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ABSTRACT

Non-Falsified Expectations and General Equilibrium Asset Pricing:

The Power of the Peso™

We discuss the extent to which the expectation of a rare event, not present in
the usual post-war sample data, but not rationally excludable from the set of
possibilities — the peso problem — can affect the behaviour of rational agents

and the characteristi

cs of market equilibium. To that end, we describe

quantitatively the macroeconomic and financial properties of a standard
equilibrium business cycle model, modified to allow for a very small probability

of a depression state.

We are careful to contrast what would be the staticnary

probability distribution descriptive of the dynamic rational expectations (RE)
equilibrium, from the empirically observed behaviour of the economy under the
same RE assumption when the depression does not dppear in the sample.
The effects of small probability events appear to be especially significant for

financial market characteristics. We produce a reasonable model specification

accord with US observations. The 8.2% premium is obtained in an economy
where agents are only moderately risk averse and where there are no frictions.
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NON-TECHNICAL SUMMARY

This paper examines the possibility that the curiously large equity premium
observed in the United States may result from the expectations of a disaster
event, or set of events, which happen not to have materalized in the sample
period of observations. Such a possibility, which fallg under the rubric of a

affecting other financial markets {e.q. WWI| for Germany, Japan, and other
Eurcpean countries) have largely bypassed the US economy.

Most recent macroeconomic and financial modelling exercises, implicitly or
explicitly, assume both that economic agents have an assured knowledge of

Yet, it is not unreasonable to think, for exampie, that the experience of the
Great Depression continues to have a significant influence on the behaviour of
those who experienced it directly or indirectly, even though it has not recurred
in 65 years. Similarty, the fear of 1929, although not borne out, or of a much-
talked-about-but-never—experienced systemic financial meltdown, may have
been significant in the crash of Cctober 1987 (as well as in October 198710, In
other words, these events may have loomed larger in the investors’ belief sets
than their ‘objective’ probability as assessed on the basis of recent history: the
fact that they have not materialized in the post-war period does not prove that
the possibility of their occurrence has not affected behaviour,

This paper is a theoretical examination of asset returns in a dynamic general
equilibrium model with a production sector, We study how the smail probability
of a depression state modifies the macrodynamic and financial characteristics
of a standard equilibrium business cycle model. We find that the effects are
most dramatically manifest in data samples in which the feareq ‘disaster state’
is not actually present. Such a Peso phenomenon is seen 10 have gn
especially pewerfui influence on asset returns, most Spectacularly manifest ag



a decrease in the average equilibrium risk free rate. This translates into a
substantial increase in the equity premium and we produce a reasonable
model specification for which both business cycle characteristics and mean
financial retumns accord well with US observations.

We do not want to argue that this is the solution 10 the equity premium puzzie.
By the nature of our exercise, we will never be able to prove that catastrophic
expectations such as those we model were indeed part of the market
participants’ information sets. This leaves the door open to competing or
complementary explanations for the high observed premium. Moreover, we
recognize that observations on the second moments of financial retums falsify
our model as it stands. While it can be argued that there are well known
avenues for increasing return volatifities, it would be inconsistent with our call
for checking the broad implications of a modelling hypothesis such as ours 10
claim victory before second moments are satisfactorily replicated as well.

Stili we find it striking that the 6.2% equity premium is obtained in an economy
where agents are only moderately risk averse and where there are no frictions.
In our view. this exercise forcefully illustrates the power of peso considerations
for asset returns. More generally, we conclude that traditional results are
highly sensitive to small and plausible perturbations in expectations
assumptions. In that light, not only is the US equity premium less of a puzzie,
but we also find it less surprising to observe farge variations in equity premia
across time periods and geographical locations.






I, Introduction

This papet examines the possibility that thelarge equity premijur observed in the United
States may result from the expectations of 2 disaster event, or set of events, which happen not 10
have materialized in the sample period of observations. Such a possibility. which falls under the
ubric of a peso phenomenon, is supported by recent empirical work of Goetzman and Jorion
(1997). Using return data for a wide range of countries, these suthors conclude that the high
historical presnium in the US is unique, and they conjecture that it may be attributable to the fact
that disastrous events affecting other financial markets (e.g. WWII for Japan. Germany. and
other European countries) have largely bypassed the American economy.

Ours is a theoretical examination of asset retums in a dynamic general equibibrium
model with a production sector. We study how the small probability of a depression state
modifies the macrodynamic and financial characteristics of a standard equilibrium business
cycle model. We find that the effects are most dramatically manifest in data samples in which
the feared "disaster state” is not actuatly present. Such a peso phenomenon is scen 1 have an
especially powerful infiuence on asset rerurns and o be capable of generating & large cquity
premium in a1 eCORCMY with plausible macroeconomic characterstics.

The underlying idéa is Telated to, but different from. Rictz's (1988) proposed solution to
the equity premium puzzle. Rietz's (1988) results are obwined for an exchange ¢conomy model
in which the disaster events are actually observed. We show that even stronger resulis can be
obtatned for an economy in which the actual disaster state is not observed, yet in which agent's
believe it may occur. This is accomplished in the more demanding context of a production
economy model for which we show that the actual ocCurrence of catasophic events would not

plausibly resoive the puzzle.



Relying as heavily as we do on deviations between realized and subjectively perceived
Probability distributions raises difficuit methodological questions which the rational expectations
perspective had the goal of resolving. We argue, however, that the empirical implementation
(whether via estimation or calibration) of rationai expectations models using short data samples
(usually post-war data) runs the risk of over-disciplining the typical inquiry. Indeed. the usual
procedures assume, by and large, that all states of nature relevant to agent's decision making are
represented in the sample of observations and that other, significantly different, possibilities may
be excluded from consideration: events that have not been observed are assumed never to occur.
In the language of probability these procedures often assume that the values of the state variables
observed in the historical period encompass all the values in the ¢¢onamy's stationary probability
distribution.

Yet, it is not unreasomable to think, for example, that the experience of the Great
Depression continues to have a significant influence on the behavior of those who experienced it
directly or indirectly, even though it has not recumred in sixty-five years. Similarly, the fear of
1929, although not bome out, or of a3 much-ta.lkcd-about-but—never-cxpeﬁcnccd systemic
financial meltdown, may have been significant in the crash of October 1987 (as well as in
October 19971}, In other words, these events may have loomed larger in the investors® belief scts
than their “objective” probability as assessed on the basis of Tecent history: the fact that they
have not materialized in the postwar period does not prove that the possibility of their occurrence
has not affected behavior.

