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1 Introduction

The dominant research theme in empirical asset pricing is the low dimensional factor representation
of a large set of asset returns. Ideally any high dimensional set of asset returns should contain
the information necessary to recover the factors. In practice, the literature has taken two different
approaches. Jensen, Black, and Scholes (1972) and Fama and MacBeth (1973), among many others,
have advocated to collect stocks into portfolios and subsequently run cross-sectional regressions using
portfolios as test assets. An alternative approach is to estimate cross-sectional risk premia using the

entire universe of stocks as advocated by Litzenberger and Ramaswamy (1979), among others.

One might think that the choice between individual stocks versus sorted portfolios should only be
a matter of practical implementation and ultimately should uncover the same low dimensional factor
space. Unfortunately this is not the case. Extracting factors from individual stocks using static models
is believed to overstate the “true” set because time-varying loadings may add spurious factors (see
e.g. Breitung and Eickmeier (2011), among others). The main advantage of using portfolios is that
their risk exposures are more stable across time. This being said, it is also known that portfolios
might diversify away and therefore mask relevant risk- or return-related features of individual assets.
Moreover, as Lewellen, Nagel, and Shanken (2010) point out, sorting on characteristics also results
in a strong factor structure across test portfolios and indeed even factors that are weakly correlated
with the sorting characteristics would explain the differences in average returns across test portfolios

regardless of the economic theories underlying the factors.

It seems that we want to find the low dimensional factor representation able to price the cross-
section of sorted portfolios and that of individual stocks. To put it differently, when we extract factors
from stocks we want them to also correctly price sorted portfolios and vice versa. Using terminology
from the factor model literature, we want to find the factor space that is common between panels of
individual stocks and panels of sorted portfolio returns as it provides a path toward extracting the set
of factors neither affected by sorting characteristics nor by varying risk exposures and recalcitrant

features of individual stocks.! In the remainder of the paper we will call these the common factors.

The task of finding common factors is not trivial and requires theoretical insights so far not explored

IThis assertion may not be straightforward. We will present formal arguments in Section 2 pertaining to this claim.



in the empirical asset pricing literature. The approach we use in this paper was first alluded to in the
last section of the Roll and Ross (1980) paper on the empirical testing of the APT and remained largely
unresolved since then. Numerous attempts have been made to address the problem, including recently
by Pukthuanthong, Roll, and Subrahmanyam (2019). To achieve the task set forth we need to expand
the theory underpinning a procedure recently proposed by Andreou, Gagliardini, Ghysels, and Rubin
(2019) (henceforth AGGR). They study a situation where (latent) factors h; . and hs ,, are estimated
from two separate panels of data, and one is interested in testing how many factors are common
between them. AGGR show that the common factor space is identified by examining how many linear
combinations of respectively i, ; and hs . are perfectly correlated. Equivalently, they introduce a test
for the number of canonical correlations between h, , and h, ; equal to one and derive its asymptotic
distribution.? The AGGR setting does not directly translate into a procedure suitable for asset pricing
applications. One of the contributions of our paper is to provide the theory for such applications.
It should parenthetically be noted that when we refer to latent factors, we do not necessarily mean
principal component analysis (PCA). Indeed, our analysis also covers recently proposed procedures

such as for example those advocated by Lettau and Pelger (2020a and 2020b).

The novel testing procedure identifies 3 factors at the intersection of individual stock returns and
sorted portfolios. Surprisingly, we find that neither the Fama and French 3 (FF3) nor 5 (FF5) factor
models, both with or without a momentum factor (hence up to 6 factors), span the factor space common
between individual stocks and sorted portfolios. In fact out of the 6 factors considered, only the excess
market returns factor seems to be the most related to the common factors, while all the other 5 factors
are only partially spanned by the common factors, and a large part of their variability are specific to

portfolio sorting. For convenience we will call the 3 common factors 3CF.

The search for factors has been on steroids with literally hundreds of potential additional candidate
factors beyond FF3 suggested in the literature. The endeavor has been dubbed the factor zoo by
Cochrane (2011) and terms such as p-hacking (meaning data-snooping or data-mining) have been

used to describe the hunt for factors.> The literature started of with the pretty tame single factor

2To sort out genuine risk factors Pukthuanthong et al. (2019) also rely on canonical correlations, but do not present a
formal statistical procedure.

3See Harvey, Liu, and Zhu (2016), McLean and Pontiff (2016), Chorida, Goyal, and Saretto (2020) Hou, Xue, and
Zhang (2020), Feng, Giglio, and Xiu (2020), Chen (2019), among others.



model, i.e. the CAPM. It is perhaps more appropriate to say that we moved from a petting zoo to
a jungle. For example, Harvey and Liu (2019) have documented over 400 factors published in top
journals. In our empirical application we use a data set of over a thousand portfolios associated with

205 characteristics. It takes up to 10 PCs from this factor zoo to span the space of 3CF.

Using multiple in-sample performance evaluation measures we find that 3CF performs better than a
large collection of observable and latent factor models in pricing individual stock and sorted portfolios
assets. Turning to the out-of-sample (OOS) analysis the results yield several interesting empirical
findings. The three common factors yield the highest total, pricing and predictive OOS R?s with
respect to the same benchmark models. For the individual stocks as well as sorted portfolios the OOS

predictive R?s gains using 3CF can be 80% and 50% vis-a-vis for example the Fama-French factors.

We regress factors from the zoo onto 3CF and document which ones yield the best fit. We find two
of the three Fama and French factors (CAPM Beta and Size) partially explain 3CF. Other factors in
the zoo also explain some of 3CF. These are portfolios based on market beta put forward by Frazzini
and Pedersen (2014), and different measures of idiosyncratic risk and liquidity or uncertainty, such as
Bid-ask Spread, Cash-flow to price variance, Volume to market equity, EPS Forecast Dispersion, Days

with zero trades, Volume Variance, and Price delay R-square.

The rest of the paper is organized as follows. Section 2 introduces the spanning test and details
the data on the various cross-sections of asset returns used to estimate common latent factor spaces.
Section 3 covers the empirical implementation of the testing procedure, followed by Section 4 where
we report the results of an extensive empirical study comparing the asset pricing performance of the
common factors with widely used factors in the asset pricing literature. Section 5 revisits the topic of

the factor zoo. Conclusions appear in Section 6.

2 Factor Space Spanning Test

It might be helpful to start with a simple illustrative example. Suppose half of the cross section are
“large” stocks and feature a constant beta CAPM representation. The other half are “small” stocks
with time-varying betas driven by either covariate X; or by X, i.e. there are two different time-varying

characteristics for the companies in the panel. Breitung and Eickmeier (2011), among others, showed



that estimating factors via Principal Component Analysis (PCA) from a large panel of individual stock
returns could overstate the dimension of the “true” set when the loadings are time-varying. This implies
that some (rotations of) the estimated factors are “spurious” factors as they reflect the time variation in
the loadings. Indeed, if we estimate a constant loadings factor representation for individual stocks we
will find the market as a factor and factors related to X; and X5, i.e. the drivers of time-varying betas
(a formal argument appears in Section 2.1). If we sort stocks into portfolios first, say by size, then
we have the large stocks portfolio only driven by the market (if we take deciles there would be five of
those) and the other deciles could be some deciles affected by the market and only a factor related to
X7 because the sorting was tilted in favor of those type of small stocks and some deciles by the market
and a factor only related to X5. In this situation the factors related to either X, or X5, or both may not
even amount to pervasive factors in the sorted portfolio panels and would therefore not be common
between the panel of individual stocks and the panel of sorted portfolios.

In the above illustrative example there is one common factor (the market) which we are trying to
capture. The purpose of this section is to provide a general framework and an estimation procedure
which applies to a general setting with unknown number k¢ > 0 of common factors. In a first
subsection we present a formal framework for the characterization of the factor model representation
for both panels. A second subsection provides the details regarding the testing procedure to identify

and estimate the factors common between the two panels. A final subsection described data sources.

2.1 Sorting and time-varying loadings
We assume that individual stock excess returns r; , of /V; individual companies have the following
factor structure for all dates 7 =1, ..., ¢:

r’L',T:b;,Tflf‘f—i_ei,T L= 17"'7N17 (21)

with b; -4 is the vector of conditional betas and f¢ a set of k¢ factors, where the superscript ¢ will be
clarified later. The conditional betas are driven by common (Z,_;) as well as stock-specific (Ziﬂ'—l)

variables (see e.g. Gagliardini, Ossola, and Scaillet (2016), namely: b; ;1 = W+ BiZ, 1+ C’iZJ_l,



and therefore:

Tir = [0) + BiZr—1 + CiZi,T—l],f: +€ir - 2.2)

Moreover, using a linear projection argument we can write the time-varying loadings in equation (2.2)
as follows:

_ /
BiZr 1+ CiZirn| ff= M fi+ M'fi +dir (2.3)

with f7 | f7 and both factor vectors orthogonal to the errors d; - (an illustration of the above equation
appears in Appendix Section A.1).* In the above equation the (sort of scaled) factors Ji . emerge from
the product of factors f¢ times the common component driving the loadings. The remainder term ¢; .
is assumed idiosyncratic, or (at most) weakly cross-sectionally correlated among the individual stocks.
Then:

rie = 00+ M f7 4+ M) £, + éir, (2.4)

which means that the constant loadings representation of individual stocks features the genuine factors
[y augmented by f7 , which are spurious factors present because of the time-varying betas (with
super/subscripts s and 1 referring to factors specific to the first panel).

Let us now examine the creation of spurious factors generated by characteristic-sorted portfolios
which is the more popular approach in empirical asset pricing in part because the easy availability of
test asset portfolios from websites such as the one maintained by Kenneth French. The usual argument
in favor of test asset portfolios is that they dramatically reduces the noise stemming from idiosyncratic
risk, see e.g. the discussion in the recent work of Harvey and Liu (2021). We start with sorting along
a single characteristic and consider more complex sorting schemes later. Namely, suppose we create
j=1,..., Ny portfolios with weight for stock 7 in portfolio j : ¢;; ,—1/N1 = g;(Zi—1)/N1, with N;
the number of individual stocks (as specified in equation (2.1)) and 2; ,_; € Zm—l is a single asset 7

characteristic. Then the portfolio excess returns are:

!/

N1
1 . .
7";3»’7_ = E .:E 1 &j,i,Tflbi,Tfl fT + Uj ] = 1, ey N2 T = 1, c ,t, (25)

“It should parenthetically be noted that stock-specific variables Zm—l typically represent characteristics but also could
represent interactions of characteristics. Moreover, in addition to single sorting, our analysis also covers portfolios built on
double, triple etc. characteristic sorting. See in particular Appendix Section A.2 for further details.



where u;, = N% Zf\gl ;i r—1€; . Note that without loss of generality the portfolios involve the entire
cross-section of stocks, with the obvious implication that only a subset of weights might be non-zero.

Moreover, suppose that the betas for portfolio j are such that:

1 1
_ (5. 0 ) 7.
ﬁl Zzl aj,i,T—lbi,T—l — M Zzl gj (ZZ,T—I) |:b1 + BZZT—l + CzZz,T—l

12

W+W,Z:_, as Ny—oo, j=1,...,Ny 7=1...,t (26
for some l;?, Z*_, and W;. Therefore, we have portfolio returns:
~ /
o= [bg? + W]-Z;*_l} feru.,  j=1,....Ny 7=1,... .t 2.7)

Let us define the linear projection (with super/subscripts s and 2 referring to factors specific to the

second panel):
(Wi Z: ) fe=KOfe+ KV fs +mje j=1,...,Ny T=1,...1t

with f¢ L f5 L n;, for all j and n; . weakly cross-sectionally correlated. This yields the following

constant loading factor representation of sorted portfolio returns:
P 30 ' !
C (63 S -~
Tj,‘r = |:b] +Kji| fT—f—KJ f2,’r+uj77'7 (28)

which means that the constant loadings representation of sorted portfolios features the genuine factors
f5 augmented by spurious factors f5  to account for characteristics-based portfolio sorts and time-
varying betas.

Under some mild regularity conditions appearing in the Appendix Section A.3 pertaining to
masking of factors in portfolio sorts and convergence of portfolio betas, we have two panels - one
consisting of individual stock excess returns and the other of sorted portfolios with returns described
by equations (2.4) and (2.8), respectively. It is worth describing here some of the regularity conditions
which are detailed in Appendix Section A.3. Assumption A.l allows for some individual stocks and

some portfolios to mask some factors, but not a significant collection of stocks or portfolios is allowed



to block out any specific factor. In addition, Assumption A.2 guarantees that the common factors
between the two panels to be f¢ only, instead of f¢ and/or Z' | f¢. In the Appendix we discuss various

scenarios, showing that overall the regularity conditions are mild. They imply that:

f=pe,  E[fi]=u, E[fi]=un,
[(fe = uo)(fir = p3)] =0

(i =) (f5, —m)] =@,

(= 1) (f5 — 13)']

by construction,
(2.9)

0 by construction.

The equations in (2.9) imply that factors appearing in panels of individual stock or portfolio excess
returns due to time-varying betas and factors appearing in portfolios due to characteristic-based sorting
and time-varying betas may be mutually dependent via the covariance matrix ¢. What is important,
however, is the orthogonality of f; withrespectto both f_and f3 , by the linear projection arguments.

Summarizing, we have shown that if individual stocks were used, a researcher would conclude
that f7 and f7  are risk factors. Conversely, a researcher starting from sorted portfolio returns would
conclude that the risk factors are instead f; and f5 . Whilst to the best of our knowledge, other
methods cannot address this, our testing procedure allows us to identify f¢, namely the factors which

are the drivers of both individual stock and sorted portfolios excess returns.

2.2 Estimation and testing

Since the testing approach applies to different settings beyond panels of individual stock and sorted
portfolio returns we use the generic notation y; » = [y 1r, ..., ¥;,n,;-| collects N; observations in panel
(group) j =1, 2. It will be convenient to use the terms of group factor models, and interchangeably
refer to groups and panels 1 and 2. To formulate the various hypotheses of interest we borrow the

notation from AGGR, for the (two) group factor model setting:

I
Y1, A A7 O €17
= i |+ , T=1,...,t (2.10)
Y2, Ag 0 A; 57 o r
f2,7'



where AS = [Af;, .., Afy ] and A7 = [A],, ..., A] ] are the matrices of factor loadings and
Ejr = [Ej1rs - Ej, er]/ the error terms, with 7 =1, ..., ¢. The dimensions of the common factor f¢ and
the group-specific factors f7 ., f5 . are respectively k¢, ki and k3. In the remainder of this subsection
we go through the four steps of the procedure, the technical details and formal definitions appear in

Appendix A.S.

Step 1: We start with extracting factors from each panel separately. For the application in the paper,
this means extracting factors from individual stock returns and doing the same for sorted portfolios.
As is typically done (see e.g. Lehmann and Modest (1988) and recently Kim and Korajczyk (2021),
among many others), we will study non-overlapping sample blocks of generic length w of the panels
covering data from ¢ — w + 1 to t.> We focus here on one sample and resort to either PCA or a version
of principal component analysis with a penalty term accounting for the cross-sectional pricing error
in expected returns recently suggested by Lettau and Pelger (2020a and 2020b), and summarized in
Appendix A.4. In particular, their estimator searches for factors that can explain both the expected

return and covariance structure.

Step 2: Let k; = k° + k7, for j = 1,2, be the dimensions of the factor spaces for the two panels,
and define k& = min(ky, k2). We collect the factors of each group in the k;-dimensional vectors h; -
then hy, = H, [f¢, f7] and ho, = H, [f¢, f3'.]', meaning that the factors we extract from each
group are some linear transformation #; of the underlying factors, with ; being a k; x k; full rank
matrix, for j = 1, 2. This means that some linear combinations of &, , - namely those corresponding to
f£ - are perfectly correlated with linear combinations of /s, and vice versa. Let us recall at this point
the purpose of canonical correlation analysis. In general canonical correlation applies to a setting
where we have two random vectors, in our application h; ; and hs -, and finds linear combinations
of respectively h; , and h, . which have maximum correlation with each other. Therefore we are

interested in finding how many of these linear combinations, also known as canonical variables, are

perfectly correlated, i.e. have canonical correlation equal to one.

