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dynamic factor model where the idiosyncratic components are allowed to be 
mutually non-orthogonal. This model, which we call the generalized dynamic 
factor model, is novel to the literature, and generalizes the static approximate 
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components and prove convergence as both time and cross-sectional size go 
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1. Introduction1

Economic activity in market economies is characterized by phases of upturns followed by

phases of depression which is manifested by the cyclical behavior and comovements of many

macroeconomic variables. If comovements are strong, it makes sense to represent the state

of the economy by an index —the ‘reference cycle’— describing the common behavior of

such variables. This idea, first suggested by Burns and Mitchell (1946), is behind the NBER

coincident indicator. The formal model which best captures it is the index model, or dy-

namic factor model, proposed by Sargent and Sims (1977) and Geweke (1977). A vector of n

time series is represented as the sum of two unobservable orthogonal components, a common

component, driven by few (fewer than n) common factors, and an idiosyncratic component,

driven by n idiosyncratic factors. If we have only one common factor, affecting only con-

temporaneously (i.e. without lags) all of the time series, such factor can be interpreted as

the reference cycle (Stock and Watson, 1989).

Factor models can also be used to address different economic issues. For instance, a

factor structure is often assumed in both financial and macroeconomic literature to estimate

insurable risk. The latter is measured by the variance of the idiosyncratic component of

asset prices (finance) or of output (macroeconomic risk sharing). Moreover, factor models

can be used to learn about macroeconomic behaviour on the basis of disaggregated data

(sectors, regions): Quah and Sargent (1993), Forni and Reichlin (1996, 1998a, 1998b), Forni

and Lippi (1997) are useful references. Finally, factor models can be successfully used for

prediction (Stock and Watson, 1998).

In the above examples, n, i.e. the number of cross sectional units (different macro

variables, returns on different assets, data disaggregated by sector or region), is typically

large, possibly larger than the number T of observations over time. VAR or VARMA models

are not appropriate in this case, since they imply the estimation of too many parameters.

Factor models are an interesting alternative in that they can provide a much more parsimo-

nious parameterization. To address properly all the economic issues cited above, however,

a factor model must have two characteristics. First, it must be dynamic, since business

cycle questions are typically dynamic questions. Second, it must allow for cross-correlation

among idiosyncratic components, since orthogonality is an unrealistic assumption for most

applications.

The model we propose in this paper has both characteristics. It encompasses as a

special case the ‘approximate factor model’ of Chamberlain (1983) and Chamberlain and
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Rothschild (1983), which allows for correlated idiosyncratic components, but is static. And

it generalizes the factor model of Sargent and Sims (1977) and Geweke (1977), which is

dynamic, but has orthogonal idiosyncratic components.

An important feature of our model is that the common component is allowed to have an

infinite Moving Average (MA) representation, so as to accommodate for both autoregressive

(AR) and MA responses to common factors. In this respect, it is more general than a static

factor model where lagged factors are introduced as additional static factors, since in such

model AR responses are ruled out.

The paper has three parts: population results, estimation, and empirics. In the popu-

lation part we show that the common and the idiosyncratic components are asymptotically

identified. Moreover, we prove that, if we have q dynamic factors, the first q dynamic princi-

pal component series of the observable variables converge to the factor space as n → ∞ and

the projection of each variable on the leads and lags of these principal components converges

to the common component of the variable.

The second part is focused on estimation. Here we propose an estimator of the common

components which is the empirical (finite T ) counterpart of the projection above. Building

on the population results, we show that such estimator converges to the common component

as both n and T go to infinity. Simulation results show that our estimator performs well

even when T is relatively small, possibly smaller than n.

In the empirical section we use data on several macroeconomic variables for the countries

of the European Monetary Union and compute a ‘reference Euro-zone business cycle’. This

is defined as a weighted average of the common components of the GDPs of the countries of

the Union and can be driven by more than one common factor. On the basis of our results,

we also evaluate the performance of variables which are usually taken as reference for the

European business cycle such as the sentiment indicator and the spread.

This paper is closely related to three recent papers. Forni and Lippi (1999) analyze

the generalized dynamic factor model proposed here from a purely theoretical point of

view. They do not deal with estimation problems, but, unlike here, where we assume a

factor structure from the start, they provide the conditions in population under which such

structure exists. Forni and Reichlin (1998) deal with estimation and empirics and show

consistency of an estimator for the common component in a dynamic factor model where

the idiosyncratic terms are mutually orthogonal. They also analyze identification of the

common factors. Stock and Watson (1998) mainly deal with forecasting in a specification

which is different from ours in that it allows for time varying factor loadings but not for
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autoregressive dynamics.

2. The Model

We suppose that all the stochastic variables taken into consideration belong to the Hilbert

space L2(Ω,F ,P), where (Ω,F ,P) is a given probability space; thus all first and second

moments are finite. We will study a double sequence

{xit, i ∈ N, t ∈ Z},

where

xit = bi1(L)u1t + bi2(L)u2t + · · ·+ biq(L)uqt + ξit, (1)

L standing for the lag operator, and suppose that the following Assumptions 1–4 hold.

Assumption 1.

(I) The q-dimensional vector process {(u1t u2t · · · uqt )
′
, t ∈ Z} is orthonormal white

noise, i.e. E(ujt) = 0, var(ujt) = 1 for any j and t, ujt ⊥ ujt−k for any j, t, and k 	= 0,

ujt ⊥ ust−k for any s 	= j, t, and k;

(II) ξ = {ξit, i ∈ N, t ∈ Z} is a double sequence such that, firstly,

ξn = {( ξ1t ξ2t . . . ξnt )
′
, t ∈ Z}

is a zero-mean stationary vector process for any n, and, secondly, ξit ⊥ ujt−k for any i, j, t,

and k;

(III) the filters bij(L) are one-sided in L and their coefficients are square summable.

Assumption 1 implies that the n-dimensional vector process xn = {xnt, t ∈ Z}, where

xnt = (x1t x2t . . . xnt )
′
,

is zero-mean and stationary for any n. Trend stationary processes can be easily treated with

the tools developed below, which are applicable to the stationary residuals from deterministic

detrending, while in the case of difference stationary processes our analysis can be applied

to the result of differencing and mean subtracting.

The variables ujt, j = 1, . . . , q, will be called the common shocks of model (1), the

variables χit = xit − ξit and ξit will be called the common component and the idiosyncratic

component of xit, respectively.

Model (1) is a factor analytic model. It is dynamic as the models employed in

Geweke (1977), Sargent and Sims (1977). However, here the cross-sectional dimension is
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infinite. This feature is the same as in the static factor model of Chamberlain (1983)

and Chamberlain and Rothschild (1983). An infinite cross-section, together with Assump-

tions 3 and 4 below, is crucial for the identification of our model: indeed, and this is the

third distinctive feature of (1), which differentiates it from the dynamic factor models men-

tioned above, we are not assuming mutual orthogonality of the idiosyncratic components

ξit. Without orthogonality, for fixed n, reasonable assumptions allowing for identification of

the idiosyncratic and the common component would be very hard to find.

We do not assume rational lag distributions in equations (1). Through Section 3.1,

we only impose a bounded spectral density for {xit}, for any i. In Section 3.2 further

requirements, allowing for consistent estimation, will be introduced. We denote by Σn(θ)

the spectral density matrix of the vector process xnt and by σij(θ) its entries (note that the

matrices Σn and Σm, n < m, are nested, so that no reference to n is necessary for σij(θ)).

Assumption 2. For any i ∈ N, there exists a real ci > 0 such that σii(θ) ≤ ci for any

θ ∈ [−π, π].

Note that we are not assuming that boundedness of σii(θ) is uniform in i. Note also

that Assumption 2 implies that all the entries of Σn(θ) are bounded in modulus.

Now, denote by λnj the function associating with any θ ∈ [−π, π] the real non-negative

j-th eigenvalue of Σn(θ) in descending order of magnitude. The functions λnj will be called

the dynamic eigenvalues ofΣn.2 In the same way, with obvious notation, λ
χ
nj and λξ

nj denote

the dynamic eigenvalues of Σχ
n and Σξ

n, respectively. The latter will be called common and

idiosyncratic eigenvalues respectively.

Assumption 3. The first idiosyncratic dynamic eigenvalue λξ
n1 is uniformly bounded, i.e.,

there exists a real Λ such that λξ
n1(θ) ≤ Λ for any θ ∈ [−π, π] and any n ∈ N.

