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rates using the affine class of term structure models introduced by Duffie and
Kan. We estimate these models by combining time-series and cross-section
information in a theoretically consistent way. In the estimation we use an exact
discretization of the continuous time factor process and allow for a general
measurement error structure. We provide evidence that a three factor affine
model with correlated factors is able to provide an adequate fit of the cross-
section and the dynamics of the term structure. The three factors can be given
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NON-TECHNICAL SUMMARY

Modelling the dynamics of the term structure of interest rates has been a
longstanding challenge for economists. Traditional methods for describing the
evolution of interest rates rely on descriptive statistical methods such as
principal components and factor analysis. These methods typically identify two
or three common factors that drive the term structure. A drawback of these
methods is that they do not have a clear underlying economic model for the
cross-section of interest rates, i.e. the relation between interest rates in the
same period.

Recently, there have been important developments in the theory of interest
rates that provide tractable multivariate models describing both the dynamic
evolution and the cross-section of interest rates in a theoretically consistent
way. The basis of these models is a set of (unobservable) factors that drive
the interest rate dynamics and a set of no-arbitrage conditions that specify the
cross-sectional relation between bond prices and hence interest rates. Each
factor potentially carries a risk premium. A particularly tractable example of
these factor based term structure models is the affine model of Duffie and Kan
(1997). In that model, all interest rates are affine (linear) functions of the
underlying factors. Moreover, the drift and volatility of the interest rates are
also affine functions of the level of the factors. This structure makes the model
very easy to implement for hedging a portfolio of bonds. The sensitivity with
respect to each factor can be seen as a ‘duration’ measure.

In this paper we take this affine model to the data. The paper develops a
straightforward estimation method, based on Kalman filters, for the affine
model. This method is computationally much less demanding than alternative,
simulation based estimators. The method fully exploits the time series and
cross-section information in the panel of interest rate data. The panel data
approach has the advantage over pure time-series or cross-section methods
in that the market prices of factor risk can be estimated. In addition, it yields a
natural specification test for the model.

The paper analyses the empirical performance of one, two and three factor
implementations of the affine model on a sample of US term structure data.
The results show that a model with only one common factor cannot capture
the interest rate dynamics. In particular, the short end of the term structure is
much more volatile than implied by the fitted model. A two factor model is
reasonably well specified. The two factors are closely related to the level and
the slope (steepness) of the term structure. Both factors exhibit mean
reversion, a level effect in the volatility and are significantly correlated. The
market price of risk for both factors is significant and accurately explains the
observed risk premia on long and short maturity bonds. The two factor model



cannot account for the volatility hump for medium-range maturities, but adding
a third ‘curvature’ factor to the model resolves this problem.



1 Introduction

Models of the term structure of interest rates typically consist of a dynamic model

for the evolution of the forcing variables, or factors, and a model for bond prices (or

yields) as a function of the factors and the time to maturity. We will refer to the

former as the time series dimension, and the latter as the cross section dimension

of the model. Both dimensions of the model can be analysed separately, but there

is a growing literature that estimates term structure models using panel data, i.e.

combined cross section and time series data.1 Typically, the models analyzed are

multi-factor versions of the Cox, Ingersoll and Ross (CIR, 1985) model with mutually

independent factors. In this paper we analyze a more general model structure, the

a�ne class recently proposed by Du�e and Kan (1996). In this class of models the

factors have an a�ne volatility structure, which generalizes the square root structure

of the CIR model. Moreover, the factors are allowed to be correlated. The a�ne term

structure model nests many well-known models, such as the one factor Vasicek (1977)

model, with constant volatility, the CIR model with square root volatility, and the

two factor model of Longsta� and Schwartz (1992). The a�ne model is very tractable

because interest rates are a�ne functions of the factors.

So far, empirical evidence on the performance of a�ne models is limited. Frachot,

Lesne and Renault (1995) estimate a two factor a�ne model on French data using

indirect inference methods. However, they provide little evidence on the �t of the

model. Dai and Singleton (1997) estimate a speci�c three factor a�ne term structure

models on US swap rate data. We extend the analysis of Dai and Singleton in two

respects. First, we use a slightly broader cross section of maturities to estimate the

a�ne model. Dai and Singleton use only as many maturities as factors. This is

unfortunate because in that case the market price of risk parameters are not always

identi�ed. We argue that using more maturities than factors generically identi�es all

the parameters of the model, including the market prices of risk. In addition, using

multiple maturities provides a stronger test of the restrictions imposed by the model

on the cross section of interest rates. The second way in which we di�er from Dai

and Singleton is in the correlation and volatility structure. Dai and Singleton (1997)

1 An undoubtedly incomplete list is Babbs and Nowman (1997), Bams and Schotman (1997),
Buraschi (1996), Chen and Scott (1992), De Jong and Santa-Clara (1998), De Munnik and Schot-
man (1994), Duan and Simonato (1995), Frachot, Lesne and Renault (1995), Geyer and Pich-
ler (1997), Lund (1994,1997), Pagan and Martin (1996), and Pearson and Sun (1994).
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model the third factor as a stochastic volatility. Instead, we choose a fairly general

model structure and let the data decide on the best speci�cation. In addition, we

explicitly compare the empirical performance of a�ne models with one, two and three

factors and assess the contribution of each additional factor.

In the empirical anaysis we use an explicit panel data setup. There are several

advantages of using panel data. In term structure models the absence of arbitrage

opportunities imposes strong restrictions on the possible prices. Therefore, the time

series model for the factors and the bond pricing model are closely related and typ-

ically have many parameters in common. The panel data appoach fully exploits the

restrictions imposed by the term structure model is therefore expected to give more

accurate estimates of the dynamics of the term structure. Secondly, combined use

of time series and cross section data allows for identi�cation of the market price of

interest rate risk, which is not identi�ed from each dimension separately. Finally, the

panel data framework provides a natural speci�cation test of the model by testing

the restrictions imposed by the model on the parameters of the pricing equations

(the cross section dimension) and the dynamic model for the factors (the time series

equation).

A natural way to approach panel data estimation of term structure models is

the state space model. In the state space model there is a transition equation for

the latent factors and a measurement equation for the interest rates on an arbitrary

number of maturities. We allow for measurement error on all observed maturities

and integrate out the latent factors by the Kalman �lter. The prediction errors from

the Kalman �lter can be used to construct a quasi likelihood function, based on the

exact conditional mean and variance of the of the factors. Estimation of the model

is then by Quasi Maximum Likelihood, maximizing this quasi likelihood function. In

this paper we show how to construct this QML estimator for the a�ne class of term

structure models. Because the factors are latent variables, the Kalman �lter QML

estimator is not consistent, but we show by a Monte Carlo experiment in this paper

that the bias is negligible for typical parameter values of the a�ne model.

A possible alternative to Kalman �lter QML estimation is the use of simulation

based estimators.2 The a�ne term structure model lends itself naturally to simula-

2 Examples are indirect inference, applied to a�ne term structure models by Frachot, Lesne
and Renault (1995) and Buraschi (1996), the e�cient method of moments, developed by Gallant
and Tauchen (1996) and applied to a�ne term structure models by Dai and Singleton (1997) and
Pagan and Martin (1997), or Markov chain Monte Carlo methods, used in a Bayesian analysis by
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tion based estimators since it is relatively easy to simulate the stochastic process for

the factors. These simulation methods correct for the discretization bias and are con-

sistent, but are computationally very intensive. Given the apparent good properties

of the QML estimator, simulation methods will not be used in this paper.

