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1 Introduction

The existing theoretical literature on frictions and asset pricing has focused

on various frictions with deterministic severity (for instance, Amihud and

Mendelson (1986), Constantinides (1986), Vayanos (1998), Vayanos and Vila

(1999), Gârleanu and Pedersen (2000), Huang (2002)). Empirically, however,

various measures of liquidity vary over time both for individual stocks and for

the market as a whole (Chordia, Roll, and Subrahmanyam (2000), Hasbrouck

and Seppi (2000), and Huberman and Halka (1999)). Hence, investors face

uncertainty about liquidity, which raises the question: How does liquidity

risk affect asset prices in equilibrium? We answer this question by deriving

explicitly a liquidity-adjusted capital asset pricing model (CAPM) wherein

there are price effects associated with the risk of changes in the liquidity of

an individual security as well as in market liquidity.

In the liquidity-adjusted CAPM, the expected return of a security is in-

creasing in its expected illiquidity and its “net beta,” defined as the covari-

ance of its return, net of illiquidity costs, with the market portfolio’s net

return. The net beta can be decomposed into the sensitivity of the security’s

return and tradability to market downturns as well as to liquidity crises. We

discuss in turn the three aspects of liquidity risk highlighted by the model

and their empirical relevance.

First, the model shows that investors require a return premium for a se-

curity that is illiquid when the market as a whole is illiquid. The potential

importance of this result follows from the empirically documented common-

ality in liquidity. In particular, Chordia, Roll, and Subrahmanyam (2000)

find significant commonality in liquidity using daily data for NYSE stocks
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in 1992, Huberman and Halka (1999) find a systematic time-varying compo-

nent of liquidity using daily NYSE data from 1996, and Hasbrouck and Seppi

(2000) find weak commonality in liquidity for 30 Dow stocks over 15-minute

intervals during 1994. The effect of commonality of liquidity on required re-

turns has not yet been tested. Empirically, we find support for this prediction

but its economic effect on expected returns seems small.

Second, the model shows that investors are willing to pay a premium for

a security that has a high return when the market is illiquid. Pastor and

Stambaugh (2001) find empirical support for this effect using monthly data

over 34 years with a measure of liquidity that they construct based on the

return reversals induced by order flow. Consistently, we also find empirical

support for this prediction.

Third, the model implies that investors are willing to pay a premium for

a security that is liquid when the market return is low. This is a new testable

prediction that has not been considered in the literature. We find support

for it empirically in most of our specifications and robustness tests. Further,

the risk premium arising from this effect is economically significant.

We test the model cross-sectionally using the liquidity measure suggested

by Amihud (2002), which is based on daily return and volume data on NYSE

and AMEX stocks over the period 1963–1999. Monthly cross-sectional tests

of the liquidity-adjusted CAPM demonstrate that it cannot be rejected at

conventional levels of confidence. Furthermore, it fares significantly better

— in terms of its R2 for cross-sectional returns and p-values in specification

tests — than the standard CAPM, even though both models employ exactly

one degree of freedom.
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In our tests, the three covariances described above contribute on average

to a difference in risk premium between stocks with high expected illiquidity

and low expected illiquidity of about 1.1% annually. 80% of this effect is

attributable to the third aspect of liquidity risk, the sensitivity of a security’s

illiquidity to market returns. Overall, the combined effect of differences in

liquidity risk and differences in the level of liquidity is 4.6% per year.1 When

we depart in the tests from the model-implied liquidity adjustment in that the

risk premia on different covariances are allowed to be different, the economic

effect of the covariances is even higher. We conclude that the liquidity risk

is indeed priced.

Another result, interesting in its own right, that emerges from our empir-

ical exercise is that illiquid securities also have high liquidity risk : A security

which is illiquid in absolute terms measured by its average transaction cost,

also tends to have a lot of commonality in liquidity with the market liq-

uidity, a lot of return sensitivity to market liquidity, and a lot of liquidity

sensitivity to market returns. This finding points towards a fruitful direction

of research aimed at understanding the sources of time-variation in liquidity

at an individual stock level as well as at the market level.

We also extend the model to show that since liquidity is persistent,2 liq-

uidity predicts future returns and liquidity co-moves with contemporaneous

returns. This is because a positive shock to illiquidity predicts high future

illiquidity, which raises the required return and lowers contemporaneous re-

1We show later that sorting stocks by expected illiquidity also produces a sorting on
the covariances.

2The persistence of liquidity is documented empirically by Amihud (2002), Chordia,
Roll, and Subrahmanyam (2000, 2001), Hasbrouck and Seppi (2000), Huberman and Halka
(1999), Jones (2001), and Pastor and Stambaugh (2001).
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turns. In support of this prediction, Amihud (2002) finds a negative relation

between return and unexpected illiquidity for size portfolios, Chordia, Roll,

and Subrahmanyam (2001), Jones (2001), and Pastor and Stambaugh (2001)

find a negative relation between market return and illiquidity, and Amihud,

Mendelson, and Wood (1990) find that stocks, whose liquidity worsened more

during the 1987 crash, had more negative returns.

The paper is organized as follows. Section 2 describes the economy, Sec-

tion 3 derives the liquidity-adjusted capital asset pricing model and studies

how liquidity predicts and co-moves with returns, Section 4 contains our

empirical results, Section 5 concludes, and proofs are in the Appendix.

2 Assumptions

The model assumes a simple overlapping generations economy in which a

new generation of agents is born at any time t ∈ {. . . ,−2,−1, 0, 1, 2, . . .}
(Samuelson (1958)). Generation t consists of N agents, indexed by n, who

live for two periods, t and t+ 1. Agent n of generation t has an endowment

at time t and no other sources of income, trades in periods t and t+ 1, and

derives utility from consumption at time t+1. He has constant absolute risk

aversion An so that his preferences are represented by the expected utility

function −Et exp(−Anxt+1), where xt+1 is his consumption at time t+ 1.

There are I securities indexed by i = 1, . . . , I with a total of S i shares of

security i. At time t, security i pays a dividend of Di
t, has an ex-dividend

share price of P i
t , and has an illiquidity cost of C

i
t , where D

i
t and C i

t are
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random variables.3 The illiquidity cost, C i
t , is modeled simply as the per-

share cost of selling security i. Hence, agents can buy at P i
t but must sell at

P i
t − C i

t . Short-selling is not allowed.

Uncertainty about the illiquidity cost is what generates the liquidity risk

in this model. Specifically, we assume that Di
t and C i

t are autoregressive

processes of order one, that is:

Dt = D̄ + γ(Dt−1 − D̄) + εt

Ct = C̄ + γ(Ct−1 − C̄) + ηt ,

where D̄, C̄ ∈ RI
+ are positive real vectors, γ ∈ [0, 1], and (εt, ηt) is an inde-

pendent identically distributed normal process with mean E(εt) = E(ηt) = 0

and variance-covariance matrices var(εt) = ΣD, var(ηt) = ΣC , E(εtη
>
t ) =

ΣCD, and var(εt − ηt) = Γ (= Σ
D + ΣC − ΣCD − (ΣCD)>).

We assume that agents can borrow and lend at a risk-free real return of

rf > 1, which is exogenous. This can be interpreted as an inelastic world

bond market, or a generally available production technology that turns a

unit of consumption at time t into rf units of consumption at time t+ 1.

The assumptions with respect to agents, preferences, and dividends are

strong. These assumptions are made for tractability, and, as we shall see,

they imply natural closed-form results for prices and expected returns. In

more general economies, on the other hand, deriving a general equilibrium

with time-varying liquidity is an onerous task. While our model is mostly

suggestive, it is helpful since it provides guidelines concerning the first-order

3All random variables are defined on a probability space (Ω,F ,P), and all random
variables indexed by t are measurable with respect to the filtration {Ft}, representing the
information commonly available to investors.
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effect of liquidity risk, showing which risks are priced.

The main result (Proposition 1) applies more generally, however. It holds

for arbitrary utility functions as long as conditional expected net returns are

normal,4 and also for arbitrary return distribution and quadratic utility. Fur-

thermore, it can be viewed as a result of near-rational behavior, for instance,

by using a Taylor expansion of the utility function (see Huang and Litzen-

berger (1988), Markowitz (2000), and Cochrane (2001)). Our assumptions

allow us, additionally, to study return predictability caused by illiquidity

(Proposition 2) and the co-movements of returns and illiquidity (Proposi-

tion 3), producing insights that also seem robust to the specification.

The assumption of overlapping generations can capture investors’ life-

cycle motives for trade (as in Vayanos (1998), and Constantinides, Donald-

son, and Mehra (2002)), or can be viewed as a way of capturing short invest-

ment horizons (as in De Long, Shleifer, Summers, and Waldmann (1990))

and the large turnover observed empirically in many markets.

It should also be noted that a narrow interpretation of the illiquidity cost,

C i
t , is that it is a transaction cost such as broker fees and bid-ask spread,

in line with the literature on exogenous transactions costs. More broadly,

however, the illiquidity cost could represent the real costs arising from delay

and search associated with trade execution as in Duffie, Gârleanu, and Ped-

ersen (2000). The novelty in our model arises from the fact that we allow

this cost to be time-varying. While research on endogenous time-variation

in illiquidity is sparse, in a recent paper Eisfeldt (1999) presents a model in

4The normal returns assumption is an assumption about endogenous variables that is
used in standard CAPM analysis (for instance, Huang and Litzenberger (1988)). This
assumption is satisfied in the equilibrium of the model of this paper, and may also be
satisfied in larger classes of models.
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which liquidity fluctuates with real-sector productivity and investment.

3 Liquidity-Adjusted Capital Asset Pricing

Model

This section shows that, under the stylized assumption of mean-variance

investors, a liquidity-adjusted version of the Capital Asset Pricing Model

(CAPM) applies and its asset pricing implications are studied.

We are interested in how an asset’s expected (gross) return,

rit =
Di
t + P i

t

P i
t−1

,

depends on its relative illiquidity cost, defined as

cit =
C i
t

P i
t−1

,

on the market return,

rMt =

∑

i S
i(Di

t + P i
t )

∑

i S
iP i

t−1

,

and on the relative market illiquidity,

cMt =

∑

i S
iC i

t
∑

i S
iP i

t−1

.

In a competitive equilibrium of the model (henceforth referred simply as

equilibrium), agents choose consumption and portfolios so as to maximize

their expected utility taking prices as given, and prices are determined such
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that markets clear.

To determine equilibrium prices, consider first an economy with the same

agents in which asset i has a dividend ofDi
t−C i

t and no illiquidity cost. In this

imagined economy, standard results imply that the CAPM holds (Markowitz

(1952), Sharpe (1964), Lintner (1965), and Mossin (1966)). We claim that

the equilibrium prices in the original economy with frictions are the same

as those of the imagined economy. This follows from two facts: (i) the net

return on a long position is the same in both economies; (ii) all investors in

the imagined economy hold a long position in the market portfolio, and a

(long or short) position in the risk-free asset. Hence, an investor’s equilibrium

return in the frictionless economy is feasible in the original economy, and is

also optimal, given the more limited investment opportunities.