Assumption 4. The first q common dynamic eigenvalues diverge almost everywhere in

[−π, π], i.e., limn→∞ λχ
nj(θ) =∞ for j ≤ q, a.e. in [−π, π].

Assumptions 3 and 4 call for some explanation. Assumption 3 is clearly satisfied if

the x’s are mutually orthogonal at any lead and lag and have uniformly bounded spectral

densities, but is more general as it allows, so to speak, for a limited amount of dynamic cross-

correlation. Similarly, Assumption 4 guarantees a minimum amount of cross-correlation be-

tween the common components. With a slight oversimplification, Assumption 4 implies that

each ujt is present in infinitely many cross-sectional units, with non-decreasing importance

(on Assumption 4 see also Remark 5 in Section 3.1). On the contrary, Assumption 3 implies

that idiosyncratic causes of variation, although possibly shared by many (even all) units,
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have their effects concentrated on a finite number of units, and tending to zero as i tends to

infinity. For example, Assumption 3 is fulfilled if var(ξit) = 1, cov(ξit, ξi+1t) = ρ 	= 0, while
cov(ξit, ξi+ht) = 0 for h > 1.

Note that in Assumption 4 we require divergence “almost everywhere”. The reason

is twofold. Firstly, we do not need divergence everywhere to prove our results. Secondly,

cases in which divergence does not hold everywhere can arise in very elementary situations.

Suppose, for example, that xit = ut + ξit, where ξit is non-stationary but (1 − L)ξit is

stationary. Then consider the variables (1− L)xit = (1− L)ut + (1− L)ξit. Assuming that

the variables (1 − L)ξit fulfill Assumption 3, the model for the variables (1 − L)xit fulfills

Assumptions 1 through 4 with χit = (1−L)ut and λχ
n1(θ) = n|1− e−iθ|2, which is divergent

in [−π, π] with the exception of θ = 0.

Our first result is the following.

Proposition 1. Under Assumptions 1 through 4, the first q eigenvalues of Σn diverge, as

n → ∞, a.e. in [−π, π], whereas the (q + 1)-th one is uniformly bounded, i.e. there exists

a real M such that λnq+1(θ) ≤ M for any θ ∈ [−π, π] and any n ∈ N.

Proof. See the Appendix.

The importance of Proposition 1 lies in the fact that it transforms statements on the dy-

namic eigenvalues associated with the unobservable components χn and ξn into statements

on the dynamic eigenvalues associated with xn, which is supposed observable. Moreover, as

proved in Forni and Lippi (1999), the converse of Proposition 1 also holds, i.e. if the first q

eigenvalues of Σn diverge, as n → ∞, a.e. in [−π, π], whereas the (q+1)-th one is uniformly

bounded, then the x’s can be represented as in (1). Thus, if the analysis of the dynamic

eigenvalues of the observed process leads to the conclusion that the first q eigenvalues diverge

a.e. in [−π, π], whereas the (q + 1)-th one is uniformly bounded, then the hypothesis of a

model of the form (1) with q factors is plausible.

We call model (1), under Assumptions 1 to 4, the generalized dynamic factor model.

We will show that, under Assumptions 1 through 4, the common components χit and the

idiosyncratic components ξit are identified and can be consistently estimated. On the other

hand, it must be stressed that in this paper we do not deal with identification and estimation

of the shocks ujt or the filters bij(L). Thus we are not interested here in whether represen-

tation (1) has a structural interpretation or not.3 In this respect, even the assumption that

the filters bij(L) are one-sided could be dropped with no consequence.
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3. Recovering the Common Components

3.1 Population results

In this section our task is the construction of an estimator of χit, for any given i, based

on the finite set of variables {xit, i = 1, . . . , n, t = 1, . . . , T}, and prove consistency for
such an estimator as n and T tend to infinity. The proof is obtained in two steps: (A)

In this subsection, we consider the projection of xit on all leads and lags of the first q

dynamic principal components (see the definition below) of xn, obtained from the population

spectral density matrix Σn. We show that this projection, call it χit,n, converges to χit in

mean square as n tends to infinity. (B) In subsection 3.2, we construct the finite-sample

counterpart of χit,n, which is based on the estimated spectral density ΣT
n , call it χ

T
it,n. Then

we combine convergence of χit,n to χit, with the fact that χT
it,n is a consistent estimator of

χit,n for any n as T tends to infinity, thus obtaining the desired result.

Let us recall that given the spectral density matrix Σn(θ), there exist n vectors of

complex-valued functions

pnj(θ) = ( pnj,1(θ) pnj,2(θ) · · · pnj,n(θ) ) ,

j = 1, 2, . . . , n, such that

(i) pnj(θ) is a row eigenvector of Σn(θ) corresponding to λnj(θ), i.e.,

pnj(θ)Σn(θ) = λnj(θ)pnj(θ) for any θ ∈ [−π, π];

(ii) |pnj(θ)|2 = 1 for any j and θ ∈ [−π, π];

(iii) pnj(θ)p̃ns(θ) = 0 for j 	= s and any θ ∈ [−π, π];

(iv) pnj(θ) is measurable on [−π, π];

where, as usual, we denote by D̃ the adjoint (transposed, complex conjugate) of a matrix

D (for existence and properties of the functions pnj(θ), see Brillinger, 1981, Chapter 9, and

Forni and Lippi, 1999).

An n-tuple fulfilling properties (i) through (iv) will be called a set of dynamic eigenvec-

tors of Σn. Note that, apart from some inevitable complication, dynamic eigenvectors are

nothing else than eigenvectors of the spectral density matrix, as functions of the frequency

θ. A consequence of (ii) and (iv) is that dynamic eigenvectors can be expanded in Fourier

series:

pnj(θ) =
1
2π

∞∑
k=−∞

[∫ π

−π

pnj(θ)eikθdθ

]
e−ikθ
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(this is the componentwise Fourier expansion of the vector pnj(θ)), where the series on the

right hand side converges in mean square.

Defining

p
nj
(L) =

1
2π

∞∑
k=−∞

[∫ π

−π

pnj(θ)eikθdθ

]
Lk,

the filter p
nj
(L) is square summable. Moreover, Assumption 2 implies that the scalar

p
nj
(L)xnt converges in mean square (Brockwell and Davis, 1987, p. 149, Theorem 4.10.1).

For j = 1, . . . , n, the scalar process {p
nj
(L)xnt, t ∈ Z}, whose spectral density is

pnj(θ)Σn(θ)p̃nj(θ) = λnj(θ),

will be called the j-th dynamic principal component of xn. A consequence of (iii) is that if

j 	= k then the j-th and k-th principal components are orthogonal at any lead and lag.

Now consider the minimal closed subspace of L2(Ω,F ,P) containing the first q principal

components

Un = span(pnj
(L)xnt(L), j = 1, . . . , q, t ∈ Z),

and the orthogonal projection

χit,n = proj(xit|Un).

We can obtain an explicit formula both for χit,n and the residual ξit,n = xit − χit,n by

observing that

In = p̃n1(θ)pn1(θ) + p̃n2(θ)pn2(θ) + · · ·+ p̃nn(θ)pnn(θ)

(the vectors pnj(θ) are an orthonormal system of eigenvectors for In). Therefore

xnt = p̃n1
(L)p

n1
(L)xnt + p̃n2

(L)p
n2
(L)xnt + · · ·+ p̃

nn
(L)p

nn
(L)xnt.

Taking the i-th coordinate:

xit =
[
p̃

n1,i
(L)p

n1
(L)xnt + p̃

n2,i
(L)p

n2
(L)xnt + · · ·+ p̃

nq,i
(L)p

nq
(L)xnt

]
+

[
p̃

n q+1,i
(L)p

n q+1
(L)xnt + · · ·+ p̃

nn,i
(L)p

nn
(L)xnt

]
.

Now, since the dynamic principal components are mutually orthogonal at any lead and lag,

then

χit,n = Kni(L)xnt, (2)

with

Kni(θ) = p̃n1,i(θ)pn1(θ) + p̃n2,i(θ)pn2(θ) + · · ·+ p̃nq,i(θ)pnq(θ).
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Remark 1. Note that: (a) in (2) the orthogonal projection χit,n is expressed as the sum of

the orthogonal projections of xit on (leads and lags of) each of the first q dynamic principal

components; (b) the coefficients of the j-th orthogonal projection are the coefficients of

the filter p̃
nj
(L); (c) obviously, analogous formulae and observations hold for ξit,n and the

principal components from q + 1 to n.

