
 
 
 
 

DISCUSSION PAPER SERIES 

 
 
 

     ABCD 
 

www.cepr.org 
 
 

Available online at: www.cepr.org/pubs/dps/DP4702.asp
 www.ssrn.com/xxx/xxx/xxx

  

 
 

 
 
 
 

No. 4702 
 

JOINT PRODUCTION IN TEAMS 
 
 

Marco Battaglini 
 
 

  INDUSTRIAL ORGANIZATION 
 
 

 



ISSN 0265-8003 

JOINT PRODUCTION IN TEAMS 

Marco Battaglini, Princeton University and CEPR 
 

Discussion Paper No. 4702 
October 2004 

Centre for Economic Policy Research 
90–98 Goswell Rd, London EC1V 7RR, UK 

Tel: (44 20) 7878 2900, Fax: (44 20) 7878 2999 
Email: cepr@cepr.org, Website: www.cepr.org 

This Discussion Paper is issued under the auspices of the Centre’s research 
programme in INDUSTRIAL ORGANIZATION. Any opinions expressed here 
are those of the author(s) and not those of the Centre for Economic Policy 
Research. Research disseminated by CEPR may include views on policy, but 
the Centre itself takes no institutional policy positions. 

The Centre for Economic Policy Research was established in 1983 as a 
private educational charity, to promote independent analysis and public 
discussion of open economies and the relations among them. It is pluralist 
and non-partisan, bringing economic research to bear on the analysis of 
medium- and long-run policy questions. Institutional (core) finance for the 
Centre has been provided through major grants from the Economic and 
Social Research Council, under which an ESRC Resource Centre operates 
within CEPR; the Esmée Fairbairn Charitable Trust; and the Bank of 
England. These organizations do not give prior review to the Centre’s 
publications, nor do they necessarily endorse the views expressed therein. 

These Discussion Papers often represent preliminary or incomplete work, 
circulated to encourage discussion and comment. Citation and use of such a 
paper should take account of its provisional character. 

Copyright: Marco Battaglini 



CEPR Discussion Paper No. 4702 

October 2004 

ABSTRACT 

Joint Production in Teams* 

Consider Holmström’s moral hazard in teams problem when there are n 
agents, each agent i has an ai -dimensional strategy space and output can be 
m-dimensional. We show that a compensation mechanism that satisfies 
budget balance, limited liability and implements an efficient allocation 
generically exists if and only if Σai /(n-1)< m. When this condition is satisfied, 
the optimal mechanism discourages collusive behaviour and, under a weak 
condition, filters out inefficient equilibria. 

JEL Classification: D23, D82, J33 and L23 
Keywords: incentives, moral hazard, teams and theory of the firm 

Marco Battaglini 
Department of Economics  
Princeton University   
Fisher Hall   
Princeton, NJ 08544   
USA   
Tel: (1 609) 452 2511  
Fax: (1 609) 258 6419  
Email: mbattagl@princeton.edu  
 
For further Discussion Papers by this author see: 
www.cepr.org/pubs/new-dps/dplist.asp?authorid=153273 

 

 
*Financial support from the NSF is gratefully acknowledged. I thank Arie 
Beresteanu, Pierpaolo Battigalli, Ken Binmore, Bengt Holmström, Erik Maskin, 
Marco Ottaviani, Nicola Persico, Wolfgang Pesendorfer, Tymon Tatur, 
seminar participants at the Institute for Advanced Studies (Princeton), at the 
Annual Congress of the European Economic Association (2002), and 
especially an associate editor and three referees for very useful comments. I 
am grateful to David Austen-Smith, Tim Fedderesen, Roger Myerson and 
Asher Wolinsky for advice when I started this project as a graduate student. 
 

Submitted 10 September 2004 



I Introduction

In a seminal work, Holmström [1982] has shown that under standard assumptions, when a

production function y = f(x1; :::; xn) depends on the e¤ort xi of many agents, it is not possible to

design a compensation system that is contingent only on observable output y, provides incentives

for an e¢ cient level of e¤ort to more than one agent and satis�es budget balance. Budget balance

means that the mechanism cannot commit to �throw away�surplus or to give it to someone who

does not participate in production. Since budget balance can be interpreted as a constraint

imposed by renegotiation-proofness, this result is relevant not only for those organizations in

which it seems a natural assumption from an institutional or empirical point of view (for example,

a partnership), but for all the organizational forms.1

For this reason, a rich literature has explored the conditions that are necessary for this

impossibility result: from the properties of the production function (continuity, for example), to

conditions on observability of e¤ort among agents. This line of research is not only important

because it highlights su¢ cient conditions to design e¢ cient mechanisms, but also because it

helps to understand the real nature of the problem: which are the essential assumptions and

which assumptions are dispensable.

In this work, we generalize the classical moral hazard in teams problem to the case when

heterogeneous goods are jointly produced and therefore output is not necessarily single-valued,

but may take the form:

y =

8<:
y1 = f1(x1; :::;xn)
:::
ym = fm(x1; :::;xn)

: (1)

In particular, we assume that output is a vector in Rm with m � 1, and each agent i can a¤ect
output in many di¤erent ways, so that xi is a vector in Rai with ai � 1. The key assumption

is that the system of equations (1) is indeterminate: for any dimensionality of output, the

number of free variables fxigni=1 may be arbitrarily large. This, therefore, is a straightforward
generalization of Holmström�s model, which corresponds to the particular case when m = ai = 1

for any i.

In this paper we characterize the necessary and su¢ cient condition under which a compensa-

tion mechanism that implements an e¢ cient allocation exists in this more general environment.

This extension of the basic model is intuitive and one may �nd many real world examples.

Consider the case of a merchant bank which has two o¢ ces (�Trading O¢ ce�and �Corporate

Finance O¢ ce�); one team works in the �rst o¢ ce (fxigli=1 l < n-1) and another team works in

the other (fxigni=l+1). The activities of the merchant bankers in the �Corporate Finance O¢ ce�,
however, have externalities for the production of the �rst o¢ ce; similarly, traders� activity

generates externalities on the corporate �nance o¢ ce. In this case, output (the product of the

1 Indeed, Alchian and Demsetz [1972] were the �rst to highlight this issue in their investigation of the theory
of the �rm.
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two o¢ ces) would be two-dimensional and take a form like (1).2 In general, joint production as

in (1) arises whenever synergies in the production function induce economies of scope. An early

discussion of these cases can be found in Marshall [1920], who �rst underscored their importance

in the theory of production.

To highlight the key components of our analysis, it is useful to present the results in two

steps. Consider �rst a standard moral hazard in teams model in which each agent i controls

an e¤ort level xi 2 R, and the output space is two (or higher) dimensional. The common

interpretation of the teams�problem is that the principal wants to control too many variables

(n > 1) with only one instrument (y 2 R). The intuition, therefore, should generalize when the
number of variables is larger (especially if arbitrarily larger) than the number of instruments.

However, this is not the case, and there is a �discontinuity�between the cases y 2 R and y 2 R2

(or a higher dimensional space): Indeed, we prove that for any generic, di¤erentiable production

function, any number n > 2 of agents (possibly arbitrarily large) and any m � 2, there is a

compensation scheme that satis�es budget balance, respects limited liability of the agents and

such that the resulting game played by the agents has an e¢ cient Strong Nash Equilibrium;

moreover, under weak conditions, the equilibrium sustained by this scheme is unique in the

class of Coalition-Proof Equilibria.3 This result seems interesting because, as we said, it holds

for a generic production function: it fails only in a �pathological�case. But also because, by

showing that the number n of agents to control is irrelevant for e¢ ciency, it highlights a feature

of Holmström�s approach that may contribute to a better understanding of the moral hazard in

teams problem.

To investigate this point we enlarge the agents�strategy space as well. We show that the key

aspect of the teams�problem is the relationship between the dimensionality of the instrument and

the average dimensionality of the agents�strategy spaces. In particular, e¢ ciency is generically

possible when Pn
i=1 ai
n� 1 < m: (2)

When the output space is two-dimensional, this implies that the classic ine¢ ciency result is

restored only if at least n-1 agents have strategy spaces with the same dimensionality of output.

When
Pn
i=1 ai
n�1 is larger than m e¢ ciency is not generically possible, even if limited liability is

relaxed.

Taken together, therefore, these results change the common interpretation of the moral

hazard in teams problem since they show that it is not the size of the team which is relevant,

but only an aggregate measure of the dimensionality of the agents�strategy spaces; and that

2 In this case, a natural speci�cation would be that y1 =  1(x1; ::; xl; y2) and y2 =  2(xl+1; ::; xN ; y1), which
implies that yi = fi(x1; ::; xN ) for i = 1; 2 as in (1). An equivalent interpretation of the model is that output
is unidimensional but team 1 works in period t and team 2 in period t + 1 and the activity at time t a¤ects
productivity at time t+ 1 (I thank Ken Binmore for this interpretation).

3Notice that a Strong Nash equilibrium is also a Coalition Proof equilibrium. Since the set of Strong Nash
equilibria is included in the set of Coalition Proof equilibria, a fortiori the mechanism achieves uniqueness in the
class of Strong Nash eqilibria.
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with multidimensional output, the budget balance constraint is often not binding.

In the second part of the paper we introduce noise in production and show that the mech-

anism can be extended to cover the case in which e¤ort levels are subject to stochastic per-

turbations. In particular, we consider the situation where each agent�s e¤ort level a¤ects only

the probability distribution of his own actual contribution in the production function (xi), and

only the agent can observe the realization of his own xi. When there are these stochastic

perturbations, the problem is considerably more complicated because, although the designer of

the compensation scheme may calculate the ex ante optimal level of e¤ort in equilibrium, the

realizations of the actual contributions are stochastic: information on the realizations of the

agents�e¤orts cannot be used directly, or can be used directly only if the mechanism makes it

incentive compatible for them to reveal this information. The extraction of this information,

however, is made possible by adding a round of communication after production takes place and

before compensations are paid. What makes the communication round more elaborate is the

requirement of budget balance both in and out-of-equilibrium. To the extent that a declaration

a¤ects any agent�s compensation (say agent j), it may a¤ect the compensation of the sender

since it increases or decreases the budget for compensating all the agents other than j. Given

a weak condition, however, it is possible to eliminate the incentives to misrepresent their real-

izations. The idea is simple: we group all of the agents into particular subsets and allocate to

each of these subsets a share of the realized output that is �xed ex ante (i.e., it is contingent

neither on the realized level of output nor on any other variable observable after production

takes place). The allocation of this surplus among the agents in the set, however, is contingent

on the realizations of output and the declarations of the agents that do not belong to the set.