These arguments show that the CAPM in the imagined frictionless econ-

omy translates into a CAPM in net returns for the original economy with

illiquidity costs, that is,

Et−1(r
i
t − cit − rf ) = λt−1covt−1(r

i
t − cit, r

M
t − cMt ) (1)

Rewriting the one-beta CAPM in net returns in terms of gross returns, we

get a liquidity-adjusted CAPM for gross returns. This is the main testable5

implication of this paper:

Proposition 1 In the unique linear equilibrium, the conditional expected re-

5Difficulties in testing this model arise from the fact that it makes predictions concern-
ing conditional moments as is standard in asset pricing. See Hansen and Richard (1987),
Cochrane (2001), and references therein. An unconditional version of (2) applies under
stronger assumptions as discussed in Section 3.3.
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turn of security i is

Et−1(r
i
t − rf ) = Et−1(c

i
t) + λt−1covt−1(r

i
t, r

M
t ) + λt−1covt−1(c

i
t, c

M
t )

−λt−1covt−1(rit, cMt )− λt−1covt−1(c
i
t, r

M
t ), (2)

where λt−1 is the “market price of risk,”

λt−1 =
Et−1(r

M
t − cMt )− rf

vart−1(rMt − cMt )
= APM

t−1, (3)

and A =
(
∑

n
1
An

)−1
is the aggregate risk aversion.

Equation (2) is simple and natural. It states that the required excess return

is the expected relative illiquidity cost, Et−1(c
i
t), as first found theoretically

and empirically6 by Amihud and Mendelson (1986)), plus four betas or co-

variances times the risk premium. These four betas depend on the asset’s

payoff and liquidity risks. As in the standard CAPM, the required return on

an asset increases (linearly) with the covariance between the asset’s return

and the market return. This model yields three additional effects which could

be regarded as three forms of liquidity risks.

6Empirically, Amihud and Mendelson (1986, 1989) find the required rate of return
on NYSE stocks to increase with the relative bid-ask spread. This result is supported
for amortized spreads for NYSE stocks by Chen and Kan (1996), and for Nasdaq stocks
by Eleswarapu (1997), but is questioned for NYSE stocks by Eleswarapu and Reinganum
(1993), and Chalmers and Kadlec (1998). Gârleanu and Pedersen (2000) find that adverse-
selection costs are priced only to the extent that they render allocations inefficient. The
ability of a market to allocate assets efficiently may be related to market depth, and,
consistent with this view, the required rate of return has been found to decrease with
measures of depth (Brennan and Subrahmanyam (1996) and Amihud (2002)). Easley,
Hvidkjær, and O’Hara (2000) find returns to increase with a measure of the probability
of informed trading.
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3.1 Three Liquidity Risks

1. covt−1(c
i
t, c

M
t ): The first effect is that the return increases with the covari-

ance between the asset’s illiquidity and the market illiquidity (covt−1(c
i
t, c

M
t )).

This is because investors want to be compensated for holding a security that

becomes illiquid when the market in general becomes illiquid. The potential

empirical significance of this pricing implication follows from the presence of

a time-varying common factor in liquidity, which is documented by Chordia,

Roll, and Subrahmanyam (2000), Hasbrouck and Seppi (2000), and Huber-

man and Halka (1999). These papers find that most stocks’ illiquidities are

positively related to market illiquidity, so the required return should be raised

by the commonality-in-liquidity effect. While effect of commonality in liq-

uidity on asset prices is not studied by these authors, this effect is studied in

Section 4.

In this model, the risk premium associated with commonality in liquidity

is caused by the wealth effects of illiquidity. Also, this risk premium would

potentially apply in an economy in which investors can choose which securi-

ties to sell. In such a model, an investor who holds a security that becomes

illiquid (that is, has a high cost cit) can choose not to trade this security and

instead trade other (similar) securities. It is more likely that an investor

can trade other (similar) securities, at low cost, if the liquidity of this asset

does not co-move with the market liquidity. Hence, investors would require

a return premium for assets with positive covariance between individual and

market illiquidity.

2. covt−1(r
i
t, c

M
t ): The second effect on expected returns is due to covari-

11



ation between a security’s return and the market liquidity. We see that

covt−1(r
i
t, c

M
t ) affects required returns negatively because investors pay a pre-

mium for an asset with a high return in times of market illiquidity. Such an ef-

fect also arises in the theoretical models of Holmstrom and Tirole (2000) who

examine implications of corporate demand for liquidity, and Lustig (2001)

who studies the equilibrium implications of solvency constraints. Empirical

support for this effect is provided by Pastor and Stambaugh (2001), who find

that “the average return on stocks with high sensitivities to [market] liquid-

ity exceeds that for stocks with low sensitivities by 7.5% annually, adjusted

for exposures to the market return as well as size, value, and momentum

factors.” Sadka (2002) and Wang (2002) also present consistent evidence for

this effect using alternative measures of liquidity.

3. covt−1(c
i
t, r

M
t ): The third effect on required returns is due to covariation,

covt−1(c
i
t, r

M
t ), between a security’s illiquidity and the market return. This

effect stems from investors’ willingness to accept a lower expected return on

a security that is liquid in a down market. When the market declines, the

ability to sell easily is especially valuable. Hence, an investor is willing to

accept a discounted return on stocks with low illiquidity costs in states of

poor market return. This effect has not been considered previously in the

literature. We find consistent evidence of this effect in Section 4, and the

effect seems economically important.

The three covariances thus provide a characterization of the liquidity risk

of a security. While the covariance between a security’s return and the market

liquidity has been shown empirically to affect its expected return, the effect

12



of the other two covariances on expected returns has not yet been examined.

Finally, note that in our model, the conditional CAPM holds for net

returns, that is, returns net of illiquidity costs. The analysis is, however,

focused on gross returns. The focus on gross returns is motivated by sev-

eral considerations. First, computing the net return is not straightforward

since it depends on the investor’s holding period, and the holding period may

be different from the econometrician’s sampling period. We explain in Sec-

tion 4 how we overcome this problem by separating the net return into gross

return and illiquidity costs. Second, most empirical work uses some mea-

sure of gross returns and possibly some measure of illiquidity costs. Third,

the model shows interesting pricing implications of co-movements in individ-

ual and market gross return and liquidity. Empirical work has documented

that some of these interactions are significant (Chordia, Roll, and Subrah-

manyam (2000), Hasbrouck and Seppi (2000), and Huberman and Halka

(1999)) and priced (Amihud and Mendelson (1986), Amihud (2002), and

Pastor and Stambaugh (2001)). Fourth, a pricing relation for gross returns

and illiquidity, which is similar in spirit to (2), may hold in richer models in

which net returns are not sufficient state variables. As argued above, some

additional liquidity effects suggest risk premia of the same sign for the co-

variance terms in (2). These additional liquidity effects also suggest that the

size of the risk premia need not be identical across the covariance terms. To

accommodate the possibility of a richer liquidity framework, we also consider

a generalized relation in our empirical work in Section 4.
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3.2 Implications of Persistence of Liquidity

This section shows that persistence of liquidity implies that liquidity predicts

future returns and co-moves with contemporaneous returns.

Empirically, liquidity is time-varying and persistent (which means that

γ > 0).7 This model shows that persistent liquidity implies that returns are

predictable. Intuitively, high illiquidity today predicts high expected illiquid-

ity next period, implying a high required return.

Proposition 2 Suppose that γ > 0, and that q ∈ RI is a portfolio8 with

γDq
t−1+(1−γ)E(Dq

t+P
q
t

∣

∣ Dq
t−1 = D̄q, Cq

t−1 = C̄q) > 0. Then, the conditional

expected return increases with illiquidity,

∂

∂Cq
t−1

Et−1(r
q
t − rf ) > 0. (4)

Proposition 2 relies on a mild technical condition, which is satisfied, for

instance, for any portfolio with positive values for current dividend, mean

dividend and mean price. The proposition states that the conditional ex-

pected return depends positively on the current illiquidity cost, that is, the

current liquidity predicts the return.

Jones (2001) finds empirically that the expected annual stock market

return increases with the previous year’s bid-ask spread and decreases with

the previous year’s turnover. Amihud (2002) finds that illiquidity predicts

excess return both for the market and for size-based portfolios.

7See Amihud (2002), Chordia, Roll, and Subrahmanyam (2000, 2001), Hasbrouck and
Seppi (2000), Huberman and Halka (1999), Jones (2001), and Pastor and Stambaugh
(2001).

8For any q ∈ RI , we use the obvious notation D
q
t = q>Dt, r

q
t =

∑

i qi(Di
t+P i

t )
∑

i qiP i
t−1

and so
on.
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Predictability of liquidity further implies a negative conditional covari-

ance between contemporaneous returns and illiquidity. Naturally, when illiq-

uidity is high, the required return is high also, which depresses the current

price, leading to a low return. This intuition applies as long as liquidity is

persistent (γ > 0) and innovations in dividends and illiquidity are not too

correlated (q>ΣCDq low for a portfolio q) as is formalized in the following

proposition.

Proposition 3 Suppose q ∈ RI is a portfolio such that γ > rf q
>ΣCDq
q>ΣCq

. Then,

covt−1(c
q
t , r

q
t ) < 0.

Consistent with this result, Chordia, Roll, and Subrahmanyam (2001), Jones

(2001), and Pastor and Stambaugh (2001) find a negative relation between

the market return and measures of market illiquidity, Amihud (2002) finds a

negative relation between the return on size portfolios and their correspond-

ing unexpected illiquidity, and Amihud, Mendelson, and Wood (1990) argue

that the 1987 crash was in part due to an increase in (perceived) market

illiquidity.

3.3 An Unconditional Liquidity-Adjusted CAPM

To estimate the liquidity-adjusted CAPM, we derive an unconditional ver-

sion. An unconditional result obtains, for instance, under the assumption of

independence over time of dividends and illiquidity costs. Empirically, how-

ever, illiquidity is persistent. Therefore, we rely instead on either a constant

risk premium or on constant conditional covariances.

First, suppose that the market prices of risk, λ, is constant over time.

15



To justify this assumption, we note that the possible time-variation of this

parameter is driven by constant absolute risk aversion in our model.9 With

constant relative risk aversion, however, the market price of risk is approxi-

mately constant.10 See Friend and Blume (1975).

