneous, SDF [stochastic discount factor] is the solution
to highly non-linear equation (1) [in their paper], and no explicit solution is possible,

except for some very special values of risk aversion; see, for example, Wang (1996).”

In contrast to Cvitani¢, Jouini, Malamud, and Napp (2012), we provide a closed-form solution for
the stochastic discount factor without restricting the risk aversion of the two agents to special values
and also allowing for learning. In particular, we show how the stochastic discount factor can be
expressed as a weighted average of stochastic discount factors from a set of underlying single-agent
economies.? Muraviev (2012) extends the analysis in Cvitanié, Jouini, Malamud, and Napp (2012)
to the case with learning and where agents have “catching up with the Joneses” utility functions
considered in Chan and Kogan (2002) but where the sensitivity to the historical standard of living

is agent specific, while Borovicka (2012) extends the analysis to the case of recursive preferences.

Most of the other papers in the existing literature with heterogeneous agents allow for either
differences in beliefs or differences in preferences. We first discuss the literature that considers het-
erogeneity in beliefs and then the literature that considers differences in preferences. Essentially,
there are two ways to generate heterogeneity in beliefs. In the first approach, agents receive dif-
ferent information. This is the classical approach, adopted in the early noisy-rational-expectations
literature with asymmetric information.? In this class of models, one group of (informed) agents
receives private signals and then there is a second group of agents (noise-traders), which trades
for exogenous reasons and thereby prevents the price from fully revealing the private information
of the informed agents. The second approach for generating heterogeneity, which is the one we
adopt, is to have agents who “agree to disagree” about some aspect of the underlying economy, and
in this class of models it is assumed that agents do not learn from each other’s behavior. Morris
(1995) provides a good philosophical discussion of this modeling approach.* Excellent reviews of

this literature are provided in Basak (2005) and Jouini and Napp (2007).

2We should point out that, in contrast to our analysis, which is for the case of two agents, the limit analysis of
Cvitanié, Jouini, Malamud, and Napp (2012) considers an economy with more than two agents and derives interesting
implications for the term structure of interest rates.

3See, for instance, Grossman and Stiglitz (1980), Hellwig (1980), Wang (1993), and Shefrin and Statman (1994)).

4Examples of papers using such models of incomplete information include Basak (2000), Beber, Buraschi, and
Breedon (2009), Berrada (2006), Borovicka (2012), Buraschi and Jiltsov (2006), Buraschi, Trojani, and Vedolin
(2009, 2010), Cecchetti, Lam, and Mark (2000), David (2008), David and Veronesi (2002), Duffie, Garlednu, and
Pedersen (2002), Dumas, Kurshev, and Uppal (2009), Gallmeyer (2000), Gallmeyer and Hollifield (2008), Kogan,
Ross, Wang, and Westerfield (2006), Scheinkman and Xiong (2003), Veronesi (1999), Xiong and Yan (2010), Yan
(2008), and Zapatero (1998). Yan (2008) also studies a model where agents have both heterogeneous beliefs and
preferences, but he solves for asset prices in terms of exogenous variables only for the case where both agents have
the same risk aversion, which is a natural number (see his Proposition 3).



We now discuss the literature on the effect of heterogeneous preferences on asset prices. The
effect of different time-discount factors on the efficient allocation of consumption is studied in Gollier
and Zeckhauser (2005). The effect of heterogeneity in risk aversion on asset prices is examined
in several papers, most of which assume that investors have expected utility.” In contrast to
these papers that assume investors have expected utility, Chan and Kogan (2002) and Xiouros
and Zapatero (2010) study asset prices in an economy where agents have “catching-up-with-the-
Joneses” preferences, where habit formation ensures that the model is stationary. And, finally there
are papers that work with Epstein and Zin (1989) recursive preferences that allow for a distinction

between risk aversion and the elasticity of intertemporal substitution.®

When there are multiple agents who differ in their risk aversion, there is no paper in the litera-
ture that provides a complete characterization of equilibrium that is exact and entirely analytical.
For example, for the case of expected utility, Wang (1996) provides closed form expressions for
only particular parameter values; Kogan and Uppal (2001) characterize the equilibrium in produc-
tion and exchange economies approximately using perturbation analysis in the neighborhood of log
utility; Bhamra and Uppal (2009) and Tran (2009) study stock-market-return volatility, but solve
numerically for volatility; Dumas (1989) solves numerically for the interest rate in a production
economy; for the case of “catching-up-with-the-Joneses” preferences, Chan and Kogan (2002) rely
on numerical solutions, and the working-paper version of Chan and Kogan (2002) provides ap-
proximate analytic results in the neighborhood of log utility using perturbation analysis. Xiouros
and Zapatero (2010) provide an expression for the value function of the central planner assuming
a Gamma distribution for the risk tolerances of the investors, but asset prices are obtained using
numerical methods. The models in Guvenen (2009), Isaenko (2008), and Gomes and Michaelides

(2008) are also solved using numerical methods.

SFor example, Dumas (1989) studies the riskfree rate and the risk premium in a production economy; Wang (1996)
examines the term structure in an exchange economy; Basak and Cuoco (1998) and Kogan, Makarov, and Uppal
(2007) analyze the effect of constraints on borrowing and short-sales on the equity risk premium in an exchange
economy; Bhamra and Uppal (2009) and Tran (2009) examine the volatility of stock market returns; Benninga
and Mayshar (2000) and Weinbaum (2009) study option prices; Longstaff and Wang (2012) investigate the relation
between open interest in the bond market and stock market returns; Cvitani¢ and Malamud (2009a,b,c) consider
equilibrium with multiple heterogeneous traders who maximize utility of only terminal wealth; and, Garleanu and
Panageas (2008) study the effect of heterogeneous preferences in an overlapping-generations model that leads to a
stationary equilibrium.

SFor example, Guvenen (2009), studies asset pricing in a model with heterogeneity in elasticity of intertemporal
substitution, Isaenko (2008) studies the term structure in a model where agents differ in both their risk aversion and
elasticity of intertemporal substitution, and Gomes and Michaelides (2008) study portfolio decisions of households
and asset prices in a model where agents are heterogeneous not just in terms of preferences but are also exposed to
uninsurable income shocks in the presence of borrowing constraints.



The rest of the paper is arranged as follows. In Section 2, we describe our model of an exchange
economy with heterogeneous agents. The equilibrium consumption-sharing rule, derived by solving

’ is given in Section 3 along with the state price density. Section 4

the problem of a “central planner,’
gives the dynamics of the state price density, which are defined in terms of the risk-free rate and
the market price of risk. Asset prices, including the stock price, the volatility of stock market
returns, and the equity and term premium are given in Section 5. In Section 6, we show how to
price financial assets when the logarithm of aggregate endowment and agents’ beliefs follow general
affine processes, instead of the geometric Brownian motion assumed for the endowment process
and the exponential martingale process assumed for beliefs in the previous section. We conclude
in Section 7. Our main results are highlighted in propositions, results for special cases are given

in corollaries, and detailed proofs for all the results, including a statement of Lagrange’s Theorem,

are provided in Appendix A.

2 The Model

In this section, we describe the features of the economy we are considering. We consider a
continuous-time, pure-exchange, Arrow-Debreu (complete markets) economy with an infinite time
horizon. There is a single non-storable consumption good that serves as the numeraire and is
modeled as an exogenously specified stochastic endowment process, Y; that is defined on a filtered

probability space (2, F, {F:},P).

There are a large number of investors in the economy. These investors are of two types, which
we denote by k € {1,2}. We adopt the convention of subscripting by k& the quantities related to
agents of type k, where k € {1,2}. In order to be concise, instead of referring to these investors as

“agents of type 1 and 2,” we simply call them Agent 1 and Agent 2.

The utility function of Agent k is denoted by Uy and the beliefs of Agent k are denoted by the
probability measure P*. Our model differs from the standard representative-agent Lucas (1978)
model along two dimensions: first, preferences of the two agents are heterogeneous; second, the
two agents may not have the correct beliefs about the aggregate endowment process, and the
beliefs of one agent may differ from those of the other. The sharing rule of the investor and the

equilibrium state price density do not depend on the particular processes chosen for the dynamics of



endowments and beliefs.” The only assumption we need for the results regarding static quantities
such as the sharing rule and the state price density is that financial markets are dynamically
complete. Therefore, we specify the processes for endowments and beliefs only in Section 4, where

we study the dynamics of the consumption share, state price density, and asset returns.

2.1 Preferences of the Two Agents

The consumption of Agent k at instant u is denoted by Cj, and the instantaneous utility from

consumption is given by the following power function that depends on consumption relative to

habit, Hk’ui

1 C,, 1=k
u H uw) = —Bru__~ o ’ !
Uk(ck, s 11k, ) € 1—v% <Hk,u> ( )

where [ is the constant subjective discount rate (that is, the rate of time preference), and vy is
the degree of relative risk aversion.® Without loss of generality, we assume that Agent 1’s relative

risk aversion is less than that of Agent 2: 1 < 7.

The quantity Hy,, in (1) can be interpreted as Agent k’s sensitivity to the historical standard
of living (external habit), as modeled in Muraviev (2012), which generalizes the specification in

Chan and Kogan (2002) to allow for agent-specific habit. Under the approach in Muraviev,

Hy, = Xﬁk =M™ for hy >0,

and x, = log X,,. One can then define z; as the weighted geometric average of past realizations of

the logarithm of the aggregate endowment process:

¢
zy = moe Nt + )\x/o e_/\’”(t_“)yu du, (2)

where y, = logV,, and Y, denotes the aggregate endowment at time u. So, while X, represents
the general index for the standard of living, the scalar h; determines the sensitivity of Agent k to
this index; if hy = 1 for all &, this reduces to the specification in Chan and Kogan (2002), and if

hr = 0 one gets the standard isoelastic utility function without habit.

"For instance, the endowment process could be a geometric Brownian motion that is typically assumed, but it
could also be a much more complicated process that is not necessarily continuous or even affine. Similarly, while it
is possible to assume that beliefs are not updated at all, one could also assume Bayesian updating or some form of
non-Bayesian updating.

8See Chan and Kogan (2002) for a discussion of this specification for the utility function, and why it is still
appropriate to interpret v as the coefficient of relative risk aversion. For other papers in the literature that study the
effect of habit on asset prices in representative-agent models, see Abel (1990, 1999) and Constantinides (1990).



We define the distance between the logarithm of the aggregate endowment and its weighted

geometric average as
Wt = Y — Tg. (3)

Observe that (2) implies that dxy = Ay (y: — x;)dt, and so the evolution of w; is given by

dwi = Ay <)\;1Et [Cgﬂ — wt> dt + dy — Ey[dyq], (4)

which makes clear that w; exhibits mean reversion for any specification of the aggregate endowment.

Chan and Kogan (2002) explain that 7y represents the relative risk aversion of Agent k. We

explain below that if we parameterize hy as in (5) below

’Yk—%

hy =
Ye—1"'

()

then we can interpret ﬁ as the sensitivity of the risk-free rate to the growth rate of aggregate

consumption in the steady state when Agent k is the sole agent in the economy without risk.”

2.2 The Optimization Problem of Each Agent

Given her beliefs, represented by the probability measure P*, the expected lifetime utility of Agent k

at time ¢ from consuming C,, is given by

] 1 Ck 1=k
V., = EF / e_ﬁk(“_t)< ") du| , 6
ot ! t 1- Vi Hk,u ( )

where EF denotes the time-t conditional expectation operator with respect to the probability mea-

sure Pk,

9We start by considering the marginal utility (MU) of consumption at date ¢ for Agent k, which is given by
MUy, = e k" Hy k1O v
When Agent k is the sole agent in the economy, Cx = Y, and so her marginal utility can be written as:

—_ P P
MUkt:e—Bkte (’Yk d’k)wte wkyf.

Thus, the instantaneous interest rate in the deterministic version of the economy is r» = —InMU; = B +
('Yk 1/7) ds’tt + - 1 dyt. From (4), we can see that in the deterministic version of the economy, w possesses a steady
state. At the steady state, dd% =0, so
87",5|7: 1
o(%) v

One might be tempted to think of v as the elasticity of intertemporal substitution, but this interpretation would be
accurate only in a model with internal habit.



The problem of Agent k is to maximize lifetime utility, given by Vi o in (6), subject to a static
budget constraint, which restricts the present value of all future consumption to be no more than

the initial wealth of each agent, denoted by Wk70:10

E§ [/ Tt Crit dt} < W o, (7)
0 Tko0

in which 7, is the marginal utility of investor k at date v under the probability measure P*:

8U(Ck t) — Byt 1 1= — _ ( 7i>( —w¢)—Y, InC
LA C Ve Brt \V&— 7 Yt—wt) =Yk k,t. 8
0Cr, ¢ Hiy e el (8)

ﬂ_k,t =

2.3 The Equilibrium

The notion of equilibrium that we use is an extension of equilibrium in the single-agent model of
Lucas (1978): both agents optimize their expected lifetime utility and all markets clear. Given our
assumption that preferences are time separable and financial markets are complete, the dynamic
consumption-portfolio choice problem simplifies to a static problem that requires one to choose the
optimal allocation of consumption between the two investors for each date and state. If agents
have identical beliefs, then one can solve for the equilibrium consumption policies by maximizing
the social-welfare function of a “central-planner,” which is a weighted average of the utility func-
tions of individual agents, subject to the resource constraint that aggregate consumption is equal
to aggregate endowment (dividends). In contrast to the case of identical beliefs, if agents have
heterogeneous beliefs, Basak (2005) shows that the weights used to construct the central planner’s

utility function are stochastic. The central planner’s utility function in this case is given by

sup > A Ur(Cry), (9)
Ci1+CesY

where

At = Moo kot

and ¢, is the Radon-Nikodym derivative dP¥ /dP, which relates Agent k’s subjective beliefs to the

true physical probability measure.!!

10The budget constraint for Agent k in (7) is written in terms of the state prices perceived by this agent; one could
write an equivalent expression in terms of the state prices (and expectation) of the central planner.

11f the state space for aggregate dividends were discrete, then &k, would be the ratio of the probability that
Agent k assigns to a particular state, relative to the true probability of that state.



3 Consumption Share, State Price Density and Asset Prices

Our main contribution is to derive a closed-form, convergent, series solutions for the sharing rule
in Proposition 1 below, and to show in Proposition 2 how to construct the state-price density in
the heterogeneous-agent economy in two simple steps. In the first step, one needs to obtain only
the state price density for an economy where there is just one type of agent; this is obtained by
computing the marginal utility of consumption for a single agent. In the second step, one needs
to combine the state-price densities from the two single-agent economies to obtain the state price
density in the heterogeneous-agent economy; we provide the formula for doing this. These results
are derived without making specific assumptions about the process for aggregate endowment and

how the beliefs of the two agents are updated.

Once we have obtained the state-price density for the heterogeneous-agent economy, the price
for any asset can be obtained by integrating the product of the asset’s payoff and the state-price
density and taking expectations of that integral; we state this result in Proposition 3, and we
demonstrate it for particular processes for endowments and beliefs in Section 5 and for general

affine processes in Section 6.

