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The paper studies the effects of alternative financing policies
in the open economy. :

There is a non-trivial role for financial policy because of the
failure of first~order debt neutrality due to uncertain private
lifetimes. Both the single-country case and the interdependent
two-country case are considered. <Capital formation is endogenous
and there are unified global financial and goods markets
determining the interest rate, each country's "Tobin's g" and the
terms of trade. The government's present value budget constraint
or solvency constraint and the assumption that the interest rate
exceeds the growth rate imply that, given spending, current tax
cuts imply future tax increases. Such policies boost the
oustanding stock of public debt, raise the world interest rate,
crowd out capital formation at home and abroad, and lead to a
loss of foreign assets. Provided a "supply~side~response~
corrected” transfer criterion is satisfied, the terms of trade
will improve in the short run and worsen in the long run.
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HON-TECHNICAL SUMMARY

The paper studies fiscal policy in the open economy. It first
considers the case of the very small country, which is a price
taker both in the world financial market and in the markets for
its imports and exports. Next the "semi-small" country case is
analyzed. This gives the country some market power in the world
market for its exportable. Finally, the case of two )
interdependent countries or regions is studied. The focus of the
paper is on “"crowding out" issues in the short run and in the
long rum, at home and abroad. Private capital formation is
assumed to be a function of “Teobin's q" or the valuation ratio.
International portfolio lending occurs in a integrated global
financial market. Domestic and foreign ocutput are also traded in
global markets. The world interest rate, the terms of trade and
the two country's valuation ratios are therefore endogenous.
Keynesian issues are not addressed by the paper, so full
employment is assumed throughout. Private expectations are
assumed to be formed rationally.

The fiscal policy issue that is the central concern of the paper
is the choice of borrowing versus tax financing of a given
programme of public spending on goods and services or
"exhaustive" spending. Some attention is paid, however, to the
consideration of policy actions invelving variations of spending

as well. The model is egually appropriate to the analysis of
these issues.

From the government's “present value budget constraint" or
solvency constraint and the assumptiocn that the interest rate
exceeds the growth rate if follows that current tax cuts, by
creating deficits and thus increasing debt and debt service
requirements, imply.future tax increases (assuming a given
spending programme).



Such policies will raise the world interest rate, crowd out
private capital formation at home and abroad and lead to a loss
of net externmal assets. In the short run they raise private
consumption in the country.implementing the tax cuts and cause
foreign consumption to fall. The long~run effect is in the
opposite direction. The valuation ratiocs drop on impact at home
and abroad, reflecting the anticipation of higher future interest
rates as debt builds up. Under fairly plausible further
restrictions, the terms of trade will initially turn in favour of
the tax cutting country but will ultimately turn against it. 3
countxry wishing to avoid foreign spill-over effects on its
interest rate and its terms of trade will in general have to
dedicate both its tax and its spending instrument +o that task.
Restrictions on internation capital flows, if feasible, are the
only alternative way in insulating oneself from these
disturbances.
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Intreduction

The paper studies fiscal policy in the open economy. It
proceeds from the very small country, which is a price taker
in the world finapcial market and in the markets for imports
and exports, viz the semiwsmall country, which has some market
power in the market for its exportable, to the intexdependent
two-country case. To keep the analysis tractable, a very simple
production structure is assumed: each country consumes both
domestic and foreign cutput but is wholly speeialized in the
production of its exportable. S$o as to be able to analyse
"erowding out" issues in the short run and the long rua, firms
in each country can engage in capital formaticn. Only domestic
output can be transformed inte domestic capital, and the investment
brocess is subject to strictly convex internal costs of adiustment.
There is no money in the medel, but intexnational portfolic
lending and borrowing can occur in an integrated global financial
warket. There is no direect foreign investment. Rational point
expectations and certainty equivalence are assumed throughout,
50 all stores of value are perfect substitutes in private portfoliecs.
As cyelical, Keynesian issues are not the focus of this paper,

full employment is assumed throughout.

The fiscal policy issue that is cur primary concern

is the choice of borrowing versus tax financing of a given

programme of public spending on goods and services ("exhaustive



spending”}. The model can of course be used equally well for the
analysis of alternative spending-cum-financing policies. So as

not to get side-tracked into issues of excess bﬁ:dens and deadweight
losses, all taxes are assumed to be lump-sum. From the government's
budget constraint, or‘rather from its "present value budget constraint",
or solvency constraint, it then follows that our concern is with the
congequences for private saving and capital formation of intertemporal
redistributions of the tax burden. This means that, éiven the perfect
financial markets that are assumed in the model, the analysis could
"stop right hexe if we specified households either as infinite-lived

or as endowed with cperative intertemporal gift and bequest motives

(se¢ e.g. Frenkel and Razin [1%B84a]). To get a non-trivial analysis

of the central issue of financial pelicy one therefore either has to
adopt the overlapping generations framework without gift and beguest
motives (see e.g. Buiter [1981])or the “uncertain lifetime™ approach
first developed by Yaari [1965) and applied to macroeconomic issues of
fiscal policy in open and closed economies by Blanchard (1983a, .b].

The overlapping generations approach has the major drawback that its
most popular variant, the two-period life ¢ycle model, has & unit pericd
of about 38 years. This makes it a suitable vehicle, at most, for the
study of the Kondratieff cycle. To obtain a more interesting period-
ization a high price is paid in the form of higher order difference
equation systems and difficult aggregation problems. fThe Yaari-Blancharad
approach, adopted in the present paper, captures the essential notion

of finite private decision horizons while preserving lower-srder dynamics
and easy aggregation. There is a price to be paid of course: the

instantaneous probability of death is assumed to be independent of age




and consequently there are no characteristic life-cycle patterns
1/

©f saving and wealth.

This paper investigates the consequences of domestic and foreign
governments' taxation-borrowing mixes for saving and capital
formation in the two countries and for the interest rate and the
real exchange xate. Qualitative, analytical methods are relied on

as much as possible, but a large part of the dynamic analysis can

enly be performed using numerical simulation algorithms.

Section II presents the medel. The very small country case is
studied in Section III, followed by the semi-small country case in

Section IV. The two-country model is put through its paces in Section V.

1. After completing an earlier version of this paper I became aware
of two other applications of the Yaari-Blanchard consumpticon model
to the analysis of fiscal policy in a two~country setting. The
first, by Alberto Giovannini [1984] has the same behavioural
equations as the model of the present paper, except for the invest-
ment functions which are specified without internal or external
costs of adjustment. Since cnly steady-state analysis is conducted,
this is not a serious flaw. The second by Frenkel and Razin [1984b)
does 2 dynamic analysis but has nmo capital formation (i.e.

exogencus
output) and only considers the one commodity case.



II. The Model

The paper studies the effects of fisecal policy in a dynamic,
I-country, 2-good rational expectations model. Each country is
completely specialized';n the preducticn of its exportable. Fixed
domestic capital formation takes the form of accumulation of domestic
output only (subject to internal costs of adjustments) . Each country's
labour market clears and the world markets for the twoe traded
commodities are in competitive eguilibrium. There is a single,

ihtegrated, global financial market in which a bond denominated in

terms of heme country output is traded.

The derivation of the behavioural equations of the model is
given in Appendix 1. Consumer behaviour follow's Yaari's [1965)
uncertain lifetime approach, as applied to an aggregated macroeconcmic
model by Blanchard [1983a, b]l. Investment behavicur is governed by

a Tobin's "g" type relaticnship based on increasing and strictly convex

internal costs of adjustment.

The equations governing the two~country model are :
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These nineteen equations determine the behaviour over time of

4. 9%, W, w*, h, h*, K, K*, ¢, ¢c*, c_, c*, ¥, y*, bG, b*G r, 7 and
x" x" Ty’ Ty !

F given the values of the fiscal instrument, T, T*, gx, gk gy and g;-

Equations (1) through (8) describe the domestic economy .
Aggregate consumption, g.(measured in terms of demestic output),is
2 constant linear function of total (human h Plus non-human w)
wealth (egquation 1). The constant of proportionality is the sum
of the pure rate of time preference, 6 and the constant (i.e. age-—
independent) instantaneocus probability of death, A. The familiar
infinite-lived consumer world with its debt-neutrality properties is the

special case of our model when A = 0. The rate of change of aggregate

private non-human capital w, equals private disposable income minus



private consumption. Dispo;able income is labour income vy = it} .

plus interest income rw minus taxes T. Private financial wealth

consists of private holdings of domestic government bonds, bG, of c¢laims

on the rest of the world, F, and of claims on the domestic capltal stock, XK.

All assets are perfect substitutes in private portfolios, so their

expected rates of return are egualized. All bonds, whether issued

by domestic or foreign privéte'cr public agents are denominated in

terms of domestic output (good x) and are of the fixed market value,

variable intezest rate variety. r{s) is the instantaneous own rate of

interest on these bonds. Labour income ¥ is the product of the wage

rate and the exogenous labour supply, which is fully emploved. Choice

of units sets employment equal to unity . The production function is

linear homogenecus in capital, K, and labour, is strictly concave and

satisfies the Inada conditions. Cutput (and output per worker) u is

therefore given by uw = £(X), £' > 0, £" < 0, £(0) = 0, lim £*(X) = +
K+0

0. Under competitive market-clesring conditions, the wage

® .

lim £'(K) =
Ko

rate (and labour income) is given by S(K) = £(X} - KE' (X} with
' = =Kf" >0 . Equation (3} or (3)

expresses human capital h as the present discounted value of future
after-tax labour income. Note that the discount rate equals the mavrket

rate of interest, r, plus the instantanecus prebability of death, .

h{s) is the human capital of those currently alive. They do not expect

to be around forever even though a population of constant size is around

forever.

