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ABSTRACT
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to analyze the interplay between the acquisition of information about firms, its
partial revelation through stock prices, capital allocation and income. The
stock market allows investors to share their costly private signals in a cost-
effective incentive-compatible way. It contributes to economic growth by
raising total factor productivity, but its impact is only transitory. Several
predictions on the evolution of real and financial variables are derived,
including capital efficiency, total factor productivity, industrial specialization,
wealth inequality, stock trading intensity, liquidity and return volatility.
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1 Introduction

Economic institutions are widely believed to play a crucial role for economic growth. In particular,
there is now considerable evidence that financial institutions, once considered a “sideshow” (Robinson
(1952)), promote economic growth by relaxing constraints undermining the efficiency of investments.
In this paper, we analyze the role of one such institution, the stock market, in alleviating one such
constraint, investors’ inability to perfectly communicate their private information. Economists have
long argued that stock prices improve the allocation of capital by aggregating dispersed information
and pointing to the most promising investment opportunities. While several aspects of the relation
between the stock market and the real economy have been examined, “existing theories have not yet
assembled the links in the chain from the functioning of stock markets, to information acquisition, and
finally to aggregate long-run economic growth” (Levine (1997)).! This paper assembles these links.
We merge two standard frameworks — the neoclassical overlapping generations growth model (e.g.
Diamond (1965)) and the noisy rational expectations model of the stock market (Grossman and Stiglitz
(1980)) — in order to present a fully integrated model of information acquisition and dissemination
through prices, capital allocation and economic growth. Its main features are the following. The economy
is composed of two sectors — a final and an intermediate goods sector, and overlapping generations of
agents who work in the final goods sector and invest their wage in the intermediate goods sector.
Decreasing returns to intermediate goods employed as capital in the final goods sector produce the
neoclassical tendency for income to grow at a decreasing rate until it reaches a steady-state in which it
no longer grows.? The intermediate goods sector is composed of many firms which raise capital from the
young through the stock market. Firms’ productivity is unknown but agents can collect private signals
about it at a cost. Specifically, they are endowed with one unit of free time which they can devote either
to analyzing stocks or to enjoying leisure. This specification implies that the cost of learning about the
stock market — foregone leisure — varies over time as a function of the relative valuation of goods and

leisure. Agents’ information is reflected in stock prices, but only partially so because of the presence of

'Page 695. More recently, Levine (2005) confirms this assessment: “While some models hint at the links between
efficient markets, information and steady-state growth, existing theories do not draw the connection between market
liquidity, information production and economic growth very tightly” (page 9). See Levine (1997, 2005) for reviews of the
empirical and theoretical literatures on finance and growth.

2There is no technological progress nor population growth in the model.



noise. Prices in turn guide investors in their portfolio allocations.?

We focus on a situation in which sharing information is highly beneficial, for example because the
intermediate firms operate complex new technologies, about which opinions diverge widely.* We assume
that signals have errors that are independent from one another. Hence, far from being redundant, each
one contributes to overall knowledge. Moreover, a signal’s cost is an increasing and convex function of
its precision. As a result, agents are better off collecting imprecise signals and pooling them. In fact, the
first best capital allocation is reached when agents collect signals of infinitesimal precisions (arbitrarily
close but not equal to zero) and combine them to discover firms’ productivity thanks to the Law of

5 But sharing dispersed information that is produced at a cost and privately raises

Large Numbers.
complex issues about incentives and modes of communication. In particular, unless signal precisions
are contractible, the first best is not a Nash equilibrium. Agents’ best response is to set their precisions
to zero and report noise, which results in no learning.

The stock market provides the means to share private information in a cost-effective and incentive-
compatible way. For example, when agents receive optimistic signals about a firm, they buy its shares
and bid up its stock price. The high stock price in turn indicates that investors collectively believe
the firm to have good prospects. Thanks to stock prices, agents are better informed even though no
new information is actually produced. Naturally, the effectiveness of the stock market is limited by the
very existence of informative prices which undermines the incentive to collect costly information in the
first place. Indeed, investors’ cannot fully appropriate the benefit of their signals as they are leaked to
competitors through prices (the Grossman-Stiglitz paradox). Thus, informative stock prices have an
impact that is beneficial ex post but detrimental ex ante to capital efficiency. Noise trading — some
trades are motivated by random shocks unrelated to fundamentals — provides the smoke screen behind

which investors can conceal their informed trades and reap some benefit. The first contribution of the

paper is to dissect this tradeoff, highlighting its real effects on the allocation of capital. We find that

3Because the standard assumptions of exponential utility and normal random variables are not compatible with this
neoclassical growth economy, we solve for a rational expectations equilibrium thanks to a small risk approximation, namely
assuming productivity shocks to be small.

4 Allen (1993), Allen and Gale (2000), Subrahmanyam and Titman (1999) argue that the stock market is best suited for
aggregating dispersed information. Traditional industries on the other hand call for standardized information that banks
may produce in a more cost-effective way.

5Each generation consists of a continuum of agents.



the information sharing benefit outweighs the disincentive cost. That is, agents, though they reduce the
precision of their private signals in response to a decline in the intensity of noise trading, are nevertheless
better informed on the whole thanks to the increased accuracy of stock prices. The allocation of capital
improves, and moreover, converges to the first best as the intensity of noise trading approaches zero.

The second contribution of the paper is to characterize the dynamics of income. Income in the stock
market economy is governed by a standard neoclassical law of motion: income grows at a decreasing
rate until it reaches a steady-state. The learning process thus has no bearing on long run growth — it
does not counter the diminishing returns to capital, but it does influence the long run level of income
and therefore its transitory growth rate. The dynamics of learning in turn are shaped by two competing
forces. On one hand, the cost of learning — forgone leisure enjoyment — grows with income. Indeed,
agents with a higher wage consume more of the final good because they invested more, which reduces
its marginal utility. Hence, they would rather consume more leisure and collect less information (the
substitution effect). On the other hand, information generates increasing returns to scale — its benefit,
unlike its cost, rises with the amount to be invested. The substitution effect leads wealthier agents to
learn less while the scale effect of information induces them to learn more.®

If the scale effect of information dominates the substitution effect, then investors produce more
private information as their income grows, which then allows them to invest more efficiently in the
intermediate firms. The resulting increased supply of intermediate goods in turn enhances the marginal
product of labor and makes the next generation of workers richer. In this case, income grows at an
accelerated rate compared to a standard neoclassical economy — that is, the growth rate of income
falls less quickly. If instead the substitution effect dominates, wealthier investors collect less private
information and invest less efficiently, so the growth rate of income declines faster. In both cases, the
revelation of information through prices increases the steady-state level of income and its transitory
growth rate.” In this way, the stock market contributes to economic growth.

Several aspects of the model are broadly consistent with the evidence, assuming that the scale effect

SWe derive simple conditions on preferences which determine which effect dominates.

"Strictly speaking, this statement requires the intensity of noise trading to be weak enough. The reason is that noise
trading, in addition to making investments less efficient, has a direct influence on the average income, which is unrelated
to the learning process and is beneficial thanks to a Jensen inequality effect — positive noise shocks increase output more
than negative shocks decrease it. This effect diminishes as the intensity of noise trading weakens.



of information dominates the substitution effect. First, the stock market develops (e.g., as measured by
the time spent analyzing stocks) in tandem with income, contributes to economic growth and its effect
is transitory. Empirically, Levine and Zervos (1998), Rousseau and Wachtel (2000) and Carlin and
Mayer (2003) document that income grows faster in countries with better functioning stock markets.
Atje and Jovanovic (1993) estimate that this growth effect is permanent, but Harris (1997) finds that
it is only transitory after controlling for possible endogeneity problems. Moreover, the model shows
the stock market to be particularly useful for investing in innovative technologies. Carlin and Mayer
(2003) document that industries grow faster in countries with more developed stock markets, and that
this relationship is stronger for industries with high R&D investments and skilled labor, such as new
technologies. The model also implies that the stock market processes information only when income
exceeds a threshold, again a consequence of the increasing returns to information. This is consistent
with the casual observation that financial institutions only emerge once a critical level of income has
been reached.

The third contribution of the paper is to derive additional observable properties of the economy
during its transition to the steady-state, starting from an initial wage below its steady-state level.®
As the economy grows, (i) capital is more efficiently allocated across firms, i.e. more (less) capital
is channelled to more (less) productive firms. This superior efficiency leads to higher total factor
productivity (TFP), even though there is no technological progress.? (ii) The economy specializes as it
grows. Indeed, agents invest more selectively, leading capital and profits to become more concentrated
across firms. (iii) Income inequality follows a “Kuznets curve”, widening at first and then narrowing.
(iv) Stock market liquidity (the inverse of the sensitivity of stock prices to uninformative noise shocks)
and the share turnover (the ratio of the value of shares traded to the total capitalization of the market)
increase at first and then decrease. Inequality, liquidity and turnover display similar non-monotonic
behaviors because all three are driven by the extent to which investors disagree about stocks. At the

early stage of development, agents follow mostly price signals since their private signals are imprecise,

8The opposite patterns obtain for (i) through (v) if the substitution effect dominates the scale effect.

9TFP, also known in the growth literature as the “Solow residual”, is defined as the residual from a regression of income
growth on factor growth. It encompasses any factor, beyond labor growth and the capital growth, that contributes to
output growth. Empirically, most of the differences in income across countries and periods stem from differences in TFP
(e.g., Harberger (1998), Prescott (1998), Hall and Jones (1999)).



so disagreement is low. As their private signals become more accurate, agents rely more on them, so
disagreement, inequality, trading volume and liquidity rise with income. But they decrease beyond a
level of income because private signals that are more precise are also more similar. (v) The volatility of
stock prices rises with income as they track technology shocks more closely. As a result, stock returns,
which absorb residual shocks, fluctuate less, as reflected in their idiosyncratic and total volatility. In
contrast, the volatility of the market is constant. It follows that the cross-correlation of stock prices
falls, while that of stock returns rises to offset, respectively, the rise in the volatility of individual stock
prices and the reduction in the volatility of individual stock returns.

The first two predictions are, by and large, consistent with the data. (i) Wurgler (2000) documents
that investments are more responsive to value added in more financially developed countries, and in
particular in countries with a more informative stock market. Furthermore, Levine and Zervos (1998)
show that stock markets promote TFP growth, rather than capital growth.!? (ii) Imbs and Wacziarg
(2003) report that countries go through two stages of sectoral diversification. Diversification increases
at first, but beyond a certain level of income, the process is reversed and economic activity starts
concentrating. The pattern of specialization among advanced countries is consistent with our model
as we show that private information is collected only once a critical level of income has been reached.
In a similar vein, Kalemli-Ozcan, Sgrensen and Yosha (2003) report that industrial specialization in a
sample of developed countries is positively related to the share of the financial sector in GDP, a proxy
for financial development.

The evidence for the remaining implications is mixed. (iii) Though Kuznets (1955) found support in
the data for the hypothesis that inequality widens, peaks and then narrows, more recent studies report
ambiguous findings (e.g. Acemoglu and Robinson (2002) for a review of the evidence). (iv) Levine and
Zervos (1998) and Rousseau and Wachtel (2000) report that the share turnover on the stock market
is positively related to output growth but do not test for a non-monotonic pattern. (v) Morck, Yeung

and Yu (2000) show that stock prices are less synchronous in richer economies. Campbell et al. (2001)

0Wurgler (2000) constructs cross-country estimates of the elasticity of investments to value added by regressing, for each
country, growth in industry investment on growth in industry value added. As a proxy for stock market informativeness,
he uses a measure developed by Morck, Yeung and Yu (2000) who estimate the extent to which stocks move together and
argue (in line with our model) that prices move in a more unsynchronized manner when they incorporate more firm-specific
information. Moreover, recent studies show that variations in the allocation of resources account for a large fraction of the
cross-country differences in TFP (Restuccia and Rogerson (2008), Hsieh and Klenow (2009)).



document a strong increase in idiosyncratic return volatility in the U.S. from 1962 to 1997, while the
volatility of the market remained stable.

The remaining of the paper is organized as follows. Section 2 positions the paper in the literature.
Section 3 describes the economy. Section 4 studies a benchmark economy in which the first best is
achieved. Section 5 characterizes the equilibrium. Section 6 discusses the role of the stock market.
Section 7 examines the dynamics of income and other variables. Section 8 shows how the economy
can emerge from or fall into a no-information regime. Section 9 concludes. Proofs are featured in the

appendix.
2 Related Literature

Our work relates to three main strands of theory. First and foremost, it contributes to the theoreti-
cal literature on finance and growth.'’ Most closely related is the seminal paper by Greenwood and
Jovanovic (1990). In their setup, investors choose whether to invest directly in their own project or
through a financial intermediary in exchange for a fee. The intermediary pools numerous individual
projects and discovers the state of the economy. Thanks to its superior information and its ability to
eliminate project-specific risks, it offers a higher return and a lower risk on capital, thereby promoting
growth. Greenwood and Jovanovic (1990) show that economic and financial development feed on each
other, as in our model. There are several differences between the present paper and Greenwood and
Jovanovic (1990). First and most importantly, Greenwood and Jovanovic do not specify where investors’
private signals (projects) come from, nor how they are pooled. In particular, they do not study agents’
incentives to produce and communicate private information. In contrast, we explicitly address these
issues: we model how investors make their decisions to collect costly signals, and how the stock market
aggregates and transmits these signals. Putting it differently, Greenwood and Jovanovic (1990) examine
an economy free from contracting and communication frictions, while we consider an economy in which

these frictions are so severe that eliciting effort and exchanging information between investors is impos-

1)\ any papers highlight the different functions fulfilled by financial institutions, such as monitoring managers, improving
risk management, mobilizing savings and facilitating the exchange of goods and services. An important function consists in
identifying the best investment opportunities, as in our paper. For example, King and Levine (1993) and Acemoglu, Aghion
and Zilibotti (2006) argue that financial intermediaries such as banks promote growth by selecting the best entrepreneurs.
These papers do not deal specifically with stock markets and their information processing role.



sible. Moreover, we can characterize the evolution of several observable features of the stock market as
the economy grows, such as the volatility of stock returns and the trading intensity. Second, the cost of
financial intermediation in Greenwood and Jovanovic (1990) is a fixed fee akin to our information cost.
This fee is constant, while our cost of information grows with income. Indeed, information is produced
at the expense of leisure whose value rises with income. As a result, the financial sector in Greenwood
and Jovanovic (1990) always develops with income, when in our setting, it does so only if the value of
information increases faster than its cost. Finally, we differ from Greenwood and Jovanovic (1990) in
that they obtain a permanent growth effect while we do not. But this difference arises only because they
assume that capital displays constant returns to scale while we assume that it is subject to diminishing
returns.

