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ABSTRACT

Optimal Debt Contracts and Moral
Hazard Along the Business Cycle*

We analyze the Pareto optimal contracts between lenders and borrowers in a
model with asymmetric information. The model is a generalization of the
Rothschild-Stiglitz pure adverse selection problem to include moral hazard
with limited liability contracts. Entrepreneurs with unequal ‘abilities’ borrow to
finance alternative investment projects that differ in degree of risk and
productivity. We determine the endogenous distribution of projects as
functions of the amount of loanable funds, when lenders have no information
about borrowers’ ability and technological choices. Then, we embed these
results in a general equilibrium overlapping generations economy with
production and show that, for a wide set of economies, equilibria are
characterized by multiple steady states and persistent endogenous cycles
such that the average quality of the selected projects is high in recessions and
low in booms.
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NON-TECHNICAL SUMMARY

This Paper is a contribution to the literature studying the effects of financial
market frictions on the business cycle. It is widely held that output fluctuations
are likely to be amplified in economies where the relation between lenders and
borrowers is affected by asymmetric information and moral hazard. When
lenders are not well informed about the borrowers’ investment projects and
their credit-worthiness, they may devise ‘second-best’ contracts that induce
the borrowers to take more desirable actions or reveal some information.
Typically, these contracts entail collateral requirements, monitoring costs and
credit rationing. It follows that the firms’ investment activity may be highly
dependent on their balance sheet position, i.e., on the value of their net
assets. In some cases, the degree of external finance depends on the value of
some durable assets. Since this value is sensitive to the cyclical variability of
aggregate demand and supply, there is an obvious reason why financial
factors should play a central role in business cycle theory.

Various authors, including Bernanke and Gertler (1989), Greenwald and
Stiglitz (1993) and Kiyotaki and Moore (1997), have shown that the equilibrium
quantity of lending and the default rates resulting from these second-best
contracts may be highly sensitive to exogenous shocks. Thus, the amplitude
of the cycles is far greater than it would be with perfect financial markets and
the effects of a shock to one sector may be more easily propagated to other
sectors.

A common feature of most of these models is that the agency problems
associated to informational asymmetries in financial markets (monitoring
costs, the degree of moral hazard and adverse selection, etc.) are more
important in recessions other than booms. In particular, recessions are easily
going along with a fall in the prices of collateralizable assets, so that lenders
are induced to shrink credit lines and reduce investment opportunities in these
cases.

We believe that these type of models are not suitable to explain why
economies exhibiting a good performance in terms of output growth can
sometimes fall into a financial crisis and a recession in the absence of
important exogenous negative shocks.

In our Paper we consider a different way to model informational problems in
financial markets. In particular, we generalize the pure adverse selection
model to include moral hazard in a contractual problem with limited liability.
Borrowers face investment projects characterized by different degrees of risk
(safe and risky projects) and different fixed costs. The amount of the fixed cost
and the degree of risk are assumed to be positively correlated. Thus, we can



speak of ‘bad’ (high risk, high cost) and ‘good’ (low risk, low cost) type of
projects. The type of project selected by an entrepreneur is the one that
maximizes his expected profit at the given contract offers. Entrepreneurs are
assumed to be heterogeneous in terms of their ‘ability’ to run a project and
ability is measured by the size of the fixed cost that he pays. Hence,
entrepreneurs face the following trade-off. Because of limited liability they
have an incentive to select the risky projects, since these are associated to
lower expected interest payments. On the other hand, risky projects are more
expensive since they imply a higher fixed cost. Lenders cannot observe the
type of project selected by a borrower (entrepreneur) as well as his ability and,
thus, they are unable to induce all borrowers to select the good projects. It
follows that some of the borrowers (the more able) will select the bad projects.

The key step in the Paper is to relate the equilibrium contracts and the
proportion of bad projects S to the amount of loanable funds. We show that Sis
an increasing function of interest payments (loan rate times loan size) on good
projects, i.e., higher interest payments and limited liability make the moral
hazard and adverse selection problems more important. For any set of
market-clearing Pareto optimal contracts, a rise in loanable funds (a boom)
has a negative effect on the loan rates and a positive effect on the average
loan size. In some cases the latter effect dominates over the former so as to
imply a rise in interest payments, i.e., a rise in S. Then, the proportion of bad
projects may be pro-cyclical. Since more bad projects produce a loss of
resources and, eventually, a fall in output, this may be enough to generate
business cycles.

The ‘cleansing effect of recessions’, a phenomenon documented by Caballero
and Hammour (1994) in a different context, may be a way to concisely
describe what may happen in our economy. During the cyclical upswing (when
there is a large amount of loanable funds) competitive lenders devise
contracts attracting a high proportion of bad projects; the opposite occurs
during the downswing. In other words, contrary to other Papers in this field,
e.g., Bernanke and Gertler (1989) and Kyiotaki and Moore (1997)), our model
predicts that the adverse selection and moral hazard problems in financial
markets may be more severe during booms than recessions. Clearly, the
reason for these diverging results is that we focus on the equilibrium selection
of different investment projects instead of focusing on the interaction between
credit limits and asset prices along the cycle.



1 Introduction

This paper develops a dynamic equilibrium model to address the question of how
the degree of adverse selection and moral hazard interact with business cycle fluc-
tuations when asymmetric information affects the contractual relations between
investors and lenders. The second-best debt contracts and the distribution of in-
vestment projects by the degree of risk and productivity are endogenous to the
model and are simultaneously determined at equilibrium. Under our asssump-
tions, we show that there are robust cases in which moral hazard problems may
be more severe in booms other than recessions. This feature of the model may be
responsible for the emergence of endogenous business cycle fluctuations.

1.1 Relation with the existing literature

It is commonly argued that business cycle fluctuations are likely to be amplified in
economies with imperfect financial markets. When lenders are not well informed
about borrowers’ investment projects they may devise “second-best” contracts that
induce the borrowers to take desirable actions or reveal some information. Typ-
ically, these contracts entail collateral requirements and credit rationing. As a
consequence, real investment and consumption become highly dependent on the
borrowers’ balance sheet position, i.e., on the value of their net assets. These mod-
els are based on the notion that, because of asymmetric information, the firms’
degree of external finance is not irrelevant for investment decisions. In some cases,
the degree of external finance depends on the value of durable assets. Since this
value is sensitive to the cyclical variability of aggregate demand and supply, there
is an obvious reason why financial factors should play a central role in business
cycle theory.
Various authors, including Bernanke and Gertler (1989), Greenwald and Stiglitz

(1993) and Kiyotaki and Moore (1997), have shown that the equilibrium quantity
of lending and the default rates resulting from these second-best contracts may
be highly sensitive to exogenous shocks. Thus, the amplitude of the cycles is far
greater than it would be with perfect financial markets and the effects of a shock
to one sector may be more easily propagated to other sectors. Thus, this literature
has focused on the role of imperfect financial markets in amplifying the propagation
and the variability of the business cycles, assuming that the latter is originated by
exogenous disturbances (financial fragility and crises).
A common feature of most of these models is that the agency problems associ-

ated to informational problems in financial markets (monitoring costs, the degree
of moral hazard and adverse selection,..) are more important in recessions rather
than booms. In particular, recesions are easily going along with a fall in prices of
colletarilizable assets so that lenders are induced to shrink credit lines and reduce
investment opportunities.
We believe that these type of models are not suitable to explain why economies

exhibiting a good performance in terms of output growth can sometime fall into
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a financial crisis and a recession in the absence of important exogenous negative
shocks.
To the best of our knowledge, Greenwald and Stiglitz (1993) and Suarez and

Sussman (1997) provide the only models within this literature where informational
asymmetries may be responsible for endogenous cycles, i.e., fluctuations that do
not originate from any exogenous disturbance. In Suarez and Sussman (1987),
entrepreneurs face a downward sloping demand curve. Thus, a boom generates a
fall in prices and low liquidity thereby increasing external finance. Due to moral
hazard, this leads to excessive risk taking and a high rate of failure.