3.1 The Equilibrium Consumption-Sharing Rule

The consumption-sharing rule, which shows how aggregate consumption is allocated between the
two agents in equilibrium, is given by the first-order condition for optimal consumption for the

central planner’s problem in (9):

1 1,71 1 1*'}/2
(Mo e ™ (Hu) Crt = (Aa0&ap) e ™ (Hzt> Col” (10)

In order to solve explicitly for the equilibrium allocations, we write Agent k’s consumption

share as v}, ; = Cyif, where 0 < v <1, and v; + v5 = 1. Then Equation (10) can be written as:

5 1 1-m 8 1 1-m

—But v, —Bat Y2,

Aroéree ! Y, ot = Aapbage Y, Py
Hyy Hyy

which can be rewritten as

4 V1 _ 4 —72
T =Tty = T2tV (11)



where 7 is the equilibrium state-price density, and

1

A —Bit
Tt = Mo Eppe P <

1= ,( ,i>w _1
> Y, = Apo&pge Ple” F o) T w (12)
Hy 4

is the state-price density under the physical probability measure P when Agent k is the sole agent

in the economy. Thus, the consumption-sharing rule in (11) can be expressed as

Ui _
ngtAt = Vi, (13)
. 1
7T17t 71
where A = (A > ,
T2t

and N ="y2/n.

When 7 € {1,2,3,4}, the expression in (13) can be written as a polynomial of degree 4 or less,
thus allowing us to solve for the equilibrium consumption allocation in terms of radicals, using
standard results from polynomial theory, as pointed out in Wang (1996). Because polynomials of
order 5 and above do not admit closed-form solutions in terms of radicals, it would be appear that
going beyond the results in Wang (1996) by solving for the consumption-sharing rule in closed-form
when 7 is a natural number greater than or equal to 5 is not possible. However, when 7 is a natural
number greater than or equal to 5, the consumption shares can be obtained in closed-form by using
hypergeometric functions.!> We go further still by showing that when 7 is any real number, it is
possible to derive closed-form, convergent, series solutions for the sharing rule. The series solutions
are derived using a theorem of Lagrange (see Appendix A), which to the best of our knowledge has
not been used before in finance or economics. However, Lagrange’s Theorem does not provide the
radius of convergence for the series, which is essential if we want to use these series to study the
behavior of the consumption shares. We show, in the proof of Proposition 1, how to identify the
% 71

7 < Ror = > R, we get a different convergent

radius of convergence: depending on whether

series for the sharing rule and the solutions corresponding to these two regions are given in (14).

123ee Abadir (1999) for an introduction to hypergeometric functions. Because the derivation of the sharing rule
for the general case where 7 is any real number is given in the appendix, the derivation of the sharing rule in terms
of hypergeometric functions when 7 is a natural number greater than or equal to 5 is not included.

10



Proposition 1 (Equilibrium share of consumption) Agent 2’s equilibrium share of the aggre-

Cat

gate endowment, vo; = 5 s given by

O e o R e It

n—1

t =

o (14)
_\n+1 ~ o a2 ~
1=, S (B () ;f;:z <R,

n—1

Y2 Y2—V1 — 1)1 7
R— ’>’1 <72 _ 1> _ ((77 ) > 7
72 n"

and, for z€ C and k €N, () = H?:l# is the generalized binomial coefficient.

where

From the implicit expression for v, in (13) or the explicit expression in (14), we see also that
the consumption shares of the two agents will depend on the ratio of the state-price densities in

the single-agent economies:

R Hi
Tt ALo o5 e §1e . Na—m1

- Y, , 15
wr )\2,0 §2t H1 n ot (15)

which from (15) depends on the differences in initial endowments Ay o, subjective discount rates

Bk, beliefs & ;, sensitivities to the historical standard of living Hy, ;, and risk aversions .

3.2 Equilibrium State Price Density

We now give the level of the equilibrium state-price density using convergent series. Equation (16)
in the proposition below shows that the equilibrium state-price density can be expressed as a linear
combination of state-price densities of single-agent economies, that is, 74, k € {1,2}, defined in

(12), where the individual terms 7y ; depend solely on exogenous variables.

Proposition 2 (Equilibrium state-price density) The equilibrium state-price density is given

by
_n n N
[ee) T A Y2 A2 1t
> neo An1 Mg~ Mo o 7y, =~ R,
Tt = " n (16)
n 1—n N
[e'e} T A1 A Y1 1t
Dm0 G2 1y Ty 7 <R,

2.t
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™ — 4T — —
where ap 1 = ap 5 =1 for n =0, and

—1\nt+l /2 -1

agyl—’ﬂ(i( ’YQn—%l ),nEN, (17)
-1 n+1 nl2 — 2,1

ag’QZW(ZL( mnjl >,neN. (18)

To understand the above proposition, note that 71 ; and 72 ; are the state-price densities for the

n n

2 ﬁ'ﬁ is the state-price density of an underlying economy,

two single-agent economies. Then, 7, ,
constructed as the Holder mean of the state price densities from two single-agent economies.'
Finally, the equilibrium state-price density in (16) is a linear combination of the state-price densities

of the underlying economies.

The expression for the equilibrium state-density in (16) can be simplified if agents have the
same risk aversion, 1 = 9 = 7, and a further simplification is possible if v is a natural number.

These simpler expressions are given in the corollary below.

Corollary 1 (Equilibrium state price density with identical risk aversion) Suppose agents
have identical risk aversion, that is, v1 = vo = 7, but different beliefs. Then the equilibrium state-
price density is given by

1_n n

00 AT A A A
Dm0 An Ty Ry Tou < Ty,
Ty = (19)

n n

o] TANY AT A ~ ~
ano Ap T4 Top 5 T2t > T,

where, denoting by Ng the set of natural numbers that includes 0,
ot = (7) ,n € N. (20)
n

If relative risk aversion, v, is a natural number, then the equilibrium state-price density can be
further simplified to a finite sum:

n

b 1—n n
— TA™ Yoy
Ty = E AnTye Moy (21)
n=0

1 1\7
- (frﬁt +ﬁ£t> . (22)

131f p is a non-zero real number, the Holder mean of ¢ and b with weights w and 1 — w, and exponent p is:
1
(waP + (1 —w)b?) 7, and when p — 0, the Hélder mean reduces to a”b*~".
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Thus, the expression for the equilibrium state-price density in (22) is a power mean (with exponent
%) of the individual agent state-price densities. It follows from well known properties of the power
mean that the state-price density in Equation (22) is increasing in relative risk aversion, . The
intuition for this is that more risk averse agents will be more willing to pay for a unit of consumption
in a given state. If v = 1, the power mean reduces to the arithmetic mean; if v — oo it reduces to
the geometric mean; and, if v — 0, it reduces to the maximum of the individual-agent state-price

densities.

The special case considered in Corollary 1 where v1 = 5 = =, with + being a natural number,
is similar to the model studied in Dumas, Kurshev, and Uppal (2009, Equation (35)), where they
obtain a similar expression for the state price density. Because v needs to be a natural number,
this special case does not allow one to study the case of risk aversion smaller than one. Our
Proposition 2, in contrast, allows for different risk aversion parameters for the two agents and does

not restrict their values to be natural numbers.

3.3 Price-Dividend Ratio for Dividend Strips and Equity

In this section, we first identify the price of a dividend strip, which is a claim that pays a single
cashflow of Y, at a particular time u.'* We denote the date-t price of this dividend strip by Vt?;,
where

Y _ Y
Vt,u - Y;fvt,uv

where the price-dividend ratio of the dividend strip is

Y,
v, = By [2‘}%‘] . (23)

We can then obtain the price of equity by integrating the price of dividend strips over time. To
see this, let PY denote the price of the single share of the risky asset (stock), which is a claim on

the aggregate dividend, Y;. The stock price is given by

P} =Yip!,

1411 the appendix, we show how to value more general cashflow payments.
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where the price-dividend ratio for equity p; is:

[o¢] Y o0
pf—Et/t :;};:du—/t v;/udu. (24)

We derive a representation for the price-dividend ratio of the dividend strip, v}j +» by using the

state-price density in Proposition 2. Because the state-price density is one of two linear combina-

tions of state-price densities from a set of underlying economies, depending on whether 2" Z R,

the price-dividend ratio of the dividend strip, vzj w18 a sum of two weighted averages. The first

is a weighted average of price-dividend ratios from a set of underlying economies conditional on

7Ar1,u
T2, u

> R, and the second is a weighted average of price-dividend ratios from a set of underlying

economies conditional on

7?l'l,u
Fow < R.
Proposition 3 (Price of dividend strip) The time-t price of the dividend strip, which pays the

cash flow Y, at date u > t, is given by V?; = vzqut, where

o0 o0
Y Y Y
Vg = E :wnzl,tgbn,l,t,u + E :wn727t¢n,2,t,u’ (25)
n=0 n=0
where the weights wy 1,t, n € No, and w2+, n € No, are given by
AT Y1 1_% Y2 % N 26
wn71»t - an,l(yl,t) (V27t) ’ n e 0 ( )

1—n
w2t = apo(V13) 1 (v33) 1, m € No, (27)

and each set of weights sums to one:

o 0o
an,l,t = an,Q,t =1, (28)
n=0 n=0

and ¢§,1,t,u (¢Z,2,t,u) is the price-dividend ratio for the “spanning asset” which pays the cashflow Y,

at date u, provided =* > R (mu < R),

7?|'2,u T2,u
. n on -
AT 2 A2
T Y,
Y 1u 2,u tu
¢n,1,t,u =E; 11— 1 1w ,» n € No, (29)
AT Y2 A Y; >R
| Tt 7r2,t 2w |
~ n i n -
A7 AT 7
a Y,
Y Lu”2u [
¢n2tu:Et - 1_&71 1w , n € Np. (30)
7” ST IR eI
| 1,72t "2u J

14



The above proposition is useful because we see from (25) that we have reduced the problem of
finding the value of dividend strips for the heterogeneous-agent economy to the problem of finding

the value of the assets qb};l’t,u and ¢71L/,2,t,u in the underlying economies, with state-price densities

-_n n n o oq1_n

7y, 2 Tg3 and 77, , ", respectively. In other words, from (25) we can see that the value of a

dividend strip is spanned by the asset values, qu);,l,t,u and ¢7};27t’u, leading us to call them “spanning

assets”. Furthermore, by virtue of (24), we can see that the same spanning assets can be used to

value equity; that is the price-dividend ratio for equity is:

0 0o 0 [e's)
Y Y Y
by = § :Wn,l,t/ ¢n,1,t,udu + § :wn,Q,t/ ¢n,2,t,udu'
n=0 t n=0 t

The power of this result rests on the fact that computing price-dividend ratios directly using (23) or
(24) involves solving a valuation problem with an endogenous state variable v; ;, whereas computing
price-dividend ratios indirectly via Proposition 3 eliminates the endogenous state variable because
the values of the spanning assets are determined in the underlying economies where the state-price

density is the Holder mean of the state-price density of homogeneous-agent economies.

We now consider two special cases: the first where the two agents have the same risk aversion,
Y1 = 2 = 7, and the second, where the two agents have the same risk aversion and -y is a natural

number.

Corollary 2 (Price of dividend strip with identical risk aversion) When risk aversions are

identical, y1 = 9 = 7y, then

00 o)
Y __ Y Y
Vi = E :wnzl,t¢n,1,t,u + § :w”727t¢n,2,t,u?

where
B R A N AR
Wn,1,t = n (Vl,t) K (Vz,t)“’a n € No (31)
I R VR IR Y
wn727t - n (V].,t) v (V2,t) ’Y7 n 6 NO’ (32)

and each set of weights sums to one: Y > qwn 1t = oo oWn2t = 1.
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If in addition to risk aversions being identical, v1 = 9 = v, we also have that v € N, then the

above expressions simplify further to:

~
Y } : Y
Ve = Wn,t U'n,,t,ua (33)
n=0
where
1_n =n
ATy Ay
Ty 9., Y,
Y 1w 2u Lu
nﬂf,u_Et 1—2 1~ ,n € Ngandn < v,
N Y
Tt Tog

1—n n\7
ane={ 1) (miiil) 39

and Y Jwnt = 1.

From (33), we see that the price-dividend ratio of the dividend strip in the economy with

heterogenous beliefs is a weighted sum of the price-dividend ratios of the dividend strips in 1 +

underlying economies, where in the n’th such economy, the state-price density, ﬁi;;ﬁ; ¢ 1s the
Holder mean of the state-price densities in the single-agent economies. The special case considered
in Corollary 2 is similar to the model studied by Yan (2008, Proposition 3), where he obtains
closed-form results for only the case in which the risk aversion parameter ~ is identical across
agents and 7y is a natural number, which then excludes the case of risk aversion smaller than one.
Our Proposition 3, in contrast, allows for different risk aversion parameters for the two agents and

does not restrict their values to be natural numbers.

Below, in Proposition 8 of Section 5, we derive explicit expressions for sz:,l,t,u and qu’ o.tu DY
making particular assumptions for the dynamics of the aggregate endowment process and beliefs.

In Section 6, we show how to characterize ¢, , and ¢Y ,,, for affine processes.

4 Dynamics of the Consumption Share and State Price Density

So far in our analysis, we have not specified particular processes for aggregate dividends and beliefs.
However, to characterize the dynamics of the consumption share, the state price density, and asset
prices, we need to specify the dynamics for aggregate dividends and beliefs of the two agents, which

we do in Section 4.1. Next, we define aggregate preference parameters and aggregate beliefs in
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Section 4.2. Then, in Section 4.3 we derive the implications of heterogeneity for the dynamics of

the sharing rule and the dynamics of the state price density.

4.1 The Processes for Aggregate Endowment and Beliefs of the Two Agents

The true evolution of the aggregate endowment, Y, is assumed to be:

ay,
7: = py dt + oy dZ;, Yy >0, (35)

in which py and oy are constants and Z is a one-dimensional Brownian motion.

Agent k believes that the expected growth rate of the endowment process takes the constant

value, pyk, as in Yan (2008), Borovicka (2012), and Fedyk, Heyerdahl-Larsen, and Walden (2012).

Therefore, defining the quantity o¢ ) = w, Agent k’s beliefs can be represented by an expo-
nential martingale
gk,t _ 67%o§7kt+ag,th, (36)

which can be written as:'®

d&p. ¢

e = oekdZi (37)

Hence, by Girsanov’s Theorem, Agent k believes that the process for aggregate endowments is

dY;
= pyk dt + oy dZyy,
Y,

where Zy s = Z; —o¢ it is a standard Brownian motion under Pk, which represents Agent k’s beliefs.

Hence, we see that the expected growth rate of the aggregate endowment under P* is uy7k.16

We quantify the level of disagreement between the two agents via the process, &, where & =

1
%Z = e_5(05’2_Ugl)t“a&*r%l)zt, and its dynamics are
d
ft = pedt + o¢dZ,,
t

where pe = —0¢1(oea — 0¢1),

15The exponential martingale, £ ¢, defines the probability measure P* on (Q, F), via P*(er) = Ei[lep&r.1], Vt, T €
[0,00), t < T, where er is an event which occurs at time 7" and P* (er) is the probability of its occurrence based on
information known at time ¢.

1Note that the probability measures P*, P? and P are all equivalent; that is, they agree on which events are
impossible.
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_ Hy2 — Uyl
O’E = (0-572 - 0-571) = O_Y °

4.2 Definitions of Aggregate Preference Parameters and Beliefs

In this section, we define the aggregate preferences in the economy and also aggregate beliefs, which
will then be used in the expressions for the dynamics of the sharing rule and the dynamics of the

state price density.