Let us now state and comment our first step toward recovering χit.

Proposition 2. Suppose that Assumptions 1 through 4 hold. Then

lim
n→∞χit,n = χit

in mean square for any i and t.

Proof. See the Appendix.

Remark 2. Note firstly that χit,n, that is, the population approximate common component

of xit, results from a simple rule involving the dynamic eigenvectors of the matrices Σn, with

no intervention of the unobservable χ’s and ξ’s. Thus we are ready for the second step, in

which we construct an empirical approximate common component based on the observable

xnt, for t = 1, . . . , T .

Remark 3. An intuitive insight into Proposition 2 can be obtained by considering the

following example

xit = ut + ξit, (3)

where all ξ’s are white noise, have unit variance, and are mutually orthogonal at any lead

and lag. In this one-factor case p
n1
(L) = ( 1/

√
n 1/

√
n · · · 1/

√
n ), so that

χit,n = p̃
n1,i

(L)p
n1
(L)xnt = ( 1/n 1/n · · · 1/n )xnt = ut +

1
n

n∑
s=1

ξst.

Convergence of χit,n to χit in mean square thus follows from var (
∑n

s=1 ξst/n) = 1/n. In

this example the filter p̃
n1,i

(L)p
n1
(L) is nothing else than the standard arithmetic mean of

xnt. In the Appendix we show that in general the filters p̃
nj,i
(L)p

nj
(L), for j = 1, . . . , q,

which average the x’s both over the cross-section and over time, share with the standard

arithmetic mean the property that the sum of the squared coefficients tends to zero as n

tends to infinity. Assumption 3 indeed ensures that p̃
nj,i
(L)p

nj
(L)ξnt vanishes as n tends

to infinity (see the Appendix), so that, since

p̃
nj,i
(L)p

nj
(L)xnt = p̃

nj,i
(L)p

nj
(L)χnt + p̃

nj,i
(L)p

nj
(L)ξnt,
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in the limit only the term p̃
nj,i
(L)p

nj
(L)χnt survives. However, proving that in general∑q

j=1 p̃nj,i
(L)p

nj
(L)χnt converges to χit is not as elementary as in model (3).

Remark 4. Assume again, for simplicity, that q = 1 but that the model is general: xit =

bi(L)ut+ ξit. Now suppose that we take the standard arithmetic mean x̄nt of xnt, instead of

the first dynamic principal component and that we project xit on all leads and lags of x̄nt.

Call χ̄it,n this projection. Assumption 3 ensures that the idiosyncratic part of x̄nt tends

to zero, so that the projection χ̄it,n tends to the projection of xit on the space spanned

by the common components, i.e. χit. This estimation method can be extended to q > 1

by using q averages with different systems of weights, as in Forni and Reichlin (1998). An

advantage of their method is that the coefficients of their averages are independent of the

x’s and not estimated (as in our case). However, unless ad hoc assumptions are introduced,

near singularity of the chosen averages for n growing, with the consequence of inaccurate

estimation, cannot be excluded. This problem is completely solved with dynamic principal

components, which are mutually orthogonal at any lead and lag.

Since χit,n depends only on xnt, Proposition 2 has the immediate implication that the

components χit and ξit are identified. More precisely, we can state the following Corollary.

Corollary 1. Suppose that xit can be represented as in (1), and that Assumptions 1

through 4 are fulfilled. Suppose that xit admits the alternative representation

xit = b̌i1(L)ǔ1t + b̌i2(L)ǔ2t + · · ·+ b̌iq̌(L)ǔq̌t + ξ̌it, (4)

and that Assumptions 1 through 4 are also fulfilled for (4). Then, χ̌it = χit, so that ξ̌it = ξit.

Moreover q̌ = q.

Remark 5. An important consequence of Corollary 1 is that representation (1) is non-

redundant, i.e. no other representation fulfilling Assumptions 1 through 4 is possible with a

smaller number of factors. In the following example we have a common-idiosyncratic rep-

resentation of the form (1) with one factor. However, since Assumption 4 is not fulfilled,

another representation with zero factors fulfilling Assumptions 1 through 4 is possible. Spec-

ify (1) as

xit = biut + ξit,

where ξ is defined as in model (3). Now suppose that the sequence of coefficients bi, i ∈ N,

is square summable, i.e. that
∑∞

i=1 b
2
i < ∞. In this case, as the reader can easily check,

the first eigenvalue of Σn(θ) is 1 +
∑n

i=1 b
2
i , and is therefore bounded as n tends to infinity.

Thus the x’s, though the correlation between xit and xjt never vanishes, are idiosyncratic.
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Naturally, in empirical situations we do not know the number q. However, another

implication of Proposition 2 is that assuming a q∗ larger than the actual q has no dramatic

consequences, since the expected mean-squared difference between the resulting projections

χ∗
it,n and χ∗

it,n, averaged over the cross-sectional units, is asymptotically zero. Precisely:

Corollary 2. Under Assumptions 1 through 4, let χ∗
it,n be the projection of xit on the space

spanned by all leads and lags of the first q∗ dynamic principal components, with q∗ > q. Then

lim
n→∞

1
n

n∑
i=1

E
[
(χ∗

it,n − χit,n)2
]
= 0.

Proof. See the Appendix.

A dynamic factor model with an infinite cross-sectional dimension is studied in Stock

and Watson (1998). Among several differences, let us observe here that their model is more

general than ours in that their factor loading coefficients are allowed to be time-varying.

On the other hand, in Stock and Watson’s paper the common components are modeled (in

our notation and assuming for simplicity only one factor) as ci(L)c(L)ut with polynomials

ci(L) of finite order, which is dynamically more restrictive than (1). Stock and Watson

construct estimated factors that converge to the space spanned by the “true” factors. This

corresponds, in this paper, to the statement that the estimated counterparts of p
nj
(L)xnt

converge to the space spanned by the χ’s (or the u’s). In this paper we prove this result

and go a step further, showing that the estimated χit,n converges to χit for any i (see the

comment under Lemma 4, Appendix).

3.2 Estimation Results

Proposition 2 shows that the common component χit can be recovered asymptotically from

the sequenceKni(L)xnt. The filtersKnj(L) are obtained as functions of the spectral density

matrices Σn(θ). Now, in practice, the population spectral densities Σn(θ) must be replaced

by their empirical counterparts based on finite realizations of the form

XT
n = (xn1 xn2 · · · xnT ) .

On the other hand, consistent estimation of the spectral density requires a strengthening of

Assumption 2. Precisely, we replace Assumption 2 by:

Assumption 2′. The vector xnt has a representation

xnt =
∞∑

k=−∞
CkZt−k,

10



where Zt is an n-dimensional white noise with non-singular covariance matrix and fourth

order moments, and
∞∑

k=−∞
|Cij,k||k|1/2 < ∞,

for i, j = 1, . . . , n, where Cij,k is the i, j entry of Ck.

Under Assumption 2′, if ΣT
n (θ) denotes any periodogram-smoothing or lag-window

estimator of Σn(θ), based on XT
n , we have

lim
T→∞

P

[
sup

θ∈[−π, π]

|σT
ij(θ)− σij(θ)| > ε

]
= 0, (5)

where σT
ij(θ) denotes the i, j entry of Σ

T
n (θ) (see Brockwell and Davis 1987, p. 433). Under

Assumption 2′, the estimated counterpart ofKni(θ) allows for a consistent reconstruction of

the factor space. More precisely, we prove that the projection of xit onto the space spanned

by the first q empirical principal components converges to the common component χit.