The instantaneous utility of current consumption function is Cobb~

Douglas in the consumption of the domestic good <, and consumption of



the foreign good cy. The constant share of censumption of domestic
cutput in total consumption spending {(q) is ¢. The relative price
of foreign goods in texrms of domestic goods (i.e. the reciprocal of
the terms of trade) is denoted by m.

Each country is completely specialized in the production of its
own exportable. Households and governments consume both domestic and
foreign goods. Capit;l accumilation in each country only involves
that country's own output. Investment is subject to quadiatic internal
adjustment costs. Depreciation is ignozred. Because both the production
function and the cost-of~adjustment function are assumed to be linear
homogeneous, the shadew price of domestic capital {"Tobin's marginal q"),
alse equals the value of & unit of existing, installed capital in terms
of current cutput, ¥. In equation (6) ¢ is the cost—of-adjustment
parameter. Equation (7) is the familiar condition that value of the
marginal product of capital (corrected for adjustment costs) equals the
cost of capital, i.e. the sum of the interest rate and the expected
proportional rate of change of ¥ . The government budget constraint is
given in (8). 9, denotes government spending on domestic consumption
goeds and gy government spending on imports.

Bquations {9), (8%), (10), (11), {11'), (12), (13), (14) and (1&)
are self~-explanatory foreign counterparts of domestic behavicural

relationships. g*, w* and h* are measured in terms of foreign cutput.

Equation (15) is the foreigm cost-of-capital equation with the




(21"

III.
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The terminal cendition we impose here,

L
-Sr{u)da

Lim p° (Le =0

RN

rules out Ponzi games for the public sector: the present value

of future spending programmes and the servicing of the existing
stock of debt must be equal to the present value of future taxes.
The condition that it is not feasible to service debt through
further borrowing indefinitely is of course only plausible if the
real interest rate exceeds the natural (long run) proportional

rate of growth of real economic activity. Note that while existing
households discount future taxes at & rate r+), the government,

vwhich knows it will tax both existing and yet-to-be born households

’

diseounts future taxes at a rate r.

The very smsll open economy

The very small open econcmy txeats both the interest rate and
the terms of trade as parameteric. The behavicur of the house~

hold sector is given by

e

= (xr=-8lg - (8+A)iw

s

=rw + J{K) -1 ~-g

The remaining dynamics can be summarized by :
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F = f(KJ+rF-[q+z<+gx+1rg¥+—2-cE]

Under the assumption of exogenous factor income, this model is

studied in Blanchard [1983b]. Since the capital stock dynamics

is a function only of the exogenous rate of interest r, we can
analyse the behaviour of q, w and F in response to any shocks
other than interest rate changes, while treating K as excgenous.
Indeed, by considering an initial position of stationary
equilibrium, with X = ¢ = 0 (and ¥ = 1), K can be treated as
constant throughout. Furthermore, the (g, w) subsystem is self-
contained and F is determined redursively given ¢ and w. The
state-space representation of the system {with E=0) is given

in (22).

g (x-8)  -(6+A G || g 0
wl o= | -1 r 0l w | + SR -1
F._ -1 ¢ rJLF f(K)-—-(qurgy) | ‘

The (q,w) subsystem has two characteristic roots, r — {8+ L) and
r+X. It will be saddle-point stable if =A <z < 8 + A q is

non~predetermined and, with | exogenous, w is predetermined. We:




(23)

(24)
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assume this condition to be satisfied. In addition we assume

r > 0. The third root (the one governing ¥) is r.

The steady-state conditions for the private economy are, for

A>0 =

w = ; (r = 8) . (y=1) = -~ (x=8) (v =1
r =8 (x+d) - {x=(84A) ] [z+X]

g = ; {B+A) . tv-1) = - (8+0) 2 (y -
=8 {r+A) =2 [x=(8+X)] (r+d}

The case of the infinite-lived consumer (A = 0) yields no
meaningful sclution unless r=8, We shall not consider it

any further here.

The "saddlepoint” condition implies that the denominator of

(23) and (24) is negative.

Even if the private economy settles down to a stationary equilibrium,
the equation of motion for the current account could, apparently,
exhibit perpetual deficits or surpluses. Indeed, the rdot governing
the predetermined variable P in (22) is r> 0, implying explosive
behaviour. This unfortunate feature of many small open econcmy
models .with a perfect international capital market is, however,

ruled out by the government's present value budget constraint (PVBC)
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given in (21) and the no-Ponzi game transversality condition

given in (21'}. We can therefore only consider budgetary and
financial strategies which are consistent with bounded values

of government debt. Censider any set of strategies which has

the property that the stock of public sector debt converges,
possibly“asymptotically, to a finite stationary value, In ;teady—
state equilibrium such strategies, are, from the government

budget constraint in (8) characterized by

gx + gy + rbG w T

with 5° = o,

Note that with (25}, a stationary equilibrium for w implies a
stationary equilibrium for F. Consider alternative stationary
equilibria with identical constant values for exhaustive pablic
spending 9, and gy put different values of taxes T and pubiic
debt bG. Across such steady states a lower valune of taxes will
be associated with higher private consumption and lower public
debt. Private non~human wealth will be higher (lower) when steady-
state taxes are lower, according as to the interest rate is above
(below} the pure rate of time preference. All this holds for a

constant level of exhaustive public spending.

& _ (8433 %

<0
2o (ren) 22

L.- s
r
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g—“’:—-—-—u-z(r'e’zfo if rie
T 25-8 () -2
%:7—?—1&-—2-%50 if r> 9
T T8 (24h) -2

E.g. if ¢ =8, public gebt displaces foreign assets one-for-
one in private portfolios across steady states. Note that when
private agents have infinite horizons (A = 0) changes in T and

bG have no effect (short run or long run) on consumptiorn or net

2/

foreign assets if exhaustive public spending is constant.

Note that we cannct use (25) by itself to analyse the “real time"
consequence of a change in ¢ with gx and gy constant. bG is
predetermined at a point in time. Except throuch defauls, a
government camot engineer a finite, discrete change in bG at

a point in time; real-time changes in bG have the dimension of
SG, i.e. bG is a continucus function of time. What we must do
in order to be able to use (25) to derive the "real time" long-
run effects of a change in T is to specify rules for spending,
taxation and berrowing that are consistent with convergence tc a
steady-state eguilibrium for bG and with unchanged values of gx

and gy across steady states.

Ideally, such rules weould reflect the optimizing behaviour
of governments. In this paper only ad-hoc rules that are likely

te satisfy the government's solvency constraint are considered.

2. ¥ =8 pust be assumed when ) = 0.



i6

A fairly general stadilizing rule for taxes is given in
equations (26) and (27) for the home country and the foreign

country respectively:

*G G
2 =
(26) 1 T, o b7+ UT =1
0 *G b*G
* = * | - W —
27y = 'r1 + pr po + VT p

Thus taxes have a lump-sum component but also respond either

to the deficit and/or to the size of the deb=:.

The behaviour of demestic and foreign public debt under these

rules is given by :

r-v
-G T G 1
(28) b W[1+u Jb + ~£+—u--{g—11).
T T
rr=-yk
c*G_ T *G _”1”._ * _ -
(29 b _l1+u*] 1o "9 Rt
T T
where
(3Ca) g = 9, * “gy
and
I
* = —— *
(30b) g* = - ¥ gy

Total taxes under this rule evolve according to
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Y Ty + v
1 X [ ks T G
(31} T = T + g ]b
1+uT 1 :L+p.r [ 1 i,
ur Tu* o+ ¥ *G
1 T T T b
R R T e S P
14-1.:_r 1 1~'-1.|_r _i+uT h
T
Any rale with Ty < 0 satisfies home country government's
i

solvency requirement. In most of the exanples considered below

we assume vT = v; = 0 in which case the solvency condition

becomes I
L S

The main fiscal experiment will be a change in T, or r; . With
uT = v; # 0, this change in the ilump-sum component of the tax

bill also equals the steady-state change in total tax receipts.

Note, however, from (31) and (28) that a long-run, steady-state
tax jincrease is "achieved" by a short-run tax cut which results in
an initial budget deficit. Indeed, the authorities run a net
cumzlative budget deficit during the adjustment process towards the
new long-xun equilibrium. With a given spending programme on goods
and services, the higher long-run taves will be exactly sufficient

to service the higher volume of public debt.

If we wish to use (22} to analyse the short-run and long=-run
consequences of a constant, exogenous change in taxes, the government's
present value budget constraint (PVBC) can only be satisfied if

we assume that public spending {gx-+wgy) is adjusted to maintain

solvency.



:G G
30 = + P +v_b
g 9, ug Vg
-*G *G
o =)
* = LR * W —
30 =4 a7 + ug - + vb
The behaviour of domestic and foreign public debt under these
rules is given by
r+v _=-v
b o R e a N
L g M ug ¥
{r+ v* — yx)
**G T *3 1
{33) — + T T{g¥ = T%)
1 ug-'- vy 1 ug +un 1 1
Even with exogenous taxes (\JT = v; U u; = 0) the spending
rule parameters can be chosen in such a way as to make (32) and
(33) convergent processes. For illustrative purposes, consider
the case of exogenous taxes and vg = 0. A convergent debt process
requires ug > 1 since
*G X G 1
(34) T+ —— g, ~1,)
- - 1
1 ”g 1 ug 1
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By analogy with (26) and (27) we could specify potentially
stabilizing public spending rules that make spending responsive

to the level and/or rate of change of public debt, e.g.