Definition 1 (Aggregate risk aversion) The aggregate relative risk aversion, Ry, in the econ-
omy is defined as the consumption-share-weighted harmonic mean of individual agents’ relative risk

averstons:
1 1\ !
R; = <V1,t + V2,t> . (38)
7 V2

Equivalently, the aggregate risk tolerance in the economy, 1/Ry, is the consumption-share-weighted

arithmetic mean of individual agents’ risk tolerances, 1 /.

Defining w;, to be the consumption-share weighted relative risk tolerances of investor k:

1
—VU
i kit

w = , and wy +we =1, (39)

1 1
WYL + V2t

we can then define the aggregate rate of time preference, aggregate sensitivity of the risk-free rate

to the growth rate of aggregate consumption, aggregate prudence, and aggregate beliefs as follows.

Definition 2 (Aggregate rate of time preference) The aggregate rate of time preference in
the economy, B, is given by the weighted arithmetic mean of individual agents’ rates of time
preference, where the weights are the consumption-share weighted relative risk tolerances of the two
investors given in Equation (39):

By = w1y B + way Ba.
Definition 3 (Aggregate sensitivity of risk-free rate) The aggregate sensitivity of the risk-
free rate to the growth rate of aggregate consumption in the steady state is given by the following

harmonic mean of the sensitivities of the risk-free rate to the growth rate of aggregate consumption

in homogeneous agent economies:

1 1\ !
’(;b = <'w17 — + wa, > ;
! iy " by
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where the weights are the consumption-share weighted relative risk tolerances of the two investors,

as defined in (39).

Definition 4 (Aggregate prudence) The quantity P; is the aggregate prudence in the econ-

omy:7

Py = (1+7) () Vo4 (1+72) (7)

7

Definition 5 (Aggregate belief) The aggregate belief, py, is given by the weighted arithmetic

mean of the beliefs of individual agents,

Ky = Wit fy,1 + Wat fby,2,

where the weights are the consumption-share weighted relative risk tolerances of the two investors,

as defined in Equation (39).

4.3 Dynamics of the Consumption-Sharing Rule

We are now ready to describe the evolution of the consumption-sharing rule.

Proposition 4 (Dynamics of the sharing rule) The true evolution of the sharing rule is given

by:
dv
b, dE+ o, A2,
V1t ' '
where
vo iRy | py1 — py2
Oy = —— [M L2 (o _’YI)UY} ; (40)
Y172 oy
py1t+py,2
— g T My Hy2 — Uy
Huyy = V2t : {62 - Bl + ( 2 ) ( > (41)
Y172 oy oy

EB ) et

n }72“)%71: - ’Ylw%,t (/W,l — Hy2
2 Y172 oy

2
) + 2(py, — py2) (2 — 1) + (2 — 71)2032/] } . (43)

"Note that aggregate prudence may be larger than the prudence of either agent; that is, aggregate prudence is not
necessarily bounded between the prudence of the individual agents. Consequently, the interest rate in the two-agent
economy, which depends on aggregate prudence as shown in Equation (48), may not be bounded between the interest
rates in the economies with only one of the two agents, as observed in Wang (1996).
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From (40), we see that the volatility of the sharing rule, o, ,, is driven by differences in risk
aversion and differences in beliefs, but not differences in subjective discount rates or habit, which
have only a deterministic effect and so appear only in the expression for the drift of the sharing rule,
- The expression for o, , in (40) shows that, if agents have identical beliefs, then an increase
in heterogeneity in risk aversion leads to an increase in the volatility of the consumption share of
Agent 1 because of an increase in consumption risk sharing. Similarly, if agents have identical risk
aversions (y; = 72), then an increase in heterogeneity in beliefs leads to an increase in the volatility

of the consumption share of Agent 1.8

However, when both risk aversion and beliefs are heterogeneous, then the effect of an increase in
the heterogeneity in either one of these factors on the volatility of the consumption share depends
on whether it reinforces or counteracts the effect of the other factor. From (40) we observe that
oy, > 0if and only if

My 2 — py1
V2N > (44)
Oy

that is, if the more risk averse agent is not too optimistic relative to the less risk averse agent.
If this condition is satisfied, then we see from the definition of aggregate risk aversion in (38)
that R; will be countercyclical, because when the aggregate endowment has a positive shock, the
weight on the risk aversion of Agent 1 increases, and so the aggregate risk aversion in the economy
decreases. Therefore, the heterogeneity in risk aversion and beliefs can generate countercyclical
aggregate risk aversion endogenously. Moreover, if Agent 2, who has the higher risk aversion,
is also the more pessimistic agent, then the heterogeneity in beliefs reinforces the effect arising
from heterogeneity in risk aversion. This countercyclical behavior of aggregate risk aversion has
previously been recognized in the multiagent models of Chan and Kogan (2002) and Xiouros and
Zapatero (2010), where agents have heterogeneous risk aversions but homogeneous beliefs, and this
feature appears in the single-agent model of Campbell and Cochrane (1999) as a consequence of

the assumption of habit-formation.

Equation (41) shows how 1, , depends on differences in subjective discount rates and differences

in beliefs. The impact of differences in vy, is given in (42). We also see how p,, , is affected by the

8In the case where agents have different risk aversion but the same beliefs, ov, . is always positive.
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volatility of aggregate endowment growth, oy, and the differences in beliefs, both of which appear

in (43).19

4.4 Dynamics of State-Price Density: Risk-Free Rate and Market Price of Risk

In this section, we determine the dynamics of the state-price density, and hence, the equilibrium

riskfree rate and market price of risk.

The central planner’s state-price density, m, is given by
Tt :ﬁk7t1/];zk :gk,tﬂ'k,ty ke {1,2}, (45)

where 7, is the state-price density in a homogeneous-agent economy where all agents are of type
k and is defined in (12), while 7 is the state-price density of Agent k in the heterogeneous-agent
economy, and is defined in (8).2° From standard results in asset pricing (see Duffie (2001, Section

6.D, p. 106)), the evolution of the central planner’s state-price density m; is:

d
T ydt — 0,dZ,, (46)

Tt
and the evolution of Agent k’s state-price density, 7, ¢, is:

d
7Tk7t = —T‘tdt — Hk,t de,t7 (47)

Tkt

where, if B; denote the price of a locally risk-free bond in zero net supply, then, the riskfree return

r¢ is given by %Btt = r; dt.

Note from (47) that each agent has her own market price of risk, ; however, because the
instantaneously riskfree bond is a traded security, the two agents must agree on its price, and

hence, on the interest rate.

4.4.1 The Riskless Interest Rate

The following proposition gives the expression for the riskfree rate.

19The discussion above illustrates the benefit of having the closed-form results in Propositions 1 and 4. Because
we have explicit expressions for the sharing rule and its dynamics, we can understand exactly how these are affected
by the parameters for preferences, beliefs, and the endowment process.

29Because financial markets are effectively complete, marginal utilities of consumption are equal across agents for
each state, and therefore the first order condition for consumption in (10) ensures that the expression in (45) is the
same for k € {1,2}.
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Proposition 5 (Locally riskfree interest rate) The locally riskfree rate is given by:

1 1
Ty = ,Bt + Rt l’l’Y,t — iRtPtJ}% — <Rt — ’1/)) A;lef (48)
t
1 R 1 1
+ Jwiewa <1 - t) g — wigwa Ry < - > (v, — py2), (49)
7172 "2
1,2
where wy is defined in (3), wp = W is the long-run mean of wy = yr — x¢+ under the beliefs of

Agent k, that is, under the probability measure P¥, and the weights wy, are defined in (39).

The corollary below gives the riskfree rate for some special cases.

Corollary 3 (Locally riskfree interest rate — special cases) If agents have identical and cor-
rect beliefs, then the locally riskfree rate is given by
1 9 1
ry = ﬁt =+ RtNY — §RtPtUY — Rt — E )\xwt. (50)
t
On the other hand, if vy1 = vo = v and Y1 = 2 = 1, but agents have different beliefs and rates
of time preference, then the locally riskfree rate is given by

2 2
1 1 1 1
re = Z Vg tBr + ’yz Vk tly k — 3 v(1+ 7)032/ — (’y — T/’) Azwy + 51/17,51/27t (1 — ’Y) og. (51)

k=1 k=1

To interpret the expression for the interest rate, recall that in a standard Lucas (1978) economy
where all agents have correct and identical beliefs, and identical preferences that are given by a

power function, the expression for the interest rate is

. 1
P = Br + Yk by — 5%(1 + Y1) 0% (52)

From Equation (52), we see that the interest rate is positively related to the rate of impatience,
Br; positively related to the growth rate of aggregate endowment, py, scaled by risk aversion ~g;
and the third term arises because of precautionary savings in the face of aggregate endowment risk,
which leads to a drop in the interest rate, where the magnitude of the drop depends on (1 + ),

the relative prudence of agents, and on risk aversion, .

When investors are identical but their preferences exhibit habit and their beliefs py . are allowed

to deviate from the true growth rate uy, then the interest rate is given by

. 1 1
Tkt = Bk + Yy — 5%(1 +W)oy — <’Yk - %> AzWi. (53)
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Comparing (53) with (52) we see that the first term, [, is the same in both expressions; in the
second term, the belief of each agent about the growth rate of aggregate endowments, py 1, replaces
the true growth rate, py; the third term, which reflects the effect of the precautionary savings, is

the same; and, the fourth term is new, and it reflects the effect of habit.

Equation (50) of the corollary shows that if only risk aversions are heterogeneous but beliefs
are homogeneous and correct, then the riskfree rate has the same form as in (53) for a single-agent
economy, but with the aggregate quantities 3,, R, and aggregate prudence, Py, replacing their
single-agent counterparts; note, however, that because the weights used to construct these aggregate

measures vary over time, the aggregate measures will be time-varying rather than constant.

On the other hand, if only beliefs are heterogeneous but preferences are homogeneous, then
we see from the last term in (51) that if v < 1 the differences in beliefs will decrease the interest
rate, or equivalently, increase the price of the instantaneously riskless bond. This effect is similar
to the premium (“bubble”) in asset prices that has been studied in Harrison and Kreps (1978) and
Scheinkman and Xiong (2003) for the case of risk neutrality (v = 0) in the presence of shortsale
constraints; over here, we get a similar effect for agents who are risk averse without needing to
constrain shortsales. However, if v > 1 then the price of the bond decreases with heterogeneity in

beliefs, an observation made also in Dumas, Kurshev, and Uppal (2009).

When agents have both heterogeneous beliefs and preferences, the risk-free rate is given in lines
(48) and (49). The first three terms on line (48) correspond to the three terms in (50), and are
related to the subjective time preference of the two agents, the growth rate of aggregate endowment,
and the demand for precautionary savings. The last term on line (48) arises because of habit. The
two terms on line (49) arise because of differences in beliefs. The first term in (49) increases the
risk-free rate when the aggregate risk aversion is less than the square of the geometric mean of
risk aversion; that is, Ry < 7172, which is true if and only if 44 > 1.2! It follows that if v, > 1

(71 < 1), then heterogeneity in beliefs increases (decreases) the risk-free rate. The second term

arises because of differences in both risk aversion and in beliefs; that is, (% — 7%) (y1 — py2)-

When the less risk averse agent is also the more optimistic agent, that is, py;1 > py2, this term

decreases the risk-free rate.

2!Note that since Ry < 2, Rt < 7172 if and only if v > 1.
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One of the limitations of the representative-agent general-equilibrium model of asset pricing
with power utility is that, when risk aversion is increased in order to improve the match of the
equity risk premium in the model to that in the data, the riskfree interest rate in the model becomes
too high relative to the data; this is the “riskfree rate puzzle” identified in Weil (1989). From the
discussion above, we see that both heterogeneity in beliefs and preferences have the potential to

influence the interest rate.

4.4.2 The Market Price of Risk

From (46), we see that the volatility of the central planner’s state price density is given by the
market price of risk, 6, while from (47) we see that the volatility of the state price density for each
individual agent is given by the perceived market price of risk, 0 ;. The following proposition gives

the expressions for these market prices of risk.

Proposition 6 (Market price of risk) The market price of risk of the central planner, 0y, is:

v —
0 :RtUY—i-'uiuy’ta (54)
gy
and the market price of risk perceived by Agent k is:
O = Ryoy + E YL 4oe 0y (55)

The corollary below gives the market prices of risk for the central planner and the two agents

for the special cases where agents have identical preferences or identical beliefs.

Corollary 4 (Market price of risk — special cases) If agents have identical and correct be-
liefs, then the central planner’s market price of risk, 0, and the market price of risk perceived by
Agent k, 01+ are given by:

0 = O0rr = Reoy, k € {1,2}. (56)

On the other hand, if agents have identical relative risk aversion, vy1 = v2 = 7y, but different
beliefs, rates of time preference, and vy, then the central planner’s equilibrium market price of risk
18
By — My

oy

et:’YO'Y‘i‘

24



and the market price of risk perceived by Agents k is

byk — By

(57)
oy

Okt = yoy +

To understand the expressions for the market price of risk in the above corollary and proposition,
note that in an economy where all agents have correct and identical beliefs, and identical risk
aversion, 1 = 72 = 7, the market price of risk is § = voy. When only preferences are different
across agents, then ~ is replaced by the average risk aversion in the economy, Ry, and the market
price of risk is given by (56), with both agents agreeing with this market price of risk. On the other
hand, if preferences are identical but beliefs are heterogeneous, then we see that agents do not agree
on the market price of risk. From (57) we see that if Agent 2 is pessimistic relative to Agent 1,
fy,1 > [ty,2, then the market price of risk perceived by Agent 1 will be increased. The magnitude of
this increase depends on the consumption-share of Agent 2, v, ;, because this determines Agent 2’s

influence on equilibrium stock market returns.

For the general case in (55) where both beliefs and risk aversions are different, we see that the
increase in the market price of risk perceived by Agent 1 will depend on the consumption share
of Agent 2, vo,, and the agent’s risk tolerance, 1/v;, relative to aggregate risk tolerance in the
economy, 1/R;, because these are the two factors that determine the size of the position Agent 2
takes in the stock market. Finally, from the expression in (54) for the general case where there is
heterogeneity in both preferences and beliefs, we see that the market price of risk for the central
planner will increase if average beliefs are pessimistic; that is, py > py,. The intuition for this is
that, if agents are pessimistic on average, then the compensation for bearing risk must be relatively

higher than what it needs to be in an economy where agents have the correct average beliefs.

Note also that the market price of risk is countercyclical in the data and in the model of
Campbell and Cochrane (1999). This will be true also in our model if R; is countercyclical, which
requires that the more risk averse agent not be too optimistic relative to the less risk averse agent—

the exact condition is given in Equation (44).

4.5 Survival of the Two Agents

In this section, we derive the conditions under which both agents survive in the long run. We

say that the economy is stationary if both agents survive. To formalize the concept of survival,
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we introduce the concept of almost-sure (a.s.) survival with respect to a particular probability

measure, as in Kogan, Ross, Wang, and Westerfield (2006) and Yan (2008).

Definition 6 Agent k survives P-a.s. if

lim vg; > 0, P-a.s.
t—oo

Note that if an agent’s consumption share is strictly above zero with a probability of less than one,
under P say, then she does not survive P—almost surely. Furthermore, the probability measure is
important, because an agent may believe she survives almost surely (with respect to the probability
measure representing her beliefs), when in fact, she almost surely does not survive under the true

probability measure P.??