Denote by λT
nj(θ) and p

T
nj(θ), respectively, the eigenvalues and eigenvectors of the

matrix ΣT
n (θ). Since eigenvalues and eigenvectors are continuous functions of the entries of

the corresponding matrix, (5) implies that λT
nj(θ) and p

T
nj(θ) converge to λnj(θ) and pnj(θ),

respectively, in probability, uniformly in θ ∈ [−π, π], for T → ∞. Moreover, considering

KT
ni(θ) = p̃T

n1,i(θ)p
T
n1(θ) + p̃T

n2,i(θ)p
T
n2(θ) + · · ·+ p̃T

nq,i(θ)p
T
nq(θ),

i.e., the empirical counterpart of Kni(θ), i ≤ q, KT
ni(θ) converges to Kni(θ) in probability,

uniformly in θ ∈ [−π, π], for T → ∞. Thus, for all ε > 0 and η > 0, there exists

T1 = T1(n, ε, η) such that, for all T ≥ T1,

P

[
sup

θ∈[−π, π]

|KT
ni(θ)−Kni(θ)| > ε

]
≤ η. (6)

Now, observe that, in principle, given the estimated spectral density matrix ΣT
n (θ),

KT
ni(θ) can be computed for any θ, so that each of the coefficients of the corresponding

two-sided filter

KT
ni(L) =

1
2π

∞∑
k=−∞

[∫ π

−π

KT
ni(θ)e

−ikθdθ

]
Lk

can be obtained. However, in practice, the projection KT
ni(L)xnt of xit onto the space

spanned by the first q empirical principal components cannot be computed, since, for t ≤ 0

and t > T , xnt is not available; Kni(L) actually has to be truncated at lag t − 1 and

lead T − t, respectively, yielding the finite-order filter KTt
ni (L). Due to this truncation, the

11



common component χit, for fixed t, never can be recovered, even as n and T tend to infinity:

indeed, part of its variance is lost because of the non-observability of xnt, t ≤ 0 and t > T .

We therefore restrict our attention to the “central part” of the observed series, i.e. to values

of t of the form t = t∗(T ), with

0 < a ≤ lim inf
T→∞

t∗(T )
T

≤ lim sup
T→∞

t∗(T )
T

≤ b < 1. (7)

The following result then provides the empirical counterpart of Proposition 2.

Proposition 3. Assume that Assumptions 1, 2′, 3 and 4 are satisfied. Then, for all ε > 0

and η > 0, there exists N0(ε, η) such that

P
[
|KTt

ni (L)xnt − χit| > ε
]
≤ η

for all t = t∗(T ) satisfying (7), all n ≥ N0 and all T larger than some T0(n, ε, η).

Proof. For any t ≤ T , we have

P
[
|KTt

ni (L)xnt − χit| > ε
]

≤ P
[
|(KTt

ni (L)−Kni(L))xnt| > ε/2
]
+ P

[
|Kni(L)xnt − χit| > ε/2

]
= RTt

n1 +Rn2, say.

Proposition 2 ensures the existence of an N0(ε, η) such that, for n ≥ N0, Rn2 ≤ η
2 . As for

RTt
n1, it follows from Chebyshev’s theorem and (6) that, for T ≥ T1(n, δ, η

4 ),

RTt
n1 ≤ P

[
|(KTt

ni (L)−Kni(L))xnt| > ε/2 and sup
θ∈[−π, π]

|KTt
ni (θ)−Kni(θ)| ≤ δ

]

+ P

[
sup

θ∈[−π, π]

|KTt
ni (θ) −Kni(θ)| > δ

]

≤ 4
ε2
E


|(KTt

ni (L)−Kni(L))xnt|2 sup
θ∈[−π, π]

|(KTt
ni (θ)−Kni(θ))| ≤ δ


+ η

4
.

If the filter KTt
ni (L) and the observation xnt were independent, then, in view of the classical

properties of eigenvalues (see the proof of Proposition 1, Appendix), the above expression

would reduce to
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4
ε2
E


|(KTt

ni (L)−Kni(L))xnt|2 sup
θ∈[−π, π]

|(KTt
ni (θ)−Kni(θ)) ≤ δ


+ η

4

=
4
ε2
E

[∫ π

−π

(KTt
ni (θ)−Kni(θ))Σn(θ)(K̃Tt

ni (θ)− K̃ni(θ))dθ

sup
θ∈[−π, π]

|(KTt
ni (θ)−Kni(θ))| ≤ δ


+ η

4

≤ 4δ2

ε2

∫ π

−π

λn1(θ)dθ +
η

4
.

Thus, for n ≥ N0(ε, η), and T ≥ T1(n, δ, η/4), with δ2 = ε2η

16
∫

π

−π
λn1(θ)dθ

, we would obtain

RTt
n1 +Rn2 ≤ η for all t = t∗(T ) satisfying (7). The proposition follows.

This reasoning is essentially correct, and it carries the basic idea of the proof, since the

dependence between KTt
ni (L) and xnt vanishes as T → ∞. A formal treatment, however,

requires a slightly more elaborate argument: see the Appendix.

4. The proposed estimator and the choice of q

In the light of the results of the previous section we propose the following estimator. For

a fixed integer M , we compute the sample covariance matrix ΓT
nk of xnt and xnt−k for

k = 0, 1, . . . ,M and the (2M + 1) points discrete Fourier transform of the truncated two-

sided sequence ΓT
n,−M , . . . ,ΓT

n0, . . . ,Γ
T
nM , where Γn,−k = Γ′

nk. More precisely, we compute

ΣT
n (θh) =

M∑
k=−M

ΓT
nkωke

−ikθh , (8)

where

θh = 2πh/(2M + 1), h = 0, 1, . . . , 2M

and ωk = 1− |k|
(M+1) are the weights corresponding to the Bartlett lag window of size M =

M(T ). Consistent estimation of Σn(θ) (which is required for the validity of Proposition 3)

is ensured, provided that M(T )→ ∞ and M(T )/T → 0 as T → ∞.
Then we compute the first q eigenvectors pT

nj(θh), j = 1, 2, . . . , q, of ΣT
n (θh), for h =

0, 1, . . . , 2M .4 Finally, for h = 0, 1, . . . , 2M, we construct

KT
ni(θh) = p̃T

n1,i(θh)pT
n1(θh) + · · ·+ p̃T

nq,i(θh)pT
nq(θh).

The proposed estimator of the filter Knj(L), j = 1, 2, . . . , q, is obtained by the inverse

discrete Fourier transform of the vector

(KT
ni(θ0), · · · , KT

ni(θ2M ) ) ,
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i.e. by the computation of

KT
ni,k =

1
2M + 1

2M∑
h=0

KT
ni(θh)eikθh

for k = −M, . . . ,M . The estimator of the filter is given by

KT
ni(L) =

M∑
k=−M

KT
ni,kL

k. (9)

In order to render our procedure operational, we need a rule for fixing M . In the

simulations of the following section we simply setM = (round
√
T/4), a rule which performs

remarkably well. As an alternative, we could take a maximum value for M , M0(T ), say,

such that M0(T ) → ∞ and M0(T )/T → 0 as T → ∞, estimate all of the specifications
with 0 ≤ M ≤ M0(T ), and choose the one minimizing some dynamic specification criterion.

While in principle a data-dependent rule seems preferable, we found that the standard AIC

and BIC criteria underestimate the optimal lag-window size, so that this topic is left for

further research.

So far, we have assumed that q, the number of non-redundant common factors, is

known. In practice of course, q is not predetermined, and also has to be selected from the

data. Proposition 1 can be used to this end, since it links the number of factors in (1) to

the eigenvalues of the spectral density matrix of xn: precisely, if the number of factors is q

and ξ is idiosyncratic, then the first q dynamic eigenvalues of Σn(θ) diverge a.e. in [−π, π]

whereas the (q + 1)-th one is uniformly bounded.

Indeed, no formal testing procedure can be expected for selecting the number q of

factors in finite sample situations. Even letting T → ∞ does not help much. The definition

of the idiosyncratic component indeed is of an asymptotic nature, where asymptotics are

taken as n → ∞, and there is no way a slowly diverging sequence (divergence, under the
model, can be arbitrarily slow) can be told from an eventually bounded sequence (for which

the bound can be arbitrarily large). Practitioners thus have to rely on a heuristic inspection

of the eigenvalues against the number of series n.

More precisely, if T observations are available for a large number n of variables xit,

the spectral density matrices ΣT
r , r ≤ n, can be estimated, and the resulting empirical

dynamic eigenvalues λT
rj computed for a grid of frequencies. The following two features of

the eigenvalues computed fromΣT
r , r = 1, . . . , n, should be considered as reasonable evidence

that the data have been generated by (1), with q factors and that ξ is idiosyncratic:

(a) The average over θ of the first q empirical eigenvalues diverges, whereas the average

of the (q + 1)-th one is relatively stable.
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(b) Taking r = n there is a substantial gap between the variance explained by the q-

th principal component and the variance explained by (q + 1)-th one. A preassigned

minimum, such as 5%, for the explained variance, could be used as a practical criterion

for the determination of the number of common factors to retain. This 5% limit is used

in the empirical exercise of Section 6.