These considerations suggest to us the importance of checking the robustness of certain
accepted results and modeling regularities to the feature of allowing agents to entertain, in their
decision problem, the expectation of certain events which have not {or not yet) appeared in the

reference historical sample. This is a perspective first adopted in studies of the foreign exchange



myarkets, herce the “peso problem™ Jabel If we are to generalize this viewpoint, however, we
st do so i a highty disciplined way. Most specifically, we must avoid a retum 1o the pre-
rational expectations situation in which puzzling phenomena could be explained away on the
basis of unverifisbie assumptions on mwhat is in the mind " of decision makers. We maintain
discipline in our inquiry by abiding by three requirements: first, we allow for expectations of
significant but not implausible events: second, these events must be sufficiently unlikely {ie.
have small enough probability of ocourrence) so that the fact that they have not been observed in
a period corresponding to the usual sample length does not make it izrational to attach a positive
probability to such events': finally, and most importantly, we check the full general equilibrium
implications of the adopted expectational hypotheses against a large set of observations and not
exclusively against the particularly puzzling ones which have motivated their adoption. While
this paper focuses on financia! retumns and the equity premium puzzle, we thus verify that the
macroeconomic implications of our expectational hypotheses are not falsified by the data™.

Tt is already well understood that peso effects can have substantial implications for
security return cstimates obtained from “small samples’. See Evans (1997) for an excellent and
thorough survey of the relevant Yterature. Within this larger coniext, papers by Cechetti, Lam
and Mark (1990, 1993), Kandel and Stambaugh {1990} and Abel (1994) serve as direct
antecedent to the model considered here. In the context of 2 standard Lucas (1978) exchange
economy, these authors study the effects of imposing a Hamilton {1989) style Markov switching
regime on the conditional and unconditional retun estimates. While these authors do not
explicitly focus on pesc phenemena, their study of the mean retums conditional on a particular

regime paraliels the peso appreach. On balance these studies suggest that the effect of peso-tike

! For all the parameter specifications reported below, the probability of not observing the catastrophic event ma
period of 40 years (taken to Tepresent the typical macroeconomic sample) is always higher than 20% ; itis as
high as 55% for our benchmark casc.

* agadvocated by Evans (1997 in his conclusion.
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phenomena on’ security returns may well be model-specific, depending in particular on the
structure of uncertainty assumed for the endowment process. Peso effects have no consequences
for conditional risk premia in the Cechettl et al. (1990) and Kandel and Stambaugh (1990}
papers, for example, because the pricing kernel is unaffected by uncertainty in the future regime.
Although for somewhat different reasons, the effects are simjlarly modest in Cechetti et al.
(1993). Abel (1994) finds that Markov switching in the endowment process actually exacerbates
the inability of the mode] to explain unconditional equity return premia,

More recently, Bekaert et al, (1995) attempt to explain a series of anomalies in the U.S.
term structure of interest rates by relying on the possibility that high-interest rate regimes may
have occurred less frequently in the realized sample of U.S. data than was rationally anticipated.
By pooling British and German observations with the U.S. data, they construct a sample of
observations which they argue is a plausible representation of the relevant probability
distribution for U.S. decision makers, This, in effect, assumes that the latter regard the interest
rate and inflation experience of foreign countries as being drawn from the same underlying
probability distribution as their own and thus equally representative of future possible
realizations of the U. §. economy itself.

An outline of the paper is as follows: Section 2 lzys out the basic mode] construet whose
properties are studied i Sections 3 and 4. Section 5 presents a version of our model with
plausible macroeconomic properties and an equity premium in line with the US observations.
Section 6 comments on some related literature. We conclude in Section 8 after addressing

welfare issues in Section 7.



2 Tntroducing a-depression state into an wilibrium business cvele modet
Our benchmark is the wel known business cycle model of Hemsen ¢1985) with
sechnology shocks-and an indivisible labor supply- The dynamic equilibrium allocations. In.

this model solve the following centrat planning formufation:

max EY” Bucd-n)
cr +x|+l Sf—(k.'‘-'".')""':r
k. =k =8 +x,
n, £lc z0x, 2 0.m, 20, and

k, given

) st

In the above problern, ¢y denotes the period t consumption of the represeniative agenl
and ny his pesiod t supply of labor {J-n; is thus his leisure in period t). Similarly, & and 2y
represent, respectively. the agent’s period t capital stock and investment. while u(.,.) is his
period utility function and f7.,.) the period production technology which is subject to the
technology shock sequence {z¢}. Lastly the parameter B is the subjective discount factor and )
the period depreciation raté. Under Hansen's formulation, the pericd utility function and
production technology assume the forms:

(1} wle,1-n,)=lnc, + An, . and
@ Tk, m) = LES )" with
a=36.L=125 and 4=-285

The only change we wish to undertake at this stage ‘concerns the form and the
distibution of the technology chocks. As in most of the literature fo date, Hansen (1985)
assumes that the technology shock follows a highly persistent first order autoregressive
process of the form:
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with p = .95 and the 1€ 4 iid lognormally with mean I-p and 8D = 0.00712. The latter
quantity is inferred from the variability of estimated Solow residuajs over the postwar period.
In view of the significant measurement problems (sec Prescots, 1986) it is an appropriately
conservative estimate of the indicated standard deviation. Under this specification, z, is also
lognormally distributed with

1

Bz, = 15D(z ) = (=
£

vare 3" =32 SD(¢) = 023

Note that the 95% confidence interval for z; is [0.954, 1.0467 and that the probability of a
shock being significantly worse than this range is essentially negligible; for cxample,
Prob[z £0.9]= 210" Prob[z < 0.8} = 610 :Prob{z £ 0.6] = 2107

The first step in implermenting the change in the shock process we want to effect is to
approximate the continuous process above with a finite state discrete Markov chain. There are
twe relevant considerations in constructing such an approximation. F irst, we know from
Tauchen (1986) that we can approximate the continucus process noted above to any degree of
desired precision (match any number of moments) by choosing a sufficiently large number of
states. Second, we know from eartier work (sce, e.g.. Danthine and Donaldson (1989)), that it
Is possible 1o replicate almost exactly the macroecoromic and financial results of Hansen
(1985) with a coarse state partitior of two carefully chosen states. This possibility reflects the
fact that the performance of the propagation mechanism inherent in these models seems
relatively unaffected by the precise structure of the shock process.