The following proposition provides a condition for almost sure survival under P, extending
the results in Yan (2008) along two dimensions: introducing preferences with external habit and

allowing for heterogeneity in relative risk aversion and habit.

Definition 7 (Survival index) Agent k has a survival index Iy, defined by

1 — S| 1
I, = B+ = e ZIY )y = py — oy |, k€ {1,2}. (58)
2 oy wk 2

It is important to note that relative risk aversion, 7., does not affect the survival index in any way.

This is because of the effect of habit, as explained in Chan and Kogan (2002).

Proposition 7 (Condition for almost-sure stationarity) The economy is almost surely sta-
tionary under P if and only if the following two conditions are satisfied:
Condition 1: I = Iy

1 1
Condition 2: fy,1 — —012/ =y — —032/.
(01 V2

Condition 2 rules out the pathological case where each agent can survive with probability 1/2 under

the probability measure P.

22Agent k survives P/-a.s. if limg— oo Vgt > 0, Plas.
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5 Asset Prices

In this section, we derive the stock price, the equity risk premium, the volatility of stock market
returns, and the term structure of interest rates for the particular aggregate endowment process and
beliefs specified in Equations (35) and (36), respectively, and then examine how these quantities
are influenced by heterogeneity in beliefs, rates of time preference, habit, and risk aversion. In
Section 6, we extend these pricing results to the case where the logarithm of aggregate endowment
and agents’ beliefs follow general affine processes, as opposed to the particular processes assumed

in Equations (35) and (36).

5.1 Valuation of Equity

Recall from Equation (25) in Proposition 3 that the date-t price of a dividend strip which pays out
Y,, units of consumption at date u > ¢, denoted by Vf;, can be obtained from the prices of the
spanning assets. For the aggregate endowment and beliefs, given in Equations (35) and (36), the

value of the spanning assets ¢n oot COIL be expressed analytically. Denote the cumulative standard

1,2
normal distribution function by ®(z) = [7_ ¢ \/%r dx. We then have the following result.

Proposition 8 (Value of spanning assets ¢Y and ¢Y ) Given the aggregate endow-

n,1,t,u n,2,t,u

ment process specified in Equation (35) and the beliefs process in (36), the values of oY and

n,1,t,u

oY 2.ty that pay Y, at u whenever - o > R and :;Z are:

a1 | @Y (T—t +1q o2 (T—t +b woqa BY T —1) —
(ZSZI = vz’uhom(kl’ bl)e 1 [”’q,l( )tza q( )+b1 o Yi| ) 1 (Qtthv ) P , (59)
\/2A1(Qt7wt7T - t)

Y Y,h
roar =Vea " (k2,ba)e

az [ﬂ({Q(T—tH—%azoi(T—t)-‘rbz e R TTD fquY} P By (g1,wi, T — t) . (60)
\/QAQ(qtthaT —t)

where
WFOm (1 ) = ¢RI e e T e

A 1 11 1 1

k= B 4+ — s — —— 2 — 3 61

j=0; + 7XJJ,MY,J 24, ( 1/}]) UY + T/)g Ky, (61)
n n

ar = ——, a2 = —,
Y2 il



o [0-2) ()2 2)

p=InR.

Ap(gr,wi, T —t) = 5 |o2(T — t) + 2d,, ,

1— e—)\z(T—t) 0 1— 6—2)\Z(T—t) N
" 40y + dwTay

N | —

BY (qr,wi, T —t) = gy + i o (T — t) + du[e T Dy + (1 — e AT,

1— e*)\z(Tft) b 1— e*QAI(Tft)
T

1

Y

g = 1 +(<1—>0’y—|—07k)0,
k.q q Uk 3 q

pye = 3% + (1 - ﬁ) oy
_ . ,

+ apoy (T — t) + (bg + axdy,) oy,

@y,

To understand the intuition behind the prices of the spanning assets, it is useful to define the

yield of a spanning asset via:

¢,Y _ 1 Y
yn’ijft - _T o t ln ¢n,j,t,T'

Hence,
Y, hom 1- e_kx(T_t)
)‘x (T - t)

1
&Y ﬁlnvw (kl,b1) — ai

Yn1 7t = T Tq0y (63)

R 1
M};l + §a10§ + by

- 1 In® Bf(qhwth*t)*p )
T—t V241 (g, wi, T — )

First note that the yield in a homogeneous agent economy where all agents are of Type 1 is

1 Y,hom 1
- Inv, ki, —(m——)].
T ¢ N, < 1, <’71 1/)1>>

We can then see that the first term in (63), — 7 In v;/ hom () by), is the expression for the yield in a

homogeneous agent economy where all agents are of Type 1, with one change: the difference between
the relative risk aversion and the inverse of the sensitivity of the risk-free rate to consumption growth
in the homogeneous agent economy is replaced by its weighted average, that is, —b;, where b; is

defined in (62). Given that the spanning asset is priced using the Holder mean of the state-price
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densities of single agent economies, with weights % and 1 — %, it is natural that the same weights
appear in (62). The second term in (63) adjusts for the impact of heterogeneity on the distribution

BY (gt,wi,T—t)—p
v 2A1(gq¢,wi, T—t)
the underlying cash flow for the spanning asset being paid. An analogous interpretation holds for

¢7Y
yn,Z,T—t ’

of consumption. The final term stems from ® ( ), the risk-adjusted probability of

5.2 Term Structure of Zero-Coupon Risky and Riskfree Claims

We now explore the term structure of zero-coupon risky and riskfree claims in the presence of
heterogeneity in beliefs and preferences. We start by defining the yield on a zero-coupon risky
claim, yr}:t:

%
y 1 Vi

- .
Y1+ T — ¢t n S/t

The following proposition gives this yield when the maturity of the claim is infinite, that is, the

“long-term” yield.

Proposition 9 (Long-term yield on risky and riskfree zero-coupon claims) The long-term

yield on the risky zero-coupon claim, yr}p/_t, which pays the random cash flow Y at time T is given

by
1 11 1 1
lim y¥ , = mi —pyp—=—(1+—) 0%+ —o0b — : 64
PR YT = (ﬁ b gy Pk 2wk< Wk)"”wk oy Yk (64

The long-term yield on the riskfree zero-coupon discount bond, yzlp_t, as T — oo is

1 11 1
1' 1 = i -/ - I ]- - 2 9 65
706 Tt = i) <Bk * we R T 2y ( - 7!%) GY> (69)

and the limit of the term premium, the difference between y%_t and the short rate, Ty, is:

lim y+ ry = min | Gp + 1 L1 1+ 1 2 r
-1y = — - = — oy | — 7.
T—00 Yr—t t ke{1,2} K ¢k Hy:k 2 wk ¢k Y t

Observe that the term inside the min operator in (64) is equal to kg in Equation (61), which

is the long-term yield in a homogeneous agent economy where Agent k is the representative agent.
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The long-term yield consists of [, the rate of impatience; ﬁ,uy’k, the growth rate of aggre-

gate endowments scaled by the inverse of the elasticity of intertemporal substitution parameter;

—%ﬁ (1 + ﬁ) 032,, the term that adjusts for precautionary savings determined by the elasticity

of intertemporal substitution parameter, and py, the growth rate of ¥ expected by investor k.
Together, these terms give the “discount rate” used by Agent k for valuing risky cashflows. One
can interpret similarly the term inside the min operator in (65): because this is the yield on a
discount bond with a single terminal payoff that is riskless, compared to the expression in (64), the

last two terms, which adjust for risk and for growth, are missing.

Proposition 9 implies that the long-term yield will be set by whichever agent has the lower
discount rate, and mot necessarily the agent who survives P-almost surely in the long run; see
Kogan, Ross, Wang, and Westerfield (2006). The intuition is that even though an agent may not
survive in the long-run in the almost-surely sense, she may still be the dominant agent in rare states
of the world, which are also high marginal utility states for this investor, and thus important for

asset prices.

Corollary 5 (Long-term yield when one agent has correct beliefs) Suppose that agents have
identical preferences (that is, f1 = P2 = B, 1 = v2 =7, Y1 = Y2 = ¥), and Agent 1 has correct
beliefs (wy,1 = py ), whereas Agent 2 has incorrect beliefs about the expected growth rate of the
economy. The long-term yield, y}:t, is set by Agent 2 if and only if (i) py2 < py and 1 <1, or

(11) py2 > py and i > 1.

5.3 The Equity Risk Premium and Volatility of Stock-Market Returns

The price of the stock, which can be interpreted as the market portfolio, and its cumulative return,

R;, which consists of capital gains plus dividends, is described by the process:

dPY +Ydt

PY = th = KRt dt + ORt dZt
t

From Equation (24), we see that once we have the value of the spanning assets, one can obtain
the price of equity by integrating the value of these spanning assets with respect to their maturities.

The risk premium on equity, which pays Y; in perpetuity, is given by the standard asset pricing
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equation:

dPY + Ydt
PY

E, (66)

Y
— Ttdt:| = —Et |:d7Tt dPt :| .

¢ PtY
Applying Ito’s Lemma to PtY = Y}pz/ and using Equation (66) leads to the following proposition.

Proposition 10 (Volatility of stock market returns and equity risk premium) The volatil-

ity of stock market returns, a}ét, 18

1 apY pY
a}%,t =0y + v <tUY + VitOuit |3 (67)

the risk premium on equity s

HYy — My,
,ugt —r =0 a}g’t = (Rt oy + [t]> U}%t; (68)
oy
and, Agent k’s perception of the risk premium is given by
Hyk — My,
HRge = Te= (Rt oy + [UY tD Ol (69)

In a model with a single representative investor, stock return volatility, or ¢, is equal to fun-
damental volatility, oy. From (67) we see that in a model with heterogeneous investors, stock
market return volatility is the sum of fundamental volatility, oy, and excess volatility, which is

ﬁp}/

apY . .
1 STy + %Vlvtayht). This second term depends on fluctuations

given by the second term: ﬁ(
in the price-dividend ratio. The excess-volatility term can be interpreted as the elasticity of the
price-dividend ratio with respect to habit multiplied by the volatility of habit, plus the elasticity of
the price-dividend ratio with respect to the consumption share multiplied by the volatility of the

consumption share. When demand for precautionary savings is not too large, the price-dividend

ratio is monotonic and countercyclical, and so excess volatility is positive, as in the data.

We now discuss the equity risk premium. From Proposition 10, we see that while agents agree
on conditional stock return volatility, they may disagree on the conditional risk premium; that
is, each agent will have her own perception of the equity risk premium, which is given by the
expression in Equation (69). The central planner’s view of the conditional risk premium, which is
given in Equation (68), is the product of the market price of risk, 6;, and the volatility of stock

market returns, aét. The risk premium will be high when: (i) in aggregate, agents are pessimistic,
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My < py; (i) the aggregate risk aversion in the economy, Ry, is high; and (iii) stock return

volatility, o ,, is high.?

Heterogeneity in risk aversion leads to cyclicality in the price of risk and stock market return
volatility, which feeds into the risk premium, whereas heterogeneity in ¢ or the rate of time pref-
erence has no such impact. In the data, the price of risk, stock market return volatility, and the
conditional risk premium are all countercyclical, which can be generated by heterogeneity in risk

aversion.

6 General Affine Model

In this section, we show how to price financial assets when the logarithm of aggregate endowment
and agents’ beliefs follow general affine processes, instead of the particular processes assumed in

Equations (35) and (37).
We start by recalling that an affine process V; with some state space D C R% is defined as a
Markov process whose conditional characteristic function is of the form, for any a € R¢,

E, [eia.Vu] — Xt (t,u,2)+x2 (tu,2)- Vi ’

for some coefficients x1(t,u, z) and x2(t,u, z). We also observe that if V; is analytic affine, then
Ey[e@V+], where each component of a is in C, is a holomorphic function whose restriction to the
real numbers is real-valued. The class of analytic affine processes includes the class of affine jump

diffusions in Duffie, Pan, and Singleton (2000).

Suppose y = InY is given by an analytic affine process with drift and diffusion driven by

analytic affine processes. It then follows from (12) that

- — oSkt
Tkt = €77,

where ¢ ; is an analytic affine process, given by

1 1
Skt = In( A, 0€kt) — Bt — <7k — 1/%) wi — %yt-

Consider a cashflow process, X; = e, where x; is analytic affine. The moment generating function

M(gl,t, 2.ty Tty @, b, c) =F; [€“<1,T+b§2,T+cmT]

23Note that if stock return volatility, U§7t, is higher than fundamental volatility, oy, the risk premium can be
higher than in either of the two homogeneous agent economies.
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can be evaluated explicitly, because ¢1 7, ¢, and x7 are jointly affine. The following proposition
shows how one can obtain asset prices using the moment generating function, when the logarithm

of aggregate endowment and agents’ beliefs follow general analytic affine processes.

Proposition 11 (Values of q’)i Lt and ¢§, 2.t for general affine processes) If the logarithm

of aggregate endowment and agents’ beliefs follow general analytic affine processes, then the values

of ¢§,1,t,u and d)ff’zm that pay X, at u whenever Z;Z > R and :;Z < R, respectively, are:
(1~ n _ 1 [/ .1
¢7’L,1,t,u =€ [<1 ’Yl>§1’t+’y2 QTt] o |: / elpzflm |:M (§17t7§2,t7xt7u - ta (1 - n) + Z.Za E - Z‘2”7 1>:| dZ
T J_so z 71 V2
1 n n
+ -M §1’t,§2’t,$t,u—t,1—7,7,1 ) (70)
2 T2
and
[~ _n _ 1 [ .1
bnotu=e [71 gl’t+(1 vg)Q’t] o [—/ e’’*~Im [M <g17t, S2.t, Te, U — T, n +iz,1— n_ iz, 1)] dz
T J_o z Y1 ]
1 n n
+ M §17t7§27t7$t,u—t,7,1—7,1 . (71)
2 M V2

7 Conclusion

In this paper, we study an endowment economy where there are two types of agents, each with
“catching up with the Joneses” utility. The two agents are heterogeneous with respect to their pref-
erence parameters for the subjective rate of time preference, relative risk aversion, and sensitivity

to habit, and also with respect to their beliefs.

Our main contribution is to solve in closed form for the equilibrium in this economy and to
identify the optimal consumption-sharing rule, without restricting the risk aversions of the two
agents to particular values. We also identify the state price density, market price of risk, the locally
risk free interest rate the stock price, the equity market risk premium, the volatility of stock returns,
and the term structure of interest rates. We derive explicitly the condition for the model to be
stationary, in the sense that both types of agents survive in the long run. We then analyze how

heterogeneity in preferences and beliefs affects the properties of asset returns.
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We find that even when the aggregate belief is correct, heterogeneity in beliefs makes it easier
to match the empirical properties of long-run asset returns. The aggregate risk aversion in the
heterogeneous-agent economy is countercyclical, and consequently, the model is consistent also
with dynamic properties of asset prices; for example, when aggregate consumption falls, expected
stock returns, stock-return volatility, and the market price of risk rise, and price-dividend ratios

decline.
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A Appendix: Lagrange’s Theorem and Proofs for Propositions
and Corollaries

We begin by stating a number of definitions and theorems from complex analysis that are used to
derive results in the paper. In particular, the insight from Lagrange that is central to the analysis

in the paper is given in Theorem A2.

Definition A1 If U is an open subset of C and f : U — C is a complex function on U, we say
that f is complex differentiable at a point zg of U if the limit
f(z) = f(20)
Z—20 zZ— 20
exists. The limit here is taken over all sequences of complex numbers approaching zg, and for all

such sequences the difference quotient has to approach the same number f’'(zp).

