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1 Introduction

It is well documented that the standard consumption-based asset pricing model (constant
relative risk aversion, representative investor) has serious problems with matching the
high risk premia on equity.1 This paper takes a look at a related, but less studied, is-
sue: can the consumption-based model explain the cross-sectional dispersion of Sharpe
ratios—when we are agnostic about how to measure consumption volatility and the risk
aversion?2 That is, if we treat consumption volatility and risk aversion as free param-
eters, can C-CAPM then explain the dispersion of Sharpe ratios among different equity
and bond portfolios?

There are good reasons to be uncertain about the relevant measure of consumption
volatility and risk aversion. For instance, several recent extensions of the basic consumption-
based model have argued that we should consider adding idiosyncratic risk (Mankiw
(1986) and Constantinides and Duffie (1996)), recalibrate the risk aversion (Epstein and
Zin (1989)) or assume habit persistence (Campbell and Cochrane (1999)).

Fortunately, we can test important implications of the consumption-based model quite
independently of these issues. A basic feature of the model is that, in a cross-section, the
Sharpe ratio is linearly related to the correlation of the return with aggregate consumption
growth. This holds even if there is idiosyncratic risk and/or habit persistence: in all cases
the slope of the relation should be positive (more so if consumption volatility and risk
aversion are high) and the fit of the regression should be good (perfect if it wasn’t for
sampling uncertainty). The C-CAPM (with or without extensions) can thus be rejected if
the slope is negative and the fit poor.

The outline of the rest of the paper is as follows: Section 2 derives the relation between
the Sharpe ratio and correlation in the basic model and several extensions; Section 3
presents the results for 40 US portfolios and 10 international portfolios; and Section 4
concludes.

2 C-CAPM and the Cross-Section Sharpe Ratios

This section derives a simple relation between the an asset’s Sharpe ratio and correlation
with the consumption growth. This relation is later studied on some 50 US and interna-

1See, for instance, Campbell (2001) and Cochrane (2001) for overviews.
2For an early paper on a similar topic, see Breeden, Gibbons, and Litzenberger (1989).
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tional portfolios.
The basic asset pricing equation says

E(Zi t Mt) = 0, (1)

where Zi t is the excess return of holding asset i from period t − 1 to t , Mt is a stochastic
discount factor, and E denotes the expectations (possibly conditional on some information
set). To simplify the analysis, assume that the excess return, Zi t , and the log stochastic
discount factor (SDF), ln Mt , have a bivariate normal distribution. Use Stein’s lemma (see
Appendix B) and rearrange (1) to express the Sharpe ratio, S Ri = E(Zi t)/σ (Zi t), as

S Ri = −ρ(Zi t , ln Mt)× σ(ln Mt), (2)

where ρ(Zi t , ln Mt) is the correlation of the excess return and the log SDF, and σ(Zi t)

and σ(ln Mt) are the standard deviations of the excess return and log SDF respectively. If
the expectation in (1) is conditional, so are the moments in (2).

We can relax the assumption that the excess return is normally distributed: (2) holds
also if Zi t and ln Mt has a bivariate mixture normal distribution—provided ln Mt has the
same mean and variance in all the mixture components (see Appendix B). This restricts
ln Mt to have a normal distribution, but allows Zi t to have a distribution with fat tails and
skewness.

2.1 The Standard CRRA Model

With constant relative risk aversion (CRRA), the SDF has the form Mt = β(Ct/Ct−1)
−γ ,

where γ is the risk aversion parameter and Ct is the consumption level. The log SDF is
therefore

ln Mt = lnβ − γ1ct , (3)

where 1ct is the growth rate of consumption, that is, 1ct = ln(Ct/Ct−1). If we assume
that that Zi t and1ct have a bivariate normal distribution (or a mixture normal as discussed
above), then we can plug (3) into (2) to get

S Ri = ρ(Zi t ,1ct)× σ(1ct)γ. (4)

Most studies of the consumption-based asset pricing model have focused on the prob-

3



lem of reconciling the low volatility of consumption growth, σ(1ct), with the high excess
return of an aggregate equity portfolios (this is the equity premium puzzle of Mehra and
Prescott (1985)). This problem clearly becomes worse if the correlation, ρ(Zi t ,1ct), of
the excess return and consumption growth is low (the correlation puzzle discussed by,
among others, Cochrane (2001)).