The setup of the paper is as follows. Section 2 describes the theoretical model

and discusses identi�cation issues. Section 3 discusses the empirical implementation

and estimation of the model. Section 4 gives a description of the data and section 5

discusses the empirical results. Section 6 concludes.

2 The a�ne class of term structure models

Endogenous term structure models start from a process for the instantaneous short

rate, rt. Prices of zero-coupon bonds are then derived from the expected discounted

payo�

Pt(� ) = E
Q
t

"
exp

 
�
Z T

t
rsds

!#
(1)

where the expectation is taken under the `risk neutral' probability measure Q. Du�e

and Kan (1996) propose a class of endogenous term structure models in which the

short rate is an a�ne function of a number of underlying factors

rt = A0 +B0
0Ft (2)

with Ft 2 Rn. These factors are assumed to follow a di�usion process with an a�ne

volatility structure

dFt = �(Ft � �)dt+ �

0
BB@
q
�1 + �01FtdW1t

:q
�n + �0nFtdWnt

1
CCA (3)

whereWit are independent Wiener processes under the `real world' or empirical prob-

ability measure P . Of course, to price bonds and other term structure derivatives we

also need the stochastic process for the factors under the `risk neutral' probability

measure Q. Du�e and Kan (1996) assume that the market price of risk for factor

i is proportional to its instantaneous standard deviation,  i
q
�i + �0iFt. Under this

assumption, the transformed innovation process dW �
it � dWit +  i

q
�i + �0iFtdt is a

Lamoureux and Witte (1998).
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Wiener process under the equivalent martingale measure Q. The stochastic process

for the factors under Q is given by

dFt = ��(Ft � ��)dt+ �

0
BB@
q
�1 + �01FtdW

�
1t

:q
�n + �0nFtdW

�
nt

1
CCA (4)

The `risk-neutral' intercept and mean-reversion parameters are related to the param-

eters of the real world dynamics through

�� = ���	B0 (5)

and

���� = �� + �	� (6)

where � = (�1; ::; �n)0, B = (�1; ::; �n), and 	 = diag( 1; ::;  n).

Du�e and Kan (1996) show that in the a�ne model the price of a zero-coupon

bond with time to maturity � is an exponential-a�ne function of the vector of factors,

Pt(� ) = exp[�A(� )�B(� )0Ft] (7)

Due to this form, the interest rates or yields on zero-coupon bonds are a linear function

of the factors, where the intercept and factor loadings are time-invariant functions of

the time to maturity

Yt(� ) � � lnPt(� )=� = A(� )=� +B(� )0=� � Ft: (8)

The coe�cients A(� ) and B(� ) satisfy the system of ordinary di�erential equations

dA(� )

d�
= A0 � (����)0B(� )� 1=2

X
i

X
j

Bi(� )Bj(� )aij (9a)

dB(� )

d�
= B0 + (��)0B(� )� 1=2

X
i

X
j

Bi(� )Bj(� )bij (9b)

where the scalars aij and the vectors bij are de�ned by aij+b0ijx � [�diag(�+B0x)�0]ij.

The a�ne model contains several well-known models as special cases. The model

of Langetieg (1980), which generalizes the Vasicek (1977) model to more dimensions,

is obtained if B = 0. The generalized Cox, Ingersoll and Ross (1985) model is obtained

if � = 0 and B is diagonal. In the latter model all yields are guaranteed to be positive,

see Pang and Hodges (1996). If, in addition, the mean reversion matrix � and the

correlation matrix � are diagonal, the factors follow mutually independent stochastic
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processes and we obtain a two factor CIR model which is observationally equivalent to

the Longsta� and Schwartz (1992) model. Jegadeesh and Pennacchi (1996) propose

a model where the short rate uctuates around a stochastic mean. This model is also

a special case of the a�ne class with a particular recursive structure for �.

Empirically, not all the parameters of the a�ne model can be identi�ed and certain

normalizations are necessary. The �rst identi�cation issue concerns the `intercepts' of

the model. Dai and Singleton (1997) show that, as long as A0 and � are unrestricted,

the mean of the factors under the P measure, �, is irrelevant for the bond prices.

We therefore normalize � = 0.3 With this normalization, the expectation of the

instantaneous short rate is � � E
P [rt] = A0, and the vector � can be interpreted as

the average volatility of the factors.

Pang and Hodges (1996) show that bond prices are invariant under invertible

transformations of the factors. The �rst implication of this result is that bond prices

are invariant under scale transformations of the factors. Hence, without loss of gener-

ality we normalize B0 = �, so that the instantaneous interest rate rt equals a constant

plus the sum of the factors (rt = � + �0Ft). The second implication of this result

is that only ��1�� can be identi�ed. Without loss of generality we could therefore

assume that � is the identity matrix. A more convenient normalization for the em-

pirical work is that � is diagonal, and the diagonal elements of � are equal to one.

We parameterize � = diag(��1; ::;��n). For any parameterization, � is the vector

of minus the eigenvalues of the mean reversion matrix. These eigenvalues are always

identi�ed and independent of the normalization.

Dai and Singleton (1997) discuss an additional identi�cation problem that occurs

in the multivariate Vasicek model. Because B = 0, the Vasicek model is invariant

under unitary rotations of the factors.4 Essentially this means that only n(n + 1)=2

elements in ��1�� can be identi�ed. To identify the model we assume, in addition

to the previous normalizations, that � is upper triangular.

Finally, Dai and Singleton (1997) discuss the implications of the existence condi-

tions of Du�e and Kan (1996) for the a�ne model. The main result for our model

3 This identi�cation scheme seems to exclude multifactor extensions of the CIR model. However,
the usual CIR parameterization � = 0, A0 = 0 and E(Ft) = � is equivalent to the parameterization
� = B0�, A0 = �0� and E(Ft) = 0. Since the dimensions of � and � are the same, the only e�ective
restriction is the one on A0. When relaxing this restriction the CIR model becomes equivalent to
the a�ne model. This is equivalent to the model of Pearson and Sun (1994), who add an intercept
to the CIR pricing equations.

4 See Dai and Singleton (1997) for an exact de�nition.
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is the following. When treating the o�-diagonal elements of � as free paramaters,

B0� should be a diagonal matrix. This condition �xes all the o� diagonal elements

of B. We parameterize B0� = ~�, where ~� is diagonal, and treat ( ~�11; ::; ~�nn) as free

parameters.

To summarize, the identi�able parameters5 in the a�ne model are (�; �; ~�;�;  ; �),

where ~� is diagonal and the diagonal elements of � equal one. In the Vasicek model

there is an additional restricion that � is upper triangular.

3 Empirical implementation of the a�ne model

The simplest approach to estimating an n factor model is to select n yields with

di�erent maturities and to obtain the factors by `inverting' the model. In some special

cases, in particular the Gaussian multifactor Vasicek or Langetieg (1980) models and

in CIR models with uncorrelated factors, the discrete transition density of the factors

is known. Multiplying this density with the Jacobian of the transformation gives the

exact likelihood function. This is the approach followed by Chen and Scott (1993)

and Pearson and Sun (1994) in an analysis of two factor CIR models. However, the

choice of maturities to construct the factors is rather arbitrary and the results of

the model will depend on the choice. Another limitation of the exact ML approach

is that it is not easily generalized to models with correlated factors because, except

in the Gaussian case, the multivariate transition density of the factors is unknown.