Definition A2 If f is complex differentiable at every point zy in U, we say that f is holomorphic
on U. We say that f is holomorphic at the point zg if it is holomorphic on some neighborhood
of zo. We say that f is holomorphic on some non-open set A if it is holomorphic in an open set

containing A.

Definition A3 A function f is complex analytic on an open set D in the complex plane if for any

zo tn D one can write
o0
) =S an(z — 20)",
n=0

in which the coefficients ag, a1, ... are complex numbers and the series is convergent for z in a

neighborhood of zg.

Theorem A1l (Complex Analytic) A function f is complex analytic on an open set D in the

complex plane if and only if it is holomorphic in D.

We are now ready to state the theorem that allows us to find closed-form series expansions for

the sharing rule and complex analytic functions of the sharing rule.

Theorem A2 (Lagrange) Suppose the dependence between the variables w and z is implicitly

defined by an equation of the form
w = f(2),
where f is complex analytic in a neighborhood of 0 and f'(0) # 0. Then for any function g which

is complex analytic in a neighborhood of 0,

o w™ n—1
o) = 90+ 3 57 | s et (A1)
n=1 =

where p(z) = 7o
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Note that the above theorem does not provide a radius of convergence for the series in Equa-
tion (A1l). While the original proof of Theorem A2 due to Lagrange is not very straightforward, a

relatively easier proof can be obtained by using Cauchy’s Integral Formula.

A.1 Proof of Proposition 1: Consumption-sharing rule

Equation (13) is equivalent to

At(l - 7/1,1t)77 = Vi,

which implicitly defines v, in terms of A;. To solve explicitly for v, we apply Theorem A2,

expanding around the point v1; = 0, with

f(z)=2(1-2)7", (A2)
p(z) = (1= 2)", (A3)
9(2) = z,

after showing that f is complex analytic in some neighborhood of 0. We know from the binomial

series expansion that for z € C, such that |z| < 1,

- = -n n_n
== ()
n=0
where (37) = Hle_"%kﬂ is the generalized binomial coefficient. Therefore, (1 — 2)~" is complex
analytic in the open ball {z € C : |z| < 1}. Because z is complex analytic for all z € C, it follows
that f as defined in (A2) is complex analytic in the open ball {z € C : |z| < 1}. It therefore follows
from Theorem A2 that
e An gn—1
ne=y o (- a)™], .

n! dxn—1
n=1

Because
n—1
% [(1—2)"] = (=) gn(ngn — D)(gn —2) ... (gn — (n — 2))(1 — z)™= =1,

it follows that

vy = — i (—it)" <nnn1>’

n=1

voy =1+ g:l (_‘st)n (n”_"l) (A4)

We shall now determine the radius of convergence of the above series. From d’Alembert’s ratio

test, it follows that the above series converge absolutely for all A € C s.t. |A| < R, where

(")

(n(nJrl))

_ 1
R= lim "

n—oo N
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We wish to evaluate the above limit for all € R such that 7 > 1. Hence, (,'",) and (77(";1)) are
positive and real, and so

5 _ 1 n + 1 (nnfl)
RE= lm — (1)

We note that the generalized binomial coefficient, (Z) = H?ZI#, can be written as

z\ I'(z+1)
(k) CT(z—k+1)I(k+1) (45)

where I'(z) is the Gamma function, which for R(z) > 0 (where R(z) denotes the real part of z),

has the integral representation,

F(z):/ t*~le~tat.
0

The Euler Beta function, B(z,y), defined by

1
Blay) = [ el a=oan

can be written in terms of the Gamma function as follows,

I'(2)T'(y)

B@v) = ta 1y

(A6)

Together with (A5), the above expression implies that the generalized binomial coefficient is given
by

z 1
= ) A
(k) (z+1)B(z—k+1,k+1) (A7)
Hence,
= . n+lnpn+1)+1B(n—-1)(n+1),n+1)
R = lim .
n—oo M nn +1 B((n—1)n,n)

To evaluate the above limit, we start by recalling Stirling’s series for the Gamma function
1
I(z) = V2re 2272 (1 +0 <>> : (AS)
z

which together with (A6) implies that

((n_l)(n+1))(ﬁ—1)(n+l)—% (n+1)(n+l)—%
B iy ML)+ 1 (o)) ) DD
 n—soo N nn+1 ((n_l)n)((nfl)n)f%nn—% :

(((77_1)n)+n)(<<n*1)n)+n)7%

Simplifying the above expression gives

_ 1 1(n—1)""1
B = lim n+1nn+1)+1(n—1) n
n—oo 1 nm+1 nn n+1
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_ (-t
= - )
Because A; is a geometric Brownian motion, it is positive and real. Hence, the right-hand side

(n—1)7~1

of (A4) is absolutely convergent for 4; < 7

We now derive a series expansion for vp; in terms of A;, which is absolutely convergent for
— -1 . .
A > % We start by rearranging (13) to obtain

V2,t = At_l/n(l — U27t)1/n.

To find v9 4, we apply Theorem A2, expanding around the point v5; = 0, with f, ¢ and g, defined

as below
fz) =2(1—2)7n (A9)
p(z) = (1—2)!/ (A10)
9(z) = z.

We can show that our newly defined f is complex analytic in the open ball, {z € C: |z| < 1}, in
the same way as for (A2). Hence, Theorem A2 implies that

o0 A—l/ﬂ n gn—1
Vot = Z ( tn! ) dpn—1 [(1 - J;)n/n} o0’

n=1

Because

dcit:ll [(1 — :z:)”/"] = (—)”_1% <Z — 1) <Z - 2) .. <Z —(n— 2)) (1—z)i~ (D),

it follows that

Vz,t:_i(_zél;_??)?z(nzl) :iw<n§1)

n=1

By comparing the above expression with (A.1), we can see that (A.1) is absolutely convergent if
1

1
1 _nn— _qyn—1 .
%, that is, if A; > (n ir),n . To summarize, we have

A7 <

I
S

Y
Vot = — > 7(;) , At > R,

) n=1 ’I’LA n—1 o
1 + Zzozl (7 nt) (n’rTl) 3 At < R,

where R is given in (A.1). Using (3.1) we can write the expressions for the sharing rule as (14).
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A.2 Proof of Proposition 2: State-price density

The equilibrium state price density is given by (45). To find a closed-form expression for the

equilibrium state-price density, we find series expansions for yk , k € {1,2}. To find a series

expansion for 1/2 , note that

Vy ;YQ =1 —v) 7

and use Theorem A2 to expand around the point v1; = 0. To do this we define

g(z) =(1—-2)"7,

which is complex analytic in the open ball {z € C : |2| < 1}. Hence, with f and ¢ defined as in
(A2) and (A3), respectively, Theorem A2 implies that

gvie) = (1 —v1e)™ ™

00 n gn—1
— 00+ 3 T et
n=1

n qn— 1 o
_1+Z n! den—1 [r2(1 — )™ l]m:O'

Because,

dnfl
e

= 72(=)" =y = 1) (=2 = 2) ... (nn — 72 — (n = 1)) (1 — )72~ (71,

(1 _ :U)nn—w—l

it follows that
nn—y2—1
Vot =1— g < S ) (A11)

D’Alembert’s ratio test implies that the above series converges absolutely for all A € C such that
|A| < R, where

o 1 nn—y2—1

LI L G )

n—oo 7N (77(”+121—’Y2—1) ’

Using (A7), we rewrite the above expression as

B iy P+ = B(n -1t 1)~y —Lntl)
n—oo nm — 72 B((n—1)n -~ —1,n) '

Hence, using (A6) and (A8), we obtain

[(n=1) (1) = (1499)] (7= DD = (H72) 12 (g b1/
B g LD - [1(nt1)— (L) 7D - (720 172
R nn — Y2 [(n=1)n—(14y)] (- V= (+72)—1/2pn—1/2
(= (L)) = F2) =172
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Simplifying the above expression gives

(n—1)~Y)
o

R =

Because A; is a geometric Brownian motion, A; is real and positive, and so the right-hand side

of (A1l) is absolutely convergent if A; < (77_173& = R. Hence,

n

' =y —1 =
1/215 =1- QZ ( nn;le >,At<R.

Using (12) and (15), we can rewrite the above expression as

oo A - ~ —
V*’YQ _ a” <7T]_ t> T < 732 <W2 1> m
= E 2 ~ 5 | — —
2.t n, ’ 7 7 ’

T T
o 2.t 2.t

where ay, 5 is defined in (18). Therefore, the equilibrium state-price density is given by

_ ﬁ- Y2 Y2—71
Zamfafrzt , ”<”1(”—1> | (A12)

ot '72

(n=1)(n—Y

o> we find a series expansion

To find an expression for the state-price density when A; >

—1)(n—-1)
for 1/1 , which is absolutely convergent for A; > (nln# Note that
Vlgl (1_V2t) 717
and use Theorem A2 to expand around the point v5; = 0. To do this, we define
g(Z) - (1 - Z)_’h:

which is complex analytic in the open ball {z € C : |z| < 1}. Hence, with f and ¢ defined as in
(A9) and (A10), respectively, Theorem A2 implies that

gvor) = (1 —voy)™ ™

— n! dxm =
0 (Afl/n)n dn—l N
=1 Z n!  dzn1 [71(1 —a)y L:o'
n=1

Because,

dn—l

dxn—1 ’71(1_@7771 1} =
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it follows that

x —1/mn n _ _
Vit'n:l—mz( AT <n gl 1). (A13)

n—1

By comparing the above expression with (A11), we can see that (A13) is absolutely convergent if

1 qy5t o
A< G e i A > @20 R T,

3=
NI

1/77 n
T—mn—1 -
Vg —1—’712 <"n_1 >7At>R-
Using (12) and (15), we can rewrite the above expression as

(o] ~ —_ A~ Y2 2—7Y1
- a (T2t )2 e (2 e
V1t :E ap1 |\ = 7A7>7 ——1 )
Tt "

T
n—0 2,t

where ay, ; is defined in (17). Therefore, the equilibrium state-price density is given by

- Y2 Y2—71
Za Ay 25 T ()T (A14)

Tor Yo \ M

The expressions in (16) follow from (A12) and (A14).

A.3 Proof of Corollary 1: State-price density under identical risk aversion

a
lim ('Ha —1> _ 1
a—0 ¥

Therefore, setting v; = 9 = - implies that

Y2 72—
i (72 - 1> ~1.
Y2 Y1

Also note that after some tedious algebra, we can show that

(50

Therefore, when 71 = 72 =, (17) and (18) reduce to (20).

First we note that

The expression in (22) is obtained from (19) by using Newton’s Binomial Theorem (for non-
integral powers). When ~ is a natural number, the expression in (22) can be obtained also from
(21) by using the Binomial Theorem for integral powers, and one could obtain (22) also directly

from the first-order condition for consumption in (11).
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A.4 Proof of Proposition 3: Price of dividend strip

Rather than considering a dividend strip based where the aggregate endowment, Y, is the dividend,
we shall derive results for a more general dividend strip, which pays out X, at date u, where the

evolution of X is given by

dx o
Tt = uxdt + o*dZ + o'3dzZ},
t

where Zfd is a standard Brownian motion under P, orthogonal to Z;, and

by — By  BXE — HBX
- SYS
oy oy

The date-t price of the dividend strip which pays out X, at date u >t is denoted by Vﬁi, where

X X
V;f,u - vt,uXt?

and
oo
X Ty Xu
vy, = E I tat Alb
A (A15)
We shall derive an expression for v,i(u, and then, to get the equations in the proposition giving the
price of a dividend strip where the endowment is the dividend, we will set ux = uy, (T;?S = oy,

and 03? =0.

To derive a closed-form expression for the price-dividend ratio in (A15), we use (16) to write

the equilibrium state-price density as

n

1—
VIA 1
E anlﬂ—lt 7T2t {w1t> }+§ anﬂu@t 1{ﬁu<R}-

ot 2t

Because the event {:;z = R} is of measure zero, it follows from (A15) that

U{f),(u = (ﬂ-tXt)iljt,U7 (Alﬁ)
where

jt,u = Et

[eS) _n
§ : T A X A 71 A X
an,lﬂ-l t 7T2 U 1 T1u + E an 2771 u7r2 u 1 Fl,u .
——>R <R
n=0 "2 u "2 u

Because the two infinite series in the above expression stem from v, * in (A11), and v, /' in (A13),

which are complex analytic for A € C such that |A] < R, and |A] > R, respectively, we can

interchange the conditional expectation with the infinite sum to obtain

]tu—za 1Et +ZCL 2Et

n=0

n

77
Trlu

7'['1 u7T2 u'Yl X 1{ 7?"1,u <R}] .

T2,u

'”2,u
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We now rewrite the above expression as follows:

oo o
. X X
Jtau = T Xy <§ Wi 4O 1 T D :wn727t¢n,2,t,u> ; (A17)
where wp 1+ and wy, 2 are given by
_n n
Y2 A2
T s
x 1t 2.t
Wn,1,t = Qp 1 , n € No, (A18)
Tt
nooq_n
2~ V1 4 71
T
a T1tToy
Wn2,t = Qp 2 p , n € No, (Alg)
t

and ¢7)§1,t,u and ¢§72,t,u are given by

X =B | Zutug

n,1,tu _n n 7 , N E N07
Amn 5 Xy {ﬁ;Z>R}

X _
Pnotu = Ei ﬁzl{@u <R} , n € Np.

T2, u
b b -

We now set uy = py, oy’ = oy, and ¢%¢ = 0, and so Equation (25) follows from (A16) and

(A17). We also note that (28) follows from (16), (A18), and (A19).

We now express the weights, wy, 1+ and wy 24, in terms of the consumption shares, v ¢ and vo,.
Equation (11) implies that for all a € R

~a a1 ~l—a,,—(1—a)y2
Tt =TtV Tor Yoy )
which implies that
~a ~l—a __ a1, (1—a)y2
T1¢Tor = TtV Voy

Therefore, we can rewrite the weights, wy, 1+ and wy, 24, given in (A18) and (A19) as (26) and (27),

respectively.

A.5 Proof of Corollary 2: Price of dividend strip with identical risk aversion

Again, rather than considering dividend strips where the dividend is the aggregate endowment, we
shall derive results for a more general dividend process, X, where the evolution of X is given by

(A50). Then, to obtain the results in the proposition, we will set ux = py, J‘;gys = oy, and 0@? =0.