Second, our work is connected to the endogenous growth literature (e.g. Aghion and Howitt (1998)
for an overview). This literature models the discovery of technologies by profit-maximizing agents. In
contrast to this literature, we endow the economy with technologies and focus instead on their selection
by investors trading on the stock market. Similar issues arise nonetheless. In particular, technical
innovations and information about stocks both give rise to increasing returns to scale, limited by the
incomplete appropriability of the rents generated.'?> Whether long-run growth is possible or not depends
essentially on the law of motion postulated for technological progress rather than on the structure of
the models.!> When technological progress is assumed away, we find that the information technology
cannot generate any permanent growth effect.

Finally, our work belongs to the literature on trading under endogenous and asymmetric informa-
tion, and in particular to the subset emphasizing the real benefits of informational efficiency. Several
authors argue that stock markets are best suited for aggregating information that is dispersed and

serendipitous, while banks on the other hand can more efficiently produce standardized information

12Increasing returns arise from the non-rivalry of information — information is costly to generate but costless to replicate.
Endogenous growth models preserve incentives to do research by granting market power to innovators, while models of the
stock market introduce noise into the price system. See Jones (2005) for an overview of the importance of these insights for
endogenous growth theory. For applications to finance, see for example Acemoglu and Zilibotti (1999), Veldkamp (2005,
2006) and Zeira (1994).

13For example, if the rate of growth of technological knowledge, dA/dt, increases linearly with the level of technological
knowledge, A, as in Romer (1990), then the economy grows without bound. Otherwise, growth is only transitory. As
Romer (1990, page 84) puts it, “linearity in A (in the equation for dA/dt) is what makes unbounded growth possible, and,
in this sense, unbounded growth is more like an assumption than a result of the model”.



and avoid duplication costs. Unlike much of this research, the real effect studied here stem from stock
prices guiding investors in allocating capital across firms rather than managers in setting their firm’s
investment plans.'* Our model contributes to the literature on the real effect of the stock market by
developing a rational expectations framework in which learning from stock prices and income interact

dynamically.
3 Economic Environment

We embed a competitive stock market ¢ la Grossman and Stiglitz (1980) into Diamond’s (1965) neo-
classical growth economy. The economy is composed of two sectors — a final and an intermediate goods
sector, and overlapping generations of agents. Firms in the intermediate goods sector raise capital on

the stock market by issuing claims to their future profits. Young agents save by purchasing these claims.
3.1 Agents

The economy is populated by overlapping generations of agents who live for two periods. There is no
population growth. KEach generation consists of a continuum of agents with mass L indexed by [ €
[0,L]. Young agents are each endowed with one unit of labor time and one unit of free time. Utility,
derived from the consumption of the final good g and leisure j, is represented by a function U(g,j),
increasing and concave in each argument and with a positive cross-derivative, 92U/0¢g0j. Two aspects
of preferences are of particular relevance to our analysis: risk aversion and the degree of substitutability

between final goods and leisure. We define the following functions:

oU oU
——(9,1) —(9,1)
__Og _ 05
7(9) = — %5 and plg) = 2H—.
OU 41 —aU( 1)
?i;f(ga ) g 9>

7(g) measures the absolute risk tolerance of an agent consuming g units of the final good and one unit
of leisure. 7 captures attitudes toward risk because leisure consumption is deterministic in our setting.
We assume that 7 is increasing in g, as supported by most empirical studies. The function p measures

the marginal rate of substitution between final goods and leisure, again for an agent consuming ¢ units

'0n the financial structure of the economy, see for example Allen (1993), Allen and Gale (2000), Dow and Gorton
(1997), Boot and Thakor (1999), Subrahmanyam and Titman (1999). On the feedback effect from financial markets to the
real economy, see for example Fishman and Hagerty (1992), Holmstrom and Tirole (1993), Dow, Goldstein, and Guembel
(2010).



of the final good and one unit of leisure. Naturally, p is increasing in g because the marginal utility of
the final good declines while that of leisure rises when more final goods are consumed.

s

For example, U(g,7) = (wg’ + (1 — w)j )1/”, where w is in (0,1) and o < 1, displays a con-
stant elasticity of substitution (CES). The case o0 = 0 corresponds to Cobb-Douglas utility (U(g, j) =
g% j'=%). Under these preferences, 7(g9) = g(wg’ +1 —@)/(1—0)/(1 — @) and p(g9) = ¢ (1 — @) /@
— the elasticity of substitution between goods and leisure equals 1/(1 — o).

Young agents are employed in the final good sector, to which they supply their unit of labor time
inelastically for a competitive wage wy, so aggregate labor supply equals L.' They save their entire
labor income by investing in the stock market to consume in the next period when they are old.'® They

divide their unit of free time between enjoying leisure and analyzing stocks. There are no short-sales

constraints, and no riskless asset.!”

3.2 Technologies
3.2.1 Final Good Sector

The final good is produced according to a riskless technology that employs labor and intermediate
goods:
M
Gt = Lliﬁ Z(}/tm)ﬂ7
m=1
where G; is final output, L is labor, M is the number of types of intermediate goods, Y;™ is the
employment of the m/th type and 0 < 8 < 1 is the factor share of intermediate goods in the production
of the final good. The production function follows Spence (1976), Dixit and Stiglitz (1977) and Romer
(1990) among others. Many identical firms compete in the final good sector and aggregate to one
representative firm. The final good is used as the numeraire. It can be consumed by agents or invested

to produce intermediate goods in the following period.

Y5 Francis and Ramey (2009) estimate that leisure per capita has remained constant in the U.S. throughout the 20th
century.

16Thus the saving rate is exogenously set to one. This assumption simplifies the model and is consistent with evidence
suggesting that financial development enhances growth through higher productivity rather than through higher saving
rates (Levine and Zervos (1998), Beck, Levine and Loayza (2000)). Bonser-Neal and Dewenter (1999) find no relation
between saving rates and stock market development.

1"We assume that there is no storage technology and that final wealth is not verifiable. The latter assumption implies
that a bond market cannot be set up because the probability that final wealth equals zero is strictly positive in our setting.
Borrowers would simply claim that they are unable to repay their loans.



3.2.2 Intermediate Good Sector

M firms operate in the intermediate goods sector. Firm m is the exclusive producer of good m. Its

production is determined by a risky technology that displays constant returns to capital:
Nt’_ﬁl = A"K"  form=1,..,M

where iﬂl is the quantity of intermediate goods produced in period ¢t + 1 by firm m net of capital
depreciation, E{” is its random productivity and K} is the amount of capital (which consists of final
goods) it raises in period t. Tildes denote random variables not yet realized. Firms are liquidated
immediately after production.'®

The productivity shocks 212” are log-normally distributed and independent from one another and over
time. Because there is no closed-form solution to investors’ portfolio choice under general preferences,

we resort to a small-risk expansion to solve the model. We consider small productivity shocks and

log-linearize the return on investors’ portfolio. Specifically, we assume that In ~’t“ = a;"z where a;"z is

2

2z, ay" is normally distributed with mean 0 and

normally distributed with mean &;"z and variance o

2

s and z is a scaling factor. The model is solved in closed-form by driving z toward zero.

variance o
Throughout the paper, we assume that z is small enough for the approximation to be valid.
Firms raise capital in the stock market. Firm m issues one perfectly divisible share — a claim to

its entire future profit, for a price P/. The productivity shock a;* is not observed at the time agents

invest but they can learn about its average ;" as we describe next.
3.2.3 Information Technology

At the time they invest, agents do not observe intermediate firms’ productivity. Instead, they receive

private signals about its mean. The private signal s} received by agent [ in period ¢ about firm m/s

18 Assuming firms are liquidated just after production simplifies the dynamics of the economy and allows to focus on the
early stage of a firm’s development. It is well known that young firms, because they have little retained earnings, are more
dependent on external financing than mature firms. Several empirical studies confirm that financial development fosters
growth mainly through young firms (Rajan and Zingales (1998), Beck, Demirgii¢-Kunt and Maksimovic (2005), Brown,
Fazzari and Petersen (2008)).

19Rational expectations models of competitive stock trading under asymmetric information typically conjecture that
equilibrium stock prices are linear functions of random variables. This conjecture is not valid in a neoclassical framework
because productivity and capital interact multiplicatively in the production of goods, and capital itself is a function of
stock prices. For examples of small risk expansions applied to portfolio choice, see Campbell and Viceira (2002) and Peress
(2010).

10



average productivity shock is given by:
st = 003" + 4,

where Z‘ﬂ is an agent-specific disturbance independent of @}, &}, across firms and time. Eﬂ is normally
distributed with mean 0 and variance 1 /xﬁ (precision xﬁ) Investors choose the precision of their
signals before the stock market opens. Observing a signal of precision xyy costs C(mﬁ)z units of
free time, where C' is continuous, increasing, convex and C(0) = C’(0) = 0. We emphasize that the
information technology does not lead to the discovery of new physical technologies nor improve existing

ones. Instead, it allows to allocate capital more efficiently to the physical technologies.
3.2.4 Noise Trading

Agents know that stock prices reflect other investors’ private information in equilibrium, and they learn
from them. Some noise is needed to blur price signals and avoid the Grossman-Stiglitz paradox, that
is, preserve incentives to collect costly information. We assume that a fraction ¢ of agents form their
portfolio guided by exogenous shocks. The source of these shocks is not specified. They could stem from
liquidity needs, preference shifts, random stock endowments, private risky investment opportunities, or
some form of irrationality. Specifically, noise traders believe that the expected return on stock m equals
5:1, where Aé;n is normally distributed with mean 0 and variance ag, and is independent of a}”, Eﬁ, across

firms and time.20

3.3 Timing

The timeline is summarized in figure 1. An agent lives one period as a young agent (as a worker, then
as an investor) and one period as an old agent (as a consumer). After earning a wage and before the
stock market opens, workers choose how to divide their free time between stock analysis and leisure,

by setting the precision of their signals. Then, they invest their wage across the different stocks, guided

20Some comments on the formulation of noise traders’ beliefs may be useful. First, their accuracy is arbitrary and does
not affect our findings. Second, including an agent-specific component to these beliefs has no incidence on the equilibrium.
Third, the intensity of noise trading remains commensurate with that of rational trading as the economy grows. As equation
9 below shows, portfolio holdings are scaled by a function of income, 7(p(w))/p(w). If for example this function increases
with income (e.g. ¢ > 0 under CES utility), then trades, both rational and noise-motivated, grow with the economy. If
we assumed instead that noise trades equal an exogenous constant, then they would shrink relative to rational trades.
This would mechanically make stock prices more informative and the allocation of capital more efficient, and reinforce the
usefulness of the stock market.

11



by stock prices and their private signals. In the following period, the young become old, productivity

shocks are revealed, final goods are produced, and old agents consume their share of profits.
3.4 Notation

For any firm-specific variable 1}, 1), denotes its average across firms and A" its deviation from the
average:

1 M _
Br= g7 2w and AYT =9 =4y
m=1

The variable enclosed in brackets, {¢]"}, represents the vector of stacked variables for m = 1 to M.
Finally, we adopt the following notation to keep track of the quality of the approximation: o(1), o(z)

and o(22) capture respectively terms of an order of magnitude smaller than 1, z and 22.
3.5 Equilibrium Concept

We describe the equilibrium concept working backwards from production in period t + 1, to capital
allocation and information acquisition in period ¢. The gains from trade depend on how much information
is collected in aggregate and revealed through prices. We denote X" = fl x]/ L the average precision of

private information about firm m. A rational expectations equilibrium satisfies the following conditions.

1. Market clearing in the intermediate goods sector
Final goods producers maximize their profit. Since labor and intermediate goods trade in competitive
markets and aggregate labor supply equals L, the following equilibrium factor prices (denominated in

units of the final good) obtain in period ¢ 4 1 :

M
T = (1= 8) Y (V/D)? and By =B(L/Y) P, (1)
m=1

where pi'} ; denotes the price of intermediate good m in period ¢ 4 1 and ﬁﬁl = mlz’ﬂl is firm m’s

profit.

2. Capital allocation
Let f} denote the fraction of her wage that agent [ invests in stock m in period ¢ or her ‘portfolio
weights’. She sets { f[’;} to maximize her expected utility, guided by stock prices and private signals,

and taking as given her income wy, her leisure time j;, the precision of her signals {:L‘l”;}, the average
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precisions { X"}, share prices and capital stocks:

Gii+1 = Wi Ry g1
~ M ~
max E [U(gi+41,7¢) | Fie) subject to Rigy1= > TR (2)
{fﬁ} M m=1
> flr,r;+1 =1
\ m=1
where Fy; = {s]}, P/" for m = 1 to M}, 1441, El,t+1 and ﬁﬁl = ~;’i1/Ptm denote respectively agent I's

information set, her consumption of the final good, the return on her portfolio and the return on stock
m. The time subscripts on j; and g; ;11 make clear that leisure time is set at ¢ before private signals are
observed, while the consumption of final goods is determined at ¢ + 1, once the return on the portfolio
is realized. We call Up({z}*, X;"} , j+, wt) the value function for this problem.

In equilibrium, prices clear the stock market. Since each firm issues one share, its capital stock

coincides with its stock price: Formally,
/wtfl”z =K"=P" form=1,..,M,
l b
where the integral sums up the demand emanating from rational and noise traders.