Further, we use the fact that for any random variables X and Y , it holds

that

E(covt(X,Y )) = cov(X −Et(X), Y ) = cov(X −Et(X), Y −Et(Y )). (5)

Using the assumption of constant market price of risk and the property

(5) of covariances, we get the relation:

E(rit − rft ) = E(cit) + λβ1i + λβ2i − λβ3i − λβ4i , (6)

where

β1i = cov(rit, r
M
t − Et−1(r

M
t )) (7)

β2i = cov(cit − Et−1(c
i
t), c

M
t − Et−1(c

M
t )) (8)

β3i = cov(rit, c
M
t − Et−1(c

M
t )) (9)

β4i = cov(cit − Et−1(c
i
t), r

M
t − Et−1(r

M
t )) . (10)

Alternatively, the unconditional relation (6) can be derived by assuming

that the conditional covariances are constant and by letting λ = E(λt). Next,

9Constant market prices of risk means that the expected net return on the market is
constant. The expected gross return, however, is time-varying because of the time-varying
illiquidity.

10The (market wide) relative risk aversion could, of course, be time-varying because of
habit formation, for instance. In order to keep the model relatively simple, we do not try
to capture such effects.
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we describe the empirical tests of this unconditional relation.

4 Empirical Results

In this section, we estimate and test the liquidity-adjusted CAPM as specified

in Equation (6). We do this in five steps:

(i) We estimate, in each month t of our sample, a measure of illiquidity,

cit, for each individual security i. (Section 4.1.)

(ii) We form a “market portfolio” and sets of 25 test portfolios sorted

on the basis of illiquidity and size, respectively. For each portfolio and each

month, we compute its return and illiquidity. (Section 4.2.)

(iii) For the market portfolio as well as the test portfolios, we estimate

the innovations in illiquidity, cpt − Et−1(c
p
t ). (Section 4.3.)

(iv) Using these illiquidity innovations and returns, we estimate and an-

alyze the liquidity betas. (Section 4.4.)

(v) Finally, we consider the empirical fit of the (unconditional) liquidity-

adjusted CAPM by running cross-sectional regressions based on the empirical

methodology of Fama and MacBeth (1973). To check the robustness of our

results, we do the analysis with a number of different specifications. (Sec-

tion 4.5.)

4.1 The Illiquidity Measure

Liquidity is (unfortunately) not an observable variable. There exist, however,

many proxies for liquidity. Some proxies, such as the bid-ask spread, are

based on market microstructure data, which is not available for a time series
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as long as is usually desirable for studying the effect on expected returns.

Further, the bid-ask spread measures well the cost of selling a small number

of shares, but it does not necessarily measure well the cost of selling many

shares. We follow Amihud (2002) in estimating illiquidity using only daily

data from the Center for Research in Security Prices (CRSP). In particular,

Amihud (2002) defines the illiquidity of stock i in month t as

ILLIQ i
t =

1

Days it

Daysit
∑

d=1

|Ri
td|

V i
td

, (11)

where Ri
td and V

i
td are, respectively, the return and dollar volume on day d in

month t, and Days it is the number of valid observation days in month t for

stock i. Throughout our empirical analysis, ILLIQ i
t is multiplied by a scale

factor of 106.

The intuition behind this illiquidity measure is as follows. A stock is

illiquid — that is, has a high value of ILLIQ i
t — if the stock’s price moves

a lot in response to little volume. In our model, illiquidity is the cost of

selling and, as discussed in Section 2, real markets have several different

selling costs including broker fees, bid-ask spreads, market impact, and search

costs. Our empirical strategy is based on an assumption that ILLIQ is a valid

instrument for the costs of selling, broadly interpreted. Consistent with this

view, Amihud (2002) shows empirically that ILLIQ is positively related to

measures of price impact and fixed trading costs over the time period in

which he has the microstructure data. Similarly, Hasbrouck (2002) computes

a measure of Kyle’s lambda using micro-structure data for NYSE, AMEX

and NASDAQ stocks, and finds that its Spearman (Pearson) correlation with
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ILLIQ in the cross-section of stocks is 0.737 (0.473). Hasbrouck (2002) finds

that “within the class of daily-based [price impact] estimates, the illiquidity

ratio appears to have the most reliable proxy relationship.” Furthermore,

ILLIQ is closely related to the Amivest measure of illiquidity, which has

often been used in the empirical microstructure literature.11

There are two problems with using ILLIQ . First, it is measured in “per-

cent per dollar,” whereas the model is specified in terms of “dollar cost per

dollar invested.” This is a problem because it means that ILLIQ is not sta-

tionary (e.g., inflation is ignored). Second, while ILLIQ is an instrument for

the cost of selling, it does not directly measure the cost of a trade. To solve

these problems, we define a normalized measure of illiquidity, cit, by

cit = min
(

0.25 + 0.30 ILLIQ i
t P

M
t−1 , 30.00

)

, (12)

where PM
t−1 is the ratio of the capitalizations of the market portfolio at the

end of month t− 1 and of the market portfolio at the end of July 1962. The

PM
t−1 adjustment solves the first problem mentioned above, and it makes this

measure of illiquidity relatively stationary. The coefficients 0.25 and 0.30 are

chosen such that the cross-sectional distribution of normalized illiquidity (cit)

for size-decile portfolios has approximately the same level and variance as

does the effective bid-ask spread reported by Chalmers and Kadlec (1998).

This normalized illiquidity is capped at a maximum value of 30% in order to

ensure that our results are not driven by the extreme observations of ILLIQi
t.

Furthermore, per-trade costs of greater than 30% are unreasonable and are

an artifact of the effect of low volume days on ILLIQi
t.

11The Amivest measure of liquidity is the average ratio of volume to absolute return.
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Chalmers and Kadlec (1998) report that the mean effective spread for

size-decile portfolios of NYSE and AMEX stocks over the period 1983–1992

ranges from 0.25% to 4.16% with an average of 1.11%. The normalized

illiquidity, cit, for identically formed portfolios has an average of 1.24%, a

standard deviation of 0.37%, and matches the range as well as the cross-

sectional variation reported by Chalmers and Kadlec (1998). This means

that we can interpret the illiquidity measure cit as directly related to (a lower

bound of) the per-trade cost.

Admittedly, this is a noisy measure of illiquidity, which makes it harder

for us to find an empirical connection between returns and illiquidity. This

problem is alleviated in part, however, by considering portfolios rather than

individual stocks.

4.2 Portfolios

The data for our empirical analysis is obtained from CRSP. Specifically, we

employ daily return and volume data from July 1st, 1962 until December

31st, 1999 for all common shares (CRSP sharecodes 10 and 11) listed on

NYSE and AMEX.12

We form a market portfolio for each month t during this sample period

based on stocks with beginning-of-month price between 5 and 1000, and with

at least 15 days of return and volume data in that month.

We form 25 illiquidity portfolios for each year y during the period 1964 to

1999 by sorting stocks with price, at beginning of year, between 5 and 1000,

12Since volume data in CRSP for Nasdaq stocks is available only from 1982 and includes
inter-dealer trades, we employ only NYSE and AMEX stocks for sake of consistency in
the illiquidity measure.
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and return and volume data in year y−1 for at least 100 days.13 We compute
the annual illiquidity for each eligible stock as the average over the entire year

y − 1 of daily illiquidities, analogously to monthly illiquidity calculation in

(11). The eligible stocks are then sorted into 25 portfolios, p ∈ {1, 2, . . . , 25},
based on their year y − 1 illiquidities.

We also form 25 size portfolios for each year y during the period 1964 to

1999 by ranking the eligible stocks (as above for illiquidity portfolios) based

on their market capitalization at the beginning of year y.

For each portfolio p (including the market portfolio), we compute its

return in month t, as

rpt =
∑

i in p

wip
t r

i
t, (13)

where the sum is taken over the stocks included in portfolio p in month t,

and where wip
t are either equal weights or value-based weights, depending on

the specification.14

Similarly, we compute the normalized illiquidity of a portfolio, p, as

cpt =
∑

i in p

wip
t c

i
t, (14)

13Amihud (2002) and Pastor and Stambaugh (2001) employ similar requirements for the
inclusion of stocks in their samples. These requirements are help reduce the measurement
error in the monthly illiquidity series.

14The returns, ri
t, are adjusted for stock delisting to avoid survivorship bias, following

Shumway (1997). In particular, the last return used is either the last return available on
CRSP, or the delisting return, if available. While a last return for the stock of −100% is
naturally included in the study, a return of −30% is assigned if the deletion reason is coded
in CRSP as 500 (reason unavailable), 520 (went to OTC), 551–573 and 580 (various rea-
sons), 574 (bankruptcy) and 584 (does not meet exchange financial guidelines). Shumway
(1997) obtains that −30% is the average delisting return, examining the OTC returns of
delisted stocks. Amihud (2002) employs an identical survivorship bias correction.
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where, as above, wip
t are either equal weights or value-based weights, depend-

ing on the specification.

The model’s results are phrased in terms of value-weighted returns and

value-weighted illiquidity for the market portfolio. Several studies, however,

focus on equal-weighted return and illiquidity measures, for instance Amihud

(2002) and Chordia, Roll, and Subrahmanyam (2000). Further, computing

the market return and illiquidity as equal-weighted averages is a way of com-

pensating for the over-representation in our sample of large liquid securities,

as compared to the aggregate wealth portfolio in the economy. Hence, we

estimate and test our model with equally weighted average for the market

portfolio and both equal and value weighted averages for the test portfolios

based on illiquidity and size sorts.

4.3 Innovations in Illiquidity

Illiquidity is persistent. The auto-correlation of the market illiquidity, for in-

stance, is 0.87 at monthly frequency. Therefore, we focus on the innovations,

cpt −Et−1(c
p
t ), in illiquidity of a portfolio when computing its liquidity betas

as explained in Section 3.3.

To compute these innovations, we first define the un-normalized illiquid-

ity, truncated for outliers, of a portfolio p as

ILLIQ
p

t :=
∑

i in p

wip
t min

(

ILLIQ i
t ,
30.00− 0.25

0.30PM
t−1

)

, (15)

where wip
t is the portfolio weight. As explained in Section 4.1, we normalize

illiquidity to make it stationary and to put it on a scale corresponding to
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the cost of a single trade. Hence, to predict illiquidity, we run the following

regression for each portfolio:

(

0.25 + 0.30 ILLIQ
p

t P
M
t−1

)

= a0 + a1
(

0.25 + 0.30 ILLIQ
p

t−1 P
M
t−1

)

+ a2
(

0.25 + 0.30 ILLIQ
p

t−2 P
M
t−1

)

+ ut . (16)

Note that the three terms inside parentheses in this specification correspond

closely to cpt , c
p
t−1, and c

p
t−2, respectively, as given by (12) and (14), with the

important difference that the same date is used for the market index (PM
t−1) in

all three terms. This is to ensure that we are measuring innovations only in

illiquidity, not changes in PM . Our results are robust to the specification of

liquidity innovations and, in particular, employing other stock-market vari-

ables available at time t − 1 did not improve significantly the explanatory

power of the regression. Pastor and Stambaugh (2001) employ a specification

to compute market liquidity innovations that is similar in spirit to the AR(2)

specification in (16).