Step 3: Proposition A.1 in the Appendix tells us that the dimension k¢ is the number of unitary

>We use a block sampling scheme to avoid look ahead biases in full sample factor extraction as well as survivorship
biases for individual firms (see section OA.l in the Online Appendix for further discussion). Our theory is based on
asymptotic expansions, but as Andreou et al. (2019) show via simulation, it is also suitable to describe finite sample
behavior in settings corresponding to the empirical application of the paper.



canonical correlations between h;, and hy .. The largest possible number of common factors is
k = min(ky, k2). We develop a test for k¢ : Hy(r) : k° = r against Hy(r) : k¢ < r, for any given
r=k,k—1,..., 1. More precisely, we sort the canonical correlations from high to low and let p, be
the /-th sorted sample canonical correlation between the factors fLLT and 5277 estimated on a sample of

length w, and let:

E(r) =Y e, 2.11)
(=1

be the sum of the r largest sample canonical correlations. We reject the null for » = £ common factors
Hy, = H(k°) when £(k¢) — k¢ is negative and large - namely the sum of the largest k¢ estimated

canonical correlations is substantially less than £¢.° The test statistic is:

£(k°) == Nvw (%u«{i%}) o [é(kC) — k¢ + %tr {EU}] , (2.12)

with N = min{N;, N»} and the term Sy is defined in the technical appendix. In the generic case,
under the null hypothesis Hy(r) : k° = 7 we have: &(r) 4N (0,1), and under the alternative

hypothesis H;(r) : k¢ < r, £(r) <= —oo as N and T grow large.”

Step 4: Once the dimension k€ is identified, we can recover the common factors f¢ via the canonical
directions - i.e. the weights of the linear combinations yielding unitary canonical correlations - applied

to the factors estimated from each of the separate panels.

It is worth highlighting a number of theoretical contributions of the paper. The theory in AGGR
only covers panel data centered at zero. Appendix A.5 extends the estimators and theoretical results of
Andreou et al. (2019) to the case where factors are allowed to have any finite mean, compatible with
model (2.9). This general set-up is more relevant for asset pricing applications. Moreover, the current
paper shows that the testing and estimation procedures for common factors across different panels
based on canonical correlation and directions can be applied (a) to “classical” PCA estimators of the

factors, and more importantly for asset pricing (b) to the more recent variations of PCA as proposed by

SWhen we reject the null H (k) we look at the null hypothesis: H(k — 1) = {p; = ... = py_1 = 1} , and so forth until
we identify the dimension of the common factor space. Sequential testing issues are addressed in Andreou et al. (2019).

"See Theorem 2 of AGGR, and its extension Theorem A.2 in Appendix Section A.5.2. The asymptotic distribution and
rate of convergence of the test statistic £(k°) in Theorem A.2 are unchanged when the true numbers of factors k; and ko
are unknown, and are estimated by some consistent empirical selection method.



Lettau and Pelger (2020a). Appendix A.4 shows the formal relationship between the different PC-type

estimators for factors.

2.3 Data

To conclude a few words about the data. In Online Appendix, henceforth OA, Section OA.1 we
provide a detailed description of the data. Broadly speaking we can summarize the data as follows.
We consider three panels of monthly returns in our analysis, namely (i) individual US stock returns
from CRSP, (ii) the panel of test asset portfolios from the April 2021 release of the database “Open
Source Cross-Sectional Asset Pricing” created by Chen and Zimmermann (2021), CZ21 hereafter, and
(ii1) the panel of factors from the zoo considered by CZ21. For all three panels from Jan. 1966 to
Dec. 2020 we split the 660 months into B = 11 non-overlapping blocks of 60 months, denoted as
b = 1,...,B. The first block is from Jan. 1966 to Dec. 1970 and the last block is from Jan. 2016
to Dec. 2020. Within each block, we consider only a balanced sample of individual stocks and test
asset portfolios, that is we only include assets with returns available for all the 60 months. We work
with 5-year non-overlapping samples, analogous to the empirical application of Lehmann and Modest
(1988), to address the concern of survivorship bias if we were to use the full sample of individual
stocks. Similar to the arguments in Kim and Korajczyk (2021), one can view the 5-year span as a
compromise between a sample large enough for our test procedure to have desirable small sample

properties and the concern of capturing new and disappearing stocks.

3 Testing Test Assets

In order to identify the factor space neither affected by portfolio sorting characteristics nor by varying
risk exposures and other specific features of individual stocks, we implement the four-steps procedure
described in Section 2.2 for each of non-overlapping sample blocks from end of 1970 until end of 2020
with 5-years increments. These are 5-years samples y; , of balanced panels of individual stock returns
and y,  balanced panels of test asset portfolios.® Similar to Pukthuanthong et al. (2019) we decide to

fix a priori the maximum number of pervasive factors in each panel %, and k5 to 10.

$More precisely, we have 11 panels ending at ¢ = Dec. 1970, Dec. 1975, ..., Dec. 2020 with observations ¥; - and y2 -
form=1¢t—59,t—58,...,t.

10



The pervasive factors in each balanced panel of assets are computed using Lettau and Pelger’s
Risk-premium PCs, or RP-PCs , fixing y,p = —1, and we simply refer to them as PCs. The number
kf of common factors between the first 10 PCs of individual stocks and the first 10 PCs of portfolio
test assets is 3 for all 5-years blocks except for the blocks ending in 2000, 2005, 2015, 2020 where it
is 4. While there is some variation we will proceed with the number of factors being equal to 3 across
the entire sample. Henceforth we will refer to these three factors as the “common’ factors and use the
acronym 3CF. A first subsection is devoted to the testing of the common factor space and the second
subsection covers the economic interpretation of the common factors.

Figure 1 displays the sum of the canonical correlations of the three factors common to the CRSP
and CZ21 test assets with the 3 Fama and French factors (FF3): Market, SMB and HML factors, and
the sum of the canonical correlations of the common factors with the 5 Fama and French factors (FF5):
FF3 plus RMW-operating profitability, CMA-investment style. The figure also displays the sum of
canonical correlations between common factors and FF3/FF5 factors augmented with the momentum

factor. The red line across the plot marks the 3-factor benchmark common factor space.

Figure 1: Sum of canonical correlations of three factors common between Chen and Zimmermann
(2021) test asset portfolios and CRSP stocks with Fama and French 3, 5 factors and momentum.

05

70 75 80 a5 90 o5 00 05 10 15 20

The figure displays the sum of the canonical correlations of the three factors common across CRSP and CZ21 test assets
with the 3 Fama and French factors (FF3): Market, SMB and HML factors (blue circles, thick dotted line), and the sum of
the canonical correlations of the three common factors with the 5 Fama and French factors (FF5) - adding RMW-operating
profitability, CMA-investment style (black stars, thick dashed line). In addition, it also displays FF3/FF5 augmented with
the momentum factor (FF3+Mom - blue circles, thin dotted line, FF5+Mom - black stars, thin dashed line). The red line
across the plot marks the 3-factor benchmark common factor space. All quantities are computed on non-overlapping blocks
of 5 years of monthly data, that is for each year y we report results computed on the block starting in year y — 4 and ending
in year y, for each y = 1970, ..., 2020.

The results in the figure convey a surprisingly simple and clear message. We observe that over the

11



entire sample the canonical correlations between FF3 and common factors (blue circles, thick dotted
line) are well below 3. This implies that over this sample period FF3 does not span the common
factor space. What happens if we move from FF3 to FF5, i.e. we add RMW-operating profitability
and CMA-investment style? In the same figure, using the same approach, the black thick dashed line
with stars shows that adding two FF factors falls again short of spanning the common factor space. In
fact, in most years the improvements of the two additional factors appears to only be minor. The same
analysis is repeated with as observable factors FF3 and FF5 plus momentum (FF3+Mom - blue circles,
thin dotted line, FF5+Mom - black stars, thin dashed line). While the higher number of observable
factors increases mechanically the value of the sum of non-zero canonical correlations, it remains
the case that adding the momentum factor is not enough to span the common factors. This means
that the popular models fall short of capturing the three common factors.” In addition, we examine
formally whether the differences between the FFS+momentum factors versus the common factors are
statistically significant. Andreou, Gagliardini, Ghysels, and Rubin (2021) derive a formal test between
latent and observed factors similar in spirit to the test of AGGR explained in the previous section.
Applying such a test, we reject the null that the FF5 and momentum factors span the £ = 3 common
factors - put differently all the lines in Figure 1 are significantly below 3. Finally, this also begs the
question whether members of the zoo might help us out in recovering the common factor space, a topic
addressed in Section 5.

So far we established the existence of common factors between individual stocks and sorted
portfolios, and shown that they are only partially spanned by FF5 and momentum. We now study how
each of the FF5 and momentum observable factors taken one-by-one are related to (a) the common
factors and (b) the factors which are specific respectively to the sorted portfolios or to the CRSP
individual stocks. This analysis allows us to check (a) whether the common factors span at least one of
the observable factors, and (b) to understand the nature of the panel-specific factors: portfolio-specific
and individual stock-specific.

To achieve the task at hand, we regress each of the 6 observable factors on (i) the 3CF factors and

(ii) all the panel-specific factors, and report the 1?”s of these regression for FF3 in Figure 2.!° For each

°In Online Appendix Section OA.3 we provide details about the composition of the three common factors in terms of
their rescaled factor loadings.
10Figure OA.3 in the Online Appendix covers the other three considered so far - RMW, CMA and momentum.
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of the three FF3 factors the figure displays the fraction of variance (R?) explained by the common
factors (blue bars which are the same in both panels), the CZ21 group-specific factors (orange bars,
left panels), the CRSP group-specific factors (orange bars, right panels), and unexplained by common

and group-specific factors (yellow bars).

Figure 2: Variability of FF3 factors explained by common and specific factors in Chen and
Zimmermann (2021) test assets and CRSP individual stocks.
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(a) Market - Rf : CZ21 test assets (b) "Market - Rf : CRSP stocks
(c) SMB : CZ21 test assets (d) SMB : CRSP stocks

(e) HML : CZ21 test assets (f) HML : CRSP stocks

For each of the FF factors the figure displays the fraction of variance (R?) explained by 3CF (blue bars which are the same
in both panels), CZ21’s group-specific factors (orange bars, left panels), CRSP group-specific factors (orange bars, right
panels), and unexplained by common and group-specific factors (yellow bars). For each year y we report results based on
the block starting in year y-4 and ending in year y, for each y = 1970, ..., 2020.

Not surprisingly, on average (across the different rolling windows) 85% of the variability of the
market factor is explained by the common factors, and specific factors of portfolio test assets tend to
explain almost all the remaining part of its variability, with their 122 ranging between 2% and 20%,
depending on the time period. In the right panel of Figure 2 we observe that the factors specific to
individual stocks are not able to capture the same amount of the variability unexplained by the common
factors, as their R%s are below 10%. The fact that CRSP stock-specific factors explain much less of the

variability of observable factors compared to the CZ21 group-specific factors is an empirical regularity
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Figure 3: Sum of canonical correlations of three group-specific factors in Chen and Zimmermann
(2021) test assets and CRSP stocks with Fama and French 3, 5 factors and momentum.

(a) CZ21 test assets

0
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(b) CRSP individual stocks

Panel (a) displays the sum of the canonical correlations of the seven specific factors in CZ21 test asset portfolios with: (i)
FF3 (blue circles, thick dotted line): (ii) FF5 (black stars, thick dashed line); (iii) the FF3 factors and momentum (blue
circles, thin dotted line); (iv) the FF5 factors and momentum (black stars, thin dashed line). Panel (b) displays the sum
of the canonical correlations of the seven specific factors in CRSP individual stocks with the same four sets of observable
factors. For each year y we report results computed on the rolling window starting in year y — 4 and ending in year y, for
each y = 1970, ..., 2020.

that we observe across all the FF5 and momentum factors. For instance, CZ21 group-specific factors
explain between 10% and 60% of SMB while, CRSP stock-specific factors explain only 1% to 40%.
Moreover, on average 50% of the variability of SMB is explained by the 3CF, and for the remaining
50% we note that between 4 and 20 % (resp. 20 to 45%) is not explained by portfolio sort specific
factors (resp. individual stock specific factors). Analogous conclusions can be drawn for HML, as
well as the other three factors reported in the Online Appendix.

The finding implies that out of the 6 factors considered, only the market seems to be the one which
is the most related to the common factors, while all the other FF and momentum factors identified in
the literature based on sorting stocks on characteristics are only partially spanned by common factors,

and a large part of their variability is due to a risk dimension which is specific to portfolio sorting.
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We can examine the same question from a different angle, similar to what appears in Figure 1,
by replacing the common factors by the group-specific factors. Recall that we started with 10 PCs in
each panel and found three common factors. Therefore, we have 7 remaining group-specific factors
in each panel. Figure 3 displays the sum of the canonical correlations of the 7 group-specific factors
(Panel (a) the CZ21- and Panel (b) CRSP-specific) with FF3 (blue circles, thick dotted line), FF5
(black stars, thick dashed line), FF3 factors and momentum (blue circles, thin dotted line), and FF5
factors and momentum (black stars, thin dashed line). Recall that the group-specific factors reflect (1)
spurious factors due to time variation in betas and (2) spurious factors due to characteristic-sorting.
Panel (a) shows that FF factors with or without momentum relate to the CZ21-specific factors. This
finding is perhaps not surprising, since the FF factors are constructed by sorting. The sum of canonical
correlations is equal to one for FF3, two for FF3 plus momentum and FF5 and finally the sum equals
three for FF5 plus momentum. If we combine the findings in Figures 1 and 3 it appears that one linear
combination of FF3 (putting most of the weight on the market) is perfectly correlate with one common
factor and another linear combination of FF3 perfectly correlates with a sorting-specific factor (Panels
(c) through (f) in Figure 3 suggest this is a combination of SMB and HML). Similar arguments can be
made for the others FF and momentum configurations.

The finding in Panel (b) may appear a bit as more surprising, showing that there is also some
correlation — although not as strong as in Panel (a) — with factors specific to individual stocks pertaining
to time-varying betas. It is worth recalling, however, that the beta dynamics are often instrumented via
characteristics also used for sorting (see the many papers on the topic starting with Ferson and Harvey
(1991) up to the recent applications of Instrumented Principal Component Analysis of Kelly, Pruitt,
and Su (2019)), and the fact that in our model group-specific factors are also allowed to be mutually,

although not perfectly, correlated (through the covariance matrix ® in equation (2.9)).

4 Asset Pricing Performance of Common Factors

How do the common factors perform as predictors? How does their performance compare with the
widely used factors in the asset pricing literature? These are questions we address in this section. In

a first subsection we characterize the empirical models used in the forecasting evaluation, followed by
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subsections covering in-sample and out-of-sample empirical results.

4.1 Empirical models

We model the excess returns of CRSP individual stocks and test asset sorted portfolios as linear

functions of different sets of K factors. In particular, we consider the following sets of factors:

(i) FF + mom: Under this header we have a set of models starting with the market factor only,

defined as the value-weighted index of all CRSP stocks minus the risk-free (K = 1); FF3 and
FF5 only (K = 3,5); FF3 + Momentum, FF5 + Momentum, (K = 4, 6);

(i) 3CF: K = k° = 3 common factors;

(iii) 3CF + CRSP-spec.: k¢ = 3 common factors and £{ = 1, 2,3 group-specific factors from the
panel of CRSP stocks (K = 4,5, 6);

(iv) 3CF + CZ21-spec.: k¢ = 3 common factors and k5 = 1,2, 3 group-specific factors from the
panel of CZ21 test assets portfolios (K = 4,5, 6);

(v) PCA on CRSP: factors estimated as the first K = 1, 3,4, 5,6 PCs on CRSP individual stocks;

(vi) PCA on CZ21: factors estimated as the first K = 1,3, 4,5, 6 PCs on CZ21 test assets portfolios.!!

All the models, factors and betas/loadings are estimated in each 5-years block b using the data available
in that block only. Therefore, loadings/betas are constant for all the dates 7 in each block b, but are
allowed to change in the B different blocks. Let y;; - be the excess return in month 7 belonging to
block b of the i-th asset in group j, with j = 1 corresponding to individual stocks, and j = 2 to CZ21

test asset portfolios. Each model m for y; ; » can be expressed as

Yiir = Bjip fiv + €5 with 7€b, Jj=12 (4.13)
where [ = [fruer | frms)l, By = [/\TZ%' , )\ZLZ.’;Z’]’ , while ¢ and /\Tﬁ)’ (resp. fﬁs and ATJ:Z’) are

the common (resp. group-specific) factors and betas/loadings. For all models in (i), the factors are

observable, while for all the remaining models (ii) - (vi) the factors are latent and need to be estimated

""Note that are our CZ21 test-asset portfolios are a special type (i.e. long-only) of “managed portfolios” using the
terminology of Kelly et al. (2019), and to the extent that PCs computed on our test-asset portfolios are similar to PCs
computed on manged portfolios constructed in their way, the factors computed for our model (vi) are similar to the first
step estimation of their (Instrumented) Principal Components.
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either using the procedure for group-factor models described in Section 2.2 and detailed in Appendix
A.5 (models (ii) - (iv)), or by performing PCA performed in only one panel of excess returns (models
(v) - (vi)). In models (i), (ii), (v) and (vi) we have /\;”Z‘Z = 0 and K = k¢, as all the factors are assumed

to be common across the two groups of assets.

