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ABSTRACT

The Optimal Control of Infectious Diseases via Prevention and
Treatment*

This paper fully characterizes the optimal control of a recurrent infectious
disease through the use of (non-vaccine) prevention and treatment. The
dynamic system may admit multiple steady states and the optimal policy may
be path dependent. We find that an optimal path cannot end at a point with
maximal prevention; it is necessarily zero or at an intermediate level. In
contrast, an optimal path must end at a point at which treatment is either
maximal or minimal. We find that the comparative statics of the model may
radically differ across steady states, which has important policy implications.
Last, we consider the model with decentralized decision making and compare
the equilibrium outcomes with the socially optimal outcomes. We find that
steady state prevalence levels in decentralized equilibrium must be equal to or
higher than the socially optimal levels. While steady state treatment levels
under decentralization are typically socially optimal, steady state prevention (if
used) is socially suboptimal.
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ABSTRACT.  This paper fully characterizes the optimal control of a recurrent
infectious disease through the use of (non-vaccine) prevention and treatment. The
dynamic system may admit multiple steady states and the optimal policy may
be path dependent. We find that an optimal path cannot end at a point with
maximal prevention; it is necessarily zero or at an intermediate level. In contrast,
an optimal path must end at a point at which treatment is either maximal or
minimal. We find that the comparative statics of the model may radically differ
across steady states, which has important policy implications. Last, we consider the
model with decentralized decision making and compare the equilibrium outcomes
with the socially optimal outcomes. We find that steady state prevalence levels
in decentralized equilibrium must be equal to or higher than the socially optimal
levels. While steady state treatment levels under decentralization are typically
socially optimal, steady state prevention (if used) is socially suboptimal.

JEL CrassiricATioN: C73, I18.
KEYwORDS: Economic epidemiology, treatment, prevention, optimal and equilib-
rium policy mix, hysteresis, non-convex systems.

1. INTRODUCTION

Despite significant achievements in the battle against infectious diseases, effective infec-
tion control remains a formidable challenge.! Infectious diseases remain one of the major
causes of morbidity and mortality in both developing and developed countries and are a
major strain on public budgets. In parallel with rapid advancements in the biomedical
field, there is an ongoing effort to develop strategies to better deploy existing tools and
resources. In particular, it is a priority to determine how different interventions work at
different stages of an epidemic (separately and in conjunction) and to determine optimal
policy.

An old adage holds that an ounce of prevention is worth a pound of cure. In the case
of infectious diseases, the relationship between prevention and treatment is complicated
by the presence of externalities. It turns out that determining the right mix of prevention
and treatment is a delicate matter and significantly more complicated than folk wisdom
might suggest.

*We thank William Brock, Partha Dasgupta, Mark Gersovitz, Chryssi Giannitsarou, Steven Goldman,
Saeed Moghayer, Selma Telalagic, Florian Wagener, Jorgen Weibull, Peter White, Tasos Xepapadeas
and seminar participants at the University of Cambridge, Columbia University, Wake Forest University,
Johns Hopkins University, SUNY at Stony Brook, University of Glasgow, Royal Holloway University of
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To aid policy makers in formulating sensible public policies, it is important to conduct
a systematic analysis of how different interventions work within a unified framework and
to carefully determine how such interventions interact. To this end, we study a simple
susceptible-infected-susceptible (or SIS) model, in which individuals can be either infected
or susceptible (but never immune).> We assume that both the infection and recovery rates
can be partially controlled by a benevolent social planner. Specifically, we assume that
the planner can lower disease incidence (i.e. the rate of new infections) through costly
preventive effort and/or lower disease prevalence (i.e. the number of infected people)
through costly therapeutic effort.> We fully characterize the planner’s problem and in so
doing, derive both the optimal policy, steady states and transition paths.

One of the distinct advantages of considering treatment and prevention within a uni-
fied framework, is that it helps organize and clarify results that are known from single-
instrument models. Thus we can both analyze the interaction of multiple policies and
obtain existing models as special cases. This makes it easier to trace different effects
to specific policy instruments. Despite superficial similarities, prevention and treatment
are profoundly different in their effects and desirability for different levels of disease
prevalence. In particular, while optimal prevention will tend to push prevalence towards
intermediate levels, i.e. towards an interior steady state, optimal treatment will tend to
push prevalence towards the extremes, i.e. towards corner steady states with either very
high or very low infection levels.

In understanding the way prevention and treatment work in reducing infection, it is
instructive to first consider each in isolation. There are several important differences be-
tween these two interventions. First, they target different groups in the population. While
prevention directly targets susceptible individuals and thus disease incidence, treatment
directly targets infected individuals and thus disease prevalence.! The second (and more
important) difference, lies in the way that the marginal costs and benefits from employ-
ing an instrument vary with disease prevalence. For both interventions, we assume that
marginal costs are independent of prevalence.” But it turns out that the main difference
lies in the way that marginal benefits accrue. Whereas the marginal benefit of preven-
tion is an increasing function of disease prevalence, the marginal benefit of treatment is
decreasing. In the terminology of Brock and Starrett’s (2003) analysis of shallow lake
management and other non-convex systems, with treatment there is destabilizing positive
feedback. By the same token, with prevention, there is stabilizing negative feedback. It is
the destabilizing effect of treatment that creates the scope for multiple steady states.

In general, for extreme levels of disease prevalence, treatment and prevention will tend
to be strong substitutes and used in very asymmetric proportions, whereas intermediate
prevalence levels lead them to be weaker substitutes, such that it may be optimal to use

2Diseases that fall in this category include sexually transmitted diseases like chlamydia and gonorrhea.
Applications also include a wide range of other bacterial, viral, fungal and parasitic infections, but
infections have very varied characteristics so care should be taken in determining applicability for a
given disease.

3We focus on temporary measures that must be sustained through time in order to remain effective.
In particular, we exclude vaccinations which confer prolonged (or permanent) immunity.

4Since incidence and prevalence are intimately related, prevention indirectly affects prevalence while
treatment indirectly affects incidence.

’Note that this is the marginal cost, i.e. the cost of treating or protecting “one” more individual.
The total cost of the intervention is trivially increasing in the number of targeted individuals.
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them in conjunction.® Along optimal paths, treatment and prevention are always at their
maximum or minimum possible levels, whereas this is not true once a steady state is
reached.

More generally, we find that the system admits a large number of potential steady
states, some of which may coexist. We delineate several possible regimes (which depend
on parameters), which characterize the optimality and multiplicity /uniqueness of steady
states. In Regime I, there is a unique saddle point which is always the endpoint of the
optimal path. In Regime II, there are two saddle points, but only one of these can be
the end point of an optimal path. In Regime III, there are also two saddle points, each
of which is an optimal endpoint for appropriate initial conditions. In this regime, the
optimal policy is path dependent. There is hysteresis in the sense that history, captured
by the initial level of disease prevalence, will determine where it is optimal to take the
system. This means that there may be a discontinuity: as the initial level of infection is
increased, there may be a shift in which steady state is optimal and the solution therefore
changes qualitatively.”

While we prove that in phase space the system cannot display limit cycles or spiral
sinks, the dynamics may still exhibit complicated behavior such as spiral paths. We show
that an optimal policy never involves such paths, but is a relatively simple function of
disease prevalence.

Next, we turn to the comparative statics of steady state prevalence with respect to
infectiousness and to the rate of recovery. We find that these may be radically different
across steady states. E.g., we find that while decreasing the infectiousness of the disease
is always welfare enhancing, the manner in which these gains are realized differ from
one steady state to the other. If there is no prevention in the benchmark steady state,
then the optimal policy response to decreased infectiousness may be to increase costly
treatment in the short run in order to drive down infection prevalence to the new steady
state. In turn, steady state welfare is higher in the new steady state, outweighing the
additional costs incurred during the transition. On the other hand, if there is positive
prevention in the benchmark steady state, then the optimal policy response to decreased
infectiousness is to decrease prevention in the short run to increase disease prevalence to
the new steady state. In this new steady state, welfare is lower than before the transition,
but this welfare loss is outweighed by the cost savings due to lack of prevention during
the transition to the new steady state. Because of this lack of robust prescriptions across
steady states, caution is advisable when using comparative statics results to inform public
policy.

Last, we analyze the equilibrium outcomes of the model under decentralized decision
making and contrast them with the outcomes under centralized planning. We find a
number of very interesting results. First, all steady states under decentralized decision
making are compatible with equilibrium behavior in the sense that it is individually
optimal to stay at the steady state in perpetuity if other individuals do so. Second, we
find that the number of potential steady states under decentralized decision making is
strictly smaller than under centralized decision making.® Third, although unstable, there

6To be precise, treatment and prevention may be used in conjunction for some intermediate prevalence
levels.

"This is a property shared by many economic/ecological models, as surveyed in Dasgupta and Miler
(2003).

8For a given parameter constellation, there is no reason to expect the feasible steady states under
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exists a fully interior steady state that is compatible with equilibrium play. This contrasts
to the solutions to the planner’s problem which never involve fully interior solutions. Last,
we find that steady state disease prevalence may be socially suboptimal, depending on
the use of prevention in the steady state. While steady state treatment levels under
centralized and decentralized decision making may coincide, the corresponding steady
state prevention levels only coincide when they are optimally equal to zero. Whenever
prevention is actively used in steady state, its level under decentralization is suboptimally
low, thereby distorting disease prevalence upwards. On the equilibrium paths, centralized
and decentralized treatment and prevention levels may coincide even if they do not once
steady state is reached.

1.1. Related Literatures. The literature on economic epidemiology is varied and
growing and there are several good surveys, such as Philipson (2000), Gersovitz and
Hammer (2003) and Klein et al. (2007). Of direct relevance to the present work is
research that deals with prevention and treatment, separately or in conjunction.

The earliest contributions, by Sanders (1971), Sethi (1974) and Sethi and Staats
(1978), consider treatment in different versions of the SIS model from a planner’s per-
spective. Goldman and Lightwood (1995) consider treatment in the SIS model under
learning, while Goldman and Lightwood (2002) also study treatment in the controlled
SIS model, but considers different cost structures than the earlier literature.” Rowthorn
(2006) and Anderson et al. (2010) extend the analysis of the controlled SIS model to set-
tings with budget and wealth constraints. Toxvaerd (2009a) considers decentralization
to strategic decision makers, while Toxvaerd (2009b) considers the effects of treatment
when recovery confers immunity to further infection.

The literature on prevention is more varied than that on treatment. Sethi (1978)
considers quarantines, while Geoffard and Philipson (1996) and Aadland et al. (2010)
consider non-vaccine prevention in the SI and SIS models respectively. Reluga (2009) an-
alyzes prevention by strategic individuals in linked subpopulations, while Reluga (2010)
considers prevention through social distancing. Toxvaerd (2010) analyzes continual pre-
vention in the SIS model and decentralization of optimal policy to strategic decision
makers. There are also important literatures on vaccination and on abstinence, exempli-
fied by Brito et al. (1991) and Kremer (1996), respectively. The issues dealt with in those
papers are somewhat orthorgonal to the present work and are reviewed in more detail in
Toxvaerd (2010). Greenwood et al. (2009) consider a search-theoretic matching model of
the SI variety and analyze the incentives to form long and short term partnerships.

There are a few papers that explicitly consider multiple instruments. Most related to
our work is that of Gersovitz and Hammer (2004) who, like us, consider prevention and
treatment in an SIS framework. In contrast to us, they bypass the issue of multiplicity
by assuming that there is a unique steady state and that it is an interior one. As we shall
show, this assumption has radical consequences for both the analysis and the conclusions
derived from it. In a short note, Zaman et al. (2007) consider vaccination and treatment
in an SIR setting and simulate optimal paths. A similar exercise is done in Almeder et

centralized and decentralized decision making to coincide. The statement does not refer to this type
of discrepancy but rather to the set of steady states that are feasible for some possible parameter
constellation.

9Goldman and Lightwood (2002)’s analysis focuses mainly on necessary conditions for optimality and
provide an informal analysis using phase diagrams.
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al. (2007) for an HIV type disease. Goyal and Vigier (2010) consider a static two stage
model with vaccination and abstinence. Dodd et al. (2010) consider multiple concurrent
interventions and discuss when there are likely to be synergies between these in the sense
that raising the level of one instrument increases the benefit to increasing the level of
other instruments. Last, Blayneh et al. (2009) consider prevention and treatment in a
setting with a vector-borne disease. Apart from Gersovitz and Hammer (2004), these
papers are similar to ours only in spirit and their analyses are not directly comparable to
the one we carry out.

For completeness, we should also mention some related contributions that do not
deal directly with infection control, but which share structural features with our work.
Feichtinger (1984) studies conditions for synergies between multiple controls in non-linear
dynamic systems. Although related to our work, his results do not apply to our setting.
Behrens et al. (2000) analyze a model of the spread of drug use, in which both treatment
and prevention can reduce the prevalence of addiction and in which the habit of drug use
spreads in the population like an infection. Interestingly, they find that at early stages
of the epidemic, prevention should take precedent whereas at later stages, the optimal
policy is to treat the addiction. Such a policy is the mirror image of the optimal policy in
the present setting, in which high treatment (and low prevention) is the optimal response
at low levels of disease prevalence and high prevention (and no treatment) is optimal for
high levels of disease prevalence.

Last, our paper contributes to an important literature on equilibrium multiplicity and
history dependence in systems with non-convexities, as surveyed in Dasgupta and Miler
(2003) and Deissenberg et al. (2004). Of particular relevance to our work is the literature
on the optimal management of shallow lake systems, such as Brock and Starrett (2003),
Miler et al. (2003) and Wagener (2003). It turns out that important results from that
literature can be brought to bear on the management of infectious diseases.

The remainder of the paper is structured as follows. In Section 2, we outline the
classical susceptible-infected-susceptible model. In Section 3, we introduce the economic
version of the model and partially characterize the optimal policies. In Section 4, we
characterize the steady states of the system and the optimal paths formally. In Section 5,
we describe the equilibria and dynamics of the model and interpret the central features
driving the results. In Section 6, we perform some simple comparative analysis, consider
welfare and draw some policy conclusions. In Section 7 we illustrate some of the main
points of the analysis via simulated examples. In Section 8, we analyze the equilibria
under decentralized decision making and compare these to the centrally planned setup.
In Section 9, we outline a number of extensions of our model and discuss robustness of our
results to these changes. Section 10 concludes. Most proofs are found in the Appendix.

2. THE CLASSICAL MODEL
To make the exposition self-contained, we will start by expounding the classical epidemi-
ological version of the susceptible-infected-susceptible model in some detail. This will
not only aid in understanding the economic model that follows, but also highlight the
contrast in predictions based on the separate modeling approaches.
The classical susceptible-infected-susceptible model is simple to describe.! Time

10See Anderson and May (1991), Daley and Gani (2001) or Keeling and Rohani (2008) for good
introductions and applications.
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is continuous and runs indefinitely. A population P =[0, 1] consists of a continuum of
infinitely lived individuals who can at each instant ¢ > 0 each be in one of two states,
namely susceptible or infected. The set of infected individuals is denoted by Z(t¢) and
has measure I(t), while the set of susceptible individuals is denoted by S(t) and has
measure S(t). Because the population size is normalized to unity, these measures can be
interpreted as fractions. Henceforth, I(¢) shall be referred to as disease prevalence.

At each instant, the population mixes homogeneously. This corresponds to pair-
wise random matching where each individual has an equal chance of meeting any other
individual, irrespective of the health status of the two matched individuals. Whereas a
match between two infected individuals or two susceptible individuals does not create any
new infection, a match between an infected and a susceptible individual may. The rate
at which infection is transferred in such a match is denoted by S > 0. This parameter
captures the infectivity of the disease. Coupled with the assumption of homogeneous
mixing, this means that the rate at which susceptible individuals become infected is
given by the simple expression S1(t)S(t). Thus the rate of new infection, or disease
incidence, is proportional to disease prevalence.!! Note that while disease incidence is a
flow, disease prevalence is a stock.

Infected individuals recover spontaneously at rate v > 0. This means that the rate
at which infected individuals become susceptible is given by vI(t). Figure 1 shows the
stocks and flows of susceptible and infected individuals diagrammatically. The dynamics
of the model are described by the following system of differential equations:

S(t) = I(t)[y — BS()] (1)
I(t) = I(t)[BS(t) —] (2)
It) = 1-S(), I(0)=1I, (3)

Using the normalization, this system reduces to the following simple logistic growth equa-
tion:

[ty =1t)[BL~1(t) =], 1(0)=1Io (4)

The steady states of this system are

r=0 r=sgt (5)

For 8 > ~, the stable steady state is endemic while for 5 < ~, the relevant and stable
steady state involves eradication. In other words, if the rate at which individuals become
infected surpasses the rate at which they recover, then some positive fraction of the
population will always be infected. If recovery is not possible, the entire population ends
up being infected. On the other hand, if individuals recover at a higher rate than the
rate at which they become infected, then the disease eventually dies out. Last, note that
the endemic steady state disease prevalence is increasing in infectivity and decreasing in
the rate of recovery.