The residual, u, of the regression in (16) is interpreted as the standardized

liquidity innovation, cpt − Et−1(c
p
t ), that is,

cpt − Et−1(c
p
t ) := ut . (17)

For the market illiquidity series, the AR(2) specification has a R2 of 78%.

The resulting innovations in market illiquidity, cMt − Et−1(c
M
t ), have a stan-

dard deviation of 0.17%. Figure 1 plots the time-series of these innovations,

scaled to have unit standard deviation. These innovations are serially un-
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correlated and are close to iid. The auto-correlation in innovations is −0.03.
Employing AR(1) specification produces a significantly greater correlation of

innovations (−0.29), whereas employing AR(3) specification produces little
improvement in the explanatory power. The measured innovations in mar-

ket illiquidity are high during periods that anecdotally were characterized by

liquidity crisis, for instance, in 11/1973, 10/1987, the oil crisis and the stock

market crash, respectively. Also, there is a string of relatively large shocks

in 6–10/1998, the period in which Russia defaulted and Long-Term Capital

Management suffered large losses. The correlation between this measure of

innovations in market illiquidity and the measure of innovations in liquidity

used by Pastor and Stambaugh (2001) is −0.33.15 (The negative sign is due
to the fact that Pastor and Stambaugh (2001) measure liquidity, whereas we

follow Amihud (2002) in considering il liquidity.)

4.4 Liquidity Risk

In this section, we present the descriptive statistics of liquidity risk, measured

through the covariances β2p, β3p and β4p. We focus on the value-weighted

illiquidity portfolios whose properties are reported in Table 1. Similar conclu-

sions are drawn from examining the properties of equal-weighted illiquidity

portfolios (not reported) or size portfolios (Table 9). The four betas or the

covariances, β1p, β2p, β3p and β4p, for each portfolio are computed as per

Equation (7) using the entire time-series, that is, using all monthly return

and illiquidity observations for the portfolio and the market portfolio from

15We thank Pastor and Stambaugh for providing their data on innovations in market
liquidity.
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Figure 1: Standardized innovations in market illiquidity from 1962-1999.

the beginning of year 1964 till end of year 1999. Similarly, average illiquid-

ity E(cp) for a portfolio is computed using the entire time-series of monthly

illiquidity observations for the portfolio. This approach of using the entire

time-series in computing the portfolio characteristics is similar to the one

adopted in Black, Jensen, and Scholes (1990) and Pastor and Stambaugh

(2001).

Table 1 shows that the sort on past illiquidity successfully produces

portfolios with monotonically increasing average illiquidity from portfolio

1 through portfolio 25. Not surprisingly, we see that illiquid stocks – that

is, stocks with high values of E(cp) – tend to have a high volatility of stock

returns, a low turnover, and a small market capitalization. Furthermore, we
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find that illiquid stocks also have high liquidity risk : they have large values

of β2p and large negative values of β3p and β4p. This is an interesting result

on its own. It says that a stock, which is illiquid in absolute terms (cp), also

tends to have a lot of commonality in liquidity with the market (cov(cp, cM)),

a lot of return sensitivity to market liquidity (cov(rp, cM)), and a lot of liq-

uidity sensitivity to market returns (cov(cp, rM )). We note that all of the

betas are estimated with a small error (i.e., a small asymptotic variance).

Indeed, almost all of the betas are statistically significant at conventional

levels.

A liquidity beta is as a covariance and, hence, it is the product of the

correlation between its respective arguments and their standard deviations.

As noted before, more illiquid stocks have greater volatility of returns. Fur-

thermore, since illiquidity is bounded below by zero, it is natural that more

illiquid stocks also have more volatile illiquidity innovations. This is verified

in Table 1 which shows that the standard deviation of portfolio illiquidity

innovations, σ(∆cp), increases monotonically in portfolio illiquidity. The

higher variability of returns and illiquidity innovations are, however, not the

sole drivers of the positive relationship between illiquidity and liquidity risk.

The correlation coefficients between cp and cM (rp and cM) are also increasing

(decreasing) in portfolio illiquidity. The correlation coefficients between cp

and rM are decreasing in illiquidity between portfolios 1− 15 and are gradu-
ally increasing thereafter. Nevertheless, the variability of cp ensures that the

covariances between cp and rM are decreasing in illiquidity.16

This co-linearity of measures of liquidity risk is confirmed by considering

16These correlations are not reported in the table for sake of brevity.
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the correlation among the betas, reported in Table 2. This correlation of

betas is not just a property of the liquidity-sorted portfolios; it also exists

at an individual stock level as is seen in Table 3. While this correlation

is theoretically intriguing, it makes it hard to empirically distinguish the

separate effects of illiquidity and the individual liquidity betas.17

4.5 How Liquidity Risk Affects Returns

In this section, we study how liquidity risk affects expected returns. Specifi-

cally, we estimate the liquidity-adjusted CAPM (6) using the portfolios based

on the sorting by illiquidity or size. Using the portfolios’ betas and the illiq-

uidity, we estimate our model (6), and subsets of its coefficients, by running

cross-sectional regression using the method of Fama and MacBeth (1973). To

be precise, in each month over the period 1964–1999, we run a cross-sectional

regression of the excess returns on the 25 test portfolios with explanatory

variables being the portfolio characteristics. The estimated coefficients are

then averaged over all months.

We consider first the liquidity-adjusted CAPM (6) with the model-implied

constraint that the risk premia of the different betas is the same. In doing

17We have not been able to construct portfolios which allow us to better identify the sep-
arate beta effects. For instance, we have considered portfolios based on predicted liquidity
betas, similar to the approach taken by Pastor and Stambaugh (2001). These results are
not reported as these portfolios did not improve statistical power: The liquidity betas
after portfolio formation turned out to be better sorted for illiquidity and size portfolios
than for the portfolios sorted using predicted liquidity betas. We attribute this, in part, to
the difficulty of predicting liquidity betas, and, in part, to the co-linearity of the liquidity
betas.
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this, we define the “net beta” as

βnet,p := β1p + β2p − β3p − β4p. (18)

With this definition, the liquidity-adjusted CAPM becomes

E(rit − rft ) = α + kE(cit) + λβnet,p , (19)

where we allow a non-zero intercept, α, in the estimation, although the model

implies that the intercept is zero. In our model, investors incur the illiquidity

cost exactly once over their holding period. The coefficient k adjusts for the

difference between the monthly period used in estimation, and the typical

holding period of an investor (which is the period implicitly considered in

the model). More precisely, k is the ratio of the monthly estimation period

to the typical holding period.18 The average holding period is proxied by the

period over which all shares are turned over once. Hence, we calibrate k as

the average monthly turnover across all stocks in the sample.

The resulting liquidity-adjusted CAPM (19) has only one risk premium,

λ, that needs to be estimated as in the standard CAPM. Here, the risk factor

is the net beta instead of the standard CAPM beta. Hence, the empirical

improvement in fit is not achieved by adding factors (or otherwise adding

degrees of freedom), but simply by making a liquidity adjustment.

18If the estimation period is equal to the holding period, then the model implies (19)

with k = 1. If the estimation period is k times the holding period, then E(rp
t − r

f
t ) is (ap-

proximately) k times the expected holding period return, and βnet,p is (approximately) k
times the holding-period net beta. The illiquidity, E(cp), however, does not scale with time
period because it is an average of daily illiquidities (not a sum of such terms). Therefore,
the E(cp) term is scaled by k in (19).
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We consider first the illiquidity portfolios. The estimated results for Equa-

tion (19) are reported in line 1 of Table 4 with value-weighted portfolios, and

in Table 5 with equally-weighted portfolios. In Table 4, we report both Fama

and MacBeth (1973) standard errors, and GMM standard errors that account

for the pre-estimation of betas (see Shanken (1992) and Cochrane (2001)).

In the other tables, we report for simplicity only the Fama and MacBeth

(1973) standard errors.19

We see that the λ is positive and significant at a 1% level for value-

weighted portfolios and at a 5% level for equal-weighted portfolios, and that

α is always insignificant, both results lending support to our model. Further,

we see that the R2 is high, close to 82% in both tables.

The tables also show the result of different empirical specifications with

various combinations of betas and expected illiquidity cost, allowing the be-

tas to have different risk premia and not restricting the coefficient k to be

the average monthly turnover. That is, we consider components of the gen-

eralized relation

E(rpt − rft ) = α + κE(cpt ) + λ1β1p + λ2β2p + λ3β3p + λ4β4p , (20)

where the risk premia, λ1 through λ4, and the coefficient κ, are estimated

as unconstrained coefficients. Our model implies the restrictions α = 0,

19Since betas are estimated accurately, their pre-estimation has a relatively modest
effect on the results. Also, the serial correlation in monthly Fama-MacBeth estimates
of the risk premia is low for all our tests. (It is usually lower in magnitude than 0.10
and always lower than 0.20.) The resulting bias in t-statistics, if any, is thus negligible.
Furthermore, estimation of the cross-sectional regressions using the weighted least squares
method to account for heteroskedascticity in the residuals produced qualitatively similar
results (available from the authors upon request). Some of the specifications however
suffer from the multi-collinearity problem under the weighted least squares estimation.
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κ = k, and λ1 = λ2 = −λ3 = −λ4. The estimated market prices of liquidity
risks for this generalized specification have signs that are broadly consistent

with the model’s prediction. In particular, a security’s required return is

increasing in its level of β2 and decreasing in its level of β3 and β4. The

market prices of liquidity risks are significant at a 5% level in univariate

regressions. Interestingly, the highest R2 among the univariate regressions is

the R2 of the liquidity-adjusted CAPM (line 1).

The statistical significance is reduced as more coefficients are estimated

simultaneously, but the coefficients on some betas remain significant. For

instance, the coefficient related to β4 is significant at a 5% level whenever

it is included, except for value-weighted portfolios when all coefficients are

estimated simultaneously (where it is marginally significant). It should also

be noted that the coefficient λ2, the risk premium on liquidity risk β2, is

either magnified substantially or reverses its sign whenever β2 is included

in the regression along with E(cp). The lack of ability to identify all the

coefficients jointly may be due, at least in part, to the co-linearity of the

different kinds of liquidity risk. Indeed, β2 and E(cp) have a correlation that

exceeds 0.99 for illiquidity portfolios. Of course, we must also entertain the

possibility that not all these risk factors are empirically relevant.

The top panel of Figure 2 illustrates the empirical fit of the standard

CAPM for the illiquidity portfolios. The middle and bottom panels show,

respectively, the fit of the constrained and unconstrained liquidity-adjusted

CAPM, that is, models (19) and (20). We see that the liquidity adjustment

improves the fit especially for the illiquid portfolios, consistent with what

our intuition would suggest. We note that the number of free parameters
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is the same in top and middle panels, so the improvement in fit is not a

consequence of more degrees of freedom.