3. Precision choice
An agent’s optimal precisions 2]}, = x(w, {X{"}) maximize her ex ante expected utility subject to

her free time budget constraint, taking her income w; and the average precisions { X"} as given:

M

max E[Uo({xﬁ, X,}m} ,jt,wy)] subject to Z C’(ﬂ:ﬁ)z + g =1,

{5e>0, >0} 1

where C(277)z is the time spent investigating stock m and 1 — Zn]\le C(z7})z is the time left for leisure.

In equilibrium, the average and optimal precisions must be consistent:
X" =x(w, {X]"}) form=1,.., M.
4 First Best

Before we proceed to the general case, we describe a benchmark, the first best outcome, in which agents
perfectly share their information. The first best is achieved when signal precisions are contractible and

there is no noise trading. In that case, agents all commit to infinitesimal precisions — very close but not
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equal to zero, and reveal their private signals to a central planner who invests on their behalf. The central
planner can perfectly infer productivity shocks thanks to the Law of Large Numbers because there is
a continuum of signals with finite variances and uncorrelated errors ( fl i1 = 0). The central planner
chooses capital allocations {K{nF B } to maximize agents’ expected utility subject to an economy-wide

resource constraint, taking as given their income wy:

M
G =y UPAP/L
m=1

_ - : =
{ggg}E UG, 1) [{a7)] subjectto ¢y : (3)
+ Z Kt = LUJt
m=1

where ﬁ?_ﬁB = BL'7F (ETKFF BY8 denotes the profit generated by firm m, to be divided equally
between agents. The following lemma describes the capital allocation in this economy.

Lemma 1 In the first-best outcome, firm m’s capital stock equals K[**'B = Lﬁw exp(AkFB2) where

N ﬁAﬂ&@ﬂ +o(1). (4)

When z, the factor that scales shocks, equals zero, the firms are perfectly identical so capital is equally
distributed across them, each firm receiving Lw;/M units of goods.?! When z > 0, the allocation
depends on firms’ productivity relative to one another. The more productive firms (higher Aa}" =
ay" —ay) receive more capital. The elasticity of investments to productivity shocks, (In KJ*'B) /oa)" =
(1-1/M)B/(1—[3), captures the efficiency of the capital allocation. It increases with 3, the factor share
of capital because a higher § indicates that firms’ marginal profits decline with their stock of capital at
a slower rate, so more capital can be invested in the better firms without immediately damaging their
return. Efficiency also increases with the number of stocks M because there is a wider choice of uses
for capital.

Given its capital stock, firm m produces 17,;111 = ZQ”KZ"F B intermediate goods. As a result, the

number of final goods produced is:

Gii1 = Lw M Pexp (B(ayz + EmFBz)),

and the wage equals:

@1 = (1= B)Ge1 /L = (1= Bw M Pexp (B(apz + k' F'P2)).

ZFirm m’s marginal profit, oI} 52 JOKFB™ = 9[BL* P (A7 KFP™)P| JOKT = BPLYPATPKEFB™A-1 s a decreasing
function of K P™. Hence, if firms are identical, the central planner distributes capital equally across the M firms.
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The wage is random as it depends on the realizations of the productivity shocks. The following lemma
characterizes the dynamics of the economy along its average path, i.e. assuming that the wage realized
in any period equals its mean. This is a good description of the economy if the number of firms is large.
Lemma 2 In the first-best outcome, average income evolves according to the following equation:
E(t41) = Aexp (\FB22) v, (5)

where A and \F'B are two positive constants given by:

A=(1-B)M Fexp Gﬁ?(aiz + a%) ) (6)
and 5
M-1 § g
FB _ o R
AP = AL (1 2) 2 +o(1). (7)
Average income converges to a steady-state, wFB, given by:
)\FB
WFB = AVO-8) o <1 ﬁz2> ‘ ®)

The average wage evolves according to a standard neoclassical law of motion. The marginal
product of labor increases with current income (assuming income is initially below its steady-state
value) but at a decreasing rate, until it reaches a steady-state in which it no longer grows. The
growth rate of income is given by T'FB(w;) = E(wiy1)/ws = Aw;(lfﬁ) exp (/\FBZQ). It declines at
the rate —(1 — ), i.e. dInTFB(wy)/dInw; = —(1 — B). The steady-state level of income w!? solves
wfB = AwBB exp ()\F B 22), which leads to equation 8. The dashed curves in figures 6 and 7 illustrate
the dynamics of income in the first best. Steady-state income increases with the number of interme-
diate goods M as the production possibility set expands, and with the variance of productivity shocks
022 + 0222 because output is a convex function of these shocks — a positive shock increases ét.ﬁrl more
than a negative shock decreases it. It decreases with the factor share of intermediate goods 3 as the
marginal product of labor is reduced.

The first best obtains in particular in Greenwood and Jovanovic (1990). In their model, a financial
intermediary pools numerous projects (signals) supplied by individuals and discovers the state of the
economy. The reason the first best is reached in their equilibrium is that agents are endowed with
a project rather than produce it at a cost. Here in contrast, the first best is not achievable because

agents cannot commit to strictly positive signal precisions. Indeed, suppose all investors do agree to
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acquire some information about a stock, however imprecise, and to report it to the central planner.
This will allow the planner to learn the stock’s productivity shock. Given that the cost of information
is not zero, the optimal strategy for an agent is to deviate from the agreement, i.e. to not collect any
information and make a random announcement to the central planner. But if all agents make random
announcements, then the productivity shock cannot be learned. Thus, the first-best outcome cannot be

reached if signal precisions are not contractible.
5 Equilibrium Characterization

The remainder of the paper assumes that signal precisions are not contractible but that some trades are
motivated by noise. In that case, the stock market offers a way to share information, albeit imperfectly.
We characterize first investors’ portfolios and the allocation of capital, then various aspects of the
economy, and finally information acquisition decisions. Throughout this section, we take as given

investors’ income w; which we endogenize in section 7.
5.1 Capital Allocation

We follow the usual method for solving a noisy rational expectations equilibrium: We guess that capital
is a log-linear function of shocks, solve for portfolio, derive the equilibrium capital allocation, and check
that the guess is valid. The following lemma displays investors’ portfolio composition for the conjectured

capital allocation.

Lemma 3 Assume that firm m's capital stock takes the form K™ = L% exp(Ak™z) where k™ =
t M t t

k™ (BAGT + umAB, ) + o(1) and ©™ is a deterministic scalar. The portfolio weights for agent | are
given by:

1
i3 = 37 + S B R | A +ol1), )
where  p(w) = MY PuP. (10)

e For a rational agent who receives private signals of precision {xl";}, weights equal:

1 7(p(wy)) it 1
it =+ : As)y + — —————— — (1= 3) | Ak p+o(1).
MM p(w) @02 | H(p) + a0 (H () + 2y 2ok (1=05) | Ak @

1
FPot - proy

where  H(p) =
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e For a noise trader, weights equal:

Stock m’s portfolio weight equals the weight it would receive if firms were identical, 1/M, tilted
by a measure of the stock’s expected excess performance relative to the market, F(AIn E;’jrl | Fii) =

E(ln R?}H —InRy41 | Fit). The deviation from equal portfolio shares is more pronounced when stocks

2

2), or when agents are relatively more risk tolerant. 7(¢(w:)) measures

are less risky (lower (3 or o
investors’ absolute risk tolerance in a neighborhood of their consumption — to a first approximation
(i.e., at the order 0 in z), they consume (w;) units of the final good. Relative risk tolerance, the ratio
of absolute risk tolerance to consumption, 7(¢(w;))/@(w;), determines how aggressively investors trade
on their information. Though absolute risk tolerance 7(p(w)) rises with income by assumption, this
need not be the case for relative risk tolerance, 7(¢(w))/p(w). For example, under CES preferences
P(p(w)/(w) = (@M DB 1 - @)/(1—0)/(1 = ). I 0 > 0 (< 0), then 7(p(w))/(w)
increases (decreases) with income, and wealthier investors’ portfolio weights deviate more (less) from
equal shares. If 0 = 0 (Cobb-Douglas utility), then 7(¢(w))/p(w) is a constant, 1 — w, so portfolio
weights are independent of wealth as in the case of constant relative risk aversion.

Equation 11 expresses portfolio weights as a combination of the stock price (the AkJ™ term) and
the relative private signal (the As{?t term). In this expression, the stock price plays a dual role: it
clears the stock market and provides information about the firm’s productivity. Given our conjecture,
observing stock prices is equivalent to observing SAa;" + py* A0} for each firm, a signal about SAa]"
with error pi* A0y, Thus, pj"* represents the noisiness of stock m’s price. The function H(ui") +af; =
1/Var(Baj*| Fit) measures the total precision of an investor’s information about a stock. She receives
information from three sources: her priors (the 1/(8%02) term), the price (the 1/(u"202) term) and her
private signal (the mﬂ term), and their precisions simply add up. The next proposition describes the
equilibrium allocation of capital for an arbitrary level of noisiness pj*. Equivalently, the equilibrium can

be characterized in terms of the average precisions about stocks X" since X/ and uj* are connected

one for one (equation 16).
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Proposition 4 Let pi* (> %) be the noisiness of stock m’s price. There exists a log-linear ratio-
—q

nal expectations equilibrium in which firm m's capital stock and its share price equal K" = P/ =
Lue exp(Ak"2) where:

AR = ko (1) (BAG]" + p"Ab; ) + o(1), (14)
1 1
ko) =775 (1 T PR (H) 1 Xm))) >0, (15)
and X(p) = # (16)
!

The proposition establishes that capital and stock prices are approximately log-linear functions of
productivity and noise shocks. As in the first best, they equal those that would obtain if firms were
identical (Lw;/M), disturbed by an order-z function of relative shocks. Productivity shocks appear
directly in the price function though they are not known by any agent, because individual signals,
3’}7}, once aggregated, collapse to their mean, Ga;". Noise traders’ introduce noise Aéln into the price
system through their trades. For simplicity, the conditions that characterize k, and X (equation 15 and
16) are stated under the assumption that signal precisions are identical across agents for any stock m
(z} = X7 for all ), a property which holds when signal precisions are chosen optimally (see lemma 5
below). Equation 31 in the appendix displays these conditions for arbitrary precisions. As mentioned,
the average precision X{" and stock price noisiness pj* are related one for one through equation 16. A
higher noisiness pj* corresponds to a lower average precision X;", as figure 2 illustrates.

Proposition 4 outlines the allocative role of the stock market. Equation 14 implies that capital and
technology shocks are positively correlated. The key parameter is ko, which controls the elasticity of
investments to productivity shocks, O(In K{")/0a;" = (1—1/M)Bkq. ke is positive, meaning that funds
flow to the most productive firms, and monotonically increasing with the quality of information. It starts
from zero when there is no information (u;" is infinite and X} = 0), so capital is allocated independently
from productivity shocks, and reaches 1/(1 — ) under perfect information (uj* = ¢/(1 —¢) and X}" is

infinite), so the elasticity coincides with that of the first best.
5.2 Impact of Noisiness on Properties of the Economy
In this section, we describe how information about firms influences real and financial aspects of the

economy, holding income fixed. The following lemma characterizes the allocation of capital in terms of

18



efficiency and concentration.

Lemma 5 When information is more accurate (noisiness is lower), investments are more responsive
to productivity shocks, TFP is higher and capital and profits are more concentrated across firms.

Better-informed agents distribute capital more efficiently across firms, leading to a higher elasticity
of investments to productivity shocks, 0ln Kj"/0ay". This superior efficiency translates into higher

TFP, defined from the following economy-wide production function:

E(Gp1) = ML PE[APKMP

= ML“ PE(AT?)E(K™P exp[Cov(Balz, BAK™2) — B(1 — B)Var(AkM™)/2).

We interpret the factor exp[Cov(Baj"z, BAk z) — B(1 — B)Var(Ak{*)/2] as TFP. It captures the ad-
ditional output obtained from distributing capital in relation to productivity shocks, in comparison
to an economy in which capital is arbitrarily allocated. In the lemma, the concentration of eco-
nomic activity is measured using Herfindahl indices, Her(K[") = E(K?)/[E(K[™)]? and H er(ﬁﬁl) =
E (ﬁ?fl) /|E (~ﬁ1)]2. When agents invest more selectively, they channel more (less) capital to the more
(less) productive firms. As a result, fewer firms account for a larger fraction of the economy’s stock of
capital. Profits tend to be even more concentrated than capital because they compound the effect of
a high productivity shock with that of a large capital stock. The next lemma presents the impact of

noisiness on the next generation’s expected income, E(w¢41).

Lemma 6 Income is larger on average in the next period when information is more accurate (noisiness
is lower), for a given level of current income.

More accurate information leads to more efficient investments and hence to a larger supply of
intermediate goods on average in the subsequent period. This in turn increases the marginal product of
labor and the next generation’s average income. We turn to the impact of noisiness on wealth inequality.
Lemma 7 Wealth inequality widens at first and then narrows as information improves (noisiness de-
clines).

Final wealth i.e., consumption g;;41, is unequal because agents, guided by their private signals,

choose different portfolios. Two forces work in opposite directions when information improves. On

one hand, agents put more weight on their private signals relative to public information, which tends
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to increase portfolio heterogeneity. On the other hand, idiosyncratic signal errors shrink so private
signals, and therefore portfolios, are less diverse across agents.?? The first effect tends to dominate for
low precisions (high noisiness) and the second for high precision (low noisiness), so inequality is non-
monotonic in precision. We conclude with three financial variables, the trading intensity, stock market

liquidity and the volatility of stock returns.

Lemma 8 Trading and liquidity on the equity market intensify at first and then weaken as information
improves (noisiness declines).

The value of shares traded equals Zi\le N flwi|/2 where the factor 2 avoids double counting
matching buys and sells. We measure the trading intensity as the share turnover, defined as the
ratio of the value of shares traded to the total capitalization of the market, 2%21 K. The logic of
Lemma 8 mimics that of Lemma 7 on wealth inequality. Agents trade because they disagree, and
their disagreement is a source of inequality. More accurate information leads, on one hand, to more
disagreement because agents use their private signals more aggressively, but on the other hand, to more
consensual private signals. The resulting relation is non-monotonic.