More seriously, only using as many maturities as factors neglects potentially useful

information in the other maturities. Instead, our estimation is based on the state

space form of the model. Let there be observations for maturities �1 through �k.

Collect the observed yields for period t in the vector

yt �

0
BB@
Yt(�1)

:

Yt(�k)

1
CCA

Also, de�ne the coe�cient matrices

A �

0
BB@
A(�1)=�1

:

A(�k)=�k

1
CCA ; B �

0
BB@
B(�1)0=�1

:

B(�k)0=�k

1
CCA :

5The identi�cation of the market price of risk parameters,  , will be discussed in the next section.
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The state space form of the model is

yt = A+BFt (10a)

Ft+h = �Ft + �t+h (10b)

where h is the time interval between two observations.

The second equation in the state space model is the transition equation; it is the

discrete time equivalent of equation (3) with the normalization � = 0 imposed. The

parameters of the transition equation follow from the conditional mean and variance

of the factors: E[Ft+hjFt] = �Ft and Var(�t+h) = Var(Ft+hjFt) � q(Ft). Appendix A

shows that the conditional mean and variance are exact a�ne functions of the current

level of the factors and depend on the parameters (�; �; ~�;�).

The �rst equation in this system is the measurent equation. The coe�cients of the

measurement equation are functions of the parameters under the risk neutral distribu-

tion, (��;��; �; ~�;�; �). The mean of the factors under the risk neutral distribution,

��, is identi�ed from the cross section of observed yields as long as the dimension of

yt is at least n+ 1 (the additional yield is necessary to identify �). Because we �xed

the mean under P of the factors by imposing � = 0, the parameters  are exactly

identi�ed from relation (6).6

The state space form also highlights that the panel structure imposes overidentify-

ing restrictions on the model, in particular the restrictions on �� given in relation (5),

which involve the parameters � and �, and the equality of the parameters (�; ~�) in

the cross section and time series dimension. These restrictions provide a natural

speci�cation test of the a�ne model, similar to cross equation tests used in models

of rational expectations.

The a�ne model predicts the exact relation yt = A+BFt between the factors and

the interest rates. When using more maturities than factors this exact relation cannot

be satis�ed by all elements of the yield vector. Therefore, some form of measurement

error is necessary. The important issue is which assumptions to make on the measure-

ment error structure. Chen and Scott (1993) estimate a model with two factors and

four maturities. They assume that two yields are observed without error so that the

model for these two maturities can be inverted to obtain the factors. The other yields,

6 Pearson and Sun (1994) and Dai and Singleton (1997) estimate an n factor a�ne model using
n series of zero-coupon yields. In the constant volatility case this means that at least one of the
elements of �� and hence  is not identi�ed. When the volatility depends on the level of the factors,
all elements of  are identi�ed from the restrictions on ��.
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or linear combinations thereof, are assumed to be measured with a normally distribut-

ed measurement error. The estimation method is Maximum Likelihood. A number

of papers, e.g. Duan and Simonato (1995), Geyer and Pichler (1995), and Jegadeesh

and Pennacchi (1996) assume that all interest rates are observed with some measure-

ment error, which is both serially and cross-sectionally uncorrelated. De Jong and

Santa-Clara (1998) have a similar econometric approach for estimating a Markovian

model of the Heath, Jarrow and Morton (1992) type. Bams and Schotman (1997)

follow a similar approach but allow for some correlation between the errors for di�er-

ent maturities. Lund (1994) and Frachot, Lesne and Renault (1995) point out that

a diagonal error covariance matrix is not robust under linear transformations of the

data. They propose to use a more general, non-diagonal, cross sectional correlation

matrix for the measurement errors.

Following these suggestions we assume that the measurement errors have zero

mean, are serially uncorrelated, but may be cross sectionally correlated with time-

invariant covariance matrix H. The most convenient way to parameterize H is as

LDL0, where L is lower triangular with ones on the diagonal and D is the diagonal

matrix of eigenvalues. This form makes H positive de�nite by construction. This

parameterization is more general than the assumptions made in many other papers

and, more importantly, it makes the estimates of the parameters invariant to linear

transformations of the yield vector yt. The full state-space form of the model with

measurement errors is then

yt = A+BFt + et; V ar(et) = H (11a)

Ft+h = �+ �(Ft � �) + �t+h; V ar(�t+h) = q(Ft) (11b)

Given this state space setup, the most convenient way to estimate the parameters

is by Quasi Maximum Likelihood based on the Kalman �lter. The relevant equations

for the Kalman �lter in the a�ne term structure model are given in Appendix B.

The Kalman �lter QML estimator is consistent and e�cient if the factors and the

error terms follow normal distributions. In most a�ne term structure models the

conditional distribution of the factors is not normal, but if the conditional mean and

variance of the factors are correctly speci�ed, one could expect the estimates obtained

from the Kalman �lter to be constistent by the Quasi Maximum Likelihood principle.

There is one subtle problem with this argument which arises because the con-

ditional variance of the factors depends on the current value of the factors, which

8



are latent variables that can be estimated but not observed exactly. Therefore, the

conditional variance used in the likelihood function will not be correct. An additional

problem is that the conditional distribution of the factors is not normal, which in-

validates the updating rules in the Kalman �lter. As a result, the QML estimates

obtained from the Kalman �lter will be inconsistent.7 The inconsistency could be

removed by applying the Indirect Inference methods of Gouri�eroux, Montfort and

Renault (1992) or the E�cient Method of Moments of Gallant and Tauchen (1996).8

Lamoureux and Witte (1998) propose a Bayesian approach where the posterior distri-

bution of the parameters is obtained by draws from the exact conditional distribution

of the factors and the measurement errors. Their procedure however is numerically

very intensive.

To assess the bias in the Kalman �lter QML estimator we performed a small

Monte Carlo experiment. The way the data are generated is as follows. First, the

latent factor process is simulated from the di�usion (3) using an Euler discretization

scheme with 25 intermediate steps per month. Each month the value of the factor

was recorded and yields for maturities 3 months, 1, 5 and 10 years were caclulated

from the model equation (8). Then we generate measurement errors from the normal

distribution for each observation. To keep the model simple, the measurement error

covariance matrix is assumed to be of the form H = h2I, so that the errors for

di�erent maturities have the same variance and are cross sectionally and serially

uncorrelated. Each simulation generates a sample of monthly observations on four

di�erent maturities. Finally, in each simulation the model parameters (�; �; �; �; h)

are estimated using the Kalman �lter QML estimator. In the estimation, the market

price of risk parameter is treated as known. The reason for this is that we want to

concentrate on the e�ects of the discretization of the transition equation, in which

the market price of risk doesn't play a role.