The effect of liquidity risk on required returns seems economically mean-

ingful. To get a perspective on the magnitude of the effects of different forms

of liquidity risk, we consider the risk premium, λ = 0.05, from Row 1 in

Table 4. The difference in annualized expected return between portfolio 1

and 25 that can be attributed to a difference in β2, i.e., in the covariance,

covt−1(c
i
t, c

M
t ), between the portfolio illiquidity and the market illiquidity, is

λ(β2,p25 − β2,p1) · 12 = 0.08%.

Using the Fama-MacBeth standard error of the estimate of λ and ignoring

the estimation error in betas, the 95% confidence interval for the effect of

β2 is (0.02%, 0.13%). Similarly, the annualized return difference stemming

from the difference in β3, i.e., in the covariance, covt−1(r
i
t, c

M
t ), between the

portfolio return and the market illiquidity, is

−λ(β3,p25 − β3,p1) · 12 = 0.17%,

with a 95% confidence interval of (0.05%, 0.28%). The effect of β4, i.e., in

the covariance, covt−1(r
i
t, c

M
t ), between the security’s return and the market

illiquidity, is

−λ(β4,p25 − β4,p1) · 12 = 0.83%,

with a 95% confidence interval of (0.27%, 1.39%).

The total effect of liquidity risk is therefore 1.1% per year. Interestingly,

31



of the three liquidity risks the effect of β4, the covariation of a security’s illiq-

uidity to market returns, is the strongest both from a statistical standpoint

and in terms of the economic impact on expected returns. This aspect of

liquidity risk has not been pointed out before either theoretically or empiri-

cally. Our model and its tests suggest that this liquidity risk is priced: All

else being equal, securities which are difficult to trade in market downturns

are priced significantly lower than the ones which are relatively easy to trade

in such times.

Finally, the difference in annualized expected return between portfolio 1

and 25 that can be attributed to a difference in E(c), the expected illiquidity,

is 3.5%. The overall effect of expected illiquidity and liquidity risk is thus

4.6% per year with a 95% confidence interval of (3.85%, 5.30%).

While this magnitude is economically significant, it is lower than the

magnitude estimated by Pastor and Stambaugh (2001). This could be due

to the fact that they employ a different measure of liquidity, one that is

based on the principle that order flow induces greater return reversal when

liquidity is lower, as theoretically motivated by Campbell, Grossman, and

Wang (1993). This difference may be in part due to the fact that they sort

portfolios based on liquidity risk (in their case, β3) whereas we sort based

on the level of liquidity. Also, this could be because they do not control

for the level of illiquidity which has been shown to command a significant

premium in a number of studies including Amihud and Mendelson (1986),

Brennan and Subrahmanyam (1996), Brennan, Chordia, and Subrahmanyam

(1998), Datar, Naik, and Radcliffe (1998), Swan (2002), and Dimson and

Hanke (2002). Finally, the difference could also arise because we restrict the
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risk premia on different liquidity betas to be the same. For instance, the

magnitude of the risk premium related to β4 is estimated to be higher in

Model 11 and Model 12 of Table 4. This higher risk premium results in a

per year effect of 8.21% and 9.52%, respectively, from β4 alone.20

To formally test the liquidity-adjusted CAPM, we use the Wald test.21

First, we note that we fail to reject at conventional levels the model-implied

restriction that α = 0 in the liquidity-adjusted CAPM (Row 1 of Table 4 and

Table 5).

Second, we test the five model-implied restrictions λ1 = λ2 = −λ3 = −λ4,
α = 0, and κ = k in context of the model with unrestricted risk premia (Row

12 of Table 4 and Table 5).

The test for λ1 = λ2 = −λ3 = −λ4 is asymptotically distributed as chi
square with three degrees of freedom. For value-weighted illiquidity portfolios

in Table 4, the test statistic has a p-value of 16.2%, and for equally-weighted

portfolios in Table 5, it has a p-value of 3.9%. If we add the restriction α = 0,

then the test statistic has a p-value of 22.9% for value-weighted portfolios

and a p-value of 7.2% for equally-weighted portfolios.

Finally, we test jointly all the five model-implied restrictions stated above.

For value-weighted illiquidity portfolios this test statistic has a p-value of

33.6%, and for equally-weighted portfolios it has a p-value of 12.4%. Overall,

the model-implied restrictions are not statistically rejected. By contrast, a

20In another recent paper, Chordia, Subrahmanyam, and Anshuman (2001) find that
expected returns in the cross-section are higher for stocks with low variability of liquidity,
measured using variables such as trading volume and turnover. They examine the firm-
specific variability of liquidity. By contrast, our model implies and our tests suggest that
it is the co-movement of firm-specific liquidity with market return and market liquidity
that affects expected returns.

21We provide details on this standard test method in the Appendix.
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test of the standard CAPM restrictions that λ2 = λ3 = λ4 = 0, α = 0, and

κ = 0, yields a p-value of 7.0% for value-weighted portfolios and a p-value

of 0.0% for equally-weighted portfolios. This lends further support for the

theoretical model with all five restrictions, especially since it has exactly one

degree of freedom as in the standard CAPM.

To test the robustness of our results, we estimate the model with a number

of different specifications. We control for size and volatility (Table 6). The

results are roughly unchanged although the standard errors increase because

of the additional variables. The coefficient on size is insignificant. Also, we

consider the sub-period 1964–1981 (Table 7), and the sub-period 1982–1999

(Table 8). We see that the signs of the beta coefficients are stable across

all specifications of the model. We find some, but not all, beta coefficients

that are significant at conventional levels in almost all specifications. The

statistical significance is reduced in the later sample.

As a further robustness check, we re-estimate our model with size-based

portfolios. Table 9 shows the properties of value-weighted size-based port-

folios, confirming that small-sized stocks are illiquid (in absolute terms as

measured by E(c)) and also have high liquidity risk (as measured by the

three betas β2p, β3p and β4p). Table 10 and Table 11 show respectively the

results of Fama-MacBeth regressions with value-weighted and equal-weighted

portfolios. Again, the results are generally consistent with the model.

Figure 3 shows graphically the fit of the standard CAPM, and the liquidity-

adjusted CAPM, with constrained and unconstrained risk premia. We see

again that the liquidity adjustment improves the fit, particularly for the

smaller size portfolios. Formal statistical tests cannot reject the model-
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implied restrictions at conventional confidence levels. The p-values of tests

for value-weighted and equally-weighted size portfolios are, respectively: (i)

44.5% and 50.5% for the restrictions that λ1 = λ2 = −λ3 = −λ4; (ii) 61.4%
and 65.5% with the additional restriction that α = 0; and (iii) 74.9% and

73.2% with the further restriction that κ = k. This lends strong support

in favor of our liquidity-adjusted CAPM. By contrast, a test of the stan-

dard CAPM restrictions that λ2 = λ3 = λ4 = 0, α = 0, and κ = 0, yields

a p-value of 21.5% for value-weighted portfolios and a p-value of 5.1% for

equally-weighted portfolios.

Overall, the evidence appears to be supportive of the liquidity-adjusted

CAPM model. The results highlight the importance of liquidity and liquidity

risk for asset prices. They also underscore the need for further empirical re-

search aimed at better measurement of liquidity and its time-series variation,

for an individual security as well as for the market.

5 Conclusion

This paper considers the effect of liquidity risk. It develops a simple pricing

formula that shows that investors should worry about a security’s perfor-

mance and tradability both in market downturns and when liquidity “dries

up.” Said differently, the required return of a security i is increasing in the

covariance, covt−1(c
i
t, c

M
t ), between its illiquidity and the market illiquidity,

and decreasing in the covariance, covt−1(r
i
t, c

M
t ), between the security’s return

and the market illiquidity, and decreasing in the covariance, covt−1(c
i
t, r

M
t ),

between its illiquidity and market returns.
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The model also shows why high illiquidity predicts high future returns,

and why contemporaneous liquidity and returns co-move.

Hence, the model helps explain the existing empirical evidence related to

liquidity risk. Further, its novel predictions are consistent with our empir-

ical findings. In particular, we find, in a variety of specifications, that the

liquidity-adjusted CAPM explains the data better than the standard CAPM.

The model with net beta provides a much better fit than the standard CAPM

while still exploiting the same degrees of freedom. In tests of the model with

unconstrained risk premia, the covariance between a security’s illiquidity and

the market return appears to be particularly important, an effect not pre-

viously studied in the literature. Hence, we conclude that liquidity risk is

indeed priced.

While the model gives clear predictions that seem to have some bearing in

the data, it is decidedly simplistic. The model and the empirical results are

suggestive of further theoretical and empirical work. In particular, it would

be of interest to answer questions such as: What explains the time-variation

in liquidity? Why are stocks that are illiquid in absolute terms also more

liquidity risky, in the sense of high values of all three liquidity betas? How

does dynamic trading affect the pricing of liquidity risk?
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A Appendix

Proof of Proposition 1:

We first solve the investment problem of any investor n at time t. We assume,

and later confirm, that the price at time t+ 1 is normally distributed condi-

tional on the time t information. Hence, the investor’s problem is to choose

optimally the number of shares, yn = (yn,1, . . . , yn,I), to purchase according

to

max
yn∈RI+

(

Et(W
n
t+1)− 1

2
An vart(W

n
t+1)

)

,

where

W n
t+1 = (Pt+1 +Dt+1 − Ct+1)

>yn + rf (ent − P>t y
n),

and ent is this agent’s endowment. If we disregard the no-short-sale constraint,

the solution is

yn =
1

An
(vart(Pt+1 +Dt+1 − Ct+1))

−1 (Et(Pt+1 +Dt+1 − Ct+1)− rfPt
)

.

We shortly verify that, in equilibrium, this solution does not entail short

selling. In equilibrium,
∑

n y
n = S, so equilibrium is characterized by the

condition that

Pt = Et(Pt+1 +Dt+1 − Ct+1)− A (vart(Pt+1 +Dt+1 − Ct+1)S) ,
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where A =
(
∑

n
1
An

)−1
. The unique stationary linear equilibrium is

Pt =
1

rf − 1

(

rf (1− γ)

rf − γ
(D̄ − C̄)− A

(

rf

rf − γ

)2

ΓS

)

(A.1)

+
γ

rf − γ
(Dt − Ct),

where S = (S1, . . . , SI) is the total supply of shares.

With this price, conditional expected net returns are normally distributed,

and any investor n holds a fraction A/An > 0 of the market portfolio S > 0 so

he is not short selling any securities. Therefore, our assumptions are satisfied

in equilibrium.