4.2 Performance evaluation measures

We describe the in-sample and out-of-sample performance evaluation measures. The technical details

appear in Online Appendix Section OA 4.

In-sample performance evaluation
We compute the following performance measures across the entire sample, that is across all B blocks:

e Total R? of Kelly et al. (2019) which represents the fraction of return variance for all the
assets explained by both the dynamic behavior of the loadings and the contemporaneous factor

realizations across different blocks, aggregated over all assets and all time periods.

e Predictive R* from Kelly et al. (2019) which represents the fraction of realized return variation
explained by the model’s description of conditional expected returns, and summarizes the

model’s ability to describe risk compensation only through exposure to systematic risk.

e Pricing error R? of Kelly, Palhares, and Pruitt (2020) which pertains to the fraction of the

squared unconditional mean excess returns that is described by factors and betas.

In the Online Appendix we also report results using Average RM S, an alternative to the Pricing
error R%, which is computed as the average over different blocks of the RM S, measure considered

by Lettau and Pelger (2020a) and computed block by block.!?

Out-of-sample performance evaluation

We implement the out-of-sample version of the Total R?, Pricing R? and Predictive R* with betas

and factor loadings computed using information from block b — 1 to price date 7 assets in block

12Table OA.1 in the Online Appendix covers Average RM S, and an alternative version of Total R? computed from
regressions with constant similar to Lettau and Pelger (2020b).
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b. Analogously to Lettau and Pelger (2020b) we also compute the annualized Sharpe Ratio of the
“Maximum Sharpe-ratio portfolio” that can be obtained by an optimal (in a mean-variance sense) linear
combination of the factors, which are ultimately portfolios of individual stocks. The out-of-sample
performance measures are defined as: (a) O0S Total R?, (b) OOS Pricing R?, (c) OO0S Predictive R?,
and (d) Maximum Sharpe-ratio, Max. SR.

4.3 Empirical results

The goal is to compare the role of the factor model specifications in explaining the variation of returns
for individual CRSP stocks as well as CZ21 test assets, both in- and out-of-sample, during the period
1966-2020. Panels A - C in Table 1 present respectively the Total, Pricing and Predictive R* evaluation
measures. The first two rows in each panel pertain to the Total/Pricing/Predictive R%s of the benchmark
models which consist of the FF and momentum factors, starting with the one-factor market (CAPM),
then FF3, FF3 with momentum, FF5 and finally FF5 and momentum. The columns are therefore
labeled 1, 3, 4, 5 and 6 corresponding to the number of factors K in each model. For comparison,
the next two rows refer to the corresponding R?s of the three common factors (Comm). These are
followed by the models which consider both the three common factors as well as the panel-specific
factors (individual CRSP stocks and CZ21 test assets) in order to evaluate whether the latter have
additional explanatory power for the variation of returns beyond the three common factors. Finally,
the last four rows in each panel of Table 1 pertain to the R?s for models with factors based on the PCs
from each of the two panels as well as the PCs across the two panels (namely PCs from CRSP are used
to price CZ21 assets and vice versa). Last but not least, Table 2 displays the maximum Sharpe ratio
portfolios.

From the in-sample analysis reported in Table 1 we can draw the following two important
observations. First, the three common factors typically yield better or comparable in-sample Total,
Pricing and Predictive R?s vis-a-vis the benchmark models (i.e. CAPM K =1, FF3 K = 3, FF3 plus
momentum, K =4, FF5 K =5 and FF5 plus momentum K = 6). There are number of cases where the
traditional models with K > 3 do better in-sample. Second, adding the corresponding group-specific
factors from the two panels (of individual stock and test assets) leads only to marginal improvements

compared to models with the three common factors.
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Table 1: In- and Out-of-sample performamce evaluation factor models

In-Sample Out-of-Sample
N. of factors, K 1 3 4 5 6 1 3 4 5 6
Panel A: Total R?
r: CRSP, f: FF + mom 143 228 252 264 286 8.5 7.3 4.0 1.5 <0
r: CZ21, f: FF + mom 739 898 915 90.7 923 70.8 83.6 84.7 83.6 84.8
r: CRSP, f: 3CF 27.0 13.7
r: CZ21, f: 3CF 92.8 86.8
r: CRSP, f: 3CF + CRSP spec. 30.1 329 354 140 143 144
r: CZ21, f: 3CF + CZ21 spec. 943 952 958 89.3 90.8 914
r: CRSP, f: PCA on CZ21 18.0 254 277 298 322 12.0 106 9.8 8.8 8.2
r: CZ21, f: PCA on CZ21 89.3 945 953 958 96.2 873 919 925 929 93.1
r: CRSP, f: PCAonCRSP 173 270 301 329 354 125 138 141 144 146
r:CZ21, f: PCAon CRSP 865 923 928 935 939 837 860 864 865 86.6
Panel B: Pricing R?
r: CRSP, f: FF + mom 337 509 542 527 555 4.0 93 11.1 115 11.6
r: CZ21, f: FF + mom 752 89.0 884 90.0 89.7 78.8 855 844 86.7 864
r: CRSP, f: 3CF 454 19.5
r: CZ21, f: 3CF 91.8 91.4
r: CRSP, f: 3CF + CRSP spec. 458 46.0 46.2 18.7 19.5 21.8
r: CZ21, f: 3CF + CZ21 spec. 933 936 959 923 925 94.0
r: CRSP, f: PCA on CZ21 51.6 59.1 613 62.7 643 157 11,5 11.1 11.3 115
r: CZ21, f: PCA on CZ21 89.7 949 96.1 973 979 90.9 935 946 954 958
r: CRSP, f: PCA on CRSP 50.0 554 563 579 588 152 18.6 194 219 188
r: CZ21, f: PCA on CRSP 91.0 923 924 926 92.7 91.3 91.8 921 920 92.0
Panel C: Predictive R?
r: CRSP, f: FF + mom 066 109 120 1.17 1.26 002 003 <0 <0 <0
r: CZ21, f: FF + mom 260 4.00 4.03 4.07 4.12 005 096 1.05 097 1.05
r: CRSP, f: 3CF 0.99 0.24
r: CZ21, f: 3CF 4.17 2.02
r: CRSP, f: 3CF + CRSP spec. 1.02 1.02 1.03 0.21 020 0.19
r: CZ21, f: 3CF + CZ21 spec. 428 430 4.40 1.84 173 1.76
r: CRSP, f: PCA on CZ21 1.10 131 137 142 146 0.19 0.10 0.02 <0 <0
r: CZ21, f: PCA on CZ21 403 437 443 450 454 152 163 1.65 167 1.69
r: CRSP, f: PCA on CRSP 1.06 121 125 129 1.31 0.31 028 025 023 0.22
r: CZ21, f: PCA on CRSP 407 4.19 420 423 4.23 207 213 212 212 2.11

Panels A - C of the table report Total/Pricing and Predictive R2s in percent for observable factor models (lines 1-2 in each panel), 3CF a latent factor
model with 3 factors common between individual stocks and CZ21 portfolios (lines 3-4 in each panel), the same 3 common factors together with 1, 2, or 3
CRSP-specific factors (line 5 in each panel), again the same 3 common factors together with 1, 2, or 3 CZ21-specific factors (line 6 in each panel), a latent
factor model where the factors are K PCs extracted from the CZ21 portfolios only (lines 7-8 in each panel), and a latent factor model where the factors
are K PCs extracted from the CRSP individual stocks only (lines 9-10). Observable factor model specifications are CAPM, FF3, FF3 + Momentum, FF5,
and FF5 + Momentum in the K = 1,3 ,4,5,6 columns, respectively. The models are estimated on the rolling window starting in year y — 4 and ending

in year y, for each y = 1970, ..., 2020. Total R?’s in-sample (left table) and out-of sample (right table) are computed either for the excess returns of

individual stocks (r : CRSP) or CZ21 portfolios (r : CZ21) as described in Section 4.2.
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Of greater interest are the out-of-sample results in Table 1. They yield the following key empirical

findings:

* the three common factors yield the highest OOS Total, Pricing and Predictive R?s compared to
any FF (plus momentum) benchmark model (with up to K = 6). The relative gains of the OOS

Total, Pricing and Predictive RR?s are the largest for individual stocks

* adding to 3CF the corresponding panel-specific factors (from individual stock and CZ21 assets)

leads sometimes to only marginal improvements

* PCA on CZ21 yields better results than 3CF for OOS Total and Pricing (but not Predictive)
R?s for CZ21 returns. However, those factors poorly predict individual stocks out-of-sample

according to the three types of R%s considered

* PCA on CRSP is comparable to 3CF, both for CZ21 and CRSP returns, but under-perform when

panel-specific factors are added to the common ones (with the exception of OOS Predictive R?s)

Table 2: Out-of-sample factor portfolio Sharpe ratios

N. of factors, K 1 3 4 5 6
FF + mom 0.39 030 0.62 0.63 0.81
3CF 0.58

3CF + CZ21 spec. 047 040 0.67
3CF + CRSP spec. 0.50 0.51 047
PCA on CZ21 049 054 081 098 0.84
PCA on CRSP 0.61 049 051 047 043

The table reports out-of-sample annualized Sharpe ratios for the mean-variance efficient portfolio of factors in each model - see caption Table 1 for details.

Last but not least, Table 2 presents the out-of-sample annualized maximum Sharpe Ratio (SR) for
the different factor model specifications. Interestingly, we find that the three common factors perform
relatively better producing a SR of 0.58, vis-a-vis the CAPM and FF3 models which have SRs of
0.30 and 0.39, respectively. Nevertheless, the FF5 factor model plus momentum (KX = 6) produces the
highest SR of 0.81 among the traditional benchmark models. If we limit ourselves to K = 3, then the
common factor model outperforms all other specifications in Table 2. Adding factors beyond K =3

does increase SR, however, and the best model is PCA on CZ21. Moreover, PCA on CRSP, which
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according the performance measures reported in Table 1 is similar to common factors in pricing both
panels of excess returns, features among the smallest maximum Sharpe Ratios. Overall, it is worth

highlighting that the 3CF model does better than the strongest competitors appearing in Table 1.

S Revisiting the Factor Zoo

The factor zoo is represented by all the factors collected by CZ21. As detailed in Online Appendix
Section OA.1, when we refer to the factor zoo we use a data set of over a thousand portfolios associated
with 205 characteristics. In this section we investigate the ability of PCs extracted form the factor zoo,
which we call zoo PCs, to price and explain the variability of the panels of individual stocks and the
CZ21 portfolios. In addition, we study the relationship between factors in the zoo and (a) the 3CF
factors and (b) the CZ21-specific factors. Finally, we address the question whether the new factors
entering in the zoo in a certain year provide additional information relative to the set of previously

published factors.

5.1 Common Factors and the Zoo

Figure 4 shows the sum of the canonical correlations of the three common factors with the first 3,
5, 10 and 15 zoo PCs. As before, all PCs and common factors are estimated from non-overlapping
S-year balanced panels of monthly data over the period 1966-2020. The figure allows us to understand
whether the PCs from the zoo panel span the space of the common factors. The first observation
emerging from Figure 4 is that 3 zoo PCs yield a sum of canonical correlations roughly equal to 2 as
if there is constantly a missing factor. Going to 5 zoo PCs gets us to 2.5 and it takes up to 10 PCs from
the factor zoo to approximately span the set of 3 common factors.

Table 3 documents which factors from the zoo are the most related (a) to 3CF, and (b) to 3CF
augmented with the first three group-specific factors of the CZ21 portfolios. Panel A reports the twenty
factors with the largest average R?s - across all our 5 non-overlapping windows - when regressed on
the 3CF factors. Among them, we find two of the three Fama-French factors (CAPM Beta and Size)
along with portfolios based on market beta put forward by Frazzini and Pedersen (2014), and different

measures of idiosyncratic risk and liquidity or uncertainty, such as Bid-ask Spread, Cash-flow to price

21



Figure 4: Number of common factors between Chen and Zimmermann (2021)’s test assets and CRSP
stocks, and sum of common factors canonical correlations with 3, 5, 10 and 15 PCs from the zoo.
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The figure displays the sum of the canonical correlations of 3CF factors with the first 15 PCs (magenta circles, dashed
line), 10 PCs (blue circles, dotted thin line), 5 PCs (black stars, dashed thin line), and finally the first 3 PCs form the factor
700 (green diamonds, dotted thin line). For each year y we report results computed on the block starting in year y — 4, for
each y = 1970, 1975, ..., 2020.

Table 3: Variability of the factors in the zoo explained by the 3 common factors, and 3 first three
group-specific factors from Chen and Zimmermann (2021)

Panel A: 3 Common factors only Panel B: 3 CZ21-specif. added to 3 common factors
Factor R?  Factor AR?
CAPM beta (1973) 92.8  Cash Productivity (2009) 39.2
Frazzini-Pedersen Beta (2014) 87.8  Intangible return using BM (2006) 38.0
Bid-ask spread (1986) 83.6  Book to market using most recent ME (1985) 37.3
Cash-flow to price variance (1996) 80.7  Total assets to market (1992) 36.5
Volume to market equity (1996) 79.9  Market leverage (1988) 352
Price (1972) 79.9  Off season long-term reversal (2008) 34.7
Idiosyncratic risk (AHT) (2003) 78.0  Intangible return using CFtoP (2006) 34.6
Idiosyncratic risk (3 factor) (2006) 72.9  Sales-to-price (1996) 32.8
EPS Forecast Dispersion (2002) 71.8  Option to stock volume (2012) 32.7
Tail risk beta (2014) 71.8  Book to market using December ME (1992) 32.0
Days with zero trades (2006) 71.7  Efficient frontier index (2009) 31.3
Idiosyncratic risk (2006) 71.3  Momentum without the seasonal part (2008) 31.1
52 week high (2004) 70.9  Past trading volume (1998) 30.5
Days with zero trades (2006) 69.1 Initial Public Offerings (1991) 29.9
Size (1981) 68.7  Change in current operating liabilities (2005) 29.6
Days with zero trades (2006) 67.7  Change in equity to assets (2005) 29.5
Maximum return over month (2010)  67.1  Momentum (12 month) (1993) 29.0
Volume Variance (2001) 66.7  Intangible return using Sale2P (2006) 29.0
Analyst earnings per share (2006) 65.1  Employment growth (2014) 28.9
Price delay R-square (2005) 64.5 Intangible return using EP (2006) 28.8

We regress each of the factors in the zoo present in the 5-years rolling window ending in y on (a) the 3CF factors, and (b) 3CF + first 3 group-specific
factors in CZ21 test assets. Factors names correspond to those in the Online Appendix of CZ21. For each factor, we compute the average across all years
of the R? of these regressions. Panel A reports the 20 factors with the largest average R? for regression (a), i.e. the most related to the three common
factors. Panel B reports the sorted 20 factors with the highest average increase in R? for regression (b) when added to the 3 common factors in regression
(a), that is the factors which are most related to the first three CZ21-specific factors. Factor names correspond to those in the Online Appendix of CZ21.

We consider years y = 1970, 1975, ..., 2020.

22



variance, Volume to market equity, EPS Forecast Dispersion, Days with zero trades, Volume Variance,
and Price delay R-square. Turning to Panel B, we report the factors in the zoo showing the highest
increase in the R? - averaged across all non-overlapping 5 years windows - when the first 3 CZ21-
specific factors are added as regressors to 3CF. Interestingly, the majority of the factors which are the
most related to the three CZ21 group-specific factors are associated with Book-to-Market (i.e. Total
assets to market, and alternative ways to compute this ratio) or other valuation factors (i.e. Sales-to-
Price), Momentum (i.e. Momentum 12 months, and without seasonal part), Long-Term reversal (i.e.
Off-season long term reversal, and Intangibles using BM, or CFtoP, or EP) and investment (i.e. Change
in Equity-to-assets, and Employment growth)

These findings complement the results of Figure 2 (and Figure OA.3) confirming the market and
size are the factors most correlated with 3CF (for Size this is especially true for the first half of our
sample), while the majority of the variability of book-to-market and momentum is mostly explained
by CZ21-specific factors (i.e. are due to sorting).