We run this Monte Carlo experiment for two sets of parameters. The �rst set is

based on the estimates of the one factor models in Table 3. In the second experimen-

t, we pick the paramters from the estimates of the second factor in the two factor

model. This factor has a stronger mean reversion, a higher variance and a stronger

level e�ect in the volatility function. The hypothetical true parameter values and

several descriptive statistics of the Monte Carlo estimates are reported in Table 2,

7 See Lund (1997) for an extensive discussion of this point.
8 This is the approach followed by Frachot, Lesne and Renault (1995), Pagan and Martin (1996)

and Dai and Singleton (1997).
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for 100 replications and for two sample sizes, 300 and 1200 observations. The main

conclusion we can draw from this table is that the QML estimator has no system-

atic bias. The only signi�cant overestimation occurs in the second experiment for

the mean reversion parameter, but the bias is fairly small. This evidence con�rms

the results in Lund (1997), who suggests that, for parameters typically found in es-

timates of term structure models, the bias in the QML estimator is not particularly

large. Therefore, we refrain from using computationally intensive simulation-based

estimation techniques and report the QML estimates.

4 Data

Our database is the extended McCulloch dataset (McCulloch and Kwon, 1993). This

dataset contains monthly observations on US interest rates with maturities running

from 1 month to 30 years. The original data series starts in 1947 and ends in 1991.

The data are zero-coupon rates which were calculated from prices of coupon bonds

using McCulloch's interpolation method. From 1985 only bonds which do not have

prepayment provisions are used, earlier data may include such bonds. The interpo-

lation has some relatively large standard errors for data from the �fties and sixties.

Moreover, there are a lot of missing observations in the early part of the sample. For

these reasons we work with a subsample of the data that starts in January 1970 and

ends in February 1991. In total, there are 254 monthly observations.

As for the choice of maturities, we picked the maturities for inclusion in the yield

vector as follows. For the maturities over 10 years, the bond data is quite scarce,

so the interpolation is not very accurate. Another problem shows up in the very

short term interest rates. The one and two month interest rate series show some

exceptionally large one period changes. We feel more con�dent using interest rates

with maturities of 3 months and longer. Since we have a full error covariance matrix,

the number of parameters to be estimated is potentially large. To keep the estimation

feasible we con�ne ourselves to four maturities: three months, one year, �ve years

and ten years.

Figure 1 graphs the data and Table 1 gives some descriptive statistics. The long

maturity interest rates are somewhat less variable than the short rates. Moreover,

on average the term structure is upward sloping. The large volatilities of the interest

rates around 1980 show up clearly. Since this is also a period with high levels of

10



interest rates, the data give some intuitive support for models where the conditional

variance depends on the level of the interest rates.

5 Empirical results

One of the main issues in term structure modeling is the number of factors to in-

clude. In this section we therefore discuss the empirical results on one, two and three

factor a�ne models. For each model we provide an extensive speci�cation analysis.

Estimation of all models is by the Kalman �lter QML estimator described in sec-

tion 3. Heteroskedasticity consistent standard errors are calculated by the method of

White (1982).

5.1 One factor models

In this section we discuss the results of modeling the term structure by one factor

a�ne term structure models. The one factor version of the a�ne model is very

tractable because the di�erential equations (9a){(9b) have analytical solutions for

A(� ) and B(� ). In the one factor model equations (3) and (4) specialize to9

drt = �(�� rt)dt+
q
~� + �rtdWt (12a)

drt = ��(�� � rt)dt+
q
~�+ �rtdW

�
t (12b)

and the term structure is given by Pt(� ) = exp
h
� ~A(� )�B(� )rt

i
where the functions

~A(� ) and B(� ) can be found from a straightforward generalization of the standard

CIR equations which are given e.g. in Hull (1993):

~A(� ) = �
2~�

�
ln

0
@ 2e

(��+)
2 �

(�� + )(e � 1) + 2

1
A+

~�

�
(� �B(� ))

B(� ) =
2(e� � 1)

(�� + )(e� � 1) + 2

�� = �+  �; ~� � �

 
� +

~�

�

!
;  �

q
(��)2 + 2�:

9 Here we follow the usual convention in one factor models to specify the process for the instan-
taneous short rate. Of course, this is consistent with our general model by de�ning the factor as
Ft = rt � �. The relation between ~� and the original parameter is � = ~�+ ��.
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For the special case of the Vasicek model (� = 0) the coe�cients are

~A(� ) = R1(� �B(� )) +
~�

4�
B(� )2

B(� ) =
1 � exp(��� )

�

where R1 � ��  ~�
�
� ~�

2�2 is the yield on in�nite maturity bonds.

The parameters to be estimated are the mean reversion coe�cient �, the long run

mean of the factor �, the variance parameters ~� and �, and the market price of risk

parameter  . In Table 3 we report estimates of the one factor a�ne model and two

special cases, the CIR model (~� = 0) and the Vasicek model (� = 0).

The estimated mean reversion coe�cient is very small, around 0.06. The implied

mean reversion under the risk-neutral distribution is even slower: �� in the a�ne

model is 0.0014, which implies a half life of around 500 years.10 The result in the CIR

model is virtually the same, and in the Vasicek model the estimated half-life is around

30 years. This slow mean reversion implies very at �tted term structures. Although

the in�nite maturity yield must be constant if �� is positive, the mean reversion is

slow enough to create considerable and almost parallel movements in, say, 10 year

rates.

The estimated intercept of the instantaneous variance, ~� is negative in the a�ne

model. The average volatility, � = ~� + �� is positive, however, but lower than the

estimated constant volatility parameter for the Vasicek model. The `slope' coe�cient

� is positive and signi�cant, and the constant volatility assumption (� = 0) of the

Vasicek model is clearly rejected. Interestingly, the estimate of � in the a�ne model

is larger than the comparable estimate for the CIR model, where ~� is restricted to

be zero. The sensitivity of the conditional variance to the level of the short rate

is therefore stronger in the a�ne model than in the CIR model. Time-series based

studies have reported a similar phenomenon, see e.g. Chan et al. (1992). The estimates

of the market price of risk parameters are signi�cantly negative and of the same order

of magnitude in all speci�cations.This result implies that the risk premium for holding

long term bonds is positive.11 The estimated risk premium for a ten year bond is

around 1.65% annually, which corresponds quite well to the observed risk premium.

Given the estimated parameters we can construct residuals of the model, de�ned

as the di�erence between the observed yields and the predicted yields, and therefore

10 The half-life of the factor is de�ned as ln(2)=��.
11 The risk premia are derived in Appendix C.
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equal to the prediction errors generated by the Kalman �lter. In a well speci�ed

model, the time-series average of residuals should be close to zero for all maturities.

In addition, the residuals should be serially uncorrelated. Table 4 provides some sum-

mary statistics on the residuals of the one factor a�ne model. The model on average

overestimates short maturity interest rates and slightly underestimates interest rates

for longer maturities. The standard deviations of the residuals are also very large,

especially for short maturities: the standard deviation is around 150 basis points for

the three month rate. In addition, there is strong residual serial correlation. The �rst

order autocorrelations are around 0.9 or higher, the 12th order autocorrelations are

around 0.5.

The bad �t of the one factor model is illustrated in Figure 2, which graphs the

average of the �tted12 and observed term structures for all maturites from 1 month

to 10 years, as well as the standard deviation of the residuals for all maturities. The

�gure shows that the model �ts the long end pretty well, but fails to capture the short

end of the yield curve. Another way to judge the quality of the model is by regressing

the observed yields on a constant and the estimated factors. Since the data are close

to being non-stationary, this regression is done in �rst di�erences. The regression

coe�cients should be more or less the same as the factor loadings obtained from the

term stucture model. Figure 3 shows that this holds for the long maturities (over

5 years) but for shorter maturities there are large di�erences between the estimated

sensitivities and the model values.