1.2 General results

This paper analyzes the relation between informational asymmetries in financial
markets and business cycle fluctuations from a different perspective than previously
considered in the literature. We assume that heterogeneous entrepreneurs (differ-
entiated by ability or location) face different investment projects. Some of these
projects are “bad” in the sense that they are associated with a higher probability
of default and a lower net output available for consumption and investment.
Entrepreneurs have no endowment and they can only invest by applying for

loans in a competitive financial market. The type of investment projects that they
choose is a function of the set of loan contracts offered in the market. Due to
asymmetric information and limited liability, the social costs generated by the
bad projects are not fully internalized and some entrepreneurs may choose to
adopt them. Then, the higher the proportion λ of entrepreneurs undertaking these
projects, the higher is the loss of efficiency and real resources characterizing com-
petitive equilibria.
The key step in the paper is to relate the equilibrium contracts and the dis-

tribution of bad projects λ to the amount of loanable funds. We show that λ is
an increasing function of interest payments (loan rate times loan size) on good
projects, i.e., higher interest payments and limited liability make the moral hazard
and adverse selection problems more important. For any set of market-clearing
Pareto optimal contracts, a rise in loanable funds has a negative effect on the loan
rates and a positive effect on the average loan size. In some cases the latter effect
dominates over the former. Then, λ may be procyclical and this may be enough
to generate business cycles.
The “cleansing effect of recessions”, a phenomenon documented by Caballero

and Hammour (1994) in a different context, may be a way to concisely describe
what may happen in our economy. During the cyclical upswing (when there is
a large amount of loanable funds) competitive lenders devise contracts attracting
a high proportion of bad projects; the opposite occurs during the downswing. In
other words, contrary to other papers in this field, e.g., Bernanke and Gertler (1989)
and Greenwald and Stiglitz (1993)), our model predicts that the adverse selection
and moral hazard problem in financial markets may be more severe during booms
than recessions. Clearly, the reason for these diverging results is that we focus
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on the equilibrium selection of different investment projects instead of focusing on
the interaction between credit limits and asset prices along the cycle. The two
approaches are not competing with each other.

1.3 Basic assumptions and the contractual problem

We assume that each investment project yields a joint output: “materials” and
“waste”. Waste is a non free disposable output whose property rights are as-
signed to entrepreneurs (subject to a limited liability constraint). Materials are
used for producing consumption and investment goods and for waste disposal. By
assumption, the amount of waste is independent of the level of resources invested
in a project. For this reasons, we use the term ”fixed cost” to refer to the waste
produced by an investment project.
Projects differ in two ways: they belong to different classes of risk (type of

project) independently of the type of entrepreneur who is managing the project
and they imply a private fixed cost whose amount differs across type of projects
and entrepreneurs (because of location or ability). Lenders are unable to observe
both the borrowers’ projects and types (and therefore, the fixed costs).
We make the key assumption that, independently of the entrepreneur’s type,

high risk projects have a larger fixed cost. Thus, different entrepreneurs may
choose projects belonging to different classes of risk. In fact, limited liability and
standard debt contracts create an incentive for borrowers to engage in the high risk
(bad) projects, since these are associated with lower expected interest payments.
In particular, in our model, in the absence of fixed cost, all entrepreneurs would
choose the high risk projects. This is a standard result with moral hazard. The
existence of a higher fixed cost for high risk projects provides enough incentives to
make some borrowers (the ones who are incurring the higher cost) adopt low risk
projects despite the larger expected interest payments.
We embed this framework in an overlapping generations model with two-period

lived agents. In this environment, the amount of loanable funds is equal to the
competitive wage rate arising from a neoclassical production function. This feature
allows for a characterization of the joint evolution of projects distribution and
output. In other words, contrary to previous contributions on the subject, we have
a model in which the distribution of projects by degree of profitability and risk is
determined endogenously and is related to output.
The dynamics of this model are trivially monotonic when lenders are informed

about borrowers’ investment choices and they become very rich under asymmetric
information. We may have multiple steady states which are always associated with
a lower income level than in the full information case.
The cyclical features of λ depend on the response of second best contracts

to changes in the opportunity cost of lending. The loan contracts are the effi-
cient standard debt contracts characterized by a no cross subsidization condition
(“equitable pricing policy” in the terminology of Henriet and Rochet (1990)). By
assumption, entrepreneurs do not own assets. Hence, optimal contracts are nec-
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essarily standard. The no cross subsidization condition is imposed because it is
commonly argued that any alternative condition would not be natural in a compet-
itive environment. In fact, in a companion paper (Reichlin and Siconolfi (1997))
we show that these contracts can be decentralized as a Nash equilibrium of a game.
Optimal contracts may be of two types: separating or pooling. Contracts are

separating when borrowers adopting projects characterized by different risks are
voluntarily applying for different loan contracts. They are pooling when borrowers
apply for the same contract irrespectively of the project (bad or good) adopted .
With separating contracts, lenders exploit the profit opportunity deriving from the
understanding of the type of investment project adopted by each borrower. The
contracts designed to finance the risky projects provide a greater loan size and
charge a higher interest rate, thereby reducing the adverse selection problem char-
acterizing lenders-borrowers relations in the presence of asymmetric information
(“cream-skimming”).
With a fixed λ there is a simple way to establish the optimal contracts. Rel-

ative to the pooling, the separating contract has the advantage (for the borrower
adopting the safe project) of a lower loan rate (because of cream skimming) and
the disadvantage of a smaller loan size (the cost of cream skimming is tighter credit
rationing, or incomplete insurance). With a pooling contract, the interest rate on
loans depends on the proportion of risky projects λ: a higher λ determines a higher
default rate and, given the rate on deposits, a higher interest rate on loans. Hence,
the pooling contract will tend to dominate over the separating for low values of λ.
How should we modify these considerations when λ is endogenous? In this

case, λ is an increasing function of the interest payments (loan rate times loan size)
on safe projects. In fact, higher interest payments increase the adverse selection
problem. Thus, the value of λ and the optimal contracts are jointly determined by
the rate on deposits r which is, by market clearing, a decreasing function of the
amount of loanable funds.
The shape of the cumulative distribution of borrowers determines the efficient

contracts. If the distribution has, everywhere in the support, elasticity less than or
equal to one, two cases are possible: 1) contracts are pooling for all r or 2) there
exists a value r∗ such that contracts are pooling for r < r∗ and they are separating
for r > r∗. Without restrictions on the elasticity of the distribution function, we
can only show that the efficient contracts are pooling for r close enough to zero.
The characterization of the optimal contracts as a function of r allows for the

study of the relation between λ and the amount of loanable funds w. A rise in w
may increase the share of risky/bad projects. Assume that w goes up. Then, the
rate on deposits r goes down and this has two opposite effects on λ: the fall in
r creates a downward pressure on the rate on loans (price effect) and an upward
pressure on the average loan size to the safe/good projects (quantity effect). When
the quantity effect dominates over the price effect, then interest payments, along
with the proportion of risky/bad projects λ, increase. Thus, in this case, λ is
procyclical. We show that, when contracts are pooling, λ is an increasing function
of w, while, it may be increasing or decreasing when contracts are separating.
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By the incentive compatibility constraint, if the optimal contracts are separat-
ing, a fall in the interest rate on loans increases the loan size for safe borrowers.
Intuitively, the fall in the opportunity cost of lending makes cream skimming less
important and it allows for less credit rationing. The rise in the loan size may more
than compensate for the fall in the loan rate, thereby inducing more borrowers to
choose the risky/bad projects, for high values of r (i.e., low values of w).
If the optimal contract is of the pooling type, a fall in r always increases λ. The

first order conditions characterizing a pooling contract equate the marginal rate
of substitution between loan size and loan rate on the borrower’s isoprofit curve
to the marginal rate of transformation between these two variables on the lender’s
zero profit curve. The second order conditions imply that, at the optimal contract,
the borrower’s isoprofit curve is more convex than the lender’s zero profit curve. It
turns out that these conditions guaranty that a the rise in the loan size following
a fall in the opportunity cost of lending r will more than compensate for the fall
in the loan rate.

2 The model

We consider a three-good economy populated by two-period-lived overlapping gen-
erations of agents. Generations are identical and agents are decomposed into two
sets, which we call the set of lenders and borrowers (or entrepreneurs). Lenders
and borrowers are a continuum over an interval and they have equal size. The
cumulative distribution function G(s) for the entrepreneurs is assumed to be twice
continuously differentiable with support in [0, 1].
Lenders are endowed with one unit of labor when young, to be supplied to a

set of competitive firms engaged in the production of a good y. Borrowers are
endowed with the ability to run one of two technologies for the joint production of
two commodities, z and x. All agents save and produce while young and consume
in old age only.
Good y can be consumed or used as an input (capital) for the production of

good z. The latter can be used as an input (materials) for the production of the
final good y. Capital and materials are fully depreciating in the production process.
Good x is some kind of industrial waste. We assume that consumers dislike

waste and they have an enforceable right to a waste-free environment. Equivalently,
we assume that the property rights of waste are owned by the entrepreneurs. At
equilibrium the price of waste is negative. However, waste can be partly or totally
eliminated by using a constant return to scale technology with z as the only input.
Therefore at equilibrium, the price of waste is equal to minus the marginal prod-
uct of this technology and the entrepreneurs bear, subject to a limited liability
constraint, the cost of waste disposal. For simplicity, we assume that consumers’
marginal disutility of waste is high enough even at very small waste levels. This
implies that the equilibrium level of waste is zero.
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2.1 Technologies

2.1.1 Consumption-capital good

Production of y is instantaneous and it requires labor L and materials z as inputs.
This technology is represented by a standard constant-returns-to-scale neoclassical
production function:

yt = F (zy
t , Lt),

where zy is the amount of materials used in the consumption-capital good sector.
In order to guarantee the existence of non-trivial stationary states for the equi-

librium dynamics of the model, we make the following assumption.