Table 4 reports the performance evaluation measures for the zoo PCs (compared to Table 1 we
added a column for K = 10 using the insights gained from Figure 4). For convenience of comparison
we repeat the results for 3CF from Panels A - C in Table 1. The zoo PCs have positive in- and out-of
sample Total R*s for individual stocks better than the observable factors, but worse than all the other
latent factor models (comparing with results in Table 1). Moreover, they perform worse than the other
set of factors in explaining CZ21 portfolio returns. The pricing performance of the zoo PCs is also the

worst, as evident from their low or negative Pricing R? appearing in Table 4.

5.2 Old and New Factors

We can also address the question whether the new factors entering the zoo in a certain year provide
additional information relative to the previously published factors. So far we used a “chronological
time” sample which include all data available in each data set from Jan. 1966 to Dec. 2020. Here
we consider a “publication time” sample which goes from Jan. 1996 to Dec. 2020, where the CZ21
test assets portfolios and factors enter with their publication date in the database. So far we used
non-overlapping block samples. To do the analysis here we proceed on an annual basis instead and

use a S-years rolling sample scheme which allows us to examine the so called “new” factors being
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Table 4: Total, Pricing and Predictive R?s - Common factors versus zoo PCs

In-Sample Out-of-Sample
N. of factors, K 1 3 4 5 6 10 1 3 4 5 6 10
Panel A: Total R?
r: CRSP, f: 3CF 27.0 13.7
r: CZ21, f: 3CF 92.8 86.8
r: CRSP, f: PCAonZoo 12.7 21.8 247 27.1 29.6 37.2 36 26 28 23 1.8 <0
r: CZ21, f: PCAonZoo 422 68.6 72.6 756 77.7 83.0 294 49.0 535 560 59.0 577
Panel B: Pricing R?
r: CRSP, f: 3CF 45.4 19.5
r: CZ21, f: 3CF 91.8 91.4
r: CRSP, f: PCAonZoo <0 <0 12.6 239 249 385 32 39 44 <0 <0 <0
r: CZ21, f:PCAonZoo <0 <0 <0 92 7.7 286 <0 <0 <0 <0 <0 <O
Panel C: Predictive R2
r: CRSP, f: 3CF 0.99 0.24
r: CZ21, f: 3CF 4.17 2.02
r: CRSP, f: PCAonZoo <0 0.13 036 0.60 0.63 0.95 <0 <0 <0 <0 <0 <O
r: CZ21, f: PCAonZoo <0 <O 0.07 085 1.04 199 <0 <0 <0 <0 <0 <O

The table reports Total, Pricing and Predictive R?s in percent for a latent factor model with only 3 common factors (lines 1-2 in each of the three panels) -
arepeat of lines 3-4 in Panels A - C of Table 1, and a latent factor model where the factors are K PCs extracted from the factors in the zoo only (lines 3-4).
The models are estimated on the rolling window starting in year y — 4 and ending in year y, for each y = 1970, ..., 2020. R?’s in-sample (left table)
and out-of sample (right table) are computed either for the excess returns of individual stocks (r : CRSP) or CZ21 portfolios (r : CZ21) as described in

Section 4.2.

introduced every year versus the pre-existing factors, called the “old” factors.

For each 5-years rolling window ending in year y, we define the old CZ21 portfolios as the those
corresponding to the factors in the zoo available in the 5-years rolling window ending in year y — 1 to
distinguish them from the new CZ21 portfolios, that is those corresponding to the new factors entering
in the database in year y according to their publication date. In every 5-years window, we can compute
common and panel-specific factors as we did in the prior sections. Then, we regress each of the new
factors on the old three common factors and first three old CZ21-specific factors.

In Figure 5 we report the Total R* generated by linear factor models involving the factors only
form the old zoo. In particular, we consider a model with 3CF only (model (i)), another model with
3CF augmented with three CZ21-specific factors (model (ii)), and a final linear factor model where

the factors are the first 6 PCs from the old factor zoo (model(iii)). As before, the models are estimated
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Figure 5: Total R? from old factors
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For each 5-years rolling window ending in year y we compute the percentage Total R? generated by a linear factor model with 3CF only (model (i)),
with 3CF + three CZ21-specific factors (model (ii)), and by linear factor model where the factors are the first six PCs from the old factor zoo (model(iii)).
Total R? is computed using as test assets either the individual stocks or the CZ21 portfolios available in year y for both model (i) and model (ii). When
test assets are individual stocks we report the T'otal R? for model (i) as red squares, for model (ii) as red circles and for model (iii) as blue downward
triangles. When test assets are CZ21 test assets we report the T'otal R? for model (i) as black upward triangles, for model (ii) as black diamonds and
for model (iii) as blue stars. The models are estimated on the rolling window starting in year y — 4 and ending in year y, for each y = 2001, ..., 2020.

Total R?’s are computed as described in Section 4.2, but taking into account only the 5-year window ending in year .

on 5-years rolling windows starting in year y — 4 and ending in year y, for each y = 2001, ..., 2020.
We note that although there is some time variation, the T'otal R* of models (i) and (ii) for both set
of test assets remained relatively stable in our sample, indicating that the old factors tend to explain
a relatively constant fraction of the time series variation of test assets excess returns. Interestingly
though, all the Total R*s tend to be higher during rolling windows including one of the three stress
periods in our sample, namely: the 2001 dot-com bubble, the 2008 financial crisis and the 2020 COVID
pandemic.

As expected, the models explain a much larger fraction of the variability of CZ21 portfolios, as
measured by T'otal R?, than of individual stocks. Finally, we note that for CZ21 portfolios the 6 PCs
from the old zoo (model (iii)) always produce a lower T'otal R* compared to models (i) and (ii). For
individual stocks the 6 PCs form the old zoo always produce a lower T'otal R? than the 3CF plus the
3 CZ21-specific factors, but comparable to a model with 3CF only. Similar conclusions can be drawn
when looking at the pricing performance of the same sets of factors for the panels of individual stocks

and sorted portfolios, as can be seen from Figure OA.8 in the OA, where we plot the Root Mean
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Squared o (RM S,,), which is an alternative way to assess the pricing performance for each model
(see also the Pricing R*s defined in Appendix OA.4).

Next we turn to Figure 6 where for each 5-years rolling window ending in year y we regress each of
the new factors (entering the database in year y) on old 3CF (i.e. year y — 1) plus first three old CZ21-
specific factors. Figure 6 (a) displays the R?’s for each of these regressions, while Figure 6 (b) displays
the absolute value of the intercepts (|«|). The new factors with low R*s and those with high |«| and/or
significant ¢-stat provide additional information to the space already spanned by the ’old’ factors. The
detailed results are reported in Online Appendix Tables OA.2 and OA.3 respectively. We find that 4
factors have R?s smaller or equal than 10%, and 7 R?s < 15%. Most are related to seasonality (2
of the 4 at 10% and 4 out of 7 at 15%)."® Next, looking at the alphas we consider three cases: (a)
la| > 1.5%, (b) estimates with ¢-stats above 2, and (c) a combination of both (a) and (b). The exercise
1s somewhat similar to Kozak, Nagel, and Santosh (2018) in their Section II, where they check whether
factors have significant alphas with respect to PCs computed from the factors themselves. There are 7
factors with || > 1.5%. Several among them have insignificant estimates. Counting the alphas that
have t-stats above 2 regardless of the magnitude, we count 11.'* There are only a handful of factors
with high alphas and significant ¢-stats: Consensus Recommendation (2002), Net Operating Assets
(2004), Analyst earnings per share (2006), Net external financing (2006), Industry return of big firms
(2007) and Frazzini-Pedersen Beta (2014).

Our analysis is different from the previous literature as we use the factors common between CZ21
and CRSP as the reference model. Section OA.5 reports extensive additional results showing that the
increments in Total R? and RM S,, generated by the addition of new factors with respect to the 6 old
common and CZ21-specific factors is relatively small. So the conclusion one can draw is that new

factors in the zoo seem only to improve marginally the ability of a model including the 6 old factors

13 According to the results appearing in Online Appendix Table OA.2 the factors with R2s below 10% in chronological
order are: Up Forecast (2002), Off season reversal years 16 to 20 (2008), Return seasonality years 6 to 10 (2008), and
R&D ability (2013). In addition for the higher threshold of 15% to following are included: Return seasonality years 16 to
20 (2008), Put volatility minus call volatility (2011), and Dividend seasonality (2013).

14 According to the results in Online Appendix Table OA.3 the factors with || > 1.5% are in chronological order:
Consensus Recommendation (2002), Firm Age - Momentum (2004), Net Operating Assets (2004), Institutional ownership
among high short interest (2005), Analyst earnings per share (2006), Industry return of big firms (2007) and finally:
Frazzini-Pedersen Beta (2014) and those with t-stats above 2 are: Consensus Recommendation (2002), Probability of
Informed Trading (2002), Pastor-Stambaugh liquidity beta (2003), Net Operating Assets (2004), Mohanram G-score
(2005), Analyst earnings per share (2006), Net equity financing (2006), Net external financing (2006), Industry return
of big firms (2007), Efficient frontier index (2009), Intermediate Momentum (2012), and Frazzini-Pedersen Beta (2014).
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Figure 6: Regressions of new factors entering the zoo on 3CF and 3 first three CZ21-specific factors
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For each 5-years rolling window ending in year y we regress each of the new factors (entering the database in year y) on
old 3CF (i.e. year y — 1) plus first three old CZ21-specific factors. Figure (a) displays the R?’s for each of these regressions,
while Figure (b) displays the absolute value of the intercepts. We consider years y = 2001, 2002, ..., 2020.

in pricing, and explaining the time series variability, of the two large sets of test assets we consider.
Moreover, no factor seems to both generate an incremental contribution to the 6 old factors in pricing
of both sets of test assets, and in explaining their time series variation.'> These findings are compatible
with the idea that newly proposed factors might help to price and explain the time series variability
of few portfolios built on the same characteristics of the factors themselves, but might not be relevant
in explaining the returns of many other portfolios sorted on different characteristics, or all individual
stocks.

It is worth comparing our findings with those in Table 2 of Feng et al. (2020). Although similar
in spirit to the analysis considered here, their approach is based on a different approach. Namely,
their procedure combines the double-selection LASSO method of Belloni, Chernozhukov, and Hansen
(2014) with the Fama and MacBeth (1973) two-pass regressions to evaluate the pricing contribution
of a factor in a high-dimensional setting and identifies a selection of factors which contains factors
with incremental value. By contain we mean that their procedure potentially identifies a selection of

factors that is larger than the set with genuine pricing contributions. The results in their Table 2 show

5A closer inspection of Table OA.5 shows that Frazzini-Pedersen Beta (2014), Change in net financial assets (2005),
Equity Duration (2004), Operating Cash flows to price (2004), and 52 week high (2004) are among the top improves of both
Total R? and RS M, for the panel of of CZ21 portfolios when added to the old factors, nevertheless none of them appears
a a top 10 contributor for the same two measures computed for the panel of individual stocks. Actually, Frazzini-Pedersen
Beta (2014) seems to be detrimental to the pricing of individual stock returns when added to the old factors.
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that while most of the new factors are redundant relative to the existing factors, a few have statistically
significant explanatory power beyond the hundreds of factors proposed in the past. In this respect our
results agree with their findings, but the specifics are somewhat different. They have a total of twelve
out of roughly one hundred factors (a smaller set than what we considered here) over the sample
2000 until 2015 which appear significant according to their testing procedure. There is one factor in
common identified by our approach and theirs: betting against beta from Frazzini and Pedersen (2014).

No other factors identified by the Feng et al. (2020) procedure have an R? lower than 50%.

6 Conclusions

The projection arguments put forward in Hansen and Jagannathan (1991) imply, as noted by Kozak
et al. (2018), that there exists a factor representation of the stochastic discount factor (SDF). Moreover,
there is practically no disagreement that the space of factors spanning the SDF is low-dimensional. In
this paper we found 3 factors which were selected via a novel procedure addressing a longstanding

debate in the empirical asset pricing literature.

We started from the idea that equity risk factors reside at the intersection of two panels: (a)
individual stock returns and (b) sorted portfolio returns. We extract factors from both panels and find
the common factor space between the two panels, yielding factors which price both individual stocks
and sorted portfolios. We labeled these three common factors 3CF. We show that this provides a path
toward extracting factors neither affected by sorting characteristics nor by varying risk exposures and

recalcitrant features of individual stocks.

We also find that at any point during our sample neither FF3 nor FF5, both with or without a
momentum factor, span the 3CF factor space. In fact we also find that out of the 6 factors considered,
only the market seems to be the one which is the most related to the common factors, while all the
other 5 factors, are only partially spanned by common factors, and a large part of their variability is

specific to portfolio sorting.

Regarding the factor zoo we find that over the sample period 1996-2020 it takes 10 PCs from the
factor zoo panel to span the set of common factors. Moreover, we also address the question whether the

new factors entering in the zoo in a given year provide additional information relative to the previously
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published factors. We find that new factors being added to the zoo seem only to improve marginally

the empirical performance compared to existing factors.
Last but not least, it should be noted that the testing procedure introduced in our paper can be
applied in many other asset pricing settings. A few examples are: comparing panels of private equity

and publicly traded companies, international asset pricing comparing stock in different countries, etc.
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Appendix

Section A.l1 provides an illustrative example for equation (2.3) whereas Section A.2 extends our
analysis to multiple sorting and interaction terms. A discussion of regularity conditions appears in
Section A.3. Section A.4 summarizes variations of Principal Components Analysis (PCA) discussed
by Lettau and Pelger (2020a and 2020b) and Zaffaroni (2019), among others, allowing to estimate non-
zero mean factors from a panel of excess returns. Section A.5 extend Theorems 1 and 2 in AGGR to the
case in which the latent factors are estimated by the variations of PCA described in Section A.4. As the
factors are not zero-mean, the estimators of the canonical correlations among the factors from the two
groups and the test statistics in Theorems 1 and 2 of AGGR need to be adjusted accordingly. Proofs of
propositions and theorems, together with the assumptions, are provided in the Online Appendix. We
will denote the sample mean a generic sequence z;, t = 1,....,T as z = % Zthl ¢, the T'-dimensional

vector of ones as 1 = [1, ..., 1]', and the identity matrix of order T" as Ir.

A.1 TIllustrative example for equation (2.3)

It might be worth providing a simple illustrative example of the result appearing in equation (2.3).
Assume there are two mutually independent factors with Gaussian marginal distributions f; ~ N(m;,1)
where m; > 0, 7 = 1,2 are the expected values (risk premia) of the factors. Both factors also
feature order one autocovariance parameterized by p; # 0 and volatility prediction E(f; ,_1 fZT) =
p? # 0 for ¢ = 1, 2. Assume that f; is the “true/common” factor in f¢, and the time-varying
betas b; ,_; are driven by Z,_; = fi,_1fo,-1 so that f, only affects the loadings. According
to equation (2.3) we need to regress Z._if1, onto fi, and show that also f, . appears in that
projection. We do so sequentially, first projecting on f; and then regress the residual onto f5 since
both regressors are mutually independent (cfr. Frisch-Waugh-Lovell theorem). Denote by /3; the slope
coefficient of the projection onto fi, i.e. 51 = cov(Z,_1 f1+, f1.7) var(fi,) = cov(Z;_1fi, fi,-) =
cov(fir—1for—1fir f1.0)=(p) —mips — m3)ms. The residuals projected onto fa.- yield a slope 35 =
cov(Zr_1 fir — (p{ —mip1 — m?)m2f1m fo) var(fa 7)) = cov(fir—1for—1fir for) = (p1 + m%)ﬂz
Hence, the time-invariant factor representation of model (2.1) features the “true” factor f;, with
loading proportional to the slope 3; = (p? — myp; — m3)my # 0 and a factor driving the time-varying
betas which has loading proportional to the slope (32 = (p; + m?)ps # 0: this is an illustration of what
happens in equation (2.3). Furthermore, our assumption implies that the residuals after projection on

fi- and f5 ., i.e.d;, in equation (2.3), feature weak cross-sectional dependence.