This paper is instead about a broader cross-section of assets—and about the case when
we are uncertain about how to measure the volatility of consumption growth and the risk
aversion parameter. Here, the cross-sectional implication of (4) are studied by estimating
the linear cross-sectional regression equation

S Ri = a + bρ(Zi t ,1ct)+ vi . (5)

According to the model (4) the slope coefficient (b) should be positive (since σ(1ct)γ is)
and the coefficient of determination R2 high (unity, except for sampling variability). In a
sense, this regression is similar to the traditional cross-sectional regressions of returns on
factors with unknown factor risk premia (see, for instance, Campbell, Lo, and MacKinlay
(1997)).

The advantage of this formulation is that it does not require any data on either risk
aversion or consumption volatility—which will turn out to be especially convenient when
we allow for habit persistence and idiosyncratic risk (see below).

The analysis has so far focused on unconditional moments. However, asset pricing
theory is mostly about conditional moments. For instance, an investor’s first order con-
dition for optimal saving/consumption gives the basic asset pricing equation (1)—but
where the expectation is conditional on the information set at the time of optimization,
Et−1(Zi t Mt) = 0.

Assuming that the conditional distribution of the excess return and the log SDF is
bivariate normal (or a mixture normal as discussed above) gives the same kind of expres-
sion as before for the Sharpe ratio (4), except that all moments are now conditional (and
therefore carry time subscripts)

S Rt−1i = ρt−1(Zi t ,1ct)× σt−1(1ct)γ, (6)

where S Rt−1i = Et−1(Zi t)/σt−1(Zi t). This means that there is still a linear relation
between the Sharpe ratio and the correlation—within a period. The slope can change
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between periods (if σt−1(1ct)γ does). To test the conditional model we therefore have
to run a cross-sectional regression like (5) for each period separately (using conditional
Sharpe ratios and correlations).

The next few sections show that recent refinements of the consumption-based models
(habit persistence, Epstein-Zin utility, idiosyncratic risk) typically give something similar
to (4) or (6), except that the consumption growth volatility and risk aversion parameter
have to be reinterpreted. However, the correlation is typically unchanged, so (5) (uncon-
ditional or conditional) is still a valid approach to study the cross-sectional implications.3

2.2 High Risk Aversion 1: Habit Persistence

The habit persistence model of Campbell and Cochrane (1999) has a CRRA utility func-
tion, but the argument is the difference between consumption and a habit level, Ct −X t , in-
stead of just consumption. The habit is parameterized in terms of the “surplus ratio” St =

(Ct −X t)/Ct , which measures how much aggregate consumption exceeds the habit. Since
this ratio is external to the investor, marginal utility becomes (Ct − X t)

−γ
= (Ct St)

−γ .
The log SDF is therefore

ln Mt = lnβ − γ (1st +1ct), (7)

where st is the log surplus ratio. The process for st is assumed to be a non-linear AR(1)
(constant suppressed)

st = φst−1 + λ(st−1)1ct , (8)

where λ(st−1) ≥ 0 is a decreasing function of st−1.
Using these equations in the conditional version of (2) gives (see Appendix B)

S Rt−1i = ρt−1(Zi t ,1ct)× σt−1(1ct)γ [1 + λ(st−1)]. (9)

Within a period, the only difference to the CRRA model (6) is the very last term, 1 +

λ(st−1), which can be thought of as a time-varying risk aversion. This may help explain
the equity premium puzzle (by making the effective risk aversion larger than γ ) and also
predictability in risk premia (if any). However, it gives the same cross-sectional implica-
tions as the CRRA model: S Rt−1i is still linearly related to ρt−1(Zi t ,1ct).