A more formal way to test the speci�cation of the model is by testing the restric-

tions the model imposes between the parameters of the pricing equations (the cross

section dimension) and the parameters of the time series dimension. In addition to

the parameters of the standard model, the folowing additional parameters for the

time series dimension can be identi�ed: a mean reversion parameter �̂ and variance

parameters �̂ and �̂. Table 5 reports results for the one factor model with sepa-

rate coe�cients for the cross-section and the time-series dimension. The restrictions

between the time-series and cross section parameters are rejected by the Likelihood

Ratio test.13 The key to this rejection is that the time series estimates show a much

stronger mean reversion and higher instantaneous variance than the cross section esti-

12 The �tted term structure was calculated from the smoothed estimates of the factors. The
smoothing equations of Hamilton (1994, Ch. 13.6) were used to calculate these.

13 The test statistic is 17.76, which is larger than the 5% critical value of a chi-square distribution
with 3 degrees of freedom.
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mates. To �t the rather at shape of the observed yield curves a slow mean reversion

is necessary, whereas in the time series dimension the mean reversion of interest rates

is quite strong. The estimated mean reversion under the risk-neutral distribution is

comparable to the previous estimates for the a�ne and Vasicek model. For the CIR

model, the estimate of �� is negative, but the shape of the B(� ) curve is not very

di�erent from the other models for the maturities we consider.14

All these results point at substantial misspeci�cation of the one factor a�ne term

structure model. In particular, the model fails to give a good �t of the term structure

at the short end. Moreover, the dynamics of the yield curve are not well described as

evidenced by the strong residual serial correlation and the di�erences in parameter

estimates for the time series and cross section dimensions. We therefore now turn to

an analysis of multifactor models.

5.2 Two factor models

In this section we present estimates of a�ne term structure models with two factors.

From the discussion on identi�cation in section 3 it follows that the most general two

factor model has as free parameters: (minus) the diagonal elements of �, denoted

by �; the o� diagonal elements of �; the intercept �; the variance parameters � and

~�; the market prices of risk  . In addition to the most general model we estimate

some restricited versions of the a�ne model. The �rst special case is an a�ne model

with uncorrelated factors, which imposes that � is the identity matrix. This model

is equivalent to the two factor CIR model with an intercept proposed by Pearson and

Sun (1994). The other special case we consider is the generalized Vasicek model with

constant volatilities ( ~� = 0). We also present estimates of the Vasicek model with

uncorrelated factors.

The estimation results in Table 6 show that there are two factors with very di�er-

ent properties. The mean reversion of the �rst factor is similar to the mean reversion

in the one factor model, with a half-life over 30 years. The second factor shows a

much stronger mean reversion with a half-life of less than one year. Figure 6 graphs

the factor loadings B(� ). The �rst factor loading, B1(� ), is very at; the impact of a

shock in the �rst factor is around 1 for all maturities considered. Theoretically, B1(� )

14 Strictly speaking, a negative mean reversion coe�cient implies an explosive process for the
instantaneous interest rate under the risk-neutral distribution, but the functions A(� ) and B(� ) are
well-de�ned for such values.
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should converge to zero for large � but apparently this convergence is so slow that

it is hardly detectable at horizons up to ten years. So, although the model implies

constant in�tite maturity yields, long run yields can vary substantially. The factor

loading of the second factor declines much faster, but is not negligible even for the

longest maturities we consider.

To interpret the factors, we graph the �tted factors together with functions of the

data in Figure 4. The �rst panel of graphs the �rst factor (with the estimated long

run average � added) and the 10 year interest rate. The two series are very highly

correlated and therefore this �gure suggests an interpretation of the �rst factor as

the level of the yield curve. The gap between the level of the factor and the 10 year

rate is approximately equal to the risk premium on 10 year bonds of around 1.65%.

The second factor is very closely related to the spread between the three month rate

and the ten year rate. These results are in line with the results of Litterman and

Scheinkman (1991), who document a level factor and a slope factor in a pricipal

components decomposition of the term structure. Balduzzi, Das and Foresi (1991)

model the second factor as a central tendency, which is quite similar to a time-varying

slope.

A strong result of our analysis is the signi�cant correlation between the factors,

which is evident from the non-zero o�-diagonal elements of �. Indeed, the Likelihood

Ratio test strongly rejects independence of the factors: the LR test statistic for the

restrictions �12 = 0 and �21 = 0 is 42.47, larger than the 5% critical value of the

�2(2) distribution. To see how this correlation a�ects the dynamics of the factors we

write the model is in feedback form, with a non-diagonal mean reversion matrix �

and instantaneously uncorrelated factors. This form is obtained by pre-multiplying

the factors Ft by ��1. The rotated factors ~Ft = ��1Ft follow the di�usion (under P)

d ~Ft = � ~Ftdt+

0
BB@
q
�1 + ~�11 ~F1tdW1t

:q
�n + ~�nn ~FntdWnt

1
CCA (13)

where � = ��1diag(��1; ::;��n)�. With the numbers from Table 6, the mean rever-

sion matrix in feedback form is

� =

 
�0:0499 0:0590

0:3375 �1:2898

!

This speci�cation highlights that there is two way feedback between the factors. For

example a positive innovation in the second factor has a positive impact on the �rst
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factor, and vice versa. Notice that the magnitute of the parameters should be related

to the volatility of the factors; the conditional variance of the second factor is about

ten times the conditional variance of the �rst factor.

Turning to the variance parameters, there is a signi�cant level e�ect in the volatil-

ities of both factors. The estimates of ~�11 and ~�22 are strongly signi�cant and the

restriction that they are zero (the Vasicek model) is strongly rejected. The market

prices of risk for both factors are negative, which implies a positive risk premium for

holding long term bonds. With the instantaneous variance evaluated at the long term

mean of the factors, the implied risk premium for a ten year bond is 1.64%, split over

the �rst factor (0.34%) and the second factor (1.30%).

The two factor a�ne model provides a substantially better �t of the term structure

data than the one factor model. The variance of the residuals is smaller than in the

one factor model and, more importantly, the serial correlation is substantially lower.

An inspection of the results reveals that most of the improved �t is for the three

month rate. For maturities of one year and longer the residuals are still positive on

average, indicating that the model overestimates these interest rates. Figure 5 graphs

the average �tted term structure and the standard deviation of the residuals. The

�gure clearly shows that, although the two factor model improves on the one factor

model, the steepness of the observed term structures at the short end is not yet fully

captured by the two factor model. Figure 6 shows the �tted slope coe�cients of a

time series regressions of the observed yields on the estimated factors. The estimated

coe�cients of the �rst factor, with a slow mean reversion, are close to the factor

loadings implied by the model. However, for the second factor there are substantial

di�erences between the estimated sensitivities and the factor loadings implied by the

model. Again, this is probably due to the bad �t of the model in the very short end

of the term structure.