In this way, the incentives of the agents that are not in the set are isolated from the allocation

of surplus among agents in the set.

These results may contribute to the understanding of the internal organization of a partner-

ship because they highlight the role of the balanced budget requirement in shaping the optimal

design of incentives. As mentioned earlier, the e¢ cient mechanism described above requires an

analysis of the internal �ow of information (the communication stage) and generates empirical

predictions on the internal organization of the partnership which allows this �ow of information:

in particular, the fact that the internal allocation of surplus is not completely contingent on

observable signals in the e¢ cient mechanism, but is determined, in part, ex ante. These are all

empirically testable hypotheses.

The following analysis proceeds as follows. Section II presents the model and a simple

example in order to give the intuition of the main ideas. In Section III, we develop the general

case and show the e¢ ciency result with vector outputs. In Section IV we study the relationship

between e¢ ciency, the dimensionality of output and of the strategy spaces of the agents. In

Section V, we consider the case of stochastic perturbations and their implications for the internal

organization of the partnership. Section VI concludes. The following subsection reviews the

related literature.
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I.1 Related literature

As we said, the starting point of our analysis is the model proposed by Holmström [1982] in

which the ine¢ ciency result described above is �rst proven. In another important contribution,

Legros and Matthews [1993] extend the model and show that, if the production function is

not continuous and di¤erentiable, e¢ ciency may sometimes be achieved and, in general, nearly

e¢ cient equilibria are obtainable in a large class of situations using mixed strategies if we allow

for unlimited liability. However, they also con�rm that the fundamental insight in Holmström

[1982] remains true proving that with a di¤erentiable production function e¢ ciency, budged

balance and limited liability are incompatible.

To obtain e¢ ciency in more general cases, a recent line of research relaxes the assumption on

observability of e¤ort.4 Miller [1997] assumes that at least one agent observes the e¤ort of one

other agent and the identity of this informed agent is common knowledge. He shows a message

game that supports an e¢ cient equilibrium with budget balance and limited liability in this

case. Strautz [1999] further develops this approach assuming that production is sequential and

that the agents can see the output levels in the di¤erent stages (i.e., can monitor the e¤ort of the

other agents). Again, given these assumptions it is shown that e¢ ciency is not incompatible

with budget balance and limited liability.

Our approach is clearly related to this literature since the assumption that the output space

is vector valued can be interpreted as an extension of the signal space. However, we do not

assume that the agents have information on the e¤ort level of any other agent but only on �nal

output as in Holmström [1982]: therefore the information enlargement is minimal. Interestingly,

although in our model agents act simultaneously, one way to interpret it is to assume that two

teams produce sequentially and a¤ect each others outcomes with externalities (see footnote 2).

In this sense, our model can also be seen as a generalization of Strautz [1999] to the case in

which a partnership is sequential but at any stage more than one agent is active.5

All these models consider partnerships in which output is deterministic. In the second part

of the paper, as we said, we extend our framework to verify robustness to noise. Stochastic

partnerships are studied in few papers. Williams and Radner [1988] is the �rst paper to present

a model in which the production function is stochastic. In this framework it is generally possible

to satisfy the �rst order necessary conditions of incentive compatibility; however, except in some

particular cases, it is not possible to show that these conditions are su¢ cient. Matsushima

[1991], Legros and Matsushima [1991] and Fudenberg, Maskin and Levine [1994] extend this

approach and present conditions for e¢ ciency that are easier to satisfy. Note, however, that

these conditions do not apply to our framework since e¢ ciency can be achieved only if we

4There are other important papers that have studied e¢ ciency in partnerships but that are somewhat less
related to our work. Among these, Rasmusen [1987] exploits risk aversion of agents to achieve e¢ ciency; and
Radner [1986], Radner, Myerson and Maskin [1986] embed the partnership game in a repeated setting. Itoh
[1991] obtains teams production as the optimal choice of task structure when agents can help each other.

5 In Strautz�s model agents are active sequentially one at a time and output is observable after each agent�s
action.
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introduce the round of communication described above, a feature that is novel to this paper.6

The issue of uniqueness of the equilibrium is not generally studied in the partnership liter-

ature. Only two papers discuss it. Ma [1988] shows a mechanism with a unique sub-game

perfect equilibrium, but he does not require budget balance and does not consider moral haz-

ard7. Strautz [1999] shows that in the sequential partnership model that he considers there is a

mechanism with budget balance such that the resulting game played by the agents has a unique

sub-game perfect e¢ cient equilibrium. However, this construction exploits the fact that players

are assumed to be active one at a time, and the fact that changes in output can be observed at

any stage. The problem in which more than one agent acts simultaneously is harder. Indeed

we show that there are natural examples in which uniqueness in Nash equilibrium is impossible;

however, even in these cases, we can �nd a mechanism such that the resulting game has a unique

Coalition-Proof-Nash e¢ cient equilibrium.

II The model and a simple example

In this section we de�ne the model and present a simple example to highlight the main intuition

of the results. The model that we consider is a simple generalization of the standard �moral

hazard in teams�problem. We analyze a joint production problem in which n agents choose

e¤ort xi at a cost ci(xi), where i 2 N , and N is the set of all agents. However, our environment

extends the standard model in two ways. First, we consider a production function with the

form as in (1) so that output is a vector in Rm, m � 1. Second, we allow each agent to a¤ect

output in many ways, so that e¤ort can be a vector xi in a compact set Xi = [0;M ]ai � Rai ,
where the dimensionality 1 � ai � m can di¤er across agents. We will indicate the vector of

e¤ort as xi � fxi;1:::xi;aig for any i = 1:::n, where xi;l is the generic lth element of xi. We

denote X =
Qn
i=1Xi the set of possible e¤orts and x 2 X is the collection of the agents�e¤orts.

As in Holmström [1982], we assume that ci : Xi ! R are convex, di¤erentiable and increasing
(not necessarily strictly) in all arguments with ci(0) = 0 8i. The production function is

f = ff1; :::; fmg, where the functions fj :
Qn
i=1Rai ! R are increasing (not necessarily strictly),

concave and C1(X) (i.e., di¤erentiable with continuous derivatives) with fj(0) = 0. Let y 2Rm

denote the vector of outputs. These assumptions may be relaxed: we make them only to put

this work in direct comparison with Holmström�s results (i.e., the case y 2 R). In particular,

assuming that the production function is C1(X) makes the results more clear-cut, since we know

from Legros and Matthews [1993] that when it is di¤erentiable, e¢ ciency is impossible when

output is a real number. Legros and Matthews [1993] call this environment the neoclassical

teams�problem.

To complete the description of the environment, we introduce an appropriate generalization

6This literature assumes that actions and possible output levels can assume only a �nite number of values.
Among other conditions, in order to obtain e¢ ciency, it is required that the number of possible values that the
output level can assume is higher than the sum of the number of possible actions available to any agent.

7He focuses on an adverse selection model.
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of the concept of budget balance. One natural way to do it is to assume that there are m prices

of outputs pi with i = 1:::m such that the budget is b(y) =
Pm
i=1 piyi; in general we may consider

the case in which b(y) is any di¤erentiable, weakly concave function b : Rm ! R with b(0) = 0.
When it does not generate ambiguities, we will use the notation b(x) = b(f(x)). A compensation

mechanism satis�es budget balance if
Pn
i=1wi(y) = b(y), where (wi(y))

n
i=1 are wages contingent

on output. To continue with the example above, it is typical for partners in a merchant bank to

share the pro�ts of the entire �rm, not only the pro�ts of their own o¢ ces (implicitly recognizing

the existence of externalities). A compensation mechanism satis�es limited liability if wi(y) � 0
for any agent i and any output y. We de�ne:

De�nition 1 A compensation mechanism is feasible if it satis�es budget balance and limited

liability.

We de�ne x�i as the �rst best level of e¤ort for each agent,

x� = (x�1; :::;x
�
n) 2 argmax

x2X

8<:b (f(x1::xn))�X
j2N

cj(xj)

9=;
and the resulting e¢ cient output as y� = f(x�1; :::;x

�
n).

Given a production function f and a compensation mechanismw, the agents play a game � (f ;w)

in which the payo¤s are speci�ed by the utilities ui(x) = wi(f(x))�ci(xi), and the strategies are
the e¤ort levels xi 2 Xi. For a given equilibrium concept used to solve the game, a compensation
mechanism is said to (uniquely) implement an e¢ cient outcome if � (f ;w) has an (a unique)

e¢ cient equilibrium. We can therefore de�ne:

De�nition 2 A production function sustains e¢ ciency in equilibrium if a feasible compensation

mechanism that implements an e¢ cient outcome exists.

De�nition 3 A production function uniquely sustains e¢ ciency in equilibrium if a feasible

compensation mechanism that uniquely implements an e¢ cient outcome exists.

Whenever a production function f does not sustain e¢ ciency in equilibrium we might wonder

if a mechanism that satis�es budget balance and implements an e¢ cient outcome (but might

violate limited liability) exists. We therefore de�ne:

De�nition 4 A production function weakly sustains e¢ ciency in equilibrium if a compensation

mechanism that satis�es budget balance and implements an e¢ cient outcome exists.

The goal of this paper is to characterize conditions under which a production function sus-

tains e¢ ciency in Nash equilibrium or in a stronger equilibrium concept;8 and whenever e¢ ciency

is possible, characterize conditions under which it uniquely sustains e¢ ciency in equilibrium, at

least for an appropriate equilibrium concept.9

8 Indeed we will show conditions under which a production function sustains e¢ ciency in Strong Nash equilib-
rium. See footnote 16 for a formal de�nition of a Strong Nash equilibrium.

9We will show conditions under which a production function uniquely sustains e¢ ciency in Coalition Proof
Equilibrium.

6



In order to illustrate the main idea, we start with a simple example. Let us assume that

output is two-dimensional, e¤ort is a real variable xi for each agent i, and production functions

are linear in e¤orts (y1 =
P
i aixi; y2 =

P
i bixi). In the following section, we generalize the

result to the case of a generic (possibly non-linear) production function and higher dimensionality

of both outputs and inputs. Here, we assume that the coe¢ cients a and b are not linearly

dependant (I use the notation a as the vector faignI=1; the same for b), this is a very weak
assumption since it only requires the vectors not to be multiples one of the other. Given this,

we can display a simple mechanism that satis�es budget balance, limited liability such that,

independently from the number of agents, the resulting game has an e¢ cient equilibrium. We

�rst describe the mechanism and then give a simple graphical interpretation.