Assumption 1 Fi(z, L) > 0, Fi,i(z, L) < 0, (i = z, L) for all (z, L) � 0,
F (0, L) = F (z, 0) = 0, limz→0 Fz(z, L) =∞, limz→0 FL(z, L)/z =∞.

Under full employment and by the linear homogeneity of F (.) we can write:

yt = F (zy
t , 1) ≡ f(zy

t )

and by the properties of F (.):

f(0) = 0, f ′(zy) > 0, f ′′(zy) < 0

Letting all prices be measured in terms of the good y, perfect competition in the
y sector insures that, at time t, the wage rate wt and the price of the input z

y, qt,
are given by:

wt = f(zy
t )− zy

t f
′(zy

t ) ≡ W (zy) (1)

qt = f ′(zy
t ) (2)

Equations 1 and 2 also insure zero profit for all firms producing y.

2.1.2 Waste elimination

The technology for eliminating waste is linear with marginal product equal to 1.
Then, if Et is the amount of waste to be eliminated at time t and zw

t is the amount
of materials used for eliminatingEt, we have z

w
t = Et. By the zero profit condition,

the price for eliminating a unit of waste at time t is qt (or, equivalently, the price
of waste is −qt).
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2.1.3 Production of materials

An entrepreneur s, s ∈ [0, 1], can undertake one of two possible projects, L and
H. These are production processes taking one period to be completed and using
the good y as the only input. Each project produces a joint output: a random
amount of materials and a deterministic amount of ”waste”. The average amount
of materials is an increasing function of the quantity of good y invested in the
project. The amount of waste is a function of the entrepreneur type. We make the
following assumptions.

Assumption 2 k units of good y invested by entrepreneur s at time t in project
j (j = H,L) produce a joint output at time t + 1: random materials z̃j(k) = α̃jk
and “waste” ej

s, where α̃j is a random variable.

Assumption 3 The random marginal product α̃j is iid across entrepreneurs. α̃j

takes two values only, αj > 0 and zero and it has the same expected value ᾱ, for
each j. However, project H is riskier, in the sense that it has a lower probability
of being successful. Formally:

α̃j =

{
αj > 0 w.p. pj

0 w.p 1− pj

with pH < pL, pLαL = pHαH = ᾱ (i.e., αH > αL).

Assumption 4 The amount of waste produced with project L is zero and the
amount of waste produced with project H is proportional to the index s, i.e., eL

s = 0,
eH

s = es.

Assumption 5 Production is subject to a capacity constraint, i.e., z̃j
s(k) = z̃j

s(1)
for all k ≥ 1.

Notice that, by assumptions 2 and 3, waste is produced even when theH project
fails. This creates a problem in connection with the assumption that consumers
have a right to a waste-free environment. An entrepreneur who selected the H
project and faces bankruptcy is unable to pay for eliminatingwaste and compensate
consumers. We assume that non-pecuniary penalties cannot be imposed. Thus,
there are no ex-ante incentives for entrepreneurs, other than profits, to discard the
H technology. We resolve this limited liability problem by assuming that the cost
of eliminating waste produced by unsuccessful projects falls on consumers.
Hence, because of the non free disposal assumption applied to the production

of waste, entrepreneurs using the risky project bear the cost of waste disposal up to
the limited liability constraint. Hence, entrepreneurs make heterogeneous decisions
for any given set of prices and contracts since the L and the H projects are affected
by two key parameter values: the value of the marginal products αj and the value
of waste ejs. Notice that the latter is assumed to be a function of j (the riskiness
of the technology) and s (the entrepreneur’s ability) at the same time. Thus, the
model is characterized by both moral hazard and adverse selection.
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2.2 Motivation of the basic assumptions

Assumption 3 is almost a replica of a key assumption in Stiglitz and Weiss (1981),
i.e., projects differ according to a mean preserving spread of the marginal rates
of return. The alternative assumption pLαL > pHαH would not change the basic
predictions of our model, as long as the two expected marginal products are not
too far apart.
Assumption 4, together with 3, imply that, net of the amount of real resources

used to eliminate total waste, the expected aggregate output from H projects is
lower than the expected output from L projects for any given level of capital k.
For this reason we will occasionally refer to the H project as the “bad” project.
The rest of the assumptions are made for analytical convenience.
Assumptions 2, 3, 4 and 5 generalize the standard adverse selection model (e.g..,

Stiglitz and Weiss (1981), Bester (1985), Boyd and Smith (1993)) introducing a
potential moral hazard problem in the relation between entrepreneurs and outside
investors. In a pure adverse selection model, technologies are not choice variables
for the entrepreneurs, the distribution of projects is exogenously given. Moreover,
the random output of a project is independent of s and, in general, of k as well,
since investments are mostly assumed to be indivisible.
We consider the above assumptions to be the natural generalization of the

standard assumptions employed in the literature on adverse selection to a setting
including moral hazard (however, see Bester (1987) for a different approach).
The assumptions about waste production is where we depart from more stan-

dard models. Here we choose a simple condition to capture the idea that only
the ”best” entrepreneurs (low values of s) find the risky project more profitable
than the safe project. In other words, whereas, in Stiglitz-Weiss, the risky project
yields, by the mean preserving spread assumption, a higher expected profit, in our
model, this is true only for the best entrepreneurs. This creates an incentive for
some borrowers to select the safe project. The reference to waste is just a way,
computationally convenient, to obtain this property.
Finally, the assumption that waste is produced even by unsuccessful projects

and that there is limited liability in connection with the compensations for the right
to a waste-free environment plays a role only in the final section of the paper, when
we prove that endogenous cycles are possible. In particular, for these cycles to be
a possibility, we need the cost of waste elimination to be only partly internalized
in the entrepreneur’ profit maximization problem.

2.3 The lenders-borrowers relation

Entrepreneurs get loans from a finite number of lenders collecting deposits from
the workers-lenders. The opportunity cost of collecting funds (interest rate on
deposits) is ρD > 0.
In our economy the amount of deposits coincides with the wage rate w and,

because of the capacity constraint, the total amount of loans can not be greater

9



than 1. In what follows we will always consider the case in which wt ≤ 1 for
all t. This is the interesting case, since it implies that the competitive economy
solves a non-trivial allocation problem. If w > 1 there is excess supply of loanable
funds and all firms are producing the good z at full capacity. In this model the
equilibrium sequence of wage rates is bounded for any initial value w0 ≤ 1. Then,
by appropriately choosing w0 < 1, we can guarantee that wt ≤ 1 for all t ≥ 0.
A contract offered by the intermediary to a borrower is a pair (ρB , B), where

ρB is the interest rate and B is the size of the loan. Each borrower can apply,
at most, for a single contract. At equilibrium, the set of borrowers applying for
any contract is either empty or positive in measure. Then, by the law of large
numbers, the intermediary’s revenue is deterministic and equal to the ex ante
average revenue.
We assume that the intermediary has neither ex-ante nor ex-post information

about firms types and their technology choices. However, he can costlessly observe
whether any project is successful. Thus, contracts cannot be made contingent on
the particular realizations of the marginal product of capital defined by the two
technologies when projects do not fail.
Since entrepreneurs have no endowment and the technology does not yield ma-

terials in the bad state, an intermediary can only offer standard limited liability
debt contracts, i.e., the loan B is repaid at the precommitted interest rate ρB if
and only if the investment project does not fail, otherwise the borrower pays noth-
ing. Then, s-type borrower’s expected profit undertaking project j with contract
(ρB , B), is:

πj
s = (qᾱ− pj(1 + ρB))B − pjqejs, j = H,L,

where eH = e and eL = 0. It follows that, at a contract (ρB , B):

πH
s − πL

s = (p
L − pH)(1 + ρB)B − pHqes.

Evidently, the profits of the entrepreneurs are homogenous of degree one in (q, (1+
ρB)). Hereafter, to simplify notation, we evaluate profits in units of good z and
we normalize all interest factors by the price of materials q. We set r = (1+ ρD)/q
and R = (1+ρB)/q to denote the interest factor on deposits and the interest factor
on loans measured in units of materials. Contracts are denoted by c = (R,B) and
(normalized) profits at contract c by:

Πj
s(c) = (ᾱ− pjR)B − pjejs, j = H,L.

The above equation shows that, for entrepreneurs with high ability (small s), the
bad project is more profitable. In fact, as well known, standard debt contracts
induce borrowers to undertake risky projects because of the lower expected interest
payments associated with these choices. In particular, all entrepreneurs would
choose the H project if this had a zero fixed cost. However with a positive and
relatively high fixed costs, less able entrepreneurs choose the safe project.
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In the model developed so far, the relation between lenders and borrowers is
characterized by moral hazard and adverse selection. The former arises since the
action of the borrower (technology choice) affects the probability of failure of a
project. Adverse selection arises since, for given technology choices, projects have
two different degrees of risk (recall that pL > pH and αH > αL).
Before we characterize the efficient contract and the equilibria of the economy

with asymmetric information, we give a brief account of a benchmark economy,
where the borrowers’ technology choices are observable.