We use the inverse of sensitivity of stock prices to (uninformative) noise shocks, 1/ <8(ln K™/ 8(5:12)) =
1/((1 = 1/M)ko (") pf*) , to capture liquidity as is common models with asymmetric information. As
the formula makes clear, there are two components to liquidity. The first reflects the sensitivity to noise
shocks relative to that of technology shocks (the uj® term). Thanks to this factor, liquidity tends to
improves when information is more accurate. The second component is the sensitivity to technology
shocks (the k, term), which, from Lemma 5, rises with information accuracy, thereby reducing liquidity.
As a result, liquidity is non-monotonic in accuracy. The first factor (relative sensitivity) tends to dom-
inate for low precision levels (high noisiness) and the second for high levels. The final lemma considers

volatility.

Lemma 9 When information is more accurate (noisiness is lower), stocks’ prices are more volatile,
while the idiosyncratic and total volatility of their returns are lower. In contrast, the volatility of the
market is unchanged.

22 According to equation 11 (substituting X; for 7" to obtain equilibrium portfolio weights), an agent’s portfolio weights
are a function of (X:/h(X:))As]y = (X+/h(X:))Ag];+other terms. When X; grows (u, falls), on one hand the ratio
of the precision of private signals to the total precision, X;/h(X;) = (u,(1 — q)/q — 1), rises, but on the other hand
var(g7y) = 1/ X, falls. The two effects exactly cancel out when y is such that X (u) + 1/(u*03) = 1/(8%02).
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Stock prices fluctuate more as they incorporate technology shocks more fully. Returns, which absorb
residual shocks, fluctuate less, whether fluctuations are measured as total or idiosyncratic volatility.
Since the market return (price), in contrast, does not see its volatility change, a rise (decline) in the

cross-correlation of stock returns (prices) offsets the reduction (rise) in individual stock volatility.?3
5.3 Information Acquisition

We turn to the information acquisition decisions. The following lemma characterizes how much free time
an investor devotes to learning about productivity shocks for an arbitrary level of stock price noisiness
py", and given her income wy.

Lemma 10 Let u* (> %) be the noisiness of stock m's price. Investors set the precision of their

private signal about stock m, xi*, such that

M-1 1

p((p(wt))cl (x;n) = T((p(wt))2Mﬁ20'2 (H(Mm) + $m)

5 +o(1). (17)

Investors choose a signal precision that equates the marginal benefit of information to its marginal
cost, taking into account how much is revealed through stock prices. The left hand side of equation 17
represents the marginal cost and can be interpreted as follows. Increasing the precision of a signal from
x to x+ 6 requires cutting leisure time by C’(x)6é units and suffering a utility loss of %—?C’ (x)6. The same
loss would occur if the consumption of the final good were to fall by %—?C” ()6 %—g units. Thus, the left
hand side of equation 17 measures the utility cost, denominated in units of the final good, of a marginal
increase in the signal precision. This cost depends on income through the coefficient p(p(wy)), which
measures the marginal rate of substitution between goods and leisure in a neighborhood of consumption.
This coefficient, and therefore the cost of information, increase with income because of a substitution
effect: wealthier agents invest more, hence consume more of the final good, which decreases its marginal
utility and makes leisure more enjoyable.

The right hand side of equation 17 represents the utility benefit from a marginal increase in precision,
again denominated in units of the final good. This benefit has the following properties. First, it rises

when public information is less accurate — so private information acts as a substitute for public informa-

tion. This happens when priors are less precise (02 larger) or when stock prices are less informative (u"

23Both the market’s total capitalization, ZM

m=1

K{" = Luwy, and its average return, ﬁ Zﬂl\le ri*z = fa;'z, have a
constant volatility, respectively 0 and #%c2z/M.
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or Ug larger). Indeed, stock prices reveal private signals, albeit partially, thereby limiting investors’ abil-
ity to appropriate the full benefit from their information expenditures (the ex ante disincentive effect).
Private information is more valuable when it is easier to conceal, i.e. when the price system is more
noisy. Second, the benefit of private information decreases with the conditional variance of productivity
shocks 02 because agents tilt less their portfolio weights away from equal shares. Last but not least,
it rises with investors’ income through their absolute risk tolerance, 7. Indeed, discriminating across
firms is more valuable when one has more to invest. Thanks to its non-rival nature, information can
be applied to every dollar of investment without requiring its cost to be incurred repeatedly. Putting it
differently, information generates increasing returns with respect to the scale of investments, captured
by 7(e(w)).

Equation 17 admits a unique solution and implies that signal precisions are identical across agents
for any stock m (2]} = X{" for all 1).24 The properties of 2" follow from those of the marginal cost and
benefit of information. i rises when 02, " and o3 are larger, and when o2 and C’ are lower. Most of
these properties obtain in the usual framework with exponential utility, normally distributed random
variables and a riskless asset (e.g. Verrecchia (1982)).2> The influence of income on the signal precision
depends on which of the marginal rate of substitution or risk tolerance is the more sensitive to income,
as outlined in Lemma 10 below.?® The following proposition characterizes the degree of noisiness in

equilibrium, g, for a given level of income wy.

24 Equation 17 admits a unique solution because its left hand side is monotonically increasing in z}* starting from zero
(C’(0) = 0 by assumption), while its right hand side is monotonically decreasing towards zero.

25In an economy similar to ours except that i) preferences display constant absolute risk aversion with a coefficient
of absolute risk tolerance 7, ii) stocks have normally distributed payoffs with variance o} and iii) a riskless asset with
gross return R’ is available, the equilibrium precision of private signals solves 2R’ C’(x;) = 7/(H: + x;) where Hy =
1/0% +1/(u203) and o3 is the variance of noise trading. From this equation, x; rises when o3, 7 or u?0% increase or
when C' decreases.

26The impact on the signal precision 7 of the factor share of intermediate goods, 3, is complex. First, a lower § reduces
investors’ share of GDP and their consumption (the ¢(w:) term), which enhances the marginal utility of final goods so
both p and 7 increase. Second, a lower 8 implies that stocks are less sensitive to productivity shocks. These shocks have
a component that can be learnt (&;") and one that cannot (ai* — @) so the implications are twofold. On the one hand, a
lower 3 means that the average productivity shock a;* has a smaller impact on a firm’s profit so learning about it is less
valuable (the term 1/3%02 embedded in H (") on the right hand side of equation 17). On the other hand, it implies that
stocks are less risky so investors trade them more aggressively, which makes information more valuable (the 3?2 on the
right hand side of the equation). The net effect of 3 depends on the relative magnitude of these effects.
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Proposition 11 In equilibrium, the noisiness of stock prices, p,, is the unique solution to:

-1 \?
' H () _ M—1 (1 -
plo(we))C Tut—l = 7(p(w)) SN Po? i) +o(1). (18)

The noisiness of prices in equilibrium is determined by observing that the individual and average
precisions, 7" and X/", coincide since agents all choose the same precisions, and by substituting equation
16 which relates X{™ to uj* into the first-order condition 17 (this procedure amounts to searching for a
fixed point to the system of equations, X{"* = x(wy, { X}"}) for m = 1 to M). The resulting noisiness and
average precisions are identical across stocks so we drop the superscript m from now on (X/* = X; and
" = p, for all m). This implies further that individual precisions are identical across stocks (z]"* = x4
for all m). Equation 18 admits a unique solution p, for any level of income w;, because its left hand
side is monotonically decreasing in p, and spans the entire positive real line, while its right hand side
is monotonically increasing. It is illustrated in figure 3.

The properties of the average precision X; are identical to those of individual precisions x;, discussed

above. Those of the equilibrium noisiness u, follow. It decreases (i.e. stock prices are more informative)

2

4 smaller), when the variance of noise trades ag is larger, when the

when priors are more accurate (o
conditional variance of productivity shocks o2 or the marginal cost of information C’ are lower. In
contrast, p, increases with the fraction of noise traders ¢q. This is because ¢ has a direct effect on p, in
equilibrium that dominates its indirect effect through X;. We conclude this section with an analysis of
the influence of income on X;.

Lemma 12 If 7/p is an increasing (decreasing) function of consumption, then the noisiness of stock
prices falls (rises) with income.

We observed in the discussion following Lemma 10 that current income increases both the marginal
cost of information (through a substitution effect) and its marginal benefit (through a scale effect). The
impact of income on the equilibrium precision of information depends on which of these two effects
dominates. If the scale effect dominates, i.e. the marginal benefit rises with income faster than the
marginal cost does (7/p increasing in consumption), then agents collect more information as they grow

wealthier so dpu,/dwy < 0. If instead the substitution effect dominates (7/p decreasing in consumption),

then agents collect less information so du,/dw; > 0. Under CES utility for example, information

23



improves with income if ¢ > 0, but deteriorates if ¢ < 0. The substitution and scale effects offset
each other exactly under Cobb-Douglas utility (o = 0, or constant relative risk aversion). In that case,
income has no impact on the quality of information. Under constant absolute risk aversion — preferences
that are usually assumed in rational expectations models of trading under asymmetric information (e.g.
U(g,j) = (—exp(—7g))v(j) or U(g,j) = —exp(—7g) +v(j)), there is no scale effect so the substitution
effect works alone. As a result, the precision of information is a decreasing function of income in these

models. Figure 4 (top left panel) illustrates lemma 12.
6 The Role of the Stock Market

This section delves into the information processing role of the stock market. Stock prices, by aggregating
dispersed private signals about technology shocks into public signals, affect capital efficiency in two
conflicting ways. On one hand, they help investors evaluate firms and deploy their capital. As such,
the stock market can be viewed as a mechanism for sharing costly private information. Importantly,
this mechanism is incentive-compatible and inexpensive since investors ‘communicate’ through their
trades.?” On the other hand, the very existence of informative prices undermines the incentive to
collect costly information in the first place. Indeed, investors’ cannot appropriate the full benefit of
their signals as they are leaked to competitors through prices.?® Thus, informative stock prices have
an impact that is beneficial ez post but detrimental ex ante to capital efficiency. Noise trading plays a
crucial part in this tradeoff as its intensity determines how much information gets revealed. By varying
the fraction of noise traders ¢, one can get a sense of the net informational contribution of the stock

market, as in the next lemma.

Lemma 13 When the fraction of noise traders q decreases, less information is produced but more is
shared through stock prices. The net effect is an improvement in total information, Hy + Xy, and in the
efficiency of investments, captured by a higher elasticity, kqt.

2"This effect can best be understood by comparison to a fictitious economy in which agents collect the same private
signals but stock prices do not reveal any of their content. In such an economy, the average precision X (u;") is the same
as in the ‘normal’ economy, but an investor’s total precision is lower because the precision of the price signal, 1/ (p;"%g),
is lost — the total precision equals 1/(8%02) + X (1) < H(u7) + X (u). Accordingly, the elasticity of investments to
productivity shocks falls to (1 — 1/(1 + 8262 X (u7)))/(1 — B) which is below ko (7). The allocation of capital is not as
efficient though the same private signals are produced because investors do not share them.

28 Again, there is no such incentive problem in Greenwood and Jovanovic (1990) because agents are endowed with a

private signal about the state of the economy (a project).
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On the one hand, for a given precision of private signals, more information is conveyed through
prices as noise trading weakens (the ex post information sharing effect) so capital is more efficiently
deployed. Formally, O, /0q > 0, 0H (u,)/0q < 0 and 0kq(u,)/0q < 0 holding the average precision X
fixed, and using respectively equations 16, 12, 15 and 20. On the other hand, agents collect less private
information (the ez ante disincentive effect). This dampens the beneficial influence that information
sharing has on capital efficiency, but does not reverse it. Formally, du,/dq > 0, d(H (1) + X (1)) /dg < 0

and dkq(p,)/dg < 0. Consider for example, the net effect on investors’ total precision, H () + X (p):

d (H (pg) + X (1)) _ OH, « % OH, " Oy * ﬁ %
dq Oy X, fixed dq X fixed Opuy X fixed 8th fixed dgq dqg
<0 <0 >0 <0 <0 >0 >0
<0 >0
Ezx post information sharing Ez ante disincentive

The ez post information sharing effect more than compensates for the ex ante disincentive effect.?

The following lemma relates the allocation of capital achieved through the stock market to the first
best. Since noise trading was introduced into the stock market economy to avoid the Grossman-Stiglitz
paradox, we make the comparison in the limiting situation in which noise vanishes, i.e. as the fraction
of noise traders goes to zero.

Lemma 14 The allocation of capital achieved through the stock market converges to the first best allo-
cation as the fraction of noise traders goes to zero:

lir%kT:kTFB form=1,.. M.
q—

q>0

The lemma establishes that the capital allocation achieved through the stock market can be made
arbitrarily close to the first best allocation by reducing the fraction of noise traders ¢.3° It follows that
the dynamics of income, as described in the next section, can also be made arbitrarily close to those

obtained in the first best economy.?! Lemmas 13 and 14 are illustrated in figure 5 which displays p;,

290Only under a linear information cost do these two effects exactly balance out. In that case, the left-hand side of
equation 18 is constant, so must be the right-hand side, which implies that the total precision H(y,) + X (u,) is constant
regardless of g.

30However, ¢ cannot exactly equal zero, else there is no equilibrium (the Grosssman-Stiglitz paradox).

31The steady-state level of income and its transitory growth rate converge to those achieved in the first best: limg—o w* =

q>0
w™® and limg—o T'(w;) = T'(w:)"®.
q>0
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X, Hy + Xt and kot as a function ¢ under CES utility.
7 Dynamics

In this section, we tie together learning, investments and income, analyze the evolution of the economy

along its average path and relate the model’s predictions to the empirical evidence.

7.1 Observable Properties of the Growth Path

The following proposition determines the dynamics of income by combining lemmas 6 and 12.

Proposition 15 Average income evolves according to the following equation:
E(ti41) = Aexp (A(wy)2?) v}, (19)

where
M—-1

M
and A, ko and p, = p(wy) are defined respectively in equations 6, 15, and 18.