Additional example - factor structure in the characteristics: Let the stock specific loadings Zi,f in
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equation (2.2) admit a factor structure:
Zi,’l‘—l =di+ Ngr—1+ Ciro1,

where the (; ., are zero-mean and weakly cross-sectionally correlated conditional on f£, Z,_; and
g-—1. A similar factor structure is behind the methodology recently proposed by Bryzgalova, Lettau,
Lerner, and Pelger (2021) to reconstruct the missing data in large panel of stock characteristics. Then,
the stock specific returns in equation (2.2) admit a static factor structure, with factors f¢, Z,_; ® f¢
and g, 1 ® f7, and the error terms e;, = &; . + ({,_,C;f;. The latter are weakly cross-sectionally
correlated. The factors f¢ and Z,_; ® f¢ may not necessarily be orthogonal, so we consider the linear
projection of Z,_1 ® f¢on f£:
Zor ® fE = AufEH fin

which implies that the portfolios are exposed to f; and f7 which, by the linear projection argument,
is orthogonal to f¢, and corresponds to a set of additional factors due to the time-variation in the
conditional betas. Analogously, g._; ® f£ can be decomposed in two orthogonal components, with the
first one being linear in f£, and the second one - which by the linear projection argument is orthogonal

to f¢ - also interpretable as factors due to the time-variation in the conditional betas.

A.2 Multiple sorting and interaction terms

In this section we show that our analysis also covers portfolios built on double, triple etc. characteristic
sorting, as long as Assumptions A.l1 and A.2 are satisfied for the entire set of portfolios considered.
To see this, note that we referred to w; ._; as the vector collecting the N, characteristics of each
asset ¢, that is w; ;1 = [W;,-11, ..., W;—1,n,] . Portfolio weights g;(w; ,_1) are defined as generic
functions allowing to construct for example the j-th portfolio by sorting stocks on one characteristic,
say gj(wir—1) = ¢ 1{qa-1[w.r—1n] < Wir—1n < galw. 14|} Where gulw. .1 4] is the a-decile
of the cross-sectional distribution at date 7 — 1 of the characteristic w; ,_1 5, and 1{-} denotes the
indicator function. Moreover, our generic function g;(w; ,_1) allows also for portfolios built by double-
sorting stocks on two characteristics of stock ¢, say size (w;.—1,1) and book-to-market (w;,_12):
9i(Wir—1) = ¢+ 1{qa-1[w.;—11] < Wir—11 < qalw.r-11], @a-1[wW.r12] < Wir—12 < qalw. 1]},
where gg[w. ,_1 2] is the S-decile of the cross-sectional distribution at date 7 — 1 of the characteristic
Wy, r—1,2-

We also noted in the main body of the paper that our analysis can handle interactions of
characteristics. To see this, consider another generic set IV, individual characteristics 2; -1, ..., Zi - N.,

not necessarily overlapping with w; . Then, each element Z-,T_l,h of the vector of specific variables
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Z; -—1 appearing in betas of individual stocks could simply be some (transformations of) a specific
characteristic, say Zﬁ_l,h = Zir—1,1, but can also be a function of multiple characteristic, say

Zi,T—l,h = Zi7-1,1 " %ir—1,2-

A.3 Regularity conditions

In this section we digress on two technical regularity conditions which result in the constant loading
factor representation for the two panels - one of individual stock excess returns and the other of sorted
portfolios with returns described by equations (2.4) and (2.8).

We start with an assumption which tells us that some masking of factors may occur, but only for
an asymptotically vanishing fraction of the individual stocks and portfolios. Put differently, some
stocks/portfolios may mask some factors, but not a significant collection of portfolios is allowed to

block out any specific factor.

- /

ASSUMPTION A.1 (No Masking). Consider matrix A§ = [bg + K ]‘3] appearing in equation (2.8).
For any element k € {1,. ..k}, the fraction Ny, out of Ny portfolios with non-zero A3 . for factor k
is such that Ny ./ Ny is bounded away from zero. Similarly, for AS = [b? + M)’ the fraction Ny, out of

Ny individual stocks with non-zero AS . for factor k is such that Ny /Ny is bounded away from zero.

In addition, we also need the following assumption for the common factors between the two panels of

respectively individual stocks and sorted portfolios to be f¢ only, instead of f¢ and/or Z__, f¢.

ASSUMPTION A.2 (Convergence of portfolio betas). Consider the term W;Z7_, appearing in the
vector of portfolio j’s betas [59 + WjZ;*_l] in equation (2.7). The fraction N3 out of Ny portfolios for
which W;Z*_, = A;Z._, is such that N3 /Ny converges to zero as N1, No, Ny — oo, for A; # 0.

Assumption A2 holds if > gj(wir—1)CiZism1 # WZ,_1, and =31 g;(w;.—1)B;

converges to a time dependent limit N; — oo, say I/T/jZT_l, for a sufficiently large number of
portfolios. This implies - >, g;(wi r—1)B;Z-—1y — W;Z,_1Z._y, which is not linear in Z,_;. To
illustrate the condition that N% > 9(w; ;) B; converges to a time-dependent limit, consider a situation
where the portfolio weights for portfolio j load on stocks with characteristic w; , in a given interval
Z; (think of size, book-to-market etc.). Then, the large sample limit of N% > 9(w; ;) B; for portfolio
j is: E[B;lw;, € Z;]. The time dependent limit in Assumption A.2 holds for example when the
group of stocks having characteristics in a certain range, varies over time, and there is sufficient cross-
sectional heterogeneity in the coefficients in B;. As an illustrative example, we can consider size
sorted portfolios. Assumption A.2 implies that the mix of firms in a particular decile size portfolio

varies through time in terms of characteristics other than size. Finally, of less interest but worth noting
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is the fact that a sufficient condition for Assumption A.2 to hold is that W; = 0 for a fraction of NJ*
out of N, portfolios such that 1 — NJ*/N, converges to zero, i.e. the betas with respect the common

factors f¢ are time invariant for the majority of the portfolios: N% vazll ir—1bir—1 — 59.

A.4 Factor estimation: PCA and its recent extensions

To simplify the exposition we will use a generic notation here for the discussion of various estimators
which can be applied to different panel data settings. Let 3, be /N-dimensional vector of returns, and
assume that the data generating process of y; is a linear factor model as the APT of Ross (1976), that

is:

yt:Aht+6t, t= 17...,T, (Al)
where h; is the (k, 1) vector of (unobservable) factors with expected value p, = E[h], possibly
different from zero, A = [\; , ..., Ay]" is the (NN, k) full column-rank matrix of unknown loadings, and

the idiosyncratic innovations Fle;] = 0. These assumptions imply E[y;] = Auy, possibly different

from zero. Model (A.1) can be written as:
Y = HA + ¢, (A.2)

where Y = [y1,...,yr| is the (T, N)-dimensional matrix of observed excess returns, and H =
[h1, ..., hp]" is the (T, k)-dimensional matrix of factor values.

Lettau and Pelger (2020a, 2020b) and Zaffaroni (2019) suggest that estimating model (A.2)
by performing PCA on the demeaned returns y; = y; — ¥, as typically done in the finance and
macroeconomics literature, is restrictive as the mean of the factors and the returns should contain
information on the factor structure. Let fzt = h, — h be the demeaned factors, and i = % Ethl Yit
be the time series mean of the returns of the ¢-th asset, with ¢z = 1, ..., V. Lettau and Pelger (2020a)
address the estimation of the non-demeaned factors in model (A.1) with their RP-PCA procedure,

which consists in solving the following minimization problem:

N T N
. 1 _ ~ 1
1y ey AN, i=1 t=1 =1

hi,...,hp,

The first double summation in (A.3) corresponds to the average unexplained (time-series) variation
of the data, the second summation correspond to the (cross-sectional) average of the squared “pricing

errors” across all N assets, and ygp € [—1,+00) is a constant which can be interpreted as a tuning
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parameter: as it increases more weight is given to the pricing errors in the factor estimation. They

show that the solution to (A.3) can be obtained by performing the following two steps:

(i) Estimate the loading matrix A; is as \//N; times the (/V, k) matrix of the eigenvectors associated

to the largest k eigenvalues of matrix

1 <& 1 & IR
Mgrp(vrp) = T Z Yty + VrP T Z Yt T Z Ye | - (A4)
=1 =1 =1

The estimated loadings, that we denote as A zp, are such that A pAgp/N = I;,. 16

(ii) Estimate the latent factors in model (A.1) at each date ¢ by a cross-sectional regression of the

returns y; on the estimated loadings Agp:

~

]AILRP = (A;%P/A\Rp> A;gpyt' (AS)

We denote as Hpp = [lAzLRp, s lAvaRp]/ the (T, k) matrix of estimated factors.

As linear latent factor models are identified up to an invertible transformation, an equivalent estimator
A}*% p of the factors is obtained by rescaling H rp such that the (uncentered) second moment of the
estimated factors is Hi/pHyp/T = Iy, that is Hyp = Hgp (ﬁ}ipfpr/T) o . Following Lettau
and Pelger (2020a), we refer to Hpp and f[;P as “RP-PCA estimators”. Importantly, the factors
estimated by RP-PCA have a mean h = %ZL h, which is not necessarily equal to zero. In

fact, equation (A.5) shows that lAzt, rp 18 a linear combination of the original returns which are not-

demeaned.!”

Special case of the RP-PCA: vzp =0

When ygp = 0, the matrix Mgp(yrp) characterizing the RP-PCA estimator (A.5) coincides with the
conventional PCA estimator but with loadings estimated from the uncentered second moment matrix
of the returns Mpp(yrp = 0) = 7 ZtT:l ¥y, The RP-PCA estimators of the factors and the loadings
with vzp = 0 coincides with those proposed by Zaffaroni (2019).

161 ettau and Pelger (2020a), in their online appendix, show that A]’, rp can be obtained as the conventional PCA
estimator of the loadings applied to the “projected” model: Y; = H;A; + &; where Y := W (yrp)Y, H := W (yrp)H,
&:=W(yrp)e,and W(ygp) = I+ (VArp + 1 — 1) %. That is, the loading matrix A gp can be estimated as v/ N
times the (IV, k) matrix of the eigenvectors associated to the largest k eigenvalues of Mrp(yrp) = %Y’ Y.

177 affaroni (2019), in his Section 3, notices the estimated factors izt, rp are portfolio (excess-) returns, and correspond
to “the feasible PCA-estimators” of the infeasible “mimicking portfolios” (of the true the latent factors) proposed by
Huberman, Kandel, and Stambaugh (1987) and Breeden, Gibbons, and Litzenberger (1989). See Lehmann and Modest
(2005) for a discussion of factor-mimicking portfolio estimators.
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Special cases of the RP-PCA: vzp = —1

When vzp = —1 the RP-PCA estimator of the loadings, denoted by Apea, is computed as /N times
the eigenvectors of the sample variance-covariance matrix of the returns V (y,) = Mpp(7pp = —1) =

% Zthl 7:J;. We denote the RP-PCA factor estimator in this special case as ﬁt PCA:

. . . 1
hepca = (A/]DCAAPCA> Npea vt (A.6)

and name APC 4 and Bu pca as the “conventional PCA” estimators of the loadings and factors,
respectively, as they are used by most of the financial literature. For instance, the factor estimators
used in Connor and Korajczyk (1988), Lehmann and Modest (2005), Kozak et al. (2018), Kozak,
Nagel, and Santosh (2020), Giglio and Xiu (2021), and Pukthuanthong et al. (2019), among others
all coincide with th pca- Another frequently used estimator, denoted by ;Lt pcA, 1s obtained by a

cross-sectional regression of the demeaned returns g; on A PCA:
2 g N -1 ~, B
hipca == (APCAAPCA> Npca Ut - (A7)

Differently from lAzt, pca and lAzt, rp, factors ;Lm pca have zero-mean as they are linear combinations of
the demeaned data §,.'3

Let Y = [i, s gr] be (T, N) matrix collecting the demeaned returns. AGGR consider the
estimator ﬁII’SC 4= [iz’{ PCA» -+ ;L} poa) of the k factors which is defined as /7 times the eigenvectors
associated to the £ largest eigenvalues of the matrix ﬁ?f/’ . By construction the estimated factors
are zero mean, and their (sample) variance-covariance matrix is f[}é’c Aﬁ[;;C 4/T = Iy. Using the

arguments in Bai and Ng (2002), it can be shown that i Pea 1s equal to the PCA estimator in (A.7)

A

2 S —-1/2
rescaled to have unit variance: Hp-, = Hpca (H poaHpca/ T) )

A

Importantly, ]~It, pca and B;" pca are consistent estimators of the latent factors only when these are
assumed to have zero expected value, as in Assumption A.2 of AGGR. In the next Section A.5 we show
that relaxing this assumption does not change the main results of their paper, but requires modifications

to their canonical correlations estimator as well as other statistics.

18 As discussed Section 2 of Zaffaroni (2019), Bt, pc A 1s the estimator of the (demeaned) latent factors ﬁt := h; — hof
model (A.1) for the the demeaned data g;. This can be easily seen by noting that the model for the demeaned data can be

written as: gy = A;(hy — h) + (g — €).
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A.5 Identification, estimation and test for common and group-

specific factors with generic mean

Consider the group-factor model appearing in equation (2.10). As in AGGR we assume, without loss
of generality, that the group-specific factors f7, and f3, are orthogonal to the common factor f. Since

the unobservable factors can be standardized, we have:

It pe ff I 0 0
Elffyl=1wp|, ad Xp:=V|fi =0 L & |, (A.8)
f34 145 f3 0 @ Iy

where the expected values of the factors are finite, and matrix X is positive-definite. We allow for
a non-zero covariance ¢ between group-specific factors, but differently from AGGR, we allow the
factors to have expected value different from zero. We refer to (A.8) as Assumption B.2 in the list of
regularity conditions in Appendix B.1. Model (2.10) together with Assumption B.2 is identified by the
same arguments used by AGGR.

Let hy, = [f{, i3], with j = 1,2, and Vj, = Cov(h;y, hey), with j, £ = 1,2. The k = min(ky, k)
largest eigenvalues of the matrices R = V;;'ViyVy'Vay and R* = Vi, 'V, Vi1'Viy are the same,
and are equal to the squared canonical correlations pz, ¢ =1,..,k, between h;, and hy;. The
associated eigenvectors wy ¢ (resp. wq ), wWith £ = 1, ..., k, of matrix R (resp. R*) standardized such
that wilVHng = 1 (resp. w’qung,g = 1) are the canonical directions which yield the canonical
variables w) ,hy; (resp. w) ,ho ). The next Proposition A.1 deals with determining k¢, the number of
common factors, using canonical correlations between the vectors A, ; and hs ¢, which are unobserved
and estimated by PCA or its variations described in Section A.4. It corresponds to Proposition 1 in

AGGR where the zero mean assumption of the factors is replaced with our new Assumption B.2.
PROPOSITION A.1. Under Assumption B.2, the following hold:

(i) If k¢ > 0, the largest k¢ canonical correlations between hy, and hs, are equal to 1, and the

remaining k — k¢ canonical correlations are strictly less than 1.

(ii) Let W; be the (k;, k) matrix whose columns are the canonical directions for h;, associated with
the k¢ canonical correlations equal to 1, for j = 1,2. Then, f{ = W;hjvt (up to an orthogonal

matrix), for 3 = 1, 2.
(iii) If k¢ = O, all canonical correlations between h, ; and hy are strictly less than 1.

(iv) Let W} (resp. W3) be the (k1, k) (resp. (ka, k3)) matrix whose columns are the eigenvectors of

matrix R (resp. R*) associated with the smallest k3 (resp. k3) eigenvalues.

41



Then f:, = W h;, (up to an orthogonal matrix) for j = 1, 2.

Proposition A.1 shows that the number of common factors k¢, the common factor space spanned by
/£, and the spaces spanned by group-specific factors, can be identified from the canonical correlations
and canonical variables of h; ; and hy . Therefore, the factor space dimensions k¢, k:j, and factors f;
and f7,, 7 = 1,2, are identifiable (up to a rotation) from information that can be inferred by disjoint

PCA, or its variations described in Section A.4, on the two subgroups.