UThe term BI(t)S(t) should be thought of as the rate at which susceptible individuals have contact
with other individuals, multiplied by the probability of the contact being with an infectious individual,
multiplied by the probability that the infection is transmitted in such a contact. See e.g. Keeling and
Rohani (2008) for a detailed derivation.
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Newly infected at time t: /37 (7)S(7)
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Figure 1: Stocks and flows in the classical model.

At the aggregate level, there is no uncertainty and thus the probability that a ran-
domly chosen individual is infected must coincide with the fraction of infected individuals.
From the perspective of an infected individual, the transition to susceptibility is governed
by a Poisson process with rate v, which is memoryless. Similarly, for a fixed level of ag-
gregate infection [(t), the transition to infectivity for a susceptible individual is governed
by a Poisson process with rate SI(t). Thus transition probabilities are memoryless, a
fact that greatly simplifies the analysis that follows. This completes the description of
the classical SIS model.

For simplicity, we will assume throughout that both the incubation period and the
latency period have zero length. Furthermore, there is no uncertainty about individuals’
health status. This means that individuals in each category, i.e. infected and susceptible,
can be perfectly identified and thus targeted for treatment and prevention respectively.

3. THE EconoMIC MODEL AND OPTIMAL POLICIES

In the economic version of the model, each individual earns flow payoffs that depend
on the state of their health. For simplicity, assume that an individual earns flow payoff
ws while susceptible and wzy < ws while infected. It shall prove useful to introduce
the health premium w = ws — wz > 0. The future is discounted at rate p > 0. The
basic epidemiological parameters § > 0 (infectiousness) and v > 0 (background rate of
spontaneous recovery) are retained from the classical model.

The two policy instruments at the planner’s disposal are prevention and treatment.
These instruments influence the flows from S(¢) to Z(¢) and from Z(t) to S(t) respectively.
Specifically, the planner can set some level of prevention m(t) € [0, 1] at time ¢ > 0, which
translates into effective disease incidence (1 — m(t))5I(t)S(t). The factor (1 — 7 (t)) can
be thought of as the proportion of susceptible individuals who is exposed at time ¢ > 0.
Turning to treatment, the planner can set the level of treatment 7(¢) € [0, 1] at time ¢ > 0,
which translates to an effective recovery rate (7(t)a + ). Here, a > 0 is the efficiency
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Figure 2: Stocks and flows in the controlled model.

of treatment in inducing recovery. Last, the individual costs of protection and treatment
are cp > 0 and cr > 0 respectively. Note the mnemonic notation: 7 denotes treatment
and 7 denotes prevention. We should add that an equivalent interpretation is that each
susceptible individual is exposed at intensity (1 — 7(¢)) and that each infected individual
is treated at intensity 7(¢). Figure 2 shows the stocks and flows in the controlled version
of the model.

We now consider the optimal control of the SIS system from the perspective of a
benevolent social planner. The planner’s objective is assumed to be a straightforward
sum of the individuals’ infinite horizon, discounted expected utilities. The planner’s
problem is therefore to solve the following programme:

T(t)ﬂgém : /O e " I(t) [wr = er(®)] + (1 — I(t)) [ws — cpm(t)]] dt (6)
st A(t) =1(t) [(1=7(t)B(A = I(t)) =y —7(t)a], 1(0)=Io (7)

The optimal value function for this programme is denoted by V*(Iy), where depen-
dence on the parameters has been suppressed for ease of notation.
Throughout, we maintain the following:

Assumption We assume that (i) w —cp > 0 and (ii) § — v —a > 0.

The former inequality implies that a policy without any treatment, but with a strictly
interior level of prevention, cannot eradicate infection even asymptotically. The latter
inequality implies that a policy without prevention, but with maximal treatment, cannot
eradicate infection even asymptotically.

Note that this environment is stationary and that the problem to be solved is au-
tonomous, i.e. time enters in the integrand only through the discount term e~**.
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An admissible solution is a triple of functions (I(t),7(t), 7(t)) in which for all £ > 0,
I(t) satisfies the logistic growth equation (7)and where 7(t), 7(t) € [0, 1]. Furthermore,
the policies 7(t),m(t) must be piecewise continuous. Let A(¢) denote the current-value
costate variable (or multiplier). It is required to be piecewise continuously differentiable.

Before embarking on the detailed analysis of the model, we ensure that the planner’s
problem admits an optimal solution:

Theorem 1. An optimal solution (I*(t),7*(t), 7*(t)) exists if at least one of the fixed
points A, B, Ao, By (to be specified below) is feasible.

Proof: See Appendix A B

The qualification in the above theorem requires that at least one fixed point be
feasible; it does not require that this particular steady state be optimal. This is an implicit
restriction on the allowable parameter constellations and is a sensible requirement.

Turning to the characterization of the optimal policy, the current-value Hamiltonian'?
is given by

H = —wl(t)—cpr(t)(1—1(t)) —crr(t)I(t)
FAL(E) [(1 = 7(2)B(Q = I(t)) — v — 7(t)a] (8)
Note that the current-value Hamiltonian is linear in both control variables, which has

important implications for the characterization of optimal policies.
The evolution of the costate variable is given by

M) = pAt) — ;[—% (9)
= AW [p+y+art)+BRIHA —n(t) +7(t) —1)]
w4+ r()er — (t)er] (10)

In general, the steady state is given by the solution to the system I(t) = A(t) = 0, i.e.

Bl —n(t)) —v—ar(t)
Bl —n(1))

B w+T(t)er —w(t)ep

M= TR @) - ptar ()

(11)

For a path to be optimal, the policy instruments (7(¢), 7(¢)) must maximise the Hamil-
tonian (8). This yields the following necessary conditions for optimality. Optimal treat-
ment is given by the bang-bang solution

T(t) = 0 if a\t)>—cr (13)
T(t) € [0,1] if aA(t)=—cr (14)
T(t) = 1 if aA(t) < —cr (15)

12The constant ws has been dropped from the Hamiltonian because its presence does not affect the
optimal solution.
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Figure 3: Optimal policies and typology of steady states.

In turn, optimal prevention is given by the bang-bang solution

7(t) = 0 if BAOIE) > —cp (16)
m(t) € [0,1] if BADI() = —cp (17)
T(t) = 1 if BADI{) < —cp (18)

These policies simply state that if the marginal benefit of increasing an instrument
(i.e. treatment or prevention) exceeds the marginal cost of doing so, then it is optimal to
increase the level of the instrument. Similarly, if the marginal cost exceeds the marginal
benefit, then it is optimal to decrease the level of the instrument. Last, when the marginal
cost equals the marginal benefit, the optimal policy is not determined.

Recall that A(t) < 0 is the (negative) social utility associated with a marginal increase
in disease prevalence. With this in mind, it is straightforward to interpret the optimal
policies in terms of the marginal costs and benefits of intervention. In the case of treat-
ment, the marginal benefit of intervention is given by —aA(t), which follows from the fact
that « is the rate at which increased treatment induces recovery (i.e. it is the efficiency
of treatment) and each recovery benefits society at level —A(t). In the case of preventive
effort, the marginal benefit of intervention is given by —SI(¢t)A(t). This follows since
B1(t) is the rate at which unprotected susceptible individuals become infected and each
infected individual costs society A(%).

Figure 3 illustrates the areas in (I(t), A(t))-space in which the different policy combi-
nations are optimal and indicates the different feasible steady states.

4. OPTIMAL PATHS AND STEADY STATES

We will now proceed with a detailed analysis of the optimal paths and the steady states
of the system, through a number of propositions. In the next section, we will offer a more
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informal description of these results.

The system of differential equations for the state variable (disease prevalence) and the
costate variable has six potential fixed points, which we will denote by (A, B, C, Ag, By, Co)
respectively. As will become clear, the fixed points can be sensibly grouped as (A, B, C)
and (A(), BQ, Co)

Proposition 2. The dynamic system admits six potential steady states. These are char-
acterized as follows: Solution A : 7" = 0 and ©* € (0,1). Solution B: 7" = 1 and
7 € (0,1). Solution C: 7* € (0,1) and ©* € (0,1). Solution Ay: 7" = 0 and 7" = 0.
Solution By: 7" =1 and 7m* = 0. Solution Cy: 7* € (0,1) and 7* = 0.

From this proposition, it follows that in steady state, treatment can be either at the
highest possible level, the lowest possible level or at an intermediate level. Prevention,
in contrast, is either at the lowest possible level or at an intermediate level. Steady
states with subscript “0” are those that involve no prevention, whereas those without a
subscript denote steady states with a positive amount of prevention. The different steady
state values are listed in Section 4.1. For each set of parameters, only a subset of these
steady states are feasible. The relevant feasibility conditions are set out in Appendix B.

Whereas the steady state may involve keeping prevention at an interior level, the
approach to a steady state always involves maximal or minimal levels of the two policy
instruments, as the following result shows:

Proposition 3. The optimal policy is always of the bang-bang variety. Along the ap-
proach path to a steady state, both 7(t),n(t) € {0,1} for all t > 0, except at a finite
number of points where there is an instantaneous switch from one control regime to
another.

Proof: Follows directly from the characterization of the optimal policies and the phase
diagram W

Since optimal policies generically take extreme values on transition paths while pos-
sibly intermediate values once steady state is reached, optimal policies may be expected
to have discontinuities in steady state (for some parameter constellations).

Because the planner’s problem is autonomous and involves a single state variable,
optimal prevalence paths are necessarily monotone time. This means that an optimal
path cannot bend back on itself in (I(t), A\(t))-space. Owing to the bang-bang nature of
the optimal policies, the monotonicity implies that only a limited number of policy regime
switches can occur in approaching a steady state. In particular, we have the following
result:

Proposition 4. Along an optimal path, there will be at most four switches of regime.
At most one switch from 7(t) = 0 to 7(t) = 1, at most one switch from 7(t) = 1 to
7(t) = 0, at most one switch from w(t) = 0 to w(t) = 1 and at most one switch from
m(t) =1 ton(t) = 0.

The monotonicity of disease prevalence along optimal paths, coupled with the bang-
bang characteristic, means that optimal policies can be characterized as simple functions
of disease prevalence as follows:
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Corollary 5. Along an optimal path, if there are regime switches in treatment or pre-
vention respectively, optimal policies are as follows: (i) For fixed 7 € [0, 1], there is a
unique I(7) € [0, 1] such that

() = 0 aif I(t)> f(f)A (19)

n(t) € [0,1] if I(t)A: I(7) (20)

n(t) = 1 if I(t) <I(7) (21)
(ii) For fixed 7 € [0, 1], there is a unique I(7) € [0, 1] such that

) = 0 if I{t)< f@ (22)

n(t) € [0,1] of I(t) = I(7) (23)

n(t) = 1 4if I(t)>I(7) (24)

This means that any policy along optimal paths can be fully characterized in terms
of a few critical levels of disease prevalence which indicate when the policy instruments
should be switched between their extreme levels (until steady state is reached).

That full prevention is not possible in an optimal steady state is shown next.

Proposition 6. At any optimal steady state (I*,\*), the level of prevention 7* < 1.

Proof: See Appendix C

The proof shows that a policy that keeps 7* = 1 in steady state does not satisfy the
transversality condition for an optimal path.

While there may be several potential steady states, it turns out that the fully interior
ones, in which the treatment instrument is kept at an interior level, are never the end
points of optimal paths. This result significantly simplifies the description of the optimal
policy. Formally, we have the following;:

Proposition 7. No optimal path converges to either C or Cj.

Proof: See Appendix D B

Since the interior points that we have just ruled out are characterized by interior levels
of the treatment instrument, the following corollary is immediate:

Corollary 8. An optimal path always converges to a steady state at which 7* € {0, 1}.

In order to further reduce the set of steady states that should be considered for a
given set of parameters, the following result usefully shows that one can focus attention
on one or the other of two sets of steady states as follows:

Proposition 9. Depending on the parameter values, at least one and at most two of
the steady states A, Ag, B, By is the end point of an optimal path. For any given set of
parameter values, it is not possible for both A and Ay, for both B and By or for both C
and Cy to be fixed points.
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Proof: Follows directly from the parameter restrictions in Appendix B Il

Potential steady states are indicated in Figure 3. The triple (A, B,C) straddle
the boundary between the no prevention and full prevention areas, whereas the triple
(Ao, Bo, Cp) is situated in the no prevention area. Similarly, whereas the steady states
(A, Ap) are in the no treatment area and the steady states (B, By) are in the full treatment
area, the steady states (C, Cy) both straddle the boundary between the no treatment and
the full treatment areas.

4.1. Steady State Values. The different steady states are given as follows:

Solution A: This case corresponds to 7(f) = 0 and 7(¢) € (0,1). The steady state
solution is then

_ pCp
Iy = m (25)
P Cpp_“ (26)
_cp(B—=v+p)+wly—p)
T4 = P p— (27)
TA = 0 (28)

Solution B: This case corresponds to 7(f) = 1 and 7(¢t) € (0,1). The steady state
solution is then

pcp

s = Bler +w —cp) 29)

\p = W (30)
_ cp(B-rtp—a)+(wter)lat+y—p)

= cp(B+p) — Blw +cr) (31

s o= 1 (32)

Solution C: This case corresponds to 7(¢) € (0,1) and 7(¢) € (0,1). The steady state
solution is then

QacCp
Ic = — 33
¢ Ber ( )
Ao = —— 34
c - (34)
o = 20cp — aw + ep(y+ p — B) (35)
acp — PBer
o = acp — oW + per (36)
acr

Solution Aj: This case corresponds to 7(t) = 0 and 7(t) = 0. The steady state solution
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is then
Iy, = % (37)
—w
Aig = 38
4 B—v+p (38)
TA = 0 (39)
Tay = 0 (40)

Solution By: This case corresponds to 7(¢t) = 1 and 7(t) = 0. The steady state solution
is then

Ig, = 6_’# (41)
. W+ cr

Ap, = P (42)

™, = 0 (43)

T, = 1 (44)

Solution Cj: This case corresponds to 7(t) € (0,1) and 7(¢) = 0. The steady state
solution is then

0w+ er(B =7 p)
I = 4

—c
Aoy = TT (46)
o, = 0 (47)

—aw +cr(B— v+ p)

= 4

TCo 2aer (48)

Based on these values, some important observations follow:

Proposition 10. (i) Steady states with positive treatment have lower disease prevalence
than steady states with no treatment, i.e. 14 > I and 14, > Ip,. (ii) Steady states with
positive prevention have lower disease prevalence than steady states with no prevention,
e Iy < [AO and Ig < [Bo'

Proof: Part (i) follows from direct inspection. Part (ii) follows from the fact that the
conditions that ensure that the no prevention steady state prevalence levels are higher
than the positive prevention steady state prevalence levels, are exactly the opposite of
the conditions that must hold for prevention to be zero in the no-prevention steady states
|

These results are not trivial, since prevention and treatment both work to reduce
infection. It is therefore conceivable that the lack of one instrument is compensated for
by an increase in the other instrument to the extent that prevalence ends up at a lower
level than it otherwise would have been.

The next result follows from direct inspection of the relevant steady state prevention
levels:



OPTIMAL CONTROL OF INFECTIOUS DISEASES 15

Proposition 11. In the steady states with positive prevention, the no treatment steady
state involves more prevention than the full treatment steady state, i.e. w4 > Tpg.

We can summarize the ranking of the steady state prevalence levels as follows:
]B < min{IA,IBO} < maX{IA,IBO} < IAO

The prevalence levels 14 and I, are not unambiguously ranked.!® But the condition that
ensures that 7, = 0 implies the condition that ensures that I, > Ip,.

When multiple steady states coexist, we can talk of a high prevalence steady state and
a low prevalence steady state. In the former, prevention is at a high level while treatment
is at a low level. In the latter, prevention is at a low level while treatment is at a high
level.

An important observation is in order. In the steady states involving no prevention, i.e.
(Ao, By), steady state disease prevalence levels depend only on biological parameters that
characterize the disease (such as infectiousness and recovery rate) and not on the economic
parameters (such as costs and payoffs). In contrast, in the steady states involving positive
prevention, i.e. (A, B), steady state disease prevalence levels depend on both the biological
and the economic parameters of the problem. In fact, in the no prevention steady states,
the prevalence levels closely mirror those of the endemic steady state of the classical
model. In the steady state with no treatment, the correspondence is exact, whereas in
the steady state with full treatment, the effective recovery rate is modified to (v + «).