For economy of computation and in order that our miessage be more transparent we
will thus rely on the Jatter comment and postutate, initially, 2 two state symmetric Markov

process with =, =0.979 and 2; =1:021 and the-following probability transition matrix -

? Once again, the characteristics of the transition probability matrix such that the diserete process most closely
Approximates the continuens Pprocess are derived Trom Tauchen (1986).



(.97 .0'3}
= N
03 97

As confirmed below, the latter choice allows the modekto replicate neatly exactly the results.
presented tn Hansen (1985).

We next modify the shock process to- admit the possibility qf a depression state
occurring with smail probability. Our benchmark case postlates z; and z7 as per abo*)e_ but
withzz=8.6 and transitien matrix

87 03-p 7
B3-n 97 g|=M™
-4 S1-4 ¢/

where 17 captures the likelihood of entering the third “depression” state and ¢ determines the
expected time remaining in t. An increase in either of these parameters, ceteris paribus, will
increase the stationary probability of the depression state. With » = .0004 and ¢ = .10, for
example, the unconditional probability of the depression state is .00044 or 44 times in
100°000 perieds (quarters under our parameterization).

The focus of this paper is the study of the business cycle and finarcial characteristics
of a mode! economy inl which cconomic agents rationaily anticipate the possibility of a
disaster state. vet in which no such state is observed in the actual realization of events. There
are two equivalent ways to formalize this idea. The first is to consider that the process M is
the true. objectively and subjectively anticipated. Markov process for this economy, but that,
given its Jow probability, the third “depression™ state happens not to materialize in the sample
period of observations. The second interpretation is that agents irrationally base their
decisions on a subjective perception that the Markov process for this economy is M while in
fact the truc shock generator is M'. While in substance the two interpretations are mgterially

different, in practice the results are the same. In other words, we have verified that generating




macre and financial statistics using the M’ matrix while agents’ deeision rules have been
derived on the basis of the M matrix vields essentiaily the same resulis as using the M matrix

1o represent both the expected and the actual process but purging from the observations any
realizations of the depression stage”,

Accordingly, time series of per capita capital stock, consumption, investment, and
hours were generated using the decision ritles xtk.z) and nfk%,z) obtained from the solution to
problem (P)-(M). This problem was solved numerically using discrete state space dynamic
programuning methods based on 2 standard grid search with the norm of the capital stock
partition equal to .0025. * See Christiano (1989 ) or Danthir_le 4nd Denaldson (19893 for 2
detailed summary of these procedures. For all simulation runs, #= 99, §= 025 and o = .36.
In order to consider explicitly peso phenomena, we employed these decision rules to derive
time series where the actua! shocks were generated according to matrix M {though
anticipated, no depression state was actually present in the data); in all cases the time serics
consisted of 500,001 points. We emphasize that this procedure is intended as a statistical
stand-int for the situation in which the depression state may occur, but in fact happens not to be
observed in the sample under smdy

In gl cases, the time series respected the relationships:
€3] ok, z,) =f(k,,n(]c,,:»:,)‘)z, - x(k,,z,) and
@ kpuy =, (1= 8) + X(k, .2,

Financial statistics were completed using the now-standard perspective of Lucas
(1978) and Mehra and Prescott (1985). In particular, the dividend stream dfk; , z) of the

equity security was constructed as per:

* Provided we arc careful 10 also remove all ebservations posterior to a realization of the depression state unzl

-the cconomy has returned to its “normal™ steady state values.

* Note ‘that, by itsvery nature which implies that the “action™ is far away from the steady state. the problem
-Taised cannot be solved cfficiently vin computation methods based on approximations around the steady state.
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(5} d(k, .z} = fk,.nlk,.z. Nz, —wlk, .o mlk, .2,) — xtk, .2}

where w(X,.z, . the period wage rate, satisfied

(6} wk,,2,)= fi(k,.ntk,.z, )z, .

and w(k,,z,)n(k, .z,) defines the representative firm’s period t wage bill. Using the dividend
series so construcied, the fcondittonal) price g€k, . =) of the equity security was recursively

computed according to the equation

L G GIRPE Y N Ry GO ))r .
ul (C(kr Yz! )‘l n(kl ”'r)}

7 Q°(k,-5,)=ﬂj () a2 )R, (2,002)

We note for later use that a recursive schution to (7) leads to the following price

representation for the equity security:

& e d-m)
& [Zﬂ’ —du e 1-7) ,+,]

e

At all times the above expectation was computed using the condittomal shock
distribution dF,,(z,,,:z,) obtained from the full matrix M i.e., at all times investors priced
the equity sceurity taking into account the possibility of a disaster state. Using these prices,

the time series of equity returns was then computed in the obvious way:

(9) re qc (kr¢l‘zf;i)+d(kr+l‘zl+!)
g7 (k,.2,)

[NZS

-1

In a like fashion, the price of a one period risk free debt security . g%, is given by

u (C(kn.l 2Tt )-1 - n(kﬂ-v-l ‘:1+I))
u (C(kr i )’I'_ n(kl -2 n

o) g*k.z)=8] dF, (z,.1:5,)

with the conditional risk free rate defined correspondingly as

1

11 bk.:r ==
(an  rik.z) T

T




If such a security is in positive net supply (as we may later choose to assume), the
definition of the dividend stream must be accordingly modified:,
02 dk,,z 3= flkan(k, Nz, —wlk,.z)nlk, .2,) - x(k,.2,) - Br'(k, .z,
where B denotes the (positive) net supply of bonds issued by the representative firm. Note
that this abstraction requires a notion of decentralization which admits muiti-period firms,
See Altug and Labadic (1994) or Danthine and Donaldson (1995) for possibilities in this

regard.

3..The Benchmark case: a Macrogconomic Assessment

In this section we verify that our main expectational assumption is not falsified when
the model results are confronted with macro observations. For our benchmark case (23 =.60 ,
n=.008 and ¢ = .20), the disaster state is expected to occur approximately once every 100
guarters or, on average, roughly once every 25 years. For these parameter values, the
likelihood of not observing z, in a sample period of 40 years is 55% (see Appendix 1). If and
when a disaster state occurs, output declines to about 50% of its mean value for one quarter
and investment almost comes t¢ a halt’. Consumption falls by about 30% for one quarter,
Labor supply also decreases by about 20%. All variables return to normal almost immediately
because the effect of the shock on the capital stock is small (k declines by less than 1%).
Investment and employment overshoot to some extent.