After production takes place, if a deviation has been detected because (y1; y2) 6= (y�1; y�2), we
identify the set of agents who may be �guilty�. We start de�ning the set of "suspected" agents

G(y1; y2) as:

G(y1; y2) :=

8<:i
������[y1 �

X
j 6=i

ajx
�
j ] =

ai
bi
[y2 �

X
j 6=i

bjx
�
j ]

9=; :

Besides the fact that G(y1; y2) can always be computed given the observable variables because it

depends only on (y1; y2), this set has two relevant characteristics. First, it can be easily veri�ed

that if agent i unilaterally deviates from the �rst best, then i 2 G(y1; y2). Second, and more

importantly, if there is unilateral deviation, then there is always at least one non-suspected agent.

To see this, assume, without loss of generality, that agent i unilaterally deviates from the �rst best

and exerts e¤ort xi 6= x�i and, by contradiction, N \G(y1; y2) = N . By the de�nition of the set

G(y1; y2), we have that for any agent l in N it must be that [y1�
P
j 6=l ajx

�
j ] =

al
bl
[y2�

P
j 6=l bjx

�
j ],

which implies:

[aixi +
X
j 6=i

ajx
�
j �

X
j 6=l

ajx
�
j ] =

al
bl
[bixi +

X
j 6=i

bjx
�
j �

X
j 6=l

bjx
�
j ]

, ai(xi � x�i ) + alx�l =
al
bl
bi(xi � x�i ) + alx�l

, al =
ai
bi
bl 8l 2 N:

But this is in contradiction with the assumption that the vectors a and b are linearly indepen-

dent. Therefore, we know that there is an agent k 2 N such that k =2 G(y1; y2). This property
follows from the fact that, although for any observed deviation y 6= y� the system is indetermi-

nate, for each agent we can generate a determinate system of equations using the equilibrium

conditions requiring that all the other agents are not deviating. This sequence of determinate

systems is not enough to identify who is �guilty�, but it is enough to identify at least one agent

who is not guilty.

Given this, a mechanism that implements the e¢ cient outcome can be easily constructed.

Let us denote jAj as the number of agents in a set A. A mechanism that satis�es budget balance

7



and e¢ ciency is:

wi(y1; y2) =

8>>><>>>:
0 i 2 G(y1; y2) and N nG(y1; y2) 6= ;

b(y1;y2)
jNnGj i =2 G(y1; y2) and N nG(y1; y2) 6= ;
b(y1;y2)

n y1; y2 6= y�1; y
�
2 and N nG(y1; y2) = ;

ci(x
�
i ) +

1
n [b(y

�
1; y

�
2)�

P
i2N ci(x

�
i )] y1; y2 = y�1; y

�
2 and N nG(y1; y2) = ; :

(3)

In this mechanism, all the agents in G(y1; y2) are punished (receiving zero): this is enough to

preserve incentives since if j has deviated, then j 2 G(y1; y2); moreover, we can preserve budget
balance since, if there is only a unilateral deviation, N nG(y1; y2) 6= ;. In the case where there
is more than a deviation (i.e., by ii, N nG(y1; y2) = ;), we just divide equally the budget: but
this is irrelevant for incentives. Finally, it is easy to see that both budget balance and limited

liability are satis�ed.

The interesting aspect of this example is not really the fact that to solve the e¢ ciency

problem we need only to identify an agent who has not deviated instead of the agent who has

deviated. Indeed, it is always true that if we �nd a �non-deviator�, then the moral hazard in

teams problem is solved: in this case, we can give this agent all the surplus and so we can punish

a unilateral deviation maintaining budget balance. The key question, however, is when it is

possible to identify an agent who has certainly not deviated. The example shows a case in which

this is generally possible, and therefore e¢ ciency can generally be achieved in equilibrium.

In the next section, we will not only extend this result to the general non-linear case and

higher dimensional input and output spaces, but we will also show that, with a slightly more

elaborate mechanism, it is possible to achieve the result with a stronger equilibrium concept and

with a mechanism that �lters out other undesired equilibria.

III Generic e¢ ciency

In the example presented in the previous section, we only required linear independence of the

coe¢ cients of the production function. Therefore, in the class of linear production functions,

the result is generic.10 The natural extension of this example is to show that the result holds

for any generic, possibly non-linear production function. This is the goal of this section.

In order to understand the general case, it is useful to identify what it is special about

the linear production function considered above. Consider a graphical representation of the

problem. For each agent i 2 N , let us de�ne Yi as the set of outputs that agent i can induce with
a unilateral deviation: Yi :=

�
y
��9 xi 2 Xi s.t. y = f(xi;x��i)	, where x��i is the vector of the

levels of e¢ cient e¤ort of all agents except i. Given the two-dimensional example of the previous

section, we can also de�ne the correspondence Yi (y1) :=
�
y2
��9 xi 2 Xi s.t. y = f(xi; x��i)	 for

any agent i 2 N and y = (y1; y2), so that Yi (y1) maps from y1 to the levels of y2 that are feasible

with a unilateral deviation by agent i.
10We use here the term generic in its intuitive meaning. See De�nition 4 below for a formal de�nition of

genericity.
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Figure 1: A special case: linear production functions.

Consider now Figure 1, where the two axes represent the variables that are observable and

on which the mechanism can be contingent (outputs y1, y2). When the production function is

linear, Yi is also linear and, by de�nition, passes through y� = (y�1; y
�
2) for each agent i: If we

have a unilateral deviation by i, the output must be on Yi (see, for example, point A in Figure

1). It is not necessarily true that two di¤erent agents i and k will have Yi 6= Yk
11 but, by the

property of the set G(y1; y2) proven in the previous section, we know that we can always �nd at

least one agent k0 with Yk0 6= Yi. We may therefore divide the agents into (at least) two sets,

and punish them accordingly: thanks to the non-emptiness of G(y1; y2), this can always be done

while preserving budget balance.

When we consider the general non-linear case, the sets Yis are still well-de�ned lines, but, as

we can see from Figure 2.A, they need not be linear in y1; y2-space.12 By de�nition, these sets

will all cross at y�1; y
�
2 but now they may (and typically they will) cross at other points. From

Figure 2.B, we see what may be the problem: in this case, not only do the sets Yi cross in more

than one point, but they all cross at a point di¤erent from (y�1; y
�
2). For example, consider the

situation in which agent i deviates and reduces his own e¤ort generating point ey: in this case,
there may be no way to distinguish which agent actually deviated. Clearly this "pathological"

case is impossible if the intersection of the unilateral deviation sets Yis is empty. When this

condition is satis�ed we can always �nd a non-guilty agent who can act as a budget breaker: we

can therefore punish all the "suspected agents" (among which there is certainly the deviator),

and obtain e¢ ciency.

The real question, therefore, is: when is this condition satis�ed? We do not need to work

11Actually it is easy to see that if ai
bi
=

aj
bj
, then i 2 G) j 2 G:

12 Indeed, it is easy to show that for any agent i, Yi(y1) de�nes an upper-hemicontinuous correspondence that
is: non-decreasing in y1 (y0 � y00 implies that minYi(y0) � maxYi(y00)); and not �thick�(for no i 2 N there is an
open set X in <2 such that X � Ii).
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Figure 2: Figure 2.A represents the general non linear case. Figure 2.B represents a "patholog-
ical" case.

in a multidimensional environment to de�ne unilateral deviations: even in a unidimensional

world, if the intersection of the set that can be generated by unilateral deviations is empty,

then e¢ ciency is achievable. In their seminal work, Legros and Matthews [1993] de�ne the

set Y = \ni=1Yi, and show an example in which agents have only �nite actions and e¢ ciency is
possible even in Holmström�s unidimensional environment because Y contains only y�. In the

example, actions are assumed to be discrete, and each action of each agent induces a di¤erent

level of output, therefore it is possible to perfectly identify who has deviated, or, if necessary,

who has not deviated.13 But the main result of their analysis is precisely that this condition

is vacuous, because never satis�ed in the standard neoclassical teams problem. Indeed, Legros

and Matthews [1993] prove that, in the standard case, (almost) e¢ ciency is achievable only if

we relax the limited liability constraint and we allow for unbounded punishments.

In the present environment, on the contrary, the condition for e¢ ciency is extremely weak.

We are not ruling out a situation in which some of the sets Yi cross at some point di¤erent

from y� as in Figure 2; we are requiring only that these sets do not all cross at the same

point. Therefore, we may have a situation in which, for example, all the sets except one cross

at a point (by1; by2). The result that we intend to prove is precisely that when the environment
is multidimensional, the intersection condition is generically satis�ed. The intuition for this

is evident from Figures 2.A and 2.B: if we are in the case depicted in Figure 2.B, then any

arbitrarily small perturbation of f will shift at least one Yi and make the intersection of the

unilateral deviation sets empty.

To formalize this argument, we need a preliminary de�nition. Consider the set F of C1(X)

13With �nite actions, however, it is generically not necessary to identify an agent who has not deviated because
the agent who has deviated is perfectly identi�ed with a generic production function.
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production functions that we have considered so far. The set F is endowed with a Whitney C1

topology by letting a sequence of functions fn 2 C1(X) converge to f if and only if f � g as well
as the Jacobian of f � g converge uniformly to zero in the space of continuous functions with

euclidean norm (cf. Golubitsky and Guillemin [1973]). We de�ne:

De�nition 4 A set of production functions in F � F is generic in F if it contains a set that is

open and dense in F .

Given this de�nition, the set of non generic production functions is at most a countable

union of closed sets: the Baire Category theorem guarantees that these sets have empty interior

and therefore are topologically "small" (cf. Royden [1988, §7]). This is the standard de�nition

of genericity in this environment.14

The next result characterizes the condition su¢ cient for the moral hazard in teams game to

have an e¢ cient Strong Nash equilibrium.15

Theorem 1 If
Pn
i=1

ai
n�1 < m, then the set of production functions that sustains e¢ ciency in

Strong Nash Equilibrium is generic in F .