3 The benchmark model

If banks know the technology choice of the borrowers, they can make contracts
contingent on it. Since the type s of the borrower does not affect the banks
revenues, these contracts are a pair cL = (RL, BL), cH = (RH , BH). Then, under
the condition r ≤ ᾱ, optimal contracts are such that r = pLRL = pHRH , BL =
BH = 1 if Rj < αj , and Bj ∈ [0, 1] if Rj = αj , j = H,L. Since the total amount
of loans must be equal to w, when w < 1 market-clearing in the market for loans
implies Bj = w, Rj = αj, j = H,L.
Evidently, with these contracts, all borrowers choose the L-project (we assume

that borrowers choose the L-project when the profits deriving from the two tech-
nologies are equal). Hence, in the benchmark model nobody choose technology H
and no waste is produced. It follows that zy

t = zt for all t and the evolution of the
equilibrium value of z is given by the following condition:

zt = ᾱwt−1

By assumption 1 we can use equation 1 to invert the wage functionW (.) and define
a continuous strictly increasing and differentiable function Φ(.) = W−1(.) such that
z = Φ(w) and:

Φ(0) = 0, lim
w→∞Φ(w)/w = +∞, lim

w→0
Φ(w)/w < ᾱ

Thus, the dynamics of the equilibrium wage rate are described by:

Φ(wt) = ᾱwt−1

Now define the stationary state w∗ > 0 from Φ(w∗) = ᾱw∗ and assume that
w∗ ∈ (0, 1]. Then, w∗ is the unique steady state for the dynamics of the equilibrium
wage rate in the benchmark model for all initial conditions w0 < 1 and for all these
initial conditions, the model produces a convergent sequence wt → w∗. Associated
to this stationary state there are unique stationary values of inputs and (average)
consumption, k∗, z∗, c∗, such that:

z∗ = ᾱk∗, c∗ + k∗ = f(z∗), c∗ = ᾱf ′(z∗)w∗

11



Evidently, the competitive allocations of the benchmark model are Pareto op-
timal if and only if they are dynamically efficient, i.e., provided that the marginal
product of capital is sufficiently high. One can easily show that the relevant con-
dition for dynamic efficiency in this model reads ᾱf ′(z) = ᾱf ′(ᾱk) ≥ 1. If this
condition is verified, we can single out a unique potential source of inefficiency in
the model with uninformed lenders, i.e., the survival of the H-technology.

4 The contractual problem

In this section we determine the optimal contracts for any possible given value of
the amount of loanable funds w and the deposit rate r.
Contracts are assumed to be efficient and to be maximizing the profits of the

borrowers adopting the L project. Since each entrepreneur can adopt the L tech-
nology, optimal contracts maximize the reservation profit of each borrower. In
addition to the standard incentive compatibility and participation constraints, op-
timal contracts have to satisfy a no cross-subsidization condition: no contract
in the optimal set makes negative profits. This procedure is intended to select
the contracts that would arise in a decentralized competitive environment where
lenders’ have a Nash type behavior. In a companion paper (Reichlin and Siconolfi
(1997)), the optimal contracts derived here are decentralized as Nash equilibria of
a competitive financial market.
The assumptions on technology and information imply that deterministic con-

tracts can be either separating or pooling. In fact, the intermediaries can not
make contracts contingent on the borrower’s s-type and on the technology choice.
Moreover, their revenues are clearly independent of the borrower’s s-type, but not
of his technological choice. Thus, a set of optimal contracts can at most induce
self-selection of borrowers in terms of the technology.
Let Cs be the set of separating contracts, i.e., the set of contract pairs (cH, cL),

with cj = (Rj, Bj), j = H,L and cH �= cL, and Cp the set of pooling contracts, i.e.,
the set of contracts cp = (Rp, Bp).
A separating contract must satisfy the no cross-subsidizing condition (each con-

tract generates the same revenue per unit of loan) and the incentive compatibility
constraints (no borrower takes a contract designed for a project type that he is not
selecting), i.e.:

(NCS) pLRL = pHRH

(IC1) (ᾱ − pHRH)BH ≥ (ᾱ − pHRL)BL

(IC2) (ᾱ − pLRL)BL ≥ (ᾱ− pLRH )BH

All contracts must imply non negative profits for the lender for any unit of loan
and they must satisfy the capacity constraint. Formally:

(ZPS) pLRL ≥ r, pHRH ≥ r if (Rj , Bj) ∈ Cs, (j = H,L),
(ZPP ) Rp[pHG(λ) + pL(1−G(λ))] ≥ r if (Rp, Bp) ∈ Cp,
(CC) Bj ≤ 1 for j = H,L, p,
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where λ ∈ [0, 1] is the proportion of borrowers selecting the H project. Thus, when
borrowers make non homogeneous project selections, λ solves:

(ᾱ − pHRj)Bj − pHeλ = (ᾱ− pLRi)Bi,

where j �= i implies j = H, i = L and j = i implies j = i = p.
We generalize the search for optimal contracts to the case of “random contract

offers”. A random contract offer is a lottery over a pair of pooling and separating
contracts. A borrower applying for a ”random contract offer” gets separating con-
tracts with probability θ and a pooling contract with probability 1−θ. The random
contract offers must satisfy a no cross-subsidization condition: each contract in the
lottery makes non negative profits, i.e., both the (ZPS) and the (ZPP ) constraints
must be satisfied. A borrower applying for a random contract offer chooses the
project, after having observed the lottery realization.
The optimal contract offer (OCO) is a triple ((cH, cL), cp, θ) maximizing the

borrower’s expected profit from the L project:

θ(ᾱ− pLRL)BL + (1− θ)(ᾱ − pLRp)Bp,

subject to the constraints (NCS), (IC1), (IC2), (ZPS), (ZPP ) and (CC).
Notice that the definition of λ guarantees that borrowers’ profits are greater

than or equal to the profit from the L project. Thus, the OCO creates no conflict
between borrowers and it can be interpreted as the maximization of a “reservation”
profit for all type of entrepreneurs.
The linearity in profits of the objective function and the no cross-subsidization

constraints imply that, every time the pooling (separating) deterministic contract
dominates the separating (pooling) deterministic contracts, the optimal random
contract offer degenerates in the pooling (separating) contract. If the two deter-
ministic contracts yield the same profits for L-borrowers, random offers are lotter-
ies over these two deterministic contracts and they are optimal for all values of θ,
θ ∈ [0, 1]. Hence, from the point of view of optimal contracts, the introduction of
random offers is inessential. However, we will show in the sequel that ,when, for
a given value of r, both deterministic contracts are optimal, they are supported
by different values of loanable funds. Evidently, this implies a discontinuity in
the demand of loanable funds. The introduction of random contracts allows for
a convexification of the demand of loanable funds and restores equality between
demand and supply of loans.
The optimal contract is separating (separating solution) when θ = 1. In this

case we have:

λ =
(ᾱ − pLRL)(BH − BL)

epH
≡ λs (3)

when all borrowers do not select the same technology.
The optimal contract is pooling (pooling solution) when θ = 0. In this case we

have:
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λ =
(pL − pH)RpBp

epH
≡ λp (4)

when all borrowers do not select the same technology.
Evidently, the OCO is a separating (pooling) solution whenever r is such that:

(ᾱ − pLRL)BL > (<) (ᾱ− pLRp)Bp.

Notice that a pooling solution has λp > 0 for all contracts characterized by a non
zero loan size. Moreover, the incentive compatibility constraints imply BH > BL

and RHBH > RLBL for any separating contract. Thus, the proportion λ of risky
projects deriving from any non trivial optimal contract is positive. Since a situation
in which all borrowers choose the risky project is a special case of a separating
solution, the optimal contract is pooling only if it implies λp < 1.
Insights about the characterization of optimal contracts in our model can be

derived from the literature on asymmetric information with adverse selection and,
in particular, from Rothschild and Stiglitz (1976) and Henriet and Rochet (1990).
Our model differs from the models analyzed in this literature since we seek an
endogenous determination of the distribution of projects by the degree of risk.
However, some important results of the pure adverse selection model obtain in our
case also and it may be useful to recall them.
If lenders (insurers) are allowed to cross subsidize contracts, Pareto optimality

in the pure adverse selection model always implies self-selection of borrowers (sep-
arating contracts). In addition, the loan contract offered to high risk borrowers
is associated with a higher loan rate and realizes positive expected profits for the
lender. These profits are used to subsidize the contract offered to low risk borrowers
(which make negative profits). Imposing a high loan rate on risky borrowers rela-
tive to the loan rate on the safe ones allows lenders to separate borrowers (cream
skimming).
When the no cross subsidizing condition is imposed, separating contracts are

not always optimal. In fact, this condition imposes a lower bound on the loan
rate on safe borrowers. Thus, the benefit from cream skimming may not be fully
exploitable and a pooling contract may dominate since it allows for a larger loan
size. Clearly enough, the pooling contract tends to dominate when the proportion
of risky borrowers is relatively low (i.e., when cream skimming is less important).
However, in our model λ is not a parameter and it is jointly determined by the
solution of the Pareto optimality problem. Thus, the conditions under which the
separating pair dominates over a pooling contract are more difficult to obtain.
In the next two subsections we determine the optimal contracts under the

condition that they are, respectively, separating and pooling. Treating these two
cases separately is a necessity under the (NCS) constraint. In fact, the latter
only applies under self-selection of borrowers (separating contracts). In the third
subsection we derive which one of these two type of contracts is dominant for any
given level of r. In section 5 we use the market clearing condition in the market
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for loans to derive the optimal contracts and the proportion of risky borrowers λ
as a function of the loanable funds (wage rate) w. In section 6 we embed these
variables into the general equilibrium framework and we derive the dynamics of w
and λ. To save notation, we omit time subscripts as long as w and r are kept as
exogenous variables.