To illustrate the use of criteria (a) and (b), we have generated data from a two-factor

model (model M4 below) with n = 50 and T = 100. Then, we have estimated the spectral

density matrix for a grid of frequencies, using (8) with M = 10. Lastly, we have computed

the eigenvalues of the upper-left r × r submatrix, r = 1, . . . , n.

Figure 4.1. Dynamic eigenvalues averaged over frequencies, model M4

Horizontal axis: r; vertical axis: variance/2π.

Figure 4.1 reports the plot of the average over frequencies of the theoretical and esti-

mated eigenvalues. On the horizontal axis we indicate the number of cross-sectional units r,

which obviously is maximum when the whole sample n = 50 is considered. Features (a) and

(b) emerge quite clearly: the first q averaged eigenvalues exhibit an approximately constant

positive slope, while the remaining ones are rather flat; moreover, the variance explained

by the q-th principal component is substantially larger than the variance explained by the

(q + 1)-th, even for small r.

To conclude this section, let us remark that, when applying criteria (a) and (b), we
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should keep in mind that, as indicated by Corollary 2, setting a number of factors larger

than the true one cannot have dramatic consequences on estimation.

5. Simulation results

In order to evaluate the performance of our estimation procedure for finite values of n and

T , we have carried out Monte Carlo experiments on the following four two-factor models.

Static model:

xit = aiu1t + biu2t +
√
2ξit. (M1)

Static with delay:

xit = aiu1t + biu2t +
√
2ξit for i even

xit = aiu1t−1 + biu2t−1 +
√
2ξit for i odd.

(M2)

MA(1) common component:

xit = a0iu1t + a1iu1t−1 + b0iu2t + b1iu2t−1 + 2ξit. (M3)

AR(1) common component:

xit =
ai

1− ciL
u1t +

bi

1− diL
u2t +

√
2.5ξit. (M4)

In all these models, u1t, u2t, ai, a0i, a1i, bi, b0i, b1i and ξit are i.i.d. standard normal

deviates, while ci and di are uniformly distributed over [−0.8, 0.8], in order to ensure co-
stationarity of the x’s. Note that the idiosyncratic shocks are multiplied by a constant so

that, on the average, the cross sectional units have the same common-idiosyncratic variance

ratio 1 in all models.

TABLE 5.1 HERE
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We generated data from each model with n = 10, 20, 50, 100 and T = 20, 50, 100, 200

and applied the estimation procedure described in Section 4 with M(T ) = round[
√

T
4 ]. Each

experiment was replicated 400 times.

We measured the performance of our estimator, χ̂it, by means of the criterion

R(χ̂, χ) =

∑
i,t(χ̂it − χit)2∑

i,t χ
2
it

.

Table 5.1 reports the average and the standard deviation (in brackets) of this statistic across

the experiments.

For all models, we see that the fit improves as both n and T increase. To better

appreciate the results, we add a row reporting R(χ̄, χ), where χ̄it is the infeasible estimate

of the common components obtained by performing OLS regressions of the variables on the

contemporaneous and lagged values of the unobservable true common factors ujt; χ̄it is

computed only for n = 100. The AIC criterion is used for the choice of the number of lags.

Note that for the autoregressive model M4, the results obtained with n ≥ 50 are similar

to those obtained with the true factors or even better, indicating that the error involved in

approximating the factor space is negligible as compared with the error arising from the MA

approximation of the AR dynamic structure implied by the OLS strategy.

6. A coincident indicator for the EURO currency area

In this section, we use our method to compute a coincident indicator for the countries of

the European Monetary Union. We estimate the generalized factor model, using a large

panel including several macroeconomic variables for each EURO country. The coincident

indicator is constructed as the weighted average of the common components of countries’

GDPs.

Our approach is similar in spirit to Stock and Watson (1989), who define the ‘reference

cycle’ as an unobserved index, common to many macroeconomic variables. However, one

important difference is that we allow for the possibility that more than one single common

shock captures the comovements of the macroeconomic variables of interest. This is relevant

whenever there is more than one source of aggregate fluctuations.

We proceed as follows.

Step 1. We construct a panel pooling seven quarterly macroeconomic indicators for all

countries of the EURO zone, excluding Luxembourg, from 1985 to 1996 (see Table 6.1, with

X and – indicating, respectively, that the series is available or missing). Data are taken in

17



TABLE 6.1 HERE

logs and differenced (except for the spread, which is not transformed, and the Sentiment

Indicator, which is simply taken in logs), and normalized dividing by the standard deviation.

Step 2. We estimate the spectral density matrix, compute the dynamic eigenvalues and

identify q = 3, using criterion (b) of Section 4.

Step 3. We estimate the common component of GDP for each separate country, following

the procedure of Section 4. Figure 6.1 reports the resulting estimates.

Step 4. We construct the weighted average of the common components above using

as weights the GDP levels. This is the proposed coincident indicator. We illustrate it in

Figure 6.2. Some remarks are needed. Firstly, results from step 2 show that a cycle in the

strong sense of Stock and Watson (1989), i.e. a single common factor is not supported by

this data set.

Secondly, in our methodology, output plays a prominent role. Since the data do not

support a single static factor, the cycle must be defined as the common component of a

particular cross-sectional unit. Clearly, GDP is the most natural choice as the reference

variable. On the other hand, we are interested in the common component of output, and

not in output itself, because we want to disregard that part of GDP variation which is

poorly correlated with other variables. Hence the latter also play an indirect role in the

construction of the index, through the estimated dynamic principal components.

Finally, with our methodology there is no need to distinguish a priori between leading

and coincident variables. The weight of each variable in the index depends on the cross-

correlations at all leads and lags: a variable which leads with respect to GDP, for example,

will have small contemporaneous weight and will be shifted automatically in the appropriate

way.

In order to understand better the structure of the multi-country, multivariate correla-

tions, we also compute the common components of variables other than GDP and construct

two sets of statistics. First, for each variable, we compute the ratio of the variance of
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Figure 6.1. Common component of GDP of nine countries of the EURO zone

Horizontal axis: time.

the common component to total variance, for each country and for the aggregate EURO

area (Table 6.2). These ratios measure the ‘degree of commonality’ of each variable in the

system. Second, we compute, for each variable, the average contemporaneous correlation
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Figure 6.2. Coincident indicator for the EURO zone

Horizontal axis: time.

coefficient with the common components of the other variables of the same country, for each

country and the aggregate EURO area (Table 6.3). These statistics measure the ‘degree

of synchronization’ of each variable with the other variables of the same country. Through

these results, we can also evaluate the performance of variables which are typically used

to describe the state of the economy, such as the sentiment indicator and the spread, and

validate ex-post the choice of GDP as the reference variable for the European cycle.

TABLE 6.2 HERE

There are few interesting findings. First, the common component of GDP has the largest

average contemporaneous correlation for almost all countries and for the aggregate. This

fact provides an ex-post confirmation of our choice of the GDP as the reference variable for
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TABLE 6.3 HERE

the coincident index. Note however that using directly the GDP, rather than the common

component of GDP, as the index, would not be a good choice, due to the presence of an

idiosyncratic component which accounts for 15% of total variance.

Second, for most countries and for the aggregate, the sentiment indicator has the largest

common component. However its synchronization with the other variables is lower than that

of GDP, which suggests that the sentiment indicator is not an appropriate coincident index,

probably due to its leading behavior.

Note that the correlations between the common components appearing in Table 6.3 are

in general unexpectedly small. This is mainly due to the fact that, somewhat surprisingly,

the inflation rate has very low or even negative synchronization.

7. Summary and Discussion

The generalized dynamic factor model analyzed in this paper is novel to the literature, in that

it allows for both a dynamic representation of the common component and non-orthogonal

idiosyncratic components. We have shown that, although for a finite cross-sectional di-

mension this model is not identified, identification of the common and the idiosyncratic

components is obtained asymptotically as the cross-sectional dimension goes to infinity.