3Lettau and Uhlig (2002) also provide simple (but different) analytical expressions for these models—
mostly with the aim to dicuss the equity premium and riskfree rate puzzles.
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2.3 High Risk Aversion 2: Epstein-Zin Utility

The recursive utility function in Epstein and Zin (1989)4 has different parameters for the
risk aversion and the intertemporal elasticity of substitution. It is then possible to have a
high risk aversion (to fit the Sharpe ratio) without playing havoc with the riskfree rate.

Epstein and Zin (1989) show that if all wealth is marketable, then the Euler equation
for the excess return of asset i is

Et−1[β
θ (Ct/Ct−1)

−θ/ψ Rθ−1
mt Zi t ] = 0, where θ = (1 − γ )/(1 − 1/ψ), (10)

where Rmt is the market gross return, γ the risk aversion, and θ the elasticity of intertem-
poral substitution.

To illustrate that (10) has (approximately) the same implications for risky assets as the
CRRA model, assume that consumption-wealth ratio is constant (for instance, because
the market return is iid). This effectively closes down all interaction between the risk and
intertemporal substitution (see Svensson (1989) and Campbell (1993)). It then follows
that consumption growth and the market return are proportional so (10) can be written
(see Appendix B)

Et−1[(Ct/Ct−1)
−γ Zi t ] = 0, (11)

which is exactly the same as the CRRA model. This holds as a good approximation as
long as the consumption-wealth ratio is not too variable.

2.4 High Volatility of Consumption: Idiosyncratic Risk

The volatility of aggregate consumption may underestimate the risk faced by investors if
there are uninsurable individual shocks. Such shocks mean that the consumption growth
of investor j is the aggregate consumption growth plus an idiosyncratic component. His
log SDF is therefore ln M j t = lnβ − γ1ct − γ u j t+δ, where u j t+δ is the idiosyncratic
shock. For analytical convenience, I let the shock be realized a split second (δ) after the
asset return and aggregate consumption.

Using the law of iterated expectations, the first order condition (the “asset pricing

4Utility is Ut = [(1 − δ)C1−1/ψ
t + δZ1−1/ψ

t ]
1/(1−1/ψ), where Z t is the certainty equivalent of future

utility, Z t = [Et (U
1−γ

t+1 )]
1/(1−γ ) .
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equation”) of investor j , Et−1(Zi t M j t) = 0, can now be written

Et−1[Zi t Mt Et exp(−γ u j t+δ)] = 0, (12)

where Mt = lnβ − γ1ct (as in previous sections).
Let the distribution of the idiosyncratic shock, conditional on the information set in t

be normal. It is important that the mean of this distribution does not depend on the return
or consumption growth. If it did, the uninsurable idiosyncratic shock would be correlated
with the return (which would make the shock insurable) or with aggregate consumption
(which would make the shock non-idiosyncratic). We therefore assume that the mean
is always zero. In contrast, the variance is assumed to be 2λ(εt) where λ(εt) is some
function of the aggregate shock, εt = 1ct − Et−11ct .

With these assumptions, (12) can be written (see Appendix B)

Et−1{Zi t exp[−γ (εt − γ λ(εt))]} = 0. (13)

To calculate this expectation, I use Lettau’s (2002) convenient approximation by as-
suming that εt and λ(εt) have a bivariate normal distribution. This is only an approxima-
tion since a normal distribution cannot guarantee that the variance is always non-negative.

When λ(εt) is a constant, then it can be cancelled from (13) and we are back in the
standard CRRA model: idiosyncratic shocks have no effect on risk premia unless their
variance depends on the aggregate shock (see Mankiw (1986) and Constantinides and
Duffie (1996) for similar results).