4.1 Separating solution

In this subsection we consider the case θ = 1, i.e., the optimal contract offer is
characterized by a pair of separating contracts, i.e., a pair (Rj , Bj), j = H,L, with
(RH , BH) �= (RL, BL). Recall that, by the incentive compatibility constraints, we
have BH > BL, RHBH > RLBL. Now use (NCS) to rewrite (IC1) as:

(ᾱ− pLRL)BH ≥ (ᾱ− µpLRL)BL,

where µ = pH/pL < 1. Since profits from the L project are increasing in BL,
a separating solution has BH as large as possible. Thus, two immediate results
follow:

(ᾱ − pHRH )BH = (ᾱ − pHRL)BL (5)

BH = 1. (6)

In addition, since we seek to maximize borrowers’ profits, by (NCS) and (ZPS)
the optimal pair of contracts satisfy:

pHRH = pLRL = r. (7)

From 7, 5 and 6 we get:

BL =
ᾱ − r

ᾱ− µr
≡ BL(r). (8)

Equation 8 shows that BL(r) is a decreasing function of r in (0, ᾱ), ranging from
1 to 0. In fact, if (IC1) holds with equality, equation 7 implies that RH > RL.
Then, for given loan size BL, a rise in r reduces the profit from the H project with
contract cH more than the profit from the same project with contract cL. Hence,
a rise in r with no change in BL would violate (IC1). BL must go down in order
to satisfy (IC1).
From equations 3, 7, 6 and 8 we get:

λs = (
ᾱ − r

epH
)(1− BL) = σRLBL(r),

where σ = (1−µ)/e. Then, the proportion of risky projects is a continuous function
of r in [0, ᾱ] defined by:
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λs(r) =
σrBL(r)

pL
. (9)

The function λs(r) is unimodal with λs(0) = λs(ᾱ) = 0 and there is a value
r̃ ∈ (1/2, 1) such that ∂λs/∂r > 0⇔ r < r̃.
It is easy to grasp the non-monotonicity of λs(.). λs is proportional to the

interest payments (i.e., interest rate times loan size) on the L project. However,
the loan size is decreasing with r. Hence, an increase of r creates two opposite
effects on the interest payments (on the L project) and, therefore, on λ. For low
values of r, a rise in r will increase the proportion of risky projects because the
increase in interest payments dominates over the fall in the loan size. For high
values of r, a rise in r will decrease the proportion of risky projects because the
fall in the loan size dominates over the rise in interest payments.
Recall that the variable λs is the effective proportion of risky borrowers when

contracts are separating under the condition that λs ∈ [0, 1]. By equation 9, λs is
always positive. However, nothing prevents this variable to be greater than one.
This is possible when the fixed cost epH is relatively small compared with the
marginal product of capital. In order to avoid analytical problems that are not
essential to our results, we will now impose a condition insuring that λs(r) < 1 for
all r ∈ [0, ᾱ]. This condition is formalized in the following assumption:

Assumption 6 e > αH/4.

Proposition 1 Under assumption 6, λs(r) ∈ (0, 1) for all r ∈ [0, ᾱ].

By the above proposition, we have λ = λs(r) as long as the optimal contract is
separating.

4.2 Pooling solution

Now assume θ = 0, i.e., the optimal contract offer is the pooling contract (Rp, Bp).
Then, the latter solves the following simpler problem:

max(B,R)(ᾱ− pLR)B s.t.:

(ZPP ) pLR[1− (1− µ)G(λ)] ≥ r
(CC) B ≤ 1

The solution (Rp, Bp) to the above programming problem satisfies:

pLRp[1− (1− µ)G(λp)] = r, (10)

Bp = min{1, λp/σRp}. (11)
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Equation 10 is the lender’s zero profit condition and equation 11 says that the
capacity constraint may or may not be binding. If r is such that Bp = 1, then λp

is defined by:

λp = σRp (12)

If Bp < 1, then λp is determined by:

r = ᾱ[1− (1− µ)(G(λp) + λpg(λp))] (13)

where g(s) = G′(s) is the density function.
Equation 13 follows from equating the marginal rate of substitution between B

and R on the borrower’s iso-profit curve to the marginal rate of transformation on
the lender’s zero profit condition. The term on the right hand side of equation 13
is proportional to the net effect of a rise of R on the lender’s revenue.
The distinctive characteristic of the above programming problem is that any

change in R has a direct and an indirect effect on the lender’s average revenue.
The direct effect is measured by a unit increase in revenue keeping λp constant,
i.e., by:

pL[1− (1− µ)G(λp)],

the indirect effect is measured by the fall in revenue due to an increase in λp, i.e.,
by:

−pLR(1− µ)G′(λp)(∂λp/∂R) = −pL(1− µ)g(λp)λp

Thus, the sum of these two effects is measured by:

pL[1− (1− µ)(G(λp) + λpg(λp))],

which is positive whenever (CC) is not binding. Then, equation 13 says that the
net effect of increasing R on the lender’s revenue is proportional to the opportunity
cost of lending r. Hence, the properties of the pooling optimal contract are directly
related to the properties of the function:

H(λ) = G(λ) + λg(λ).

It turns out that the first order condition 13 defines a constrained maximum if and
only if H(.) is locally increasing. More precisely, the second order conditions imply
that H(.) is increasing in λ at the solution point.

Proposition 2 Let r be such that, for the optimal pooling contract (Rp, Bp), the
capacity constraint is not binding. Then, H ′(.) > 0 and, therefore, ∂λp/∂r < 0.
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Proof. To prove this proposition, it is convenient to analyze (∂B/∂R)(R/B),
i.e., the loan rate elasticity of the loan size along the borrower’s and the lender’s
isoprofit curves. These elasticities are respectively equal to:

ηπ =
pLR

ᾱ− pLR
, ηzp =

1− (1− µ)H(λ)

(1− µ)λg(λ)
.

Now let MRS be the marginal rate of substitution between R and B on the
borrower’s isoprofit curve and MRT the marginal rate of transformation between
these variables on the lender’s zero profit condition. Evidently, ηπ = (MRS)(R/B),
ηzp = (MRT )(R/B) and the first order conditions for an optimum imply ηπ = ηzp.
Notice that ηπ is increasing in R, i.e., the isoprofit curve is convex. If we evaluate
this elasticity at the zero profit curve (equation 10), we get:

ηπ = r/[ᾱ(1− (1− µ)G(λ)) − r],

i.e., the loan rate elasticity on the borrower’s isoprofit curve at any zero profit point
is increasing in λ. In fact, an increase in λ implies a fall in the lender’s revenue and
a rise in R is required to match the cost of lending. From the above expressions,
we get that, at any zero profit point:

ηzp − ηπ

ηzp
= (ᾱ − r − ᾱ(1− µ)H(λ))

1 − (1− µ)G(λ)

r(1− µ)λg(λ)
.