By setting 71 = 71 = 7, (26) and (27) reduce to (31) and (32), respectively, and (29) and (30)

reduce to

17
T Ty X
X 1u 2,u A
n,1tu — Et 1_n n 1 1w , € N07 (Azo)
AT RY Xy ——>R
1,t "2t 2u



1-2
(A21)

n
¥
g X
X o 1Lu”2u u
¢n,2,t,u =k n q_n 1 1w , n € N.
A . ¢ —— <R
7['17t7T27t 2,u

When v € N, (25) reduces to

il i Y

X X X X X

Vg = Z wnaLtd)n,l,t,u + Z w”727t¢n,2,t,u = Z Wn,t (¢n,1,t,u + ¢'yfn,2,t,u) )
n=0 n=0 n=0

where wy, ; is given in (34). It follows from (A20) and (A21) that

1_n n
~1=5 L5
T Ty X
X X _ Lu Tou Xy
¢n,1,t + gbv—n,?,t = F; wat , n € Ny andn < .
P e~
Tt Moy

The n’th weight in the sum is given by the expression in (34); observe that the weights sum to

il v 1—n n\7
Z < n ) (”Lt Wsz,t) = (V¢ + o) =1

n=0

one, because

A.6 Proof of Proposition 4: Dynamics of the consumption-sharing rule

We can see the state variables of the economy by writing the consumption sharing rule as
(A22)

AN e N )
e Ny Vo

where
Tt
Ay =In— = q; +dy, wy,
Tt
and
A
g =In T2 4 gt + 0,7,
A2,0
1 1 1 1
= (B2 — 1) + 5(0fy — 0F +<—) ( Y_02)7
tq = ( 1) 2( €2 5,1) s o1 K 57y

1 1
O0q=0¢1 —0g2+ V2

1 1
dw:(”‘w)‘(%w)‘

Hence, the state variables of the economy are ¢ and w.
T

will have a deterministic component

We observe from (15) that the evolution of the ratio
and a stochastic component, where the stochastic component depends on the stochastic behavior

of aggregate endowment and the differences in beliefs.
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From Ito’s Lemma

2
ath dAt T 10 Vit

= A2
A 2 A2 (dA)

dVl,t =

Differentiating (A22) implicitly with respect A; and solving for %V—Altt gives

aVl,t o Vi1tl2t

— . A23
0N s (A23)

Differentiating (A23) with respect to A; gives
%14 0 [R Vl,tl/2,t:|

BAZ 9N [ e
1 0
—— —— Ry 4
71’725At[ i)
1

8R]

0
[Rt oA, V14v24] + 11, tV2taAt

7172

We simplify the above expression by observing that

aRt 2 < 1 1 ) 87/1’t
——=—-R;/[——— .
0N g4l v2) OA;

and using (A23) to obtain
=vioy | — Vot — V1t) — V14V —— 1.
OA? Levae | Do 2t — Vit vt |

aVl t 1 82V1 t
) dA - )
oA, "t T 3 oA2

Hence,

dVl,t = (dAt)2

R;
= V141, tW {,uth + 04dZ + dy [Ny (W — wy)]dt + doy dZ;
1

1 1
|:V2,t — vt — V1o Ry < - >] (oq + dway)th} .
M2

| R,
27172

Now observe that

1 1 1
oq+dyoy =0¢1 — 0 —i—< >Uy—|-( —>—<1—>0y
N ST Py P 7 o 7 (031

=0e1—0g2+ (V2 —m)oy

Therefore

R;
dviy = v1 40— {,uq + dy [N (W — wy)]
Y172

1 1

1 R
- |:V2,t — vt — V2, Ry ( - )] loc1 —oeo+ (72 — ’Yl)UY]Q} dt

27172

71 Y2
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R
+ Vl,tV2,t7t[O'§,1 —o0¢o+ (72 —m1)oy]dZy.
Y172

Now observe that

Mg + dy [)\ac (@ — wt)]

== )+ 5(ota— o) + (5= o) (- 503)
(o) = (o)) = () = (o) s

=By B+ L(02a o2+ (2 - ) <uy - iay> - Kv - 1;) - (m - ;)] Aot

and
Rt 1 1 Rtl/27t 1 RtVl,t 1 Rt”l,t RtVQVt 1 1
V2,t—V1,t—V1,tV2,th — = — =-\— - \—-— ) | — — —
Y172 Y12 V2 il it V2 71 V2 Y2
Wwor Wiy ( 1 1 ) w%t w%,t
=~ —wigwet\ — — — | = —— — —
g4l V2 72 it Y2
_ pwi, —mwiy
Y172 '
Hence,
Ry
dvi s = V1104 X
Y172

{(52 — B1) + 1(052 021)+ (2 =) <MY - ;012/> - [(72 - ¢12> - <71 - ;)] AWy

2 2
17wy, —nwi,

2
Oc1— O + — o dt
5 o {( e1— 0¢c2) + (2 —m) Y] }

+ vy " : [(05,1 —0¢2) + (72 — VI)UY} dz;.

= Vi tlat

{(5 — 1) + (0’52—0’5 1)

83 o2 (o2

1 ’Y2w2, - ’Ylwl, ?
E—t : {(05,1 —0¢2) + (72 — 71)01/] dt
Y172

R
+ V1o t2 [(0’5,1 —0¢2) + (72 — VI)UY} dzZy

~
R Bvative ., Hy,2 — 1yl
B2 — B + 2 < : : )
Y2 oy oy
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) 1) [ ) (o)

L Yows, — Nwi, (um — B2
2 Y2 oy

2
> +2(pya — pvie) (2 — ) + (2 — 71)2%%] } dt

Ri |pyvia —pye
+ vl

+ (72 — Wl)UY] dZ;.
oy

A.7 Proof of Proposition 5: Riskfree rate

We know that the equilibrium state price density, , is given by
A - A -2
M= Rt = Foavy

Hence,

Inm =Inm s —y1Inwv .

In the homogeneous agent economy where all agents are of Type k, we derive the risk-free rate,

7+ and the market price of risk, HAM. We start from the well-known result that

dmy ¢

= —Fppdt — Oy 1dZ;.

Tkt

Given our assumptions for the aggregate endowment, we can apply Ito’s Lemma to the last expres-

sion in (12)

- 1 1 1
dIn iy = = 0f ydt + o¢ dZ; — Prdt — (% - wk) duog + - dy
1 5 1 - 1 1,
= —§U£7kdt - Bkdt — | Yk — % [)\x(w — w)dt + UYdZt] =+ % ny — EJY dt + UYdZt .
Therefore,
; 1 1 v —
O = —oek + <'Yk - wk> oy + %UY = Y0y + ,Uo-iy,uY,k’
and

1. 1 1 1 _ 1 1
Tht + 59;%7,: = re+ 5 (oY — o) = ~0%k + Br + <7k - W) Ae(@—wi) + —— <MY - U%) -

2 U 2
Hence,
Pt + ! (021 — 2MmOyOek + Vo) = lagk + B + ('wc — 1) Mal@ — i) + - (uy - 1a2y)
2 V6 ’ 2 g U, 2

A 1 1 _ 1 1
Pt — W(pyp — Hy) + =7R0y = Br + <’7k - ) A (@0 — we) + —— (MY - 012/> ;
2 Py, i, 2
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and so

R 1 3 1 1 1
Tht = Bk + R + Az (@0r — wr) <’Yk — 1/%) ~3 [’Yk(l + ) — <’Yk — 1/%)] oy, (A24)
where
o = :“Y,k)\_ 29y

Applying Ito’s Lemma to Inm; gives
. ) 15 A 1 4
dlnm; = dln Tt — Y1d1n vig=—|\ris+ 591775 dt — Hl,tdZt -7 (Mul,t — §Uu1,t)dt + Uyl,tdZt
~ ]. /\2 ]. 2 N
== e+ 500 H (e = 500, 0) | dE = (Ore +7100,0)dZe.

Therefore

0 = él,t + V10t

y — My viRe [y — py2
:wﬂL%UY*F = ['u . +(72—71)0Y]
oy V2 oy
R R
Hy — [(1 —_ V2/,;2 t) Hy,1 + V2$2 t,uy,z} VQ’th VQ’th
= +im\l-————)+n——|oy
oy Y2 Y2
R R
Ky = (VLAZ Sy + VQQtz t'quQ) v iRy vo 1Ry
= H{m—— t72—; oy
Oy 71 Y2
R R
py — (”ﬁfl Ly + 2 tum)
= + RtUY;
oy
where we have used the fact that
V17th —1_ Vz,th
4! 72
Therefore,
0t — w + RtUY, (A25)
oy
where
2
Ky = Z Wkt Y,k
k=1
and
v
Wkt = ﬂRt, ke {1,2}
Vi
Also,
1 . 1 1-
e+ 593 =Tt +7 </~LV1,t - 20,%17t> + 59%,15.
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Therefore,
A 1, lg2 1 42 2 2
e =1t |t = 50 ) T 500 = S0+ 2001000 + 710y, )

_— 1 b Lo
t=T1t T V1| Mot 5Tt Y0100, ¢ 271‘7111,#

Substituting (A24) and fi, ¢, 0y, + from Proposition 4 into the above expression and simplifying

gives the expression in (48).

A.8 Proof of Corollary 3: Riskfree rate with correct beliefs or with identical
risk aversions and habits

Equation (50) follows from (48) after setting py,; = py2 = py, and simplifying. Equation (51)
follows from (48) after setting 71 = 72 = 7 and 91 = 92 = v, and simplifying.

A.9 Proof of Proposition 6: Market price of risk

We have (54) from (A25). Given that the ; is the exponential martingale defining the change of
probability measure from P to P*, it follows from Girsanov’s Theorem that Agent k’s perception

of the market price of risk is

9].3715 =0 + O¢ k-
Hence,
Py — K - By — M
oy gy oy

Thus, we obtain (55).

A.10 Proof of Corollary 4: Market price of risk with correct beliefs or with
identical risk aversions

Equation (56) follows from (55) after setting puy,; = py2 = py, and simplifying. Equations (57)
follow from (55) after setting 71 = v2 = 7, and simplifying.

A.11 Proof of Proposition 7

Equation (13) can be rewritten as

Y2 qt+dows 71
Vo€ =V
and so
n qtt+dwwt
vy L =g (A26)
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Now, recall the standard results that

L etz — | 0% P—a.s., a>0,
0, P—a.s., a<0,

t—o0
and

lim sup e*?t = oo,
t—o0

lim inf et = 0.
t—o0

From the above results it follows that to ensure that lim;_, o e®tb%t ig strictly between zero and

infinity, we need to have both a and b equal to zero. It then follows from the expression in (A26)

that both agents will survive P-a.s., that is, the economy will be stationary almost surely under P,

if and only if iy = 0 and o, = 0. We can also see that i, > 0 then Agent 2 survives, but Agent 1

does not. We can therefore define survival indices as in (58).

A.12 Proof of Proposition 8

To prove Proposition 8, we first prove the following three lemmas.

Lemma A1l (Partial differential equation for price of a dividend strip) Given the aggre-

gate endowment process specified in Equation (35) and the beliefs process in (36), the time-t price

of the dividend strip, which pays the cash flow Y, at date u > t, is given by Vt); = U;/UYQ, where

Y Y Y
0= 0t + avt’u)\ (W —w) + vy ep Ot
= — Wt Ltk t 3
ot Oowy " Y Oy

1., 0% 0%y, 1 0%y,

+ —o? L Oy UL 40y, e + —1? o2 o

1%
27" Ow? T Qe 27T g2

oy, oy,
Y tu tu Y
+ (py — Oroy v, + (oy — 6;) (O'Y T V1LtOu = TtV s

Owt 8y1t
and
vzju|u=t - 17
lim v}, =oco, lim v}, =0, if~ >i ke{l1,2}
wi—oo bt oo bt ’ k @Z}k’ R

N — _L —eMa(u=t) (Y ) -1 __1
Uz/ |1/ 1=e (rkJrﬁo%*ﬂY,k)(“*t)e (’Y wk) {(1 e Y@ —w)=5 (’Y wk) 22z
MUV 1=

where
1 2 1.9
Ay_MY,k+< _ﬂ)UY_QUY
W = b\ s
T
o= gt ] 11<1+1> )
Tk =Pk + MYk — 57— — | oy
Ui 2 4y, vr) Y
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_ o 2Xg(u—t)
l1—e z o2

(A27)
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Proof of Lemma Al

The fundamental asset pricing equation (see Cochrane (2001)) states that
Y Y dmy
Ey [thm . TVtﬂldt] = —th wl - (A28)

Because V;Y, = Yjv},,, where v}, is a function of time and the state variables w; and 114, i.e.

v}, = vf, (t,w,v1y), it follows from Ito’s Lemma that

dV?; _ dva/u dY; dvguﬁ

AT A T A7
1 avtyu afuz/u avt U 1 821}15 U 2 OQUtYu 1 82’02/11, 2
= —d d d ——dwd —(d
vtu [ ot Owy wet Ovi et 2 ow? ( )™ + OwOvy ¢ weavig + 2 Ow? (d1)
1 avgfu 6Utu dYVt
dt az dw dv )
+ pydt + oy t+ (8% wt + dn s V1t Y,
Then
1
Vi
1 [ov), ov), oy, 10%0), , 0% 10%v), )
= — : — E|d — Fld —(d ——dwd ~(d
vy ot Owy tldur] + oy tldvi] + 2 Ow? (dwr)” + OwOvy ¢ wWeabLt o+ 2 Ov? (dv10)
t,u ; t l’t
Y Yy
Vi gy, dY;
dt —d, —d —
+ pyat + fu (6% t o, 1,t> Y,
1 [ov), ov), oy, 10%v), 9 0%}, 182vtu 5 9
_ ) ) )\ ~ 3 - 3 )
vy, ( ot + Owy o(@ —wr) + 0 Vithrt + 2 Ow? 7Y &utaultayyl Wt g 2 Ov %t Y1t%mt

—LE

Oy dt.

dv;fudﬂ't _
Vi, T

? V1,10, t> + oy
Equation (A27) then follows from (A28).

When w; — 00, current marginal utility tends to zero for Agent k, k € {1,2} (provided ~; > ﬁ)

However, w is mean reverting and so future marginal utility will be higher. Consequently, the

o1



marginal rate of substitution is infinite and so the price-dividend ratio will be infinite. When w; —
—00, current marginal utility tends to oo for Agent k, k € {1,2}, (provided 7 > ﬁ) However,
w is mean reverting and so future marginal utility will be lower. Consequently, the marginal rate

of substitution is zero and so the price-dividend ratio will be zero. Hence, lim,,, o UZ » = 00 and

: Y _
limgy, ——o0 V4, = 0.

When v, = 1, the economy is populated solely by agents of Type k. Hence

X 7?"k,u Xu
pu— E —
Vit ! |:7Arkt Xt:|
_E [fku —Br(u— t)e('y ﬁ)(wuwt)@(yuyt)&}
fkt X
— et Cums g [ o n]
kit

where z = In X.