2
Awn) = 2 (a0 + G (0 1 i) ) +o(1) > 0, (20)

e The economy converges to a steady-state. The steady-state level of income w* is given by:

A'B )\ (= B)Y/(A=B) M)
x _ FB 2
w* = w" " exp (— - 24 ). (21)

e If 7/p is an increasing (decreasing) function of consumption, then A increases (decreases) with
income. Moreover, if there exists a scalar u such that limg_.,, 7(g)/p(g) = 00, then limy, ., A(w;) =
NEB  \Noise yyhere ANOSs¢ = (1 — 1/M)(Bq/(1 — q)/(1 — B3))?02/2. For ezample under CES
preferences, \ is an increasing function of income and limy, oo A(wy) = MB 4 AN0Se if 5 > 0,
while X is a decreasing function and limy, o M(wg) = \'B 4 ANoSse if ¢ < 0.

To a first approximation (at the order 0 in z), the dynamics of income are similar to those obtained
under the first best: income grows at a declining rate until it reaches a steady-state w* (assuming the
wage is initially below w*). Thus, the dynamics of income continue to be dominated by the neoclassi-
cal force of diminishing returns to capital — learning only generates a deviation of order 22 from the
neoclassical path. Though this is the case by construction in our model — learning about productivity
shocks generates benefits that are small since we assume these shocks to be small, we conjecture that
this property extends to large shocks since income admits the first best as an upper bound (starting
from the same arbitrary level of income, income in the next period is lower than in the first best in

which capital is more efficiently allocated) and income in the first best eventually reaches a steady-state.
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Proposition 15 is illustrated in figure 6 which displays the law of motion of income along the econ-
omy’s average path under CES utility (equation 19). The solid (dotted) curve corresponds to o = 0.5
(0 = —0.5), in which case information improves (deteriorates) with income. The steady-state is located
at their intersection with the 45° line (solid line). If initial income wyg is below (above) w*, then the
wage increases (decreases) until it reaches w*.

The effect of learning on income is captured by the function A, illustrated in the bottom right panel
of figure 4. We note that income may be higher in steady-state in the stock market economy compared
to the first best economy because of the presence of noise (which was assumed away in the first best).
Indeed, noise trading may be beneficial to income in spite of making investments less efficient because
it increases the variability of the capital allocation and therefore the average income, a convex function
thereof, through a Jensen inequality effect (positive noise shocks increase output more than negative
shocks decrease it). This effect, reflected in the term u%ag in equation 20, vanishes as the intensity of
noise trading q approaches zero. If it were not for this direct influence of noise trading, steady-state
income would always be lower than in the first best. The growth rate of income during the transition to
the steady-state, I'(w;) = E(wi41)/wy, differs from the first best, by a factor exp [—()\FB — Mwy))2?]
and is lower than in the first best when the intensity of noise trading is weak.

Figure 7 depicts I'(w¢) for various utility functions as well as in the first best economy. When
the scale effect of information dominates the substitution effect (e.g., when o > 0 under CES utility),
investors collect more information as the economy grows, which contributes to growth. As a result, the

growth rate of income, while it declines, does so less quickly than in the first best:

dInT'(wy)
dlnwy

Rw) 2 _1-p),

——(1-p)+

dlnwy

where —(1 — 3) = dInT'F'B(w;)/dInw; is the change in the growth rate of income in the first best.
That is, the growth rate of income is typically (i.e. when the intensity of noise trading is weak) lower
than in the first best (capital is not as efficiently deployed) but it declines less quickly (the allocation of
capital improves over time). Thus in this case, learning has a transitory beneficial effect on growth, that
mitigates the negative neoclassical force. When the scale effect of information dominates the substitution

effect (e.g., when o < 0 under CES utility), investors collect less information as the economy grows,
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which slows down growth. So, the growth rate of income falls at a faster rate than in the first best:

dln F(wt)
dlnwy

d)\(wt)
dlnwy

=—(1-06)+ 2 < —(1-p).

Here the growth rate of income is typically lower than in the first best (capital is not as efficiently
deployed) and declines faster (the allocation of capital worsens over time).

We derive next various observable properties of the economy during its transition to the steady-state
(for an initial wage below its steady-state level), by combining Lemmas 5 to 9 with Lemma 12. They

are summarized in the following proposition.

Proposition 16 Suppose that the scale effect of information dominates the substitution effect (e.g.
o > 0 under CES utility). As the economy grows:

o The elasticity of investments to productivity shocks and TFP increase,

Capital and profits are more concentrated across firms,
e Income inequality widens at first and then narrows,

e Trading on the equity market intensifies at first and then weakens,

Stock market liquidity improves at first and then deteriorates,

The volatility of stock prices rises, the idiosyncratic and total volatility of stock returns fall and
the volatility of the market is constant.

The opposite patterns obtain if instead the substitution effect dominates (e.g. o < 0 under CES
utility).

The predictions of Proposition 16 for a growing economy when the scale effect dominates can be
interpreted as follows. (i) Capital is more efficiently allocated across firms, i.e. more (less) capital is
channelled to more (less) productive firms. This superior efficiency leads to higher TFP, even though
there is no technological progress. (ii) The economy specializes, as agents invest more selectively, leading
capital and profits to become more concentrated across firms. (iii) Income inequality follows a “Kuznets
curve”, widening at first and then narrowing. (iv) Stock market liquidity and the share turnover increase
at first and then decrease. Inequality, liquidity and turnover display similar non-monotonic behaviors
because all three are driven by the extent to which investors disagree about stocks. At the early stage
of development, agents follow mostly price signals since private signals are imprecise, so disagreement is

low. Agents rely more on private signals as their precision improves, so disagreement rises with income.
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A consensus reemerges beyond a level of income because private signals that are more precise are also
more similar. (v) The volatility of stock prices rises with income as they track technology shocks more
closely. As a result, stock returns, which absorb residual shocks, fluctuate less, as reflected in their
idiosyncratic and total volatility. In contrast, the volatility of the market is constant. It follows that the
cross-correlation of stock prices falls, while that of stock returns rises to offset, respectively, the rise in

the volatility of individual stock prices and the reduction in the volatility of individual stock returns.
7.2 Evidence

Several aspects of the model are broadly consistent with the evidence, assuming that the scale effect of
information dominates the substitution effect. First, Levine and Zervos (1998), Rousseau and Wach-
tel (2000) and Carlin and Mayer (2003) document that income grows faster in countries with better
functioning stock markets.?2 Atje and Jovanovic (1993) estimate that this growth effect is permanent,
but Harris (1997) finds that it is only transitory after controlling for possible endogeneity problems.?3
These observations support the notion developed in section 6 that the stock market, by aggregating and
transmitting private information, contributes to the level of income in the long-run and to its growth
rate during the transition. Moreover, Carlin and Mayer (2003) document that industries grow faster in
countries with more developed stock markets, and that this relationship is stronger for industries with
high R&D investments and skilled labor, such as new technologies. These findings are consistent with
the notion that the stock market is useful for investing in innovative risky technologies about which
opinions diverge widely.

Second, Proposition 18 predicts that allocative efficiency and TFP grow with income. Wurgler
(2000) constructs cross-country estimates of the elasticity of investments to value added, our parameter
ko. He finds that this elasticity increases with the country’s degree of financial development, and in
particular with the informativeness of its stock market. That is, countries with more informative stock
markets increase investments more in their growing industries, and decrease investments more in their

declining industries, than countries with less informative stock markets. These countries also tend to

32Levine and Zervos (1998) and Rousseau and Wachtel (2000) proxy for stock market development using measures of
market capitalization trading volume. Carlin and Mayer (2003) use accounting standards.

33 Aghion, Howitt and Mayer-Foulkes (2005) also document that financial development only has a transitory growth
effect for sufficiently advanced economies using measures of financial intermediation such as private credit. They propose
a model of agency problems and credit constraints to explain their findings.
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display higher TFP. Indeed, Levine and Zervos (1998) show that stock markets promote growth in total
factor productivity.?* We stress that TFP grows in our model though there is no technological progress
(the distribution of productivity shocks and the cost of information are stationary), thanks to a more
efficient allocation of capital.

Third, Proposition 16 implies that the economy specializes as it grows. Empirically, Imbs and
Wacziarg (2003) document that countries go through two stages of sectoral diversification. Diversi-
fication increases at first, but beyond a certain level of income, the process is reversed and economic
activity starts concentrating. This pattern is consistent with our model to the extent that it applies
to more advanced economies — an extension presented in the next section shows that more information
is produced as incomes grows, only if income is above a threshold. In a similar vein, Kalemli-Ozcan,
Serensen and Yosha (2003) report that industrial specialization in a sample of developed countries is
positively related to the share of the financial sector in GDP. This fact too is consistent with Proposi-
tion 16 to the extent that this share is positively related with information expenditures about public
companies.

Fourth, Proposition 16 predicts that wealth inequality conforms to a ”Kuznets curve”, widening at
first and then narrowing. In his seminal study, Kuznets (1955) found support for his hypothesis using
both cross-country and time-series data. This pattern has been extensively examined since using new
data and statistical techniques and the evidence is now mixed (e.g. Acemoglu and Robinson (2002) for
a review of the evidence).

Fifth, according to Proposition 16, the trading activity and liquidity are inverted U-shape functions
of income. Empirically, Levine and Zervos (1998) and Rousseau and Wachtel (2000) report that the
share turnover on the stock market is positively related to output growth but do not document (nor
test for) a non-monotonic pattern.

Finally, Proposition 16 implies that the volatility of stock prices rises, the idiosyncratic and total

34Wurgler (2000) uses a proxy for informativeness developed by Morck, Yeung and Yu (2000). They measure the extent
to which stocks move together and argue that prices move in a more unsynchronized manner when they incorporate more
firm-specific information. This is indeed the case in the present model (see Lemma 9). Durnev, Morck and Yeung (2004)
and Durnev, Morck, Yeung and Zarowin (2003) confirm that the synchronicity measure is related to accounting estimates
of stock price informativeness as well as to the efficiency of corporate investments captured by Tobin’s gq. These findings are
consistent with the observations that variations in the allocation of resources account for a large fraction of the cross-country
differences in TFP (Restuccia and Rogerson (2008) and Hsieh and Klenow (2009)), and that financial liberalizations are
associated with increases in TFP (see for example Bekaert, Harvey and Lundblad (2011) and the references therein).
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volatility of stock returns fall, the volatility of the market is constant, the cross-correlation of stock
prices falls, and the cross-correlation of stock returns rises. Empirically, Morck, Yeung and Yu (2000)
show that stock prices are less synchronous in richer economies. Campbell et al. (2001) document a
strong increase in idiosyncratic return volatility in the U.S. from 1962 to 1997, while the volatility of

the market remained stable.35
8 No-Information Trap

In the model, agents always collect private signals. This is because the cost of learning is assumed to
satisfy C’(0) = 0, i.e. an infinitesimal amount of private information is costless. Empirically however,
financial institutions only emerge once a critical level of income has been reached. In this section, we
assume that C’(0) > 0 and show that information production only takes place for sufficiently developed
economies. The following proposition describes how investors’ learning decisions are altered.

Proposition 17

: o L T(p(wr)  2Mog(02)?
Suppose that C'(0) > 0. Investors collect information if and only if > -
0 p(o(w) ~ (M - D

that case, the equilibrium noisiness is the unique solution to equation 18.

C’(0). In

If C'(0) > 0, then equation 18 that determines the equilibrium noisiness may admit no solution. For
example, when p(p(w;) is large relative to 7(¢(wy)), the marginal cost of information (the left-hand
side of equation 18) may exceed its marginal benefit (the right-hand side) for all levels of noisiness. In
that case, no information is collected in equilibrium as it is too costly to be profitable. The condition
on 7/p for learning to take place leads to a condition on income. This can easily be seen in the case of
CES utility, as the following lemma shows.

Lemma 18 Suppose that C'(0) > 0 and that utility is CES. Let

(1-w 8w(1l — o) Mo2(0?)? ,
o (W (\/1 T (0 1))

When o > 0, investors collect information if and only if their income exceeds the threshold w.
When instead o < 0, they collect information if and only if their income is below the threshold w.

1/o

35The model’s prediction on idiosyncratic stock return volatility appears to be at odds with the evidence reported in
Campbell et al. (2001). We conjecture that increasing the number of trading rounds within each period may reverse it
(without affecting the other predictions). With multiple trading rounds, when more information is produced, the current
price tracks future dividends and prices more closely, thereby reducing the return volatility (as in the current model). But
the volatility of future prices also increases since future prices track more closely dividends even further into the future.

31



The threshold w is the unique income level such that 7(o(w))/p(¢(w)) = C'(0)2Mo2(c2)? /(M —
1)/3%. When o > 0, the scale effect of information dominates so wealthier investors collect information
only if their income w; is large enough. When o < 0, the substitution effect dominates so investors stop
collecting information when their income exceeds w. The properties of w mirror those of the equilibrium
precision X; : the factors that increase (decrease) X; tend to decrease (increase) w. Assuming that o > 0
and that w* > w > wg where wq is the initial level of income, the economy goes through two stages
of development. At first, it behaves as a standard neoclassical economy with no information. Once
income reaches a threshold, agents start collecting privates signals and growth accelerates by a factor
exp ()\(wt)ZQ) . Thus in this case, the stock market only operates as an information processor if the

economy is sufficiently developed. If instead wy < w* <w, then no information is ever collected.
9 Conclusion

This paper presents a fully integrated model of information acquisition and dissemination through prices,
capital allocation and economic growth. It does so by combining, under a small risk approximation,
two standard frameworks, the neoclassical overlapping generations growth model and the noisy rational
expectations stock market model. The central argument in the paper is that the stock market provides
a mechanism for sharing information dispersed among many investors. This mechanism is particularly
useful when the information is produced privately and at a cost, because eliciting effort and truthful
disclosure from investors may be difficult under these circumstances. On the stock market, investors
effectively communicate through their trades. At the hart of the model lies a tension between the benefit
of sharing information and the incentive to collect it in the first place. Noise trading resolves this tension
by ensuring that acquiring private information remains profitable even though it gets partially revealed
through prices.