For reference, we present in the second panel of Table (1) the case where the shocks Z,
and z, are chosen so that for 77 = 0 (no possibility of entering the disaster state), the model

replicates, almost exactly, Hansen's (1985) indivisible labor economy results. Note that the

* “Yhe direct effect of technology shock is ampiificd by the induced decline in laber input.
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model’s. results are generally consistert with the statistical summary of the U.S. economy
although consumption is too srooth.

In the third panel of Table (1) we report the statistics for the-complete set of 500.001
observations derived from the (P)(M) model. For this case, the disaster actually occurs with
the stationary frequency computed-above. We see that the effect of the presence of the disaster
state ex-post is to make the economy substantially more variable, especially investment. To
some degree, this perception is affected by the extent to which the perieds of depression are
allowed to pull down the estimated trend. To correct for this effect, we report (columns (d).
Table €1)) the standard deviations of the stationary probabitity distributions without
detrending. A comparison of the corresponding numbers shows that the detrending procedure
exaggerates the effect on the standard deviation of investment but that, as an approximation,
the introduction of the disaster state can be said to increase the “stationary™ or “unconditional”
variability of the macro-aggregates by 50%.

Let us now turn to the case where the disaster state is anticipated but not realized.
Panel (4} of Table (1) presents the results for a complete set of observations generated from
the decision rules which solve problem (Py under the assumption of a stochastic shock
structure governed by M (same decision rules as underlie Panel (3)), but where the time series
of shocks actually follows M'. Coemparing columns {2) and (b) of Panels (2) and (4) we see
that the addition of the pure possibility of the disaster occurrence has no effect at business
cycle frequencies. Neither the detrended standard deviations nor the detrended correlations
appear to be materially affected. Something more is revealed if we examine the
undetrended statistics (columns (¢} and (d) ef Panels (2) and (4)). Comparing mean values
(colurm {c)), we observe a consistent increase across all macroaggregates when a disaster

state is anticipated but never realized. The percentage increase ranges from a high of 3.6% for




‘investment and capital stock, to a low of .67% in the case of employment. As a result of these
latter shifts, output and consumption are, on average, higher as well,

How may these findings be interpreted? Relative to consumer-investors in the
standard Hansen (1985) model (no disaster state anticipated or experienced). agents in the
benchmark economy perceive an increase in risk, even if the disaster state is never realized.
They <an partially self-insure against this risk by saving more (and, as we'll see later, by
attempting to hold more risk free assets) and accumulating capital. While the consequences of
this precautionary-like behavier are not large, this is not surprising given the small stationary
probability of being in the disaster state.

We may thus conclude, at this level of observation and within the confimes of the
adopted parameter specifications, that it is not possible to reject the hypothesis that a small
probability disaster state is part of economic agents”™ expectations sets. In other words, whether
the perceived probability of a disaster is positive or null, our ability (or inability) to ¢xplain
macroeconomic observations is unchanged since the data summary is largely unaffected.

In Appendix 2, we confirm these results for alternative parameter values, For a broad
range of values of ¢ , n, and z, consistent with the depression stale remaining a smail
probability event, the macroeconomic properties of cur model remain very ¢lose to those of
the standard Hansen (1985) business cycle model. Accordingly we feel justified in exploring

its financial implications for these parameter specifications.

4. The Benchmark Case: Financial Implications

Comforted that our specific expectational assumption is not falsified by macro data,
we now turn to examining the financial properties of the benchmark case. As noted in the

mtroduction, it has been understood for some time {e.g.. Evans (1997)) that peso effects can



lave 2 substanttal influence on financial data, and #t is of interest to examine the extent w0
which this is manifest in our general equilibrivm context. Table {2) presents the results of the
model for the base case of Table (1),

Panci (2) iHustrates the force of the classical equity premium puzzle of Mehra and
Prescott (1985) translated into our production setting: the risk free rate is much too high and
the equity return too low relative to the styjized facts of the U.S. economy (Panel (1}). Asa
result the premipm is tivially small, If a possible disaster state {z,=.6) is appended to the
model (our Benchmark), and if the disaster is experienced with the same relative frequency as
apticipated (Panel 3(i)}, the premium docs increase dramatically (in fact more than 100 times).
but still remains much below its observed level, despite the fact that this CCONONLY is nOow
more than three times as variable than the U.S. economy (see Table (1). While both risky
and risk free returns display appropriately greater volawiity than in the basc Hansen (1985)
maodel, the volatility of the risk free rate now exceeds that of the equity return, which is
counterfactual. If the coefficient of relative risk aversion is increased to v=3 (Panel 3(ii)), the
upper bound on its generally accepted range of plausible values, the premium, while rising
further, still falls dramatically short of its empirically observed level” Increasing risk
aversion does further increase volatility, but the relative rankings of the equity and risk free
securities Temains inverted, indeed. increasingly so. These results suggest that, in the context
of a production economy. the introduction of a disaster state alonc does not significantly
improve the ability of this class of models to replicate the general ly aceepted financial stylized
facts.

If we examine the analogous statistics from a sample in which the anticipated disaster

state has not materialized (Panel 3(iii)). however, the results are very different. The risk free

" In this case the preferences of the representative agent are hypothesized 10 be of the form:




rate, in particular, is seen to decline very considerably, while the equity retum assumes more
or Jess its value in the original Hansen (1985) model. These effects together—give rise to a
1.62% premium. While still short of the U.5. historical value. the latter number fairly well
approxfmates what is observed for non-U.S. developed countries. In addition, the volatilitics,
while too low, are now in the correct relative relationship.

The frst step in the interpretation-of this series of results is the realization that the nisk
of 2 catastrophic quarter or string of quarters is bom exclusively by equity holders and not at
all by bond helders. The occasional experience of a depression state in itself generates a larger
premium made of a gecrease in the retwrn on the (more desirable) risk-free asset and an
increase in the expected return on the (less desirable) risky asset, Indeed. this 1s the thrust of
the Rietz (1988) solution of the equity puzzie to be discussed at length below. In addition, the
presence of a catastrophic state destroys the normality of the pricing kernel. Backus, Foresi
and Telmer (1$96) show that an increase in the skewness and kurtosis of pricing kernels both
tend to decrease the sk free rate. A disaster state does both. In our case, as already noted, the
effect is significant but small: the equity premium remains below 1%.