5. DESCRIPTION OF THE DYNAMICS

In order to clearly draw out the effects of treatment and prevention on the overall behavior
of the system, it is instructive to consider the polar cases in which there is either treatment
or prevention alone. When the only feasible intervention is treatment, the system will
display a similar overall behavior as the present model. Specifically, there will (subject
to the right parameter constellations) be two corner steady states, one with low disease
prevalence (or eradication) and another with high disease prevalence. In the former, the
optimal policy is to fully treat whereas in the latter, the optimal policy is to not treat at
all. As in the present model, there is an interior unstable steady state which is a spiral
source (see Rowthorn, 2006 and Toxvaerd, 2009a). The upshot of this is that the presence
of prevention does not alter the steady state levels of treatment, although it does alter
the steady state levels of disease prevalence and the equilibrium paths.

Turning to a model with prevention only, in such a setting it turns out that there
is a unique steady state, in which the optimal policy (i.e. level of preventive effort) is
interior and in which disease prevalence is at an intermediate level (see Toxvaerd, 2010).
It follows that the presence of treatment has a very stark effect on the system, influencing
both the steady state levels and the equilibrium paths, but also the number of steady
states.

The key to understanding the differences between treatment and prevention is to con-
sider how the marginal benefits of each instrument depend on disease prevalence. In the
case of prevention, the marginal benefits are increasing in prevalence: other things being
equal, higher disease prevalence increases the risk of infection for susceptible individuals
and hence increases the return from prevention.

131t is easy to check that 14 > I, if and only if cp > w (ﬁlj;zgip)
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Turning to treatment, the time profile of the benefits is more complex than that for
prevention in that the benefits accrue in the future. Treatment increases the proportion
of time that a typical individual will spend in the susceptible state. For a given sus-
ceptible individual, the probability of infection (or reinfection) is proportional to disease
prevalence. The value of treating an individual in the present is therefore a decreasing
function of future prevalence. As current treatment is increased, future prevalence de-
creases, making current and future treatment even more attractive. This virtuous circle
(which is formally a complementarity property of the planner’s problem) means that with
treatment, the marginal benefits are decreasing in prevalence. This is exactly what cre-
ates the scope for multiple steady states. In the low infection steady state, the marginal
benefits from treatment are high and treatment is thus exerted at the highest possible
level, thereby maintaining low infection. In the high infection steady state, the marginal
benefits of treatment are low and therefore there is no treatment at all. This keeps the
infection at a high level.

Once both instruments are available, the forces described above are essentially super-
imposed. The presence of treatment creates the potential for multiple steady states, even
in the presence of prevention (although the levels are altered accordingly). In the full
treatment steady state, disease prevalence is relatively modest. But this means that the
marginal benefit of prevention is relatively low, resulting in a low steady state level of
prevention. In contrast, in the no treatment steady state, disease prevalence is relatively
high, leading to high marginal benefits of prevention. As a consequence, the prevention
level is relatively high.

The coexistence of these effects has curious implications, as the following feature of
the system shows. For sufficiently low prevention costs, the unique steady state involves
a low level of infection (point B). In this steady state, there is full treatment of infected
individuals and relatively little preventive effort, targeted at susceptible individuals. In
contrast, for sufficiently high prevention costs, the unique steady state involves a high level
of infection (point A). In this steady state, there is no treatment at all but a relatively
high level of prevention. On the face of it, this seems to be highly counter-intuitive and
even Giffenesque.!*

How does one make sense of the observation that higher prevention costs lead to a
steady state with a higher level of prevention? Before answering this question, we note
that a similar result holds with respect to the treatment costs. Namely, for low enough
treatment costs, the unique steady state is the high prevalence steady state with no
treatment, while for sufficiently high treatment costs, the unique steady state is the low
prevalence steady state with full treatment of infected individuals.

An explanation of this seemingly paradoxical phenomenon is as follows. For suffi-
ciently high costs of disease reduction, i.e. high treatment or prevention costs, the steady
state will involve a high level of infection. But for high levels of infection, the marginal
benefits of treatment are low, while the marginal benefits of prevention are high. Conse-
quently, the optimal policy in such a steady state is to have no treatment but to have a
relatively high level of preventive effort. Similarly, for low costs of disease reduction, the

4These comments do not apply to the fixed points (Ao, By), since these involve no prevention. In
these cases, high treatment costs lead to a low treatment steady state being feasible, while low treatment
costs lead to a high treatment steady state being feasible. In either case, sufficiently large prevention
costs ensure that there is no prevention in steady state.
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steady state will involve a low level of infection. For low prevalence levels, the marginal
benefits of treatment are high, while the corresponding marginal benefits of preventive
effort are low. Thus in such a steady state, the optimal policy prescribes full treat-
ment coupled with a more modest level of prevention. In each steady state, prevention
and treatment are imperfect substitutes and the intervention with the highest marginal
benefits dominates in the optimal policy mix.

5.1. Informal Bifurcation Analysis. Following Wagener (2003), we can usefully
divide the parameter space into three different regimes as follows. In Regime I, there
is a unique optimal steady state from the set {A, B, Ay, Bo}. Which of these is feasible
depends on the particular parameter constellation in question. In Regime II, there are
four potential pairs of stable equilibria, namely {(A, B), (Ao, Bo), (A, By), (Ao, B)}, each
possibly with an accompanying unstable equilibrium from the set {C,Cy}. From each
such pair of stable steady states, one or the other equilibrium is always optimal, i.e. is
the end point of an optimal path for all initial conditions (i.e. the steady state is globally
optimal). In Regime III, there are again four possible pairs of stable equilibria (possibly
with corresponding unstable equilibria) like in Regime II, but different initial conditions
render different equilibria optimal. In this scenario, there is an indifference (or Skiba)
point Ig € (0,1) such that for prevalence levels above this threshold, the high infection
steady state is optimal, while for prevalence levels below it, the low infection steady state
is optimal.

Even though the interior solutions cannot be end points of optimal paths, it is tempt-
ing to think that they demarcate intervals of the state variable from which it is optimal
to go to one steady state or the other. For example, it might seem natural that for
prevalence levels I(t) < I¢, the optimal policy is to go to the low infection steady state
Ip while for prevalence levels I(t) > I¢, the optimal policy is to go to the high infection
steady state [4. In fact, this turns out to be wrong. While the optimal policy may indeed
have the threshold character just described, the critical prevalence level I is generically
different from the interior steady state.'®

For a given set of parameters, it is a routine matter to check the conditions in Ap-
pendix B and determine whether Regime I obtains or not. In order to determine whether
the system is in Regime II or III, there is no option but to compute values along all
(typically two) paths satisfying the necessary conditions for optimality. This is because
the existence of the indifference (or Skiba) point that distinguishes Regimes II and III
cannot be formally characterized by a local condition in the same way that local extrema
can (see Deisssenberg et al. 2004). This is so since the indifference point is obtained as
the point of intersection of two functions for which there are no closed form solutions,
namely the value functions evaluated along the different candidate paths.'6

To emphasize the richness of possibilities, note how the number and character of
equilibria of the model changes when one moves through the different possible parameter
constellations of the model. The following possibilities can occur: (i) There is a unique
steady state in which there is low prevalence, little prevention and high treatment; (ii)
there are two steady states, one with low prevalence, low prevention and high treatment
and another with high prevalence, high prevention and low treatment; it is always op-

15This property does hold when the Hamiltonian is concave, as described in Deissenberg (2004).
16Wagener (2003) develops sufficient conditions for such a point to exist and be unique.



18 ROWTHORN AND TOXVAERD

timal to converge to the former steady state; (iii) there are two steady states, one with
low prevalence, low prevention and high treatment and another with high prevalence,
high prevention and low treatment; which steady state is optimal depends on the initial
conditions; (iv) there are two steady states, one with low prevalence, low prevention and
high treatment and another with high prevalence, high prevention and low treatment; it
is always optimal to converge to the latter steady state; (v) there is a unique steady state
in which there is high prevalence, high prevention and low treatment. In all cases except
(iii), it is easy for the planner to determine where to steer the system, but the optimal
policy mix must still be determined. In case (iii), there is the additional complication
that there are two competing steady states and the planner must therefore compute the
values of steering the system efficiently to either steady state and then compare these.

The description of the dynamics is incomplete without also considering the behavior
of paths starting at (or in a neighborhood of) the interior solutions. It turns out that
this analysis is quite complicated because it involves studying spiral sources emanating
from the unstable steady states and because non-concavities and lack of differentiability
makes standard techniques inapplicable to our setting. We have therefore proved our
results mainly from first principles. The detailed analysis can be found in Appendix D.

Last, we have also analyzed the issue of the two instruments being substitutes or
complements and the related question of whether optimal paths are of the most rapid
approach variety (it turns out that they may not be). Also, we have results on the speed
of convergence to the different steady states. This analysis is set out in Appendix E.

6. COMPARATIVE ANALYSIS AND WELFARE
The main focus of the present paper is the optimal control of infectious diseases through
prevention and treatment, taking the efficiency of these interventions as given. In other
words, the parameters (3, a and vy are not directly controlled. Some interventions, such as
the administration of antiretroviral drugs to non-infected individuals, can be interpreted
as a direct change in the infectiousness of the disease (see Toxvaerd, 2010 for a discus-
sion and a survey of that literature). It is thus also of interest to conduct comparative
statics analysis with respect to these parameters and to analyze their welfare and policy
implications. We shall do so in this section.
From the steady state levels listed above, the following results immediately follow:

Proposition 12. (i) In steady states with no prevention, steady state prevalence is in-
creasing in infectivity and decreasing in the rate of recovery. (ii) In steady states with
positive prevention, steady state prevalence is decreasing in infectivity and independent
of the rate of recovery.

While infectivity is always measured by /3, the rate of recovery may be 7 or (v + «),
depending on steady state treatment intensity.

These results have important and surprising policy implications. They show that in
the absence of prevention, the steady state comparative statics of disease prevalence with
respect to infectiousness and the recovery rate, are qualitatively the same as those in
the classical model. But surprisingly, when the steady state involves positive preventive
effort, the comparative statics results are reversed. This is an important observation,
because the decrease in infectiousness and the improvement in therapeutic technologies
are an important vehicle through which medical scientists and epidemiologists seek to
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control epidemics. What the present results show, is that changing the basic biological
parameters through direct intervention may have unexpected consequences.

To fully draw out the welfare and policy implications, we first derive two further
results. First, we consider the overall welfare effects of such parameter changes and then
consider the effects on steady state welfare. With these results in hand, we will be able
to give a sharp characterization of the welfare tradeoff involved in changing the biological
and medical parameters.

Consider the overall effects of parameter changes on welfare. These are captured by
changes in the optimal value function. We have the following results:

Proposition 13. (i) An increase in infectiousness 3 decreases overall welfare. (ii) An
increase in the rate of recovery (v + «) increases overall welfare.

Proof: From the dynamic envelope theorem, it follows that in some steady state (I*, 7%, 7%, \*),
the effect of a change in a parameter x is given by'’

av*([U) _ /OO 8H([*7T*77T*)dt
0

ox ox

Therefore we have that

V(1) /°° )

—_— = N1 —=I(1 —7%)dt <0
5 xra-ra -

W ho) _ _ / XN I'rdt > 0
Oa 0

oVl = —/Oo)\*]*dt>0
vy 0

and the result follows B

It should be noted that the results with respect to « are strict only when the treatment
level is positive (and weak if the treatment level is zero).

The comparative dynamics results with respect to «.,~, 5 are hardly surprising. They
also follow from a simple revealed preferences argument, as noted in Toxvaerd (2010).
Consider a decrease in  or an increase in either o or . Ceteris paribus, infection is now
easier to control and the planner can always choose the same paths for disease prevalence
and the policy instruments as before the change in parameters. Thus overall welfare
cannot be lower after the decrease in infectiousness or the increase in the rate of recovery.

It turns out that the gains in overall welfare may have an unexpected source, de-
pending on the steady state in question. To see this, we first determine the effects of
parameter changes on steady state welfare. We find the following results:

Proposition 14. (i) In steady states with no prevention, steady state welfare is decreas-
ing in infectivity and increasing in the rate of recovery. (ii) In steady states with positive

17In this result, the Hamiltonian is first differentiated with respect to the parameter and only then is
the resulting expression evaluated at the relevant steady state values. See Caputo (2005) for details.
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prevention, steady state welfare is increasing in infectivity if p + o > ~y and increasing in
the rate of recovery.'®

Proof: The steady state levels of welfare associated with the non-interior steady states
are given as follows:

—cp(B—7+p)

H(Ly7ayma ) = ; (49)
H(Igrpmphg) = —2U _g“’ —2) (50)
H(Lags 70> T a0 M) ‘TZ“’ (51)
H (T 7 Agy) = D) (52)

The results then follow from inspection ll

Again, note that the results with respect to « are strict only when the treatment level
is positive (and weak if the treatment level is zero).

Taken together, these above results have interesting implications. Start from a situa-
tion in which the system is in steady state and consider an decrease in infectiousness f.
Assume furthermore that this change does not cause a shift in regime, so that the set of
equilibria and their optimality remains unchanged.

In steady states without prevention, i.e. (A, By), a decrease in 3 causes both overall
welfare and steady state welfare to increase. On the other hand, the new steady state
level of disease prevalence is lower, so the planner may have to expend resources on
forcing down prevalence through additional treatment, until steady state is reached.!”
Since overall welfare is higher, the extra costs borne during the transition are outweighed
by the increase in the resulting steady state welfare (both suitably discounted).

In steady states with positive prevention, i.e. (A, B), a decrease in [ must also
increase overall welfare, as we have seen. But we also know that such a decrease in
infectiousness actually decreases steady state welfare. The upshot of this is that all
gains in overall welfare stem from the transition to the new steady state. Indeed, since
decreasing 3 increases steady state prevalence when prevention is positive, the planner
forces prevalence up by reducing the level of preventive effort. The cost savings associated
with not having any prevention during the transition to the new steady state are so large,
that they outweigh the losses in steady state welfare (both suitably discounted).

To sum up, decreasing infectiousness must always improve overall welfare. But in
order to reap the benefits of lower infectiousness, the planner must pay special attention to
the steady state the system is in. In some steady states, the optimal policy response is to
reduce prevalence through increased treatment, trading a short term increase in infection

18This condition ensures the stated result (on the effects of changes in infectiousness) for steady state
B. The weaker condition p > « ensures that the result holds for steady state A. We also note that the
conditions that ensure that steady state welfare in steady states A and B is increasing in infectivity S
are sufficient conditions for the shadow values of infection being negative in steady states Ay and By
respectively.

19This is the case if starting at point By. If starting at point Ay, the decrease will happen without
further costly infection control.
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control costs for a long term increase in steady state welfare. In other steady states,
the optimal policy response is conversely to increase prevalence through a reduction in
prevention, trading short term cost savings from reduced infection control for a long term
decrease in steady state welfare.

Turning to changes in the efficiency of treatment «, some interesting patterns emerge.
While changing the infectiousness parameter  could have opposing effects on overall
welfare and steady state welfare, changes in « never move these two welfare measures
in opposite directions. In steady states (A, Ag), there is no treatment and thus both
overall welfare and steady state welfare are in fact independent of a.. There are therefore
no tradeoffs to consider. In steady states (B, By), there is full treatment and therefore
overall welfare and steady state welfare are (increasing) functions of . In this case, there
is no tradeoff between the short term costs and steady state welfare since the new steady
states (if different) are reached without any changes in the steady state levels of the policy
instruments.

To sum up, whether steady state prevalence changes as the efficiency of treatment « is
varied, depends on whether there is any prevention in steady state. In contrast, whether
such a change in efficiency has any impact on welfare (overall or in steady state), depends
on whether there is any treatment in steady state.

The results show that the key ingredient in creating rational disinhibition (as discussed
in Toxvaerd, 2010 and Gersovitz, 2010) is prevention rather than treatment, as it is the
former that gives rise to the non-classical comparative statics results.

For completeness, we would also like to comment on a seemingly counter intuitive
feature of steady states with positive preventive effort. Whereas the steady state welfare
levels in points (Ag, Bp), in which there is no prevention, are functions of all the relevant
deep parameters, the corresponding values for points (A, B) are not. In particular, steady
state welfare in point A is independent of the health premium w whereas in point B, it is
independent of both the health premium w and the treatment cost ¢7.2° The reason for
this feature is that the optimal prevention level in these steady states are such that they
exactly counterweight these parameters. In other words, the parameters are present in the
optimal prevention levels, which in turn cancels out these parameters in the expressions
for steady state disease prevalence.