Finally, we formally tested the speci�cation of the two factor a�ne model by

allowing for a di�erent set of parameters for the cross section and the time series

dimension of the model. To avoid overparameterization, we keep � restricted and

only estimate separate time series parameters for the mean reversion (�̂) and volatility

(�̂ and �̂). Table 8 reports the results for this less restricted model. The parameter

restrictions implied by the theoretical model are rejected on a 5% signi�cance level;

the LR test statistic for the equality of (�; �; ~�) in the cross section and time series

dimension is 92.88, much larger than the 5% critical value of a �2(6) distribution. Just
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like in the one factor model, the main di�erence between the two sets of estimates is

the strength of the mean reversion of the factors. The half-life of the �rst factor in the

time series dimension is around 6 years, compared with around 30 years in the cross

section dimension. The conditional variances of the factors are also very di�erent. As

a result, the model restrictions on the time series parameters are rejected.

5.3 A three factor a�ne model

Although the two factor model provides a substantial improvement over the one

factor model, there is still some misspeci�cation especially in the short end, where

the observed yield curves are on average steeper than the curves generated by the

model. Andersen and Lund (1997) and Dai and Singleton (1997) argue that a third

factor is necessary to fully describe the term structure. Both papers model the third

factor as a stochastic volatility factor. Instead, we estimate a general three factor

model with an a�ne volatility structure. Although this model has many parameters

(for example, � has 6 free parameters), convergence of the estimator was reasonably

quick.

The estimation results are presented in Table 9. The �rst two factors are similar to

the factors of the two factor a�ne model. The third factor is very di�erent, however.

The mean reversion of this factor is very strong, the implied half-life is around 3

months, and the instantaneous volatility is much higher than the volatility of the

other factors. The correlation with the two other factors is negative. This is most

easily judged from the feedback matrix of the three factor model:

� =

0
BB@
0:0429 0:0754 �0:1293

1:6079 �1:2028 �1:3894

3:2622 0:8283 �3:8474

1
CCA

This matrix shows that the impact of a shock in the third factor on the other factors

is negative. On the other hand, the impact of shocks in the �rst two factors on the

third factor is positive.

The graph of the �tted factors in Figure 7 con�rms the interpretation of the �rst

and second factor as level and slope factors, although the second factor is somewhat

smoother than the slope of the term structure. For an interpretation of the third

factor, we plot a measure of the curvature of the term structure in the graph of the

third factor. The curvature is de�ned as two times the 1 year interest rate, minus
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the sum of the three month rate and the 10 year rate.15 The third factor in the

a�ne model is closely related to this curvature measure, although it is somewhat

smoother. This result is consistent with the results in Dai and Singleton (1997), who

�nd that their stochastic volatility factor is closely related to the curvature of the

term structure. They also document a negative correlation of that factor with the

short rate (approximately the sum of the �rst and second factor in our model).

Figure 8 shows the �t of the three factor models. The average �tted term struc-

ture is very close to the observed average term structure. The three factor model

apparently is able to capture the steep short end of the yield curve. The improved

�t to the average is also obvious from the increase in the likelihood, although the

variance of the residuals is not much lower than in the two factor model. Another

important improvement of the three factor model over the two factor model is in the

residual serial correlation. The �rst order serial correlation is down to around 0.25,

and there is almost no correlation at a 12 month horizon.

Like before we regress the observed yields on the estimated factors. Figure 9

shows the results of such a regression in �rst di�erences. On the whole, the estimated

coe�cients correspond quite well to the model values, although there is some mis�t on

the �rst factor for short term rates. However, the �rst factor has a slow mean reversion

and low instantaneous volatility and is therefore less important for the volatility of

the short term interest rates than the other two factors.

As a �nal speci�cation test we separated the parameters of the cross section and

time series dimension. This leads to a very large number of parameters and full esti-

mation of the unrestricted model turned out to be infeasible. Instead, we performed

a Lagrange Multiplier test of the restriction that the time series and cross section

parameters are equal. The value of this test is 31.23, which should be compared with

the critical values of a chi-square distribution with 9 degrees of freedom. The 5%

critical value is 16.91, so formally we still reject the model speci�cation. However,

the rejection is not as strong as before and in any case one should be cautions with

the LR and LM tests since they assume normality of the prediction errors.

From this analysis we conclude that a three factor model provides an adequate �t

of the term structure data. On average the model captures the observed shape of the

yield curve and the deviations from the model (the residuals) show little persistence.

15 This de�nition of the curvature factor is more direct than the curvature factor proposed by Dai
and Singleton (1997), who de�ne curvature as the residuals of a regression of the two year rate on
the six month and 10 year rates.
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6 Conclusion

In this paper, we provided an empirical analysis of the a�ne class of term structure

models proposed by Du�e and Kan (1996) on a panel of monthly US interest rate

data. We show that a Kalman �lter QML estimator based on the exact conditional

mean and variance has quite good properties. This estimation method fully exploits

the panel nature of the data and combines the time series and cross section information

in a theoretically consistent way and, compared with simulation based estimators, is

relatively easy to implement.

We estimated a�ne models with one, two and three factors. The results show that

the one factor models are misspeci�ed: the �t is not very good and there is strong

residual serial correlation. A formal test of equality of the parameters in the bond

pricing equations (the cross section dimension of the model) and the factor dynamics

(the time series dimension) also rejects the model restrictions. The two factor model

gives a substantial improvement over the one factor model, but it has some problems

�tting the steep initial part of the yield curve. Adding a third factor alleviates most

of the problems with the two factor model. The �t of the average yield curve is quite

good and the serial correlation of the residuals is low, indicating that the dynamics

of the yield curve are well-captured by the model.

The interpretation of the three factors is straightforward. The �rst factor is highly

correlated with the long maturity interest rates and can therefore be interpreted as

the level of the term structure. The mean reversion of this factor is very slow and

it generates almost parallel shifts in the term structure. The second factor has a

much stronger mean reversion and a�ects mainly the short and medium term interest

rates. The �tted second factor tracks the slope of the term structure, de�ned as the

di�erence between the 3 month interest rate and the 10 year rate, closely. Both the

level and the slope factor have time varying volatilities, signi�cant risk premia and

are positively correlated. The third factor is a curvature factor with strong mean

reversion and negative correlation with the other two factors.
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A Conditional moments of factors

In this appendix we show how to derive the exact conditional mean and variance of
the generalized square root process given in equation (3), which we repeat here for
convenience

dFt = �(Ft � �)dt + �(�+ B0Ft)
1=2
d dWt:

The mean reversion coe�cientmatrix is normalized to be diagonal, � = diag(��1; ::;��n).
The stochastic di�erential equation for Ft can be solved using Ito's lemma

de��t(Ft � �) = e��t�(� + B0Ft)
1=2
d dWt )

Ft+h = �+ e�h(Ft � �) +
Z h

0
e�(h�s)�(� + B0Ft+s)

1=2
d dWt+s

where e�h = diag(exp(��1h); ::; exp(��nh)). Since the second part of this sum is a
martingale, the conditional mean and variance follow immediately as

E(Ft+hjFt) = �+ e�h(Ft � �)

Var(Ft+hjFt) =
Z h

0
e�(h�s)�(�+ B0Et(Ft+s))d�

0e�(h�s)ds

Using that Et(Ft+s) = � + e�t(Ft � �) and de�ning [�diag(� + B0x)�0]ij = aij + b0ijx
we obtain

Var(Ft+hjFt)ij =
Z h

0
e�(�i+�j)(h�s)(a0ijEtFt+s + bij)ds

=
Z h

0
e�(�i+�j)(h�s)(aij + b0ij(�+ e�s(Ft � �)))ds

=
Z h

0
e�(�i+�j)(h�s)(aij + b0ij�)ds+

Z h

0
e�(�i+�j)(h�s)b0ije

�s(Ft � �)ds

Working out the integrals yields the result

Var(Ft+hjFt)ij =
1� e�(�i+�j)h

�i + �j
(aij + b0ij�) +

X
k

e��kh � e�(�i+�j)h

�i + �j � �k
bij;k(Ft;k � �k)

Note that this results implies a very simple form for the unconditional variance of Ft,

Var(Ft)ij =
aij + b0ij�

�i + �j
:
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B The Kalman �lter

All models in this paper are estimated using Quasi Maximum Likelihood based on
the following Kalman �lter equations, adapted from Hamilton (1994, Ch.13).