A.5.1 KEstimators

When the true number of factors £; > 0 in each subgroup j = 1,2 and k¢ > 0 are known, Proposition
A.1 suggests the following estimation procedure. Let h ¢ and ho, be estimated by extracting the first
k; PCs (or its variations) from each sub-panel j, and denote by ﬁjﬁt these PC estimates of the factors,

7 =1,2. Let f/jg denote the empirical covariance matrix between iAzM and izm 1.e.:

T T
R 1 PR 1 Z A 1 Z ~ )
it = f Z hj,thz,t B (T hj7t> <T hl&t) ’ Js g = 17 27 (A'9)
and let:
Ro= Vi ls e, and B = V'V Vi (A10

be the estimators of matrices matrices 12 and R*, respectively. Differently from AGGR, the estimators
of the variance-covariance matrices f/] ¢ take into account that the estimated factors might have non-zero
mean, compatible with the RP-PCA estimators described above. Matrices R and R* have the same
non-zero eigenvalues. The k¢ largest eigenvalues of R (resp. R*), denoted by pz, 0 = 1,..., k¢, are
the first k¢ squared sample canonical correlation between ﬁl,t and ﬁzyt. The associated k¢ canonical
directions, collected in the (ki,k°) matrix W, (resp. (kz, k°) matrix Wg), are the eigenvectors
associated with the k¢ largest eigenvalues of matrix R (resp. R*), normalized to have length 1 with

respect to VH (resp. Vgg). It also holds that:
WiViW, = Ie, and WiVao Wy = Iye. (A.11)

DEFINITION 1. Two estimators of the common factors vector are ff = Wl’ iLLt and ff* = Wéﬁzt.

Definition 1 and equation (A.11) imply that the estimated common factors have identity sample
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variance-covariance matrix:

T T T
NN 1 1 ;
V) =3 Il - (Tfo)< Z f>=1kc, (A.12)
t=1 t=1
and analogously V(fi*) = L "0 fer fe — <% > Atc*> < S c*') = I}, i.e. the estimated
common factor values match in-sample the normalization condition of identity variance-covariance
matrix in (A.8). An estimator for the group-specific factors f7, (resp. f3,) is obtained by computing
the first k] (resp. k3) principal components of the variance-covariance matrix of the residuals of the

regression of ¥ ; (resp. y2,;) on the estimated common factors.

Let ¢ = [fe',..., f¢'] be the (T, k°) matrix of estimated demeaned common factors, and
AC = [/\jl,. . 5\5 w,) the (N, k) matrix collecting the estimated loadings, and let Y; be the (T, N;)

matrix of (time-series) demeaned observations for group j:

~

c 7! T Tac ! e\ — 1o ne .
A =Y/Fe(Fe'Fo)~! = TY}’F, j=1,2. (A.13)

As shown in the OA, this estimator is unbiased for A° when group-specific factors Ff have expected
value different from zero. In this case, indeed, regressing the non-demeaned original data Y; on the
non-demeaned estimated factors £ would produce a biased estimator for A¢ as the residuals of this
regression model would be a linear function of Fts which, in general, are not zero-mean, as allowed by
the first of the two conditions in (A.8).

Define the residual (N;, 1) vector &;; = v — A; ff and the (7, N;) matrix of the regression
residuals =; = &1, ..., &) forj =1,2.

DEFINITION 2. Estimators of the specific factors fft (resp. f;t ) are defined as the first k3 (resp. k3)

Risk Premium Principal Components of sub-panel =, (resp. =5).

Note that ff = ff — fc, the demeaned estimated common factor, is orthogonal in-sample both to
ff,l = ftfl — ff and to ij = f;Q — f;, that is the demeaned group-specific factors, matching
the population orthogonality assumption in (A.8). Let us define éj as the (7', N;) matrix of (time-
series) demeaned estimated residuals for group j. Then, the (N, k%) matrix of the loadings estimators

70"y
As_ As As ! ia.
A =[N A ] s

NS = FS(FS'F) =2 F, j=1,2. (A.14)

In a follow-up paper, Andreou, Gagliardini, Ghysels, and Rubin (2020) explore the idea that linear

combinations of the two estimators ft"’ and ff* also yield valid estimators when they are estimated by
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PCA on demeaned data as in AGGR. Following their arguments, we can consider the generic estimator
7= Sw)(f +w i), (A.15)

obtained as the linear combination of ff and ff* estimated by RP-PCs as in our Definition 1 and where
the scalar parameter w is the weight. The transformation by matrix S(w) = [(1 + w?)Ize + 2wD] /2,
with D = diag(py, ..., pre), ensures that the new estimator has identity sample covariance matrix, that

1S: X T X T ) T
‘7 fox P pex poxl [ & fox - foxl | Tie | A16
(F) Tt_zlft : T;ft T;ft ‘ (A.16)

The parametric family (A.15) encompasses the estimators ff and ff* in our Definition 1, which
correspond to choices w = 0 and w = +o00, respectively. By using arguments analogous to those
in Andreou et al. (2020), it can be shown that choosing w = 1, the common factor estimator ff* is
an equally-weighted linear combination of the two basis estimators ff and ftc* This new estimator
extends the one proposed by Goyal, Pérignon, and Villa (2008), which was originally derived for zero
mean data and factors, by allowing factors with possibly non-zero mean.!

For a given choice of the weight w, let F'* = [f¢*/ .. f&*']) be the (T, k) matrix of estimated
common factors, the estimators of the common factor loadings, group-specific factors and loadings are
the same as in equation (A.13), Definition 2, and equation (A.14), respectively, where the estimator
Feis replaced by Fe*. In unreported Monte Carlo experiments we find that the estimator ff* with
weight w = 1, has better small sample properties than the estimators ff and ff*. For this reason in the

empirical application we use ftc* as the estimator of the common factors with weight w = 1.

A.5.2 Inference on the number of common factors via canonical correlations

In order to infer the dimension k¢ of the common factor space, we consider the case where the number
of pervasive factors k; and ko in each sub-panel is known, hence £ = min(ky, ko) is also known. As
explained in AGGR, all the results remain unchanged when the numbers of pervasive factors k; and
ko are estimated consistently. From Proposition A.1, dimension £¢ is the number of unit canonical
correlations between A ; and ho ;.

We consider the hypotheses:

19 Andreou et al. (2020) also show that an alternative choice for w is provided by the optimal weight which minimizes
the Asymptotic Mean Square Error (AMSE) of the factor estimator. In a simplified setting k¢ = 1, under the same set
of assumptions of Theorem A.2 and the additional assumption N;/T? = o(1), they show that the average AMSE is
minimized for w = [Ny foi)l] /[Nt 27(;(2)2] This result also holds when the factors have possibly non-zero mean as in the
set-up of this paper.
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HO0)={1>p1 >... > py},
Hl)={p=1>p>...2px},.--,
HE)={p1=...=pre =1>pres1 > ... > Pty
and finally H(k) = {p1 = ... = pr = 1},

where p1, ..., p;, are the ordered canonical correlations of h; ; and ho ;. Generically, H (k¢) corresponds
to the case of k“ common factors and k; — k¢ and ko — k¢ group-specific factors in each group, and
H(0) corresponds to the absence of common factors. In order to select the number of common factors,
let us consider the following sequence of tests: H, = H(k°) against Hy = | Jy., .. H(r), for each
k¢ =k, k—1,...,1. To test Hy against Hy, for any given k¢ = k., k — 1, ..., 1_we consider the test
statics & (k) defined in equation (2.11). The null hypothesis Hy = H (k) is rejected when & (k¢) — k°
is negative and large. The critical value is obtained from the large sample distribution of the statistic
when Ny, Ny, T' — oo, provided below. The number of common factors is estimated by sequentially
applying the tests starting from k¢ = k, the maximum number of common factors.

Let us denote N = min{N;, Ny} and uy = \/W . Without loss of generality, we set N = No,
which implies py < 1. We assume that:

VT /N =o(1), N/T?=o0(1) and py — p, with g € [0,1]. (A.17)

Notably, the assumption N/T? = o(1) is made also by Lettau and Pelger (2020a), is more restrictive
than the assumption N/T°/?2 = o(1) made by AGGR in their equation (4.1), and simplifies the
derivation and the form of the asymptotic distribution of our test statistics. To further simplify the
analysis, and similarly to AGGR, we assume that the errors €;;, are a conditionally homoscedastic

martingale difference sequence for each individual ¢, conditional on the factor path, that is,

Elejiil{ejis—ntn>1, F] = 0, E[5§,i,t|{5j,i,t—h}hz1,E]Z%',z'z' (say), (A.18)

for all j, 1, t, h, see Assumption B.9 (b) and (c) in the Online Appendix.

The main result needed to derive the asymptotic distributions of our test statistics is Proposition
B.2 of the Online Appendix where we show that, fort =1, ..., T and 7 = 1, 2, the estimator lAzN is
asymptotically equivalent, up to negligible terms, to ﬁj(h]’,t + uji//Nj + b /T) where

-1

1 < 1 &
w = VZAMA;J > Nigiit (A.19)
J =1

VN S

with \;; = (A\];, AY;)". The zero-mean term w;; drives the randomness in group factor estimates

conditional on factor path, and is the leading term determining the bias and variance of the asymptotic
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distribution of our test statistics f (k¢). Vector b;, is measurable with respect to the factor path, it
induces a bias term at order 7'~! in principal components estimates but does not affect the asymptotic
distribution of our test statics under our assumptions.?’

The asymptotic expansion of the factor estimates is used in Theorem A.1 in the OA the unfeasible
asymptotic distribution of our test statistics f (k©), where the asymptotic bias and variance of our test
statics depend on ‘Zu,jk?t(h) = Cov(ujy, ug—p|Ft), that is the true and unknown covariance between

u;; and wuy,—p, conditional on the sigma field 7; = o(Fy, s < t) generated by current and past factor

values Fy = (ff, i}, f5)'s namely
: T A 1 & B
Bu ke (h ZAJ% SN DD NiXkiCovlesi, enti—nlFr) (MZAM 2,¢> )
JTR =1 =1 i=1
(A.20)

and 3, iz, (—h) = Buri(h), for j, k=1,2 and h=0, 1, .... We define 3, ;;; = %, ;.(0), and set
Yujkt(h)= plim f]wk,t(h) and ¥y ; = hm = Z 1A )\’ The following Theorem A.1 provides

Ny'
Nj,NkA)OO ’

the asymptotic distribution of the infea51ble test statistic é (k°).

THEOREM A.1. Under Assumptions B.1 - B.9 (b) and (c), and the null hypothesis Hy = H (k°) of
k¢ common factors, we have:

. 1 -
NVT - Qp” - |éke) - /-cc—l——tr{Zc_chU} N (0,1), (A21)
2N
where ¥, = th . fefe. Moreover

~ T ~ ~

Yy = TZ( (uci)1t+zz(j§)2t MNE(uCC)zt MNEq(jg)l,t>>

Qui = = Z E [tr {Sus(h) S (h)'}]

h——oo

Svah) = u22% (h) + 29 (h) = p=t) (h) — us ) (R h=..,-1,01

ut(h) P11 (R) + X 00 () — uEy, 15 (h) — u3y 51 1 (h), =101,

where the upper index (c) denotes the upper (k°, 1) block of a vector, the upper index (c, ¢) denotes the
upper-left (K, k°) block of a matrix, and F; = [f¢', f¥, fsi) = [(f¢ = ), (fie = F3)s (fse = £5)',
with f©= 30, f¢ /T, and [} = S, [/ T for j = 1,2.

Theorem A.1 corresponds to Theorem 1 in AGGR, where estimator of the canonical correlations of

the estimated factors (used to compute é (k°)), and the sample covariance matrix of the true factors f]cc

have been modified to take into account that under our new Assumption B.2 the factors are allowed to

20Vectors u;,+ and b; ; depend on sample sizes but, for convenience, we omit the indices N;, T'.
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have a non-zero mean.

To get a feasible distributional result for the statistic & (k°), we need consistent estimators for the
unknown scalar tr {i;clf]U} and matrix {;;; in Theorem A.1. To simplify the analysis, and similarly
to AGGR, we make the assumptions that the errors ¢ ; ; are also uncorrelated across sub-panels j and

individuals 7, at all leads and lags, conditional on the factor path, that is,
Cov(gjit, €hpr—nlFt) = 0, if either j # k, ori # ¢, (A.22)
for all j, 1, t, h, see Assumption B.9 (a) in the OA. Then, we have
Sp =S50 + 5%, Su(0) =Sy = 122 + 285, Qua = —tr (=21, (A3

Matrices fle and X, ;; = X, jj(O) do not depend on time. In Theorem A.2 we show that, by
replacing 3. with its large sample limit I, and matrix Xy by a consistent estimator Sy (defined
in the Thoerem), the asymptotic distribution of the feasible statistic is unchanged with respect to that
of Theorem A.1. %!

THEOREM A2, Let Yy = (No/NDEY) + Sl with
. -l o oyl . . .

Y jj = (ﬁA}AJ) (ﬁA}F;AJ (ﬁA}Aj) where A\; = [A; : Aj-], A; and A5 are the loadings
estimators defined in equations (A.13) and (A.14), f}* = diag(7;;, i =1,..., N;) with

T
Vi = 7 ng £ja)? (A.24)

where &;; = %Zthl Ejivand €4 = Yjit — )\C ’ft /\s’ ]st, for j = 1,2. Define the test statistic:

E(k°) == N\/_( {52 })1/2 {é(k;) k:H—%tr{iU}}, (A.25)

and let Assumptions B.1 - B.9 hold. Then:

(i) Under the null hypothesis Hy = H (k%) we have: &(k°) 4N (0,1).
(ii) Under the alternative hypothesis H = |J H(r), we have: £(k¢) -+ —

0<r<kec

Our Theorem A.2 corresponds to Theorem 2 in AGGR, where their original estimator

T
T t=1 ]zt

dependent variables in regressions the (A.13) and (A.14) are not demeaned and both regressions

residuals’variance 7;; = has been substituted by % ; 1n equation (A.24). As the

211f the errors are weakly correlated across series and/or time, consistent estimation of ¢ and Qg 1 requires thresholding
of estimated cross-sectional covariances and/or HAC-type estimators.
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do not include the constant terms, the residuals of these regressions might not be zero mean by
construction, and therefore 77, is an appropriate estimator. We also note that if the errors are weakly
correlated across series and/or time, consistent estimation of Y/ requires thresholding of estimated
cross-sectional covariance and/or HAC-type estimators. Finally, Theorem A.2 remains the same when
the estimator ff* (or ff*) is used instead of ff.
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OA.1 Data Description

We consider three panels of monthly returns in our analysis, namely (i) individual US stock returns
from CRSP, (ii) the panel of test asset portfolios from the April 2021 release of the database “Open
Source Cross-Sectional Asset Pricing” created by Chen and Zimmermann (2021), CZ21 hearafter,
and (iii) the panel of factors from the zoo considered by CZ21.> For all three panels, we consider
two samples: (i) the chronological time sample which include all data available in each dataset from
Jan. 1966 to Dec. 2020, and (ii) the publication time sample which goes from Jan. 1996 to Dec. 2020,
where the CZ21 test assets portfolios and factors enter with their publication date in the database. We
split the 660 (resp. 300) months in the chronological time (resp. publication time) sample into B =
11 (resp. 5) non-overlapping blocks of 60 months, denoted as b = 1,..., B. The first block in the
chronological time (resp. publication time) sample is from Jan. 1966 to Dec. 1970 (resp. Jan. 1996 to
Dec. 2000) and the last block is from Jan. 2016 to Dec. 2020. Within each block, we consider only
a balanced sample of individual stocks and test asset portfolios, that is we only include assets with
returns available for all the 60 months. We work with 5-year non-overlapping samples to address the
concern of survivorship bias if we were to use the full sample of individual stocks. Similar to the
arguments in Kim and Korajczyk (2021), one can view the 5-year span as a compromise between a
sample large enough for our test procedure to have desirable small sample properties and the concern
of capturing new and disappearing stocks. Figures OA.1 and OA.2 report the number of individual
CRSP stocks, test assets portfolios and factors available in each of the B blocks in the chronological
time and publication time samples, respectively. Both samples are described in more detail below.

The first chronological time sample panel of test assets consists of individual stocks available from
the Center for Research in Security Prices (CRSP) traded on the New York Stock Exchange (NYSE),
the American Stock Exchange (AMEX) and the NASDAQ for the period from January 1966 through
December 2020. We focus on common stocks (CRSP share codes 10 and 11) and delete all stocks
having less than 60 consecutive monthly returns. We end up having an unbalanced panel for the
returns of 14948 different stocks. The average cross-sectional size, computed in each month, is about
4270 stocks. In the first (resp. last) block, that is the block 1966-1970 (resp. 2016-2020), we have 1539
(resp. 2668) stocks. The publication time sample is constructed analogously but goes from January
1996 to December 2020. Applying the same filters as above, we end up having an unbalanced panel
for the returns of 8131 different stocks. The average cross-sectional size, computed in each month, is
about 4170 stocks. In the first (resp. last) block, that is the block 1996-2000 (resp. 2016-2020), we
have 3779 (resp. 2668) stocks.