Now let λp(r) be the value of λ at which ηzp = ηπ, i.e., the value satisfying the first
order condition 13. If H(.) is decreasing at this point, then ηzp > ηπ for λ > λp(r).
However, this is not compatible with the second order conditions that have to be
satisfied by the optimal contract. In fact, the s.o.c. imply that the borrower’s
isoprofit curve is more convex than the lender’s zero profit curve at the optimal
contract, i.e., at the point where ηπ = ηzp. Since both curves are increasing in
that point, the s.o.c. imply that a small increase in λ above λp(r) generates a new
contract at which the borrower’s zero profit curve is steeper than the lender’s zero
profit curve, i.e., ηπ > ηzp. As we know already, this can only occur if H(.) is
increasing at λp(r). Thus, we get the proposition. ✷

The proof of proposition 2 is based on the fact that the lender’s zero profit curve
cannot be “too convex” for a contract to be optimal (this is implied by the s.o.c.
for a maximum). The shape of this curve is determined by the properties of the
distribution function G(.). In particular, the s.o.c. are satisfied when the indirect
effect of a rise of R on the lender’s revenue, i.e., −pL(1−µ)λg(λ), becomes stronger
for higher values of λ, so as to compensate more effectively for the positive direct
effect of a rise in R as we switch to contracts with a higher loan rate. Evidently,
for this to occur we need that the additional amount of risky borrowers that are
attracted by contracts with higher loan rates is sizable, i.e., the density g(.) should
not decrease too fast. Notice that H ′(λ) > 0 implies that the density g(.) has
elasticity greater than -2 at the optimal contract.
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From equations 13, 12, proposition 2 and by the implicit function theorem, we
get that, at the optimal contract, λp is a continuous function of r in [0, ᾱ]. Denote
by λp(r) this function. Then, when the capacity constraint (CC) is not binding,
we have:

λp(r) = H−1(
ᾱ− r

(1− µ)ᾱ
),

and equations 13, 12 imply λp(0) > 0, λp(ᾱ) = 0.
Hence, the loan rate of an optimal pooling contract is :

Rp(r) = r/pL[1− (1− µ)G(λp(r))].

and the optimal loan size Bp is:

Bp =
eλp(r)pL[1− (1− µ)G(λp(r))]

(1− µ)r
≡ Bp(r),

when Bp(r) ≤ 1. Notice that the capacity constraint (CC) is binding for r in a
right neighborhood of 0. In fact, suppose that Bp = Bp(r) < 1 for r arbitrarily
close to 0. Then, H(λp(0)) = 1/(1−µ) > 0, i.e., λp(0) > 0. However, an inspection
of the function Bp(r) shows that Bp(r)→ +∞ as r approaches 0. Thus, in a right
interval of 0, λp(r) is proportional to Rp. Moreover, Rp is increasing in r when
Bp = 1 and Rp = 0 when r = 0. Thus, λp(r) is an increasing function of r for r in
this neighborhood and λp(0) = 0. In addition, by proposition 2, we can state the
following.

Proposition 3 Bp(r) is a decreasing function for all r ∈ [0, ᾱ] and there exists a
value r̂ ∈ (0, ᾱ) such that;

Bp = Bp(r) = 1 for r ∈ [0, r̂)
Bp < 1 for r ∈ [r̂, ᾱ].

Since the capacity constraint is not binding for r > r̂, we have H(λp(ᾱ)) = 0 and
Bp(ᾱ) = 0.

If G is a uniform distribution, i.e., G(s) = s, we obtain a closed form solution
for λp:

λp(r) =
ᾱ− r

2(1− µ)ᾱ
,

i.e., λp(r) is a linear decreasing function of r in [r̂, ᾱ].
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4.3 The optimal contracts

We are now ready to find the optimal contract for any given r ∈ [0, ᾱ]. This task
is accomplished by comparing the values of the profit from the L project from a
separating and from a pooling contract. From now on the former is denoted by
Πs(r) and the latter by Πp(r). If, for given r, Πs(r) > Πp(r) (Πs(r) < Πp(r)), the
optimal contract is separating (pooling). If r is such that Πs(r) = Πp(r), then,
we allow for a randomization, i.e., for a random contract offer that assigns to each
entrepreneur the separating optimal contracts with probability θ and the pooling
optimal contract with probability 1− θ.
In the previous two sections we showed that:

Πs(r) =
(ᾱ− r)2

ᾱ− µr
,

Πp(r) =

{
(ᾱ− pLRp(r)) if r ∈ [0, r̂]
(ᾱ− pLRp(r))Bp(r) if r >∈ (r̂, ᾱ]

It is verified that Πs and Πp are decreasing in r and:

(a) Πs(0) = Πp(0) = ᾱ, Πs(ᾱ) = Πp(ᾱ) = 0;
(b) ∂Πs/∂r |r=0= µ− 2 < −1 = ∂Πp/∂r |r=0;
(c) ∂2Πs/∂r2 > 0 ∀r ∈ (0, ᾱ), ∂2Πp/∂r2 < 0 ∀r ∈ (0, r̂).

Πs and Πp may have one or more intersections in [0, ᾱ]. However, the above
expressions show that they have the same value at r = 0 and that the negative
effect of a rise in r on profits is stronger with separating contracts than with pooling
contracts in the whole interval (0, r̂). Thus, Πp(r) > Πs(r) for r small enough and
we can state the following proposition.

Proposition 4 There exists a value r′ ∈ (0, ᾱ] such that the pooling contract is
optimal for all r ∈ [0, r′].

The intuition for this result is the following. Recall that Πs(0) = Πp(0). In
fact, r = 0 implies RL = Rp = 0 and BL = Bp = 1. Now, starting from zero,
consider a small increase in r. This increase creates two negative effects on the
profits of the borrowers adopting the L technology. First, the loan rate has to
increase to satisfy the higher cost of lending and, second, the loan size decreases to
meet the optimality conditions. The first effect is stronger with pooling contracts,
because for each given r, λ > 0 impliesRL < Rp (the pooling contract attracts both
high and low risk projects). However, the second effect is stronger for separating
contracts. Because of the incentive compatibility constraint (the cost of cream
skimming), the rise in r decreases BL . If the contract is pooling, on the other
hand, the capacity constraint is always binding for small values of r. Thus, if the
increase in r is small enough, the size of the pooling loan, Bp, stays constant and
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equal to one. However, for increases of r sufficiently small, the loan size effect
dominates over the loan rate effect (since, for r small enough, Bp = 1). Thus, as
r → 0, Rp − RL converges to zero faster than Bp − BL = 1−BL.
By proposition 4, we can define a switching point r∗i ∈ (0, ᾱ) (i = 1, 2, ..) as

a value of r such that either Πp(r) > Πs(r) for r in a left neighborhood of r∗i
and Πp(r) < Πs(r) for r in a right neighborhood of r∗i or viceversa. (If r

∗
i is such

that Πp(r) > Πs(r) for r �= r∗i in a neighborhood of r
∗
i , we can, without loss of

generality, ignore it, by selecting the pooling contract as the optimal one at that
point. Moreover, generically this will not happen and will not be considered in
the analysis.). Hence, by construction, switching points exists iff r∗ < ᾱ and, if
they exist, are generically locally isolated. Thus, there is no substantial loss of
generality in assuming that the set of switching points {r∗1, ..r∗n} is either empty or
finite.
Within a wide class of distribution functions, the set of switching points, if not

empty, reduces to a single value r∗.

Proposition 5 If the function G(.) has elasticity sG′(s)/G(s) ≤ 1 in [0, 1], then
there cannot be more than one switching point r∗. Moreover, if there exists a
switching point r∗, r∗ ∈ [r̂, ᾱ).

Proof. For analytical convenience, define the new variable t = (ᾱ − r)/ᾱ(1− µ).
Then, since r ∈ [0, ᾱ], we have t ∈ [0, 1/(1− µ)]. It follows that:

λp(r) = H−1(t)

and Πp(r) ≥ Πs(r) for r ∈ (r̂, ᾱ) iff:
[t−G(H−1(t))]H−1(t)

t2
≥ σ(1− (1− µ)t)

pL(1 + µt)

for t ∈ (0, t̂), where t̂ = (ᾱ− r̂)/ᾱ(1−µ). Now define the l.h.s. and the r.h.s of the
above inequality as A(t) and D(t) respectively. The function D(t) is decreasing in
[0, 1/(1− µ)] from σ/pL to 0 and:

A′(t) = (1/t2){(1/H ′(λp))[t−G(λp)− λpg(λp)] + (λp/t)[t− 2λpg(λp)]}.
Since t = G(λp) + λpg(λp), we get:

A′(t) = λp[G(λp)− λpg(λp)]/t3.

Thus, if sg(s)/G(s) ≤ 1, we have A′(t) ≥ 0 in (0, 1/(1−µ)). In this case there is at
most one value t∗ ∈ [0, 1/(1− µ)] at which A(t∗) = D(t∗). Moreover, A(t) > D(t)
for all t ∈ (t∗, 1/(1− µ)). Then, it is clear that, if t∗ ∈ (0, t̂), we have:

Πs(r) > Πp(r) ∀r ∈ (ᾱ(1− (1− µ)t∗, ᾱ)
Πs(r) < Πp(r) ∀r ∈ [r̂, ᾱ(1− (1− µ)t∗).
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Now suppose that t∗ ∈ (0, t̂) , or equivalently, that r∗ = ᾱ(1− (1− µ))t∗ ∈ (r̂, ᾱ).
Recall that Πs(.) is a convex function for all r ∈ [0, ᾱ] and Πp(.) is a concave func-
tion in [0, r̂]. Then, if there is a switching point in (0, r̂), this is unique. Suppose,
by contradiction, that r∗1 ∈ (0, r̂) is a switching point. The profit functions Πj(r)
(j = p, s) are continuous and Πp(r) > Πs(r) for r < r∗1 (recall proposition 4).
Therefore, Πs(r) > Πp(r) for r ∈ (r∗1, r∗) which contradicts our previous findings.
Moreover, if there is no switching point in [r̂, ᾱ), Πp(r) > Πs(r),∀r ∈ [r̂, ᾱ). Hence,
the existence of a switching point r∗1 ∈ (0, r̂) would imply that Πp(r̂) < Πs(r̂). A
contradiction. Thus, there is at most one switching point in [r̂, ᾱ). ✷

If G is the uniform distribution, i.e., G(s) = s, the unique switching point is:

r∗ = ᾱ
pL

pH + 4(1− µ)2ᾱ/e
,

under the condition that r̂ < r∗ < ᾱ, i.e.:

e < αH4(1− µ)µ.