The behaviour of the (q,w) system with exogencus taxes and endogenous
spending (equation (30) with v_ = 0 and eguation {34))is illustrated

in Figure 1 for the case r=8. The unigue convergent saddlepath SS°

in g=-w space is upward-sloping.
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Figure 1
‘1=0
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Starting from Eo’ an unanticipated, immediate permanent tax cut

moves the ¢, w system irmmediately to its new stationary

equilibrium value at El‘ The unexpected announcement at to of

an immediate temporary tax cut, tc be ended at tl > to causes
consumption to increase immediately to some intermediate position
Eol,between Eo and El' From there the system moves gradually

along a divergent trajectoxy drawn with reference to the El equilibrium,
until at ty it arrives at E12 on 55' from where it converges
asymptotically to Eo' Between tc and 1:.l part of the tax cut

is saved. Dissaving takes place from t, onwards.
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. - G hd
Since F Z W -K~Db and K = 0, the current account surplus

is given by Fo=w- SG.

For the unexpected, immediate and permanent tax change, w is
constant throughout_and foreign assets are crowded out one-for-
one by domestic debt. With ug > 1, the permanent cut in tawes
is accomp%nied by transitory spending cuts which result in a
.budget surplus and a current account surplus. The government
obtains the means to finance the permanent tax cut by reducing
itg debt in the short run. As public spending converges back to
its original value, the public sector PVEC exhibits matching
regductions in a liability, bG and in an asset - the present value

of future taxes.

In general, with exogenous taxes and endogenous spending given by
(30) with vg = 0 (and therefore by 34)), the behavicur of g, w

and F is govermed by :

(35) [c} Meme  —esma o q_l‘ i‘ o

w | =1 -1 r o w | o+ J(K) - 1
-y ru

Ll [] r q 1

F -1 F (X} + K-~ g, + T
1= 1= - 1=y L 1=-u_ 1

4 L Ys Yo b 3 g s .
The characteristic roots are r~ (§+A), r+i and 1fu . With
=]

=L <2 <B+ A and ug » 1 there will be two stable and one

unstable characteristic rocts and the system will have the desired
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saddlepoint configuration for two predetermined variables (w and

F} and one non-predetermined variable, g.

With a temporary tax cut there is no change in the long run values
G . .
of g, w, Fandb . On impact, however, since

. x
L g, + 2 bG gL and u_ > 1, spending is cut by
iwug 1 1~ug l—ug 1 4

more than taxes and the home country runs a current account surplus.
In Figure 1, between EOl and 212 the private sector saves. There
is no private investment and the public sector has a budget surplus.
When the tax cut is reversed at tl’ spending is raiged by more and
the government rums a budget defigit. The private sector alse
dissaves from E12 to EO in Figure 1 and the economy as a whole has a

current account deficit that vanishes asyoptotically.

Consider now instead a long-run tax cut financed by short-run tax
increases without any c¢hanges in the public spending programme.
Since the interest rate and the terms of trade are exogenous, this
pelicy leaves the present value of the future tax Programme
(discounted at r) unchanged and merely redistributes taxes over
time and between generations. Under this rule the equations of

motion are given by:
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The three characteristic roots of the system are r—(8+i), r+ XA,

r X
Ton - The first two are the same cnes that governed the
<

q-w subsystem in (35) when taxes were exogenous. The third comes

from the government debt equation BG = e bG + g-1.).
1+1-|T 1+u_c 1

With -2 <r <8 + X ang Ko < -1, there will be two stable roots and
one unstable root and the system will again have the proper
saddlepoint configuration.

What happens on impact to aggregate consumption in response to a‘
long run tax cut ('1'1 down) financed through a short-run tax increase,
depends entirely on what happens to human capital h. From equation
(3") we see that, with K given, the effect on human capital depends
enly on the effect on the present value of future taxes discounted

at r+ Al Let
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o =S {r{u)y+i)du
T(s} = | tl{tle ° at

It is easily checked thar

dT(s) - 1 . 1
d'Ei z+h (1+u,r)

r+i

This confirms the intuition that with infinite-1lived households
(A = 0) and perfect capital markets, redistribution of taxes
over time has no real effects. However, with finite lives A > &
gr(s) L .
and ”-r<-1' = <0 : raising taxes in the long rum and
1

lowering them in the short run so as to keep their present value

discounted at r constant, lowers their present value discounted

at r+ k.

Thus a policy of cutting taxes in the long run and finansing this
by raising taxes in the short run, will lower human capital and

lower private consumption in the short run, even though it will

raise both in the long run.

Changes in the terms of trade

It is apparent from equation (22) that changes in the terms of
trade, 11“1 s bave no effect, short-run or long=run, on the
behavicur of aguregate private consumption g and private sector
non-human wealth w. Furthermore, except insofar as public

spending on goods and services gx + 'ngy is a function of 1, the



(37a)

(37b)

(38)
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current account is independent of the terms of trade in the
short-run and in the long-run. This is the powerful simplifying
effect of our cheice of utility function. A more general
analysis of the Harberger-Laursen-Metzler effect can be found in

Razin and Svensson [1983] and Bean [1984].

Changes in the interest rate

In a steady state, r =xr'(K} or X =k(z) k' < 0. The long-
run effects cf az change in the world interest rate on private
consumption and non-human wealth are in gemeral ambiguous, as

shown in (37a, b), where we use the fact that j'k' = -« K.

g _ gxr + (wK) (B+M) 3
i - (%8 (£4h) - X%

dw __(x-8) wK) +g
B 2 2
=[r" =8 (r+a) =27

If r=8, then %—E > 0 but -g—rc* is still ambiguous, as it equals

{8+ [xh = AK]
~fx2op (zeny-2)

In a neighbourhocod of the steady-state equilibrium X = Ko' v=1,

the behaviour of K and ¥ can be linearly approximated by (38).

. %WMJMTO ]

%-—f" () z, \ Y- 1

=

=

<

This yields the familiar saddlepcint equilibrium shown in Figure 2.
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The (X, %) dynamics is entirely self-contained, but feeds into the C,w
dynamics as shown in (39) for the case where public spending adjusts
to satisfy the government's PVEC.

. X, 1 }" ™ r
K o] —_— Q [ X-K (o]
4 =]
(29} ¥ = =£" (Ko) T, 0 c G-l .« | r-x
g 8] o} - (ro-—e) —(8+A) A g, 9, (r--ro}
L w | L 3] (Ko) o] -1 x, w—wo v, (r—ro)

We saw that when K is treated as constant, the (g, w) subsystem

is saddlepoint-stable under mild restrictions. I+ will therefore
have a (locally} well-behaved sclutien when X is governed by an
exogenous process provided K does not "explode too fast" (see Buiter
[1984]). Since X in turn will be {locally) well-behaved

provided only that x doesn't explede too fast, the system given in




(42)

(39) will be a saddlepoint eguilibrium with two stable and two
unstable characteristic zoots. U and q are non-predetermined,
the boundary condition for X takes the form of an initial

condition and w is subject to the simple linear restriction

that at t=t_, say
©
w(t.o} = wtto) + (w(tc) - w(to)JK{te)

where x(t;) = 1im x(to-—A)
A+
ASC

while w(t;) is predetermined (inherited from the past),
discontinuous jumps in ¢ in response to 'news' at to can

cause discontinuous jumps in w(to) .

The four roots are

tfes

/2 4Ko
.1':G < ro - T £ {KO] ’ IO* {B+A)

and r +A.
[»]
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Iv The semi-small open economy

The semi-small cpen economy is a price taker in world financial
markets but has seme influence on the world price of its exportable.

Price~taking behaviocur in the weorlgd capital market is specified as

the home countiry taking r* = r - -} as given. Through the endogeneity
of 7 therefore, the domestic interest rate, r, becomes endogenous,
at any rate in the short run. The terms of trade are endogenized
through the domestic cutput equilibrium condition
- P-1 1 2K

(K} = ag + 9, * {—E--]K-o- arrg*  + g; + ~2-(¢-1) 3

We also assume that g, is independent of m and that (ewmgr +<;;;;)Tr—1
is independent of T, i.e. that (a*wg* + g;c)vwle—I, say, which permits

us to solve for m as

(-1 K
4

2K

T (SR - o - g - ~s-nf Ly

This has the sensible property that an increase in world demand

o

for the home good cet. par. raises its relative price (lowers T).
Note that this representation makes m a fumetion of demestic demand

3
for domestic output but not of domestic demand for foreign output.-/

The Long-run comparative statics of 4, W, X and ¢ are the same
as those of the very small OPén economy, since in long-run equilibrium

r=r* = £ and q is independent of T . If in addition total

3. We must of course assume that f-c:q-—gx + -Ll—éﬂ-j-s - —!2'-(:3;-1)2 % >0
for 7 to be peositive.



(44)

(45a)

(45}

(45¢}

(45Q)

{45e}
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government spending, measured in domestic output (g = 9, + vgy)
is independent of %, the long-run comparative statics of bG and

F are alsc the same as in the very small open economy.

The long-run effects<of fiscal policy changes and changes in the
world rate of inmterest on 7 all follow straightforwardly from the
unit elastic foreign Gemand for domestic cutput funct;on. The
steady-state version of (42), given in (44), yields the following

long-xun comparative static results:

T o= [£(K) -ag - gl
ar _ . (E+M))
o - M == >0

dr = -M < 0

dgx

dar_= 0

dgy

Lo B g wemieen < 0 o
where

L = r2~6(r+)\)-}\2 < 0

Dynamic response of the semi-small open economy

The essential dynamics of the semi-small open economy are described

by the following six equations:

4. We assume %2_0
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Lr = £'{K)

(r=8)g - (6+A)hw

W o+ JIK) -~ T o~ g

we can

Having selved for the behaviour of K, ¥, g, W, r and 7,
then solve for the behaviour of public debt and net external

asscts freom

g, + g+ et - 1

.
and
- . iZ
F = f(I\)-PrP—(qﬂ-K*gx-!-Trq +‘—CE]

financed by a temporary spending cut.