Since the idiosyncratic components are correlated, the model cannot be estimated on the

basis of traditional methods. We have proposed a new method, yielding consistent estimates

of the components as both the cross-section and the time dimensions go to infinity at some

rate. More precise information on their rate would be interesting; however, such information

typically would require much heavier assumptions on the heterogeneity of cross-sectional

units. This is a topic of the ongoing research by the authors. The common components

are computed as the projections of the observations onto the leads and lags of the dynamic

principal components of the observations and the idiosyncratic components are derived as

the orthogonal residuals.

The method is applied to a panel including several macroeconomic indicators for each
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of the EURO countries, in order to obtain an index describing the state of the economy in

the EURO area. The European coincident indicator is defined as the common component

of the European GDP.
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APPENDIX

Proof of Proposition 1. We need the following result (see Brillinger, 1981, p. 84,

Exercise 3.10.16):

Let Λ be an n×n, complex, hermitian non-negative definite matrix, and let λk, k = 1, . . . , n,

be its (real) eigenvalues in descending order of magnitude. By Dk we denote an n× k − 1
complex matrix for 1 < k ≤ n, the n × 1 null matrix for k = 1. The eigenvalue λk is the

solution of
min
Dk

max
b
bΛb̃

s.t. |b| = 1, bD̃k = 0.
(10)

Note that for k = 1 the only constraint is |b| = 1.
Since Σn = Σχ

n +Σξ
n, given Dj , for bDj = 0 and |b| = 1, then

max
b
bΣn(θ)b̃ ≥ max

b
bΣχ

n(θ)b̃,

max
b
bΣn(θ)b̃ ≤ max

b
bΣχ

n(θ)b̃+max
b
bΣξ

n(θ)b̃ ≤ max
b
bΣχ

n(θ)b̃+ λξ
n1(θ).

¿From (10) and the above inequalities we get

(a) λnj(θ) ≤ λχ
nj(θ) + λξ

n1(θ), (b) λnj(θ) ≥ λχ
nj(θ).

The statement on the first q eigenvalues of Σn follows from (b). The statement on the

(q+1)-th follows from (a) and the fact that the (q+1)-th eigenvalue of Σχ
n vanishes at any

frequency. QED

To prove Proposition 2 we need some intermediate results. We suppose that Assump-

tions 1 through 4 hold.

Lemma 1. In Section 3.1 we have defined pnj,i(θ) as the i-th component of pnj(θ). For

j ≤ q, limn→∞ |pnj,i(θ)| = 0 for θ a.e. in [−π, π].

Proof. Let Pn be the n × n matrix having the eigenvectors pnj on the rows. From

P̃ndiag (λn1 λn2 · · · λnn )Pn = Σn one obtains
q∑

j=1

|pnj,i(θ)|2λnj(θ) +
n∑

j=q+1

|pnj,i(θ)|2λnj(θ) = σi(θ),

where σi is the spectral density of xit. By Proposition 1 λnj(θ) diverges for θ a.e. in [−π, π]

for j ≤ q. But σi is finite a.e. in [−π, π]. QED

Lemma 2. For a given i and n ∈ N consider the n-dimensional filters (defined in Section

3.1)

Kni(L) =
q∑

j=1

p̃
nj,i
(L)p

nj
(L).
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Then

lim
n→∞

∫ π

−π

|Kni(θ)|2dθ = 0,

where |Kni(θ)|2 =Kni(θ)K̃ni(θ).

Proof. We have

|Kni(θ)|2 =
q∑

j=1

|pnj,i(θ)|2 ≤ 1.

Moreover, by Lemma 1, |Kni(θ)|2 tends to zero a.e. in [−π, π]. The result follows applying

the Lebesgue dominated convergence theorem (see Apostol, 1974, p. 270). QED

Lemma 3. For n ∈ N let an(L) be an n-dimensional two-sided square-summable filter.

Assume that

lim
n→∞

∫ π

−π

|an(θ)|2dθ = 0.

Then

lim
n→∞an(L)ξnt = 0

in mean square.

Proof. By the result recalled in the proof of Proposition 1,

var(an(L)ξnt) =
∫ π

−π

an(θ)Σξ
n(θ)ãn(θ)dθ ≤

∫ π

−π

λξ
n1(θ)|an(θ)|2dθ.

The result follows from Assumption 3. QED

Denoting by , Ani(θ) the spectral density of Kni(L)ξnt, we have

Ani(θ) = Kni(θ)Σξ
n(θ)K̃ni(θ) ≤ λξ

n1(θ)|Kni(θ)|2.

Thus Lemma 1 and Assumption 3 imply that Ani(θ) converges to zero a.e. in [−π, π].

Lemma 2 and Lemma 3 imply that

lim
n→∞Kni(L)ξnt = 0

in mean square.

With no loss of generality we can assume that

Assumption A. λx
nj(θ) ≥ 1 for any j, n, and θ ∈ [−π, π].

Indeed, possibly by embedding L2(Ω,F , P ) into a larger space, we can assume that

L2(Ω,F , P ) contains a double sequence {φit, i ∈ N, t ∈ Z} such that, firstly, φit is or-

thogonal to the u’s and the ξ’s at any lead and lag, and, secondly, φn = {φnt, t ∈ Z},
where

φnt = (φ1t φ2t · · · φnt )
′
,
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is an orthonormal white noise. Defining ξ̂it = ξit + φit, and

yit = χit + ξ̂it, (11)

for i ∈ N and t ∈ Z, we have:

(1) Model (11) fulfills Assumptions 1 through 4, with

Σξ̂
n(θ) = Σ

ξ
n(θ) + In, Σy

n(θ) = Σn(θ) + In,

and therefore λξ̂
nj(θ) = λξ

nj(θ) + 1, λ
y
nj(θ) = λnj(θ) + 1. Moreover, p

y
nj = pnj for any n and

j, so that Ky
ni = Kni for any n and i.

(2) As a consequence, if we prove Proposition 2 for the y’s, i.e.

lim
n→∞Kni(L)ynt = χit,

then the desired result

lim
n→∞Kni(L)xnt = χit

follows, since limnK
y
ni(L)φnt = 0 by Lemma 3.

Under Assumption A, the function µnj(θ) = [λnj(θ)]−1/2 is defined for any θ ∈ [−π, π],

is bounded and therefore has a mean-square convergent Fourier representation. Let us

denote by µ
nj
(L) the corresponding square-summable filter. Now consider the vector of the

first q normalized dynamic principal components:

Wnt = (Wn1,t Wn2,t · · · Wnq,t ) ,

where Wnj,t = µ
nj
(L)p

nj
(L)xnt. The vector process {Wnt, t ∈ Z} is an orthonormal

q-dimensional white noise.

Lemma 4. Consider the orthogonal projection ofWnt on U = span(ujt, j = 1, . . . , q, t ∈ Z):

(Wn1,t Wn2,t · · · Wnq,t )
′ = An(L) (u1t u2t · · · uqt )

′ +Rnt, (12)

where An(L) is an n×n two-sided square-summable filter and Rnt is orthogonal to U . Then:

(A) the spectral density of Rnt converges to zero a.e. in [−π, π]; (B) Rnt converges to zero

in mean square; (C) considering the projection of ut on the space spanned by the leads and

lags of Wnt,

(u1t u2t · · · uqt )
′ = Ãn(F ) (Wn1,t Wn2,t · · · Wnq,t )

′ + Snt, (13)
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the spectral density of Snt converges to zero a.e. in [−π, π] and Snt converges to zero in

mean square.

Proof. Firstly observe that

Wnj,t = µ
nj
(L)p

nj
(L)χnt + µ

nj
(L)p

nj
(L)ξnt.

Since the χ’s belong to U and the ξ’s are orthogonal to U , µ
nj
(L)p

nj
(L)ξnt is the residual

of the orthogonal projection of Wnj,t on U . By Assumption 3, the spectral density of

µ
nj
(L)p

nj
(L)ξnt satisfies

fnj(θ) ≤ µnj(θ)2|pnj(θ)|2Λ = λnj(θ)−1Λ.