An important remark which will be used later on in this paper is stated in the
following proposition.

Proposition 6 For any switching point r∗i , we have:

λp(r∗i ) > λs(r∗i ).

Proof. By construction, λp = σRLBL, λs = σRpBp and:

r∗i = pLRp[1− (1− µ)G(λp(r∗i ))] = pLRL.

Then, Rp > RL. Since Πs(r∗i ) = Π
p(r∗i ), R

p > RL implies Bp > BL, and, therefore,
the thesis. ✷

5 Market clearing

5.1 Market clearing with deterministic contracts

In our model, the market clearing conditions in the credit market determine the
value of r. In this section, we characterize the market clearing deposit rate r = r(w)
and we leave to the next section the determination of the general equilibrium
outcomes.
When contracts are pooling, the market clearing condition in financial markets

is:

Bp = w (14)

22



where Bp = 1, r ∈ [0, r̂] if w = 1 and Bp = Bp(r), r ∈ (r̂, ᾱ] otherwise. Since
∂Bp/∂r < 0, equation 14 implicitly defines a decreasing function rp : [0, 1]→ [0, ᾱ]
such that:

r = rp(w) ≡ rp.

When contracts are separating, the market clearing condition is:

BL(r) +G(λs(r))(1− BL(r)) = w. (15)

Equation 15 implicitly defines a relation between w and r.
This relation may not be a function. Notice that:

r = 0⇔ w = 1, r = ᾱ ⇔ w = 0.

By differentiating equation 15 it is verified that there is an inverse relation between
r and w when the market clearing contract is separating and r is such that ∂λs/∂r <
0. As we know from section 4.1, this happens for all r ∈ (r̃, ᾱ) (where r̃ is the
maximizing value of λs(r)).
To simplify the analysis, we impose that the relation between r and w, when

the market clearing contract is separating, is monotonic. This avoids unnecessary
complications due to the presence of a multiplicity of equilibria. Evidently, the
monotonicity assumption implies that r is a decreasing function of w in [0, 1].
Notice that, for r �= 0, equation 15 can be restated as:

G(λs(r)) = hw(r),

where:

hw(r) =
w −BL(r)

1− BL(r)
=

w(ᾱ − µr) − (ᾱ− r)

(1− µ)r
.

Thus, we can formalize the monotonicity assumption as follows:

Assumption 7 g(λs(r))(∂λs/∂r) < h′
w(r) for all r ∈ (0, ᾱ).

Under assumption 7, equation 15 implicitly defines a decreasing function rs :
[0, 1]→ [0, ᾱ] such that:

r = rs(w), rs(0) = ᾱ, rs(1) = 0.

when the optimal contracts are separating.
If the optimal contract associated with w is deterministic, r(w) is, by assump-

tion 7, a decreasing function of w. Moreover, the market clearing deposit rate co-
incides with rp(w) if the optimal deterministic contract is pooling and with rs(w),
if it is separating.
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5.2 Market clearing with random contracts

In order to characterize the dynamic behavior of the economy we need to make
sure that the market clearing deposit rate r(w) it satisfies two requirements :

(i) r(w) is a function;

(ii) r(w) is defined for all conceivable values of w, i.e., that there always exists
market clearing optimal contracts.

However, if the set of switching points is not empty, both requirements may be
problematic. To start analyzing this problem, we need to characterize the demand
of loanable funds associated with the two optimal deterministic contracts at a
switching point. Define wj

i (j = p, s) as the inverse image of rj(.) at a switching
point r∗i , i.e.:

r∗i = rp(wp
i ) = rs(ws

i ).

In general we have wp
i �= ws

i . The following proposition shows that the relative
magnitude of these two points can be evaluated.

Proposition 7 For all switching points r∗i , it is wp
i > ws

i .

Proof. We can limit our proof to switching points such that r∗i > r̂, otherwise
wp

i = 1 and the proposition is trivially verified. Recall the definitions of Πs and
Πp given in section 4.3 and omit the subscript i to save notation. At a switching
point r∗ > r̂ we have:

(ᾱ − r∗)2

ᾱ − µr∗
= ᾱwp − epLλp(r∗)/(1− µ),

Then:

wp = BL(r∗)(1− r∗

ᾱ
) +

epLλp(r∗)
ᾱ(1− µ)

and:

ws = BL(r∗) +G(λs(r∗))(1− BL(r∗)).

Using the above expressions along with the definitions of λs(r) and λp(r) we get:

wp −ws =
epH

ᾱ− r∗
[λp(r∗)G(λp(r∗))− λs(r∗)G(λs(r∗))].

By proposition 6, λp(r∗) > λs(r∗), wp − ws > 0. ✷

Now let r∗0 = 0, r∗n+1 = ᾱ and, for i = 0, .., n, consider the pair (r∗i , r
∗
i+1), i.e.,

two successive values of r at which Πs = Πp. The closed interval Ii = [r
∗
i , r

∗
i+1] is

called pooling (separating) if pooling (separating) contracts are optimal for r ∈ Ii.
We know, by proposition 4, that I0 is pooling.
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Proposition 8 For each w ∈ (0, 1), only the following cases may arise:

(a) both rp(w) ∈ Ii and rs(w) ∈ Ii,
(b) rp = rj(w) ∈ Ii and rs(w) < r∗i ,
(c) rs = rs(w) ∈ Ii and rp(w) > r∗i+1.

Proof. For any given w, the following two cases are impossible:

rp ∈ Ii, rs > r∗i+1; rp < r∗i , rs ∈ Ii.

In fact, consider the first case. Then, rp ≤ r∗i+1 = rp(wp
i+1) implies w ≥ wp

i+1 and
rs > r∗i+1 = rs(ws

i+1) implies w
s
i+1 > w. Then, it follows that ws

i+1 > wp
i+1, contrary

to proposition 7. In a similar way, it can be shown that the second case above is
impossible. Hence, proposition 7 implies that (a), (b) and (c) are the only possible
cases. ✷

From proposition 8 we can derive the following claims.

Claim 1 Let w ∈ [0, 1] be such that rj(w) ∈ Ii for j = p, s. Then r(w) = rs(w) if
Ii is separating, while r(w) = rp(w) if Ii is pooling.

Claim 2 Let w be such that rp(w) ∈ Ii, a pooling interval, and rs(w) ∈ Ij, j <
i, a separating interval. Then, both the separating and the pooling contracts are
compatible with market clearing, i.e., r(w) is a correspondence and we have r(w) =
{rp(w), rs(w)}.

Claim 3 Let w be such that rp(w) ∈ Ii, a separating interval, and rs(w) ∈ Ij ,
j < i, a pooling interval. Then, neither the pooling, nor the separating contracts
are compatible with market clearing, since, in this case:

Πp(rp(w)) < Πs(rp(w)), Πs(rs(w)) < Πp(rs(w)).

Claim 2, therefore, calls for the adoption of a selection criterium, i.e., of a
rule that associates an optimal contract to each value w, satisfying the conditions
of Claim 2. However, one of the goal of the paper is to provide a robust class of
economies that, under asymmetric information, may display cyclical behavior. The
existence of multiple optimal contracts is quite tangential to this task. Therefore,
in order to rule out this possibility, we will restrict our attention to the class of
distribution functions G(.) having elasticity less than or equal to 1.