A long-run tax cut
consequences of a permanent cut in the exogencus

Consider first the
under the strengly stabilizing public spending

level of tawes, T,
rule given by (30) with \Jg = 0, di.e.
=G
g = g+ llgb Pg > 1
which implies
rG r G 1
= Tt 1~y gy - ™



(46a)

In order to simplify the analysis further, it is also assumed
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that all variations in public spending take the forwm of variations

in public spending on imports, i.e. ¢ is held constant throughout.
« g

We eliminate

ization condition and obtain

of the relative price equation.

EIED

r from the system through the real interest equal-
by logarithmic differentiation

In a neighbourhood of the

stationary equilibrium [Ko, zpo, 9 wol corresponding to

{r;, To and gx ] we can represent the behaviour of K, ¥, g and

o]
w by :

-f'r (7r+MuqO)
A

qoMch

s}

-]

[

(o]

=1
= ::'O

Fal
fal

B
[
Tt

g

~oMo (r*-6)
A

(r t’.+MK°) (x*-8)

o}

Tz [B+0) A
A

-(ncmo) (84A) A

A
C ow_ oMo (ev-9)7
*le- ° !
A 4
0 o
- CM
© A
0 Bk
A
-1 “"’ow
A

A

v iMa (B+A) A

r*+
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(K=K}
=)

{p~1)

(q—-qo)
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(4EDb) L= L+ Maqoc + _MKO

and
. -1 )
45 -y ' - - - - - - -
(46c) Ter, TMET(R ) (K-K ) - Ma(g q,) = MK (- 1) Mg, gxo)
- MK £ (K )
o ) o Mo (8+A) A Mar (r*-8)
{4a6d) =z T (!cwon + ~—A--——-5 {w~ wo) R w— '(q-?.o)

{Meg £+ MK ) .
[*] [=) M
- T {x* — z-;) -3 g

x

The characteristic equation of the state matrix in (46a) does

not appear teo factorize in any convenient manner. Experimentation
with a range of plausible numerical values did, however,
consistently yield the right kind of saddiepoint configuration
with twe stable and two unstable characteristic roots. The
following zesults of simulations invelving a world interest rate
increase and a tax cut for two distinct numerical versions of the
model illustrate its general properties-if For the first version
of the model, o = .6, § = .03, [ ' = _o31 ¥ and x = .03.

The production function is Cobb-Douglas with £(K) = KB and 8 = .25

in both versions of the model.

In version I, ¥* = § = .03. This means +hat the steady-state
value for w equals zero. We alse assume that the initial
value of taxes, ‘ro ;s 1s 25 per cent of initial labour income,

that 9 is fifteen per cent of initial labour income, that
=]

5. These simulations made use of the algorithm "Saddlepoint™
of Austin and Buiter [1582].

6. The value of ¢ was taken from Summers {1981].
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L gy is five per cent of labour income and that M = .BS6E. The
o

initial steady state value of the relative price of foreign goods,
Tro, is then equal to unity. The initial steady~state equilibrium

is furthermore characterized by Ko = 16.90; f(Ko) #= 2.03;

. N . B G -
J) = 1.52; =1, b =2.54 ad F, 19.43.

The characteristic roots of the linearized system (given in 46a)

are all real and given by (- .02284; -.01226; .03696; .05841).

Because the stable roots are so small, convergence to the steady

r*
1= .
assume ug = 2, 50 the public debt converges with a mean lag of

state tends to be slow. The root governing bG is

We

33.3 periods when z* = .03. The consequences of a permanent tax
cut financed by & temporary cut in spending are as follows. The
long=-run effect is to boost domestic private consumption, because
human wealth increases, and ¢o lower the relative price of foreign
goods, m . K, w, y and r are u.nch—a.nged in the long run; since

r* = 8, public debt decreases and net foreign assets increase by

equal amounts.

If the tax cut is not only permanent but alse unanticipated, the full
long~run adjustment of all endogencus variables other than bG and £
takes place immediately, i.e. 7 falls instantanecusly to clear the
market for the domestic good at the higher level of domestic consumption

demand and nothing else changes.

An anticipated future permanent tax cut alse causes an immediate,

discrete upward move in aggregate consumptien, g, <t the date that
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the unexpected announcement of the future tax cut cecurs. After

the initial jump, g is.still slightly below its new steady state

level and continues to‘rise towards it. It is the effect of future

tax cuts on current human capital that causes ®his response. The
relative price of foreign cutput falls discretely on impact, but

by less than the long-run decline: it 'undershoots' its long-run
equilibrium-value. Since T continues to fall after the initial drep,
the interest rate declines on impact and stays below the world level
throughout the adjustment proecess. Y increases on impaet and capital
‘begins to accumulate. This process, however, is reversed in due course
as Y f£alls below unity and the capital stock returns to its initial
valee. At the announcement date, w increases because of the increase
in ¥. Saving, however, is very negative initially, as consumption is
raised before the tax cuts come through. w becomes negative, reaches a

minimum at the date the tax cut comes through and then returns to zero.

With the unanticipated tax cut, bG declines and F rises throughout
the adjustment process (with 2 . - f). In the case of the anticipated
future tax cut, F falls until the tax cut is actually implemented and
rises thereafter. bG rises until the tax cut occurs and declines

. ‘G
thereafter. It is no lenger the case that F + b- = 0 at each instant.

An unexpected permanent increase in the wexrld real interest rate r*
lowers X in the long run, raises w and g and lowers w. F increases
and bs falls. The impact effect on W, d and T with X predetermined,

is the exact opposite. ¥ falls discretely, reducing wealth (w becemes

negative). Consumption falls because both w and h are lower. With
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private domestic consumption and investment demand down, but output
still predetermined, 7 rises. In the long run, of course, 7 falls,

so & pecomes negative immediately fellowing the initial increase
in 7. The pogitive effect of the-.increase in r* on r is neot, however,
cffset completely by the (anticipated) decline in 7 and r rises on

impact. Savings are positive and w increases steadily after the

initial capital loss. Capital decumulates steadily.

The second version has z§ = .05, & = .04, A = .03, Y - o031,

B = .25 M=#» 1.3155511, o = .6 and as before, T, = .25 j(Ko),

(s}
|

x, .15 j(Ko) and 'rrc’g"yo = .05 j(Ko) » This implies that Ko = 8.55,

o
o
H

1.28 (= j(l(o)) and F_ = -3.82. The four characteristic roots
of the K, w, ¢, ¥ subsystem are (-.01558, -.01115, .05820 and

.07853). The root governing bC (with By = 2) is -.05.

A permanent tax cut raises q and w .Ln the long run, leaves X unaffected
and lowers T . F increases by more than bG decreases. If the tax cut
is unexpected, y increases on impact, thus raising w. Consumption jumps
up discretely and contimues to rise gradually thereafter. w, aftex the
initial capital gain, rises smocthly. The capital stock increases
initially, as ¥ exceeds unity, but then falls back to its original
value. T drops sharply on impact (because none of the public spending
cuts fall on demand for domestic cutput) and then declines gradually

to its new steady-state value, i.e. it undershoots on impact. The

interest rate falls on impact and rises gradually back to its original

value.
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An anticipated future tax cut {of the same magnitude) , leads to a
smaller discrete increase in g at the announcement date. T also
declines by less on impact and its subsequent rate of decline is
initially smaller numzerically than under the irmediate tax cut, but
becomes larger subsequently. ¥ riges by more on impact.
Dissaving takes place between the announcement date and the

implementation date. Once the fax cut is in effect saving becomes

positive again.

A permanent increase im r* has the long~run effect of lowering X, bG

and 7 and raising w, ¥ and g. Again the impact effects on w, g ang
T are in the opposite directien. The analysis is qualitatively very

similar to the case where r* = §_

A long-run tax cut financed bv a temporary tax increase

We now treat both g = gx + wgy and gx as parametric and have taxes

determined by (26) with v, = 0, i.e. by

G
'r—':l +]_.|_tb 1:11(-1

and, therefore,

-G r G 1
B = b7 4 —— (g - t.).
lﬂflq; 1+LIT 1

Note that a change in T in the semi-small open economy model,
unlike in the very small open economy model, does not merely involwve
the redistribution over time of a given present discounted value of

future taxes: while the spending programme is given, the interest rate



is endogenous in the semi-small open economy outside the steady
a/
state.

The values of the parameters for both numerical versions are the same
as with the "spending endogenous” policy except that now ug = 0 and
u, = ~-2. The long-run e:fe;ts of changes in T, (and in r*} are the
same under the "tax endogencus” policy as under the spending endogencus

8/
policy. The transiticonal dynamics are, however, very different.

Both in version 1 (r* = 8 = .03} and in version 2 (x* = .05 > 6 = .04)
an unexpected, immediate reduction in T lowers consumption in the

short run- The reason is that total taxes Traxe actually increased
initially by sc much that human capital declines. ¢ (and therefore w)

and 7 increase omn impact.

In the two-country model interest rates are endogenous both in the
short run and in the long zrun.