Finally, since investors have mean-variance preferences, the conditional

CAPM holds for net returns. See, for instance, Huang and Litzenberger

(1988). Rewriting in terms of net returns yields the result stated in the

proposition. ¤

Proof of Proposition 2:

The conditional expected return on a portfolio q is computed using (A.1):

Et−1(r
q
t ) = Et−1

(

B + rfDq
t − γCq

t

B + γDq
t−1 − γCq

t−1

)

=
B + rf (1− γ)D̄q + rfγDq

t−1 − γ(1− γ)C̄q − γ2Cq
t−1

B + γDq
t−1 − γCq

t−1

,

where,

B =
rf − γ

rf − 1
q>

(

rf (1− γ)

rf − γ
(D̄ − C̄)− A

(

rf

rf − γ

)2

ΓS

)

.
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The conditional expected return depends on Cq
t−1 in the following way:

∂

∂Cq
t−1

Et−1(r
q
t − rf )

=
γ

(rf − γ)2P 2t−1

[

− γ
(

B + γDq
t−1 − γCq

t−1

)

+
(

B + rf (1− γ)D̄q + rfγDq
t−1 − γ(1− γ)C̄q − γ2Cq

t−1

)

]

=
γ

(rf − γ)P 2t−1

[

γDq
t−1 + (1− γ)E(Dq

t + P q
t

∣

∣ Dq
t−1 = D̄q, Cq

t−1 = C̄q)

]

.

This partial derivative is greater than 0 under the conditions given in the

proposition. ¤

Proof of Proposition 3:

The conditional covariance between illiquidity and return for a portfolio q is:

covt−1(c
q
t , r

q
t ) =

1

(P q
t−1)

2
covt−1(C

q
t , P

q
t +Dq

t )

=
1

(P q
t−1)

2(rf − γ)
covt−1(C

q
t , r

fDq
t − γCq

t )

=
1

(P q
t−1)

2(rf − γ)
(rf q>ΣCDq − γ q>ΣCq),

which yields the proposition. ¤

Wald Test of Parameter Restrictions: Let θ = (α, κ, λ1, . . . , λ4)′ denote

the 6-vector of coefficients. The Fama-MacBeth method estimates are given

by

θ̂ = 1/T
∑

θt,
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where θt is the period-t estimates. Under independence assumptions,
√
T (θ̂−

θ) is asymptotically normal with mean 0 and a variance-covariance matrix

Σ, which can be estimated consistently by

Σ̂ = 1/T
∑

(θt − θ̂)(θt − θ̂)′

To jointly test K parameter restrictions, consider the following null hy-

potheses:

H0 : Gθ = g

where G is an K-by-6 matrix and g is a K vector. In our case, G and

g are chosen as follows. First, the restriction of identical risk premia are

implemented by letting G’s first row be G1 = (0, 0, 1,−1, 0, 0) and g1 = 0.

This means that λ1 = λ2. Similarly, the second and the third rows of G, are

respectively, (0, 0, 1, 0, 1, 0) and (0, 0, 1, 0, 0, 1), and g3 = g4 = 0, which imply

that λ1 = −λ3 = −λ4.
To further impose the restriction α = 0, we let G’s 4’th row equal

(1, 0, 0, 0, 0, 0) and g4 = 0. Finally, to impose the restriction κ = k, we

let the fifth row of G equal (0, 1, 0, 0, 0, 0) and g5 = k.

Under H0, the asymptotic distribution of
√
T (Gθ̂ − g) is normal with

mean 0 and variance-covariance matrix GΣG′. Hence, the test statistic

T (Gθ̂ − g)′(GΣ̂G′)−1(Gθ̂ − g)

is asymptotically χ2 with K degrees of freedom.
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Table 1: Properties of illiquidity portfolios.

This table reports the properties of the odd–numbered portfolios from the 25 value-
weighted illiquidity portfolios formed for each year during 1964–1999 as described
in Section 4.2. The four covariances, β1p, β2p, β3p and β4p, are computed for each
portfolio as per (7) using all monthly return and illiquidity observations for the
portfolio and the market portfolio. The t-statistics, reported in parenthesis, are
estimated using GMM. The monthly innovations in portfolio illiquidity and market
illiquidity are computed using the AR(2) specification in (16) for the standardized
illiquidity series. The standard deviation of the portfolio illiquidity innovations is
reported under the column σ(∆cp). The monthly innovations in market portfolio
return are computed using an AR(2) specification for the market return series
that also employs available market characteristics at the beginning of the month
(return, volatility, average illiquidity, log of average dollar volume, log of average
turnover, all measured over past six months, and log of one-month lagged market
capitalization). The average illiquidity E(cp), the average excess return, E(rp−rf ),
the turnover (trn), and the market capitalization (size), are computed for each
portfolio as time-series averages of the respective monthly characteristics. Finally,
σ(rp), is the average of the standard deviation of daily returns for the portfolio’s
constituent stocks computed each month.

β1p β2p β3p β4p E(cp) σ(∆cp) E(rp − rf ) σ(rp) trn size
(%) (%) (%) (%) (%) (B $)

1 16.82 0.0000 −0.24 −0.00 0.25 0.00 0.48 1.43 3.25 983.15
(7.61) (0.2090) (−4.60) (−0.19)

3 20.66 0.0003 −0.32 −0.01 0.26 0.00 0.39 1.64 4.19 180.06
(8.36) (1.1737) (−5.43) (−1.30)

5 22.79 0.0006 −0.38 −0.02 0.27 0.01 0.60 1.74 4.17 94.77
(7.81) (2.1744) (−5.91) (−3.12)

7 23.27 0.0010 −0.39 −0.03 0.29 0.01 0.57 1.83 4.14 58.29
(8.17) (2.8820) (−6.08) (−3.25)

9 25.00 0.0018 −0.42 −0.06 0.32 0.02 0.71 1.86 3.82 37.98
(7.36) (4.0833) (−6.12) (−4.62)

11 25.81 0.0030 −0.43 −0.10 0.36 0.04 0.73 1.94 3.87 25.78
(7.89) (4.1766) (−6.34) (−4.59)

13 26.03 0.0041 −0.45 −0.12 0.43 0.05 0.77 1.99 3.47 18.90
(7.50) (6.1492) (−6.79) (−6.76)

15 27.16 0.0072 −0.49 −0.21 0.53 0.08 0.85 2.04 3.20 13.59
(7.16) (5.6118) (−6.60) (−5.00)

17 26.82 0.0113 −0.49 −0.30 0.71 0.13 0.80 2.11 2.96 10.03
(7.74) (7.0014) (−6.49) (−5.15)

19 26.70 0.0160 −0.48 −0.47 1.01 0.21 0.83 2.13 2.68 7.31
(7.01) (6.8540) (−7.18) (−5.67)

21 28.30 0.0276 −0.52 −0.64 1.61 0.34 1.13 2.28 2.97 5.07
(7.25) (7.4997) (−6.82) (−5.76)

23 28.92 0.0590 −0.52 −1.02 3.02 0.62 1.12 2.57 2.75 2.89
(7.02) (7.4644) (−7.13) (−4.39)

25 25.80 0.1282 −0.52 −1.38 8.83 1.46 1.10 2.87 2.60 1.37
(7.38) (6.4564) (−7.27) (−3.39)



Table 2: Beta correlations for illiquidity portfolios.

This table reports the correlations of the four covariances, β1p, β2p, β3p and β4p,
for the 25 value-weighted illiquidity portfolios formed for each year during 1964–
1999 as described in Section 4.2. The four betas are computed for each portfolio as
per (7) using all monthly return and illiquidity observations for the portfolio and
the market portfolio. The monthly innovations in portfolio illiquidity and market
illiquidity are computed using the AR(2) specification in (16) for the standardized
illiquidity series. The monthly innovations in market portfolio return are com-
puted using an AR(2) specification for the market return series that also employs
available market characteristics at the beginning of the month.

β1p β2p β3p β4p

β1p 1.000 0.441 −0.972 −0.628
β2p 1.000 −0.573 −0.941
β3p 1.000 0.726
β4p 1.000

Table 3: Beta correlations for individual stocks.

This table reports the correlations of the four covariances, β1i, β2i, β3i and β4i, for
the common shares listed on NYSE and AMEX during the period 1964–1999. The
correlations are computed annually for all eligible stocks in a year as described in
Section 4.2 and then averaged over the sample period. The four betas are com-
puted for each stock as per (7) using all monthly return and illiquidity observations
for the stock and the market portfolio. The monthly innovations in market illiq-
uidity are computed using the AR(2) specification in (16) for the standardized
market illiquidity series. The innovations in stock illiquidity are computed using
a similar AR(2) specification with coefficients estimated for the market illiquid-
ity. The monthly innovations in market portfolio return are computed using an
AR(2) specification for the market return series that also employs available market
characteristics at the beginning of the month.

β1i β2i β3i β4i

β1i 1.000 0.020 −0.685 −0.164
β2i 1.000 −0.072 −0.270
β3i 1.000 0.192
β4i 1.000



Table 4: Illiquidity portfolios, value weighted.

This table reports the results of the Fama and Macbeth (1973) type regressions employed to test the
liquidity-adjusted CAPM. The specifications tested are (i) the model-implied liquidity-adjusted CAPM in
(19),

E(rpt − r
f
t ) = α+ kE(cpt ) + λβnet,p ,

where k is set as the reciprocal of the average portfolio turnover (in months) and βnet,p = β1p + β2p −

β3p − β4p ; and (ii) the liquidity-adjusted CAPM with unconstrained risk premia in (20),

E(rpt − r
f
t ) = α+ κE(cpt ) + λ1β1p + λ2β2p + λ3β3p + λ4β4p .

The table presents the estimated coefficients, averaged over the period 1964–1999, from the monthly cross-

sectional regressions of portfolio excess returns (%) for the 25 value-weighted illiquidity portfolios with

explanatory variables being the portfolio characteristics. The t-statistics, reported in the parentheses below

the coefficients, are estimated using the standard Fama–Macbeth method. The second set of t-statistics,

also reported in the parentheses, are computed using a GMM framework as explained in Section 4.5. The

reported R2 for a specification is the R2 obtained in a single cross-sectional regression of average monthly

portfolio excess returns, with explanatory variables being the portfolio characteristics included in that

specification. The adjusted R2’s are reported in the parentheses.

constant E(cp) β1p β2p β3p β4p βnet,p R2

1 −0.556 0.034 0.050 0.822
(−1.347) ( — ) (2.898) (0.822)
(−1.350) ( — ) (2.303)

2 −0.788 0.062 0.653
(−1.838) (3.333) (0.638)
(−1.745) (2.508)

3 0.669 5.608 0.537
(2.883) (3.476) (0.517)
(2.947) (2.176)

4 −0.371 −2.604 0.719
(−1.117) (−3.356) (0.707)
(−0.979) (−2.381)

5 0.606 −0.490 0.762
(2.645) (−3.656) (0.751)
(2.912) (−2.090)

6 −0.743 0.058 0.728
(−0.622) (3.411) (0.716)
(−1.793) (2.617)

7 0.671 0.080 0.443
(2.883) (3.362) (0.418)
(2.930) (3.007)

8 −0.137 2.813 −1.957 0.810
(−0.460) (2.222) (−2.687) (0.793)
(−0.398) (1.953) (−1.564)

9 0.058 −1.393 −0.305 0.859
(0.204) (−1.922) (−2.678) (0.846)
(0.167) (−1.465) (−2.085)

10 0.060 −0.180 14.853 −1.522 0.841
(0.205) (−1.825) (2.170) (−2.117) (0.818)
(0.185) (−1.279) (1.590) (−1.673)

11 0.165 −0.037 −1.107 −0.496 0.874
(0.574) (−1.222) (−1.529) (−2.610) (0.856)
(0.503) (−0.794) (−1.194) (−2.367)

12 −0.089 0.033 0.032 −4.953 0.232 −0.575 0.881
(−0.240) (0.242) (0.915) (−0.430) (0.147) (−1.777) (0.850)
(−0.194) (0.235) (0.667) (−0.382) (0.113) (−1.353)



Table 5: Illiquidity portfolios, equal weighted.