7. SIMULATED PATHS AND STEADY STATES

In order to further illustrate the results of the preceding sections, we now consider some
sample simulations of optimal paths and steady states. The simulations were done using
a fourth-order Runge-Kutta procedure with the following parameter values:

Parameters e Bl v |w| p |cp|eor
Values {0.2,0.4,0.5} | 3{0.1 |1 |0.11|0.5]10

With this choice of the parameters (3,7, w, p, cp, cr), the feasible steady states are
(A, B,C) and the system is either in Regime II or III, depending on the magnitude of the
efficiency of treatment «. This means that both the low and the high infection steady

20That point A is independent of ¢y is not surprising since this steady state involves no treatment.
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states exist. The following table shows the ranges for o where each regime obtains:

a € 10,0.3]
Point A (Reg. II)

a € [0.3,0.41]
Point A or B (Reg. III)

a € 1]0.41,1]
Point B (Reg. II)

Interval
Opt. steady state

In Example 1, « = 0.2 and it is optimal to pursue the path to steady state A for any
initial level of disease prevalence (this case is in Regime II). The paths to the two steady
states A and B are illustrated in the upper part of Figure 4. In the lower part, we show
the total discounted value of following the paths to steady states A and B respectively,
for different initial prevalence levels. It is clear from this figure that the value of going
to (and staying at) point A is everywhere higher than the value of going to (and staying
at) point B.

In Example 2, o = 0.5 and it is optimal to follow the path to steady state B for any
initial prevalence level (this case is also in Regime II). The paths to A and B are shown
in Figure 5, which also shows the corresponding values of following the different paths.
It is clear from the figure that going to (and staying at) point B always dominates going
to (and staying at) point A.

In Example 3, a = 4 and the system is in Regime III in which the optimal steady
state depends on the initial level of infection. This case is illustrated in Figure 6. For
prevalence levels below Is = 0.1629, the optimal path leads to the low infection steady
state B while for prevalence levels above Ig = 0.1629, the optimal path leads to the
high infection steady state A. Thus for this parameter constellation, the optimal path is
history dependent in the sense that the initial conditions matter for where it is optimal
for the system to settle. Note that in the lower part of Figure 6, I = 0.1629 is the
prevalence level at which the value functions for the paths to A and B intersect.

For completeness, note that the kinks in the optimal paths in the three graphs cor-
respond to switches in the control regimes. The optimal policies corresponding to the
paths in the three examples are summarized in the following table.

Example 1 (o =0.2) Example 2 (a = 0.5)

Optimal path goes to A | 7(t) | 7(¢) Optimal path goes to B | 7(t) | 7(¢)

I €[0,0.0031] 1 0 I €[0,0.0018] 1 0

I € [0.0031,0.0370] 0 0 I =0.0018 1 0.7996
1 =0.0370 0 0.9654 | I € [0.0018,0.0176] 1 1

T €[0.0370, 1 0 |1 T €[0.0176, 1] 0 |1
Example 3 (o = 0.4) Example 3 (o = 0.4)

Optimal path goes to B | 7(t) | 7(¢) Optimal path goes to A | 7(t) | 7(¢)

I €[0,0.0017] 1 0 I €[0.0163,0.0370] 0 0

1 =0.0017 1 0.7996 | I = 0.0370 0 0.9654
T € [0.0017, 0.0115] 1 |1 T € [0.0370, 1] 0 |1

I €1[0.0115,0.0163] 0 1

It is interesting to note that when there is a globally optimal steady state, i.e. when
the system is in Regime II, the path to the optimal steady state does not form part of a
spiral, whereas the path to the sub-optimal steady state does.
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In the Skiba case, i.e. in Regime III, the paths to both steady states form part of
spirals emanating from the interior steady state.

For all three simulated cases, it is interesting to consider the corresponding optimal
paths in terms of prevention and treatment levels. With reference to the discussions
in earlier sections, a number of interesting patterns emerge. First, optimal treatment
is decreasing in prevalence along optimal paths, while optimal prevention is increasing.
Second, for extreme prevalence levels, the optimal treatment levels slow down the system’s
approach to the optimal steady state. Thus in general, it is not the case that optimal
paths are of the most rapid approach variety. Third, paths approaching high prevalence
steady states from below do so as rapidly as possible (if close enough to the steady state),
while never when approaching steady state from above. Similarly, paths approaching low
prevalence steady states from above do so as rapidly as possible (if close enough to the
steady state) while never when approaching from below. This holds true in both Regimes
IT and III.

The previous exercise is a simple example of the kind of bifurcation analysis known
from the shallow lake literature (see references in Section 1.1). In the basic shallow lake
system, there are only two central parameters to vary (apart from the discount rate). In
contrast, in the present model there is a much larger number of parameters to be chosen,
making a systematic bifurcation analysis considerably harder to accomplish. Last, while
the present model leads to bang-bang policies, the shallow lake system has policies that
are continuous. This makes the present model more difficult to characterize.

8. EQUILIBRIA UNDER DECENTRALIZED DECISION MAKING

In conducting our analysis so far, we have taken the perspective of a benevolent social
planner that can dictate policies and does not have to consider the incentives of the
individuals in the population. This raises the important question of the possible decen-
tralization of optimal policy. While the solution to the social planner’s problem yields
important new insights and is an important benchmark, it is of central importance to also
understand the equilibrium outcomes under decentralized decision making. In particular,
we wish to understand (i) how individual decision makers’ choices and aggregate disease
dynamics interact and (ii) to understand to which extent the equilibrium outcomes under
decentralized decision making coincide with the solution under centralized decision mak-
ing. To make progress in answering these two questions, we will in this section analyze
the problem faced by a representative individual ¢ who behaves as if he cannot influence
aggregate infection dynamics. In particular, this individual will maximize discounted
expected utility, but take disease prevalence as given and thus ignore that his treatment
and prevention decisions influence how infection evolves.?!

The individual’s optimization problem is given by
max e_pt,Ui t T : ¢ dt 53
Ti(t),Tl’i(t)E[OJ]/O ( ) p ( ) ( )

st pi(t) = Qi()pi(t) (54)

21This approach to decentralization was considered by Goldman and Lightwood (2002) and by Gerso-
vitz and Hammer (2004), but is different from the approach used in Toxvaerd (2010).
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Figure 6: Optimal path and steady states with o = 0.4. Path goes to steady state A for
I(t) > 0.1629 and to steady state B for I(t) < 0.1629.



OPTIMAL CONTROL OF INFECTIOUS DISEASES 27

where
vi(t) = [wr — Ti(t)er, ws — m(t)ep]t (55)

is the vector of state dependent utilities, p;(¢) is a probability measure on the set of states
and @;(t) is the transition rate (or intensity) matrix, given by

)= (U 010 56)

v+ 7i(t) —y = Ti(t)a

Note that the individual’s transition rate matrix Q;(¢) is a function of the strategies
adopted by the individual and the population as a whole. This formulation of the indi-
vidual’s problem is analogous to that in Reluga (2009). To further analyze the individual’s
problem, it is useful to rewrite the problem as a standard optimal control problem with
a single state variable.?? First, note that at time ¢t > 0, the individual’s health status is
given by the indicator function

wo-{3 4 i< g

The probability that the individual is infected at instant ¢ > 0 is given by
qi(t) = Elhi(t)] (58)

Thus one may write the vector of state probabilities simply as

pilt) = lai(t), 1 — a:(t)]" (59)

The probability ¢;(t), which we will take as the state variable in the individual’s control
problem, evolves according to a non-homogeneous continuous-time Markov process®?

Gi(t) = (1 = qi()) (1 = mi(£)) BI(t) — (v + 7ilt)a)ai(t) (60)

The individual’s problem can then be rewritten as the following standard optimal
control problem:

n(t),grr:(at?e[o,u/() e qi(t) [wr — Ti(t)er] + (1 — (1)) [ws — mi(t)ep]] dt (61)

st Gi(t) = (1 —q(t))(1 = m(8))BI(t) — (v + ma(t))ai(t),  @:(0) € {0,1} (62)

This problem is amenable to standard optimal control techniques. A given individual’s
problem is therefore as follows:

max /000 e " [—qi(t) [w+ Ti(t)er] — (1 — qi(t))mi(t)cp] dt (63)

Ti(t),ﬂi (t)e[O,l]

st Gi(t) = (1 —q(t))(1 = m())BI(t) — (v + ma(t))ai(t),  @:(0) € {0,1} (64)

22This can be done because there are only two health states and the state probabilities must sum to
one at all times.
231t is non-homogeneous because infection prevalence I(t) changes over time.
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where w = wg — wr.

It is worth noting the main differences between the planner’s problem and that solved
by the representative individual. Whereas the planner’s objective takes into account
that aggregate treatment and prevention decisions influence aggregate disease dynamics,
the individual’s objective only contains the probability that the individual is infected.
A consequence of this, which will be clearly reflected in the respective costate variables
derived below, is that while the planner’s current-value Hamiltonian is quadratic in disease
incidence, the individual’s current-value Hamiltonian is linear. This will lead the shadow
cost of disease of the planner and the individual to differ and hence lead to different
policies in equilibrium.

To derive the equilibrium policy under decentralization, we proceed the analysis as
follows. The individual’s current-value Hamiltonian?* is given by

Hp = —qi(t)[w+7i(t)er] — (1= qi(t))mi(t)cp (65)
+p(@) [(1 = a:(#) (1 = () BI(E) = (v + Ti(t)a)gi(1)] (66)

Last, the evolution of the individual’s costate variable is given by the differential
equation

) = pult) - % (67)
= w(t)[p+v+1i(t)a+ (1 —m(t))BI(1)]
+ [w + Ti<t)CT — Wi(t)Cp] (68)

Note that the logistic growth equation governing aggregate disease prevalence is the
same as in the centralized setting, but with aggregate treatment and protection replaced
by the individuals’ choices, which are all identical because of the symmetry of the setting.
Thus

Ity =1() [1 = m)B(1 = I(t)) =7 — 7] (69)
for aggregate prevention and treatment levels m and 7. Also, note that in equilibrium, it
must be the case that ¢;(t) = I(t) for consistency and from symmetry that = = m;(¢) and
T =74(t).

The steady state values of the state and costate variables are

B —mi(t)) — v — a7i(t)
B —mi(t))
mi(t)ep — mi(t)er —w
plt) = : (71)
p+y+7i(t)a+ BI(t) —m(t)BI(t)

It is straightforward to check that social marginal disutility from infection is larger than
the private marginal disutility, i.e. that A(t) < pu(t) for any given level of disease preva-
lence I(t), controlling for the aggregate levels of prevention and treatment. This result is
a reflection of the fact that under decentralized decision making, the individual ignores

1(t)

(70)

24 As in the planner’s problem, the constant ws has been dropped from the Hamiltonian because its
presence does not affect the individual’s optimal solution.
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the effects that his private decisions have on aggregate infection dynamics and the effects
that these in turn have on aggregate welfare. But it should be noted that this comparison
holds only for fixed (and equal) levels of prevention and treatment. Ceteris paribus, there
is no reason to expect the planner and the individual to choose the same policies.

For a path to be an equilibrium path, the policy instruments (7;(¢), 7;(t)) must maxi-
mize the individual’s Hamiltonian (65). Equilibrium treatment is given by the bang-bang
solution

(t) = 0 if au(t)>—cr (72)
i(t) € [0,1] if au(t)=—cr (73)
i(t) = 1 if ap(t) < —cr (74)

In turn, equilibrium prevention is given by the bang-bang solution

m(t) = 0 if Bu@)I(t) > —cp (75)
() € [0.1] if BuI(E) = —cr (76)
mi(t) = 1 if pu(t)l(t) < —cp (77)

As in the planner’s solutions, the steady state values and equilibrium conditions impose
certain restrictions on parameter values that must be satisfied for the different steady
states to be feasible.

In the next subsection, we list the steady state values for points A*, B*, Aj, Bj,
Cj; and compare these to the corresponding values from the solution to the planner’s
problem.

8.1. Steady State Values. The different steady states are given as follows:

Solution A*: This case corresponds to 7;(t) = 0 and 7;(t) € (0,1). The steady state
solution is then

(v +p)cp S __rer

fa = Blw——cp) ~ Blw—cp) fa (7%)
v —w=cp)  —(w—cp) _

Ha = Tt > P =4 (79)

o= BAper—(Boyw (Boytper-Boyw (80)
YT (Bt tp) - (B+ p)ep — fw

T = 0=17y (81)

]

Note that —p% I = —Isds = €
Note that (1 — 7%)8(1 — I}) —
follows that 7% < m4.

. Thus, if I} > I then —pu% < —A4. Hence pf > Aa.
=0and (1 —74)5(1 —1a) —y =0. Since I}} > I, it

2 =

Solution B*: This case corresponds to 7;(t) = 1 and m;(¢t) € (0,1). The steady state
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solution is then

= e tey? Bt )
Ry N
= el N

Nk e e
e (86)

Note that —ppl; = —IpAp = %’ Thus, if I}, > Ip then —pup < —Ap. Hence pp > Ap.
Note that (1 —75)8(1 —1I;) —y—a=0and (1 —7g)5(1 —Ig) — v = 0. Since I}, > Ip,
it follows that 73 < 7mp.

Solution A§: This case corresponds to 7;(t) = 0 and m;(t) = 0. The steady state solution
is then

L, = 50 =1 (87)
—w —w

Wy = A 88

T Brp T Bytp P (88)

Ty, = 0=y, (89)

7—20 = 0 - TAO (90)

Solution Bj: This case corresponds to 7;(t) = 1 and m;(t) = 0. The steady state solution

is then

. f—y—a

IBO = T = IBO (91)
—(w+cr) —(w+cr)

L= > = 92
Ve B+p ~B-v—atp 7 2
g, = l=mg, (93)
T, = 0=1g, (94)

Solution C{: This case corresponds to 7;(t) € (0,1) and m;(t) = 0. The steady state
solution is then

aw—(y+pler aw+ (B—7—pler

L, = Bor > 25e = I, (95)
. —C

oy = —— =, (96)

o, = 0=m¢, (97)

7_20 = (/8 + p)CT — aw > CT(ﬂ -7 + p) — aw — 7_0026 (98)

acr 2aer
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Note that 3(1 — I¢,) —v — atg, = B(1 — Ig,) — 7 — atg, = 0. Hence, if I, > Ig,then
Too < TCo-

As was the case under centralized decision making, the mere feasibility of a steady
state does not imply that it is individually optimal, i.e. compatible with equilibrium
behavior, to go to (or stay at) the steady state in question. In the following subsection,
we confirm that all the steady states under decentralized decision making are compatible
with equilibrium, subject to the relevant feasibility constraints being satisfied.

8.2. Individually Optimal Policies in Steady State. Consider a steady state in
which aggregate disease prevalence I(t) = [ is constant. Since the problem faced by
the individual is stationary, it chooses constant treatment 7;(t) = 7; when infected and
constant prevention m;(t) = m; when uninfected. Both of these control variables may, in
principle, be interior, indicating a mixed strategy. As argued above, the probability of
infection for this individual evolves according to the law of motion

Gi(t) = (1 —qi(t))(1 — m3) B — (v + Ti)qi(t) (99)
which can be written as
Gi(t) = F — Gq(t) (100)
where
F o= (1-m)sl (101)
G = (1—m)Bl+~v+ 7« (102)

Integrating the simplified equation yields

F F
t) = — — — |e ¢ 103
i) =7+ (w-g) (103
This converges to the limit
F 1 —m)BI
o F_ a-m)s o
G (A—-m)pl+~v+ 1
For given choices 7; and 7;, the individual’s discounted expected utility is then
J = / e [—gi(t) [w + Tser] — (1 — gi(t))micp] dt (105)
0

— /Ooo e Pt Hg + (qo — g) th} [micp —w — Tiop] — miep | dt (106)
_ (pgo + (1 — m;)BI) [micp — w — Ticr] _ micp (107)
(p+ (1 —m)Bl 4+~ +Ticx) p p

We can now use this expression to determine the individual’s incentives to unilaterally
deviate from a given steady state. We do this by evaluating the derivatives 0.J/0m; and
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0J/0t; at the steady states and signing these.?” We find the following:

oJ
871'2‘

This means that at steady state A*, it is optimal for the individual to choose 7% € (0, 1)
and 7% = 0, given that this is what other individuals are doing.

0J
= 07

0 108
N ol < (108)

A*

oJ
37@-

This means that at steady state B*, it is optimal for the individual to choose 7% € (0, 1)
and 75 = 1, given that this is what other individuals are doing.

o, aJ
B* 873-

>0 (109)

B*

oJ

aJ
0
87@- <5

Ag 87'2-

<0 (110)

A3
This means that at steady state Ag, it is optimal for the individual to choose 7% = 0
and 7% = 0, given that this is what other individuals are doing.

oJ

oJ
o, <0,

B 87'1-

>0 (111)

*
BO
*

This means that at steady state By, it is optimal for the individual to choose 7, = 0
and 73 = 1, given that this is what other individuals are doing.

oJ
07?1-

oJ

?

—0 (112)

Co

This means that at steady state Cg, it is optimal for the individual to choose 7, = 0
and 7, € (0,1), given that this is what other individuals are doing.
We gather these results as follows:

Proposition 15. Under decentralized decision making, all feasible steady states are com-
patible with equilibrium.