We can show, after some algebra that

Fra Ko _ iy M - (e Yoo
7Ark,u Xy Mkt ’

where

b = By 4 1 11 <1 1> L L s
k — Pk 7#Yk—*7 (o} —0 O'Y—,UXk;a
Ui 2 9y vp) Yy X

and Mj,, is the following exponential martingale under P

dMy,
My, 4

= 0" dZ{ + (03¢ + o — %Jy)dZt, My, =1. (A29)

We define the new probability measures P¥ on (Q, F) via
PF(A) = E(laMy7), A€ Fr, k€ {1,2}. (A30)
Hence,

Ui)fu — E, |e~ et ]\Ail;,:e—@k—@)(%—w)} _ e—kk(u—t)Elc [e—(w—wlk)(%—wt)

Define the moment generating function
MF(wi,u—t,a) = EF [¢®].
Because w is Gaussian, we have
MF(wy,u— t,a) = Bt loultya? Vartlw]

_ea[e—)\x(u—t)wt+(17€—/\m(u—t))wg(}+% 21 Q)ég)c\iu t) %

9
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where

xR ( Bov) ov — 3o}
k )\m
Hence,
_L 1
’Ut),(u = eik’“(uft)e@k ¢k>thk (Wt, u—1t,— <7k‘ - wk>)
_ _ 72)\z(u )
_ o—huu=t) <%,17> €_<7k_17k>{[e Az (u=t) 4 (1—e—ra(u— t))wx]—*(%—ﬁ)l e t U%}
_ w— 75_2>‘Z("_ )
— e—k’k(u t ’Yk wk [ Azlu=t)( ) (@5 X —wi)— 2(’}’1@*1&*;)71 Cp ! U%,]
Therefore,
_ w— _672)\1(u7t)
/Utl/ _ e_kk(u_t) (’yk—wf) |:(1 e— Az ( t))(w _wt)_*('Yk_W)l 2)@703,}
U )
where now
1 11 1 1
kr = Br + —pyxr — <1 > oy + —0y — kv,
b, 20\ o) Y
and

et (- ) ot —dod
xT

Observe that the long-term yield of the risky security with price vz’/ » 1s given by

1 1 11 1 1
_ 1 noY — il B o )
wseo 1 — ¢ b B+ Vi HYk =39 Y, ( W) W wk Hrk

While we could solve (A27) numerically, an analytical approach would seem difficult, given the
relatively complicated non-linear dependence of p,, ; and o, ; on v1;. Nevertheless, we can find

an analytical solution by using Proposition 3. This relies on finding only the value of the claims

Gn 140 and @) 5, defined in Equations (29) and (30), which pay Y, at u whenever EZ

7?l'l,u
T2 u

< R, respectively. The proof uses the following Lemmas.

Lemma A2 (Values of ¢§,1,t and q’)ff,z,t)

X _ _—ki(T—t) ,—a1qt—brwes 71 a1qr+biwr
n,1,t — ( )6 Et [e 1{QT+dwUJT>p}
X _ _—ko(T—t) ,—a2qt—baws 112 agqr+bawr
n,2t — € ( )6 Et |:6 1{qT+dwa<p}

where

1 11 1
=1+ — y,—<1+>02
P T 9y, i)Y
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. 5‘1'1 11(1 1>
To = — - — o
2 ¢2MY’2 2o vy ) Y
7 1 sYs
k1:f1+f0)g0y—,ux,1 (A?)l)
(001
7 1 SYs
ko = 7o + 70.)51/ oy — UXx2 (A32)
2
n
al = —— A33
! V2 ( )
n 1 n 1
by =—|— -+ (1 -— - —
! {7 (72 d@) ( 72) (71 Y )}
n
ag = —
il
n 1 n 1
bo=—|1—— —— |+ — - — A34
? K 72><72 TP) 71<’Y1 wlﬂ (434)
p=InR, (A35)

and Ef[] is the date-t conditional expectation operator with respect to the probability measure ¥

defined in (A30).

Proof of Lemma A2

Recall that

Simplifying (A36) gives

X _
Gt =Er | 4=

X 3 )
¢n,1,t,T = Et 1—

X
Pnopr =Er | —r 1=

, n € Np, (A36)

, n € Np. (A37)

_n
v2 w1 X1
—~ v # )
Tt Xt {ln<%)>p}

Ey

<ff1,T/ﬁ2,T>
I 1,/

where p is defined in (A35). Simplifying (A37) gives

X
Pnopr =Er | —r 1=

R
Ty 1T Xr

1.
X, {;;;<R}

TR

Ty 1Tt
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= E

o

<7T1,T/7T2,T> M ToT XTl
~ ~ ~ 7t .
1,/ o X¢ {ln(,»r;’;)@}

Note that
Tk,u & — o kn(u—t) M o (’Yk—ﬁwa—M)
Thu Xt M. 4

I

where ki, k € {1,2} are defined in (A31) and (A32), and M., k € {1,2}, is defined in (A29).

Hence

B _n
o =B, (WLT/?T?I) 72 efkl(Tft)MLTe—(’Yl—d%l)(WT—wt)l{ o)
vlzt» - il i + wr>
" 1,/ o My, rrlewr =P
B n
X _ T/ R\ —ko(T—t) M2,T *(“Yri)(w:r*wt)
¢n 2.t T — Ey ~ ~ € € vz 1{QT+dwa<p} .
on 1t/ T Mo,
Therefore,
_n
g (PN E e (e e
@ = - = e e 1 1
n,1,t t < 7T1,t/7T2,t {gr+duwr>p}
_ 7]{1(T7t) —a1qt—biwt 11 a1qr+biwr
=e € Et € 1{QT+dw¢fJT>p} ’
and
n
T 7 s 1
X P2 T /R \ —ko(T—t) *(7217)(wa%)
e — N (&4 e 2 1
n,2,t t ( 7Tl,t/772,t {gr+duwr<p}

_ —ko(T—1) ,—a2qt—bowt 12 | Ja2qr+bawr
=€ ( )6 Ly e 1{QT+dwa<P} ’

where a1, b1, az, and by are defined in (A33)-(A34).

We shall need some basic definitions for Fourier Transforms in order to prove Lemma A3.

Definition A4 For an integrable function f : R — C, its Fourier Transform is given by

flz) = / ~ gika f(k)dk, Vz € R. (A38)
We shall use the notation
FLf(k), 2] = / ¢k f (k) dk. (A39)

Under certain conditions (see, for example Friedlander and Joshi (1999)) f(k) can be reconstructed

from F[f(k),z] via the inverse Fourier transform

10 =5 [ e

27 J_
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for which we use the notation

F U (@), b = — /OO = () da

The following Lemma provides a closed form expression for the moment generating function of
the 2-dimensional affine process, (¢, w:), under the probability measure Pk,
Lemma A3 (Moment generating function)

B?(Qt,th B t) —p
V2Ak (g, we, T — 1)

Ef [eaqu+kaT1{QT+dwa>P}] = M?(Qﬁwtv T —t,ay, bk)q) ( ) ) (A4O)

where the moment generating function, M?(qt,wt,T —t,a,b), defined by
M (g, wr, T — t,a,b) = Ef[e?artbr], (A41)

s given by

MG (qrswe, T = t,a,b) = exp {a[qt  fig(T = O] +b[e T Dy + (1 — e )] (A42)

1 1 — e~ 2a(T—1) 1 .1 — e2X(T-1)
+ 5(1202(T —t)+ab e—aqay + 51)26—032/ ,

g A 2,
and
1 — e Ma(T—1) 1 — e~ 2a(T—1)
Ap(grwn, T —t) = = |02(T = t) + 2d—— ooy +d2—— 52| (A43)
2 Az 2X:
Bif (g, wi, T —t) = g4 + ﬂé{k(T — 1) + dyle™ Ty 4+ (1 — e AT (Ad4)
) 1— e—)\I(T—t) 1— 6—2/\1(T—t)
+ axoy (T —t) + (bg + ardy,) 3 40y + bdeTU%
ui T
where
1 1 1 1
g = (B2 — B1) + 5(0'52,2 - Ug,l) + <¢2 - w1> (MY - 2‘712/> ;
N ( 1 1 )
Oy =0¢1—0C — — — ) oy,
q &1 £,2 wQ ¢1 Y
. 1
ik = Mg + <U§?S +oek — 0Y> oy
’ i,
12 sys 1
My — 50y + (UX - *UY) oy
o = 2 i (A45)

- (o-3)-(-2)



Proof of Lemma A3
First we prove (A42). Because (¢r,wr) is Gaussian, we have
5 —k
M?(Qt’ Wi, T — t,a, b) = eEk [a‘ITJFbUJT]Jr%Vart [a(ITerwT]’

——k ~
where Var, is the time-t conditional variance operator under the probability measure P*. Note that
E¥lagr + bwr] = aE*[gr] + bE*|wr]
= alq + ,&éfk(T —t)] + b[e’AI(T*t)wt +(1- e*)‘l‘(T’t))d}f]

and
1—F 1 o—k —k 1 6—k
§Vart [agr + bwr]| = §a2Vart lqr] + ab Cov, [qr, wr] + ibQVart [wr]
1 _ e*)\m(Tft) 1.1— 672)\1(7’715)
= §a203(T —t)+ab . 040y + inTay,

where the long-run mean of w under the probability measure P* is given by d),f , defined in (A45).

Hence,
M (a0, T = 1,0,8) = exp {algs + i (T — £)] 4 bl ™ Ty + (1= e HT=0)0]

1 1— A (T—1) 1 .1— =20 (T—1)
R T b Sy

5 . 040y + b

2 22Xz

Our proof of (A40) relies on using Fourier transforms (see Heston (1993) and Duffie, Pan, and
Singleton (2000)). Taking the Fourier transform of EF [eaqu+bkwT1{qT+dwa>p}] gives (see (A38)
and (A39) for relevant definitions)

F [Ef |:eakQT+bkwT 1{qT+dwa>p}} ,:C} — Af [eakQT"rbkwa[]_{qT+dwa>p}’ x]}
= Af [eaqu+bkwT]:[g(qT T dwr — p),x]} 7

where 6(z) is the Heaviside step function, defined by

0, z<0
1, =z>0.
Using the standard result that
eix(qT‘i“dwa)
FlO(qr + dowr — p),z] = iz + 7o (z),

where §(z) is the Dirac-delta function. It follows that

ix deow
k4T +HokwT (e (QT'JF T) +7T5($)>]

4 [Ef [eakQTerkle{QTerwaW}} ,3:] = B i
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ME (g, wi, T — t,ag, + i, by + izd,,)
1T
+ wé(m)M?(qt,wt, T —t,ak, bg),

where M:X (g, wt, T — t,a,b) is defined in (A41). Taking the inverse Fourier transform, we obtain

1T

. MX (qr,wi, T — t, ap, + iz, by, + izd
Ef [eakQT+bkwT1{qT+dwa>p}] — F1 [ k (qt, wi ‘ k k w),p]

+aF ! [0(z), p] M?(qt,wt,T —t,ag, by)

—1ipT

Lo M (g, wi, T — t, a + iz, by, + ixd,,)

=5 d
2 J_ 1T v
1 [ _.
+7TM§(C]taWt»T_t,akabk)/ e "5 (x)dx
2 J_o
1 0 o MX (g, T — t’.ak + iz, by, + imdw)dx
27 J_ o 1T
Lo x
+ §Mk: (Qt,Wt,T—t, (lk,bk), (A46)

where we have used the standard result that

/ e PT(z)dx = 1.

—0o0

We now show that

dx

/Oo efipoi((QMWt’ T —t,a + iz, by + ixd,)

o 1

* in[(B; T—t)—
g 2Mk‘X(qt7 wta T — t’ a/k:, bk) / e_Ak(Qt7UJt,T—t)x2 Sln[( k (qt7 wt? ) p).’f] d.CL‘, (A47)
0 X

where Ag(qi,wi, T —t) and B;iX (g, we, T —t) are defined in (A43) and (A44), respectively. We start
by observing that

M (qy,wi, T — ¢, ay, + im, by + izdy,) = M3 (g, wi, T — £, ay, by, e~ (@ T =02 +iB (g0 T~z

Hence,

dx

/°° o M (a w0 T =t ag + iz, by + indy)

oo i

= i(Bf (gt ,we,T—t)—p)x
= Mi‘((qta Wt T— t, ag, bk) / e_Ak(qtawth—t)a@ e k . "
- 1
= MkX(QtawtaT_t, akybk) (A48)
. /OO o Anlarson T2 COS(BR (a1, wi, T = 1) — p)a] + isin[(By (g, we, T = 1) = p)a]
- 1T
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X : X
— Ay (qt,we, T—t)x? cos[(Bj, (Qt&;t,T*t)*P)x] and efAk(qt,wt,Tft)IQ sin[(B} (Qt,u;th*t)*P)x]

even functions of z, respectively, it follows that

/oo — Ax(auonT—t)2? cos[(BjX (qt,wt, T — t) — p)z] + isin[(By (qt,wt, T — t) — p)z] p

—oo i

Because e are odd and

Xz

5 /oo efAk(qtth:Tft)xz sin[(Bf(qt, Wt T — t) — p)l’] d.
0

x

Hence, (A47) follows from (A48).

Together with Equation (A47), Equation (A46) implies that

. 1 [ in[(B:X T—1t)—
Ef [eakQT+kaT1{qT+dwa>p}} - /0 e~ Ar(ae i, T—t)? sinl(By (g, @, ) = r)z] dx

™ T

1
+ §M§(qt,wt,T —t, ag, by). (A49)

Because

/oo efAk(Qt’wthft)xz sin[(B,f(qt,wt, T— t) - p)fﬁ] de — %7‘(‘
0 x

o Bli((qtthvT*t)*p 1 7
\/QAk(qt, Wt, T — t)

where ®(-) is the standard cumulative normal distribution function (a result which can be obtained

using Mathematica), (A49) implies (A40).

To prove Proposition 8, our first step is to use Lemma A2; we then use Lemma A3 to simplify

(A36) and (A37):

A BX 7 ,T -
Ei {eal(JTerWTl{qTerwaw}] = M (g, we, T — t, a1, 1)@ ( i (g, wr ) P)

\/2A1(qt,wt, T — t)

and
Et2 |:ea2‘ZT+b2"JT1{qT+dwa<p}i| Atz [ azqr +bawr 1 - 1{QT+dwa>P}):|
_ |: a2qT+b2wT] EA? |:eaQQT+b2(IJT 1{qT+dwa>p}:|
e Bg((qtawtaT_t)_p
= M2 (qt7Wt7T - t7 az, b2) 1-o
\/2142(%7 Wt, T — t)
— B (qp,we, T — t
:Mgc(qhwth_taaZ’bQ)q) P 2 (qt t )
\/2A2(qt7wt7 T — t)
Hence,

B (qt,wi, T —t) — p
o1 p = e I Demaa b pq X (g, T —ta1,01)® | s ;
e \/2A1(qt,wt,T—t)
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— B T—t
¢§72’th = e*kQ(Tft)@*ath*bzthg((qt, w, T —t,as, bg)(I) <P by (qt, W, )) '

\/2A2(qtawtaT — 1)

We know that

Tt e

- 1— -2
@ =In — dyw, =1In [(””)] — dywr,
Vit

and so

Y2

ai
_ —)—(by — Vot X Bf((QtthaT_t)_p
oy g = e P rmando)en |20 M gy w0, T — £y a1, 01)®
n,l1,t, I/?,lt \/2A1 (qt,wt,T - t)
72

a2
o (T—t)— (b Vot X p— By (qr,w, T — t)
(Z)XQ tT — € kQ(T t) (b2 a2dw)wt —r MZ (qt7 Wt T — ta a, b2)® .
b Viy,lt \/2A2(q?57 W, T— t)

Simplifying the above expressions gives

14yl q

1 — e A1) 1 ,1—e 21 BX (g, wi, T —t) — p
+aby —————— 0,0 P —————— 0% O | L ,
i Az =X 2 ! 2z X \/2A1 (qt, w, T'— t)

. g (T— X 1
B = TG0 o {MX (T = 1)+ qebof(T 1)

. g (T— R 1
(bi(,Z,t,T _ eka(Tft)+b2(wt7ka)[1fe Ao (T—1)) exp {CLQ/iéfQ(T _ t) + ia%(jg(T . t)

1 — e~ a(T—1) 1,1 —e (T p— B (q1,wi, T — t)
b +—-ce — sYs —b2— 2 @ 2 ) bl .
a2 p 749X +2 2 20 X V2As2(qr,wi, T — 1)

Replacing the cashflow X with the aggregate endowment Y gives (59) and (60).

A.13 Proof of Proposition 9: Long-term yield

Note that

Vig+ o = 1.