Turning to the test assets portfolios and factors from CZ21, we consider the unbalanced panel of

SData for the “Open Source Cross-Sectional Asset Pricing” project are available on Andrew Chen’s website: https:
//sites.google.com/site/chenandrewy/open—-source—ap
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1215 portfolios formed starting from the 205 firm-level characteristic, or predictors, having predictive
ability for firm-level returns according to the four asset pricing meta-studies by McLean and Pontiff
(2016), Green, Hand, and Zhang (2017), Hou et al. (2020), Harvey et al. (2016). The returns of the 205
factors in our zoo panel are those of long-short portfolios of the upper and bottom quantile portfolios
constructed by sorting stocks according to each characteristic.® Following CZ21, we consider test
asset portfolios and factors associated only with characteristics classified either as “clearly” or “likely”
returns predictors in their study.’

In the chronological time sample we include all the quantile portfolios and factors available in the
baseline version of the database of CZ21, leading to an unbalanced panel of 1214 portfolios associated
with 205 characteristics.® The average cross-sectional size, computed in each month, is about 1113
portfolios. In the first (resp. last) block, that is the block 1966-2000 (resp. 2016-2020), we have 855
(resp. 1001) test asset portfolios and 141 (resp. 171) factors.

In the publication time sample we include all the quantile portfolios available in the baseline
version of the database of CZ21, after excluding all (binary) portfolios associated to binary
characteristics. This leads to 1159 portfolios associated to 177 characteristics.” In each 5-years
block going from January of year y — 4 to December of year y, a factor and the relative test assets
portfolios from CZ21 are included for all the dates corresponding to the rolling window only if the
paper introducing the factor was published in year 3 + 1, or before.!? These choices allow us to have
in the first rolling window (resp. the last), that is the window 1996-2000 (resp. 2015-2020), 59 (resp.
171) factors, and 276 (resp. 959) test asset portfolios.

Finally, for both samples we also download from Kenneth French website the 5 Fama and French
factors: Market, SMB, HML, Operating Profitability (RMW), and Investment Style (CMA), together
with the momentum factor (and based on prior 2-12 months returns), and the 1 month risk free rate

which is used to compute excess returns for the panels of test assets.

6CZ21 construct factors following the methodology of the papers where they have been introduced, therefore most
factors are constructed from long-short portfolios of equal-weighted quintiles. Value-weighting or other quantiles are used
in the factor construction only for the few papers that emphasize these constructions.

7CZ21 define as “clear predictor” a characteristic which is expected to achieve statistically significant mean raw returns
in long-short portfolios (e.g. t-stat > 2.5 in a long-short portfolio, monotonic portfolio sort with 80 bps spread, t-stat > 4
in a regression, t-stat > 3 in 6-month event study). On the other hand, a “likely predictor” is a characteristic expected to
achieve borderline evidence for the significance of mean raw returns in long-short portfolios (e.g. t-stat = 2.0 in long-short
with factor adjustments, t-stat between 2 and 3 in a regression, large t-stat in 3-day event study).

8For 28 characteristics only 2 quantile portfolios are available, for 7 characteristics 3 quantile portfolios are available,
for 5 characteristics 4 quantile portfolios are available, for 105 characteristics 5 quintile portfolios are available, for 1
characteristic 6 quantile portfolios are available, for 1 characteristic 7 quantile portfolios are available, and finally for 58
characteristics all 10 decile portfolios are available.

"More precisely, for 7 characteristics only 3 quantile portfolios are available, for 5 characteristics 4 quantile portfolios
are available, for 105 characteristics 5 quintile portfolios are available, for 1 characteristic 6 quantile portfolios are
available, for 1 characteristic 7 quantile portfolios are available, and finally for 58 characteristics all 10 decile portfolios
are available.

10Publication dates are also available in CZ21.
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Figure OA.1: Number test assets and factors in the Zoo, full sample: 1966-2020
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Panel (a) displays the number of assets in each balanced panel of CRSP individual stocks (red squares) and CZ21 test
assets (blue dots). These two panels of assets are constructed in every year y based on the 5-years non-overlapping window
starting in year y — 4 and ending in year y, for each y = 1970, ..., 2020. Panel (b) displays the number of factors in the our
700, that is the number of facotrs in the CZ21 dataset (blue dots). In every 5-year window we include all assets and factors
with non-missing returns for all the 60 months as available in the CZ21 dataset.

(b) CZ21 Factors in the zoo
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Figure OA.2: Number test assets and factors in the zoo, publication time dataset 1996 - 2020
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(b) CZ21 Factors in the zoo

Panel (a) displays the number of assets in each balanced panel of CRSP individual stocks (red squares) and CZ21 test
assets (blue dots). These two panels of assets are constructed in every year y based on the 5-years non-overlapping window
starting in year y — 4 and ending in year y, for each y = 2000, ..., 2020. Panel (b) displays the number of factors in the
our zoo, that is the number of facotrs in the CZ21 dataset (blue dots). In every 5-year window we only include assets and
factors with non-missing returns for all the 60 months. Let y,,,; be the publication year of a certain factor. CZ21 test assets
and the corresponding factor are included in our dataset, for all years y > s, that is we include them in our sample only
if their full history is available at least from ., — 4.
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OA.2 Supplementary empirical results

Figure OA.3: Variability of the FF factors RMW, CMA and Momentum explained by common and
specific factors in Chen and Zimmermann (2021) test assets and CRSP individual stocks.
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(a) RWM (operatihg profitability): CZ21 test assets (b) RWM (operéting profitability): CRSP stocks
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(c) CMA (inve‘stnient“style): CZ21 test assets (d) CMA (investment style): CRSP stocks
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(e) Momentum : CZ21 test assets (f) Momentum : CRSP stock

For each the Fama and French factors and Momentum the figure displays the fraction of variance (R?) explained by the
three common factors between CRSP and CZ21 test assets (blue bars which are the same in both panels), CZ21’s group-
specific factors (orange bars, left panels), CRSP group-specific factors (orange bars, right panels), and unexplained by
common and group-specific factors (yellow bars). For each year y we report results based on the block starting in year y-4
and ending in year y, for each y = 1970, ..., 2020.
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Figure OA.4: Average R? of first 10 pervasive factors for Chen and Zimmermann (2021) test assets
and CRSP individual stocks, full sample: 1966-2020
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(b) CRSP individual stocks

Panel (a) [resp. Panel (b)] displays the average fraction of variance (R2) of the individuals on the balanced panel of CZ21
test assets [resp. CRSP individual stocks] explained by the first 10 RP-PCs extracted from the same panel. The bottom blue
area in each panel represents the average R? of the first RP-PC, the second (from the bottom) orange area represents the
average R? of the second RP-PC, and so on. Lettau and Pelger’s RP-PCs are computed (fixing v, p = —1) on balanced
panel of assets. In every year y each panel of assets is constructed for the rolling window starting in year y-4 and ending in

year y, for each y = 1970, ..., 2019. In every 5-years rolling window we only include assets with non-missing returns for
all the 60 months.
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OA.3 Composition of Common Factors

Figures OA.5 - OA.7 show the composition of the three common factors in terms of their rescaled
factor-loadings for the test asset portfolios for four different 5 years windows: 1966-1970 (first
window in our sample), 1996-2000 (includes dot-com bubble and its burst), 2005-2010 (includes
financial crisis), and 2015-2020 (last window, includes Covid). Weights are grouped according to
the 34 categories defined by CZ21 listed in alphabetical order (see supplementary files to their paper).
The factor weights of the lowest quantile portfolios (e.g. first decile or quintile) are shown in red
while those of highest quantile portfolios (e.g. 10" decile or 5*quintile) are in blue. Each bar shows
the total weight of a category with the contribution of each quantile-portfolio in the categories. Our

group-factor model (2.10) can be written for each date 7 in the 5-year window b as:

yr =Ny fr +e,, with T€ED, (OA.1)
where Yr = [y/l,‘r’ yén’]/’ fT = [ 7(':,? f,7,'7 5,7/'],’ Er = [6/177'7 8,2,7']/’ and
A A 0
Ap=| b et (OA.2)
Ab,2 0 Ab,2

Let A, be the estimate of A, obtained by the estimation procedure for group-factor model of Section
A.5 applied for dates 7 € b. Instead of representing the upper (N; x k¢) block of Ay, that is [\gﬁl, we
represent the upper (V; x k¢) block of A,(A}A,)~", which are the weights of the V; test asset portfolios
in the k¢ portfolios mimicking the common factors fTC when combined with N, individual stocks (with
weights equal to the lower (N, x k¢) block of Ay), that is (AjA,)~'A} 5,. This choice allows us to
understand the composition of the common factors in terms of all the test asset portfolios. We note
that the sign of each of the common factors and the corresponding loadings are not identified, due
to the sign indeterminacy of principal components applied group by group and also of the canonical
correlation analysis applied on the PCs. At this stage we have not imposed any sign restrictions to
represent the loadings.

Figure OA.5 shows that cross the the vast majority of all the loadings of test asset portfolios on
the first common factor have the same sign, therefore this factor can be mostly interpreted as a “level”
factor. The (absolute value of) correlations of the first common factor with the CRSP-VW index return
are 0.88, 0.69, 0.93 and 0.93 in the 4 windows considered, therefore the first common factor does

proxy relatively well, but not perfectly, for the aggregate market return.
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f first common factor in different 5-year windows
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Continues into next page.
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Figure OA.5 (cont’d)
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(d) 2016-2020

The figure displays the factor loadings of the first, out of the three, common factor for our group-factor model estimated on the balanced panels of
individual stocks and CZ21-portfolios in four different 5-years windows: 1966-1970 in Panel (a), 1996-2000 in Panel (b), 2005-2010 in Panel (c), and
2016-2020 in Panel (d). Weights are grouped according to the 34 categories defined by CZ21 listed in alphabetical order (see supplementary files to their
paper and our online appendix). Factor weights of the lowest quantile portfolios (e.g. first decile or quintile) are shown in red while those of highest
quantile portfolios (e.g. 10*" decile or 5t quintile) are in blue. Each bar shows the total weight of a category with the contribution of each quantile-
portfolio in the categories. The loadings of the common factors are computed as described in Section OA.3. No sign restriction is imposed on the sign of

the loadings and factors.
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f second common factor in different 5-year windows
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Figure OA.6 (cont’d)
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(d) 2016-2020

The figure displays the factor loadings of the second, out of the three, common factor for our group-factor model estimated on the balanced panels of
individual stocks and CZ21-portfolios in four different 5-years windows: 1966-1970 in Panel (a), 1996-2000 in Panel (b), 2005-2010 in Panel (c), and
2016-2020 in Panel (d). Weights are grouped according to the 34 categories defined by CZ21 listed in alphabetical order (see supplementary files to their
paper and our online appendix). Factor weights of the lowest quantile portfolios (e.g. first decile or quintile) are shown in red while those of highest
quantile portfolios (e.g. 10*" decile or 5t quintile) are in blue. Each bar shows the total weight of a category with the contribution of each quantile-
portfolio in the categories. The loadings of the common factors are computed as described in Section ??. No sign restriction is imposed on the sign of

the loadings and factors.
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f third common factor in different 5-year windows
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Figure OA.7 (cont’d)
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The figure displays the factor loadings of the third, out of the three, common factor for our group-factor model estimated on the balanced panels of
individual stocks and CZ21-portfolios in four different 5-years windows: 1966-1970 in Panel (a), 1996-2000 in Panel (b), 2005-2010 in Panel (c), and
2016-2020 in Panel (d). Weights are grouped according to the 34 categories defined by CZ21 listed in alphabetical order (see supplementary files to their
paper and our online appendix). Factor weights of the lowest quantile portfolios (e.g. first decile or quintile) are shown in red while those of highest
quantile portfolios (e.g. 10*" decile or 5t quintile) are in blue. Each bar shows the total weight of a category with the contribution of each quantile-
portfolio in the categories. The loadings of the common factors are computed as described in Section ??. No sign restriction is imposed on the sign of

the loadings and factors.
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Figures OA.6 and OA.7 show the composition of the second and third common factors,
respectively. Differently from the mostly the uniformity of sign of the weights of first factor, the second
factors is constituted by long and short positions of individual test asset portfolios. In some windows,
we can identify groups of categories in which the lowest and largest quantile portfolio loadings
(mostly) have opposite signs. For instance, in 1966-1970 and 2016-2020 the second factor seem
to have mostly opposite exposures to the extreme quantiles of “valuation”, “volatility” and “’leverage”
(last window only). The second common factor in 1996-2000 (resp. the third one in 2005-2010) have
sizable exposure of the same signs to the bottom (resp. bottom and top) quantiles of “investment” and
“investment alternative” portfolios. Finally, the third factor in 2016-2020 has clear opposite exposures
to the extreme quantiles of “profitability” portfolios.

Some caution should nevertheless be placed on this kind of analysis because model (2.10) implies
that the £° common factors are identified in our model up to a rotation, implying that their loadings
and their interpretation of each one of the factors can change, depending on which linear combination
of them is chosen. It is also possible that applying RP-PC as in Lettau and Pelger (2020b) can generate
common factors of a different nature with respect to those we found simply applying PCA in the first

step of our estimation.

OA.4 Performance evaluation measures

We describe the various performance evaluation measures both in-sample and out-of-sample starting

with the former.

In-sample performance evaluation

Let N, be the total number of assets for which the full sample of returns is available in group j and
block b, with j = 1,2 and b = 1, ..., B. For each model m and for each group of assets j, we compute

the following six performance measures across the entire sample, that is across all B blocks:

1. Total R? of Kelly et al. (2019), which for our model with betas changing across blocks can be

expressed as:

B Nj«,b am ! oem 2
D b1 i ZTEIJ (yj,i,T - j,i,bf’r )
_ _ - '
Zb:1 Zizjlb ZTeb %2',@',7

It represents the fraction of return variance for all the assets present in group ;7 explained by both

Tot. R;(m) =1

the dynamic behavior of the loadings across different blocks, as well as by the contemporaneous
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factor realizations, aggregated over all assets and all time periods, that is across all B blocks. The
Total R? summarizes how well the systematic factor in a given model specification describes the
realized riskiness in the panel of individual stocks. In the case of observable factors, i.e. models
in (i), the coefficients 37, | are estimated by an OLS regression without intercept of excess returns
on factors, compatible with model (4.13). By construction, the 3]} and factors for all other
models (i1) - (vi) are also estimated by PCA, or variation of it, compatible with a linear model
without intercept. !!

2. Predictive R? from Kelly et al. (2019), which for our model with betas changing across blocks

can be expressed as:

B Njp am I fm 2
Zb:l lel ZTGI} (yjﬂ':‘r - jﬂ:,bf‘l' )
— 5 P .
Zb:l Zl:jib ZTEZ) yjz,i,T

Pred. R} (m) =1

where f = %b > e [ is the sample average of the factors’realizations within all the 7;, dates

in block b only, that is the same block in which the 37 ] are estimated compatible with a model
without intercept. Predictive R? represents the fraction of realized return variation explained
by the model’s description of conditional expected returns, and summarizes the model’s ability
to describe risk compensation only through exposure to systematic risk. Our measure of the
Predictive R? is slightly different from the in-sample Predictive R* of Kelly et al. (2019) as ours
allows for factor risk premia which vary across different blocks, while theirs imposes constant
risk premia across dates.!?

3. Pricing error R? of Kelly et al. (2020), which is defined as:

B Nip (1 am 1 e )
2521 Zi:l <Tb Zfeb Yjir — m‘,bfr )
- 2
B N;
Zb:l ZZ:Jib <Tib ZTGIJ yj’ivT)

Y

Pr.Err. Ri(m) =1

that is the fraction of the squared unconditional mean excess returns that is described by factors

"We also consider the Tot. R? with constant, an alternative way to compute Total R?, defined as:

2

B N, R N

5 > b=t Pty Zreb (yjn'ﬁ - o‘?}i,b - ﬂ%,/bf;n)

Tot. Rconst,j (m) =1- B Ny 5 )
Zb:l >id Z‘reb Y5

and where @;”Z , and Bjml’b are estimated by regressions including the intercept of the excess returns on the factors. This
measure is related to the idiosyncratic variation measure considered by Lettau and Pelger (2020a), which they define as
the average variance of the residuals after regressing the returns of test assets on the factors and including the intercept in
the regression.