This table reports the results of the Fama and Macbeth (1973) type regressions
employed to test the liquidity-adjusted CAPM. The specifications tested are the
model-implied liquidity-adjusted CAPM in (19),

E(rpt − r
f
t ) = α+ kE(cpt ) + λβnet,p ,

where k is set as the reciprocal of the average portfolio turnover (in months)
and βnet,p = β1p + β2p − β3p − β4p ; and (ii) the liquidity-adjusted CAPM with
unconstrained risk premia in (20),

E(rpt − r
f
t ) = α+ κE(cpt ) + λ1β1p + λ2β2p + λ3β3p + λ4β4p .

The table presents the estimated coefficients, averaged over the period 1964–1999,
from the monthly cross-sectional regressions of portfolio excess returns (%) for the
25 equal-weighted illiquidity portfolios with explanatory variables being the port-
folio characteristics. The t-statistics, reported in the parentheses, are estimated
using the standard Fama–Macbeth method. The reported R2 for a specification
is the R2 obtained in a single cross-sectional regression of average monthly port-
folio excess returns, with explanatory variables being the portfolio characteristics
included in that specification. The adjusted R2’s are reported in the parentheses.

constant E(cp) β1p β2p β3p β4p βnet,p R2

1 −0.391 0.046 0.037 0.825
(−0.835) ( — ) (2.085) (0.825)

2 −0.530 0.045 0.350
(−1.129) (2.392) (0.322)

3 0.602 5.048 0.759
(2.358) (3.731) (0.748)

4 −0.276 −2.071 0.498
(−0.762) (−2.653) (0.476)

5 0.558 −0.296 0.863
(2.202) (−3.615) (0.857)

6 −0.653 0.048 0.529
(−0.737) (2.723) (0.509)

7 0.614 0.082 0.634
(2.397) (3.808) (0.618)

8 0.084 4.016 −1.129 0.875
(0.271) (3.713) (−1.634) (0.863)

9 0.262 −0.668 −0.252 0.896
(0.898) (−0.988) (−3.704) (0.887)

10 0.174 −0.050 6.959 −0.934 0.882
(0.572) (−1.005) (1.996) (−1.320) (0.865)

11 0.229 0.009 −0.747 −0.221 0.897
(0.771) (0.463) (−1.067) (−2.308) (0.883)

12 −0.053 0.117 0.040 −11.356 1.083 −0.569 0.913
(−0.129) (1.208) (0.988) (−1.217) (0.622) (−2.242) (0.890)



Table 6: Illiquidity portfolios, with control variables.

This table reports the results of the Fama and Macbeth (1973) type regressions
employed to test the liquidity-adjusted CAPM. The specifications tested are the
model-implied liquidity-adjusted CAPM in (19),

E(rpt − r
f
t ) = α+ kE(cpt ) + λβnet,p ,

where k is set as the reciprocal of the average portfolio turnover (in months)
and βnet,p = β1p + β2p − β3p − β4p ; and (ii) the liquidity-adjusted CAPM with
unconstrained risk premia in (20),

E(rpt − r
f
t ) = α+ κE(cpt ) + λ1β1p + λ2β2p + λ3β3p + λ4β4p ,

but augmented with control variables ln(size) and σ(rp) for each portfolio.
ln(sizep) is the time-series average of the natural log of the ratio of the port-
folio’s market capitalization at the beginning of the month to the total market
capitalization, and σ(rp) is the time-series average of the monthly standard de-
viation of returns of the stocks constituting the portfolio. The table presents
the estimated coefficients, averaged over the period 1964–1999, from the monthly
cross-sectional regressions of portfolio excess returns (%) for the 25 value-weighted
illiquidity portfolios with explanatory variables being the portfolio characteristics.
The t-statistics, reported in the parentheses, are estimated using the standard
Fama–Macbeth method. The reported R2 for a specification is the R2 obtained in
a single cross-sectional regression of average monthly portfolio excess returns, with
explanatory variables being the portfolio characteristics included in that specifica-
tion. The adjusted R2’s are reported in the parentheses.

constant E(cp) β1p β2p β3p β4p βnet,p ln(sizep) σ(rp) R2

1 −0.938 0.034 0.057 0.063 0.228 0.834
(−1.551) ( — ) (2.065) (0.715) (0.992) (0.819)

2 −0.732 0.024 0.014 0.475 0.834
(−1.180) (0.894) (0.161) (1.971) (0.811)

3 −0.409 −1.109 −0.036 0.508 0.829
(−0.730) (−0.459) (−0.544) (1.298) (0.805)

4 −0.546 −1.110 0.017 0.444 0.830
(−1.031) (−0.806) (0.172) (1.830) (0.806)

5 0.792 −0.406 −0.110 −0.322 0.853
(1.525) (−1.818) (−1.783) (−0.869) (0.833)

6 −0.847 0.032 0.035 0.466 0.839
(−0.457) (1.144) (0.400) (2.032) (0.816)

7 −0.542 −0.027 −0.019 0.616 0.835
(−1.024) (−0.847) (−0.294) (1.679) (0.811)

8 −0.590 −0.658 −0.835 0.011 0.517 0.831
(−1.000) (−0.251) (−0.596) (0.115) (1.326) (0.797)

9 0.239 −2.310 −0.489 0.030 −0.249 0.865
(0.415) (−1.574) (−2.072) (0.303) (−0.677) (0.838)

10 −0.314 −0.155 10.512 −0.730 0.008 0.394 0.852
(−0.542) (−1.574) (1.415) (−0.522) (0.090) (1.016) (0.813)

11 0.188 −0.034 −1.345 −0.522 0.008 −0.051 0.874
(0.320) (−0.964) (−0.940) (−2.178) (0.083) (−0.119) (0.841)

12 0.110 0.148 0.078 −10.887 0.047 −0.978 0.039 −0.692 0.894
(0.187) (0.995) (1.830) (−0.924) (0.027) (−2.515) (0.409) (−1.451) (0.850)



Table 7: Illiquidity portfolios, 1964–1981.

This table reports the results of the Fama and Macbeth (1973) type regressions
employed to test the liquidity-adjusted CAPM. The specifications tested are the
model-implied liquidity-adjusted CAPM in (19),

E(rpt − r
f
t ) = α+ kE(cpt ) + λβnet,p ,

where k is set as the reciprocal of the average portfolio turnover (in months)
and βnet,p = β1p + β2p − β3p − β4p ; and (ii) the liquidity-adjusted CAPM with
unconstrained risk premia in (20),

E(rpt − r
f
t ) = α+ κE(cpt ) + λ1β1p + λ2β2p + λ3β3p + λ4β4p .

The table presents the estimated coefficients, averaged over the period 1964–1981,
from the monthly cross-sectional regressions of portfolio excess returns (%) for the
25 value-weighted illiquidity portfolios with explanatory variables being the port-
folio characteristics. The t-statistics, reported in the parentheses, are estimated
using the standard Fama–Macbeth method. The reported R2 for a specification
is the R2 obtained in a single cross-sectional regression of average monthly port-
folio excess returns, with explanatory variables being the portfolio characteristics
included in that specification. The adjusted R2’s are reported in the parentheses.

constant E(cp) β1p β2p β3p β4p βnet,p R2

1 −1.781 0.034 0.092 0.867
(−3.019) ( — ) (3.403) (0.867)

2 −2.098 0.109 0.777
(−3.405) (3.721) (0.768)

3 0.503 8.158 0.434
(1.446) (3.224) (0.410)

4 −1.332 −4.526 0.830
(−2.906) (−3.701) (0.823)

5 0.402 −0.744 0.671
(1.189) (−3.517) (0.657)

6 −1.967 0.101 0.833
(−1.238) (3.727) (0.826)

7 0.510 0.112 0.336
(1.460) (3.037) (0.307)

8 −1.122 2.523 −3.946 0.858
(−2.757) (1.348) (−3.521) (0.845)

9 −0.905 −3.323 −0.303 0.883
(−2.355) (−3.119) (−1.847) (0.872)

10 −0.768 −0.323 24.105 −3.165 0.895
(−1.933) (−2.171) (2.365) (−2.998) (0.881)

11 −0.710 −0.067 −2.798 −0.654 0.902
(−1.842) (−1.437) (−2.731) (−2.333) (0.888)

12 −0.933 −0.155 0.032 8.759 −1.538 −0.440 0.906
(−1.707) (−0.844) (0.617) (0.562) (−0.698) (−1.000) (0.881)



Table 8: Illiquidity portfolios, 1982–1999.

This table reports the results of the Fama and Macbeth (1973) type regressions
employed to test the liquidity-adjusted CAPM. The specifications tested are the
model-implied liquidity-adjusted CAPM in (19),

E(rpt − r
f
t ) = α+ kE(cpt ) + λβnet,p ,

where k is set as the reciprocal of the average portfolio turnover (in months)
and βnet,p = β1p + β2p − β3p − β4p ; and (ii) the liquidity-adjusted CAPM with
unconstrained risk premia in (20),

E(rpt − r
f
t ) = α+ κE(cpt ) + λ1β1p + λ2β2p + λ3β3p + λ4β4p .