Last, we consider the local stability of the equilibrium steady states.

Proposition 16. Under decentralized decision making, all non-interior equilibrium steady
states are locally stable while steady state C§ is a spiral source.

Proof: See Appendix I B

These results show that although a planner would never direct the system towards a
steady state with an interior level of treatment, a steady state with this characteristic
is compatible with equilibrium play under decentralized decision making. Having said
that, this outcome is fragile since a small perturbation may take the system away from
this point, leading it towards steady states with extreme levels of treatment (either full
treatment or none at all).

For completeness, we formally state the following existence result:

2TNote that in steady state, the derivatives do not depend on the initial condition go. In order to
determine the signs of the derivatives below, we rely on conditions (72)-(74) and (75)-(77).
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Theorem 17. Under decentralized decision making, an equilibrium (I*(t), 75(t), 7} (t))
exists if at least one of the fixed points A*, B*, A§, B} is feasible.

Proof: Given that aggregate behavior takes the system to a steady state, it is individually
optimal for any individual to also go to the steady state, as indicated by the Hamiltonian
conditions. As we have shown above, once a feasible steady state has been reached, it is
individually optimal to remain there B

8.3. Comparing Equilibria and Optima. It is immediately clear that many of the
properties of the optimal solution are shared by the decentralized equilibria. Specifically,
we have as follows: (i) treatment and prevention choices are always of the bang-bang
variety and are at zero or one on equilibrium paths; (ii) while prevention is always interior
(and thus never maximal) in steady state, treatment can be at zero, one or at an interior
level (corresponding to a mixed strategy equilibrium); (iii) equilibrium strategies are
always monotone in disease prevalence; (iv) depending on parameters, there may be a
unique equilibrium steady state or multiple equilibrium steady states. Since the formal
statement of several of these results are very similar to the ones of the centralized setup,
we economize on space and omit these.

In comparing the possible outcomes under centralized and decentralized decision mak-
ing, we first note that the set of possible steady states do not coincide. In particular, the
equivalent of solution C' in the planner’s problem, in which 7(¢) € (0,1) and = (t) € (0,1),
does not exist under decentralized decision making. While there are values 7;(t) € (0,1)
and 7;(t) € (0,1) for which the individual’s problem is at a rest point, i.e. where ¢;(t) = 0,
this point does not correspond to a fixed point of the aggregate system, i.e. where I (t) =0.

Next, we turn to comparing the levels of the steady states. Direct inspection confirms
that all the relevant equilibrium steady state prevalence levels are at least as high as the
corresponding levels under centralized decision making.?® It should also be emphasized
that although a given steady state may be feasible under both centralized and decentral-
ized decision making, the optimal path from a given initial condition may be radically
different. Specifically, it may well be that for some initial conditions, the planner prefers
a path to some steady state but the individual prefers a path to another steady state.
For other initial conditions, their chosen paths and steady states may coincide, even if
these are valued differently.

Last, we note that due to the presence of treatment, the present model allows for
the possibility of multiple equilibria. Specifically, under decentralized decision making,
there may be a range of initial conditions for which there are multiple perfect foresight
equilibrium paths that go to distinct steady states. This phenomenon is treated in detail
in Toxvaerd (2009a) in the context of a treatment-only model.

It is straightforward to show that if steady state A is feasible, then steady state B*
is not. This is not true for steady state pairs (A, B), (Ao, Bg) or (Ag, B*). Thus in
principle, it could be the case that under decentralized decision making, the system gets
stuck in a low infection steady state while the planner would prefer a path that ends in a
steady state with a higher level of infection. While this would be a singularly interesting
and significant finding, we have carried out some simulations of the model and have

*8The inequality 7¢, > 7¢, holds if and only if ¢cp > aw/(B + p+ 7).
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not been able to identify parameter constellations under which this result is true.?? In
each instance in which a centralized high infection steady state and a decentralized low
infection steady state are both feasible, it turns out that there is also a feasible centralized
low infection steady state that dominates the centralized high infection steady state (as
the end point of an optimal path). The results are only obtainable through simulation.
We should also note the possibility that the planner finds it optimal to move the system
to either of the high infection steady states A or Ag, while the system under decentralized
decision making remains in the equilibrium point Cjj. While the simulations described
above have not yielded any instances where the point C is feasible, these are by no means
exhaustive and thus it remains an open question whether equilibrium behavior may yield
equilibrium steady state disease prevalence that is suboptimally low.

A complete analysis of this model would involve (i) a careful bifurcation analysis
of the model under decentralized decision making like the one described above under
the planner’s problem and (ii) a careful analysis juxtaposing the bifurcation analyses
under centralized and decentralized decision making. Such an analysis is a significant
but worthwhile undertaking.

Last, we also note that the parameter constellations that make the different types
of steady states feasible vary between centralized and decentralized decision making. In
particular, steady states that are feasible under centralized planning may not be feasible
equilibrium outcomes. This point was also noted by Goldman and Lightwood (2002) in
their model of treatment.

9. ROBUSTNESS AND EXTENSIONS
The present model incorporates a number of implicit simplifying assumptions. In this
section, we briefly touch on some of these and indicate when our results can be expected
to carry over when these assumptions are relaxed. Indeed, some of these extensions seem
to us to be good starting points for further exploration.

1. One simplifying assumption is that the model has no demographics, i.e. births and
deaths. Adding these features do not seem to alter the analysis qualitatively. In the
simple case in which infected individuals may die at some exogenous rate, but are
immediately replaced by susceptible individuals in order to maintain stationarity,
the formal model is identical to the one studied here, but with increased recovery
rate. This is because death in this case corresponds to immediate recovery. From
a welfare perspective, introducing deaths from infection decreases the losses due to
infection, making intervention less valuable. Adding births to the model should not
change our analysis qualitatively. This is because the presence of future genera-
tions (whose welfare features in the planner’s objective) would simply increase the
benefits of both prevention and treatment, as these interventions not only protect
current generations from infection, but also benefit future generations.

29Tn these simulations, we have sought to test whether a feasible steady state Bf has a lower prevalence
level than would be eventually achieved along the socially optimal path. We assumed that 8 > v — «
(to ensure that treatment alone does not eliminate the disease) and normalized by assuming that 8 =
w = 1. We looked at approximately 2.9 million parameter combinations. There were some thousands of
combinations for which Bg and some high prevalence steady state (either A or Ag) coexisted. However,
in none of these cases was it optimal to go to A or Ag. In these cases the optimal path always takes the
system to either B or By, where the prevalence level is lower than or equal to the prevalence level at
steady state Bj.
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2. The vast majority of diseases fall under the broad category of susceptible-infected-
recovered-susceptible models (or SIRS for short). The present analysis is conducted
within the simpler SIS framework, but extends in a straightforward manner to the
SIRS setting. The SIRS model is only quantitatively different from the SIS model
that we consider, in that the benefits from recovery (both direct and indirect) are
higher since temporary immunity is socially beneficial.

3. For simplicity, the population under consideration is assumed to be homogeneous in
all respects. Heterogeneity can be modeled in a number of ways, with individuals
differing in either the economic or the biological parameters. Heterogeneity will
induce priority classes into the planner’s problem, such that some individuals are
treated or protected before others. But the basic forces at work are essentially
those identified in our simplified setup. Heterogeneity can arise endogenously in
the model because of features of the disease and the interventions. For example,
if prevention provides some measure of protection over time (but not forever, as
in vaccination), then there will at any given point of time be different kinds of
non-infected individuals in the population. This corresponds to some version of the
SIRS model discussed above. Similarly, if recovery confers partial immunity over a
period of time, then this would also correspond to a version of the SIRS model.*’

4. Due to the bang-bang nature of optimal policies, it may be conjectured that linearity
of costs (in the number of individuals targeted for intervention) plays a central role
in the analysis. This turns out not to be the case. As shown by Goldman and
Lightwood (2002), when the SIS model is controlled through treatment, the positive
destabilizing feedback present in our model remains in settings with convex costs.
Since preventive effort is interior even with linear costs, clearly this result will be
present with convex costs too. So linearity does not play an essential role, but does
allow us to derive a number of properties of the model explicitly.

5. We would like to note an apparent contradiction in the literature, which relates
to the monotonicity of optimal treatment policies. Using a dynamic programming
approach, Sanders (1971) finds that optimal treatment intensity in an SIS environ-
ment is decreasing in disease prevalence. Specifically, he finds that for low levels
of disease prevalence, it is optimal to treat all infected individuals while for high
levels of disease prevalence, it is optimal to not treat anyone. Sethi (1974) revisits
the Sanders analysis by using optimal control theory and focuses on the possibility
of a singular solution, something not considered by Sanders (1971). Surprisingly,
Sethi (1974) finds that for disease prevalence above the singular steady state, it is
optimal to treat everyone while for levels below it, it is optimal to not treat anyone.
Goldman and Lightwood (2002) set out to generalize Sanders’ result to non-linear
cost structures but overlook the fact that their results are seemingly at odds with
Sethi’s findings.®! Anderson et al. (2010) explicitly note the contradicting results
but do not seeks to reconcile them. It turns out that the analysis in Goldman and

30Tn the special case where recovery confers a permanently lower level of susceptibility to reinfection,
the model reduces to a heterogeneous version of the SIS model.

31In reviewing the work of Sanders (1971) and Sethi (1974), they state that “In those works, there is
some critical rate of infection below which it is optimal to treat fully and above which treatment is set

to zero.”
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Lightwood (2002) is not directly comparable to that of Sanders (1971) or Sethi
(1974) since it relies on a subtly different model. All three contributions make sim-
ilar assumptions about the benefits of treatment. Namely, they all assume that the
social benefit of treatment is a decreasing function of prevalence, because treatment
has fewer positive externalities when a large fraction of the population is already
infected. However, they make different assumptions about costs. In Sanders (1971)
and Sethi (1974), it is tacitly assumed that individual treatment cost is a sharply
decreasing function of prevalence.®® At high levels of prevalence, this cost is so
low that full treatment is optimal, despite its limited social benefits. Goldman and
Lightwood (2002) consider a variety of cost functions. In every case, at high levels of
prevalence, the cost of treatment exceeds its benefits, so the optimal policy is to set
treatment at zero. To sum up, our analysis formally confirms the monotonicity re-
sult in Goldman and Lightwood (2002), which is in turn an important independent
result, rather than a generalization of earlier findings.

6. The way we have modeled treatment and prevention, masks an implicit asymmetry
in the effectiveness with which the two instruments reduce infection. While full
prevention reduces incidence to zero instantaneously, full treatment only gradually
reduces prevalence (as long as « is finite). In other words, while the rate of tran-
sition from infected to susceptible can be brought down only to a finite speed, the
transition rate from susceptible to infected can be brought instantaneously to zero.
It turns out that this asymmetry has only quantitative effects. We show this for-
mally in Appendix F, where we describe the dynamics and derive the steady states
of the model with imperfect prevention.

10. CONCLUSION

For the past four decades, the field of infectious disease control and public health has
benefited from formal mathematical analyses of epidemics and their management through
different policies that influence disease propagation. By employing techniques from dy-
namic optimization, economists have added valuable insights on how best to control
infectious diseases and thereby informed public policy in this important field.

Although significant progress has been made in the analysis of single instrument mod-
els, such as those with vaccination, quarantines, condom use, mosquito nets or treatment,
little is known about optimal disease control through multiple interacting instruments.
One important question, from both a theoretical and a practical policy perspective, is
to determine how different instruments and policies interact and how such interventions
should be combined at different stages of the epidemic. Answering this type of question
is the central aim of this paper.

Our analysis is not simply an abstract exercise, but one that has concrete, practical
relevance to the formulation of policy. A case in point is the recent outbreak of swine flu.
In early July 2009, the UK Department of Health announced that in its battle against the
swine flu pandemic, it had now entered a “treatment phase” under which treatment was

32G8anders (1971) and Sethi (2004) assume that the total cost of treatment is independent of disease
prevalence. Using Sethi’s notation, let « be the total size of the infected population. In his model, it
costs K to cure vz individuals where K > 0 is some constant and v belongs to some bounded interval
of the positive real line. This works out at K/x for each individual who is cured.
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to be the main policy instrument in controlling the outbreak of the disease.?® It stated
that

“As swine flu spreads and more people start to catch it, it makes sense to
move from intensive efforts to contain the virus to focusing efforts on treating
the increasing number of people who have the disease.”

While the exact reasoning behind this change of tack was not made explicit, it’s clear
from this statement that the relative desirability of treatment and prevention was thought
by policy makers to be a function of disease incidence and prevalence.?* To the best of our
knowledge, there is no existing research that formally shows that such a policy switch may
be optimal or that formally links the optimal policy mix to the level of disease prevalence
or incidence.

In this paper, we have analyzed the optimal economic control of a susceptible-infected-
susceptible model, in which a benevolent social planner can influence the rates of infection
and recovery through costly intervention. Although this is a difficult problem, we have
made significant progress in characterizing both the steady states of the system and the
equilibrium paths. While out characterization is wholly analytical, we have added sample
simulations of the system in order illustrate the dynamics and the optimal policies. Fur-
thermore, we have complemented the analysis of the planner’s problem with an analysis
of equilibrium behavior under non-cooperative, decentralized decision making.

A number of results emerge from this analysis. First, treatment and prevention work
in fundamentally different ways. Although both reduce infection, the former directly tar-
gets prevalence whereas the latter directly targets incidence. More importantly, we find
that treatment induces a destabilizing positive feedback effect, since the marginal benefits
of treatment are decreasing in disease prevalence. Since treatment reduces prevalence,
the desirability of further treatment is increased as treatment efforts are intensified. This
complementarity between current and future treatment efforts creates the potential for
multiple steady states. In contrast, prevention induces a stabilizing negative feedback
effect, since the marginal benefit of prevention is increasing in disease prevalence. This
means that as preventive measures are intensified, prevalence levels decrease, thereby
making further prevention less desirable. When these effects are superimposed, interest-
ing interactions occur. This is evident in a number of different ways. For example, we
find that the optimal policy will typically involve treatment when prevalence is low but
no treatment when prevalence is high. Since prevention and treatment are imperfect sub-
stitutes, if there is any prevention at all, a low infection, high treatment steady state will
be associated with relatively little prevention. Similarly, a high infection, low treatment
steady state will involve a relatively high level of prevention. Similar properties hold for
equilibrium policies under decentralized decision making.

33See Swine Flu: From Containment to Treatment, UK Department of Health (2009).

34Tn a news release by the Scottish Government, Health Secretary Nicola Sturgeon is reported to have
stated that “In recent weeks we have, as expected, seen a significant increase in the number of cases
of pandemic flu throughout the UK [...]. Given the number of cases, and the evidence of community
transmission, we believe now is the right time to move to the treatment phase of dealing with the
pandemic [...]. This does not mean that the virus is getting more severe or that there is any cause for
alarm. It simply means that we are seeing a rise in the number of cases and are adapting our approach
to dealing with these.” See http://www.scotland.gov.uk/News/Releases/2009/07/02125359.
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We find that conducting comparative statics analysis is at best a very delicate matter.
In steady states with no prevention, the comparative statics of steady state prevalence
with respect to infection and recovery rates mirror those of the classical epidemiological
SIS model. Namely, steady state prevalence is increasing in infectivity and decreasing in
the effective rate of recovery. In steady states with positive preventive effort, these results
are partially reversed. In particular, higher infectivity yields lower steady state disease
prevalence (because of lower prevention levels) while prevalence is wholly independent of
the rate of recovery. These results highlight the importance of careful formal analysis
in conducting policy aimed at reducing infectivity or at increasing the effectiveness of
treatment. The important issues of comparative statics/dynamics of welfare under de-
centralized decision making have not been treated in this paper. In a prevention-only
setup, Toxvaerd (2010) analyzes these issues at length.

We should emphasize that when treatment or prevention efforts are found to be zero
in steady state, the model does not reduce to the special case models in which no treat-
ment or prevention is possible. This is because it may be optimal to treat and/or prevent
infection along the equilibrium paths even if it ceases to be optimal once steady state
is reached. Thus the dynamics of the present model in those cases differ from the cor-
responding dynamics of the single-instrument models. Furthermore, for some parameter
constellations, steady states from the treatment only model and the prevention only
model coexist.

The modeling assumptions that we have adopted, in particular linearity of costs in
the measure of targeted individuals, pose some difficulties but afford us some advantages
as well. The simplicity of the optimal solutions makes a characterization of the optimal
paths and steady states very clear. In particular, we get closed form solutions for multiple
steady states, which allows us to give a sharp characterization and comparative analysis
with respect to parameters. On the other hand, the concavity of the disease propagation
function, and the resulting convexity of the Hamiltonian, together with the bang-bang
nature of the optimal controls, makes it impossible to use many of the standard results
in optimal control theory. Specifically, sufficiency conditions for local extrema, such as
that of Arrow, as well as conditions for local stability, are inapplicable.?> Despite this,
we make very substantial progress in completely characterizing the behavior and optimal
control of the system analytically. We achieve this by using both novel approaches and by
using techniques recently developed to study the optimal management of other ecological
systems.