The basic intuition of this result is the same as the intuition presented above for the examples

of Figures 1 and 2. Here, we complete the discussion with a few comments on the role of the

dimensionality of the strategy space and the formula
Pn
i=1

ai
n�1 < m. A unilateral deviation by

agent i generates a manifold in Rm with dimensionality ai. In Figures 1 and 2, for example,

agent i induces a line (a unidimensional manifold) in R2; in Figure 3.A, agent k induces a plane
(a two-dimensional manifold) in R3. The intersection of manifolds in Rm is a manifold itself,

but with lower dimensionality. In Figure 2, for instance, the intersection Yij = Yi \ Yj is a
manifold with zero dimensionality (at most, a set of points); in Figure 3.A, Yij and Yk are

two-dimensional manifolds, and their intersection is a line. Transversality theory guarantees

that, in general, if not empty, the intersection of two generic manifolds with dimensionality ai
and aj , is a manifold with dimensionality m � (m� ai) � (m� aj) = ai + aj �m.16 Suppose

now that we have tree agents, i; j and k. The intersection of their unilateral deviation sets

(Yi \ Yj)\Yk = Yij \Yk is either empty, or it has dimensionality larger or equal than zero. For
14The space of smooth production function is in�nitely dimensional. In this case there is no natural analog

of the Lebesgue measure, and therefore the usual measure theoretic notion of genericity is not available. There
are di¤erent ways to solve this problem. De�nition 3 follows the standard topological approach adopted in
the literature (for a general discussion, and application to general equilibrium theory, see Mas-Colell [1985, §8]).
Anderson and Zame [2004] have recently proposed a new de�nition of genericity based on the measure theoretic
notion of "prevalence" (Hunt, Sauer and Yorke [1992]).
15A strategy pro�le bx 2 Qn

i=1Xi is a Strong Nash equilibrium if and only if for all subset of agents J � N
and for all joint deviations xJ 2

Q
i2J Xi, there is an agent l 2 J such that ul (x) � ul(xJ ; bx�J), where ul(�) is

agent j�s utility and bx�J is the strategy used in equilibrium by the agents that do not belong to J . A Strong
Nash equilibrium, therefore is a Nash equilibrium, but the converse is not generally true. Note moreover, that
even under the conditions that guarantee the existence of a Nash equilibrium, a Strong Nash equilibrium may not
exist. This equilibrium concept was introduced by Aumann [1959].
16For this result see, for example, Balasko [1988]. For extensive treatments of Di¤erential Topology and

Transversality theory, see also Milnor [1997].
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a generic production function, this occurs only if m � (m� ak) � (m� ai � aj +m) � 0, that
is if

P
l al � 2m =

P
l al � (n� 1)m � 0, which is the condition in Theorem 1. For example,

if m = 3, a1 = a2 = 2 and a3 = 1, then
P
l al = 5 < (n � 1)m = 6: and indeed Y12 \ Y3 would

be the intersection of two unidimensional lines �oating in R3, which (except at their origin y�)
do not generically intersect in a three-dimensional space. The larger the number of agents and

the lower the dimensionality ai agent i�s strategy space, the lower the dimensionality of the

intersection Y . When
Pn
i=1

ai
n�1 < m, the deviation sets do not generically intersect, and we

obtain the condition of Theorem 1.

As mentioned, one interpretation of the teams problem is that it is impossible to control the

e¤ort of n variables when only one variable (output) is observable. Theorem 1, however, shows

that we have a discontinuity in the e¢ ciency result, regardless of the number of agents and the

(generic) choice of the production function. From Holmström [1982], we know that when output

is one-dimensional, then e¢ ciency is impossible if there is more than one agent; on the contrary,

Theorem 1 proves that when output is at least two-dimensional, then e¢ ciency is generically

possible for any number of agents if strategies are real variables: indeed, when n > 2 and ai = 1

8 i, then the condition
Pn
i=1

ai
n�1 < m is always satis�ed for any m � 2. Theorem 1, however,

extends the example of the previous section not only with respect to the dimensionality of the

output space but also with respect to the strategy space.

In the next section we will prove that the su¢ cient condition for a generic production function

to sustain e¢ ciency in Nash equilibrium in Theorem 1 is actually necessary. Before exploring

the exact relationship between the dimensionality of the strategy space and e¢ ciency, however,

we now discuss two properties of the e¢ cient mechanism: its robustness to collusion; and the

conditions under which the production function uniquely supports e¢ ciency in equilibrium.

A Nash equilibrium guarantees that no agent �nds it optimal to unilaterally deviate from

the equilibrium strategy; but it does not guarantee that a subset of agents �nd it pro�table

to coordinate their actions and play a joint deviation. When agents can communicate, it is

indeed realistic to imagine that a subset of agents may form a coalition to maximize the joint

utilities of its members at the expenses of the remaining agents: it is therefore important to

make sure that the compensation mechanism does not leave incentives for these joint deviations.

There are two approaches to model collusion-proofness. On the one hand, we can imagine

that agents can write binding agreements among themselves and transfer monetary payments.17

This does not seem the appropriate approach in the present environment because if the agents

could observe each others e¤ort levels and write binding commitments, then they would also

be able to implement the e¢ cient outcome. The moral hazard in teams problems is precisely

the consequence of the inability to write such a rich compensation mechanism. Moreover, it is

di¢ cult to enforce secret (and "illegal") agreements among agents in front of a court, even if

these contracts are contingent only on observable output.

In the second approach to model collusion, agents cannot commit to side payments, and

17This is the approach adopted in the seminal work on collusion by Tirole [1992].
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only deviations that are incentive compatible are considered: given the behavior of the agents

not in the group, the joint deviation of the colluding agents must be a Nash equilibrium. This

property is guaranteed when the equilibrium is Coalition-Proof.18 Theorem 1 proves not only

that e¢ ciency is robust to collusion in this sense, but also that e¢ ciency can be implemented in

a more compelling sense, as a Strong Nash Equilibrium. In a Strong Equilibrium, the agents in

the deviating coalition cannot commit to monetary transfers among themselves, so side payments

are not allowed among the deviating agents; but contrary to a Coalition-Proof Equilibrium, in

a Strong Equilibrium the deviating agents can commit to a jointly optimal deviation pro�le.

The second important property of an e¢ cient mechanism is the uniqueness of the equilibrium

in the resulting game. The literature on the moral hazard in teams problem has focused

attention on the possibility of e¢ ciency. However, when e¢ ciency can be implemented by some

mechanism, it is important to avoid that the agents coordinate on a "bad" equilibrium with an

ine¢ cient outcome. Indeed, even if equilibria may be ranked in terms of aggregate surplus,

it is not necessarily true that the most e¢ cient equilibrium is also Pareto superior: given the

compensation mechanism, some agent may strictly be better o¤ in a less e¢ cient equilibrium.

In these cases, even if agents can communicate ex ante, we would not necessarily expect that

they would coordinate on the most e¢ cient equilibrium. The mechanism, however, may be

designed to avoid these problems.

For any two vectors x; y in Rai we say that x > y if xl � yl for all l = f1; ::; aig and there
is a k such that xk > yk. The budget function b(x) has strict increasing di¤erences if for

all agents i we have that b(xi; x�i) � b(x0i; x�i) > b(xi; x
0
�i) � b(x0i; x

0
�i) for all xi; x

0
i 2 Xi and

x�i; x0�i 2 X�i such that xi > x0i and x�i > x0�i (cf. Topkis [1998]). Increasing di¤erences

says that an increase in the e¤ort level of any agent j 6= i raises the desirability of exerting

a high level of e¤ort for agent i. This is therefore a natural assumption that captures the

complementarities that typically characterize team work. Under the most natural assumption

on the function b (�), when the budget is the monetary value of output b(x) = p1f1(x)+p1f1(x),

b(x) has increasing di¤erences if and only if the production function has increasing di¤erences;19

for a general function b(x) = b(f (x)), this property, however, depends both on f and b: For

a given b, let F id � F be the set of production functions such that b(f (x)) has increasing

di¤erences. We have:

Proposition 1 If
Pn
i=1

ai
n�1 < m, then the set of production functions that uniquely sustains

e¢ ciency in pure strategy Coalition-Proof Nash equilibrium is generic in F id.

Theorem 1 and Proposition 1 are complementary. Since a Strong Nash Equilibrium is also

a Coalition-Proof-equilibrium, in Theorem 1 we could also write "Coalition-Proof equilibrium";

similarly, if an equilibrium is unique in Coalition-Proof equilibrium, then a fortiori it must be
18See Bernheim, Peleg and Whinston [1986] for a formal de�nition. This approach to model collusion is also

used in Battaglini [2002].
19Note moreover that if b(x) is supermodular in x, then b(x) has increasing di¤erences. The reverse, however,

is not necessarily true.
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unique as a Strong Nash equilibrium, since the set of Strong Nash equilibria is included in the

set of Coalition-Proof equilibria.

The main reason why there may be multiplicity of equilibria are complementarities in pro-

duction functions; when these are very strong we always have a Nash equilibrium with low

e¤ort. In these cases, the ability to collude that is implicit in the de�nition of a Coalition-Proof

equilibrium is key to kill these equilibria, since it allows the agents to collectively deviate from

ine¢ cient outcomes. Consider the following very simple example where there exists no com-

pensation system that would guarantee that the resulting game has a unique Nash equilibrium,

but where the conditions of Proposition 1 are satis�ed, so we have uniqueness in Coalition-Proof

equilibrium:

Example 1 There are three agents. Assume that the production function is a Cobb-Douglass:
yl = x�l1 x

�l
2 x

�l
3 with l = 1; 2 and the cost functions of the agents are such that a positive level of

e¤ort is required from all of them at the optimum.

Clearly, in this case the e¤orts of agents 1 and 2 are complementary and
Tn
i=1 Yi = fy�g is

satis�ed for a generic choice of parameters �l, �l and �l: so, by Proposition 1, this production

function uniquely sustains e¢ ciency in Coalition-Proof pure strategy equilibrium. However, we

can easily verify that it does not uniquely sustain e¢ ciency in Nash equilibrium.20

The assumption of increasing di¤erences is not necessary and can be relaxed but, among the

su¢ cient conditions, it is the one that has the most straightforward intuition behind it. Indeed,

the requirement of increasing di¤erences of the production function is particularly natural in

this context: one of the reasons why agents form partnerships are precisely complementarities

in the production function. It is interesting to note that while increasing di¤erences with-

out Coalition-Proofness may be a source of multiplicity, increasing di¤erences together with

Coalition-Proofness induces the uniqueness result.