The simplest model that gives an effect is λ(εt) = a + bεt . We can then replace εt in
the standard CRRA model by εt(1 − γ b) to get the conditional Sharpe ratio

S Rt−1i = ρt−1(Zi t ,1ct)× σt−1(1ct)γ (1 − γ b). (14)

If b < 0, so bad times are also risky times, then the idiosyncratic shocks add to the Sharpe
ratio (the term 1−γ b is positive). However, the implication for the cross-sectional pattern
of Sharpe ratios is the same as in the standard CRRA model without idiosyncratic shocks
(6). This is likely to continue to hold as long as λ(εt) is not too non-linear.
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3 Empirical Evidence

3.1 Unconditional Sharpe Ratios

This section presents results for unconditional Sharpe ratios and correlations—estimated
by the historical averages.

Figure 1 shows results for fifty different portfolios—mostly US equity portfolios
sorted on industry, dividend-price ratio, size, or book-to-market, but also some interna-
tional bond and equity portfolios (dollar returns, for US, France, Germany, Japan, and
UK). More details on data are given in Appendix A. In Figure 1.a, the vertical axis shows
(annualized) unconditional Sharpe ratios and the horizontal axis shows unconditional cor-
relations with consumption growth (here measured at t +1).5 Results from a cross-section
regression (5) are given at the bottom of the figure.

Most portfolios are clustered around a correlation of 0.2, but the Sharpe ratios vary
a great deal. If anything, there is a weak negative relation between the correlation and
the Sharpe ratio—and the R2 is virtually zero. This suggests that the consumption-based
model has serious problems with explaining this broad cross-section. We will later study
if it does a better job in smaller cross-sections.

As a comparison Figure 1.b shows results from a similar regression, but where the
correlation with consumption growth is replaced by the correlation with the US equity
market. This traditional CAPM seems to do a somewhat better job. The relation between
the Sharpe ratio and the correlation with the US equity market is positive (although not
significant at the 5% level; the test is based on a GMM approach that accounts for the
generated regressors). However, the R2 remains very low. It could also be argued that the
positive slope is due to a few particular portfolios with low correlations and low Sharpe
ratios. We will later see that these are the international portfolios.

We now turn to studying smaller cross-sections, that is, subsets of the fifty portfolios.
Figure 2 shows the result for C-CAPM by plotting the Sharpe ratios against the cor-
relations with consumption growth. For three of the four US cross-sections (industries,
dividend-price ratio, and size) there is a weak negative relation, and it is only for the book-
to-market portfolios that the C-CAPM is a success (significantly positive coefficient). For

5It is unclear if returns should be related to what is recorded as consumption this quarter or the next.
The reason is that consumption is measured as a flow during the quarter, while returns are measured at the
end of the quarter. I choose to show the results for 1ct+1 since they are somewhat more supportive of the
consumption-based model—but the difference is not large.
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Figure 1: Sharpe ratio and correlation with consumption growth and US market (uncon-
ditional). Subfigure a shows unconditional Sharpe ratios and correlations with 1ct+1 for 50 US and
international portfolios. The large circle is the aggregate US stock market. The numbers at the bottom
are slope coefficients and R2 from a regression of the Sharpe ratio on a constant and the correlation (5).
Signficance at the 5% level is marked by a star *, and is based on a GMM approach that accounts for
generated regressors. Subfigure b is similar but shows the correlation with the US equity market instead.
Excess returns are real returns in excess of the real return on a one-month Treasury Bill. To annualize the
Sharpe ratio, quarterly means are multiplied by 4 and quarterly standard deviations by 2. See Appendix A
for details on data sources and transformations.

the international portfolios, the evidence is mixed: the relation is (significantly!) negative
for equity portfolios, but positive for bond portfolios.

All in all, there is little support for the C-CAPM in either the large cross-section or
in the smaller cross-sections. The main problem is that there are considerable differences
in Sharpe ratios, but not in correlations with consumption growth. To put it bluntly:
systematic risk seems to be something else than correlation with consumption growth.