An interesting and worthwhile extension of the present work that we have not yet
pursued, is to conduct a careful bifurcation analysis of the system under both centralized
and decentralized decision making. While such analysis has been carried out for the
related shallow lake systems, as described in connection with the equilibrium dynamics
of the model, no comparable analysis has been performed for models of infection dynamics
with treatment. As we have shown, a number of different regimes are possible for different
parameter constellations. It would be interesting to carry out a systematic analysis of
these regimes, in order to get a clearer picture of when the system is in Regime I, II or III
respectively (in which there is either a unique steady state, multiple steady states with a
unique optimal one, or multiple steady states in which the optimal one depends on initial
conditions). Similarly, it would be interesting to carefully delineate the corresponding

35There are very few general results on linear control problems. See Caputo (2005) for a discussion.
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regimes under decentralized decision making and compare these two settings. Such an
analysis would likely entail a very significant amount of simulations, but should be worth
pursuing in order to conduct policy experiments.
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A. EXISTENCE OF AN OPTIMAL SOLUTION

In this appendix, we prove that the planner’s problem admits an optimal solution. The
existence proof proceeds in two steps. In Step 1, we consider finite horizon versions
of the model and show that in these, an optimal solution exists. In Step 2, we show
by contradiction that because optimal solutions exists for all finite horizons, an optimal
solution must also exist for the infinite horizon version.

Step 1: Consider a finite horizon version of the model in which ¢ € [0, T], with T < oc.
Define the set

N Ut ={e " (—wl —cp(l=Dm —crlt)+ I (BA -1 —7) =y —ar): (1,7) € U}
(113)
where ¢ < 0 is some constant and U = [0, 1] x [0, 1] is the space of feasible control pairs.
Consider two points y1,ys € N(I,U,t) given by

= {e_ﬁt (—wl —cp(1 =Dy —cplm)+ &, T (B —1)(1 —7y) —y — 047'1)}114)
Yo = {e*pt (—wl —cp(1 = Dy —cplty) + &, L (B(1 —I)(1 —7g) —y — Oﬂ'z)}ll5)

Let ¢ € [0,1] and let y3 = @y; + (1 — ¢)y2. We will prove that y3 € N(I,U,t) and thus
that the set N(1,U,t) is convex. Let py; + (1 — ¢)ya = (21, 22). Taking the first element,
we have that

2 o= @le " (—wl —cp(l—I)m —eplm1) + &
+(1 =) [e? (—wl —cp(l = D)o — crlTs) + &) (116)
= G_pt (—w[—CP(l —])7T3—CT]7'3)+§3 (117)

where 73 = 71 + (1 — )72, m3 = @71 + (1 — )72 and &5 = &, + (1 — )&, < 0.
Similarly, taking the second element we have that

2 = @I(BAL-D1—m)—7—ar)
+1 =) [L(B(1 = I)(1 = m2) =7 — ars)] (118)
= I[B1—-1)(1—m3)—7v— ars (119)

We can now conclude that: (i) there exist an admissible triple (I(t),7(¢), w(t)); (ii)
the set N(I,U,t) is convex for each (I(t),t); (iii) the set U is closed and bounded; (iv)
there exists a bound b = 1 such that ||I(¢)|| < b for all ¢ > 0 and admissible triples
(I(t),7(t), m(t)). By the Filippov-Cesari Theorem, we can then conclude that an optimal
solution (I*(t), 7*(t), 7*(t)) exists and the optimal policy (7*(t), 7*(¢)) is measurable. See
Seierstad and Sydsaeter (1987) for details.

Step 2: We will consider the case in which the relevant steady states are (A, B). The
case (Ao, By) follows similar steps. In the finite horizon version of our problem, we impose
no condition on the terminal value I(7"). This implies that the relevant transversality
condition is A(T') = 0. As we have shown, this problem has an optimal solution. More-
over, if T' is large enough, there are at at most two candidates for an optimum. Each path
satisfies the necessary conditions for optimality, including the aforementioned transver-
sality condition. Of these two candidate optimal paths, one goes to solution A as in the
infinite horizon case but then at time t = T'— T4 , peels off along the unstable branch to
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Figure 7: Paths in finite horizon model around point A.
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increase monotonically, reaching A(t) = 0 at time ¢t = T". The other path goes to solution
B as in the infinite horizon case, but then at time ¢t = T — T}, peels off along the unstable
branch to increase monotonically, reaching A(t) = 0 at time t = 7. Note that the times
T4 and Ty are fixed.

In Figure 7, we illustrate the idea by plotting optimal paths around the point A. The
parameters are the same as those in Example 1. The optimal paths from initial condition
Iy = 0.5 and different horizons T' are represented by dashed curves. Note that the light
paths reach the A(7") = 0 line faster than the heavy dashed path that goes through point
A, since the latter stays at point A until time t = T — T4 regardless of how long it took
that path to reach point A. In contrast, the light dashed paths do not rest at any point
until they reach their destination. For all horizons T > 46.3, the optimal path reaches
point A before making the transition to the A(7") = 0 line, while for horizons T' < 46.3,
the point A is not reached along an optimal path. While we have shown only a case
where Iy > [4, similar analysis applies for the case Iy < I4. Similar analysis also applies
for optimal finite horizon paths in the vicinity of the other steady states.

From the point A, there is a unique path satisfying the Hamiltonian conditions and
starting from (1(0), A(0)) = (14, A4) and is such that A\(T4) = 0 for some T4 > 0. The
time T4 is unique. Denote the value of the integral along this path as follows:

Ta
Wy = / e P I(t) [wr — cpm ()] + (1 = 1(t)) [ws — cpm(t)]] dt (120)
0
From the point B, there is similarly a unique path satisfying the Hamiltonian conditions

and starting from (7(0), A(0)) = (I, Ap) and is such that A\(Tg) = 0 for some T > 0.
The time Tg is unique. Denote the value of the integral along this path as follows:

T
Wg = / e P I(t) [wr — cpT(t)] + (1 — I(t)) [ws — cpm(t)]] dt (121)
0
From now on, we shall consider only paths that begin at 7(0) = I,. Let

VT = /O e P I(t) [wr — err(®)] + (1 — I(t)) [ws — epm(t)]] dt (122)

where the integral is evaluated along the Hamiltonian path and terminates at point A at
time T'. Also, let

Vg = /0 e PI(t) [wr — erm()] 4+ (1= 1(t)) ws — cpm(t)]] dt (123)

where the integral is evaluated along the Hamiltonian path and terminates at point B at
time 7.
Finally, let

Xt = /0 e I(t) [wr — err(t)] + (1 — I()) [ws — cpm(t)]] dt (124)

where the integral is evaluated along the Hamiltonian path that goes to point A and sits
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there until time ¢t = 7' — T4 and then peels off to reach A\(¢) = 0 at time ¢ = T". Also, let

XL = /0 e PI(t) [wr — crT(t)] + (1 = 1(t)) [ws — cpm(t)]] dt (125)

where the integral is evaluated along the Hamiltonian path that goes to point B and sits

there until time ¢t = 7' — Tz and then peels off to reach A(t) = 0 at time t = T'.
It is clear that

X4 = Vi eI, (126)
XE = Vg ' g e 0Ty (127)

Suppose without loss of generality that in the infinite horizon case, it is better to go
to point B and stay there than to go to point A and stay there. Then

lim Vg™ =V >V = Jim vy T (128)

T—o00

From the above equations, it then follows that
. T . T
A, X6 > g, Xa (129)

Thus, in the finite horizon case, it is optimal for large T" to go to point B and then peel
off at time t =T — Tp.

Suppose there is no optimal path in the infinite horizon case. Then there is some path
starting from /(0) = I, for which the value of the integral is greater than V3°. Let

77 = /0 e [1(#) [wr — cpr ()] + (1 — (1)) [ws — cpm(®)]] dt (130)

where the integral is evaluated along this alternative path.
By assumption, B
lim 27 = 7% > Vg° = lim V2 (131)

T—o0 T—o0

This implies that there exist T ,T*,e > 0 such that for all T > T and T > T*, the
inequality Z7 > VI + & holds. Hence, for T > max {T* +Tg,T *}, it follows that

ZT>Vvi " e (132)
Now, for sufficiently large T', ¢ > e ”T=T8)|}5 and hence
ZT > Vi e T Ty = XE (133)

But this is not possible, since X% is optimal. This contradiction establishes that there
must be an optimal solution to the infinite horizon problem. This concludes the proof B
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B. PARAMETER RESTRICTIONS FOR STEADY STATES
Throughout this paper, we have maintained the assumption that w —cp > 0 and f —~ —
a > 0. In this appendix, we list additional assumptions that ensure that the different
fixed points are feasible.

B.1. Fixed Point A. For this steady state to be feasible, we need the following
additional restrictions:

e For I(t) € (0,1) need cp < %.

e For A\(t) < 0 need cp < w.
e For 7(t) € (0,1) need cp < w.
(t)

e For 7(¢ :Oneed0p>w—cT(§).

B.2. Fixed Point B. For this steady state to be feasible, we need the following
additional restrictions:

e For I(t) € (0,1) need cp < %.

e For A\(t) < 0 need cp < w + cr.

e For 7(t) € (0,1) need cp < (ﬁ;?lp) (w+ cr).

e For 7(t) = 1 need cp < w + cp (%2).
B.3. Fixed Point (. For this steady state to be feasible, we need the following
additional restrictions:

e For I(t) € (0,1) need cp < 2.

e For \(t) < 0, no extra restriction.

2 [eY

(t)
e For 7(t) € (0,1) need cp < min {£ + cp (552) , £ 1,
(t)

e For 7(t) € (0,1) need cp € (w—cr (£) ,w+ or (%2)).

o «

B.4. Fixed Point A,. For this steady state to be feasible, we need the following
additional restrictions:

e For I(t) € (0,1) need 5 > 7.
e For A\(t) <0 need g >~ — p.
e For 7(t) = 0 need cp > 200,

e For 7(t) = 0 need cp > -2“—
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B.5. Fixed Point B,. For this steady state to be feasible, we need the following
additional restrictions:

e For I(t) € (0,1), no extra restriction.

e For A\(t) < 0, no extra restriction.
e For 7(t) = 0 need cp > %
. Forr()—lneedcT<ﬁﬂiﬁ.

B.6. Fixed Point C,. For this steady state to be feasible, we need the following
additional restrictions:

e For I(t) € (0,1), need cr € (5725, -75)-

e For A\(t) < 0, no extra restriction.
e For 7(t) = 0 need cp > W
e For 7(t) € (0,1) need cr € (52, 55555a)-

C. NON-OPTIMALITY OF MAXIMAL PREVENTION

In this appendix, we prove that an optimal path cannot end at a point at which prevention
is at its maximum possible level. We prove this result by contradiction. Suppose that
7* = 1. Consider a trajectory for which there exists # such that (7(¢), 7(t)) = (7, 1) for all
t > t, where 7 € [0, 1] is a fixed level of treatment. Such a policy will eradicate the disease
asymptotically, i.e. will be such that lim; ., I(¢f) = 0. Assume this trajectory is optimal.
There are two cases to consider. First, suppose that 7 < 1. Since the policy is optimal, it
must be the case that A(t) > —cr/a for t > t. Hence, BA(t)I(t) > —BI(t)cr/a for t > t.
Since lim;_,, I(t) = 0 it follows that lim; ., S\(¢)I(t ) > 0. This implies the existence of
t such that SA(t)I(t) > —cp for t > t. By the Hamiltonian conditions this in turn implies
that 7(t) = 0 for ¢ > £, contradicting the assumption that 7 () = 1 for sufficiently large
t.

Next, suppose that 7 = 1. For clarity assume that f = 0. From the logistic growth
equation, it follows that along such a path, prevalence evolves according to

I(t) = —(y+ a)(t) (134)
Integrating this equation yields
I(t) = e~ (ot (135)
where Iy = 1(0) is the initial condition. Hence
I(t) = —(y+a)e OF)if, (136)
From the law of motion of the costate variable, we have that

At) =X [p+7+a] +[w—cp+er] (137)
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This differential equation can be rewritten as
it)=z2(t) [p+7+0

where o entC
z(t) = A(t) + S G b
p+v+ o

Integrating yields
2(t) = elPtrtelty

where

w—cp+cor
=N+ —m—
T iy ta
and \g = A(0).

It follows that

A@):e@wﬂm(hr%w—0P+@>__W—CP+CT

p+v+a p+v+a
and thus

PN = — ()\0 n %) (v + )l

_ w—cp+cr
e (e <—) +a)l
p+v+a (r+a)ly

Taking the infinite horizon limit, gives

t—o00

lim e P \(t)1(t) = — (Ao + f) (v +a)ly

Next, note that

<, = - (LR o (Lot
p pt+a

Hence

and it follows that

Note also that

e H = e [—w — cpm(t)(1 — I(t)) — erI(t)] + e PN (t)

Taking limits yields

lim e "' H = lim e P A\(t)I(t) > 0

t—o0 t—o0

(138)

(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

(147)

(148)

(149)
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According to Michel (1982), a necessary condition for a trajectory to be optimal is
that the transversality condition lim;_., e ”*H = 0 holds. This condition is clearly not
satisfied along any trajectory with (7(t),7(¢)) = (1,1) for all ¢ > 0. This concludes the
proof W

D. ANALYSIS OF INTERIOR SOLUTIONS

In this appendix, we formally analyze the optimality properties and dynamic behavior
around interior steady states. We do so through a sequence of different results.

D.1. Non-Optimality of Points C' and ;. We start by formally establishing the
non-optimality of the interior points C' and Cy. To this end, we first prove a useful
relationship between the value function and the Hamiltonian. This part of the proof is
related to a result by Miiler et al. (2003), but theirs applies only to fully interior controls
and we must therefore make suitable changes and exploit that controls are constant almost
everywhere along optimal paths.?¢

Lemma 18. pV(ly) = H (1, 7(0),7(0), A(0)).

Proof: Consider a path which starts from the point 1(0) = Iy, for which the control vari-
ables 7(t) and 7 () are piecewise continuous and which satisfies the first order Hamiltonian
conditions. For any path that satisfies these conditions together with the transversality
condition and the laws of motion for state and costate variables, the following are true:
(1) Suppose that

—[er +aX(t)]I(t) <0 (150)

Then 7(t) = 0 is optimal. Since A\(¢) and I(¢) are continuous along the path in question,
it follows that
—[ler+aX(t+e)]I(t+¢e) <0 (151)

for sufficiently small € > 0 and hence 7(t+¢) = 0. Thus, d7(t)/dt = 0 at time ¢. Likewise,
dr(t)/dt =0 if
—[er +aX(®)] I(t) >0 (152)

which makes 7(¢) = 1 optimal. Finally, if
ler + aA(t)] I(t) =0 (153)

then the Hamiltonian is independent of the treatment rate and therefore 0H/07(t) = 0.