IV Dimensionality of the strategies and e¢ ciency

In this section, we complete the analysis on the role of the dimensionality of the action space,

proving that the condition in Theorem 1 is necessary to obtain generic e¢ ciency. To this goal,

it is useful to distinguish two cases: when
Pn
i=1

ai
n�1 > m, and when

Pn
i=1

ai
n�1 = m.

The following theorem extends Holmström�s impossibility result to the case of vector-valued

production functions, and shows that the dimensionality of the agents� strategy sets is essential

for generic e¢ ciency:

Theorem 2 If
Pn
i=1

ai
n�1 > m, then the set of production functions that does not weakly sustain

e¢ ciency in Nash Equilibrium is generic in F .

20 If x1 = 0 then the wage that agent 2 receives cannot depend on the level x2 since it depends only on output
and output does not depend on x2 when x1 = 0. But then also agent 2 will exert zero e¤ort. So for any wage
schedule, we have an equilibrium with x1 = x2 = x3 = 0.
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Figure 3: Fig 3.A represents the case in which
Pn
i=1

ai
n�1 > m. When, as in Fig 3.B,

Pn
i=1

ai
n�1 =

m and the intersection is a zero dimensional manifold, e¢ ciency is possible, but not generically.

The intuition of this result can be seen from Figure 3.A. Suppose that there are three agents

i, j, and k. As we have seen above, the intersection Yij = Yi \ Yj has generically dimensionality
ai + aj � m; and Y = Yij \ Yk is a manifold with dimensionality q =

Pn
i=1 ai � (n� 1)m

(where, in this case, n = 3). Therefore, when
Pn
i=1 ai > (n� 1)m, Y = Yij \ Yk is a manifold

with dimensionality q � 1. In Figure 3.A, for example, Yij and Yk are two-dimensional,

so Y is one-dimensional. When q � 1, the set of deviations that can be induced by any

agent in the production team (for example, y1 in Figure 3) is a manifold passing through y�:

a line, as in Figure 3.A, when
Pn
i=1 ai � (n� 1)m = 1; a higher dimensional surface whenPn

i=1 ai � (n� 1)m > 1. In particular, there is a subsets of ine¢ cient outcomes which can be

achieved by a unilateral deviation by i, which can also be achieved by a unilateral deviation by

any of the other agents �i. To guarantee incentives for e¢ cient production, we need to make

sure that none of the N n i agents �nds it pro�table to induce a point in this set. For this

reason, the payo¤ that all agents except i receive in case any of these points is realized must

be low enough. However, by budget balance, this implies a lower bound for the payo¤ of this

agent i: Theorem 2 proves that this bound is high enough to make the deviation pro�table for

this agent, independently from the compensation mechanism.

Although Theorem 2 extends Holmström�s theorem to the case with vector outputs, the fact

that we need a signi�cantly high lower-bound on the "average" dimensionality of the agents�

strategies considerably weakens the ine¢ ciency result (since, as proven above, when
Pn
i=1

ai
n�1 <

m e¢ ciency is generically feasible).

One last case needs to be studied to complete the analysis of the e¢ ciency possibility frontier

in the teams problem: when
Pn
i=1

ai
n�1 is exactly equal to m. In this case, e¢ ciency is possible,

but not generically possible. To see this, imagine a case in which all agents except agents i,

j and k have full dimensional strategy at the e¢ cient level x�. If Yi, Yj and Yk intersect at a
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point ey in a neighborhood of y�, then any agent could induce such deviation ey (see Figure 3.B).
If we perturb the production function, Yi, Yj and Yk would still generically intersect at a point

very near to ey. By continuity, if a deviation to ey is optimal,21 then a deviation to the new
intersection point after the perturbation would still be optimal.

In this case, however, we can extend the techniques developed by Legros and Matthews

[1993] for the unidimensional case to complete the analysis and pin down the necessary and

su¢ cient condition for this particular case too. Given f , for any y 2Yi de�ne:

'i(f ;y) = inf fci (xi) jf (xi;x�i) = y, xi 2 Xi g ;

and  (f ;y) = b (y)� b (y�)�
Pn
i=1 ['i(f ;y)� 'i(f ;y�)].

Theorem 3 If
Pn
i=1

ai
n�1 = m, then a production function f weakly sustains e¢ ciency in Nash

equilibrium if and only if  (f ;y) � 0 for any y 2 Y

When
Pn
i=1

ai
n�1 is exactly equal to m, therefore, the fact that output is vector-valued pro-

vides little advantage with respect to the unidimensional case characterized by Legros and

Matthews [1993]: and, in particular, it is no longer true that e¢ ciency can be sustained in

a generic set of production functions. In addition, as again in the corresponding result by

Legros and Matthews [1993], Theorem 3 does not guarantee that there exists a mechanism that

implements an e¢ cient outcome and, besides budget balance, satis�es limited liability.22 A

condition for this stronger result requires additional assumptions on the environment. A simple

su¢ cient condition is that the cost functions are not too heterogeneous.23

Despite these similarities with the unidimensional case, there is an important di¤erence. In a

unidimensional environment e¢ ciency is impossible because the necessary condition in Theorem

3 is never satis�ed with a C1(X) production function. In a multidimensional world, however,

we can �nd examples in which it is easily satis�ed, even if the intersection Y contains a y 6= y�.
To prove that the condition is never satis�ed in a unidimensional world, Legros and Matthews

[1993] �nd a y that violates it in the neighborhood of y�. In a unidimensional world with a

C1(X) production function, this can always be done without loss of generality. As it can be

seen from Figure 3.B, however, when output is multidimensional it is generically impossible to

�nd a ey in the intersection Y which is arbitrarily near y� (in a neighborhood of y� the function

is approximately linear, therefore the unilateral deviation sets Yis do not generically intersect).

When ey is not in the neighborhood of y�, then the condition of Theorem 3 may be satis�ed and

we may continue to be able to support an e¢ cient outcome.24

21 It is not di¢ cult to write examples in which the deviation sets Y ij \Y k intersect at a point that is arbitrarily
near y�. In this case, an argument similar to the proof of Proposition 3 can be used to prove that this point
would be a pro�table deviation for some agent in any compensation mechanism.
22Legros and Matthews [1993] do not require wages to be non negative. In their terminology, a production

function "sustains e¢ ciency" if, in our terminology, it "weakly sustains e¢ ciency."
23For example, this condition is always satis�ed when the agents have the same cost functions. It can also be

proven that even if limited liability is violated, the wages are never lower than a �nite lower bound.
24 It is easy to construct such examples if we assume that the cost functions ci(�) increase steeply as we move

away from xi.
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V Noise and communication

One assumption that is important for the previous analysis is that it is possible to predict the

equilibrium optimal e¤ort levels x�i s. Thanks to this assumption, we may condition on the event

in which only agent i is deviating and calculate the sets Yis. This assumption is made not only

in this work, but is typical in the literature on partnerships.

Consider, however, the following perturbation of the problem. Each agent takes an action

xi 2 R but the actual level of e¤ort which enters the production function is exi: a random
variable that with probability 1�" is equal to xi, and with probability " is distributed according
to a continuous distribution f(exi) with support [0; xi]. Assume that the perturbations are

independent across agents. The interpretation of this perturbation is straightforward: xi is, as

before, an agent i�s e¤ort; but now, some event may reduce the actual contribution; for example,

due to a �at tire, a worker arrives two hours late to work. In this case, regardless of how small

" is, if the number of agents is very large, the number of �deviators�(i.e., agents with xi < x�i ) is

arbitrarily large, even if the e¤ort levels of all agents are at �rst best. This situation is interesting

because it describes an environment in which, while the probability of under-performance for

a single agent may be low if e¤ort is high, the probability of many agents under-performing is

high in large partnerships even in equilibrium. This makes a considerable di¤erence from a

theoretical point of view. In the previous sections we exploited the dimensionality of output

and the �one deviation�condition to identify an agent who did not deviate. Now, even if the

perturbations are very small, because we have a large number of them, this identi�cation is lost:

so the environment is qualitatively di¤erent. This situation is problematic for the mechanism

designed in the previous section. For example, in the linear case of Section II, it is no longer

generically true that the set N n G(y1; y2) is empty: which is necessary in that mechanism to

satisfy budget balance. The purpose of this section is to show that the basic idea presented in

the previous sections may be exploited even in this situation with noise. For simplicity, in this

section we focus on the case with y 2 R2 and xi 2 R.
Before presenting the main result, we can observe that this model of noise is novel in this

literature. One alternative way to introduce noise is to assume that output is equal to the value

of the production function plus a perturbation �: ef(�) = f(�) + �, therefore noise is attached to

the technology. In our approach, instead, noise is attached to the e¤ort levels of the agents, not

to the technology, which still deterministically maps the realized e¤orts to the output level. It is

probably possible to argue that, in reality, every variable is subject to perturbation; but the real

question is which is the primary source of noise. The �rst approach assumes that agents can

perfectly control e¤ort, but technology is noisy. In the model presented above we assume that

the technology is predictable, at least in the short-term, but agents are subject to perturbations.

This seems a natural assumption, especially in partnerships with many members. Moreover,

as we aim to show, this type of noise structure, which is certainly relevant in partnerships,

can be essentially eliminated by the design of an appropriate communication and compensation
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system.25

To extend the mechanism studied in the previous section and study e¢ ciency, we make two

assumptions. The �rst is:

Assumption 5.1 (Minimal Observability) Each agent observes the realization of his own actual
contribution exi.