By Assumption 4, fnj(θ) converges to zero a.e. in [−π, π]. Moreover, by Assumption A,

fnj(θ) ≤ Λ, so that the Lebesgue dominated convergence theorem applies and
∫ π

−π
fnj(θ)dθ

converges to zero. Thus (A) and (B) are proved. To prove (C), from (12) and (13) we obtain

Iq = An(e−iθ)Ãn(eiθ) +ΣR
n (θ) = Ãn(eiθ)An(e−iθ) +ΣS

n(θ),

where ΣR
n (θ) and ΣS

n(θ) are the spectral density matrices of Rnt and Snt respectively. By

taking the trace on both sides and noting that the trace of An(eiθ)Ãn(e−iθ) is equal to the

trace of Ãn(e−iθ)An(eiθ) we get

trace
(
ΣS

n(θ)
)
= trace

(
ΣR

n (θ)
)
.

The result follows. QED

Note that Lemma 4 proves that the space spanned by the normalized dynamic principal

components, identical to the space Un spanned by the dynamic principal components them-

selves, converges to U , not thatWnt converges to any particular orthonormal white noise in

U . Indeed, it is easy to provide examples in which the variablesWnj,t, though converging to

U , do not converge to any vector of U . What is stated in Proposition 2 is that the projection
of xit on Un, i.e. χit,n, converges and that the limit is χit.

Proof of Proposition 2. We have

xit = χit + ξit = χit,n + ξit,n, (14)

and

χit,n = Kni(L)xnt = Kni(L)χnt +Kni(L)ξnt. (15)
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Combining (14) and (15) we obtain

[χit −Kni(L)χnt] + [ξit − ξit,n] =Kni(L)ξnt. (16)

Consider the spectral density of the right hand side of (16), which has been denoted by

Ani(θ) (see the comment under Lemma 3). Since ξit is orthogonal to the χ’s at all leads

and lags,

Ani(θ) = Bni(θ) + Cni(θ)− 2�Dni(θ),

(� denoting the real part of a complex number) where Bni(θ) is the spectral density of

χit−Kni(L)χnt, Cni(θ) is the spectral density of ξit−ξit,n, and Dni(θ) is the cross spectrum

between ξit,n and χit −Kni(L)χnt.

In the comment under Lemma 3 we have shown that Ani(θ), converges to zero a.e. in

[−π, π]. If we show that Dni(θ) converges to zero a.e. in [−π, π], then both Bni(θ) and

Cni(θ) converge to zero a.e. in [−π, π], and since both are obviously dominated by integrable

functions, by the Lebesgue dominated convergence theorem the integrals of Bni(θ) and Cni(θ)

converge to zero and the result is obtained.

Thus we must show that the cross spectrum between ξit,n and χit−Kni(L)χnt converges

to zero a.e. in [−π, π]. Consider firstly the cross spectrum between ξit,n and χit. Setting

bi(L) = ( bi1(L) bi2(L) · · · biq(L) ), and using (13), we have

χit = bi(L) (u1t u2t · · · uqt )
′ = bi(L)Ãn(L−1) (Wn1,t Wn2,t · · · Wnq,t )

′

+ bi(L)Snt.

Since ξit,n is orthogonal to the terms pnj
(L)xnt, for j = 1, . . . , q, at any lead and lag, it is

also orthogonal at any lead and lag to the terms Wnj,t. Thus the cross spectrum between

ξit,n and χit is equal to the cross spectrum between ξit,n and bi(L)Snt, call it Eni(θ). The

squared modulus of Eni(θ) is bounded by the product of the spectral density of ξit,n, which

is dominated by the spectral density of xit, and the spectral density of bi(L)Snt, i.e., by

bi(e−iθ)ΣS
n(θ)b̃i(eiθ).

By Lemma 4, all the entries of ΣS
n(θ) tend to zero a.e. in [−π, π], so that En(θ) tends to

zero a.e. in [−π, π].

Using the same argument, considering the cross spectrum between ξit,n andKni(L)χnt,

we end up with the cross spectrum between ξit,n and Kni(L)Bn(L)Snt, where Bn(L) is

the n × q matrix having the vectors bs(L), s = 1, . . . , n, on the rows. As for the spectral
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density ofKni(L)Bn(L)Snt, first observe that, since Σχ
n(θ) = Bn(e−iθ)B̃n(eiθ) and Σn(θ) =

Σχ
n(θ) +Σ

ξ
n(θ),

Kni(θ)Bn(e−iθ)B̃n(eiθ)K̃ni(θ) = Kni(θ)Σχ
n(θ)K̃ni(θ) ≤Kni(θ)Σn(θ)K̃ni(θ)

=
q∑

j=1

|pnj,i(θ)|2λnj(θ),

which is bounded by the spectral density of xit (see Lemma 1). Next, observe that the

maximum eigenvalue of ΣS
n(θ), which is a continuous function of the entries, tends to zero

a.e. in [−π, π]. The result follows from

Kni(θ)Bn(e−iθ)ΣS
n(θ)B̃n(eiθ)K̃ni(θ) ≤ λS

n1(θ)Kni(θ)Bn(e−iθ)B̃n(eiθ)K̃ni(θ).

QED

Proof of Corollaries 1 and 2. Corollary 1 is trivial. For Corollary 2, suppose that

there are q factors but we project on the first q + s dynamic principal components. Then

χ∗
it,n − χit,n = p̃

n q+1,i
(L)p

n q+1
(L)xnt + · · ·+ p̃

n q+s,i
(L)p

n q+s
(L)xnt.

Since different dynamic principal components are orthogonal at any lead and lag,
n∑

i=1

var(χ∗
it,n − χit,n) ≤

∫ π

−π

λn q+1(θ)dθ + · · ·+
∫ π

−π

λn q+s(θ)dθ.

The result follows from Assumption 3. QED

Proof of Proposition 3. For fixed T (and n), the T random variables (KTt
ni (L) −

Kni(L))xnt, t = 1, . . . , T , are not identically distributed, due to two reasons:

(a) The truncation of the filters, which depends on t;

(b) The boundary effects, which imply that the joint distributions of (KT
ni(L),xn1) and

(KT
ni(L),xnT ) are not the same as, e.g., that of (KT

ni(L),xn T/2).

However, as the filters KT
ni(L) and Kni(L) are both square-summable and {xnt, t ∈ Z} is

a stationary process, both effects (a) and (b) are asymptotically nil for central values of t.

Precisely, given η > 0, there exists a T2 = T2(n, η) such that, for T ≥ T2 and t such that

aT ≤ t ≤ bT,

with 0 < a < b < 1, so that (7) is automatically fulfilled, we have∣∣∣∣∣ E

|(KTt

ni (L)−Kni(L))xnt| sup
θ∈[−π,π]

|KT
ni(θ) −Kni(θ)| ≤ δ




− E

|(KT

ni(L)−Kni(L))xnt| sup
θ∈[−π,π]

|KT
ni(θ)−Kni(θ)| ≤ δ




∣∣∣∣∣ ≤ η.
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It follows that, for T ≥ T2(n, ε2η
32 ),

E


|(KTt

ni (L)−Kni(L))xnt| sup
θ∈[−π,π]

|KT
ni(θ)−Kni(θ)| ≤ δ




≤ E


(bT − aT )−1

bT∑
t=aT

|(KT
ni(L)−Kni(L))xnt| sup

θ∈[−π,π]

|KT
ni(θ) −Kni(θ)| ≤ δ




+
ε2η

32
,

where
∑bT

t=aT stands for a sum over t running from the smallest integer �aT � larger than
or equal to aT to the largest integer �bT � smaller than or equal to bT (a window of width

(�bT � − �aT �). For simplicity, we write (bT − aT )−1 for (�bT � − �aT �)−1. Hence,

RTt
n1 ≤ 4

ε2
E

[ ∞∑
k=−∞

∞∑
l=−∞

(KT
ni,k −Kni,k)(bT − aT )−1

bT∑
t=aT

xn t−kx̃n t−l(K̃
T

ni,l − K̃ni,l) sup
θ∈[−π,π]

|KT
ni(θ)−Kni(θ)| ≤ δ




+
η

8
+

η

4

≤ 4δ2

ε2
E

[∫ π

−π

λ
T

n1(θ)dθ
]
+
3η
8
,

where λ
T

n1(θ) denotes the first dynamic eigenvalue associated with the pseudo-empirical

cross-covariance function Γ
nT

kl = (bT − aT )−1
∑bT

t=aT (xn t−kx̃n t−l). We are using “pseudo”

because, due to the substitution of the infinite-order bilateral filterKT
ni(L) for the truncated,

hence finite-order ones KTt
ni (L), the sums defining Γ

nT

kl all contain the same number bT −aT

of terms, and are not truncated, as in the usual definition of empirical cross-covariances,

according to the finite sample length.