The model yields several implications. First, the information sharing benefit outweighs the disin-
centive cost. That is, agents, though they reduce the precision of their private signals in response to
a decline in the intensity of noise trading, are nevertheless better informed on the whole thanks to
the increased accuracy of stock prices. The allocation of capital improves, thereby increasing TFP, and

moreover, converges to the first best as the intensity of noise trading approaches zero. Second, the
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learning process thus has no bearing on long run growth — it does not counter the diminishing returns
to capital, but it does improve the long run level of income and therefore its transitory growth rate.
Finally, the model delivers several predictions on the evolution of real and financial variables, including
capital efficiency, TFP, industrial specialization, wealth inequality, stock trading intensity, liquidity and
return volatility.

The paper sheds light on a force that shapes TFP, namely the ability to learn from stock prices about
exogenously determined technologies. As such, it complements existing theories of endogenous growth,
as well as models of the stock market that do not focus on information frictions. But it leaves aside
several interesting aspects. In particular, it does not study what influence, if any, the stock market exerts
on the determination of these endowed technologies. It is conceivable for example that the information
contained in stock prices, or the mere expectation that future stock prices will be informative, impact
the distribution of productivity shocks and the number of available stocks. In this case, the stock market
may have a permanent growth effect through its information processing role. We leave these questions

for future research.

Appendix

Proof of Lemma 1

We solve for the capital allocation {KZ”F B} chosen by a central planner who can perfectly infer the
average productivity shocks {aj*}. We first note that, when z = 0, there are no productivity shocks
so firms are identical. In that case, given the diminishing marginal product of intermediate goods, the
central planner distributes capital equally across the M firms: each firm is allocated K} = Lw;/M units
of capital, and consumption per capita equals gy = ﬁétH/L = MﬁL‘ﬂKfﬁ. When z > 0, firm m’s
capital stock can therefore be expressed as K" = K exp(kmF B2) where E}“F B is determined next.

The Lagrangian for the central planer’s problem is:

B UG, 1) | {3 + 572 (Lo, - ZKmFB

~ M ~
where ¢/'B is the Lagrange multiplier on the resource constraint and gii+1 =BG /L= ) BLB(APKB)E
m=1

denotes consumption per capita. The first-order condition with respect to KB follows:

8U am m ~m
P =B |GG P LA | @y
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The first-order condition can be expressed as:
TR IL5 = B [ (G, 1) exp(Gap + (8 — DRPFE2) | {a7')]
= B % @1 (146302 + (8= DEPFE2 + §Var(Gapz | {a)")) +o(2)) | {a7")]
= B[ @) (146802 + (8- DRPFB2 + B2022/2+ o(2) ) | {7}
We expand %—(g](ﬁuﬂ, 1) in a Taylor series in a neighborhood of z = 0, i.e. for g;+y1 around g :

oUu ou o*U

a—g(gl,tﬂ, 1) = 8_9(90’ 1) + 8_92(90’ 1)(91,.41 — 90) + 0(2),

where
~ A —B | ( Am grmFB\g 0
Jit+1 — 9o = 215[/ [(At K )" — Ky }
m=
s & 7
= BLKY S [exp(Garz + BRrFBz) —1]
m=1

_ BLPKY 5" (Game + BRAFB 4 War(Barz | {&)) + o(2)

m=1

M ~
= BLPKY Y (Bay + BRFE + 3262/2)2 + o(2).

m=1

As a result, the first-order condition can be written as:

M
0(1— 2 _ - -~
PR3 = B [(%—Z<go, D)+ G (g0, VBLTOKY 3 (Bap + Bk P + %ﬂ%z)z)
m=
(14 Bz + (8- DRPFE: + 18%22) [ {aF'}] + o(2).
Isolating the order-z terms and denoting gﬂB z the order-z component of the Lagrange multiplier yields:

KBRPLB = B[ 9 (90,1) (Barz + (8 - DRPFE2 + 82022 /2)

Y (g0, )BLPEY S (Ga7 + BEPTE + Fo?/2)2 | {am}

m=1
= L(go, 1) (Ba7 + (6 DEPFD + 5203)2)
+ 55 (90, 1)BL™P K’ M (Ba, + BEFB + 3262/2).
Averaging this equation across stocks yields:
KPR 5 = G (g0,1) (53 + (8- DR + 38%2)
+ 58 (g0, )BL K M (83: + B + §%72),

and subtracting it form the previous one leads to:

aU ~m ™ e =R
0= 5-(90.1) (637" + (8= DEPTP — g, — (6= DEFE).
g
A solution to this equation is E?FB = ﬁAﬂ&;ﬂ + o(1) since ABa; = 0. Therefore, KB =

Lw; /M exp(AEB2) where AkMB = ﬁAﬁ&? + o(1), as stated in lemma 1.
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Proof of Lemma 2

The number of final goods produced in the first best is:

M
G = Y LV BAATKM P = Lw! M Pexp (B(az + Ak P2)).

m=1

Therefore, the wage and its average equal:

W1 = (1= B)Ger/L = (1 — B)w) M Pexp (Bz(ar + AKFP)),

and B(@41) = (1 — BywlM'*PE [exp (Bz(as + kf B))} :

where

E [exp (Bz(a: + ka))} = FE [exp (ﬂz(ﬁiﬂ + ﬁAﬁ&?))} + 0(2)
= exp [%Var (52(5}" + ﬁAﬁ&T))} + o(2)
= oxp{3E |Var (B2 + 507 | {a7}) | + 3ver [B (82 + 254857 [ {a7'}) |} +o(2).

This expression reduces to:

E [exp (Bz(ay + k:{”FB))} = exp {%E [Var(Baz | {a]"})] + 3Var [ﬁz (&{” + ﬁAﬁ&?‘)} } +0(2)

M
= exp{3E [f°022] + Var[B2(a(1+ 5% — i X &)} +0(2)

M
= exp{36%02z + IVar[B2(a] (1 + {55252 + SVarliEs 4 X @)} +ol2)

= exp {%52032 + %ﬂ2aaz2(1 + %M)Q + %0322(%)2% } + 0(2)
_18(2—
= exp {%/52022 + %ﬁzaazz +3 2p2 M1 ﬂ(fﬂg’,} 22} +0(2)
2

M
= exp{%52022+%ﬁ203z2+)\FBz }+o(z)

Substituting this expression into the equation for F(w41) leads to the law of motion for average income
presented in lemma 2.
Proof of Lemma 3

Given the conjectured capital allocation, observing the M stock prices (or the M capital stocks) is
equivalent to observing A&} for every firm m where £ = Baj* + p*07". Similarly, observing the private
signals {s]}} across the M stocks is equivalent, for an agent [, to observing Asj"} for every firm m. The

first step is to relate stock returns to productivity shocks and capital.

e Stock returns
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Given its capital stock K}", firm m sells 2711 — AMK™ intermediate goods for a profit ﬁﬁl =
LY o = BLY" ﬂYmﬁ BLYP(AmK ™). The gross return on stock m is then Eﬁrl = ~§’_‘H/Km =
BLY~ 5Kt0ﬁ exp[Bayz—(1 — B)Ak™z] where K = Lw;/M denotes the firm’s capital stock when z = 0
(when z = 0, firms offer the same return in equilibrium since they are identical to one another, which
implies that they have identical capital stocks) The log return on stock m is In Rt " =R+ 2
where RY = pL~ ﬂKfﬁ V= gmt- ﬁw? b= o(wy) /wy and rit 2 = Baiz — (1 — B)Ak{"z. We show
below that investors’ portfolio weights depend on expected relative returns E(Ary},z | F;) and on the

variance of returns Var(r{,z | ;). These are given by:
E(Aritz | Fii) = B(BAG"z | Fip) — (1= B)Ak"z = E(BAG" 2 | Fip) — (1= B)Ak"z,  (22)
and Var(rityz | Fio) = Var(Gas | Fip) = oz + Var(ap'z | Fy) = Polz +o(2).  (23)

We note that the variance of returns is constant at the order z since Var(8a)"z | Fi+) is of order 2%
The next step is to estimate the expectation of Aa}" using the conjectured prices (or equivalently the

A&J"’s) and private signals s7'}.
e Signal extraction

For the capital allocation given in equation 14 (A} linear in Aq;" and A@? with noisiness parameter

©i"), the conditional mean and variance of Aqy" are for agent [, whose private signal has precision z77}:

E(BAQY z | Fip) = AL 2 + cg Asy iz (24)
~ ~ 1 ~
where Wy = H(pi") + 7, cgihyt = g7 and  cghy = )4
t 0

E(BAa;"z | Fi4) is a weighted average of priors (which equal 0), public and private signals where the

weight on the private signal is increasing in ml’i}; and that on the public signal is decreasing in p}".
e Portfolio weights

We now solve for the optimal portfolio of an investor. An agent with a wage w; and precisions
.. ~ . ~ =~ . M

{xm} maximizes E [U(g1¢41,Jt) | Fi,e], where gi4y1 = w1 and jp = 1 -5, C(xm)z are her

consumption of final goods and leisure. Let r;;112=InRj;11 — In RY capture terms of order z and

smaller in her log portfolio return. This log portfolio return can be related to individual stock returns

and portfolio weights as follows:

Tlt+12 =

ﬁMa

[y

=3
N

iR/ )

I
=

)

ff; eXp(ﬁiﬂ))

I

=
/\S/_\
Mz &Mi

3
[

I (1 +riiz+ Var(rii z | .7-"1,1;)/2) + o(z)>

)

frrt + L = fmVar(ri, | Fi) + of2)
frr + S = f)FRe2z ) + of2)

1

isis
AN -/ =

]

1
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where we use 2%21 [t = 1 and equation 23. Thus, the log portfolio return is approximately normal

when z is small (e.g. Campbell and Viceira (2002)) and its moments are given by:

Blrpnz| Fig) = 3 {f ez + 1AL = fI)02z | + o(2) where €t = ({2, | Fiy)
=1 (25)

M
and Var(ryi12 | Fi) = 21 fi’;QVar(rﬂlz | F1) +o(2) = Zl fl’:’tﬂﬁQaZz + o(2).
m= m=

The agent’s utility can be expanded in a Taylor series in a neighborhood of z = 0, i.e. for g; ;41 and j;
respectively around ¢(w;) = w;RY and 1. We denote the pair (p(w;),1) with a * :

2
U@is106) = V) + G Ghas = o))+ 520G = 1) + 35 ()G = 9(we)* + o(a)

Noting that gi 11— (wi) = p(we)(wiRig1/@(w) —1) = @(w;) (Rig1/ R —1) = p(w)(exp(rip12)—1)
and that 7 — 1 = — Z%Zl C (azﬁ)z allows to write the above expression as:

) — %[J]( ) o1 Clafh)2
+ %a_U(*) @(wt)2(exp(7“l,t+12) —1)2 +0(2).

U@t ge) = UG) + G5 (+)-p(wr) (exp(rie12) —

Taking expectations and noting that E[(exp(r; 112) — 1) | Fiil = El(rigi12 + Var(ryeaz | F)/2+
0(2))? | Fip] = Var(rigsaz | Fi)/2 + o(z) yields:

E(U(gii+1,50) | Fie) = Ulx) + 8(;( *)p(we) [E(rigaz | Fig) + Var(rigaz | F1)/2) (26)

_83_[;(*) Z =1 C’(ml Pz + ;%gU< )‘@(wt)2va7"(7°l,t+12 | F1) + o(2).

Substituting in the expression for E(rj;412 | Fi¢) and Var(ris412 | Fi) given in equations 25 and

maximizing this expression with respect to f[f;, subject to Zn]\le fﬂ = 1, leads to the first-order
conditions:

ou 1 0?U

G (el 58%2) + Bl G ()73 + o(1) = <o for m = 1,..M (21)

in which ¢;; denotes the Lagrange multiplier on the constraint. Averaging equation 27 across stocks
and noting that fi; = Zf\le /M = 1/M, yields:

ouU 82U( )_
dg dg2 M

Subtracting equation 28 from the first-order condition 27 leads to the formula for portfolio weights

—— () + 5 /52 2) + Badp(w) +o(1) = qp. (28)

presented in equation 9:

1 T(p(wy))
M= — 4+ —— Aeflt + o(1), 29
where 7(p(wy))/p(we) = ( )/BzU( *)/¢(wy). Substituting in the expression for Aefy = E(Ar}, |

Fi,) and using equations 22 and 24 leads to equation 11 for the portfolio of a rational trader. Substi-

tuting in instead Aeﬁ = Af}" yields the portfolio of a noise trader displayed in equation 13.
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Proof of Proposition 4

To prove Proposition 4, we guess that the capital allocation is given by equations 14 to 16, solve for the
equilibrium and check that the guess is valid. Agents’ portfolios under the conjectured capital allocation
are described in lemma 3. We multiply portfolio weights by income w; and sum stock demands over all

agents for each stock. The aggregate demand for stock m emanating from rational traders equals:
1 w Ty 1
Tlelw) =L Asp (—m —(1- ﬁ)) AR } +o(1)
hl,t by ok

Jrgr. fliwn = h“M{M+www%2
(1, o) [oaan s (O :
_ Lt{zw*ymmﬁﬁ[nﬁAt+(m22W‘(1qx ﬂQA@]}+i;)

1
where T = — f Rat. = and umr = 17 /i Rat. /ﬂ_m To derive this expression, we apply the law of large

hi'y Lt
m

x
numbers to the sequence {#Aeﬂ 41} of independent (across agents) random variables with the same
hy

wm
mean 0 (conditional on Aa&j™"). It implies that fl Asl +1 = 0 and hence that — f Rat. #Asn =
l )
It Lt

~ L1y ~
fRat (BAQ" + Ael ) fRat ==pAa" = T"BAq;".
i’y i
The aggregate demand for stock m emanating from noise traders equals:

L 7(p(wr))
m L — A 1).
ﬁ%ﬁ”tqwgﬂthﬁ ol
Summing up rational and noise traders’ demand for stock m, ([res. f7Fwe + [Noise f[iwe)/P™, and
l ’ l ’

equating it to the supply of shares (normalized to one) leads to:

{57+ T [onap s aonay+ (ool — (1= 000 = 5)) AR o) =

Since, the left-hand side of this equation is deterministic at the order 0 in z (it equals P/ = K}* =

K?+0(1) = Lw;/M+o0(1)), the expression in the square bracket must be equal to zero. As a consequence,

m " ~m 4 Agm
Akt = Ut?n (ﬁAO&t =+ WAgt )
1= =0) — = o t
Hi = O0gRay
Comparing this expression to the conjectured capital allocation (equation 14) implies that
mm — ﬂm
/Lt T = and kat - Um ) (31)
(]‘ - q)(l - /8) - um2o.2km
t 0™

Um
which in turn implies that kJ; = W(T + P ——=—5 ). Equilibrium prices are linear in A" and
0

A0}, which confirms the initial guess. Moreover, if 51gnal precisions are identical across agents for any
stock m (a3 = X/ for all [), then Tj™ and Uy" simplify to 7" = (1 — ¢)X{"/(H(pi*) + X{*) and
UM =(1—q)/(H(u) + X{™). In this case, we obtain equations 15 and 16 displayed in Proposition 2.
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Proof of Lemma 5

The elasticity of investments to productivity shocks, 0(In K}"*)/0ay", equals 5(1 — 1/M)kqy which de-

creases with p; since

214y, 4 4%
Okt . 1 Fe + g o2 B
Oy 1_552021 qH(Nt) Ko
We turn to TFP. From its definition and equation 14, TFP equals exp{[ko3°02 — B(1 — B)k2 (%02 +
pio3)/2)z%(M — 1)/M}. Therefore:

< 0. (32)

dInTEP _ Ocov(Bai"z, BAK"z) (1 — B) OVar(BAkY"z)
dp Opy 20 Opy '
Using using equations 34 and 35, this expression simplifies to:

9l-q o 4 1=q 1) (=2 niog
dwrEP M1 p Jrmtpe L G VO |,
dp M 1-p %H(Mtﬂuf}az (%)2[{(%)2#7?‘73

1= Ko
_ M-8 (q)Mt+ﬂ203 22+ 0(2%) < 0.
M 1= 5 (522 H ()i o

Therefore, TF' P decreases with p,. The Herfindahl index for capital is given by:

Her(K{") = B(K{"™)/[E(K{"))? = Elexp(2Ak{"2)]/ (Elexp(Ak{"2)])? = exp[Var(Ak{"2)],
which, from equation 35, decreases with noisiness ;. A similar calculation for profits implies that its
Herfindahl index, H er(ﬁﬁl), decreases too with noisiness.

Proof of Lemma 6

We start by computing E(w@y41). Proceeding as in lemma 2, the wage equals @41 = (1 — 3)Gi1/L =
(1- ﬂ)wtﬁMl_ﬁexp (Bz(ay™ + Ak™)), and its average is given by:

B(@ie) = (1= B)uy MYPE [exp (B2 + AK))|
= (1= By M PEexp(B2(a;" + Ak))]
= (1—B)w) M Pexp [LVar (Bz(a@ + Ak™))]
as E(a}") = 0 and E(Ak") = ko E((BAQY" + utA@:n)) = 0. We evaluate next Var (Bz(a]* + Ak™)):
Var[8(a'z + Ak[*z)] = Var{E[B(a]*z + Ak"z2) | {&}*, 07" }]} + E{Var[B(a]*z + Ak 2) | {a}", 607" }]}
= Var{B(a"z + Aki"2)} + E{Var [B(a;"z) | {o", 67" }]}

= Var{p@z + Ak"2)} + %022
= Var(Ba)'z) + Var(BAkz) + 2cov(Ba)*z, BAKT 2) + (%022

= P022% + Var(BAKI 2) 4 2cov(Ba)"z, BAKT 2) + 32022 (33)
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The covariance term is given by:

M-1

cov(Balz, BAKT 2) = cov(Ba}" z, BkaBAGT 2) + o(2?) = Tﬁ3ka0322 +0(2%),

and the variance terms by:
Var(Bay'z) = %0222

and Var(BAk{"z) = Var[Bka(BAQ + utAET)Z] + 0(2%)
= k2 (B*Var(AG]") + uiVar(AG;))2* + o(2?)
= ﬂ%it%(ﬂ?ai + uiog)2” + o(27).

Substituting these expressions into equation 33 yields:

M—-1

M-1
7 (B02 + uiog)z* + QTﬂ?’kamizQ + 0(2%).

Var [B(a]*z + Ak 2)] = [3203,2 + [320222 + ﬁzkit

It follows that E(w;+1) = Aexp(A(w)2z?) where A and A are defined in equations 20 and 6.
Next, we evaluate OE (wyy1)/0p,. It suffices to differentiate A with respect to the noisiness i, holding

current income w; constant, since the other terms are constant:

OXN _ OVar[B(af'z + Ak*z)]  Ocov(Bai"z, BAK"z) n OVar(BAEz)

Opuy Oy Oy Iy 7
~m Am 2]_ qM+M§UZ—1
where 0cov(Baiz PAKTZ) _ M=1 33 akatai% +0(2?) = —M]V;l% iq : ﬂ;a —2* +0(2*) <0,
Oy Opy TH(ﬂt) HiOg
(34)
OVar(BAE™z -~ Ok,
and E?ﬁpt £ 2857 Bkt [&L: (8202 + 1iog)2® + kariuyog | + o(2?), (35)
(S = V(5 + 520)
= M1 By 0] ¢ Beal 24 o(22) <.
T R H (P
It follows that:
~ M-1/_8 y2
OE (Wp41) 0N, _ o (55) { 1—gq l—q | piog
——— = E(Wq1)=7—2° = —E(Wtt1)—— pe—1 +
- (@103 = B g e (= D £20)
1-81-q 1—¢ Iz
+ 7 4 (2 p ut—i-ﬁé 2—1)224-0(22) <0

Proof of Lemma 7

The degree of inequality is captured by the variance of final wealth, g; ;11 = wt}N‘El’tH = wRY exp(77,44+1%)-
Since final wealth is approximately log-normal when z is small, Var(g;++1) is equivalent to a Gini index,

which equals 2F(/Var(r;¢++12)/2) — 1 where F is the cumulative distribution function for a standard

M
normal and where Var(r;¢412) = Var[E(rie12 | Fi)) + EVar(rigz | Fi)] = E[ > fl’,’fﬂQng] +0(z)
m=1
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given that Var[E(r; 412 | 77)] is of order 2? and using equation 25. Substituting equation 29 into this
2 2 2 ——
expression leads to Var(r;412) = B]V}'“z + ﬁ%g TE;EEZ’&))Q) E(el%t —e1:2)z + o(z) where E(e%’t —egl) =

Var(Aep;) from equation 39 below. Moreover, Var(Aej}) = Var(Aef}) = M]\ZI plw) (h(i((i)g + (q%g >

T(p(we)) 1—q)*
because in equilibrium g} is identical across stocks (See Proposition 13). As a result:

5203 M —17(p(wy)) Xy q203
o (h(Xm Taer

M B%02  p(wt)
Differentiating this expression with respect to noisiness j, amounts to differentiating Xt/h(Xt)2 =
q/[(L = q)h(X¢)py] (equation 16) where h(Xy) = H (p;) + X (1)

O(h(Xow) _ 1—q pf —2pua/(1 —q) — BP0l /g
O q  H(p)pi(pe(l—q)/q—1)8%0%

The sign of this ratio is given by the sign of its numerator. It is positive for p, > u™ and negative for

VW(Tl,tHZ) =

)=+ olo)

py < pt where

ph=aq/(1-q)+ \/qQ/(l —q)? + f%0% o}, (36)

Thus, Var(r;117) increases with noisiness y, over (¢/(1 — q), #™), and decreases over (ut, c0).

Proof of Lemma 8
Liquidity is given by kg(u,) = 1/ <8(ln K{”)/@(ETZ)) = 1/((1 = 1/M)kq(s) 1) - Its derivative with

ok
respect to p; equals 8_0 = ko + uta—a, where the first term reflects the usual beneficial effect of
Hy Mg

information on liquidity (improving information, i.e. lowering p,, improves liquidity, i.e. reduces ky),
and the second term is the offsetting effect of information on the sensitivity of the capital allocation to
technology shocks. Using equation 32 leads to
1 1
kg N 2 i U pf —2pa/(L —q) — 0% /og

o 1-Pl—q XH(p)pjod — 1-03  XH(w)ufoaio?

where the last expression uses equations 16 and 12. This expression is negative for y, > pu* and positive
for p, < pt, where pt is defined in the proof of Lemma 7. Hence liquidity worsens (kg increases) when

u; decreases over (u™,00) and improves (kg decreases) when pu, decreases over (q/(1 —q), ™).

The average value of shares traded equals Vol = E [Zi\le < JRat. | f7we] + [Noise | fl"tlwt|> / 2} =
1 ’ l ’

Volgrat+V olnoise Where Volgy = E [Zi\le (fR?t. |fl"2wt|> /2] and Vol,pise—E [Zi\le (fNolise |fl"7;wt]/2>} .

ff} is approximately normally distributed so Volre: = (1 —q)M Lwy, / %Var( Ijm l7t) /2 and Volnyise =

qM Lwt\/ = Var(f,...)/2 (e.g. He and Wang (1995)). Portfolio shares in equilibrium for a ratio-
nal agent are obtained by substituting equation 14 into equation 11, setting z}; = X; and denoting
h(Xe) = H () + X (1) -
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m 1 7le(w)) X
TRat 1t = v @(wt)ﬁéag h(Xt't) (Aely —  AOT) + o(1)
1 X . .
= 37 + @T(iiglgé)ag (h(Xt,t)Az-:ﬁ - %_qAH;”) + o(1) using equation 16.
m _ T(p(wy)) M—1 Xi q )22 .
Therefore, | /Var(fi,;,,) = cp(wt)ﬁ202w/ AEAE + (155)%05 + o(1) and:
- w))wy Ly/M(M —1) [(1—-¢)%X, | , ,
Volgat = o(wr) 2\/%5202 \/ (X,)2 + ¢*oj + o(1).

For noise traders, y/Var(f§yses) = \/ M=1, /o2 4 o(1) and:

wy))wy L/ M(M — 1)
o(wy) 2V/21 3202

Summing both components of volume leads to:

L rleugu, Ly/FTOTT) \/(1_Q)2Xt 205+ \/a?a} o +o(1)

olw)  2vn P02 X TV

Volpat = q?02 +o(1).

m

The share turnover is obtained by dividing by the total capitalization of the market, Z%Zl K" =
M(Lwy/M) = Lw;. The trading intensity therefore equals:

Turn = + %02 +\/q?03 p +o(1).

7(p(wr)) /MO = 1) \/(1—q>2xt
o(wy)  2v213%02 h(X;)?

As with liquidity, the derivative of this expression with respect to u, is positive over (¢/(1 — q), u™),

and negative over (u*,c0).

Proof of Lemma 9

Proposition 4 establishes that stock prices are given by P/™ = Lw;/M exp(Ak;"z). Their variance
equals Var(P™) = (Lwy/M)?*Var(Akz). Equation 35 implies that dVar(P/™)/0u, < 0: prices are
more volatile as information improves.

Stock returns are given by In Rt+1 In RY + rit 12 where rt+1z = faz — (1 — B)Akz. 1t follows
that the equally weighted return on the market equals 71z = 37 Z (T2 = Ba'z and its volatility is
a constant 3?02z/M. Idiosyncratic return volatility is simply given by Var(Ary,z) because Aryt, is

uncorrelated to the market (Cov(Ary} 2, Tiz) = 0).
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Var(Arii z) = Var(BAai"z — (1 — B)Ak"z)
= Var(BAGz — (1 — B)ka()(BAG] + 1" AG,")2)
= Var {E[8AG"z - (1 - B)ka(u")(BAGT + 1" A0 )2 | {57, 07} }
E{Var [BAa7"z — (1 - B)ka(u" ) (BAGT + i A0, )z | {7,077} ] }
{BAGTz = (1= Bkal")(BAGT + 1" A8,z | + B (Var [3(Aa7"2) | {7,071}
= Var {81~ (1~ Dka()AGTz + (1~ B)ka (i )f A, 2)} + MA; 02202
ﬁAat 1 L—q\ \7m M—-1 3 2 2 2
vor | oz }w{( e ) A+ e
where where h(X;) = H () + X (ut) Rearranging leads to:

M—-1(h(X)+X 1 2
Var(Ar{iz) = 7 { (h(t))(:;Q t22+< qu) 09 22+ 62022}

= Var

Differentiating this expression with respect to noisiness y, amounts to differentiating (h(X;)+X;)/h(X;)? =
1/h(X¢) +q/[(1 = @)h(Xe)p] (equation 16):

o <h(Xt) +Xt) 2 <i n (1 —Q)Q) >0
O \ WX ) H(u)ui \o3  ¢25%2 '

Therefore OV ar(Ari,2)/0p, > 0 so idiosyncratic return volatility falls when information improves.

Total volatility is given by Var(rit,z) = Var(Ar{i,z +7Tz) = Var(Arfi,z) + Var(riz) since
Cov(Ar{y2,7z) = 0. The market volatility is constant, so total volatility behaves in the same way as

idiosyncratic volatility. Finally,

| M 1 M M M
Var(tiz) = Var(ﬁ Z ritz) = Ve {Z Var(r"z) + Z Z C’ov(rﬁrlz,rﬁlz)}
m=1 m=1 1m/=1

m=
1 m
= U {Var(rt z2) + (M —1)Cov(r}, z, rt+1z }

where we use the fact that in equilibrium pf* is identical across stocks (See Proposition 11). So

Cov(r{y 2, rfilz) = (MVar(tiz) — Var(r{},2))/(M — 1) decreases when information improves.