This seems natural: to remain in the example of the ��at tire�, partner i wakes up early in

the morning to be at work on time (e¤ort is e¢ cient); he has a �at tire and arrives two hours

late (realization); but he knows it. Theoretically this situation is in between the standard moral

hazard in teams problem and the environment studied by Miller [1997]. Miller, in fact, studies

a situation in which at least one agent can observe the e¤ort of another agent besides his own:26

in the present work, instead, we assume that each agent observes only his own contribution.27

Given minimal observability, we might consider a two stage mechanism where in the �rst

stage agents make a report on their realized contributions exi; and in the second stage, the mech-
anism allocates surplus on the basis of observable output and these declarations. The problem

is to design a mechanism that gives the agents�incentives to be truthful in the communication

stage. This is more di¢ cult in this environment because we need to respect budget balance: if

the declaration of agent i is used to determine the payo¤ of agent j, then we have to make sure

that the change in payo¤ in agent j due to the declaration of i will not a¤ect the payo¤ of agent

i. Since we have to do this for all agents and keep budget balance, the analysis is substantially

complicated. A su¢ cient condition for the construction of this mechanism to be possible is that

each agent i has a comparative advantage in the production of one good with respect to some

other agent j:

Assumption 5.2 (Single Crossing) For each agent i there is an agent D(i) such that:

@fl(x1:::xN )

@xi
=
@f�l(x1:::xN )

@xi
>
@fl(x1:::xN )

@xD(i)
=
@f�l(x1:::xN )

@xD(i)

for some l = 1; 2 and any point x1:::xN .28

25All the results presented below can be extended to the case in which we add noise also to the technology,
if this noise is small, as it is perhaps realistic to assume at least from a short term point of view: in this case,
the redistribution of surplus would not be contingent on a particular level of output but on a region of possible
output realizations. Clearly, incentives would be less accurate, a problem that is unavoidable by any mechanism;
but when noise is not too large, output would work as a precise enough signal for the mechanism. However, we
�nd the logic of such an extension less interesting and therefore we have omitted it. This type of argument is
also suggested by Strausz [1998] to justify his deterministic model.
26Miller, moreover, studies a partnership without noise.
27An alternative interpretation of the model with ef(�) = f(�) + � is that the technology is not noisy, but the

agents unconsciously commit mistakes in spite of their good intentions: and therefore they do not know the
realization exi. In this case, the di¤erence with our model is that agents are (even ex post) not aware of their
own mistakes.
28This inequality may not be de�ned if the production function is weakly increasing and the denominator of

one of the sides is zero. Note, however, that it could be easily generalized. Read in this case this assumption as:
if both the right hand side and the left hand side are bounded, then the inequality holds; if the right hand side
is unbounded, then the left hand side is bounded.
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From a graphical point of view, this condition implies that for any i, there is an agent j

such that if we �x the realized e¤ort of all other agents x�i;j , and a level of output y, the

resulting isoquants de�ned by fl (xi; xj ;x�i;j) = yl l = 1; 2 intersect at most once. In the

case of a linear production function, for example, these isoquants are two straight lines in the

xi; xj space with (negative) slopes that, except in the non-generic case in which they coincide,

intersect at most once: so that the condition is automatically satis�ed. In the general case,

this condition is su¢ cient but not necessary to have at most one intersection; however, it has a

simple and natural interpretation. The condition is naturally satis�ed if agent i a¤ects directly

one production function and, indirectly the other through externalities: any agent who a¤ects

directly the production function of the second output would have a comparative advantage in it

with respect to i. Note also that this condition is not very strong for an other reason: we are

not requiring that D(i) is unique, we may have cases where D(i) is a set of partners and cases

where i 6= j but D(i) = D(j).

We can now state the main result of this section. A measure of the pro�tability of the

partnership which is independent with the number of agents is the rate of return of �a dollar�

spent in e¤ort at the �rst best:

r =
Eb(x�)�

P
j2N cj(x

�
j )P

j2N cj(x
�
j )

;

where Eb(x�) is the expected revenue of the partnership at the �rst best level of e¤ort. We

have:

Proposition 2 Assume that minimal observability and single crossing hold. In this case, there
is a threshold r� (") such that if the return of the partnership is r � r� ("), then the the production

function sustains e¢ ciency in Nash equilibrium. The threshold r� (") is independent from the

number of agents N , and r� (")! 0 as "! 0.

This result shows that when the partnership is pro�table enough, e¢ ciency is possible despite

the budget balance and limited liability constraints; indeed if individual noise is small, e¢ ciency

is feasible in almost all partnerships, independently from the number of agents: independently of

the aggregate level of noise, the threshold level r� (") converges to zero as the noise " of a single

agent�s performance converges to zero. Since N is arbitrary, we can have any large number of

deviations with probability close to one even if " is small: but for e¢ ciency, only the level of

individual noise is relevant. This happens because with the communication stage we can isolate

individual incentives from aggregate noise. We describe the idea of the mechanism here (details

may be found in the Appendix).

First, we associate each agent with his companion D(i) and form a set fi;D(i)g: We may
therefore construct a family of sets S = ffi;D(i)g; fj;D(j)g; fk;D(k)g:::g such that each agent
is at least in one of them. The mechanism assigns to each of these sets an ex ante �xed

share of the surplus that is produced by the partnership: this share will be independent of the

declarations and the realized output. We then have two stages.
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The �rst stage takes place after output is produced: each agent i is asked to report the

realized level of his own contribution exi. The declaration of i (denote it di) will be used to

allocate the �xed share of surplus among the members of each group s 2 S in which i is not a
member. Since the share associated to each group is �xed and i does not belong to any group

in which his declaration is in�uential, agent i has no incentives to report untruthfully.

Given this, the wage may be contingent on a richer set of signals: y1; y2 and the (endogenous)

dis. For any i; j such that fi; jg 2 S we may consider the system:

y1 = f1(d1; :::; di�1;xi; di+1;::; dD(i)�1;; xD(i); dD(i)+1::dn) (4)

y2 = f2(d1; :::; di�1;xi; di�1;::; dD(i)�1;; xD(i); dD(i)+1::dn)

The single crossing assumption guarantees that this system has a unique solution which

depends on the declaration of the agents other than i and j (that is: d�fi;jg). Given the ob-

servable y1; y2, in fact, each equation in (4) de�nes the isoquants obtainable through a deviation

by agent i or j, given that the realized e¤ort levels of all the remaining agents are equal to their

declarations. The single crossing assumption is a condition on their relative slope which makes

sure that the isoquants cross only once and therefore that there is a unique pair xi; xj that may

generate y1; y2. If, given the declarations of agents �ij, it turns out that agent i has deviated
and agent j has not, then we allocate all of the surplus to agent j. Since the mechanism can

use the true realizations of the e¤ort levels of the agents that are not in the group, i and j do

not face the risk to be punished because of the noise in the performance of others: this is the

reason why the result holds for any N and for any degree of aggregate uncertainty. Moreover,

because there is no spillover of surplus from the group in favor of the agents outside the group,

incentives for truthful revelation in the communication stage are preserved.

Despite the fact that the agents have an obvious con�ict of interest in the redistribution of

the surplus, the mechanism is successful in neutralizing the con�icts that naturally arise in these

situations, but it provides weak incentives to reveal the truth in the communication stage. If the

agents are indi¤erent, there might be exogenous reasons for an agent to sabotage the mechanism

(he might be jealous of other agents� performance, for example): the mechanism takes care of

the incentives that are endogenous in the model. These considerations on exogenous motives,

however, would be true even if there were strict incentives, since the exogenous motives might

be stronger than the incentives: so the only issue is the multiplicity of equilibria (which would

exist even if the equilibria were strict). On the other hand, there might be many reasons to

expect that if agents do not have direct (endogenous) incentives to sabotage the mechanism,

they would not do it: they might be evaluated on the basis of the success of the partnership,

there might be a probability of repetition of the game, or there might be a positive probability

of an inspection that reveals the true realizations.

On the other hand, the mechanism of this section has some other valuable characteristics.

First, it guarantees that one can identify agents who have not deviated; but, in particular,

it enables one to isolate the risk faced by each agent from the aggregate uncertainty of the
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partnership. In addition, the mechanism is independent from the order in which agents report

in the communication stage. This seems to be a particularly interesting property. It would

not be realistic to imagine that in a large partnership all of the partners would be able to report

simultaneously, and that no information on the reports of other agents is observed.

VI Conclusions

In this paper we have presented a generalization of the moral hazard in teams problem introduced

by Holmström [1982] to study the case when there are multiple outputs. We have characterized

the necessary and su¢ cient condition for the existence of an e¢ cient equilibrium and shown

that it is easily satis�ed in natural environments. For example, if n > 2 agents control an

e¤ort level variable xi 2 R, and output is in Rm with m > 1, then for any (possibly arbitrarily

large) number of agents and a generic production function, there is a wage schedule that satis�es

budget balance, limited liability and such that the resulting game played by the agents has an

e¢ cient equilibrium. This result runs against the common interpretation of the standard moral

hazard in teams problem: i.e., that the principal wants to control too many variables (n > 1)

with only one instrument, observable output y. Indeed, if this were true, the intuition would

generalize to the case when the number of variables is larger (especially if arbitrarily larger) than

the instruments. What really matters is not the number of variables that the principal desires to

control (i.e., the number of xis) but the relationship between the aggregate dimensionality of the

instrument and the dimensionality of these variables. E¢ ciency is not generically possible when

the "average" dimensionality of the agents�strategies
Pn
i=1

ai
n�1 is larger than the dimensionality

of output; but when
Pn
i=1

ai
n�1 < m, then e¢ ciency can be achieved for a generic production

function.
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Appendix

A. Proof of Theorem 1

The result is proven by the following lemmata.

Lemma 1 If b(x) has strict increasing di¤erences, then there exists a sequence f�igni=1 such
that �i 2 (0; 1),

P
i �i = 1 and 8i

�i[b(x
�
1; ::;x

�
n)�

X
j

cj(x
�
i )] > maxxi

[b(0;0; ::;xi; ::;0)� ci(xi)]: (A.1)

Proof. De�ne

�i =
maxxi [b(xi;x�i = 0)� ci(xi)]
[b(x�1; :::x

�
n)�

P
j cj(x

�
j )]

+
1

N
[1�

P
j maxxj [b(xj ;x�j = 0)� cj(xj)]
[b(x�1; :::x

�
n)�

P
j cj(x

�
j )]

:

Clearly, we have that
P
i �i = 1: Let us de�ne �(x1; :::xn) = b(x1; :::xn)�

P
j cj(xj). It can be

veri�ed if b(x) has strict increasing di¤erences, then �(xi;x�i) has strict increasing di¤erences

in xi;x�i 8i as well; and clearly �(0; :::0) = 0. Working inductively on the number of agents,

we can prove that
P
j �(exj ;x�j = 0) < �(ex1; :::exn) is true for any vector ex > 0 (for future

reference we call this inequality A.2). Assume now, by contradiction, that
P
j maxx[b(xj ;x�j =

0)� cj(xj)] � [b(x�1; :::x�n)�
P
j cj(x

�
j )] then by inequality (A.2):

[b(x��1 ; :::;x
��
n )�

X
j

cj(x
��
j )] > [b(x

�
1; :::x

�
n)�

X
j

cj(x
�
j )]; (A.3)

where x��i 2 argmaxxi [b(xi;x�i = 0)� ci(xi)]; but (A.3) is in contradiction with the de�nition

of fx�i gni=1: Therefore,
P
j maxxj [b(xj ;x�j = 0)� cj(x�j )] < [b(x�1; :::x�n)�

P
j cj(x

�
j )]: It follows

that 1 > �i >
maxxi [b(xi;x�i=0)�ci(xi)]
[b(x�1;:::x

�
n)�

P
j cj(x

�
i )]

� 0 for any i, and (A.1) holds for any i 2 N .