But more is at work specifically atributable to the peso probiem. As just observed. the
pure possibility of a catastrophic state makes the premium larger. And this is the case despite
the fact that, going into the catastrophy, the Teturn on equity is very low {negative) while
going out of the catastrophy the return on bonds is very high. The former observation is easy
to understand, the latter results from the fact that the depression state is a bad time for saving:
the expected consumption in the succeeding periods will be much higher. and thus the
expected marginal utility of consumption much lower, than in the disaster state itself. Low

expected marginal utility of consumption tomorrow and a high marginal utility of

u(c,,l—n,):?_:;—+ An,.



consumption today translates inte low asset prices in general (sec cqns. (8) and (10)). This
effect is relatively much more significant for the risk free security. Since the depression state
is highly tracsient, the probability of a much better shoek (z, or z,} next period, and thus of a
high dividend betweerrthis and next quarter, is very larme. This latter effect moderates the
disaster’s influcnce on the stock’s price. No such higher payment is associated with the risk
free security, however. In other words. with a high probabifity of a muck Berter shock to-
morrow than to-day, the equity investment almost dominates the risk free asset. The pressure
on the price of the latter is thus more pronounced than on the price of the former.

When we study the statistical properties of time serics in which the disaster state is
absent, we precisely exclude those states where the risk-free-security-price is the lowest and
the risk-free return is the highest. The Jower tail of the price distribution (representing the
disaster states)--cquivalently, the higher tail of the return distribution -- is thus eliminated.
This accounts for the substantially lower mean risk free retumn in the sample. For the equity
security, these same cvents are also eliminated but they represent a much smaller proportion
of the high retumn states than in the case of the risk free sceurity, Accordinglv, the mean
returns are lower for both sccurities (relative to the situation in which the disaster is
experienced) but the effect is much greater for the risk frec security, This same logic alsc
accounts for the substantially lower standaré deviation of returns to both securities.

This intuition is formalized in the following proposition:

Proposition: Under appropriate assumptions, the stationary price distribution for the risk free
sceurity in the case where the disaster state is not observed stochastically dominates (1st order
stochastic dorninance) the corresponding distribution over the full set of shock realizations.

Proof: see Appendix 3.




5. A Plausible Macro Model without Risk Premium Puzzie

Drawing the lessons of the last two sections we can envision the possibility of
simultaneously replicating the main stylized facts of the business cycle and matching the first
moments of financial returns. We first try to understand if the preceding results can be
strengthened by generalizing the set of adrmissible parameters. Two possibilitics immediately
suggest themselves. The first is to adrmit 2 higher degree of relative risk aversion on the part
of the representative agent. In the standard Hansen (1985) formulation, this change has the
consequence of making the risk free security more desirable (thereby lowering its return), and
the risky security less desirable (raising its return), with the joint consequence that the
premium increases. In our context. the fear of the disaster may even strengthen the effect for
highly risk averse agents. A drawback to this device, however, is that there is a concomitant
effect in the behavior of the economy's macroaggregates: substantial increases in risk
aversion tend to force equilibrium output and consumption to be excessively smooth relative
to the data.

A second parameter with which it is natural to experiment is B. the level of
outstanding risk free firm debt (sec eqn. (11)): positive debt issuance represents, via the
attendant interest charges, a fixed claim against the firm’s dividcnd stream. This has the
consequence of making the dividend stream proportionately more variable. As a result, the
price of the equity security would be expected to fall and the return rise, evervthing clse equal.
Since the agent also owns the firm's debt, he receives the interest payments and his income
path (dividends. intercst. and wages) is thus unaffeeted by a change in the firm’s capital
stucture. As a result, his consumption and investment streams are similarly unaffected by
such a modification, with the conscgquence that no attendant change is to be expected wether

in the return characteristics of the risk free asset or in the cconomy's macrodynamics.



Table (3} provides results for a representative set of risk aversion —debt level
parameter combinations. Panel (1) repeats the benchmark results for case of comparison.
Panel (2) illustrates a case in which no debt is present but where the coefficient of relative risk
aversion rises to v=3. An increase in risk aversion increases the demand for both securities,
but proportionately for the risk free one much mere so. As a result, its expected retorn
declines very significantly and the premium rses to 2.22%. Since greater risk aversion gives
rise to an optimal consumption path that is much more smooth, however, there is less
intertempora] variation in the eguilibriurn pricing kemel with the consequence that the
volatilities of all securities, as well as of the consumption growth rate, decline.

Pane} (3) captures a pure increase in the economy’s debt level to B=2, In this case, the
value of the firm, which equals the value of its capital stoek is 11.53; a debt jevel of B=2 thus
corresponds to 2 debt/equity ratio of .21. In the case of v=3 (Panel (4), to be considered
shortly), the average capital stock is 13.10: the debt/equity ratio for the same B=2 is .18.

In the case of y=1, B=2, thc mecan equity returmn increases to 4.56% from 4.08% (B=0).
With no change in the risk free return, the average premium rises to 2.10%. With both
modifications (Panel (4)) the premium increases 10 2.84%. If B is further increased to B=4, a
premium of 3.84% is achieved (Panel (5))°.

Equipped with this knowledge, we present in Table (4) what can be viewed as our
main model specification. The choice of parameters differs from the cases presented earlier
principally in two respects. First, z,=.5; that is, the anticipated (but never experienced) decline
in output is somewhat larger. Second, 9=0; whenever the economy experiences a disaster it is

of short duration. As a result, the stationary probability of the disaster is now less than 1%

¥ It also makes sense to consider variations in 1 and ¢, We find, however, that unless these parameters are chosen
so that the jointly determined stationary probability is relatively high (approaching 7%}, the effects of increasing
7 or $, singly or jointly, is small. For the same range of parametsrs as are present in Table (2) Part 2, for



(.00792)! This is thus a scenario of more severe but very short lived and low stationary
probability disaster states. The coefficient of relative risk aversion is set at v=3. In order to
offset the reduced aggregate variation attendant to this latter choice, the shock dispersion-is
increased somewhat to z,=1.028 and z,= 977,