Model

yt = A+BFt + et; V ar(et) = H

Ft = �Ft�h + �t; V ar(�t) = Qt

Initial conditions

F̂0 = E(Ft)

P̂0 = Var(Ft)

Prediction

Ftjt�h = �F̂t�h

Ptjt�h = �P̂t�h�
0 +Qt

Likelihood contributions

ut = yt � a�BFtjt�h

Vt = BPtjt�hB
0 +H

�2 lnLt = ln jVtj+ u0tV
�1
t ut

Updating

Kt = Ptjt�hB
0V �1
t

Lt = I �KtB

F̂t = Ftjt�h +Ktut

P̂t = LtPtjt�h
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C Risk premia on long bonds

In our empirical work we also want to calculate the risk premium on long maturity
bonds. Denote the stochastic process followed by the bond price as

dP (� ) = �P (�)P (� )dt+ �P (�)P (� )dWt

where the dependence of coe�cients and prices on time is suppressed. The expected
instantaneous return on the bond is the risk free rate plus a risk premium, which
depends on the market prices of risk and the instantaneous standard deviation of the
bond return

�P (�) = r + �0�P (�)

From Ito's lemma, the standard deviation of the bond return is

�P (�) = ��FB(� )

where �F�0F is the instantaneous variance-covariance matrix of the factors. Given the
assumed functional forms for �F and � we obtain

�P (�) = r �
X
i

 i(�i + �0iF )Bi(� )

This equation shows that the risk premium on each factor is proportional to the in-
stantaneous variance of that factor, multiplied by the factor loading. If all parameters
 i are negative, the risk premia are positive. Since the factor loadings are increasing
with maturity, longer bonds will typically have a higher expected return than short
bonds.
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Table 1: Descriptive statistics of the McCullogh and Kwon data

maturity 3 month 1 year 5 year 10 year
mean 7.68 8.20 8.75 8.95
standard deviation 2.68 2.58 2.27 2.13
minumum 3.38 3.74 5.15 5.72
maximum 16.00 16.35 15.70 15.07
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Table 2: Monte Carlo results

This table reports results of a Monte Carlo experiment for the QML estimator of a one factor a�ne

model. The number of simulation runs is 100. In each simulation 300 or 1200 monthly observations

on 3 month, 1, 5 and 10 year interest rates were generated according to the model. Measurement

error with diagonal covariance matrix with standard deviation h was added to the observations

300 observations

true value median mean stdev t-value
� 0.0601 0.0601 0.0599 0.0100 -0.2018
� 6.4642 6.4612 6.4337 0.4617 -0.6606
� 1.0468 1.0528 1.0527 0.0786 0.7495
� 0.3961 0.3906 0.3909 0.0843 -0.6141
h 0.2479 0.2475 0.2478 0.0047 -0.1546

1200 observations

true value median mean stdev t-value
� 0.0601 0.0606 0.0605 0.0037 1.0599
� 6.4642 6.4755 6.4545 0.1484 -0.6516
� 1.0468 1.0455 1.0458 0.0216 -0.4670
� 0.3961 0.3962 0.3979 0.0284 0.6273
h 0.2479 0.2472 0.2474 0.0026 -1.6976

300 observations

true value median mean stdev t-value
� 1.3056 1.3225 1.3135 0.1083 0.7305
� 6.1000 6.0903 6.0923 0.0897 -0.8597
� 4.5400 4.5334 4.5825 0.4333 0.9800
� 2.2960 2.3710 2.3311 0.4895 0.7169
h 0.2479 0.2479 0.2481 0.0059 0.4496

1200 observations

true value median mean stdev t-value
� 1.3056 1.3260 1.3296 0.0624 3.8489
� 6.1000 6.0891 6.0569 0.3337 -1.2920
� 4.5400 4.6095 4.7600 1.9051 1.1548
� 2.2960 2.3796 2.3840 0.5062 1.7382
h 0.2479 0.2481 0.2976 0.4144 1.2006
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Table 3: Estimation results one factor a�ne models

This table reports QML estimates and standard errors for the parameters of the one factor a�ne,

CIR and Vasicek term structure model. For legibility, the estimates of the parameters are scaled as

follows: �, 100�,  =100, 10000~� and 100�. The table also reports the mean reversion parameter

��, and the half-life of the factors, [ln(2)=��], under the risk neutral distribution.

a�ne CIR Vasicek
� 0.0601 0.0429 0.0222

(0.0074) (0.0042) (0.0028)

~� -1.5137 1.9980
(0.4369) (0.2284)

� 0.3961 0.2168
(0.0637) (0.0231)

 -0.1481 -0.1446 -0.0928
(0.0069) (0.0110) (0.0178)

� 6.4642 5.8099 7.3146
(0.2465) (0.5397) (1.4600)

�� 0.0014 0.0116 0.0222
[495.10] [60.00] [31.19]

2 lnL 710.45 702.43 677.60

Table 4: Residuals of the one factor a�ne model

This table reports descriptive statistics (sample mean, standard deviation and serial correlations,

�k) of the residuals of the one factor a�ne term structure model. The scale of the residuals is

percentage points.

maturity (years) 0.25 1 5 10
mean -0.7027 -0.2395 0.0760 0.1146
standard deviation 1.5967 1.3009 0.5513 0.3851
�1 0.8957 0.8459 0.4427 0.2031
�12 0.4635 0.4265 0.2070 0.1443
correlations
0.25 1.0000 0.9500 0.6958 0.4123
1 0.9500 1.0000 0.8230 0.5525
5 0.6958 0.8230 1.0000 0.8731
10 0.4123 0.5525 0.8731 1.0000
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Table 5: Estimation results for one factor a�ne models with separate time series
parameters

This table reports QML estimates and standard errors of one factor a�ne term structure models

with separate parameters for the cross section and time series dimension. Parameters with a^are

the time series paramaters. See also the notes at Table 3.

a�ne CIR Vasicek
� 0.0230 0.0307 0.0218

(0.0034) (0.0049) (0.0031)

~� 6.0774 6.0548
(1.1225) (0.8864)

� 0.0088 0.5943
(0.0002) (0.0907)

 -0.0630 -0.0688 -0.0631
(0.0021) (0.0068) (0.0040)

� 7.4027 7.5788 7.5574
(0.8220) (1.0065) (1.0509)

�� 0.0225 -0.0102 0.0218
[31.39] [31.70]

�̂ 0.2183 0.2041 0.2018
(0.1116) (0.1242) (0.1321)

�̂ -1.7248 1.9220
(0.4813) (0.2185)

�̂ 0.4318 0.1988
(0.0788) (0.0232)

2 lnL 728.21 714.55 693.54
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Table 6: Estimation results two factor a�ne models