8. “he two versions can be summarized as follows:

Version 1

e% = § = .03; ko= .03; ¢ ¥ o= .031; B = .25; M= .897; & = .6;

© = .380: g = .228; 1.5 = .076; X_ = 16.895; b = 2.534;
o x o’y o [

F o= -19.429;° u_ = -2. °©
o T

Characteristic roots of X, bG, w, ¥, g system: —-.03268; -.02139;
~.01216; .03662; .05746. -

version 2
1

ry = .05; 8 = .04 2 = L03; ¢t = .031; B = .25; M = 1.315551L;

o e 6 1 = 321 g = .192; mg_ = .064; X_ = 8.550; bo = 1.282;
o X o7y, (=} [}

Fo= ~3.821; u_ = -2.

(=] T

Characteristic roots of K, bG, w, ¥, g system: -.05094; -.01563;
-.01105; .05781; .07800.




37

After the initial capital gain, dissaving takes place. This is
ultimately reversed with w golng back to the criginal steady state-
value of zero in version 1 (z* = 5} and rising beyond it in

version 2 {r* > 8). Capital accumulates for & while and then
reverts to Its original level. The initial Gecline in consumption
is reversed as human wealth inereasingly reflects the long-run

tax cuts‘ﬁnd non-human wealth recovers. Government debt is retired
continucucly, even after total tax receipts have become less than
in the initial egquilibrium. This reflects the budgetary effects of
lower debt service payments. The current account iIs in surplus

throughout.

The unexpected announcement of a future cut in Ty has a Qqualitatively

smaller impact effecton Y, w, g and T, although the direetion is

unchanged.

After the initial capital gain at the "announcement date”, non-human
wealth, w, continues to accumulate until the moment TI is actually
cut. The sharp increase in total taxes at the "implementation date”
starts a process of dissaving which is in due course reversed again
as the long-run tax cut comes through. There still is & current

account surplus and a public sector budget surplus throughout,

although the latter is very small until 11 is actually cut (and T

increased}.
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(48}

(49)

(50}

{51)

(52)

(53}

(34)

{55}

(563
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The two—country model

Stationarv equilibrium

In a long-run stationary equilibrium the exogenous variables are
copstant apd all state variables have become stationary. The crucial

steady~state conditions are:

=
#

vo= 1
r = f£'(K = £*7{K%)

_— JK) - T
r+ i

NN CLI¢

r+ Av

. (6 - x) o
VoS T Een AT

L (g* - r) - -
wr = TGS (3> (K*) - 1%)

—(8 % M)A o
@ FTGm ey ST

L =(eraamr . )
@ = T R o =T

£K) = og+g * a*rg* + g}

9/
- - 9 - * *
£ (K*) (1-a) 2 + gy + (1=-a*)g* + gy

G. Byuations (55} and (56) imply that rlw+w*) + 5 {K) + mi*(K¥) - <

-rt* -g=- Tg* = 0. This in turn implies that w+Trw*xK+11K*+b +b




(57}

(58)

(59)

{60a)

{60b)

{60¢)

(6la)

(61b)
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¥ = :M (Domestic govermment balances
r . budget condition)
b [1* - ( ..git. + g* )W
e . _| T %y J (Foreign govermment balanced

r budget comdition)

S TI+g, + ""‘9'5, = £(K) (Current account balance
¥ condition)

It is informative to solve the domestic ocuput market equilibrium
condition (33) and the foreign output market egquilibrium

condition (56) for the two "fundamental "long-run endogenous

variables r and w.

The analysis can be simplified somewhat by specifying public

spending analogously with private conswmption in the following

sense:
9, * wgy = g where g is independent of v .
x

g, = fvg eX, ¥ > 0

BT +g"
o [ Ve
v Ry [ T
gr
_r_x + g; =g* where g* is independent of T



(6lc)

{62)

(63)

(64)
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*y
gt = e o
¥ B Y+B ¥
Noting from (48) that X = k{x), k' = fl—, < 0 and K* = k¥*(x),
k' =-fé-,;- < 0 we get
- a(8+A) A Bx
£(k(x)) = m(j(k(r))-—1)+ = yg
g7+B
"W k) A B*x
o + :
- () a3t (k* () ~T1*) + T o Tgr
g 48
Feev(x)) = (-9 (BAA (@)= +[ ol } q
(= (2+3) (x + A) s oXep¥ ¥
*y
(1=g*) (B*+A*) A - " g
T Tetera) Gy OTRIEN T T o

The linearized vy locus is given by:

Tor o« alams (e+?z)uw~m3 - gen lE7TE (e*+x;l>\* (w*= K"}]] ar
|

L2

Y * *y )
_[a*q* . *3 = g{ld" - a(esxndr i (e*gi VAR,
B T+8

® *x
f ag - “Ta“:“
g ep? 8 4g ¥

-

dg*

The linearized y*y* locus is given by :

(yy)

(y*y™)

{yy?
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(55) {rk,. . (15—2@ [qr+\a+1:r:\(w-x)1 . (1——:: ) [q b 4 (8RR A% b K*)’T}
L
+ (1-a33§ - '| _9_ L Al=e) (B#MA Lo (lzad) (BRed)Re o
Qm o
T LB +B J ﬂ
- -
g7 1 g ¥
* = dg + —— dg* {y*y*}
[ ghesY ]“ 8" %ug"Y
where
(66a) 8 = 22 - Blzen) -A2 < 0
f660) av = 12 - Br(zeAR) =22 < 0

Under very milé restrictions, the yy locus is downward-sloping
and the y*y* locus upward-sloping as drawn in Figure 3. Note

that in this case, if a staticnary equilibrium exists, it will

be unidue.

Figure 3

y*y*

¥¥




{67a)

(67b)

(67c)

(674)

(67e}

(67£)

(67g)
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The long-run comparative static effects of changes in public spending

and taxation,

equation (67a, i).

187

at home and abread, on r and T are sunmarized in

Y - -
[at1-aig+ e (1-a)me*+ o xB + fixu = ol (6+1}21
dr B +s” g +g ¥ o > 0
ar A
ar —{-B—'"-RS?TJ‘ ir_-q*r+ (B%+dm) ) (g K*):[ (o*-a) + r—@%m[ﬂ'::—)-j-{-' - ak*'j
at © L .
a¥ g™ qLexeim) ae
ex{i~alg + a*{i-g*)mg*+ g+ g +{1-a*) - TG*
ar [ XY E*x_'_s*y B Sy N
dr* A
(B%437) A% o _ £ (B%ea%) aw s
ar e [gr+ (842) A (w K] (a—g*} - —"—"'s"'z*—-—-[(l—u Tk '—g*k* '}
ar~ A
¥ . *x
g" '—(l-u)q+[ g¥ ]-%-]+[ 8 Jli-a“q"-r — 9*1
& ghg? L 2 g ¥t gheg¥) T | Y
g
[qr-'-(ﬁﬂ)l(W-K)] (&_ [ g* B +’—g*r+(8**l*) x*w*-:c*:'ll}_{ 2 ]‘]
an o el el - o JL gt
ég a
X
LGS - (5]
. =" g%.g¥ g+ S
A
ar "x8 *y i-(l_:)q " xs '4 %-] TR *y i-awq* R g*J
S B8 greg? M1 gTXpTY [ g *+g < o
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e L - = B JL gl b w L L™,y
dg*

- “* - -
Tz (B4} ) (w=k) | l—u _{ g * }J+ﬁl'qtrw(e*+k*) W (k= Krﬂ\ rﬁ*' [ g * ] l
- -

A

% *x
r[k' [1- ":5%"'7] =k*'m ——;:%“7;":]
g +g T

. g T+B*

- A

al
Bx+8y ﬂzj

Q jrad 2

670 & = {rk.+q[qr+(§+xmx(w-x)] o [q*r+(e*+x*n*(w*-.1c*)}}Tu-m +[ ol }
) ™

N {ﬂ___*, L {-o)[grs (e w-K)]
7

- >
orgr B ]
-n- irx *yg
8 T+B

. ——w“;i” (g0 + (eua*n*(w*—K*)}}

The effect of lower taxes and higher public spending (domestic oI
foreign) is te lower the long-run world interest rate. This is enly

a paradex until one remembers that lower taxes or higher spending are.
across steady states, associated with lowex public debt (gee (57) and
(58)). Of course the process of adjustment towards such a lower debt
steady state will involve transitorily higher taxes and/or lower

public spending to achieve the surpluses necessary for xetiring the

debt. The association of higher spending with lower interest xates

is present regardless of the composition of the spending increase between

domestic and foreign owtput.
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The effect of tax cuts on the terms of trade in the long run ean be
explained in terms of a familiar transfer problem criterion Plus a
correction for supply adjustments. E.qg. from (67b), ignoring

supply-side adjustments (k' = k*' = 0), a domestic tax cut will raise

the relative price of domestic output (g{- > O) if o> e*r,ie. if

the marginal (and average) propensity to consume domestic output is
greater at home than abroad. Lower taxes also are associated with
lower interest rates, higher ecapital-labour ratios amd higher outpat.

If there is no bias in domestic private consumption towards heme

goods (u&%) and if technologies are similar in the sense that k° =g*',
the cutput adjustment term vanishes. If there is a bias towards home
goods {c > :.15—) and if k' and k*' are similay, then the supply effect

. ul c s
reinforces the transfer effect and %T— > 0 a-fortiori. By exactly

analogous reasoning, given supply, -g—:* >0 if a* > & or 1-g* < I,
A cut in foreign taxes will raise the relative price of foreign goods

if foreigners allocate a larger fradtion of their total consumption
spending to foreign goods than do domestic residents. Again the same king
of supply side effect that was discussed for a domestic tax cut must be

allowed for. We shall not congider it any further here or below when

the effects of spending increases on T are discussed.