We see that this case replicates the first moments of U.S, security returns almost
exactly, The premium is 6.2%, as contrasted with 6.18% in U.S. datz. Although the mean
equity return: is a bit too low (and similarly for the mean risk free rate), this shortfall could
easily be remedied by postulating a somewhat higher Debt/Equity ratio. Return volatilities
remain much too low, however, for the reasons noted earlier. These results are obtained in a
model whose business cycle properties are in line with those of the celebrated Hansen (1985)
model. Consumption is a bit smoother here and the same is true for empioyment, but the
macro literature offers several alternatives for improvements in these directions and this issue
should not occupy us much here. Note, however, that the fact that we obtain our favorable
finanicial resullts in a mode! with very little consumption volatility suggests that our peso
mechanism is substantially different from those considered heretofore in the [#erature. The
other three series display approximately the correct volatilities and the correlation structure is
also very satisfactory,

We find these results striking: here is a calibrated macroeconomic model with
perfectly respectable business cycie propertics. Agents are moderately risk averse and there
are no frictions. Yet, there is nothing puzzling in mean asset returns: the equity premium of
this economy corresponds almost exactly to the 6.2% observed in the US economy. This
exercise forcefully illustrates the power of peso considerations for asset returns. More

generally, it suggests the sensitivity of traditional results to small and plausible perturbations

example, the premivm varies from a low of 1.62 to & high of 1.70 (the $=.9 case). In the rest of this section, we
do consider other changes m ¢ and z,.




in expectations assumptions. In that light, not only is the US equity premium somewhat less
of a puzzle, but it is also less surprising to register large vaniations in equity premia across
time periods and geographical locations. Indeed it is clear that the full range of international
premia could be replicated with small changes in our parameter specification.

6. Related literature

Results similar.in spiritto those presented in the previous section are presented in
Cecchetti et, al. (1997). Those authors consider a Lucas (1978) style exchange economy, in
which the representative consunier-investor believes in a ransition matrix that is false. They
find that financial returns computed when the economy’s dividend growth process follows the
true transition matrix yet where agent’s security demands are derived under the assumption of
the false matrix allows the resolution of the equity premium puzzle at the level of first
moments. While our model adds the further discipline and complication of a production
setting, we are effectively endowing our agent with distorted belicfs relative 1o the actual time
series of shocks, and in that sense our results and theirs are in perfect congruence. In view of
our later discussion of second moments, it is noteworthy that Cecchetti et. al. {19%7) goes on
to show that a satisfactory matching of the second moments of security returns requires that
the representative consumer believes not only in a false matrix but also one which is time
varying.

At this stage it is also worthwhile to review Rietz’s (1988) claimed solution to the
equity premium puzzle. Rietz (1988) examines the implication: of introducing a disaster statc
for the pricing of f_'ma.ncia] assets in the context of a purc exchange economy closcly similar to
the original setting of Mehra and Prescott (1985). In that sctting, consumption and output
coincide and the source of uncertainty lies is the stochastic process governing the growth rate

of output. Rietz (1988) adds 2 disaster-growth-rate state. The probability transition matrix



governing the consumptien growth rate he employs is, i fact, identical to our-matrix M with
=0 (no persistence int the cisaster state). Heis able to obtain risk premiz in- the range of 5-
7% with. combmations of the time discount factor £ in the range of £.96, .99] in conjunction
with coefficients of relative risk aversion in the range [5. 9] when, in the disaster state,

consumption fails te one half fts average valze (see Rictz (1988), Table (2)’). These-results

are generated for 77 parameter values in the range of 772 [.000L, 004].

Our production economy is more complex than the ecanomy of Rietz (1988). With z3
= .5, output in our model also dectines by slightly more than one-half reiative to its avé:age,
but consumption does not. In a production economy, agents have the power to smooth
consurmption: by altering their investment plans. Such smoothing ability reduces the variance
of the representative agent’s MRS and the pricing effects are expected to be less dramatic than
in Rietz (1988). But how much less dramatic? To gain insight on this question, we examined
the financial statistics for our mode! in the case where = 1= 1.021, 23 = 979, 23 = .5, 7=.004,
and ¢ = 0. a situation which directly corresponds to Rietz’s (1988, Table 2). Al statistics
were computed from the full time series in which the disaster state was present with the
appropriate frequency. In this case, the economy displayed a level of variability substamially
in excess of what is typically observed. In particular, the standard deviation of output
achieved a level of 2.94% percent: investment displayed a vadability of 48.23% percent.
Nevertheless, the observed premium was only in the neighborhood of 1.1%. If the relative
magnitudes of z; and =7 were reduced so that the models variation better reflected the true
business cyele stylized facts, the premium would have been even lower. These resujts

confirm an carlier conclusion: the introduction of a disaster state into 2 production cconomy,

® Preferences in Mehra and Prescott { 1985} and Rietz (1988) are described by a wrility function of the form (no
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in itself, is not an effective way to explain the financial stylized facts if the standard properties

of the business cycle are to be preserved.

7. Welfare

We have repeatedly insisted on the necessity maintaining discipline in an inquiry such
as ours. To that end, we have comsidered only plausibly catastrophic events, occurring with
very smail attached probability, so that the macroeconomic impact of the induced behavioral
changes is minimal. In this section we take an extra step by asking the question of the welfare
consequences of anticipating a disaster state which never materialize. Indeed. one can
conjecture that such anticipation wili induce agents to deviate from their optimal investment-
consumption-labor supply decisions and that, as a result, their welfare will be lower. Itis of
mterest to measure the magnitude of this loss; i.e. how costly are the expectations mistakes
that we have allowed so far, and, consequently, how large are the incentives to .adjust these
expectations?