Assumption 8 sg(s)/G(s) ≤ 1 ∀s ∈ [0, 1].
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By assumption 8 and proposition 5, there exists at most one switching point
r∗ ∈ (r̂, ᾱ). Hence, if there exists a switching point r∗, the interval [0, ᾱ] is par-
titioned into two subintervals I1 = [0, r

∗) and I2 = (r
∗, ᾱ). For each r ∈ I1, The

optimal market clearing contracts are pooling, while for all r ∈ I2, the optimal
market clearing contracts are separating. By assumption 7, r(w) is a decreasing
function of w. Hence, there exists a decreasing inverse function that associates a
level of loanable funds w to each conceivable r. In particular, for r ∈ I1, w is
determined by the inverse of rs(r). Hence, (rs)−1(I1) = [0, ws], where ws solves
rs(r∗) = r(w). For r ∈ I2, w is determined by the inverse of rp(r). Therefore,
(rp)−1(I2) = [0, wp], where wp solves rp(r∗) = r(w). However, by proposition 7,
ws < wp. Thus, for any value loanable funds w ∈ [ws, wp], we do not satisfy re-
quirement (ii), as in claim 3, i.e., for w ∈ [ws, wp] it does not exists an optimal
deterministic contract that clears the credit market. However, at the switching
point r∗,both the pooling and the separating contracts are optimal. Hence, a ran-
dom contract offer constructed as a lottery that assigns with probability θ the
optimal separating contracts associated with r∗ and with probability 1 − θ the
optimal pooling contracts associated with r∗ is optimal, for any value of θ ∈ [0, 1].
At r∗, a random contract associated with the probability θ determines, by the

law of large numbers, a demand of loanable funds given by:

θ[λs(r∗) + (1− λs(r∗)BL(r∗)] + (1− θ)Bp(r∗) = w(θ) (16)

i.e.:

(1− θ)wp + θws = w(θ). (17)

As θ ranges from 1 to 0, the map w(θ) ranges from ws to wp. Moreover, by
proposition 7, the map w(θ) is invertible and the inverse function θ(w) is given by:

θ =
wp

i − w

wp
i − ws

i

≡ θ(w) ∈ [0, 1],

for all w ∈ [ws, wp].
The introduction of random contract offers at r∗ creates a continuous and de-

creasing function r(w). For all w ∈ [ws, wp], the optimal market clearing offer is
a random contract offer associated with a probability defined by the map θ(w),
otherwise the optimal market clearing contracts are deterministic. The situation
is summarized by the following proposition.

Proposition 9 Under assumption 8, r(w) is a continuous decreasing function in
[0, 1]. If the set of switching points is empty, r(w) = rp(w) for all w ∈ [0, 1],
otherwise:

r(w) =




rs(w) for all w ∈ [0, ws]
r∗ for all w ∈ [ws, wp]
rp for all w ∈ [wp, 1]
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5.3 The market clearing proportion of risky projects

For all w ∈ [0, 1], define λ(w) as the market clearing proportion of risky projects,
i.e., the proportion which is compatible with the optimal market clearing contracts.
Under assumption 8, if the set of switching points is non empty, the [0, 1] interval
can be partitioned into three subintervals:

N1 = [0, w
s), N2 = [w

s, wp], N3 = (w
p, 1].

Accordingly, we can set:

λ(w) =




λs(rs(w)) if w ∈ N1

λp(r∗)− θ(w)(λp(r∗)− λs(r∗)) if w ∈ N2

λp(rp(w)) if w ∈ N3

Recall that ∂rj/∂w < 0 (j = p, s) for all w ∈ (0, 1) and:

• ∂λp(.)/∂r < 0 ∀w ∈ (0, 1);
• ∂θ/∂w = −1/(wp

j − ws
j) < 0;

• λp(r∗) > λs(r∗).

Thus, λ(w) is everywhere increasing with the possible exception of the values of w
in N1 (recall that λs(r) is humped shaped). Under assumptions 7 and 8, λ(w) is
either monotonically increasing or non-monotonic in [0, 1].

6 Equilibrium dynamics

By Walras law, the equilibrium of the market for materials determines a general
equilibrium of the entire economy. The supply of materials at time t is given by:

zt = ᾱwt−1.

Recall that materials are an input for the production of the final good y and for
the elimination of waste. Then, in equilibrium:

zt = zy
t + zw

t .

From the technology assumptions, we can set:

zy
t = Φ(wt), zw

t =M(wt−1),

where:

M(w) ≡
∫ λ(w)

0
esdG(s).
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The dynamics of the equilibrium wage rate are described by the following equation:

Φ(wt) = Ψ(wt−1), (18)

where:

Ψ(w) = ᾱw −M(w).

A sequence {wt; t ≥ 0} satisfying equation 18 for all t uniquely defines the equilib-
rium dynamics of the model for any given initial condition w0.
By assumption 8, λ(w) and Ψ(.) are piecewise differentiable and we can derive:

Ψ′(w) = ᾱ − eλg(λ)λ′(w),

in the interior of N1, N2 and N3. Notice that Ψ
′(w) < ᾱ for all w in the interval

N2 and N3. In fact, in these intervals, λ
′(w) > 0. Now let w be in N1. If, in

addition, w is in a, small enough, right interval of zero, λs(r) is locally decreasing
and, therefore, λ′(w) > 0. Then, we can state the following proposition.

Proposition 10 The model generates at least one stable steady state wo.

Proof. The proposition easily follows from Φ′(w) > ᾱ > Ψ′(w) for all w close to
the origin and from Φ(w) > ᾱw > Ψ(w) for w big enough. ✷

By assumption 1, the benchmark model generates a unique asymptotically sta-
ble steady state w∗. For this model, the corresponding map Ψ(w) is simply the
linear function ᾱw. When we have asymmetric information, the map Ψ(.) is a
continuous nonlinear function in [0, 1] such that Ψ(w) < ᾱw for all w > 0. Thus,
the following proposition can be trivially proved.

Proposition 11 If wo is a steady state wage rate of the model with asymmetric
information, we have:

wo < w∗.

In general, we can not rule out the existence of a multiplicity of steady states.
These may be associated with either pooling or separating contracts or with a
randomization over these contracts.
By inspection of the function Ψ, a rise in w may have two effects. On the

one hand, increasing wages imply a higher amount of loanable funds, a rise in
production of materials, i.e., a higher marginal productivity of labor and a further
increase in wages. This is the only mechanism at work in the benchmark model
when initial wages fall short of their steady state value. However, higher wages also
imply a fall in the opportunity cost of lending and, with asymmetric information,
this may increase the proportion of bad projects, thereby increasing industrial
waste and decreasing the amount of materials employed in the final good sector.
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In our model this mechanism may be so strong as to imply lower output levels
and, in some cases, persistent cycles. Persistent cycles may occur if Ψ is locally
decreasing around a steady state.
Cycles can only occur if, in a neighborhood of the steady state, Ψ′(w) < 0, i.e.:

ᾱ < eλg(λ)
∂λj

∂r

∂rj

∂w
.

Evidently, ψ′(w) < 0 requires ∂λj/∂r < 0. This always occurs in the case of pooling
contracts and it occurs in the case of separating contracts when r is relatively
high (w relatively low). Essentially, these are the cases in which the rise in the
average loan size induced by a fall in the opportunity cost of lending will more
than compensate for the fall in the loan rate on low risk projects. Thus, a rise in
w, by increasing loanable funds and reducing the rate on deposits, will generate
higher interest payments on low risk projects, thereby increasing the proportion
of borrowers choosing the high risk projects. If w is in the interior of N2, Ψ(w) is
locally decreasing when:

Ψ(ws) > Ψ(wp),

where [ws, wp] is the interval where contracts are randomized over the optimal
pooling and separating contracts at r = r∗.
Now assume 7 and 8, then Ψ(w) can be locally decreasing when pH is sufficiently

small. In fact, evaluating the conditions under which Ψ′(w) < 0 for w in the
interior of N1 and N3 and the conditions under which Ψ(w

s)−Ψ(wp) > 0, we get
the following results.

(I) If w is in the interior of N3, Ψ
′(w) < 0 iff:

pH <
(1− µ)rλpg(λp)

r + (1− µ)2ᾱ2H ′(λp)w/epL
.

(II) If w is in the interior of N1, Ψ
′(w) < 0 iff:

pH < (1− r

ᾱ
)[

g(λs)β

g(λs)β + h′
w

],

where β = −∂λs/∂r and g(λs)β + h′
w > 0 by assumption 7.

(III) Finally, Ψ(ws)−Ψ(wp) iff:

pH < (1− r

ᾱ
)(1−

∫ λp

λs
G(s)ds),

where λj = λj(r∗) for j = p, s.
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The figure shows the results of a simulation of the model with asymmetric and
full information. This is an example of convergence to a two-period cycle around a
stationary state for a choice of parameter values that make the optimal contracts
pooling for all w. In particular, the example considers an initial wage rate equal
to 0.2 and it is derived from the following values:

ᾱ = 1, f(z) = 2z1/2, e = 125, pL = 0.032, pH = 0.004.

The steady state around which the wage rate oscillates is about 0.22. For the same
parameter values, the full information model converges to w∗ = 1.

Using this simulation, one can show that the model converges to cycles with pe-
riodicities much larger than 2 (possibly aperiodic cycles) as the value of e increases
up to 150.

7 Conclusion

In this paper we have shown that the joint effects of moral hazard and adverse
selection in the market for loans implies that risky and socially costly actions
made by profit maximizing entrepreneurs subject to limited liability constraints
may be more pervasive in booms other than recessions. This is in contrast with
what comes out from most of the literature on asymmetric information in financial
markets where moral hazard generates a propagation mechanism for the business
cycle, i.e., recessions are amplified by informational problems.
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