Hence,

Vl,t =1- VQ’t.

Because 71 < 72, we have
1
72 > 1 _
Vl,t = VQ’t.

Also note that since
_ 4 Ve __ —fet —102t—0, 7, —k
Ty = TtV = A€ FreT 27k TR tl/,m ,
we have
1 !

T A Tk
Ty " = Ty Vit
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Therefore,

1 1 -
_1 1N\ A, 1 _1

Y1 4271 72 Y2 A2
<7Tt 771,t> >1- )‘2,07% Mot

If we define 7, = max[1, 2], then

and so

Now note that

Therefore,

If we define 7, = min[1,y1], then

Then,

Therefore,

_"/k

1 1

1

1 1 _1 1
=14 s 72 2 A2
(my )2 > 1 - 207t Toy
2 1 1
72 72
E :Wk,t >
k=1
2 1\ 2
E frl;th Zﬂ't
k=1
i
Y2
v =1 —ray,
2 1 Y2
A 72
E ﬂ'k,t >7Tt~
k=1
2
v <1—v
2t — 1.t
112 11
Y2 A2 ~ 71 Y1
<7Tt 7T2,t> <1- Ty
1 _1 1 1 1
Y1 1 4271 ~ 71 Y1
)‘2,07Tt Top < 1- Ty Tt
2 1 71
e
= E :”k,t
k=1
2
REt
Voi S 1—viy
2 1 e
~
T > g w
k=1
2 1\ 2 2 T\
~ 72 A1
E :Wk,t > T2 § :Wk,t )



and

which implies that

Because f(z,y) = (/7 + y/7)7 is strictly convex (concave) if and only if v < 1 (y > 1), it follows
from Jensen’s Inequality that

Recall that

WkTﬁ —kkTMkT —(W—W)(WT wo)
ko Xo M0
Wlog, 71,0 = 1. Hence,
ﬁ'kT& T\ pe (=) o o)
Xo

It follows that

2

1
3 1 1 1\?1—e 20T 72
—kyT _ _ 1= e Ty (X _ 2 I
pot (e exp{ <7k ¢k> o me) g (W ¢k> 2N UY}>
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Letting T' — oo gives

1
min(kq, k2) < —Th_rgo flnv()fT < min(kq, k2),

and so

1
—Th_r)réo T lnvng = min(ky, ko).

The other results in the proposition, for the yield on riskless bonds and the term premium, follow

once we set 03" = pux; = 0 in the equation above.

A.14 Proof of Corollary 5: Survival and price impact under identical prefer-
ences and different beliefs.

The corollary follows immediately from Proposition 9, after setting 81 = B2 = 5, 71 = 72 = 7,
Y1 =2 =, and py;1 = py.

A.15 Proof of Proposition 10: Risk premium and volatility of risky assets
We shall derive results for a more general risky asset, which is a perpetual claim to the cash flow
process, X, where the evolution of X is given by

dx .
7; = uxdt + o3°dZ + o'¢dzie, (A50)

63



where Z¢ is a standard Brownian motion under P, orthogonal to Z;. Under probability measure

P*, k € {1,2}, the dynamics of the cash flow process are given by

dXi

e —MXkdtJraX det+J dZtid,
t

where p1x i, is given by
UXk — BUX  Hyk — Uy

SYS -
Ox oy

Then, to get the risk premium and the volatility of the stock market, we will set uxy = py,

Xz_; = oy, and aZd =

The risk premium for the claim paying X in perpetuity is given by the standard asset pricing

equation:

dPX + X,dt dmy dPX
E, {m —rtdt] =L [7” ‘ ] . (A51)

PtX Tt PtX
Applying Ito’s Lemma to PX = X;pX gives

dPX  dX, dp¥ | dX;dp)

PtX X pix X; pix

s , 1 [op¥ opiX
= pxdt + oYdZ, + o'4dZi + [ B (ot + 0y, A7) + P (A (@ — wi)dt + oy dZy)

? vy 4 Dy
11 (92th 1 opX 1 opX 11 0%
—— 5 dt Sys— ¢ vy At W ydt + = — t 2 dfA52
2pt)( 8V%7t 1t lllt +o piXaVL VltO' 1,t ++ X 8 2 %X 8 w3 Oy K )

Thus, the total volatility of the return on the claim that pays X in perpetuity, aﬁ( 4+ is given by

2
X _ X,sys X,id
JR,t_\/< ORt ) + (URt ) )

where the idiosyncratic component of the volatility of the claim’s returns is given by

X’Ld zd
ORy = O0X>

and the systematic component of the volatility of the claim’s returns is given by

O'X sys __ Usys +o Vit apt oy 1 apt
Rt X vi,t X 61/1 : awt :

Hence, substituting (A52) into (A51) gives

PRy =Tt = 9tUR L (A53)
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where
dPX + X,dt
X _ t t

Substituting (54) into (A53) gives

By — Kyt X,

Also, Agent k’s perception of the risk premium for the claim paying X in perpetuity is given by

the standard asset pricing equation:

dPX + X,dt d apX
EF [t +X = Ttdt} — _EF [ Tkt L ] .
Pt 7T]<;,t Pt

Hence,
X X,sys
MREt — Tt = ek,tUR,ty ) (A54)

where
dPX + Xtdt]

X k
dt =FE
MRkt t { PtX

Substituting (55) into (A54) gives

X HY — Myl X,sys
Writ— Tt = (Rt oy + [O'Y ORrY >

Agent 2’s perception of the risk premium is given by

Hy — HBy2 X,
PRt =Tt = (RtUY + [D or”
oy ’
Setting ux = py, oy’ = oy, and 03? = 0 in the above expressions gives the results in the

proposition.

A.16 Proof of Proposition 11

~ 11— ~ n
T1,u " T2 | 72 Xul
Tt e Xy {%>R}

— B, |:e<1$1) (Cl,u*§1,t)+%(?2,u*§27t)+$u*xt

¢n,1,t,u = Et

1{§l,u_§2,u>p}:| :
Taking the Fourier transform of the above expression yields

Fln 1t 2) = By [e@_%)(q’“_q’t)%(Q’H_Q’t)ﬂu_mf [1{<1,u—c2,u>p}7w]]
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6(1—%)(q,u—q,t)—i-%(<2,u—<2,t)+ru—mf, <€iz(q"“_€2’”) + 7“5(2))]

(74

_ -lEt |:6<1—,\71>(<1,u_§1,t)+,:;((2,u_<2,t)+iz((1,u—§2!u)+wu_mt:|
z
+ 7o (z)Ey [e( e )(glu S1,6) 75 (S2,u—52,0)+Tu— a:t:|
=e [(1**><1 t+—<2 t] <1Et |:e<]~%)gl,u‘i’,\:;gQ,u“riZ(Cl’u§2,u)+xu:|
1z

+ 70(2) By [e( 2 )ity <2u+mu]>

= 6_[<1 >§1 t+ Q t] o (1M <§l,t7§2,t7$t7u - tv (]— - n) + iZ7 ﬁ - iZ, 1>
12 72

ga!

n n
+ wo(z)M <§1,t,§2,t,xt,u —-t,1—-—, —, 1>> )
Y172

Taking the inverse Fourier transform gives

n n 1 [~ .1
an,l,t,u —e [(1 )q t+ 5 2 t] Tt [/ ezszM <§1,t7§2,t7$t7u (1 _ > + iz, ﬁ
—0o0

27 7

1 [ .
+ 7r/ e"P*§(z)dz M <§1,t, S, T, u — b, 1 — Ea E, 1”
2 J_

Y12

_n R 1 [ .1 n n
—e [(1 >§1t+ sz] Tt [/ ezpzaM <§1,t7§2,t7$t7u_t7 <1—>+iz,

27 Y1

—o0
1 n on

+ -M §17t,§27t,$t,u—t,1— 77771 )
2 T2

and so we obtain

2T Y1

—0o0

_n n 1 >~ .1
¢n,1,t,u =€ [<1 >§1 t+ Q t] |:/ e’LPZEM <§1,t7 2.ty Tty U — tv <1 - n> + iZ, ﬁ

1 n n
+ =M <§1,t7g2,t7xt7Ut71 - 771):| .
2 M o2

Now observe that

/ er*— M <g17t7g27t,$t,u —t, (1 — n> + iz, o 1z, 1) dz
PN 12 ga! Y2

0 ipz 1 n .
= e —M | S1t, 24, Tt, U — 1—— ) +iz,— —iz,1)dz

—00 12 g Y2

> 1
+ / e — M <§17t,§27t,xt,u —t, <1 — n> + iz, n_ 1z, 1) dz
0 Lz 71 Y2
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V2

72

iz, 1) dz

—1z, 1> dz

— 1z, 1> dz
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00 ) 1
= / e PF—M (gl,t, St Tty U — T, <1 - n) — iz, oy iz, 1> dz
0 —iz et 72

+ / e —M <§1,t7§2,t;$t;u —t, (1 - n> iz, — iz, 1) dz.
0 iz gt 72

If (1,4, S2,¢, 2¢) is analytic affine, then M (14, o4, ¢, u — ¢, 21, 22, 23), 21, 22, 23 € C is a holomorphic

function whose restriction to the real numbers is real-valued, and so
M(S1ts S2,85 T, u — 21, 22, 23) = M (S1, Sot, Tes u — £, 21, 22, 23)

where z denotes the complex conjugate. Therefore

n n —_ n n
M <§1,t7g2,t7$t7u_t7 <]— - ) _iZ77 +7:Z7 ]-> =M <§17t,§27t,$t,u—t, <]- - > +Z'Z77 _iZ7 1> )
ga! 72 m 72

and so
< 1 n n
/ e’ —M (gl,t,gzt,xt,u —t, <1 — > + iz, — — iz, 1) dz
— 00 12 g Y2
e | n n
= / eirz — M <§17t,§27t,xt,u — 1, (1 — > + iz, — — 1z, 1> dz
0 1z g 72
+/ e —M (gu,gg,t,xt,u —t, (1 — n> + iz, n_ 1z, 1) dz
0 1z 4! V2
= 2/ Re [e“’z,./\/l <g17t,g27t,azt,u —t, (1 — n) + iz, no_ 1z, 1)} dz
0 Lz 71 Y2

1 iz n oono
=2 —Im |e”*M (s, 08,2, u—t, |1 —— ) +iz,— —iz,1)|dz.
0o “ 71 V2

Therefore, we obtain (70). Recall that

~ LN ~ 1-
7Tl’u Y1 7T27u Y2 X’LL
On2tu = Ly = = ~ (s )
Tt T2t Xp ¢ Z2c<r
) ) 2,u
Hence
R n R 1—n R no 1—n
Tiu \ M [ T2u 2 X, Tiu \ M [ T2u 72 X,
¢n,2,t,u = Et ~ ~ ~ | — Et ~ ~ -1 1w :
Tt Tt X Tt ot X {2tsp

Following the same steps as the derivation of (A55), we obtain

| 1—n — 1 1 n . n .
ot =e [n §1’t+( vz)Q’t] r [—/ eP* — M <§1¢, S, T, U —t, — +iz,1 — — — iz, 1) dz
2 J_ o 12 71 Y2

1 n n
+-M <g1,t7§2,t7xt7u —-t,—, 1- R 1>:| .
2 m V2

If (61,4, 2., x¢) is analytic affine, then we obtain (71).

67



A.17 The Distribution of The Consumption Share

In this section we give the conditional probability density function of the consumption share v,
and derive its long-run behavior.

Proposition Al (Density function for the consumption share) The density function for vy 4y,

conditional on q; and wy is denoted by py, ., (v|q, wt), and is given by

Pviiqu (U|qt’wt) = (A56)
h _ _
| In 2100 g+ dy(1— ) (@ — wi)] \ B (o)
\/O’ u+ 2d, = =< Azt Uqay—i—dQ%a% \/U u+ 2d,= =< Azt Uqay—l—dQ%a% hi(v)
where ¢(z) = \/%76_532 is the standard normal density function and

1 1 1
= (B2 — B1) + (ng 0%, )+<¢2_¢1> (MY—20}2/>;
Oqg =0¢1 — 0524—( ”~ w1>

(o))

hi(v) = v (1 —v) 72,

If both agents have the same survival indices, that is, pg = 0, then

(0(v) +0(v—1)),

N =

uh_{gO Py 4 (’U|V1,t) =

where 0(+) is the Dirac-delta function.

Proof of Proposition A1l

Note that

et — hi(vig).

The cumulative distribution function for vq ;4,, conditional on v; is given by

Pr(vipru < vlg,wi) =Pr(hy ! (€) < vlg, wr)
= Pr(eAt < hi(v)]ge, we).
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The previous line shows that we shall not need to compute the inverse function A

1(-). Coupled
with the fact that A is Gaussian, this means deriving the cumulative distribution function is
straightforward:

Pr(eA”" < h1(v)|qt, wt) = Pr(Appy < Inhy(v)|ge, wt)

= Pr(qi1u + dowiy < Inhy(v)|gs, we).
Now observe that
Pr(gtiu + dowtyu < Inh1(v)|gr, wi) = Ei[lig,,  +doweru<inhi(v)}]

= Ei[l{g,,+dowrsu<inhy (0)}]

=1- Et[l{(]t+u+dwwt+u>ln hl(“)}]’
Lemma A3 implies that

Gt + prqu + dy e Ay 4+ (1 — e A=")@] —
Et[1{qt+u+dwwt+u>lnhl(v)}] = (p 1

lnhl( )
\/02u+2d 1= . Mt oo + g2 =g et Aot -2
q9Y 2. v
_ (p qt +dwwt +,~/Lqu+dw(1 - 6_)\7”)(@ _O.)t) - lnhl(v)
\/Ugu + 2d,, 176{;” o040y + dailfg?wu ol
where
1 1 1
2 2
— + - -
=R (%2 7e1) <¢2 1111) ( a 20Y>
()
0g =0 o —
q &1 7 0¢g2 Vs 1/}1
1 1
d, = = 2
=) 05)
Hence

Inh — dy, d,(1— —Azu\ (= _
Pr(vtssn < tlawr) — @ | P02 [0 F duw d prgu - du(l = e (@ — o)

2 l—e—Aazu 2 1—e—2Xazu 9
\/O'q’LL + 2d,, 00y + dz Oy

Because ¢; + d,w = Inhq(v1,4), we have

In hi(v) [M u—l—dw(l _ ef)\zu)(a) . wt)]
Pr(vip4u < vlgr,wi) = @ ) !

1— e Azu 9 1—e—2Xzu 9
\/a u ~+ 2d, 00y +di, =50y

The density function p,, ., (v|q:,w:) is given by

Puytru (U|Qt> wt)
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_ dPr(vy 44 < g, wt)

dv
h _ _
_ 1 In 718505 — g + (1 — e )@ — )] | py(0)
Votut 20,5 0y + BIEGP02\Jodu 20,55 00y + a2 125002 | ()
Because
hi(v) _ Y172

hi(v)  v(l —v)Re(v)’

we obtain (A56). When p, = 0, the limit of (A56) as u — oo when v € (0,1) gives zero. When
v = 0 or 1, the limit is infinite, but symmetry and the fact that p,, ,,,(v|q:,w;) is a probability
density function (and hence integrates to one) implies that limy oo pu; .\, (v = 0q,wt) = %5(1})

and limysc0 Puy 4y, (0 = 1q,wp) = %(5(’0 —1).
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