This question was formalized in the following way: first, the average, period utility of
consumption under the matrix M was computed for a particular set of parameter values. This
corresponded to the case in which agents neither anticipate, nor experience the disaster state: it
is an exact replication of Hansen’s (1985} indivisible labor economy. An identical calculation
(for the same parameters) was undertaken for the restricted series (=3 not present in the
sample), where the decision rules were obtained from the solution of (P)-(M) (disaster
anticipation). The consumption transfer that an agent operating under the « (P)-'(M)-rcstricteﬁ
sample » would have to pay (or receive) in order to achieve the same mean peried utility as if
he had selved (P)-(M”) was then computed. That is, we solved for the quantity & which

satisfied:

E{U(e, + &1 n, ), Mirestricted sample} = E{U{c, 1—n, ) M'}



For the base Hansen (1985} case ((P)-(M")), £{U (¢, I~ n, 5 =-1.053052. The results
of this comparison for a sample of cases are presented im Table €5). The cases reported are
representative in that for alt cases, £ < 0, and | &/Ect assumed a vakue in the range of 1%, We
sec that, once in the stationary state, the representztive agent is shightly better off if he Believes
and prepares for the possibility of a disaster state (but none is observed}. This. of course,
means that the entire cost of kis pessimistic expectations is bome in the transition to the
stationary state, during which time he consurnes less, saves more and-accumulates additional
capital. The latter translates into higher steady state consurnption, at least if the disaster state
does not materjalize. While these adjustments appear appropriately small, it is fair to observe
that, since, on the whole, agents must be worse off (otherwise the optimal policy under (M")
would not be optimal), it must be that the sacrifices made in the transition are larger than the
present value of the steady state gains, which, with our discount rate of .99 per quarter, can be

estimated at 23% of the yearly consumption flow.

8. Conclusions

In the context of a dynamic general equilibrium model. we have explored the
consequences of letting agents believe in the possibility of a disaster state. We have shown
that allowing for such a possibility has substantial implications for the properties of financial
returns. most dramatically so when the disaster state is not observed in the sample data.
Macroaggregates, by contrast, are more robust to this modification. We believe the lesson of
this inquiry to be useful because most rccent macroeconomic and financial modetling
exercises implicitly or explicitly assume both that economic agents have an assured
knowledge of the relevant stationary probability distributions and that the latter are

satisfactorily characterized by the properties of relatively short historical data samples.
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The idea proposed in this paper represents, in some sense, a departure from the full’
rational expectations perspective that has been so fruitful for macroeconomic theorizing over
the past twenty-five-years. {ts appeal lies in its reasonableness and parsimony: we require only
that agents fear, and prepare for, events which may not ultimately oceur. It is, nevertheless, a
dangerous path to follow precisely because our results show that our understanding of reality
can be very sensitive to-expectational assumptions which we cannot test directly. We have
attempted to manage this.danger by restricting ourselves to the expectation of relatively
plausible small probability events for which the out-of-sample time series on which we based
our statistical computations have a high probability of actually being observed, i.¢.. that, short
of a much longer data sample than what is customary, agents' expectations. while not fully
verified, are not falsified either. Moreover, we have argued that ont-of-sample considerations,
if they are to be integral to a successful theory, must contribute to an explanation of the
broadest possible range of stylized facts, both macroeconomic and financial.

We have found that the possibility of a disaster statc manifests iteelf most
spectacularly by a decrease in the average equilibrium risk free rate which translates into a
substantial increase in the equity premium and we have produced a reasonable model
specification for which both business cycle characteristics and mean financial returns accord
well with US observations.

We do not want to argue that this is the solution to the equity premium puzzle. By the
nature of our exercise, we will never be able to prove that catastrophic expectations such as
those we model were indeed part of the market participants’ information sets. This leaves the
door open to competing or complementary explanations for the high observed pl;cmi.um.
Moreover, we recognize that observations-on. the second moments of financial returns falsify

our model as it stands. While it can be argued that there are well known avenues for
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increasing return volatilities'”, it weuld not be conststent withour cail for checking the broad
implications of a modetting hypothesis such as ours to claim-victory before second moments
are satisfactorily replicated as well,

Suil we find it striking that the 6.2% equity premium is obtained in.an economy where
agents are'only moderately risk averse and wlhcre there are no frictions. In cur view, this-
exercise forcefully illustrates the power-of pesorconsiderations for asset returns. More
generally, we conclude that traditional results are highly sensitive to small and-plausible
perturbations in expectations assumptions. In that light, not only is the US equity premium:
Jess of a puzzle, but we also find it less surprising to observe large variations in'equity premia

across time periods and geographical locations.
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Appendix T
Al Stationary probabilities

The stationary probability distributien (P, F.. ), for respectively, states 1. 2, and 3
satisfres: -

(P1 P Py) «M=(P.. Po. )

Solving for the shoek transition matrix given by

f 97 03-n 7
M= .03-1 87
[-5('1 ~-¢) S(t-4 ¢

!
the implicd system of equation yields ®, = P, P, = Sl

19

For ¢==.2 and n=.008, one thus obtain: P,=.485; P,=.495; F,=009%, or approximately
$9/10,000. For n=.0008, P,=.00099 or 99/100,000 while P,=.000495 for n=10004 and ¢=.2.
For the other values of ¢ and 1 used in the text, the following P, probabilitics are obtained:

= o= 0 1 2

0004 000396 00044 Q00495
004 00396 0044 {0483
008 00792 0088 . 0099
.01 .0099 011 .0124
016 01584  .0176 .0198
B. Probability of 160 consecutive trials without the appearance of z,
Let us define
Pl = Prob(z, # 2, p=L.2..0-1. 2, = 2, | 2, = 7))

The probability that z, is not observed in 160 consecutive trials can then be expressed

60, pl6o pid, ple
PP P P

These probabilitics are computed as follows. Let us define the submatrix M by

. 97 03—
=l .
D3-n 97
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and let M" correspond to the above matrix raised to the 160% power with entries M
Then

160 150 pleo 150, DI0 _ 3 rie0_ plso 160
B =My v:PLz':Maz 1P =My Py =M.

See Kemeny and Snel {1976).

In the case of the parameters undetlying Table 1 (Panel 4)

= [97 022] . Fi3gs 1330
S e - [138¢ 1382]
022 97 1382 .1384

The desired probability is thus .1384 + 1382 +.1384 = 535,



Appendix 2

This appendix presents and comments upen-the pracrocconomic implications of
altering the parameter specification adopted for the benchmark case of $ection.3. Fable (&)
Part 1 provides descriptive statistics for awide range of 1y vatues. In every case the disaster
state is anticipated but not observed In the time series from which the statistics were computed
(same procedure as in “Table (1). Panel 4). Focusing first on the detrended business cycle
statistics (columns (3} and ¢b), we see that our original conclusion is sustained: the variations
in the model’s macro aggregates seerll almost entirely umaffected by increases.in n.
Undetrended variation appears to be affected even less, Similar statements apply whenwe~
compare these resulis to the case of n=0 (Panel 2 of Table ¢1)). Notice that the precautionary
effect is also evident: relative to the case of 3=.0804, investment and employment aré higher
when n=.015. These latter effects, once again. are got arge, but then neither is the stationary
probability of disaster, even when 1==013.