The table presents the estimated coefficients, averaged over the period 1982–1999,
from the monthly cross-sectional regressions of portfolio excess returns (%) for the
25 value-weighted illiquidity portfolios with explanatory variables being the port-
folio characteristics. The t-statistics, reported in the parentheses, are estimated
using the standard Fama–Macbeth method. The reported R2 for a specification
is the R2 obtained in a single cross-sectional regression of average monthly port-
folio excess returns, with explanatory variables being the portfolio characteristics
included in that specification. The adjusted R2’s are reported in the parentheses.

constant E(cp) β1p β2p β3p β4p βnet,p R2

1 0.668 0.034 0.007 0.394
(1.178) ( — ) (0.336) (0.394)

2 0.522 0.015 0.094
(0.892) (0.651) (0.054)

3 0.834 3.057 0.414
(2.716) (1.534) (0.388)

4 0.589 −0.682 0.128
(1.245) (−0.725) (0.090)

5 0.810 −0.236 0.457
(2.616) (−1.445) (0.433)

6 0.482 0.016 0.136
(−0.001) (0.763) (0.099)

7 0.831 0.047 0.398
(2.701) (1.590) (0.372)

8 0.847 3.102 0.031 0.414
(1.982) (1.814) (0.034) (0.361)

9 1.022 0.537 −0.307 0.494
(2.476) (0.556) (−1.937) (0.448)

10 0.888 −0.037 5.601 0.122 0.417
(2.107) (−0.289) (0.615) (0.126) (0.334)

11 1.039 −0.006 0.585 −0.338 0.495
(2.489) (−0.161) (0.578) (−1.316) (0.423)

12 0.755 0.221 0.033 −18.665 2.003 −0.709 0.568
(1.535) (1.106) (0.678) (−1.101) (0.888) (−1.494) (0.454)



Table 9: Properties of size portfolios.

This table reports the properties of the odd–numbered portfolios from the 25
value-weighted size portfolios formed for each year during 1964–1999 as described
in Section 4.2. The four covariances, β1p, β2p, β3p and β4p, are computed for each
portfolio as per (7) using all monthly return and illiquidity observations for the
portfolio and the market portfolio. The t-statistics, reported in parenthesis, are
estimated using GMM. The monthly innovations in portfolio illiquidity and market
illiquidity are computed using the AR(2) specification in (16) for the standardized
illiquidity series. The standard deviation of the portfolio illiquidity innovations is
reported under the column σ(∆cp). The monthly innovations in market portfolio
return are computed using an AR(2) specification for the market return series
that also employs available market characteristics at the beginning of the month
(return, volatility, average illiquidity, log of average dollar volume, log of average
turnover, all measured over past six months, and log of one-month lagged market
capitalization). The average illiquidity E(cp), the average excess return, E(rp−rf ),
the turnover (trn), and the market capitalization (size), are computed for each
portfolio as time-series averages of the respective monthly characteristics. Finally,
σ(rp), is the average of the standard deviation of daily returns for the portfolio’s
constituent stocks computed each month.

β1p β2p β3p β4p E(cp) σ(∆cp) E(rp − rf ) σ(rp) trn size
(%) (%) (%) (%) (%) (B $)

1 29.87 0.1172 −0.54 −1.53 5.46 1.25 1.13 2.76 4.86 0.71
(7.44) (6.4803) (−6.83) (−3.96)

3 30.52 0.0597 −0.55 −1.28 2.66 0.67 0.93 2.72 4.74 1.98
(7.86) (6.8809) (−6.99) (−4.44)

5 32.06 0.0353 −0.59 −0.78 1.66 0.44 0.83 2.62 4.96 3.47
(7.69) (7.5155) (−7.38) (−4.45)

7 30.91 0.0240 −0.55 −0.54 1.15 0.25 0.98 2.45 4.73 5.45
(7.94) (7.1535) (−6.98) (−5.16)

9 30.86 0.0145 −0.55 −0.36 0.78 0.16 0.84 2.38 5.29 8.09
(7.92) (7.7734) (−7.25) (−5.23)

11 29.89 0.0091 −0.53 −0.24 0.62 0.11 0.81 2.28 5.20 11.61
(8.22) (6.7152) (−6.86) (−4.41)

13 29.39 0.0061 −0.50 −0.18 0.49 0.08 0.79 2.18 5.09 16.73
(8.06) (5.2052) (−6.78) (−5.05)

15 28.02 0.0044 −0.48 −0.12 0.41 0.06 0.69 2.08 4.92 24.45
(8.54) (4.2025) (−6.81) (−3.85)

17 26.21 0.0025 −0.44 −0.08 0.36 0.03 0.73 1.96 4.86 36.59
(7.88) (3.8586) (−6.34) (−3.28)

19 25.50 0.0014 −0.43 −0.05 0.31 0.02 0.65 1.85 4.73 57.12
(8.08) (2.6452) (−6.44) (−2.69)

21 23.74 0.0006 −0.38 −0.02 0.28 0.01 0.62 1.75 4.54 96.24
(8.18) (1.3859) (−6.13) (−1.31)

23 21.24 0.0004 −0.34 −0.01 0.27 0.01 0.50 1.63 4.20 186.57
(8.86) (0.8757) (−5.67) (−0.74)

25 16.28 0.0000 −0.24 −0.00 0.25 0.00 0.49 1.42 2.80 988.69
(7.81) (0.0750) (−4.73) (−0.09)



Table 10: Size portfolios, value weighted.

This table reports the results of the Fama and Macbeth (1973) type regressions
employed to test the liquidity-adjusted CAPM. The specifications tested are the
model-implied liquidity-adjusted CAPM in (19),

E(rpt − r
f
t ) = α+ kE(cpt ) + λβnet,p ,

where k is set as the reciprocal of the average portfolio turnover (in months)
and βnet,p = β1p + β2p − β3p − β4p ; and (ii) the liquidity-adjusted CAPM with
unconstrained risk premia in (20),

E(rpt − r
f
t ) = α+ κE(cpt ) + λ1β1p + λ2β2p + λ3β3p + λ4β4p .

The table presents the estimated coefficients, averaged over the period 1964–1999,
from the monthly cross-sectional regressions of portfolio excess returns (%) for the
25 value-weighted size portfolios with explanatory variables being the portfolio
characteristics. The t-statistics, reported in the parentheses, are estimated using
the standard Fama–Macbeth method. The reported R2 for a specification is the R2

obtained in a single cross-sectional regression of average monthly portfolio excess
returns, with explanatory variables being the portfolio characteristics included in
that specification. The adjusted R2’s are reported in the parentheses.

constant E(cp) β1p β2p β3p β4p βnet,p R2

1 −0.087 0.047 0.028 0.910
(−0.255) ( — ) (1.993) (0.910)

2 −0.265 0.038 0.757
(−0.749) (2.443) (0.747)

3 0.668 4.979 0.619
(2.714) (2.725) (0.603)

4 −0.045 −1.694 0.793
(−0.156) (−2.470) (0.784)

5 0.640 −0.323 0.698
(2.641) (−2.657) (0.685)

6 −0.236 0.035 0.810
(−0.165) (2.483) (0.801)

7 0.647 0.111 0.583
(2.639) (2.721) (0.565)

8 0.118 2.639 −1.246 0.912
(0.464) (1.981) (−1.951) (0.904)

9 0.155 −1.141 −0.167 0.896
(0.626) (−1.782) (−1.817) (0.886)

10 0.199 −0.188 10.962 −1.154 0.918
(0.790) (−0.816) (1.035) (−1.835) (0.906)

11 0.093 0.056 −1.276 −0.007 0.907
(0.368) (1.136) (−1.964) (−0.043) (0.894)

12 0.224 −0.408 −0.003 24.341 −1.402 0.260 0.929
(0.619) (−1.403) (−0.070) (1.622) (−0.846) (1.152) (0.911)



Table 11: Size portfolios, equal weighted.

This table reports the results of the Fama and Macbeth (1973) type regressions
employed to test the liquidity-adjusted CAPM. The specifications tested are the
model-implied liquidity-adjusted CAPM in (19),

E(rpt − r
f
t ) = α+ kE(cpt ) + λβnet,p ,

where k is set as the reciprocal of the average portfolio turnover (in months)
and βnet,p = β1p + β2p − β3p − β4p ; and (ii) the liquidity-adjusted CAPM with
unconstrained risk premia in (20),

E(rpt − r
f
t ) = α+ κE(cpt ) + λ1β1p + λ2β2p + λ3β3p + λ4β4p .

The table presents the estimated coefficients, averaged over the period 1964–1999,
from the monthly cross-sectional regressions of portfolio excess returns (%) for the
25 equal-weighted size portfolios with explanatory variables being the portfolio
characteristics. The t-statistics, reported in the parentheses, are estimated using
the standard Fama–Macbeth method. The reported R2 for a specification is the R2

obtained in a single cross-sectional regression of average monthly portfolio excess
returns, with explanatory variables being the portfolio characteristics included in
that specification. The adjusted R2’s are reported in the parentheses.

constant E(cp) β1p β2p β3p β4p βnet,p R2

1 0.085 0.047 0.020 0.883
(0.231) ( — ) (1.371) (0.883)

2 −0.110 0.030 0.625
(−0.290) (1.851) (0.608)

3 0.629 3.727 0.681
(2.523) (2.368) (0.667)

4 0.069 −1.342 0.653
(0.226) (−1.872) (0.637)

5 0.614 −0.186 0.699
(2.489) (−2.240) (0.686)

6 −0.095 0.028 0.716
(0.159) (1.928) (0.704)

7 0.612 0.087 0.662
(2.459) (2.404) (0.648)

8 0.243 2.511 −0.863 0.879
(0.906) (2.165) (−1.322) (0.868)

9 0.269 −0.792 −0.122 0.843
(1.030) (−1.221) (−1.954) (0.829)

10 0.186 0.123 −2.793 −0.933 0.883
(0.712) (0.607) (−0.304) (−1.445) (0.867)

11 0.151 0.108 −1.041 0.116 0.893
(0.568) (2.073) (−1.570) (0.871) (0.878)

12 0.241 −0.245 −0.003 19.847 −1.199 0.367 0.907
(0.635) (−0.790) (−0.066) (1.149) (−0.687) (1.430) (0.883)
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Figure 2: The top panel shows the fitted CAPM returns vs. realized returns for monthly
data of illiquidity portfolios 1962-1999. The middle panel shows the same for the liquidity-
adjusted CAPM, and the lower panel shows the relation for the liquidity adjusted CAPM
with unconstrained risk premia.



0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

PSfrag replacements

Realized monthly excess return

F
it
te
d
m
on
th
ly
ex
ce
ss
re
tu
rn

CAPM, size portfolios

Liquidity-adjusted CAPM

Liquidity-adj. CAPM, unconstrained risk premia

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

PSfrag replacements

Realized monthly excess return

F
it
te
d
m
on
th
ly
ex
ce
ss
re
tu
rn

CAPM, size portfolios

Liquidity-adjusted CAPM

Liquidity-adj. CAPM, unconstrained risk premia

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

PSfrag replacements

Realized monthly excess return

F
it
te
d
m
on
th
ly
ex
ce
ss
re
tu
rn

CAPM, size portfolios

Liquidity-adjusted CAPM

Liquidity-adj. CAPM, unconstrained risk premia

Figure 3: The top panel shows the fitted CAPM returns vs. realized returns for monthly
data of size portfolios 1962-1999. The middle panel shows the same for the liquidity-
adjusted CAPM, and the lower panel shows the relation for the empirical liquidity adjusted
CAPM with unconstrained risk premia.