Let Y =
Tn
i=1 Yi. We now show that if Y = fy�g, then we can �nd a mechanism with the

properties described in Theorem 1.

Lemma 2 If Y = fy�g, then e¢ ciency is feasible in Strong Nash Equilibrium.

Proof. De�ne a function � :Rm ! N(y) that maps from output to one agent in the set

N(y) =

�
N nG(y) if non empty

N else
(A.2)

where G(y) is the set of suspected agents: fi jy 2 Yi g. De�ne:

wi(y) =

8<:
b(y) y 6= y� and i = �(y)
0 y 6= y� and i 6= �(y)ewi(y) else

where ewi(y) = ci(x
�
i ) + ��i [b(x

�
1; :::x

�
n) �

P
j cj(x

�
j )] and �

�
i is such that

P
i �

�
i = 1, �

�
i � 0 for

any i, and, if b(x) has strict increasing di¤erences, it satis�es the conditions of Lemma 1. We
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now show that the mechanism satis�es budget balance and such that the resulting game has

an e¢ cient Strong Nash-equilibrium (SN). By de�nition, we have
P
i2N wi(y) � b(y) 8y, so

budget balance is satis�ed. Since y(x) � 0 (and therefore b(x) � 0 as well), it follows that

wi(y) � 0 8i and 8y: and therefore limited liability is also satis�ed. Consider now a unilateral
deviation by agent j. Since Y = fy�g, we know that N n G(y) 6= ;; moreover j =2 N n G(y)
implies that j 6= �(y), and wj(f(xj ;x��j)) = 0. Since x� 2 argmax b(f(x)) �

P
i2N ci(xi) and

xi = 0 is feasible for each i 2 N; it must be that b(f(x�)) �
P
i2N ci(x

�
i ) � 0: For any bxi,

therefore:

wj(f(x
�
j ;x

�
�j))� cj(x�j ) = ��i [b(y

�)�
X
i2N

ci(x
�
i )]

� 0 � wj(f(bxj ;x��j))� cj(bxj):
Therefore agent j has no unilateral incentive to deviate. To see that in any coalition J � N

with at least 2 agents there is (at least) one agent that would veto a deviation note that for any

y 6= y� any agent i 2 J n �(y) receives zero and so would veto; therefore the e¢ cient level of
e¤ort is a Strong Nash equilibrium.

We now show that when
Pn
i=1

ai
n�1 < m, then the set of production functions such that

Y = fy�g is generic in F . Let F be the set of C1(X) production functions that maps X =Qn
i=1Xi into Rm. For any f 2C1(X), de�ne Y fi =

�
y 2 Rm

��9xi 2 Xi s.t. y = f(xi;x��i (f))	,
where x��i (f) is the e¢ cient level of e¤ort for all agents except i when the production func-

tion if f ; and similarly we de�ne x�il (f) to be the lth component e¢ cient level of e¤ort vec-

tor x�i (f) of agent i when the production function if f (in both cases, the cost functions

fci (xi)gni=1 are constant, and we only consider changes in f). We denote Y f =
Tn
i=1 Y

f
i .

Let F� :=
�
f 2 F

��Y f = ff(x�(f))g
	
be the subset of production functions that satisfy the de-

sired property. In the following, as in the main text above, when the function f is unambiguous

we omit it from these expressions. For future reference, given a function g(x;y) of variables

x;y, the Jacobian of g(x;y) is denoted Jg(x;y); the partial Jacobian with respect the subset

of variables x (respectively y) is denoted Jxg(x;y) (respectively Jyg(x;y)).

Lemma 3 If
Pn
i=1

ai
n�1 < m, then the set F� generic in F .

Proof. For any f 2 F and bx 2 Rm, de�ne the linear function Lbx [f(x)] = f(bx) + Jf(bx) �
(x� bx). Let D =nf 2 F� ���Y Lbx(f)[f(x)] = ff(x�(f))g

o
: This is the set of functions f such that

the hyperplanes tangent to the deviations sets Y fi at the e¢ cient output level have only one

point of intersection (the e¢ cient level). To prove that F� is generic in F we only need to prove
that D is open and dense in F . We �rst prove that D is dense in F . It su¢ ces to prove that for
any f 2 F , we can always �nd a f 0 2 D which is arbitrarily close to it. Consider an arbitrary

production function f 2 F . Let
��
�ji

�m
j=1

�n
i=1

a collection of vectors �ji in Rai indexed by i

and j. For any agent i we can stack these vectors and generate a m� ai vector �i in which the
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�rst ai components are equal to �1i , the second ai components are �
2
i , etc.; we can then stack

the vectors associated with the agents and de�ne a m�
Pn
i=1 ai vector 
 =

�
�1; ::: ;�n

�T
.

De�ne a function f � : X�
! Rm:

f �(x;
) =

8<: f1(x1; :::;xn) � �
2

Pn
i=1

Pai
l=1

�
�1il
�2
(xil � x�il)

2

:::

fm(x1; :::;xn)� �
2

Pn
i=1

Pai
l=1 (�

m
il )

2 (xil � x�il)
2
; (A.4)

where x�il, xil and �
j
il are the lth component of, respectively, vectors x

�
i , xi and �

j
i , and � > 0

is a scalar. The new function (A.4) is identical to f at the e¢ cient level of e¤ort x�; the new

addends, however, perturb the set of outcomes that can be achieved in a unilateral deviation:

the parameters in 
 control the "shape" of the deviation; and � controls its "size." When we

keep the parameters in 
 constant, f �(x;
) is denoted f �
(x). The Jacobian of f �(x;
) with

respect to �i, therefore, is the m� (m � ai) matrix:

J�if
�(x;
) = �

2664
�1i1si1 :: �1iaisiai 0 :: 0 :: 0 :: 0
0 :: 0 �2i1si1 :: �2iaisiai :: 0 :: 0
:: :: :: :: :: :: :: :: :: ::
0 :: 0 0 :: 0 :: �mi1si1 :: �miaisi2

3775 ;
where sil = (xil � x�il)

2. The vectors �ji are chosen to be generic (and so with no zeros) therefore,

since ai � 1, J�if
�(x;
) has rank equal to m. For any agent i, de�ne f �i (xi;
) = f

�(xi;x
�
�i;
).

Consider now a neighborhood Brx� centered at x
� (with radius r) and de�ne the set Cr = XnBrx� .

By the Inverse Function Theorem (Milnor [1997, §1]) we have that, for a generic 
, f �i maps

each neighborhood of xi in Cr die¤omorphically onto a subset in Y
f �

i , implying that Y

f �

i is a ai-

dimensional manifold.29 Let us de�ne Y f
�
=
Tn
l=1 Y

f �

l . We now show that Y
f � must be empty.

Let us de�ne the functions '1 = f
�
1 � f �2, '2 = f �1 � f �3, and so on up to 'n�1 = f �1 � f �n; and the

system 	(x;
) = 0, where 	 : X �
! Rm�(n�1) described by the m� (n� 1) column vector�
'1(x;
); '2(x;
); ::: 'n�1(x;
)

�T
. The set of x 2 Cr that maps into the intersection

Y f
�
is characterized by the system 	(x;
) = 0.

Consider the Jacobian of 	(x;
) with respect to 
:

J
	(x;
) =

2664
J�1f

�
1 �J�2f

�
2 0 ::: 0

J�1f
�
1 0 �J�3f

�
3 ::: 0

::: ::: ::: ::: :::
J�1f

�
1 0 0 ::: �J�nf

�
n

3775 :
Since the J�j f

�
j 8j = 1::n� 1 are generic, J
	(x;
) has rank equal to the number of equations,

(n� 1)m. The Transversality Theorem (cf. Mas-Colell [1985, §8]) implies that for any x 2 Y f �

and a given generic 
, Jx	(x;
) has rank (n � 1)m as well: this, however, is impossible since

Jx	(x;
) has only
Pn
l=1 al columns. From this contradiction, we conclude that the intersection

29A map f : X ! Y is called a di¤eomorphism if f carries X homeomorphically onto Y and if both f and f�1

are smooth. A map f : X ! Y is a homeomorphism if is a one to one mapping from X onto Y , and f and f�1

are continuous.
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Y f
�

 is empty in X nBrx� . Since the radius of Brx� can be chosen to be arbitrarily small, it follows

that for a generic 
, Y f
�

 contains only the e¢ cient level y�. The same (identical) argument

can be applied to the linear function Lx� [f �
(x)] to prove that Y
Lx�(f)[f �
]
n = fy�g. We conclude,

therefore, that f �
(x) 2 D for any � and generic 
. Since X is compact, we can verify that for

any x 2 X, kf �
(x)� f (x)k ! 0 as � ! 0: therefore for any f 2 F and � > 0, there is a is a

f �
 2 D such that kf � f �
k < �.

We now prove that D is open. Assume that f 2 D, we want to show that any function

in a (small enough) neighborhood of f is also in D. Consider an open Neighborhood Bx�

centered at x�. Its complement BCx� = X n Bx� is compact. Consider an agent i. For any

point x in BCx� \ Y fi , we can �nd an "x > 0 and a hyperplane Y fj (correspondent to the set of

outcomes that can be induced by some agent j 6= i with a unilateral deviation) such that the

distance between this point and the hyperplane is at least "x (if this were not true, then f =2 D,
a contradiction). De�ne " as the minimal "x in BCx� : since this set is compact, " > 0. For any

sequence of functions fn which converges to f in the Whitney C1 topology, both fn and Jxfn

converge uniformly to, respectively, f and Jxf in


C0 (X) ; k�k

�
(the space of continuous function

de�ned over X with the euclidean norm k�k). For any ", therefore, there must be a n1 such

that kf � fnk < "
2 for any n > n1, implying Y f

n
to be empty in BCx� for any n > n1. We can

make the radius of the neighborhood Bx� as small as we want, so, without loss of generality, f

can be assumed to be linear in the set Bx� (and in its closure Bx�), with coe¢ cients given by

Jxf . Since f 2D, there is no point in Bx� which belongs to all (linear) hyperplanes Y
Lx�(f)[f ]
i .