An increase in domestic public spending raises the relative price of

domestic output [g‘—;—r <0 ] if the demestic public sector’'s marginal
¥
g

pPropensity to spend on domestic output [ ] exceeds a weighted

x
E"+B
average of the domestie and foreign private marginal propensities to

spend on domestic cutput, i.e. if (ignoring supply effects)
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B, lgz *+ (B+M)A(w=K)12%

. * G
gXep? [gr + (8+3) A (w=K)] » 71g¥z + (8%+3%) A (wmmkc®) 08

. + 7 lg*r + (B¥+A%) A% (wr= K*) ] a*
9*9_1{qr-*(8+l)l(w—x)]+ Tlgrr +{8*+A%) A% (wx=K*} ]

Similarlyf an increase in foreign public spending will raise the
relative price of- foreign output {%E* > O] if the foreign public
*x -‘
sector's marginal propensity to spend on foreign output {1-—1;?—:§J
g T+8
exceeds a weighted average of domestic foreign private marginal

propensities to spend on foreign cutput 1-a and 1~uo¥*, The

exact condition can be cbtained from (67h).

In terms of Figure 3 , a domestic tax increase or spending cut shifts
vy up and to the right while y*y* shifts up and to the lef:.
A foreign tax increase or spending cut shifts yy and y*y* in the

same directicons.

Having derived the steady-state effects on 7 and r, the remaining
leong~run comparative statics is straightforward. Any policy
change that raises r lowexs the capital stock at home and abroad.
Lower long-run domestic taxes are associated with a lower long-ruﬁ
stock of demestic public debt, with a lower global interest rate

and a higher capital steck in both countries. Domestic human capital

is higher and consumption is almost certain to increase. Foreign

human capital (measuredé in foreign output) is alsc increased because
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of the lower r and higher K*; the lower interest rate is likely to

reduce foreign non-human wealth and foreign consumption in the

long run.

With T* and g* given, & lower world interest rate still requires,

at a given value of 7, a larger long-run stock of foreign public
- o

debt {assuming b G >0 injtially). This could be revexrsed by a

decline in .

Finally, there is the effect of domestic and foreign Fiscal policy

on the long run valve of F.

From egquation (59) it is easily checked that, ixn response to a change

in some exogenous variable z, F changes as follows =

a1 g+ (0+M) A lw=~K) o] &8, L B+A a1 4
az‘rl}*' 2 Y lE e & e

At a given interest rate, a higher steady state level of public spending
must be associated with a larger stock of claims opn the rest of the
nodel, in order to finance the increase in the excess of domestic
absorption over domestic income. Since increased public spending is
associated in the long run with a lower interest rate, and thus a larger
domestic capital stock and domestic cutput level, this indirect
effect will tend to lower ¥. The reduction in private consumpt-ion

likely to be associated with a lower value of r will also tend to

lower F. Finally, a lower value of r will cet. bar. worsen (improve)
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the current account through the debt service (foreign investment
income} component rf if the country 1s a net crediter with ¥ > 0 -
(a net debter with F < 0}. Thus get. par. a poéitive (negative)

value of F will tend to make gg— positive {negative) through the

net foreign interest component. With minor apd obvieous changes,

the argument about thé effect of an increase in g on F also applies
to a eut in-T. It is also easily seen that an increase in g* will
tend to have the opposite effect on F of an increase in g and that

a cut in T will tend to have the opposite effect on F of a cut in T.
It seems plausible that the "direct"” effect of an increase in g or

a cut in T of raising F in the long run will outweigh the indirect
effects through production, private consumption and net foreign
investment income. Our numerical examples do indeed all have this
property, although it is not implied by all parameter values consistent

with saddlepoint stability.

Dynamic adjustment

The linearized structural form of the two-country model is giwven in
Appendix 2. The production functions in the two countries are
assumed to be Cobb-Douglas with ceompetitive capital shares B and B*

respectively. To calculate the initial staticnary equilibrium we -

Bx

mist assign values to B, B*, L. T%, €, 8%, X, ¥, o, a¥,
* X, oY
g ¥ BT +8
i g, g*, T, and T;. A full characterization of the dynamic
B T+E

behaviour also requires values for Yo and u;. There are eight

’

linearly independent state variables in the linearized state-space

representation of the model. A convenient cheice of state variables
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"
is bG, b G, K, X*, w, h, h* and ¢. For 2 (locally) unigue convergent
saddlepoint equilibrium soluticn to exist we therefore require five

stable and three unstable characteristic roots in the state matrix.

The one~commodity case

First consider the special case of the model where the relative price

of foreign goods, 7, is constant throughout in responsé to tax changes.
This requires not only that the Private ¢omestic propensity to spend on
domestic output equals the foreign private propensity to spend on domestic
output {¢ = o*} but alse that the supply responses to the interest rate
changes induced by the fiscal"policy have no further effect on T {see
equations (67b) and (67d)). This extension of the familiar transfer
criterion for a change in the terms of trade is of couxrse unnpecessary

when output is exogenous {k' = k*' = 0.
The numerical details of the first simulation aze given in Table 1.

The two countries are identical (with g = a* = 5} and the initial long-
run equilibrium is one with F = 0

The policy experiment is an increase inp Ty~ Because of our tax function
this policy experiment amounts to a shert-run tax cut followed by {and
indeed necessitating) a long-run tax increase through its effect on the

stock of outstanding public debt,
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Table 1 = One-good economy: zero external debt of home country

Parameter values

wl %]

B=8*%= .25 § =3¢ = _021; A =2A* = .03; @ = 0% = _0Q35;
B g
o = g% = .5; vl - I B = T* = ,3206205;
Bx+3y 8 x+3 v 1,0 1,0

= g¥% = . =
go go .1469511; uT u

¥ev initial equilibrium values

Characteristic roots

-.08326; -.05; -.01543; =-.01539; -.015; .06539: .07628: .08.
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Figure 4 shows the dynamic respense of the key variables in the

TWo countries.

The leng-run response te the increase in 7, is a larger stock of
domestic public debt, a small reductionm in the foreign srock of
public debt; egual reductions in the domestic and foreign capital
stocks: a small inecrease in Gomestic private non-human wealth;

2 larger increase in foreign non-human wealth; a large reduction in
domestic human capital and a smaller reduction in foreign human
capital. The interest rate goes up, domestic consumption falls and
foreign consumption rises. The net foreign asset positicn of the
home country becomes negative as domestic govermment debt crowds out
domestic net foreign assets as well as domestie and foreign real
capital. 7 is, of course, unaffected in the leng run as in the short
zun. The system exhibits (logal) saddlepoint stability.

The dynamic response to an unexpected, immediate {at t = () and

permanent increase in T, as follows.

In the short run, taxes are cut by about the same amount they will be
raised in the long run. The tax gut is reversed gradually and becomes
an increase from period 14 on. The stock markets (¥ and $*¥ fall on
impact in both countries, reflecting higher anticipated future interest
rates. The behaviour of ¥ and ¢¥* and of X and X* is identical. The
interest rate rises only gradually. Domestic consumption increases on
impact, reaches a peak scon after and then begins a steady decline.

Foreign censumption drops on impact, reaches a trough soon afterwards

oy
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and increases steadily thereafrer to its higher new long-run Level.

If the foreign country were to raise T; at the same time and by the

same amount as the home country raises_fi, the results are the following.
In the leng xun, all “country-specific" endegenous variables change

by the same amount in each country. F of course remains unchanged.

bG and b*G increase by the same amecunt and the change in bG -+ b*G is
exactly twice that when only T, was increased. XK and K* fall by twice

as moch while r increases twice as much. Consumption declines in both
countries, as does human capital. The current account remains in balance
throughout the adjustment process. In fact, all domestic and foreigm
variables (b° and b ©, K and K*, w and w*, h and h*, ¢ and ¢*, q and g*,
T and T*) move in the same way. The long-run tax increase is preceded,
in both countries by an initial cut in total taxes which boosts consumption
and creates budget deficits which only vanish asymptotically. The joint
move towards fiscal expansion in the shprt un creates a steeper decline

in the two countries' stock markets.

The only way for the foreign country to aveid the higher world interest
xrate resulting from the short-run expansionary fiscal action in the home
country, is for the former to engage in short-run contracticnary fiscal
action. Consider e.g. a policy response by the forgign country which
congists of a reduction in TI (and therefore a short run increase in T*)
equal in magnitude te the increase in 11. The result is no change in

r, %, ¥, K and K* in the short run or in the long run. All other country-

specific endegenous variables change by opposite amounts in the long-run

and during the adjustment process. The home countxy runs budgct deficits
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and current account deficits throughout while the foreign couniry runs
budget surpluses and current account surpluses. In the long run w and kb
are down (and w* and h* are up by egual amountsl.'consumption falls at
home in the long run and declines abroad. The short term response is in
the opposite direction.

These results are not affected qualitatively by changing parameter values
in such a way that the initial stationary eguilibxium is one in which the
hpme country is a net creditor (Fc > 0) or a net debtor (Fo < 0}). E.g.
consider 9, .19329 and g; = .10 while keeping the other parameter values
the same as those given in Table 1. This "shifting" of public spending
towards the home country lowers the initial long-run value of bg to 2.534,
raises that of b:G to 4.412 but leaves ro and ﬂo unchanged. The home
country becomes a net creditor with Po = .939. The characteristic roots
are virtually the same as inthe case where Fo = 0 (specifically, the
saddlepoint equilibrium configuration with 5 stable and 3 unstable roots
persists) and even cuantitatively the short-run and long=-run response of
the system is not much affected. Shifting public spending the other way,
towards the foreign country, with g0 = .10, g; = .1938 ang bz = 4.41Z,
b:G = 2.534 and Fo = =.9380213 again does not yield a picture that is

significantly different from that shown in Figure 4.