This table reports QML estimates and standard errors of the two factor a�ne and Vasicek term

structure models de�ned in Section 5.2. The estimates are reported as �i, �ij, 100�,  i=100,

10000�i and 100~�ii. The table also reports the eigenvalues, ��

i , of the mean reversion matrix under

the risk neutral distribution, ��, and the associated half-lifes.

a�ne a�ne Vasicek Vasicek
uncorr uncorr

�1 0.0341 0.0164 0.0234 0.0232
(0.0074) (0.0045) (0.0029) (0.0029)

�2 1.3056 1.1103 0.8424 0.8469
(0.1126) (0.0765) (0.0510) (0.0498)

�1 0.51 2.48 1.58 1.52
(0.28) (1.00) (0.20) (0.19)

�2 4.54 5.86 6.46 6.51
(0.71) (0.68) (1.28) (1.17)

~�11 0.3043 0.4261
(0.0548) (0.1357)

~�22 2.2960 1.8889
(0.4908) (0.3674)

�12 0.0470 -0.0118
(0.0222) (0.0260)

�21 -0.2688
(0.0737)

 1 -0.0655 -0.0454 -0.0213 -0.0275
(0.0172) (0.0016) (0.0128) (0.0102)

 2 -0.2061 -0.1449 -0.1378 -0.1558
(0.0095) (0.0025) (0.0167) (0.0153)

� 6.10 10.75 11.77 10.80
(0.88) (0.17) (1.34) (0.82)

��1 0.0054 -0.0031 0.0234 0.0232
[127.65] [29.59] [29.85]

��2 0.8411 0.8369 0.8424 0.8469
[0.82] [0.83] [0.82] [0.82])

2 lnL 1376.40 1333.93 1225.31 1225.1130



Table 7: Residuals of the two factor a�ne model

This table reports descriptive statistics (sample mean, standard deviation and serial correlations,

�k) of the residuals of the two factor a�ne term structure model. The scale of the residuals is

percentage points.

maturity 0.25 1 5 10
mean 0.0106 0.2331 0.1462 0.1157
standard deviation 0.7462 0.7603 0.5086 0.4042
�1 0.1851 0.4629 0.4178 0.3524
�12 -0.1087 0.1782 0.1982 0.1876
correlations
0.25 1.0000 0.8345 0.6828 0.5990
1 0.8345 1.0000 0.8910 0.7900
5 0.6828 0.8910 1.0000 0.9267
10 0.5990 0.7900 0.9267 1.0000
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Table 8: Estimation results two factor a�ne models with separate time series param-
eters

This table reports QML estimates and standard errors of the two factor a�ne and Vasicek term

structure models with separate time series coe�cients �̂i, �̂i and �̂i. See also the notes at Table 6.

a�ne Vasicek
�1 0.0008 0.0246 �̂1 0.0195 0.0953

(0.0002) (0.0030) (0.0047) (0.0680)

�2 1.6441 0.7520 �̂2 0.9222 0.8944
(1.0468) (0.0392) (0.2296) (0.4896)

�1 0.02 0.00 �̂1 3.51 1.79
(0.01) (0.00) (1.50) (0.22)

�2 263.81 262.61 �̂2 6.53 6.31
(160.94) (30.23) (6.59) (1.40)

�11 0.3067 �̂11 0.2969
(0.1642) (0.1028)

�22 69.9727 �̂22 1.8824
(50.7893) (0.3629)

�12 0.1450 -0.0288
(0.0377) (0.0284)

�21 -0.1804
(0.1622)

 1 -0.0151 -0.0272
(0.0111) (0.0086)

 2 -0.0162 -0.0110
(0.0372) (0.0020)

� 16.08 9.79
(8.72) (0.39)

��1 -0.0834 0.0246
[28.19]

��2 0.5904 0.7520
[1.17] [0.92]

2 lnL 1469.28 1299.73
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Table 9: Estimation results three factor a�ne model

This table reports QML estimates and standard errors of the three factor a�ne term structure

model de�ned in Section 5.3. The estimates are reported as �i, �ij, 100�,  i=100, 10000�i and

100�ii. The table also reports the eigenvalues, ��

i , of the mean reversion matrix under the risk

neutral distribution, ��, and the associated half-lifes.

�1 0.0549 �2 1.7407 �3 3.2117
(0.0412) (1.1920) (0.9569)

�1 2.48 �2 18.66 �3 34.98
(6.30) (26.87) (31.51)

�11 0.3498 �22 3.2055 �33 0.0013
(0.3151) (2.6778) (0.0129)

�11 1.0000 �12 0.0325 �13 -0.0460
(0.0257) (0.1376)

�21 0.3433 �22 1.0000 �23 -0.6806
(1.7716) (0.3892)

�31 -0.8137 �32 -0.3818 �33 1.0000
(2.7473) (0.6113)

 1 -0.1214  2 -0.2179  3 -0.2786
(0.0427) (0.0668) (0.0469)

� 11.27
(14.37)

��1 -0.0012 ��2 0.8981 ��3 3.3693
[0.77] [0.21]

2 lnL 1602.96
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Table 10: Residuals of the three factor a�ne model

This table reports descriptive statistics (sample mean, standard deviation and serial correlations,

�k) of the residuals of the three factor a�ne term structure model. The scale of the residuals is

percentage points.

maturity 0.25 1 5 10
mean -0.0644 -0.0647 -0.0317 -0.0224
standard deviation 0.7705 0.7170 0.4994 0.3981
�1 0.2448 0.2650 0.2496 0.1594
�12 -0.1292 -0.0206 0.0294 0.0209
correlations
0.25 1.0000 0.9018 0.7288 0.6327
1 0.9018 1.0000 0.8901 0.7779
5 0.7288 0.8901 1.0000 0.9218
10 0.6327 0.7779 0.9218 1.0000
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Figure 1: US term structure data.

The �gure shows the 3 month, 1, 5 and 10 year zero coupon yields constructed by
McCullogh and Kwon (1993) from US treasury coupon bonds.
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Figure 2: Fit of the one factor a�ne model.

The �gure shows the average actual and �tted term structures, as well as the standard
deviation of the residuals, in the one factor a�ne model.
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Figure 3: Regression of observed yields on �tted factors.

The �gure shows the coe�cients of a regression (in �rst di�erences) of the observed
time series of yields on the time series of �tted factors in the one factor a�ne model.
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Figure 4: Fitted factors in the two factor a�ne model.

The �gure shows the estimated factors in the two factor a�ne model.
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Figure 5: Fit of the two factor a�ne model.

The �gure shows the average actual and �tted term structures, as well as the standard
deviation of the residuals, in the two factor a�ne model.
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Figure 6: Regression of observed yields on �tted factors.

The �gure shows the coe�cients of a regression (in �rst di�erences) of the observed
time series of yields on the time series of �tted factors in the two factor a�ne model.
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Figure 7: Fitted factors in the three factor a�ne model.

The �gure shows the estimated factors in the three factor a�ne model.
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Figure 8: Fit of the two factor a�ne model.

The �gure shows the average actual and �tted term structures, as well as the standard
deviation of the residuals, in the three factor a�ne model.
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Figure 9: Regression of observed yields on �tted factors.

The �gure shows the coe�cients of a regression (in �rst di�erences) of the observed
time series of yields on the time series of �tted factors in the three factor a�ne model.
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