Figure 3 shows CAPM result for the smaller cross-sections: the Sharpe ratio is plotted
against the correlation with the US equity market. These correlations are typically much
higher than the correlations with consumption growth, but the CAPM is about as bad
as the C-CAPM at explaining the US returns (negative slope for three out of for cross-
sections), although it does a better job with the international portfolios (positive slopes
for both international equity and bond portfolios).

3.2 Conditional Sharpe Ratios

This section presents results for conditional (time-varying) Sharpe ratios and correlations.
To estimate the conditional moments, I use a combination of a VAR model and a multi-
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Figure 2: Sharpe ratio and correlation with consumption growth (unconditional). Subfigure a
shows unconditional Sharpe ratios and correlations with 1ct+1 for 10 US industry portfolios for 1947Q1–
2001Q4 (the sample period is given in the title). Subfigures b–d are for US dividend/price, size, and book-
to-market portfolios respecively. Subfigures e–f are for international equity and bond portfolios respectively.
See Figure 1 for more details on the figure and Appendix A for details on data sources and transformations.

variate GARCH model. These seem to be the most effective and widely used models for
predicting first and second moments respectively.

For each asset, I estimate a “multivariate GARCH-in-mean” model with four vari-
ables: the excess return on asset i , consumption growth, the excess return on the US
equity market, and the “cay” variable of Lettau and Ludvigson (2001) which has proven
to be an interesting predictor of US returns. Let xt be the vector [Re

i t ,1ct , Re
mt ,cayt ]. The

estimated model is

xt = A0 + A1xt−1 + A2xt−2 + Bm Covt−1(Re
i t , Re

mt)+ Bc Covt−1(Re
i t ,1ct)+ ut , (15)
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Figure 3: Sharpe ratio and correlation with US equity market (unconditional). These figures
show unconditional Sharpe ratios plotted against the correlation with the aggregate US equity market excess
return. See Figure 2.

where the conditional covariance matrix of the residuals ut is modelled as a “dynamic
conditional correlation multivariate GARCH” (Engle (2002) and Engle and Sheppard
(2001)). This multivariate GARCH model allows for dynamic correlations (which we
certainly want), but is still fairly parsimonious.6 The variables in the vector xt are as-
sumed to be predicted by two lags (cross effects are allowed) as well as the conditional
covariances of asset i with consumption growth and the US market. The conditional co-
variances are from the GARCH model of the residuals. The estimation of this model is
highly non-linear (since the covariances enter as “regressors”), but that is straightforward
to handle in a quasi-maximum likelihood setting.

6Some details: the GARCH models are of order (1,1) and the DCC MVGARCH model is of order (2,1).
Diagnostic tests suggest that this model is reasonable.
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1ct+1 US market

Slope Rej % R2 Slope Rej % R2

US industries, 47-01 0.08 0.33 0.19 −0.36 0.35 0.21
US D/P, 47-01 −0.75 0.32 0.21 −0.63 0.25 0.32
US size, 47-01 −0.47 0.38 0.22 −0.11 0.24 0.35
US B/M, 47-01 1.05 0.64 0.12 −2.13 0.56 0.38
Int equity, 70-01 −0.69 0.33 0.21 0.47 0.01 0.35
Int bond, 57-01 1.21 0.39 0.27 −0.29 0.47 0.24
All −0.07 0.51 0.06 0.20 0.21 0.17

Table 1: Results from period-by-period cross sectional regressions, average over time. This
table summarizes summarizes the results from period-by-period cross-sectional regressions of conditional
Sharpe ratios on conditional correlations with 1ct+1 and the US market return. The slope coefficients and
R2s are time averages, and the Rej % is fraction of periods for which we reject the hypothesis that the slope
coefficient is zero. The tests are based on standard errors from a Monte Carlo simulation of (15) with 2200
repetitions.