Thus, it is always the case that
OH dr(t)

or(t) dt

=0 (154)

(2) Suppose
—[ep + BAOI()] (1 = 1(2)) <0 (155)

Then 7(t) = 0 is optimal. Since A(t) and I(¢) are continuous along the path in question,
it follows that
—[ep+BAt+e)(t+¢)](1—-1(t+¢)) <O (156)

36We have an alternative proof of the non-optimality of the interior points but the present derivation
is more elegant.
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for sufficiently small € and hence 7(t + €) = 0. Thus, d7(t)/dt = 0 at time ¢. Likewise,
dr(t)/dt =0 if
—[ep+ BNt +e)(t+¢e)](1—1(t+¢€)) >0 (157)

which makes 7(¢) = 1 optimal. Finally, if
e+ BADI(B)] (1 = 1(1)) = 0 (158)

then the Hamiltonian is independent of the prevention rate and therefore 0H /0 (t) = 0.
Thus, it is always the case that

OH dm(t)

on(t) dt

The current-value Hamiltonian H is a function of I(¢), A(t), 7(¢) and 7 (¢). Hence totally
differentiating the Hamiltonian yields

(159)

dH  OH dI(t) OH d\(t) OH dr(t)  OH dr(t)
G oI dt TonD dt T or(n) dt < on(h) di (160)

_O0H dI(t) dI(t) OH OH dr(t) OH dn(t)
= o) dt | ar ( Alt) = 8I(t)) T o dt T on(n) at (161)
= p)\(t)d;_(tt) (162)
where we have used that
It) = ;A—Ié) (163)
oOH
M = MO - s (164)
Next, we have that
d(e;/:H) = pert [_HjL)\(t)dz_(tt)] (165)
= pe P wl(t) +cpm(t)(1 = I(t) + cpT(t)1(t)] (166)
Since the transversality condition lim; .., e ?*H(t) = 0 must hold, it follows that
/0 h {W} dt = Jim ¢ P (1) ~ H(0) = ~H(0) (167)
Thus
H (o, u(0), A(0)) = —/Ooo {W} dt (168)

= —p/oooept (wWI(t) +cpm(t)(1—I(t)) +crT(t)I(t))dt (169)
= Vo) (170)
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Hence
pV (1) = H(lo,7(0),7(0), \(0)) (171)

This completes the proof B

We now turn to the proof of the non-optimality of the interior solutions. Suppose
there is a path that starts at 7(0) = I and has

A0) = A5 > Ao = _TCT (172)

and hence SAIc > fAclc = —cp. The first inequality implies that 7(¢) = 0 is optimal
and the second implies that 7(¢) = 0 is optimal. Equation (171) implies that value of the
integral for the stationary path that remains at I is given by

Ve = —w—cprc(l—1Ic)—crrele+ Aele (1 —me)B(1 — 1) — v — arc|(173)
= —w+ Al [l —Ic) -] (174)

The value of the integral along the alternative path is found by setting 7(0) = I, A(0) =
Ay, 7(0) = 0 and 7(0) = 0. Using (171), this yields the following expression for the
integral along this path:

pV* = —w+ Aolc [B(1 —Ic) — 7] (175)

By subtraction,
p(V* = Vo) = (Ac — Ac)lc [B(1 — Ic) — 7] (176)
Note that I(t) = 0 if I(t) = I¢, 7(t) = 7¢, 7(t) = m¢. Hence

I(t)=1c[(1=mc)B(1 = 1Ic) =y —Tca] =0 (177)
Since Io, 7o, mc > 0, if follows that

Ic[B(1—1c) = > Ic[(1 —mc)B(1—Ic) =y —Tca] =0 (178)

Since A&, > A¢, it follows that V* > V. Thus it is better to choose the alternative path
than to remain at C'. These arguments also apply to the point Cy. This concludes the
proof B

D.2. Optimal Paths, Spiral Sources and Limit Cycles. Although the interior
points C' and Cjy cannot be end points of optimal paths, it is necessary to consider the
behavior of paths starting at these points. Our simulations show that such paths may be
spirals, but formally showing that this is the case is complicated by the fact that standard
results for the local behavior around such points do not apply to our problem. This is
due to the discontinuities in the optimal policies in steady state. In characterizing the
candidate solutions for optimal paths, there is a further potential complication, namely
the possibility that the paths close to the interior steady states constitute limit cycles
(i.e. closed orbits around the interior point). We will now show two results. First, we
show that the interior solutions are indeed spiral sources, i.e. exploding spirals. We prove
this result by appealing to a theorem due to Wagener (2003), which excludes limit cycles.
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Figure 8: Rotation around interior solution C' with linearized system.

We then extend his reasoning to exclude that the interior points are spiral sinks. By
implication, the points must be spiral sources. Second, having established the spiraling
nature of paths originating at the interior solutions, we characterize the candidate optimal
paths.

Proposition 19. The points C' and Cyy are clock-wise spiral sources.

Proof: The proof is in two parts. First, we prove that the movement around the interior
solutions is characterized by clock-wise rotation. Second, we show that the movement is
necessarily an exploding spiral.

Rotation Around Interior Solutions. We now prove that the movement around
the interior points is a clock-wise rotation. Suppose that the interior stationary solution
is C'. The diagram in Figure 8 shows a linearized segment of a path in the vicinity of C'
and the angles 0;, i = 1, ..., 5. We shall now show that

90° > 6y,03,04,05 >0 (179)
180° > 6, >0 (180)
90° > 0 — 05,05 — 03,0, — 05 >0 (181)
180° > 6y —05 >0 (182)
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Let t; = tan 6;. Then it follows that

~—

_ AW
t; = 7 (183)

Fori = 1,...,4, the rates of change I(t) and A() are calculated by choosing the appropriate
values of 7(t) and 7(¢) and inserting the equilibrium values I and A¢ into the laws of
motion for the state and costate variables, i.e.

[(t) = 1) [(1 = 7(£))B(1 = I(t)) — v — ar(1)] (184)
M) = A(t) [p+ +ar(t) + (1= m()B2I(t) = )] + [w —x(t)ep + T()er]  (185)
We now proceed to consider each angle in turn:

Angle 6;: 7(t) = 1,7(t) = 1. This yields the laws of motions

i) = Ie[— o) (136)
acp
= ——((+a)<0 187
"+ ) (187)
At) = Aclpty+a]+[w—cp+oer] (188)
= —%T (p+7)+ (w—rcp) <0if C is allowable (189)
and hence
M)
1, = —= 190
() (190)
_ alr)mlwoen) (191)
G (v +a)
Thus, 90° > 6; > 0.
Angle 6,: 7(t) = 1,7(t) = 0. This yields the laws of motion
I(t) = Ic[B(—1Ic)—v—a (192)
acp acp
= X g (1 -2 4 193
o5 (1-92) =2 -l (19)
At) = Melp+v+a+B2Ic —1)] + [w+ er] (194)
= = [p+v— B+ [w—2cp] >0if C is allowable (195)
a

and hence
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At
B o= 2 (196)
1 (t)
+ +w—2
_ Tty =B+ w2 (197)
acp acp
e[ (1-52) oo
Since A(t) > 0, it follows that 180° > 6, > 0.
Angle 03: 7(t) = 0,7(t) = 0. This yields the law of motion for prevalence as
I(t) = Ic[B(1—Ic) =1 (198)
acp acp . B ="
= —— 1———] =7 >0since Ic < I3, = —— 199
Ber [5 ( 50T> ! “ A g (199)

M

Note that I(t) converges to if there is no treatment or protection. Since there is

some treatment and some protectlon at C, it must be the case that I < 2 67' The law
of motion for the multiplier is given by
At) = —% [p+~v— B+ [w—2cp] >0if C is allowable (200)
and thus it follows that
At
o= o (201)
(t)
L [p 4y — B+ [w—2
alptv—fl+w—2cp] (202)
= [(5)
Thus, 90° > 65 > 0.
Angle 04: 7(t) = 0,7(t) = 1. This yields the laws of motion
ity = —vle (203)
e (204)
’YﬁCT
At) = Aclp+9]+ [w—cpl (205)
S [p+ 7]+ [w—cp] <0if C is allowable (206)
o
At
ty = Q (207)
1(t)
Llp+9] = [w—cpl
= o >0 (208)
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Thus, 90° > 6, > 0.

53

To find t5, note that the curve with this slope satisfies the equation SA(t)I(t) = —cp and

hence at C,
dA(t)
ty = ) 2
5 0 (209)
cp
= (210)
B(Ie)?
— C—P2 (211)
5 (5%)
B orer\?
= <E> >0 (212)
Thus, 90° > 65 > 0.
Angle 0, — 05:
J(ti—ts) = Z(p+ )—(w—c)—ﬁ(c—T)Q@( +a) (213)
115 o Pt P o Na ) Ber v
c c
= T(o+9)~w—cr) - L(y+a) (214)
= C—Tp — (w+cr —cp) < 0if C exists (215)
a
where acp
J=—"+a)>0 216
"+ ) 216)
Thus 90° > 05 —0; > 0.
Angle 0, — 05:
- _a _ _ _x ey
K(ta=ts) = ——[p+7 =B+ w—2ep] = = {5 <1 BCT) 5 a} (217)
= —C—T[p—a]—l-[w—CP] > —C—T[p—a]—i—pc—T—cT:Oif(]exist(sQlS)
a « o
where
acp acp
K=— l—— | —7v—« 219
1o (1-52) =7 -al (219)
Thus, 180° > 5 — 5 > 0.
Angle 05 — 05:
_ _a _ _ _x RCN
Dty —t5) = ~ Loty B+ o 2er] - & [5 (1 @cT) v] (220)
= —%Tp + [w —cp] <0 if C exists (221)
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where
acp acp
[ = dcr e >0 222
Ber [6 < BCT) 7} 222
Thus, 90° > 05 — 03 > 0.
Angle 0, — 05:
Ty 4+~ — [w— 2
t4 - t5 == [p PY]acp[w CP] - ﬁ (C_T> <223)
,yﬁcT cp R
Mts—ts) = —lpt+7]—[w—cpl = —v (224)
— %Tp — [w—cp] > 0if C exists (225)
where M=~2P g (226)
N 7BCT

Thus, 90° > 0, — 05 > 0.

This establishes the inequalities we wished to show. There is therefore a clockwise rotation
around C. The diagram refers to the case in which 90° > 6,. The diagram is slightly
different if 180° > 6, > 0, but there is still a clockwise rotation around C.

Next, suppose the interior stationary solution is Cy. Then in the region of this point,
there is no prevention and the local dynamics are the same as in the treatment-only model
examined by Rowthorn (2006), who showed that there is a clockwise rotation around the
interior stationary solution. This concludes the first part of the proof B

Points C' and (| are Spiral Sources. We now prove that the rotations around
the interior points C' and Cj are necessarily exploding spirals. First, consider paths
(7(t), 7(t)) that maximize the planner’s problem. Then the resulting system

I(t) = I -m1))B(1—1(t)) =7 = 7(t)] (227)
At) = A@t) [p+v+ar(t) + BRIE)QA —x(t)) + 7(t) —1)]
+[w+ 7(t)er — w(t)ep] (228)

evaluated along these paths, cannot display limit cycles. This was shown by Wagener
(2003) and his argument is as follows. In (I(t), A(t))-space, consider the vector field

OH OH
F= (W(t)’ pA(t) — 81—@)> (229)

Let ®; denote the flow mapping of the system (227)-(228). Then for some initial condi-
tions (1(0), A(0)), we have ®,(1(0),\(0)) = (I(t), A(t)), where (I(t), A(t)) is a solution to
the system for the given initial conditions. Next, consider a set of initial conditions A(0).
Then ®; maps this set into a new set A(t) as follows:

A(t) ={(L(t),\2)) : (1(t),\(t)) = ®(1(0), A(0)) for some (1(0),A(0)) € A(0)} (230)
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Figure 9: Rotation around point C' when it is a spiral sink.
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Figure 10: Rotation around point C' when it is a spiral source.
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The last step is to note®” that

dAreaA(t)

I lt—o = pAreaA(0) > 0 (231)

In other words, if we start by considering a set of initial conditions A(0) with strictly pos-
itive area, then the invariant region delineated by the system must be strictly increasing
over time. But this rules out limit cycles, as they would imply the existence of a bounded
invariant region.

Next, we consider the possibility that the interior points are sinks. Figure 9 illustrates
a segment of the trajectory around C' when the point is a spiral sink. Let A(0) be the
closed set enclosed by the line MM, My M3 M, together with the line segment MyM,. As
can be seen from the figure, the initial direction of movement of every point in the set
A(0) is into this set, either along the boundary or into the interior. Thus

dAreaA(t)

0t li=0 <0 (232)

However, we have already seen that

dAreaA(t)

o li=o = pAreaA(0) > 0 (233)

This contradiction establishes that the point C' cannot be a spiral sink. Thus, the
point C' must be a spiral source (with clock-wise rotation), as illustrated in figure 10. A
similar argument holds for point Cj. This concludes the second part of the proof B

D.3. Non-Optimality of Spiraling. Next, we turn to the optimal paths starting at
interior points. As discussed earlier and emphasized by the fact that the interior points
are spiral sources, the Hamiltonian conditions do not pin down candidate optimal paths
uniquely. It turns out that there is a simple way to determine these from a given spiraling
path, as the next result shows:

Proposition 20. A candidate optimal path starting at the prevalence levels associated
with points C' or Cy is the highest or lowest monotone segment of the spiral.

Proof: Suppose that the interior fixed point C' is feasible and consider two paths which
satisfy the Hamiltonian conditions and start directly above C' at the points (I, A;) and
(I, A\E). Suppose A\i7 > A7,. Initially both paths satisfy the inequalities SA(0)1(0) > —cp
and \(0) > —cr/a, and thus in each case w(0) = 7(0) = 0. The integral along these paths
satisfy the following equations:

pV*=H" = —w+ Aclc [B(1 = Ic) — ] (234)
PV = H = —w+ N o [B(1 — 1) — ] (235)

Thus,
p(V*=V*) = (Ad = Ac) e [B(1 = 1) =] >0 (236)

37See Wagener (2003) for details.
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Hence, the path with the higher initial value A(¢) is better. In the case of a spiral around
the point C' in (I(t), A(t))-space, this means that it is best to choose the outermost
path. This has been shown for paths that begin above the point C. A similar argument
applies to paths that start below C. The rule is always choose an outermost path. These
arguments also apply to the point Cy l

Since we know that optimal paths may form part of an explosive spiral, this result is
of direct practical importance.

In our simulations, we have identified the following interesting pattern. In Regime
II, where one steady state dominates the other steady state for all initial conditions, the
candidate optimal path to one steady state forms part of a spiral, whereas the candidate
optimal path to the other does not. In both scenarios, the non-spiraling path turns out
to be the optimal one. In Regime III, i.e. the case in which there is a Skiba point, paths
to both steady states form parts of nested spirals emanating from a common source.
Wagener (2003) and Miler et al. (2003) show that if there are two nested spirals that
lead to distinct equilibrium points, then there exists a unique Skiba point, which is also
what we find in simulations. Of course, this does not a priori mean that if there is only one
spiraling path, then there is necessarily not a Skiba point. While we have not attempted
a formal analysis of these observations in our setting, these seem worthwhile pursuing in
future work.3®

To conclude, we have found that the fixed points (A, B, Ay, By) are saddle points (if
feasible), while the fixed points (C, Cy) are spiral sources.

E. SUBSTITUTES, COMPLEMENTS AND SPEEDS OF CONVERGENCE

In a static model, a common definition of complementarities is that an increase in the
level of one instrument increases the marginal rate of return on the other instrument. An
important question in the present context is whether prevention and treatment display a
similar property. For non-linear multiple-instrument optimal control problems, there are
instances in which one may cleanly characterize “synergies” between the control variables,
i.e. instances in which raising one control variable makes it more desirable to also raise
the other (see Feichtinger, 1984). In the present model, the desirability of increasing one
instrument depends on the level of the other instrument through its effects on disease
prevalence. In fact, changing the level of either instrument influences disease prevalence,
which in turn changes the desirability of further changing both instruments.

To see this, consider an increase in the level of prevention. Such an increase will
decrease disease prevalence, thereby increasing the marginal benefits of treatment, but
also decreasing the marginal benefit of prevention. Similarly, an increase in treatment
will cause a decrease in disease prevalence, thereby increasing the marginal benefits of
treatment, but decreasing the marginal benefits of prevention.

These interactions are simply a reflection of the insight that treatment induces a
positive feedback effect, whereas prevention induces a negative feedback effect.

Almost no existing work discusses the optimal phasing of prevention and treatment.
An exception is Gersovitz and Hammer (2004), who arrive at the conclusion that

38Note however that when there are two spiraling paths to the high and low infection steady states
respectively, then the results of Wagener (2003) and Méler et al. (2003) apply and there exists a unique
Skiba point. This observation formally confirms a similar point made by Goldman and Lightwood (2002).
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“...[optimal] subsidization [to treatment and prevention] is at equal rates be-
cause it is equally beneficial in preventing further infection to get a person
out of the infected pool as to have prevented the person from getting into it
in the first place [...]”

This statement seems to suggest that treatment and prevention are perfect substitutes
in the steady state of their model that they consider. Our analysis shows that prevention
and treatment are imperfect substitutes. Having said that, there are clearly instances
in which the two instruments are used in conjunction. This stems from the fact that at
some levels of disease prevalence, the strength of substitutability is low enough to render
the use of both instruments optimal. This observation is intimately connected to the
property of optimal paths being of the most rapid approach variety (MRAPs for short),
to which we turn next.

When each policy is considered in isolation, optimal paths are known to be of this type
in the prevention model but not in the treatment model (see Toxvaerd 2009a, 2010).%
But in the present setting, this is not necessarily the case. The reason lies in the fact
that the marginal benefits of treatment are decreasing in prevalence whereas the marginal
benefits of prevention are increasing in prevalence. This feature of the planner’s problem
implies that when approaching a steady state from below and starting from very low
prevalence levels, the optimal policy may involve no prevention coupled with full treat-
ment of the (relatively few) infected individuals. As discussed earlier, this is because for
low prevalence levels, the probability of reinfection is relatively modest, making treatment
worthwhile, but prevention suboptimal. This implies that infection is not increasing as
fast as it could. Once prevalence has increased to a level that makes further treatment
undesirable, the path does become a MRAP. Similarly, when approaching a steady state
from above, the optimal path may involve no treatment even though there is full preven-
tion. Again, this is because for very high prevalence levels, reinfection probabilities are so
high that treatment becomes suboptimal but the marginal benefits of prevention are high
enough to justify using this instrument to its fullest extent. But this means that disease
prevalence does not decrease as fast as possible towards its steady state level. When (and
if) prevalence has decreased to a level that makes treatment optimal, the remaining path
also becomes a MRAP. In Regime III, i.e. in the case where there is a Skiba point, there
is also an interior region in which optimal paths are not most rapid approach paths.