Part 2 of Table {6y undertakes the analogous comparison across various values of ¢. In
the right most Panel (3} ($=.9), the stationary probability of disaster is Tore substantial than
in any of the prior cases and it is of particular interest to sce what effects this has. At business
oycle frequencies (coluran (a) and (b)) we see once again that the correlation structure is
unaltered across al} the cases. With the exception of copsumption, all detrended macro series
become progressively less variable as ¢ increase, with the effect becoming quite pronounced
as ¢=9 is achieved. The proportionate decline in variability in greatest for investment,
followed by employment. The relative variation characteristic of the business cycle is largely
maintained, however.

Tor all undetrended series (consumption included) variation declines as ¢ increases,
with the effect being, again. especially significant when ¢ is large {high stationary probability
of the disaster). There isalsoa simultaneous uniform increase in (columns (¢)) the mean
values of all the series. This latter data {Table 6, Part 2) provides a more dramatic jllustration
of the pseudo precautionary effect noted earlier.

On balance, these cases reinforee our carlier conclusions: the prescnce ofan
unrealized but anticipated disaster state does not materially alter the ability of this class of
models to replicate the stylized facts of the business cycle for plausible parameterizations of
the likelihood of disaster (6=.9 18 probably not plausible). If we accept this family of models
a5 a reasonable approximation to underlying processes generating real world data, we are
foreed to conclude that it is not possible to exclude the possibility of peso phenomena
wnderlying actual reported statistics. Our results also suggest that the decline in savings
experienced by the U.S. cconomy during the recent prolonged expansion may in part be
interpreted as reflecting a reduced probability of disaster in the mind of the typical consumer -
investor.

The remaining parameter which may have some effect is the parametcr z, which
measures the severity of the disaster (rather than the frequency as in the prior discussion).
Here the effects are totally consistent with our earlier conclusions. Consider the results in
Table {7) which considers a representative scleciion of z, values. The message is
unambiguous: the seventy of the anticipated disaster has little effect on the equitibrivim dme
series cither detrended or undetrended. This further reinforces our conclusion: for this class of
models, peso considerations are not inconsistent with the cbserved equilibrium time series of
macroaggregates.



Appendix 3

Proposition 3.1: Consider the model described by (P)-(MO and suppose the following
additional assumptions are satisfied:

(@ =0
(i) Let F.(.,..) denote the conditiona] equilibrium price distribution for the risk
free security under the shock transition matrix M, and let @.q". Then

E, (q;q;‘)sFM(q;ql."), where we interpret this to mean that for any q,
h

Pria;, <q:q} =q!)<Pr{q", <q;q, =q").

Proof: Under the functional forms specified by (P)}-(M), all the assumptions of Donaldson and
Mekhra (1983), section TV are satisfied. Thus the solution to (P){M) is = triple of continuous
decision rules c(k,z), x(k.,z) and nk,z) which deseribe the economy’s equilibrium
consumption, investment and labor supply functions for each pair of state variables (k,z).
These decision rules describe the evolution of the economy under (P)-(M’) as well. By the
zepeated application of this investment function x(k.z). in the context of the equation of
motion on capital stock,

Koy = (1-Q) K+ X(k, 2)

there also exists a stationary probability distribution for the Joint stochastic process on capital
stock, shock pairs to which the €CONOmy converges.

We consider z discrete approximation to this continuous statiorary distribution in order to
correspond more directly to the results of the simulation.

By equation (9), to each capital stock-shock pair (k, z)} in the stationary distribution there
corresponds a unique risk free asset price q" (k,, %} Let us denote by Mj. the probability
transition matrix deseribing the evolution of the risk free 2sset price under (P)-(M) where we
order the prices according to

TR,

Let Q={g.q7....q}}. Select arbitrary 97.q; €Q. where g° =q"(k.z)and " = q"(k;.2,).
Then
IT§ = Pr(q},, =q°,q" =q°)

_ I it kj=(1—Q)k|+x(k,.zi)
“Jo otherwise

where I, =Pz, =z 2,=2), 2.7, € {z,, z., Z
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Step 1: We fizst-wish to show that there exisis 2 z, such that if 2, £z, &, B <q (k. 2}
forall (k,, &) where z,= 2, and all (k,, z)-where 2, # 2,

Proof: Since c(k.z) < fkn(k.z))z. we know there exists a 2. (z, = 9 is admissible; by
continuity 2 7, >0 may be chosen) such that if z, €23,

c(kj'-"zﬁ) < c‘(knzk_)
o(K(k, 2, 5z) oK (Kozdhz)

for any k. k; in the stationary distribution where k' (= {1-Pk+x (k,z)and 7. 2.2, €
o(K,.2,)

—— e dF,(2,22,)
ok (kj‘zj).z,)

{27} It follows from the above inequality. since ¢=0. that B j

<p _[-—c(k—‘z—‘)-»— dF,(z,; %), forany k. k, in the stationary distribution. Given that U(c. 1-n)
ok 2 ) Zq)

= Jue + A In n, we may conclude that q® (kn 2,) £ §° (ko z) for any k.. k, in the stationary
distibution provided z, » z, as desired.

Step 2: Let Fy, be as in the statement of the theorem and let Fy, be the analogous conditional
distribution under (P) — (M"). Then for any q'eQ,

. FMr(q;Q?) <¥hy {a547 )-

o

This inequality foliows from the following observation. Let q° =q"(k,.z;)- Under
E,(q":q}) there wilibe positive probability mass 7 for @’ = B((1-C2)k; + x(k,2,)7:): under
F,.(g:q;) this entry will be zezo and the entry corresponding to 2, 0T Z; cormrespondingly
greater (in probability). Since ¢ (kz) = ¢ (kz), 7, € {7,z forany k. T (3:97) has lower
probability on the least possible (conditional} value of q,,=q° and higher probability
cisewhere. This is sufficient for the result.

Step 3: conclude the proof. By assumption we know that Fy (q:q))=Fy {g:q} ) forall
q° £q} . Furthermore by step 2

F\e(4:0°) S Faig))
Thus, for 21l g} £q;,

F,.(@:6]) SFy(q:a7)

By theorem 4.B.16 in Shanked and Shanthikumar (1994), we can conclude that the stationary
risk frec asset price distribution under (P)-(M") 1% order stochastically dominates the
distribution under (P)-(M).
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