The essence of this reduced form model is that it allows the expected return (numer-
ator of the Sharpe ratio) to vary with recent returns, consumption growth, and the cay
variable as well as with the current conditional covariances (as theory predicts). The
standard deviation of the asset return (the denominator in the Sharpe ratio) and the cor-
relation are allowed to vary with recent volatility, which captures the notions of volatility
clustering/spillover.

The estimation gives a time series of the conditional moments for every asset. These
are used to study if the implication of (6) holds: within a period there should be a linear
relation (in a cross-section) between the Sharpe ratio and the correlation of the asset with
consumption growth or the US market. I study this by running a regression like (5) for
every time period.

The slope coefficients vary a lot across time, and negative coefficients are not uncom-
mon. Table 1 summarizes the results by showing time averages. On average, the coeffi-
cients are slightly negative for the C-CAPM (both within the smaller cross-sections and
the large cross-section of all 50 portfolios)—much like the results for the unconditional
Sharpe rations. This is also verified by simply taking time-averages of the conditional
Sharpe ratios and correlations in (6) and then running the cross-sectional regression. The
basic reason for why the results are similar is that there is relatively little predictability in
these data so average conditional moments are fairly similar to unconditional moments.

12



These results are somewhat different from those obtained in Menzly, Santos, and
Veronesi (2001) who get fairly positive results for a habit persistence model on 20 indus-
try portfolios. The results are also different from those in Bansal, Dittmar, and Lundblad
(2001) who get fairly good results from an Epstein-Zin utility on a fairly wide cross-
section of portfolios. One possible reason for these differences is that I use a larger set of
variables (“instruments”) to create the conditional moments.

The results for the CAPM on the smaller cross-sections are somewhat more discour-
aging than in the unconditional case, but we once again get a positive slope (time average)
for the large cross-section—mostly because of the differences between the international
and the US portfolios.

4 Summary

This paper studies if the consumption-based asset pricing model can explain the cross-
sectional dispersion of Sharpe ratios—if we allow ourselves to be agnostic about the cor-
rect way of measuring consumption volatility and about the coefficient of relative risk
aversion.

It is shown that the CRRA model and friends (Epstein-Zin utility, habit persistence,
and idiosyncratic shocks) share the same implications for the cross-sectional dispersion
of Sharpe ratios: the Sharpe ratio should be linearly increasing in the correlation of the
asset return with aggregate consumption growth.

This is studied on quarterly data for 40 US portfolios (1947–2001) and 10 interna-
tional portfolios (1957/1971–2001). The analysis is done in terms of both unconditional
(time average) moments and conditional moments where the time-varying moments are
estimated by a combination of a VAR model and a multivariate GARCH-in-mean model.

There is little support for the consumption-based model. The basic problem is that
there is a great deal of variation in Sharpe ratios, but most portfolios have relatively similar
(and low) correlations with aggregate consumption growth. The classical CAPM gets a bit
more support, but mostly because the international portfolios tend to have lower Sharpe
ratios and lower correlation with the US market.
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A Data Appendix

The nominal US stock returns are from French’s (2001) website. These monthly returns
are converted to quarterly returns by multiplying the monthly gross returns, for instance,
the gross returns for January, February, and March are multiplied to generate a quarterly
gross return. The portfolios are formed from NYSE, AMEX, and NASDAQ firms. The
aggregate stock market return is a value weighted return of all available returns. The
(equally-weighted) portfolios based on industry, size, dividend/price, or book-to-market
are from the same data set, but with the firms sorted on the respective characteristic. The
ten industry portfolios are for consumer nondurable, consumer durables, oil, chemicals,
manufacturing, telecom, utilities, wholesale and retail, financial services, and other. The
ten size portfolios are for deciles of firm market values; the D/P portfolios are for deciles
of dividend/price; and the B/M portfolios are for deciles of book value/market values.

The nominal return on long US government bonds is from Ibbotson Associates.
The international stock and long government bond returns are from Ibbotson Asso-

ciates, but come originally from Morgan Stanley and IMF respectively. The international
data is for France, Germany, Japan, and United Kingdom, and has been converted into US
dollar returns.