As fn ! f , the Jacobian of fn also converges uniformly to the Jacobian of f in


C0 (X) ; k�k

�
,

implying that there is a n2 > 0 such that for n > n2 the same property must be true for fn as

well. Since BCx� [ Bx� = X, for any sequence of functions fn converging to f in the Whitney

C1 topology, there must be a n > max fn1; n2g such that fn2D for n > n.

B. Proof of Proposition 1

Consider the same mechanism constructed in Lemma 2. Assume that there is a pure strategies

Nash equilibrium fexigni=1 such that yi(fexigni=1) 6= y�i . Since all surplus is going to agent

�(y) it must be that exi = 0 for i 6= �(y): The pay o¤ of �(y) is not larger then b(0;0; ::x�(y) =ex�(y);0::)�c�(y)(ex�(y)). This is not larger thanmaxx[b(0;0; ::x� = x;0::)�c�(y)(x)] and therefore,
given A.1, is strictly smaller than ���(y)[b(x

�
1; :::x

�
n)�

P
j cj(x

�
i )]. So the pro�le fexigni=1 can not

be a CP-equilibrium since the outcome is dominated by the outcome of the equilibrium pro�le

fx�i g
n
i=1. The result, then, follows from Lemma 3 and the fact that, since b(�) is continuous,

D \ F id is generic in F id. �

C. Proof of Theorem 2

Consider a neighborhood Bx� centered at x�, an its image By� projected by f . From the Inverse

Function Theorem (cf. Milnor [1997, §1], and Lemma 3 above), the sets Yis are transversal

manifolds with dimensionality ai on By� . From Balasko [1988, § Math. 1.9], Y = \nj=1Yj is
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generically a manifold with dimensionality q =
Pn
i=1 ai�(n� 1)m. Since we assume

Pn
i=1 ai >

(n� 1)m, Y is generically (at least) a one-dimensional manifold on By� passing through y�. For
any i there exists a collection of functions fgj : Xi ! Xjgj2Nni such that f(x��ij ;gj(xi);x�i ) �
f(x��ij ;x

�
j ;xi) = 0 for any agent j 2 N n i at any xi in Bx� \ f�1i (Y ), where f�1i (Y ) is the

set of unilateral deviations of agent i that induces an outcome in Y . Indeed, let us de�ne

fj(xj) = fj(xj ;x
�
�j) the function that maps Bx� \ f�1j (Y ) di¤eomorphically onto Y :30 we have

that gj(xi) = f�1j � fi (xi), where f�1j is the inverse of fj , which is obviously well de�ned and

di¤erentiable since fj is a di¤eomorphism (this also follows from the Inverse Function Theorem).

By convention, we can also de�ne gi(xi) = xi. Therefore any agent j can imitate the output

induced by a deviation of i, at least if the deviation is small. (See, for example, point by in
Figure 3.A that represents an example in which m = 3, aj = ak = 2 and ai = 3). Moreover, by

a standard application of the chain rule (cf. Milnor (1997, §1), the Jacobian of gj is given by

Jxigj(xi) = Jxj f
�1
j (xj) �Jxifi(xi), where Jxifi(xi) (respectively Jxj f�1j (xj)) is the Jacobian of fi

with respect to xi (respectively, f�1j with respect to xj) calculated at xi (resp. xj). Because Y

is at least one-dimensional, f�1i (Y ) is also at least one-dimensional, and we can �nd a sequence

xki such that f(x
k
i ;x

�
�i) 2 Y and xki ! x�i . We can de�ne the ai-dimensional column vector

dki =
� ���x�1 � xki;1��� ; ::: ;

���x�ai � xki;ai��� �T , with norm dki . By the incentive compatibility

condition of agent j, we have that for any xi in Bx� :

wj (f (x
�))� cj

�
x�j
�
� wj

�
f
�
x��j ;gj(x

k
i )
��
� cj

�
gj(x

k
i )
�

= wj

�
f
�
x��i;x

k
i

��
� cj

�
gj(x

k
i )
�
;

where the equality follows by the de�nition of gj . Summing up over j 2 N n i and using the
budget balance condition we have a lower bound on the pro�tability of a deviation by i:h

wi

�
f
�
x��i;x

k
i

��
� ci

�
xki )
�i
� [wi (f (x�))� ci (x�i )]

�
nX
j=1

h
cj
�
x�j
�
� cj

�
gj(x

k
i )
�i
�
h
b (f (x�))� b

�
f
�
x��i;x

k
i

��i
: (C.3)

The right hand side can be written as
Pn
j=1 Jxjcj(x

�) � Jxigj(xi) � dki � Jy � b(y�)Jxif(x�) � dki +

o
dki , where okdki kkdki k

! 0 as k !1. Since fx�i gni=1 is e¢ cient, however, the �rst order necessary
condition implies Jxjcj(x

�) = Jyb(y
�) � Jxj f(x�). Therefore, using the formula for Jxigj(xi)

derived above, we have:

nX
j=1

Jyb(y
�) � Jxj f(x�) � Jxj f�1(x�) � Jxif(x�) � dki (C.4)

�Jyb(y�) � Jxif(x�) � dki
= (n� 1) Jxici(x�) � dki > 0: (C.5)

30See footnote 32 for the de�nition of a di¤eomorphism.
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From (C.3) and (C.4) it follows that there is a k such that for k > k, wi
�
f
�
x��i;x

k
i )
��
�ci

�
xki
�
>

wi (f (fx�i gni=1)) � ci (x
�
i ). We conclude that, for any wage schedule, the e¢ cient level of e¤ort

would not be optimal for agent i. �

D. Proof of Theorem 3

This result follows, with minor variations, from the argument in Theorem 1 of Legros and

Matthews [1993]. �

E. Proof of Proposition 2

As discussed in Section V, for each agent i we may associate the agent D(i) and construct a set

fi;D(i)g: We may therefore construct a collection of sets S = (fi;D(i)g; fj;D(j)g; fk;D(k)g:::)
such that [s2Ss = N . For each i de�ne ni as the number of sets s 2 S such that i 2 s: Assume
that the partnership has return r, as de�ned in Section V. Let us de�ne b�i = (1+r)ci(x

�
i )

Eb(yjxi=x�i 8i )
for

any i 2 N ; it can be veri�ed that b�i � 0 and Pi2N b�i = 1. To each group s = fi; jg 2 S we
associate a share of revenues !i;j = [ b�ini + b�j

nj
]b(y1; y2). The share associated to each subset (i.e.,b�i

ni
+
b�j
nj
) is �xed and not contingent on y; moreover,

P
fi;jg2S !i;j = b(y1; y2). Consider now the

following mechanism. After e¤ort is chosen and the exis are realized, each agent reports his actual
contribution exi: This declaration is denoted di because agents may lie. Given Assumption

5.2, the system of equations (4) has at most a unique solution which clearly depends on the

declaration of the agents other than i and j:31 call it bxi(d�fi;jg); bxj(d�fi;jg). So we may identify
which of the two agents has deviated and punish him accordingly. For each s = fi; jg 2 S,

therefore, the wage schedule is de�ned as:

wii;j(y; d�fi;jg) =

8><>:
0 bxi(d�fi;jg) 6= x�i and bxj(d�fi;jg) = x�j
[ b�ini + b�j

nj
]b(y1; y2) bxi(d�fi;jg) = x�i and bxj(d�fi;jg) 6= x�jb�i

ni
b(y1; y2) else

:

Since wii;j(y; d�fi;jg) � 0 for any agent i and any possible y, limited liability is satis�ed. For

any declarations and output and for any realization fexigni=1, moreover,Pi2N
P
fsiji2si, si2S gw

i
si

is equal to b(y1; y2), so the mechanism satis�es budget balance too. We now verify that the

game induced by this mechanism has an e¢ cient Nash equilibrium. A deviation in the �rst

step does not yield a strict improvement for any agent; in fact, the wage received by each agent

i 2 N is equal to
P
fsiji2si, si2S gw

i
si : since di does not enter in (4), w

i
sis are independent on di

and so it is the sum of them. Consider now a unilateral deviation in e¤ort by agent i. Since the

perturbations are independently distributed, conditional on the realization of agent�s i e¤ort,

for any si such that i 2 si and si 2 S the wages wisi depend only on the realization of e¤ort of
31Out of equilibrium, the system may have no solution since agents may lie in Stage 1. In equilibrium, however,

there is always a solution.
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the other agent j in si. If agent i exert the e¢ cient level of e¤ort the expected wage is

Ewisi(x
�) = (1� ")2 b�i

ni
E[b(y1; y2) jexi = x�i 8i ]

+ (1� ") "
�b�i
ni
+
b�j
nj

�
E[b(y1; y2)

��exi = x�i ; exj < x�j ]

+"2
b�i
ni
E[b(y1; y2)

��exi < x�i ; exj < x�j ]:

If i deviates and chooses bxi 6= x�i , he receives no more than:

Ewisi(bxi; x��i) = (1� ") "b�i
ni
E[b(y1; y2)

��exi = bxi; exj < x�j ]

+"2
b�i
ni
E[b(y1; y2)

��exi < bxi; exj < x�j ]

< (1� ") "
�b�i
ni
+
b�j
nj

�
E[b(y1; y2)

��exi = x�i ; exj < x�j ]

+"2
b�i
ni
E[b(y1; y2)

��exi = x�i ; exj < x�j ]:

Summing over all the sets si to which i belongs, the net bene�t of a deviation, therefore, is not

larger than:

Ew(bxi; x��i)� ci(bxi)� Ew(x�) + ci(x�i ) < "2b�i
8<: E[b(y1; y2)

���exi = x�i ; exj < x�j ]

�E[b(y1; y2)
���exi < x�i ; exj < x�j ]

9=;
� (1� ")2 b�iE[b(y1; y2) jexi = x�i 8i ] + ci(x�i )

< (2"� 1) b�iE[b(y1; y2) jexi = x�i 8i ] + ci(x�i )
= [(2"� 1) (1 + r) + 1] ci(x�i ):

A deviation, therefore, is never pro�table if (1� 2") (1 + r) � 1, i.e. if r � r� (") = 2"
1�2" .

Clearly r� (") is independent of N and r� (")! 0 as "! 0. �
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