Since all covariances are “estimated” using the same number of “observations”, then

the usual lag-window argument leading from Assumption 2′ to (5) may be invoked (see, e.g.,

Brockwell and Davis, 1997, Section 10.4). Thus the spectral densityΣ
T

n (θ), corresponding to

the covariances Γ
nT

k,l , converges in probability to Σn(θ), uniformly in [−π, π], as T → ∞. As
a consequence, since eigenvalues are continuous functions of the entries of the corresponding

spectral density matrix,
∫ π

−π
λ

T

n1(θ)dθ converges in probability, as T → ∞, to ∫ π

−π
λn1(θ)dθ.

Moreover, the sequence
∫ π

−π
λ

T

n1(θ)dθ is bounded by
∫ π

−π
trace[Σ

T

n (θ)]dθ = trace[Γ
T

00,n] =

(bT−aT )−1
∑bT

t=aT

∑n
i=1 x

2
it. This latter quantity, by Assumption 2

′, has uniformly bounded

moment of order two. It follows (cf. Billingsley, 1995, p. 338) that
∫ π

−π
λ

T

n1(θ)dθ is uniformly

integrable, as T → ∞, so that
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lim
T→∞

E
[∫ π

−π

λ
T

n1(θ)dθ
]
= E

[∫ π

−π

λn1(θ)dθ
]
=

∫ π

−π

λn1(θ)dθ.

Thus, there exists some T3(n) such that, for all T ≥ T3,

E
[∫ π

−π

λ
T

n1(θ)dθ
]
≤ 2

∫ π

−π

λn1(θ)dθ.

Summing up, for n ≥ N0(ε, η) and T ≥ T0, with

T0 = T0(n, ε, η) = max
(
T1(n, δ,

η

4
), T2(n,

ε2η

32
), T3(n)

)

where δ2 = ε2η

128
∫ π

−π
λn1(θ)dθ

, we have proved that Rnt
1t ≤ η

2 . The proposition follows. QED
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Footnotes

1 This research has been supported by an A.R.C. contract of the Communauté française de

Belgique and by the European Commission under the Training and Mobility of Researchers

Programme (Contract No ERBFMRXCT98-0213). We would like to thank Christine De

Mol for generously giving us her time, Serena Ng for pointing out programming problems,

Jim Stock for helpful advise and Jorge Rodrigues for very valuable research assistantship.

2 We use the term ‘dynamic eigenvalues’ to insist on the difference between the functions

λ and the eigenvalues of the variance-covariance matrix employed in the static principal

component analysis. A standard reference for eigenvalues and eigenvectors of the spectral

density matrix is Brillinger (1981), Chapter 9.

3 On the identification and estimation of the common shocks in a related model, see Forni

and Reichlin (1998).

4 Note that, for M = 0, pT
nj(θ0) is simply the j-th eigenvector of the (estimated) variance-

covariance matrix of xnt: the dynamic principal components then reduce to the static prin-

cipal components.
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Table 5.1. Average and standard deviation (in brackets)

of R(χ̂, χ) across 400 experiments

T = 20 T = 50 T = 100 T = 200

Model M1
n = 10 0.554 (0.281) 0.394 (0.201) 0.343 (0.162) 0.296 (0.131)
n = 20 0.372 (0.174) 0.244 (0.091) 0.194 (0.068) 0.162 (0.045)
n = 50 0.261 (0.098) 0.150 (0.035) 0.109 (0.024) 0.081 (0.014)
n = 100 0.227 (0.069) 0.123 (0.024) 0.084 (0.014) 0.059 (0.008)
R(χ̄, χ) with n = 100 0.197 (0.105) 0.061 (0.012) 0.030 (0.005) 0.015 (0.002)

Model M2
n = 10 0.671 (0.351) 0.472 (0.206) 0.382 (0.187) 0.317 (0.138)
n = 20 0.505 (0.202) 0.295 (0.100) 0.070 (0.081) 0.047 (0.063)
n = 50 0.390 (0.117) 0.048 (0.085) 0.026 (0.049) 0.016 (0.032)
n = 100 0.353 (0.098) 0.032 (0.071) 0.016 (0.041) 0.009 (0.027)
R(χ̄, χ) with n = 100 0.366 (0.113) 0.105 (0.019) 0.052 (0.008) 0.025 (0.004)

Model M3
n = 10 0.633 (0.255) 0.436 (0.152) 0.340 (0.108) 0.294 (0.081)
n = 20 0.479 (0.160) 0.289 (0.084) 0.211 (0.051) 0.161 (0.029)
n = 50 0.384 (0.106) 0.193 (0.039) 0.128 (0.022) 0.092 (0.013)
n = 100 0.344 (0.084) 0.163 (0.029) 0.103 (0.014) 0.067 (0.007)
R(χ̄, χ) with n = 100 0.366 (0.112) 0.103 (0.019) 0.051 (0.007) 0.025 (0.003)

Model M4
n = 10 0.642 (0.360) 0.433 (0.213) 0.352 (0.170) 0.299 (0.132)
n = 20 0.459 (0.187) 0.278 (0.093) 0.201 (0.060) 0.166 (0.047)
n = 50 0.342 (0.100) 0.193 (0.039) 0.131 (0.025) 0.095 (0.015)
n = 100 0.322 (0.083) 0.167 (0.028) 0.108 (0.015) 0.073 (0.008)
R(χ̄, χ) with n = 100 0.424 (0.118) 0.199 (0.028) 0.114 (0.015) 0.067 (0.007)
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Table 6.1. The data

Countries GDP Cons. Inv. CPI Spread Sent. I.P.

Germany X X X X X X X
France X X X X X X X
Italy X X X X X X X
Netherlands X X X X X X X
Ireland – – – X X X X
Spain X X X X X X X
Finland X X X X – X X
Austria X X X X X – X
Belgium X – – X X X X
Portugal X X X X X X X

GDP: GDP, s.a., in national currency, at constant (1990) prices. Source: OECD; for Germany and Portugal:

IMF.

Cons.: Private final consumption expenditure, s.a., in national currency at constant (1990) prices. Source:

OECD; for Germany and Portugal: IMF.

Inv.: Gross fixed capital formation, s.a., in national currency at constant (1990) prices. Source: OECD; for

Germany and Portugal: IMF.

CPI: Consumer Price Index, base year 1990.

Spread: Difference between the Government bond yield and the Treasury Bill rate (or the money market

rate depending on data availability), in percent per year. Source: IMF

Sent.: Economic Sentiment Indicator. Source: European Commission, DG II.

I.P.: Industrial production, s.a., index number, base year 1990. Source: IMF.
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Table 6.2. Percentage of variance explained by the common component

Countries GDP Cons. Inv. CPI Spread Sent. I.P.

EURO aggregate 85 70 57 74 95 99 80
Germany 68 56 49 69 95 95 68
France 70 43 72 38 96 94 56
Italy 54 65 71 42 69 98 29
Netherlands 35 57 29 57 96 65 27
Ireland – – – 39 51 87 22
Spain 96 73 96 37 34 68 62
Finland 46 – – 65 – 90 46
Austria 55 – – – 99 – 53
Belgium 55 – – 55 82 97 44
Portugal 54 43 54 69 63 69 –
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Table 6.3. Average correlation of the common component

with the common components of the other variables of the same country

Countries GDP Cons. Inv. CPI Spread Sent. I.P.

EURO aggregate 0.58 0.36 0.55 -0.20 0.14 0.41 0.51
Germany 0.55 0.33 0.49 -0.22 0.01 0.34 0.50
France 0.66 0.47 0.68 0.17 0.39 0.56 0.58
Italy 0.49 0.48 0.49 0.09 -0.52 0.46 0.34
Netherlands 0.33 0.09 0.15 0.07 0.26 0.31 0.01
Ireland – – – -0.11 0.44 0.36 0.41
Spain 0.64 0.62 0.63 0.09 0.17 0.55 0.36
Finland 0.35 – – -0.21 – 0.40 0.04
Austria 0.47 – – – 0.22 – 0.58
Belgium 0.50 – – -0.08 0.30 0.31 0.43
Portugal 0.22 0.50 0.29 0.37 0.32 0.53 –
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