Real returns are calculated by dividing the nominal gross return by the gross inflation
rate over the same period. Inflation is calculated from the seasonally adjusted CPI for all
urban consumers (available at http://www.stls.frb.org/fred/).

Quarterly growth of real consumption per capita of nondurables and services is calcu-
lated from the seasonally adjusted number in NIPA Table 8.7 (available at http://www.bea.
doc.gov/bea/dn1.htm). The growth rate is calculated as a weighted average of the growth
rate of nondurables and the growth rate of services (chained 1996 dollars), where the
(time-varying) weight is the relative (current dollar) size of nondurables in relation to
services.

B Derivations Appendix

B.1 Derivation of (2)

If x and y have a bivariate normal distribution and h(y) is a differentiable function
such that E[|h′(y)|] < ∞, then Cov[x, h(y)] = Cov(x, y)E[h′(y)]. See, for instance,
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Cochrane (2001). Here, this gives Cov(Zi t ,Mt) = Cov(Zi t , ln Mt)E(Mt). Since (1) can
be written E(Zi t)E(Mt) = − Cov(Zi t ,Mt), (2) follows.

B.2 Derivation of (9)

Use (8) in (7) to get ln Mt = lnβ−γ (φ−1)st−1−[1+λ(st−1)]γ1ct . Since st−1 is known
in t − 1, the conditional standard deviation is σt−1(ln Mt) = [1 + λ(st−1)]γ σt−1(1ct),
and the conditional correlation is ρt−1(Zi t , ln Mt) = −ρt−1(Zi t ,1ct) which gives (9).

B.3 Derivation of (11)

The budget restriction is Wt = Rmt(Wt−1 − Ct−1), where Wt is wealth. If Ct/Wt = 1/α,
then we can substitute for wealth in the budget restriction to get Ctα = Rmt(αCt−1 −

Ct−1), or Ct+1/Ct = Rmt(α − 1)/α. Using this in (10) gives (11).

B.4 Derivation of (13)

We have that Et exp(−γ u j t+δ) = exp[γ 2λ(εt)], and ln Mt = lnβ − γ Et−11ct −

γ εt . Equation (12) can therefore be written Et−1{Zi t exp[(lnβ − γ Et−11ct − γ εt +

γ 2λ(εt)]} = 0, which we can simplify by cancelling the non-random terms (lnβ −

γ Et−11ct ) to get (13).

B.5 Derivation of Stein’s Lemma for a Special Case of Mixture Normals

This section proves that Stein’s lemma continues to hold if x and y has a bivariate mixture
normal distribution, but that the marginal distribution of y is normal.

Let the pdf of (x, y) be a mixture of n bivariate normal distributions

pd f
([

x
y

])
=

∑n
i=1αiφ

([
x
y

]
;

[
Ei (x)
Ei (y)

]
,

[
Vari (x) Covi (x, y)

Covi (x, y) Vari (y)

])
, with

∑n
i=1αi = 1,

and where φ(z;µ,6) is the normal pdf with mean vector µ and covariance matrix 6.
Direct calculations give

Cov [x, h (y)] =
∑n

i=1αi {Covi [x, h (y)] + Ei (x)Ei [h (y)]} − E (x)E [h (y)] .

If Ei [h (y)] is a constant E [h (y)], then this simplifies to

Cov [x, h (y)] =
∑n

i=1αi Covi [x, h (y)] .

Since Covi [x, h (y)] = Covi (x, y)Ei
[
h′ (y)

]
for all states, we get

Cov [x, h (y)] = E
[
h′ (y)

] ∑n
i=1αi Covi (x, y) .

If Ei (y) = E(y), then the sum equals Cov(x, y). Note, however, that the combination of
Ei (y) = E(y) and Ei [h (y)] = E [h (y)] requires that Vari (y) = Var(y), which means
that the marginal distribution of y is a normal distribution.
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