The two-commodity case

We now introduce a bias in private spending towards a country's own good,
i.e. = > o*. The first numerical example, specified £fully in Table Za,

again has Fo = 0. The adjustment process following an unanticipated permanent
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increase in L is shown in Figure 5. The long-run effect of an
increase in 'cl on most endogenous variables is qualitatively the
*
same as in the one-good case. One exception is that b G shows a
small increase rather than a small decline. The reason for this,

as can be seen from eguation (58), is the long~run increase in w. The long-

run reduction in home (consumption) demand worsens the home country's terms

of trade since the share of. domestic consumption spending falling
on domestic cutput is higher than the share of foreign consumption

spending allccated to domestic output f{a > a¥*).,

Because T now varies over time, there is a certain amount of
"decoupling” between domestic angd foreign capital formation during the
adjustment process. The short-run domestic tax cut outweighs the
long-run tax increase, $o h and g increase on impact. With og* Ffalling,
the terms of trade improve in the short run. After the initial
discontinuous drop in *, however, Tt rises smoothly throughout the
adjustment process. This rise in 7.is anticipated. Since »* = r-—
is the interest rate governing y*, the foreign stock market falls by
less initially than the doméstic one and domestic capital decumulates

more swiftly than foreign capital.

A simultaneous, equal increase ip T and 1"{ has exactly the same effect
25 it has in the one~good version of the model since T remains constant
throughout. While this stabilizes the real exchange rate relative to a

unilateral increase in Tl ¢ it reinforces the effect on the interest rate.

A policy of reducing T‘i‘ by the same amount as the increase in T, does
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indeed stabilize the interest rate (r) but reinforces the swings in T
which falls by more in the short run and rises by more in the long run.

To prevent both 7 and r from changing, two £iscal instruments (e.g. T

and g*) must be used.

Even when the terms of trade are endogenous, the sign of the initial
external net worth position -of the two countries does not appear to have
crucial implications for the qualitative stability or saddlepoint
properties of the model. Table 2 shows how the desired saddlepoint
configuration is present when Fo 45 negative {Table 2b) ‘and when Fo

15 positive {Table 2¢). Qualitatively, the long-run and short-run
responses of the endogenous variables in the net external creditor and
the net external debtor cases are similar to each other and to the zero

net external debt case.
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Table 2

Twe-good economy

a} Home country has zero-net external debt (FD =
Parameter values:
-1 LIS
E=8*= .25; ¢~ =1 = 031; A= A% =
% *x
=1 «o¥= _7; i =3 - *i reedE N
. g +pY B 4B Y
I g; = .1469511; uy = ur o=
Key initial egquilibrium values
r = ,05 w_=1; F_ = 0.
o o [}
Characteristic roots
-.03326; -.04881: ~.01545; ~.01505; ~.01
.07628; .07834.
b} Home country is external debtor (Fo < O
Parameter values:
- o
B=8%=.25; [ L=g L=.031; A=Ars
g¥
8* = ,035; o = l-g* = .§; " = _75; %
ge+ey 8
11'0 = 11’0 = ,3206205, g, = .28B85585; gg
= u* = =32
UT HT L

x+B*y

0.

g*

-035:

= .3206205;

0e8; .06101;

03;
gv ¥

.04;

#

.3624;

-3059254;
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Key initial egquilidrjum values

l; F_= -3.1795.
o

Characteristic roots

-.05059; -.04992; ~.01605; -.01533; -.01470;

.07763; .Q7937.

c)

Home country is external creditor (Fo > 0

Parameter values
Satsoeed yalues

_1 *_1
B = B% = .25; [ =T = .031; X = k* = ,03;
g%
0% = 04; o = ileg* = 5; = .6375548; 1 -
®
B+
Tl'o = TI,0 = _3206205; = =*,3059254; g; =
Key initial eguilibrium values:
x, =.05 ® =1; F_ = 3,1795.
[} ] o
Chaxacteristic roots:
=.05039; -.04981; -.02130; «.01562;: ~.01520;

-07766; .07942.

-06334;

& = .035;
*x

8 %Y.

«2885585; H

.06320;

.75;

= u* = w32,
M
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Conclusion

The purpose of this pap;:r has been to study c_;ettain aspects of
public debt and deficits in the open econcny using a wmodel in which
private sector behavicural relationships have been dexrivegd explicitly
from optimizing behaviour. The public sector's presenmt value budget
constraint or solvency constraint, together with the assumption that
the real interest rate exceeds the rate of growth, was shown to tie
together current tax cuts and future tax increases.gf In a two—country
‘setting such a policy would raise the interest rate in an integrated
global capital market, crowd out private capital at home and abroad
and worsen a country's external pet worth position. If in addition
private spending shows a preference, at the margin, for domestic ocutput
over foreign output, then the policy would improve the terms of trade in the

short run but cause them to worsen in the long run.

The analysis brings out the central role of the interest rate in
transmitting disturbances between countries when capital markets are
highly integrated. while there always exist paths {ox contingent.
rules) for the domestic fiscal policy instrument that can neutralize
any incipient shocks to the path of interest rates eriginating from
abroad, such “"stabilizing™ policy actions inevitably involve costs.-
Even if lump-sum taxes are used, intertemporal (and therefore interw
generational) redistribution of the tax burden is inevitable. If Jump-
Sum taxes are not available, dead-weight losses and excess burdens will
be imposed. Varying the public spending programme involves distorticns

in the intertemporal allocaticn of public consumption. If public sector

11. This is the same point as was emphasized in the conzext of a
monetary economy by Sargent ang Wallace [1981]1
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capital formation (mot considered in this paper) is varied yet other
costs are incurred. Taxing international eapital flows may be an

interesting second-best policy.

The finite private decision horizon {er the excess of the effective
private discount rate over ;helgovernment's discount rate) Permits a
non-trivial analysis of one of the central current issues of financial
policy: the consequences for private saving -and capital formation of

varying the time pattern of taxation and horrowing.

Several possible extensions of the model came to mind. The first is
to add money to the asset menu. Te do this properly would be a major
task, but the ad-hoc inclusion of domestic money as an argument in the
direct utility function may be a useful fipst step. If non-interest-
bearing govermnment fiat Zeney is added to the instantaneeous utility function
in logarithmic form (+ ¥ lnm, where m ‘is the nominal money stock
deflated by the Cobb-Douglas price index, p, appropriate to the utility
functiorn) the extension is trivial.

Money demand is given by m =

= 49 and is unit elastic with
z+ £

P .
‘respect to the nominal interest rate »y +§ If all non-money assets
are index-linked, money is a veil. Super-neutrality prevails in the
shert run as in the long run and in response to any kind of mometary
shock. Real interest rates are unaffected by menetary policy. The real
seigniorage the autherities can extract through monetary expansion is

independent of the rate of growth of nominal money and of the rate of

inflation. The terms of trade are independent of the behaviour of the
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nominal exchange rate.

If nominally denominated interest-bearing public debt exists in
addition to money, unanticipated monetary policy changes which cause
discontinucus jumps in the general price level can inflict capital
losses or gains on the holders of these nominal assets. & non-unitary
interest elasgicity of demand for real money balances permits the

consideration of seigniorage issues.

A second important issue is the de facto non-existemce of lump-sum
taxation. Barro [1979] analyzed the problem of the cptimal inter-
temporal pattern of distortionary taxation and (under very strong conditions)
derived a version of the “"uniform tax rate over time" result for an
economy in which "first-order debt neutrality” held. It would be rather
mere relevant to study this problem in a world which does not have this
strong first order debt neutrality property, such as the Yaari~Blanchard

model or the overlapping generations model without operative intergeneratiocnal

gifts and begquests.

A further desirable extension would be to relax the unattractive,
highly restrictive perfect capital market assumption which permits
“private agernts, once alliowance is made for their finite expected lifetimes,

te borrow on the same terms as the government.

Fourth, labour market disequilibrium could be added as a feature
to the model. The simplest approach simply posits different combinations

and degrees of nominal and real wage rigidity. The cbvious starting goint
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here is the work of Sachs [1983].

Finally, the medel is inhabited by well-informed, rationally
anticipating and cptimizing Private agents and rather mechanically
acting governments. Clearly, govern:uént behaviour should be endogenized
in a more satisfactory manner. The interaction between the two
national governments could be strategic in nature. Recept develovments
in differential game theory and its applications to economics hold

considerable promise (see e.g. Miller and Salmen [1983]1) -

The Yaari-Blanchard model, as developed in this paper wonld seem
to be a flexible wehicle for the analysis of a wide range of interesting

issues in international econcmics.



APPENDIX 1

Private sector decisien xules

Private consumption behaviour and asset demand

The essential features of the model of consumer behaviour are
taken from Yaari [1965], as presented in Blanchard [1983a, bl.
Time is cont}nuous. At each instant a new age cchort, composed of
many agents, is born. The size of each cohort is normalized to
x,'o <A<l Du:iné their lifetime each agent faces a common,
constant instantaneous probability of death A. ALl surviving agents
therefore have a life expectancy of l_l. A is alsc taken to be
the proportion of agents in each cohort which die at each instant.
The size cof the surviving cohort at time t which was born at time t

(=]
P {e=t )
is therefore ie - Tetal pepulatien at any time t is constant

t
and given by A f e_k(t-s)ds

-

= 1.