Proof of Lemma 10

We solve for an investor’s optimal precision about stock m, 7}, given any noisiness p;*. We first
plug the formulas for the mean and variance of portfolio returns (equations 25) into the expression
for the expected utility (equation 26). We note that 2%21 Aef; = 0 and 2%21 Ae}ff = M(ezt -

272) so equation 29 implies that S>3, firen = em + rlplwe )M (e?, — &) and SM m2 = L4

) p(we)B?02
<%§§2§> M(;Qt — &142). After rearranging, we obtain:
- . ou ou
EU(Gre+1,J0) | Fre) = U¥) = 8_j(*)' Yo Clafly)z 8—9(*)-90(wt)Qz,tz +o(z) (37)
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1 w _
where Qup = E(ri412 | Fo)+5Var(rig+12 | fl)—Lt)Var(m,mz | Fi) = erg+Méb(e},—erg”)+dy,

27(p(wt))
3ol ( p(w) ) T(p(wy))
di = a1 - —" d 6 =————>2—.
‘T Mr(p(w)) T 2p(w) o2
The agent’s unconditional expected utility, E(U(g1,+1,j¢)), follows:
- , ou m oU
EU(g1,41,4t)) = U(*) — a_j(*)' M Oz + a_g(*)-SD(wt)E(Ql,t)Z +0(2) (38)

We evaluate next E(Q;+). The variable €7} is a function of {Asj}} and {k{"}, which themselves
depend on {Aay"}, {Afézn} and {Ag];,1} (see equation 40 below). Like all the random variables in the

model, its unconditional mean E(e]}) equals zero. As a result, F(€;;) = 0. Moreover:

E(e}, —az?) = E(e}, — 2ei® +e3%) = E(X oy e /M — 2617 S ey /M +232)
S (€12 = 2enzey + 2?) /M) = B(X iy (efy — ei7)?/M) = E((e]; —e17)?)

( i
= E((e]} —p)?) = Var(e]; —ery) + (E(e]} —e))? = Var(e]; — ) + (E(e]} —ene))?

SO E(% —e) = Var(el; —ei) = Var(Aepy)  because E(ef}) = E(eg) = 0. (39)

The next step is to compute W. We first note that from equation 22 :
ely = E(rify | Fip) = E(Baf"z | Fip) — (1= Bk = cii&t" + cigsiy — (L= BRGAL”.  (40)
It follows, since k; = 0, that:
Aery = A(cgt&i") + Alclisi) — (1= Bk AL

Substituting & = Bai* + 07", sy = Ba;" + €y and replacing cf} and cfy with their definitions

(equations 22) leads to:

x7y M ]
At = AT GET + (M — 1){7’;%711 + B+ (c;j,;mﬁay — =, + DZ;’”W&?) . (41)
hl,t n=1 hl,t
n#m
where we recall that ﬁﬂ = H(pi") + 2 and define:
’ Brodh,
Br= (M—1) [ — (1= gy | = am — (g — 1)
| w2y, ’ i
1 b I
G = 14— (1 R
DM — _# + (1 _6)km —cmm + %
T iy, T
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Taking the variance of equation 41 yields:

rm xm2 m
M*Var(Aely) = (B2 + pMod) AT — 2(M — D 2og =2t AT, + (M — 12203 =20 4+ (M — 1)L
) ’ hm ) hm2 hm2
Lt Lt Lt

M 2

" Z (802 + 1202)Cm2 g“ith2 n202ﬁcn,m+ n202xﬁ

a T Hy Og)lyy T2 Mt Gﬁm Lt M 9@m2 :
n—1 Lt Lt Lt

n#m
Completing the sum with the terms with the m superscript and rearranging yields:
ging
2 2 2 2 2 2 2 2 2%l
m,m s m,m
MVar(Aefy) = (B0%+ i of) (AT = ™) = 2o (O = DAT, + ™)
Lt
L i
m. ) _ )
+M(M —2)p; O'eﬁm2 + M(M 2)ﬁ"n2
1t Lt
u o it s
+ Z (3202 + ,u?QUg)Cﬁgm2 ==+ 2uf203/\—’tclrfgm + 1?03 = ’t2 .
n=1 hig hii I

Noting that C;/"™ = —A"/(M — 1), replacing theA and C coefficients with their expressions and

rearranging leads to:

M
1
M*Var(Aef}) = —M(M = 2) | — + K™ | + ) I KK
hm n=1 h?t

)

where K™ = (%02 + pf203) (1 — (1 — B)kT)? + 2o (2(1 — B)km — 1).

Note that "™ does not depend on the precisions chosen by agent . Taking the average across all

stocks yields:

M 1 M M 1
27 (Aol — m,m n,m
M Var(Aeu) —(M —-2) Z (A + K} ) + i Z Z <_/};n + K )
m=1 It m=1n=1 It
Moy M | MM
= (M=) =— = (M=2) ) K""+2> > K"
m=1 hl,t m=1 m=1n=1
since g7 Yoy Soney 7 = M Yol = = S0l 7 = Yy - It follows that
hl,t h[ t hl + hl t
1 Mo M | MM
BQu) = 0+ <‘<M—1> D~ (M=2) ) KM+ ZZK?””) +dy
m=1 hl,t m=1 m=1n=1
M
6t(M - 1) 1
= - = + Q
TP W A
5 M 1 M M
t m,m n,m



Note that Q; does not depend on the precisions chosen by agent [. We substitute this expression into

equation 38 which characterizes agent {’s unconditional expected utility, and replace ﬁﬂ = H(uy") a7y

M
B(U @in1,1)) = U9~ (). AL Claft)at G () ) (—‘*%‘ LS o Qt> “+ol2)
m=1 t ,t

We maximize this expression with respect to ] taking as given the stocks’ noisiness {u;*}. The
first-order condition for this problem is, for every stock m and agent [ :
ou ou or(M —1 1
B—j(*)C" (:Lﬁ) = a—g(*).go(wt) ( i ) 5
(H () +apy)

(42)

Substituting 6; = % and rearranging leads to equation 17 in lemma 5. Equation 42 admits a
unique solution because its left hand side is monotonically increasing in 7’} starting from zero (C’(0) = 0
by assumption), while its right hand side is monotonically decreasing towards zero. Moreover, the

equation implies that signal precisions are identical across agents for any stock m (:L‘l”; = X" for all I).

Proof of Proposition 11

Equation 42 implies that signal precisions are identical across agents for any stock m, i.e. xﬁ = X" =
X (uy") for all [. As a result, equations 31 which characterize stock prices for arbitrary precisions simplify
to equations 15 and 16. Replacing a:'lm; with X (uf") on both sides of equation 42 and noting that equation
16 implies that H(uy") + X" = H(ui")/(1 —q/(1 — q)/pi") leads to equation 18. This equation admits
a unique solution p;* for any level of income wy, because its left hand side is monotonically decreasing
in p3* towards zero, while its right hand side is monotonically increasing from zero. Moreover, p;* and

therefore X} are identical across stocks.

Proof of Lemma 12

Differentiating equation 18 with respect to w; yields:

C"(X(1)) 1 dX 1 dH\ dpy _ d_(, T(p(w))\
{ ) §iee = ()

O X))~ HQu) T X)) Ay Hag) + X r1g) g dwg \ ple(wr))

dwt N dwt

X H
The sign of j—g}i is the opposite of that of d;;fu (ln ;Egggg) because 3— < 0 (equation 16) and j— <0
Hg My

(equation 12). Moreover, ¢ is increasing (equation 10). So 3—5& < 0 (> 0)if 7/p is increasing (decreasing).

Proof of Lemma 13

We start by computing dX;/dg, which captures the ex ante disincentive effect on the precision of private
information. We write equation 18 as p(p(w;))C" (X¢) ((1—q)/q)?u2 X% = 7(p(wy)) (M —1)/(2M 3202)+
o(1) using equation 16. We take logs, differentiate this equation with respect to ¢, holding w; constant,

and obtain:
') X |1 Ldw X

+ +
20"(Xy) dg  q(1—q) p dg Xy dgq

= 0. (43)
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. du ou ou dX,
— * .
We decompose dy,/dq into ex post and ex ante components, qu v 7 X, fixed + #th fixed —tdq We

Opy

differentiate equation 16 to evaluate aa—‘j;Xt ixed 2194 3%, fixea and substitute the results into the previous
expression for dyu,/dq:

dpy e {_Ht+Xt *dXt&}'

dg  H+X;+72 | al—q)  dg Xi

Substituting back into equation 43 and rearranging leads to

dX, 92X, 0
dg — q(1—q)uioiN

where V' = X, + 5 + cor(Xe) (Ht + X+ ﬁ) >0 and ecr(X) = 25280 > 0.

The ex ante disincentive effect on the total precision is given by:
d(Ht + Xt) . 2 % + dXt _60/ (Xt))(Ht + Xt)

- _ = < 0.
dg piod dq ' dq q(1 — q)uiogN

Hence, less information is produced (X falls) but the total precision, H;+ X}, rises nevertheless (because
more information is shared through stock prices) when the fraction of noise traders ¢ decreases.
Proof of Lemma 14

We evaluate equation 18 when the fraction of noise traders is close to zero. When ¢ ~ 0, equation 16 can
be approximated as X (y;) ~ B) g B g g, C'(Xy) ~ C”(O)Mq and 1/(H (p,) + X (p,))? =~

ue l—q M H
m(l - /-”itl_2_qa) ~ H(/ltt)z (1-— %‘f) Substituting these expressions into equation 18 yields:
2 2
Ky o MB g p(p(wt)) )
~2|C"(0) +1)q+o(1). (44)
H(p) ( M —1 7(p(w))
We guess that p, is close to zero so H(u,) ~ ﬁ Substituting back into equation 44 and rearranging
t-0

leads to:

2,2 w, 1/3
R E

which confirms that u, is close to zero. This formula implies that H(u,) grows to infinity when ¢
approaches zero: agents’ information becomes perfect thanks to its revelation through stock prices even
though the precision of their private signals goes to zero. As a result, the capital allocation and the

income process converge to those of the first best.

Proof of Proposition 15

The first part of the proposition (equations 19 and 20) was established in the proof of lemma 6.
These equations imply that the steady-state level of income along the average path solves w* =
Aw*B exp(A(w*)z?). To determine w* at the order 22, we replace w* in A\(w*) with its order-zero com-
ponent, which is identical to the order-zero component of wf?, ie. (1 — ﬁ)l/ =8 p (see equations 6
and 8). This leads to equation 21.
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The last part of the proposition obtains by combining lemma 6 with lemma 12. Lemma 12 states

that g—gtt < 0 (noisiness falls with income) if 7/p is an increasing function, while lemma 6 shows that

O

dA
e < 0 (income grows on average when noisiness is lower). Together, they imply that T > 0. If
Ky Wy

d\
instead If 7/p is a decreasing function, then T <0.
Wt
If limg_., 7(g)/p(9) = oo, then equation 18 implies that lim,—.u; = ¢/(1 — q), which corre-

sponds to the perfect-information case. In that case, limy, ., M(w;) = AP 4+ ANose Alternatively,

if limg—,, 7(g)/p(g) = 0, then limy,—, 1, = 0o (no-information case) and limy,, ., M(w;) = ANVee,

Proof of Proposition 16

Proposition 16 follows directly from combining Lemmas 5 to 10 with Lemma 13.

Proof of Proposition 17

The proof of the proposition follows directly from the discussion following Proposition 15.

Proof of Lemma 18

Under CES preferences, 7(g)/p(9) = wg® (g’ + 1 —w)/(1 —0)/(1 — w)?. Substituting this expression

1-— 1—o0)Mo2(c?)?
into the condition in Proposition 15 leads to w§ > i 1+ 8w(l — o) U“(Uo‘g c'0)—1| =w’
2w (1—w)(M—1)3

and to lemma 18.
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Figure 2: Signal precisions and the noisiness of the price system. The picture depicts the precision of

the stock price H (dotted curve), the precision of an investor’s private signal X (dashed curve) and

her total precision H + X (solid curve) as a function of the stock price noisiness p. Utility is CES
(U(g,j) = (wg® + (1 — w)j")l/") with o = 0.5. The other parameters are 3 = 2/3, C(x) = 22, ¢ = 0.1,
02=0.01,0% =02 =1, w=05 M=50and z = 0.5.
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Figure 3: The benefit and cost of information in equilibrium. The picture depicts the marginal benefit

of private information (solid curve) and its marginal cost (dashed curve) in equation 18 as a function

of the equilibrium noisiness u. See Figure 2 for the parameters of the picture.
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Figure 4: The impact of income on the equilibrium. The picture depicts the equilibrium noisiness p; (top
left panel), the precision of private information X (top right panel), the total precision H;+ X; (bottom
left panel) and A; which captures the effect of learning on income (bottom right panel) as a function
of current income w;. See Figure 2 for the parameters of the picture. The solid curves correspond to
o = 0.5 and the dotted curves to ¢ = —0.5.
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Figure 5: The impact of the fraction of noise traders on the equilibrium. The picture depicts the
equilibrium noisiness p, (top left panel), the precision of private information X; (top right panel), the
total precision Hy; + X; (middle left panel), the elasticity of investments to productivity shocks kqs
(middle right panel), A; which captures the effect of learning on income (bottom left panel) and the
steady state level of income w* (bottom right panel) as a function of the fraction of noise traders q. See

Figure 2 for the parameters of the picture.
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Figure 6: The dynamics of income in an economy along its average path. The curves represent the

average income in period ¢ + 1, F(w¢y1), as a function of income in period ¢, w;. See Figure 2 for the

parameters of the picture. The solid curve corresponds to o = 0.5 and the dotted curve to o = —0.5.

The dashed curve corresponds to the first-best economy. The economies’ steady-states are located at

the intersections of these curves with the 45° line, represented as a solid line.
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Figure 7: The growth rate of income. The picture depicts the growth rate of income, I'(w;) =
E(wy41)/wy, during the transition to the steady-state. See Figure 2 for the parameters of the pic-

ture. The solid curve corresponds to ¢ = 0.5 and the dotted curve to ¢ = —0.5. The dashed curve

corresponds to the first-best economy.
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