Formally, any path that spends time in areas in which (7(¢), 7(¢)) = (0,1) or (7(¢), 7 (¢))
(1,0), are not of the most rapid approach type. The same is true for any decreasing path
in the area (7(t), 7(t)) = (1,0). This implies the following observations:

Proposition 21. (i) The optimal path to point A from the right is not a MRAP, while
the optimal path from the left is potentially a MRAP. (ii) The optimal path to point
B from the left is not a MRAP, while the optimal path from the right is potentially
a MRAP. (iii) The optimal path to point Ay from the right is not a MRAP, while the
optimal path from the left is potentially a MRAP. (iv) Optimal paths to point By are
not MRAPs from either direction.

39More precisely, paths are always MRAPs in a setting in which recovery can only happen via treat-
ment. If there is also spontaneous recovery, then the optimal path to the steady state from above involves
no treatment, which is not an MRAP.
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We can further state the following:

Proposition 22. For all paths that are potentially MRAPs, the closing segments of the
paths are MRAPs.

The previous two propositions deserve some further comments. As can be seen from
3, all paths described as “potential MRAPs” may involve initial segments in which the
system does not approach the steady state as fast as possible. It is in this sense that they
are potentially most rapid approach paths. Having said that, all these paths share the
feature that as the system moves close enough to the steady state, the paths enter regions
where they do approach steady state as rapidly as possible. Thus, although some paths
are not MRAPs along their entire length, their closing segments have this property.

We now turn to the behavior of the system close to the steady states. The speed
of convergence towards a steady state (I*,7*, 7*) is found via the first-order Taylor
approximation?” of the logistic growth equation around the steady state, i.e.

o(I*,7*, 7)== [(1 —7")B(1 = 2I") — at™ — 7] (237)

Because the optimal amount of preventive effort may have a discontinuity at some steady
states, we need to distinguish speeds of convergence when approaching the steady state
from the left and from the right respectively. We will denote by o_(I*,7* 7*) and
o (I*,7*,7*) the speeds when approaching from the left and right respectively, and
o(I*,7*,7*) when there is no need to distinguish the direction (because the two speeds
coincide). With this notation, the speeds are given as follows:

04(14,0,1) = v (238)
o_(14,0,0) = ~+ CP(ﬁ;EpC)P_ beo (239)
o (I 1,1) = a+y (240)
o (Ip,1,0) = a+7+cp(5t:f3c:_ﬁ<c°;+”) (241)
0(14,,0,0) = B—7 (242)
o(Ip,,1,0) = B—7—a (243)

It should be emphasized that these speeds of convergence are approximations that are
valid only close to the steady states in question. In particular, this means that the speed
of approach of paths that contain an initial non-MRAP segment may be overstated.
Second, it is interesting to note that there is no unambiguous ranking of the speeds
of convergence from the left and right to points A and B. In other words, it is not
generally true that descending to points A or B with the aid of full prevention is faster
than ascending to points A or B with no prevention. It depends on the cost of prevention

40Tt is given by the equation

i(t) ~ I [(1 = 7)B(1 = I*) — v — ar*] + (I(t) = I*) [(1 = 7*)B(1 — 2I") — ar* — ]
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and the relevant conditions are not implied by any of the other constraints we have
maintained.*!

F. IMPERFECT PREVENTION

In this appendix, we consider the effects of imperfect prevention on the steady states and
dynamics of the system. Assume that for some ;> 0, the infection rate is given by

1(t) [p+ (1= =(2))5] (244)

In this formulation, given the infection level I(t), the infection rate for any level of
prevention is uniformly higher than in the standard formulation, since it can be brought
down no further than to the level /(). The Hamiltonian conditions are unchanged by
this imperfection, but the dynamics change to

I(t) = 1) [(n+ 1 =x®)B) (1 —1(t)) =7 = (t)a] (245)
At) = AB) [+ +ar(t) + BEIGA = 7(t) +7(t) = 1) + p(21(t) = 1)]
+ [w+ T(t)er — 7 (t)cp] (246)

The steady state prevalence values for points A*, B*, C* Al BE, C{ are as follows:

e = g0 _ﬁ ch — >l (247)
foe = Blw— CP)pr/va + Ber > s (248)
Iow = g% = I (249)
Ly = % > I, (250)
Iy = ﬁ_glz+“>130 (251)
Iop = aw+c§(;(f(5_ . ;)p 2, (252)

Note that all the relevant steady state prevalence levels are higher than under perfect
prevention.*? It is clear from these results that nothing qualitative changes if prevention
becomes imperfect.

An alternative formulation would be to assume that for some § € (0, 1), the infection
rate is given by

I(t)(1 = om(t))B (253)

In our previous formulation, the effective infectivity parameter is in the range [u, p + ]
while in the alternative formulation, it is instead in the range [5(1—4), 5]. This difference
seems to be inessential for the main analysis.

41 Specifically, we have that o (14,0,1) > 0_(14,0,0) if and only if cp < B+2 . Also, 0. (Ip,1,1) >

(IB, 170) if and Only if cp < B(E’-‘rup).
42The ranking Icp > Ic, holds if and only if cp > %
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G. LOCAL STABILITY OF EQUILIBRIUM STEADY STATES

In this appendix, we show that all the non-interior equilibrium steady states under decen-
tralized decision making are locally stable and that the unique fully interior equilibrium
steady state is locally unstable.
Solution Aj:

We assume that I} > 0 and hence that 3 — v > 0. In the region of Ag, the control
variables are 7(t) = 0 and 7(¢) = 0. Hence the laws of motion are given by

ity = 1) (80— I(t) -~ (254)
) = u(t)[p+7+ BID)] +w (255)

Let I(t) = I}, +x and pu(t) = pj, +y. Substituting in the above equations yields

io= (I, +2) [B(1 = (I3, + 7)) =] (256)
)= (uh, +y) [p+o+ B, +o)] +w (257)

Linearizing these equations gives
= I}, [B(1—14) -]+ [pA—2I4,) — 7] = (258)
=, [P+ + B, Fwt B+ [p+ oy + By (259)

Since point Aj is a steady state, I5, [3(1 — I},) — 7] =0and p3y, [p+~ + BI4,] +w =0.
Thus,

i = [p-2I})—7]z=—(—)x (260)
) = Buhx+ [p+y+ B8] y=Bux+ (B+p)y (261)

(:z;):(_(gugow (53/))) (i) (262)

The eigen values are —(3 — ), which is negative since I} > 0. Also, 8+ p > 0. The
convergent path corresponding to — (5 — ) is

and hence

Bra, e+ 28 +y+p)y=0 (263)
This has a positive slope since p%, < 0. The divergent path corresponding to (5 + p) is
x=0 (264)

This is vertical.
Solution Bj:

We assume that I > 0 and hence that 8 —~v — a > 0. The derivation in this case
can be obtained from the derivations for point A by replacing v by (v + «). This yields

() -5 6t) (0) 6
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The eigen values are — (8 — v — «) which is negative, since I}, > 0. Also, 8+ p > 0. The
convergent path corresponding to —(5 — v — «) is

Bup,x+(28+7+a+p)y=0 (266)

This has a positive slope since pup, < 0.
Solution Cj:

The laws of motion are

Ity = I)[(1=m()B = I(t) =~ = mi(t)a] (267)
i(t) = p@)[p+y+ 0 =m()BI(t) + 7i(t)o] + w+ Ti(t)er — mi(t)ep  (268)

Let [ = Iy +x and p = tey Y- Since m = 0, the above equations can be written as

follows:

T

(Ie; +2) [B(1 = Iz — ) —v — 7al (269)
Ics [B(1— Igx — ) — 7y — Ta) + x[B(1 — Iy —x) — v — Ta] (270)
Iog[ﬁ(l — Icg) - — Tcga] — IC’S(T — TCS)Oé — ﬁICSLU -+ x[ﬁ(l — Icg — :1:) - -6277&)[]

ICS [6(1 — ICS> i 7'0504] — (7' — TC(’)‘)OCIC’S +x [6(1 — 2105) i TCY} - ﬁ£§72)

Since Ic; [6(1 — 106‘) e 7‘0504] = 0, it follows that

i =—(1—7cg)aley + [B(1 —2I¢s) — v — Ta] & — Ba? (273)

Also,

(ucngy) o+~ +B8 g + ) +7a] +w+Ter 274

(274)
pcs [0+ 7+ B (Ieg +2) + Tegal + pes (1= Tog)a+w +Ter +y [p+ v+ B (Ieg + x) H270)
(276)
(277)

Hey [P+~ + Bley +Teza] +w+Tos0r + fieg B + piee (T — Tog )+ (T — Teg)er
+y [,0+7-|—ch3 +7‘a] + Bxy

{Mcg [P+~ + Bl +7eza] +w+ TCg;CT} + {Mcg;a+ CT} (7 —7cy)

+hc Br + o+~ + Blcy + Taly+ By (278)

Since fics [p +79+ Blc; + Tcga] +w+Tgzer = 0 and pgra + op = 0, it follows that

Y= u066x+ [p+7+6[ca« —l—Ta] Y+ Bxy (279)

Note that 7 =0 fory >0 and 7 =1 for y < 0.

Let us consider a path that starts at time ¢ = 0 at * = 9 < 0 and y = 0 and has

7 = 0. For such a path, the above equations can be written as

& = ag+ byx — (280)
= cx+ doy + By (281)
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where
ag = 7'06«04[06 >0 (282)
bo = B(1—2Icy)—~ (283)
dy = p+7+5[cg>0 (285)
Consider an approximate solution of the form
To + eot (286)
= got + hot? (287)

As required, a solution of this type yields z(0) = 2o < 0 and y(0) = 0. Substituting in
(280) and (281) yields

T = ap + bg (270 + Bot) — B (1‘0 + €0t)2 (288)
) = C([L’o + 60t> + do (got + hOtQ) + 6($0 + €0t) (g()t + h0t2) (289)

Ignoring higher orders of xy and ¢ the above equations can be written as follows

ao + bozo (290)
= Ccxg+ (C@o + dogo)t (291)

Differentiating (286) and (287) yields

i = e (292)
= go+ 2hot (293)

Comparing (290) and (291) with (292) and (293), it follows that

eo = ag -+ bgrg > 0 for sufficiently small xq (294)
go = cxo>0 (295)
hy = ot J;dog‘) (296)
_ & (ao + boﬂ;o) + dQCJZo (297)

by + d
_ Cotc ( 20 + do) o < 0 for sufficiently small (298)

Equation (287) implies that the path will achieve the value y = 0 for a second time at
t =1t = —go/ho > 0 for small z5. When this happens equation (287) implies that the
value of z is as follows:

T1 = Tg + egt1 = xo — % for sufficiently small (299)
0

Expanding and ignoring higher orders of x,, we get that
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2 (ag + boxo) cxg
Ccag + ¢ (bg + do) Zo

= zo— 2 ((lo + bgl’o) i (301)

Q

T i (300)

I (—&0 — (bo + do) w0 + 2 (ag + bol’o)) (302)
Qg -+ (bo + do) ZTo
ag -+ (bo — do) .’130)
~ — 303
(ao + (b[) + do) Zo ( )
1+ bo=dog,
N~ —x (—1 n boidomo (304)
by — d, by + d,
~ —g (1 + 2 Oa:()) (1 _ Dt Oxo) (305)
ao QAo
2d
z_%c__%Q (306)
Qo
2d
= —zg+ —a? (307)
Qo

Since ag > 0 and dg > 0 it follows that

r1 > —x9 >0 (308)
which implies the following that we shall use later

—r1 <1< 0 (309)

Let us consider the continuation of this path when 7 = 1. At ¢t = t; it is the case that
x =x1 >0 and y = 0. The laws of motion are of the form

& = a+bx— pr? (310)
= cr+diy+ Pry (311)
where
a = —(1 — TCS‘)O‘ICS <0 (312)
b= B(-20cs)—7—a (313)
¢ = pe:B<0 (314)
di = p+v+08lc;+a>0 (315)

Since x(t;) = x; and y(t;) = 0, the above equations have an approximate solution of
the form

r = $1+€1<t—t1) (316)
= gt —t) +h(t—t) (317)
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Following the same procedure as in the previous case, it can be shown that

e1 = aj+bir; — i < 0 for sufficiently small 2 (318)

g = cr1 >0 (319)
d

hq cer + 1921 + B < 0 for sufficiently small x; (320)

The path will achieve the value y = 0 for a second time when t = t5 where t, — t; =
—g1/hy > 0 for small x1. The value of = will be as follows

€
To = X1 + 61(t2 — tl) =X — ;L—gl (321)
1

Ignoring higher orders of x; yields

2e1crq
1 —
cey + dicxy + Bex?

. (61—_@”1) (323)

Q

(322)

X2

Q

e1 + dlfﬂl
i (324)
~ —x | ——
1+ Z—im
2d
~o—ry + —a? (325)
aj
Since a; < 0 and d; > 0, it follows that
Ty < =T (326)
We have already shown that
—x1 < x9<0 (327)
Hence
To < —x1 < Top <0 (328)

Thus, a complete rotation around Cf starting at o < 0 ends up at o < 0, which is
further away from Cj than z,. Hence the curve is an outward clockwise spiral.

Solution A*:

We assume that I’} > 0 and hence that w—cp > 0. Note that 7 = 0 for A*. Alsor =0
for ful +cp > 0and m = 1 for Bul +cp < 0. Writing I(t) = I} + 2 and pu(t) = py + vy, it
follows that m = 0 for S(u% +v) (I +x) I +cp > 0. Since Suy I} +cp = 0, it follows for
small x and y, that

7=0if phax+ Ly >0 (329)

Likewise,
m=1if phao+ Ly <0 (330)
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The laws of motion are thus given by

[(t) = I(t)[(1—m(t)B(1 —I(t)) =y —7(t)o]
) = p@)p+y+7t)a+ (1—7()8I11)
+ [w+ T(t)er — 7 (t)cp]

which can be written as

i = (G421 -mB (I +2) ]
)= oty L= MBI+ )] + el

Consider a small perturbation such that p%z + I3y < 0. In this case 7 = 1 and
&t =—vI)+o(x) <0
Also,
g = Wat+ylp+ql+w—cel
= talp A +lw—cel+(p+7)y

walp+ol—palp+7+(+7)y
= (p+7)y

Conversely, if p%z + Iy > 0 then 7 = 0 and

& = (Ih+2)[B(1—(Ia + ) =]

— 14080 - L) ] + ofa)
= TR (B )e = (34 e+ ofa)

The expression for 7% can be written as follows:

g w—cp)
4 Bw— (B+p+7)cp
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(331)

(332)

(333)
(334)

(343)

By assumption, w — cp > 0. Hence, to ensure that 7% < 1 it must also be the case that
Pw — (B4 p+y)cp > 0. To ensure that 7% > 0 then requires that Sw — (84 p+ v)cp >
7v(w — ¢p) and hence (8 —v)w — (8 + p)cp > 0. The latter inequality ensures that & > 0

for small z.

Also, we have that

g = (watylp+y+B(IL+2)+w
= palpty+ B +tw+ B+ (p+v+ BIL)y+ Bay
= pilp+9l+w—cp+Buhx+(p+v+ PB4y + By
= walp+9] —pwalp+]+Buar + (p+v+ By + By

wip+
= ﬁuzﬁuwﬁw
w — Cp
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Next, consider the reverse direction path that starts at A* and has # = 7 = 0. Using
(342) and (348), this can be approximated as follows:

= —a (349)
= br—cy (350)
where
0 = A B )w 3+ per] >0 (351)
b = —Buiz>0 (352)
c = “’w(p_—t:) >0 (353)

The above equations have the approximate solution

r = —at (354)
y - —%bt2+o(t2) (355)

The path to A* travels along this solution in the reverse direction along the curve

b

- 356
an ( )

y =
This is a rising curve that flattens out to the horizontal as it approaches A*.

In conclusion, in the region for Sul + cp < 0 there is a unique path that converges
horizontally to A*. Its local equation is y = 0. In the region for Sul + cp > 0, there is a
unique path that converges from below to A* becoming horizontal in the limit. Its local
equation is y = — a2,

Solution B*: The derivations for point B* follow by replacing v by (v + «) in the
expressions for point A* B
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