All surviving agents have the same¢ labour income. Private agents
can save cf dissave by buying or selling bonds and domestic capital
(which are perfect substitutes) or Dby buying or selling annuities
in a perfect insurance market. There is no direct foreign investment.
Bonds are short and have a fixed value in terms of good x, the
domestically produced good. The instantanecus interest rate is
z{t). Since there is no bequest motive and negative bequests are
not permitted, agents will contract to have their entire non—human
wealth returned to the life insurance cowpanv in the event of their death.
The life insurance industry is competitive and subject to free entry.

Thus if an agest's non-human wealth is w they will receive Aw at each
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instant they ave alive and pay ¥ to the insurance compary the day

they die.

Each agent born at time t has the utility functiom (1} which

he maximizes at each instant s subject to the budget comstraint (2).

o«

(1a) max E_ J,E]_n (e, v+ 871a g (e, %) + 8¥1n g (e, )e” Vae
) 5

B, B, ¥y, ¢8>0

a»  Few) = T e
O0<a<l
(2) L Stte = (zls) + MW(E,s)
ds " e

+5{t,8) - Tlt,5) - g (t,s) - 'rr(s]Ey (t,s)

ES is the expectation operator conditional on information up
to time s; Ex is private consumption of domestic output:

= v is private consumption of foreign output. The government
provides domestie (gx) and foreign output (gy) as public goods.
Fox any wariable m, say, m dencotes the economy-wide aggregate.

8 is the pure rate of time preference, w non-human wealth

measured in units of good %, 3 labour income, I taxes met of
transfers and 7 the relative price of foreign output (competitiveress

or the reciprocal of the terms of trade).
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Expectations are rat;i.onal and single-valued, i.e. held with
complete subjective certainty. Using certzinty equivalence,
optimizing {la) is therefore equivalent to optimizing (3}.

@

(3) max J[ln (e, + £ 1ng (£,9) + 8¥1n gy(t,v)]e“a*” V=) oo
S

Note that the private sector wealth constraint or present

value budget constraint (PVBC) corresponding to (2) is

w© v
- _ —é{r(u) +A) du
(4) J[cx(t,v) + 7 {w) cy(t,v}]e dv = wit,s)
s
L £
I ~f{x{a)+i}du =S {x{r)+i)da
- - s - S5
+ J(j (£, v) = Ti(t,v))e dv - lim W{t,le
Lo
s
2
=fM{r{u)y+Aidu
- s
The conventional tramsversality condition lim w(t,%}e = Q
Rt

gives the familiar "lifetime" household budget constraint.
The total value, in terms of domestic output, of current

private consumption spending & is defined by
- {5} gle,s) = cx(t.s) + m(s) cy(t,s)

From the first-order conditions for an optimum we find that

(6)  qlt,s) = (8+A) [wlt,s) + hit,s)]




(7

{8a}

(8b)

(%)

(10}
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where human capital, ﬁ{t,s) is defined by :
v
=~/ {x{u)+1)du
- - - s
hit,s) = j[j(t,v) = 1i(t,v)]e av
s

]

cx(t,s) = aglt,s)

- e (1-qy Gt,S)
cy(t,s) (1o} s

As in Blanchard's model, optimal private consumption spending

is governed by

& - -

~d—sq{t,s) = {z{s) - 9)qlt,s}

Also, aleong the optimal trajectory,

2 Fts) = (xls) + 0 Wit +506,8) - Fle8) ~ Fe,8)

= (r(s) = 8) wit,s) +3(t,5) -F(t,s) - (6+1) B(t,s)

For any individual household variable m(t,s) we define

the corresponding aggregate m(s) by

s
mis) = A Ji{t,s)eﬂt"’;)c}t

If labour income and taxes are the same for all agents alive,

regardless of age, then
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'j'(t,s)

= 3 jis)
and .
T{t,s) = AT(s)

It then follows tha

(11)  qis).= (843} (w(s) + his))
or
{11 gUs) = (m-8) qls) - (8+R) Aw(s)
{1z2a) c#(s) = o gq{s)
. gls}
(120) cy(s) (1-z) i)
(13)  wls) = z{s) wis) + 5(s) - T(s) - q(s)
t
® =/ (r{u)+}d)dn
(12)  n(s) = J (L) - Tithle - at
s
oxr
(14')  h(s) = 1(s) ~ 3(s) + (z{s) +1) h(s)

Foreign consumption behaviour is determined analogously.
Note that all bonds are dencominated in terms of home country

cutput, w*, g* and h* are measured in terms of foreign country

cutput.
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Production and private investment

We consider a competitive economy with continuous full enployment: .
The production function has constant returns to labour and capital

and satisfies the Inada conditions. Domestic output ¥ is therefore

given by
¥ = £(K) £ >0; £"<0; £(0) =0; Lim £' = »
£+
lim £' = 0
Koo

It follows that labour income, j is given by

i = £{K) - KK
or

i = 3K g >0

Private capital formation involves the transformation of domestic
output into capital and is subject to quadratic internal costs of

adjustment. The firm's objective functional is

=
-f r(u}da
2 t

e ds.

@

max J L(s)f(iiz;)-—w(s)L(s)-I.C(s) -3

{Lis) K(s)} & -

vwhere L(s) is the firm's employment of labour and [

Since the production function and the cost-of-adjustment function are
linear homogeneous Tobin's marginal g equals his average g or Y and

we can write the investment function as :



(16)

(17
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Kis) = ﬂ’—(fl;-lﬂ K(s)

Again, the fordign investment decision rule can be derived

analogously.




(1}

(2)

(3)

(4)

(5}

(6]

(7

(8)

{9}

(1o}

(11

(12}

(13)
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APPENDIX 2

The linear aporoximation to the two~country model

The general non-linear model is given by equations (1) - (17}.

i -
—
£ -
f(* =
w =
-
B -
;-
g =
- ol
: =
S
£{¥} =

g-':+rbG

o
#{g* = T*} + rb G

(yi';l) K

(y* - 1)

T <

W o+ 3(K) -1~ g

T = 3(K) + {x+A)h

STEp

T* = J*(K*) + (xr — = $A%)hw .
. 1 rK42
- £ - ze(F)

(+1) (w+h)

(8% + A%) (w* + h*)

=G
LR
O*G
b
*
TME
* .2
sqrarmgr + ~E g . G S
g rg? g *4g"Y 7k
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0 0 b}
o o} 0
¢! 0 !
0 0 0
-iTR C -
PR 0 ol
0 I* (K 0
£7(K ) o} 0
0 G 0 o
0 o 0 0
1 0 0 o
0 1 ! 0
0 0 1 0
0 0 0 1

={x +i%)
<

0

| S

h'dr

<=

|
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o

oo o

o

-1

4
11.11,

o 90
0 s
o ©
¢c 90
0 0
0 0
0 0
0 0

-

1,0

Yo TH
Tl TI,O

q*

T

=

¢*

{13)
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0 0 0 ) - (541
| o ol o} o} o)
0 0 < I
=]
“u.r
— 0 o} o) 0
l+,JT
T
0 o
ﬂo(1+u_*rr)
0 0 0 £*1 (K*) 0
[+]
0 o] 0 0 Ll;_a)(e_'_)‘)l
o
o} 0 £1(K) 0 0
o
0 0 0 0 @ (8+2) A
1 0 1 0 -1
-1 -1 =1 -1 1
(o]
o} 0 o} 0 0
0 0 0 0 0
0 0 o o} 0
a 0 0 0 0
0 0 o 0 o}
0 o 0 0 0
0 0 0 £%0 (X*) 0
o
o o} 0 0 0
o 0 £'(X ) 0
[=]
0 0 0 0 0
! 0 ! 0 0

—(8+1) 0 0
0 =(8*+A*) ¢
0 0 0
0 0 o]
0 Q 0
0 0 0
o] 0 Q

-1
0 0 =K.z
0 0 o]
0 0 K
[=]
0 0 =K
o
0 0 0
o] o 0
0 Q 0
0 0 0
0 0 6]
0 0 0
o} 0 0
0 0 0
0 0 —Koc_"
0 0 0

h* -

*G

o O
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Schematically, they can be written as :

El x1 + E2 rxl * an + 242 =
*2 *2

ES x1 + E6 xl + E7y + Esz
*2 *2

E7 and E2 - 2327-126 are assumed to be of full rank.
x1 contains the predetermined state variables and xz the non-
Predetermined ones. Equations (19') and (20} are reduced

to state-space form.

Provided (2la) has as many stable characteristic roots as pre-
determined variables (5 in our case) and as many unstable

characteristic roots as nen-predetermined variables (3 in cur case)



(22)

(23} -
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a2 unigue convergent solution exists. This result is of course strictly

local in our model.

The algorithm "Saddlepoint” of Austin and Buiter [1982] only permits
boundary conditions for the predetermined variables of the form x]‘_(o) = X

I-”lxz (o) + szi(c) -+ F3x2(0) = f

Here x) = xi T and :»:i sontains the predetermined vaxiables for

oy
which initial values are assigned (bG, b1 G, X and K* in our model) while

xl contains the predetermined variables for which the boundary conditions

take the form of linear restrictions at the initial date {w in our model) .

In terms of the notation of equation (22), boundary conditicn (1Be}

can be represented as in equation (23).

[11lw-w,1+10 0 0 0} p® - ¢
*G *G
b - b
K - K
=]
K* =X
s o-—
+[o 0o -x 1 [r -n = [0o]
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