2Due to the rotational indeterminacy of factors which are re-estimated across different blocks, we cannot impose a
constant factor average across different blocks.
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and betas. In contrast to the previous two R? measures, this focuses on whether the model’s
fitted values do a good job of explaining assets’ average returns. This metric is close in flavor to
formal statistical tests (like the GRS test) of whether or not a cross section of test assets’ pricing
eITors are Zero.

4. Average RM S, an alternative to the Pricing error R?, which is computed as the average
over different blocks of the RM S, measure considered by Lettau and Pelger (2020a) and
computed block by block. For each block b, group j and model m, RMS, is computed as
RMS, jp(m) = \/(I/Nj,b) : vazj’lb(d%b)Q , and &7}, is the estimated intercept of the same

regressions described in the construction of T'ot. R? with constant. Then, Average RM S; ,(m)

= (1/B) - .0 RM S, j5(m). Tt assesses the model ability to characterize average excess
returns of individual assets. Also this measure is close in flavor to formal statistical tests (like

the GRS test) of whether or not a cross section of test assets’ pricing errors are zero.

Out-of-sample performance evaluation

We implement the out-of-sample version of the Total R?, Pricing R? and Predicitve R? where
betas and factor loadings, needed to reconstruct the latent factors out-of-sample for date 7 in block
b are computed using information form the previous block b — 1. Analogously to Lettau and Pelger
(2020b) we also compute the annualized Sharpe Ratio of the “Maximum Sharpe-ratio portfolio” that
can be obtained by an optimal (in a mean-variance sense) linear combination of the factors, which are

ultimately portfolios of individual stocks. Our out-of-sample performance measures are defined as:

1. OOS Total R?, which for our model with betas changing across blocks can be expressed as:

B Njp_1 Am 1 2
J,b— .. Am m
szz > i ZTeb (yw,r 5,ib T|b—1>

OOS Tot. R (m) = 1 —
’ 2522 Zi:]ib_l Zfeb yjz,i,ﬂ'

The beta coefficients Bjmzb are estimated using information available in block b — 1 only, while
returns y;; - are observed at dates 7 in block 0. For models with observable factors, frqu is
simply the observed value of the factor at date 7 in block b, as all our observable factors are
returns of portfolios of individual stocks observed at date 7 with weights computed at date 7 — 1.
Instead, when a model includes latent factors, we compute their values at date 7 by running
cross-sectional regressions of the returns y; ; - for all assets available both in the previous block
b — 1, and in the current one b, on the factor loadings estimated in the previous block b — 1 only.
More specifically, model v (resp vi) implies that in block b the DGP for the return of individual
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stocks (resp. test assets) is:
Yir = N5 [+l with TED. (OA.3)

Let /A\;’fb be the PC estimator of matrix A;; obtained using the returns of all assets in group
j for dates 7 € b. Then, compatible with model (OA.3), factors ffqu are computed as

Tho1 = (/A\?fbl 1]\%71)*1/1%’7 1 Yj- for all dates 7 € b. Analogously, we can write the DGP
(2.10), corresponding to models (iii) and (iv), as in equations (OA.1) and (OA.2). Let A, be the
estimate of A, in equation (OA.1) obtained by the estimation procedure for group-factor model

of Section A.5, then f7}, _, is an appropriate subset of (Njp 1 Ajp1) "Ny )7, for dates 7 € b,
. OOS Pricing R?, which can be expressed as:

~

B N 2
Zb:Q Zi:JQb ' (7% Zreb Yjir — 6%,;)*1frllbfl>
B N 2
Dbt 2o (T%) > reb ymv)

OOS Pr.Err. R?(m) =1

Y

where all quantities are computed as described for the OOS Total R>.

. 00S Predictive R?, which can be expressed as:

N 2
ZB ZNj,bq S am! Fm
b=2 2 si=1 reb \ Yiir i) T)b—1,7—1

OOS Pred. R?(m) =1 =
! Zszz Ez‘:ﬁlbil ZTEb yJQ%T

rm
where fT‘b*l,T*l

ending at date 7—1, and where the factor is reconstructed (if necessary) for each date as described

is the sample average of the factor realizations computed over the 60 months

for the computation of the OOS Total R?, that is regressing returns in each month 7 on loadings
estimated in the previous block b — 1.

. Maximum Sharpe-ratio, Maz. SR, that is the realized Sharpe Ratio of a portfolio of “factors”
(returns) of each model f:\Lb—l combined at each date 7 in block b with weights wf}, =
(f]?’fb_l)_l ffy_q, Where (i, and i??b_l are the sample mean and covariance, respectively,
of all factors in model m computed using their observations in block b — 1. Therefore, both
factors and their weights in the Maximum Sharpe Ratio portfolio in block b are computed using

the factor loadings estimated in block b — 1.
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Table OA.1: Average RM S,,, and Total R* computed from regressions with intercept.

In-Sample
Average RM S, Total R2, with constant

N. of factors, K 1 3 4 5 6 1 3 4 5 6
r: CRSP, f: FF + mom 1.99 190 191 2.07 2.08 15.86 24.12 2640 27.79 2991
r: CZ21, f: FF + mom 091 0.60 0.62 0.65 0.66 76.03 90.59 9235 91.53 93.09
r: CRSP, f: 3CF 1.69 28.18

r: CZ21, f: 3CF 0.44 93.35

r: CRSP, f: 3CF + CRSP spec. 1.67 1.67 1.66 31.32 34.02 36.58
r: CZ21, f: 3CF + CZ21 spec. 038 038 0.33 94.72  95.55 96.10
r: CRSP, f: PCA on CZ21 1.73 184 1.86 194 1.97 19.22 2652 2876 30.92 33.29
r: CZ21, f: PCA on CZ21 049 037 035 032 0.31 89.92 9487 9554 96.02 96.36
r: CRSP, f: PCA on CRSP 1.73 1.67 1.65 1.63 1.63 18.54 28.09 31.15 33.88 3641
r: CZ21, f: PCA on CRSP 050 047 047 046 046 87.13 9286 93.37 93.99 94.39

The table reports RM Sy, (left panel) and the Total R? (right panel) in percent for observable factor models (lines 1-2), a latent factor model with only
3 common factors (lines 3-4), a latent factor model with only 3 common factors between individual stocks and CZ21 portfolios (lines 3-4), a latent factor
model with 3 common factors between individual stocks and CZ21 portfolios together with 1, 2, or 3 CRSP-specific factors (line 5), a latent factor model
with 3 common factors between individual stocks and CZ21 portfolios together with 1, 2, or 3 CZ21-specific factors (line 6), a latent factor model where
the factors are K PCs extracted from the CZ21 portfolios only (lines 7-8), a latent factor model where the factors are K PCs extracted from the CRSP
individual stocks only (lines 9-10). Observable factor model specifications are CAPM, FF3, FF3 + Momentum, FF5, and FF5 + Momentum in the K = 1
,3,4.5,6 columns, respectively. The models are estimated on the rolling window starting in year y — 4 and ending in year y, for each y = 1970, ..., 2020.
Both RM S, and the Total R? are computed in-sample either for the excess returns of individual stocks (r : CRSP) or CZ21 portfolios (r : CZ21)
as described in Section 4.2, therefore taking into account all the estimation windows. All the linear models used to compute the T'otal R? include an

intercept, differently from the models used to compute the RM S, and from those used to produce the results in Table 1.

OA.5 Old and New Factors - Supplementary Results

Feng et al. (2020) find the following factors as having incremental contributions to the pricing of the
cross-section (with our R%s and || with respect to 3 common and 3 CZ21-specific factors appearing
in parenthesis): growth in long term net operating assets from Fairfield, Whisenant, and Yohn (2003,
R?* = 53%, |a| = 0.00%), net operating assets from Hirshleifer, Hou, Teoh, and Zhang (2004,
R? = 73%, la] = 1.20%), three-year investment growth from Anderson and Garcia-Feijoo (2006,
R? = 65%, al = 0.79%), net external finance from Bradshaw, Richardson, and Sloan (2006,
R? = 92%, |a| = 1.23%), revenue surprise from Kama (2009, R? = 56%, || = 0.89%, for the
characteristic “Revenue Surprise” which enters the CZ21 database with the paper of Jegadeesh and
Livnat (2006)), betting against beta from Frazzini and Pedersen (2014, R?> = 95%, |a| = 1.64%),
robust minus weak from Fama and French (2015, R? = 92%, |a| = 0.90%), for the characteristic
“operating profits / book equity” entering the CZ21 database with the paper Fama and French (2006).
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Figure OA.8: RM S, from old factors
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(b) Test assets: CZ21 portfolios

For each 5-years rolling window ending in year y we compute the percentage RM S, generated by a linear factor model with 3 common factors between
individual stocks and CZ21 portfolios only (model (i)), with 3 common factors between individual stocks and CZ21 portfolios together with three CZ21-
specific factors (model (ii)), and by linear factor model where the factors are the first six PCs from the old factor zoo (model(iii)). Panel (a) displays
results considering as test assets individual stocks: we report the RM S, for model (i) as red squares, for model (ii) as red circles and for model (iii)
as blue downward triangles. Panel (b) displays results considering as test assets CZ21 portfolios: we report the RM S, for model (i) as black upward
triangles, for model (ii) as black diamonds and for model (iii) as blue stars. The models are estimated on the rolling window starting in year y — 4 and
ending in year y, for each y = 2001, ..., 2020. RM S, are computed as described in Section 4.2, but taking into account only the 5-year window ending

in year y, and are reported in Panels (a) and (b) respectively.
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HXZ Investment and HXZ profitability from Hou, Xue, and Zhang (2015), were present in older
versions of the CZ21 database as “Change in Return on Assets” and “Change in Return on Equity”
entering 2018 with the paper Hou et al. (2020)). In the 2021 version of the database they are attributed
to Balakrishnan, Bartov and Faurel (2010), but are classified as “Indirect Signals” (see Section 2.4
and their Table 4), i.e. are modifications of other characteristics showing*“only suggestive evidence of
predictive power (e.g. correlated with earnings/price, modified version of a different characteristic,
in-sample evidence only)”, and therefore are not available. The characteristics “industry-adjusted
change in employees”, “industry-adjusted size” both from Asness, Porter, and Stevens (2000) are
not present in the CZ21 dataset, while “volatility of liquidity (dollar trading volume)” from Chordia,
Subrahmanyam, and Anshuman (2001) although in the CZ21 dataset, by construction are not present
in the rolling windows we consider in the current version of our analysis.

These results indicate that some of the new factors could provide additional information with
respect to the old ones in explaining US stock returns. To assess this issue, in the spirit of the
cross-sectional pricing exercises of Feng et al. (2020), we investigate which factors contribute to
substantial improvement of either T'otal R? or RM S,, for the panels of individual stocks and/or test
asset portfolios when added to the three common factors between individual stocks and the old CZ21
portfolios, and first three old CZ21-specific factors, that is we assess the ability of the new factors to
explain the variability and the mean of the returns of both groups of test assets when added to those
six factors. The exercise is somewhat similar the the two pass estimator in Feng et al. (2020). Their
procedure combines the double-selection LASSO method of Belloni et al. (2014) with the Fama and
MacBeth (1973) two-pass regressions to evaluate the contribution of a factor to explaining asset prices
specifically in a high-dimensional setting. The results in their Table 2 show that while most of the new
factors are redundant relative to the existing factors, a few have statistically significant explanatory
power beyond the hundreds of factors proposed in the past. Our procedure differs from the two above
papers in that we approach dimensionality reduction differently. We rely on a relatively small number
of factors, that is the three common factors and the first three CZ21-specific factors, as we have shown
they perform better than PCs form the factor zoo in explain test assets returns.

The double-selection estimator of Feng et al. (2020) is a Fama-MacBeth double machine learning
regularized regression approach. The double-selection procedure of Feng et al. (2020) and our
regressions result in analogous findings: the majority of factors in the zoo are redundant and only
few of them contain genuine new pricing information, as detailed below. In Table 2 of Feng et al.
(2020) a total of twelve out of roughly one hundred factors over the sample 2000 until 2015 appear
significant and robust according to their testing procedure.

From the results in our Table OA.5, we first note that the increase of Total R? generated by the

addition of new factor to the 6 old common and CZ21-specific factors is relatively small compared
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Table OA.2: Variability of factors in the zoo explained by 3 common factors between CRSP and the
old CZ21 test assets, and 3 first three group-specific factors old CZ21 test assets: smallest values.

New factor R?

Consensus Recommendation (2002) 24.5
Down forecast EPS (2002) 32.2
Up Forecast (2002) 3.9

Pastor-Stambaugh liquidity beta (2003) 31.3
Change in recommendation (2004) 17.9
Active shareholders (2005) 20.1
Inst own among high short interest (2005) 25.6
Systematic volatility (2006) 24.7
Earnings surprise of big firms (2007) 20.5
Change in Asset Turnover (2008) 23.1
Change in Net Working Capital (2008) 15.7
Customer momentum (2008) 15.3

Off season reversal years 6 to 10 (2008) 28.2
Off season reversal years 11 to 15 (2008)  23.0
Off season reversal years 16 to 20 (2008) 6.8
Return seasonality years 6 to 10 (2008) 5.6
Return seasonality years 11 to 15 (2008) 233
Return seasonality years 16 to 20 (2008) 13.0

Return seasonality last year (2008) 25.0
Return seasonality years 2 to 5 (2008) 10.9
Customers momentum (2010) 18.9
Suppliers momentum (2010) 32.1
Real estate holdings (2010) 29.0
Percent Operating Accruals (2011) 22.0
Put volatility minus call volatility (2011) 11.8
Inventory Growth (2012) 24.3
Dividend seasonality (2013) 14.2
Organizational capital (2013) 23.8
R&D ability (2013) 9.1

Growth in advertising expenses (2014) 21.7

For each 5-years rolling window ending in year y we regress each of the new factors (entering the database in year y) on the three common factors
between individual stocks and the old CZ21 portfolios, and first three old CZ21-specific factors, that is those computed using CZ21-portfolios available
only in year y — 1. The Table displays the name of Factors with a value R? < 35% in these regressions in chronological order of publication, together

with the value of the R2.The publication date in parenthesis next to each factor. We consider years y = 2001, 2002, ..., 2020.
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Table OA.3: Absolute value of the intercept of the factors in the zoo when regressed on the 3
common factors between CRSP and the old CZ21 test assets, and 3 first three group-specific factors
old CZ21 test assets: largest 15 absolute values and their t-stat.

New factor lo;|  (tstat)

Consensus Recommendation (2002) 20 (2.6)
Probability of Informed Trading (2002) 1.3 (2.6)
Pastor-Stambaugh liquidity beta (2003) 1.3 (2.6)

Idiosyncratic risk (AHT) (2003) 1.3  (1.8)
Firm Age - Momentum (2004) 1.9 (1.8)
Net Operating Assets (2004) 1.5 3.7
Inst own among high short interest (2005) 1.7  (1.0)
Mohanram G-score (2005) 1.3 (2.6)
Analyst earnings per share (2006) 1.7 (4.2
Net equity financing (2006) 1.3  @@.1)
Net external financing (2006) 1.5 (3.8)
Industry return of big firms (2007) 1.7  (3.0)
Efficient frontier index (2009) 1.2 (5.1
Intermediate Momentum (2012) 1.4 (2.0)
Frazzini-Pedersen Beta (2014) 1.9 (-5.7)

For each 5-years rolling window ending in year y we regress each of the new factors (entering the database in year y) on the three common factors
between individual stocks and the old CZ21 portfolios, and first three old CZ21-specific factors, that is those computed using CZ21-portfolios available
only in year y — 1. The Table displays the name of factors with with the largest absolute values of the intercept in these regressions, in chronological
order of publication, together with absolute value of the intercept (c;). The publication date in parenthesis next to each factor. The t-statistics for the test

of significance of o; is computed using OLD standard errors are reported in parenthesis. We consider years y = 2001, 2002, ..., 2020.

Table OA.4: Regressions of significant factors in table 2 of Feng et al. (2020) on 3 common factors
between CRSP and the old CZ21 test assets only, and on the 3 common factors together with 3 first
three group-specific factors old CZ21 test assets.

New factor R%?on3CF R? on 3 CF and || on 3 CF and (tstat)
3 CZ21-factors 3 CZ21-factors
Growth in long term operating assets (2003) 50.28 53.95 0.03 0.1
Net Operating Assets (2004) 33.92 77.29 1.50 3.7
Change in capex (three years) (2006) 30.14 71.82 0.61 (-2.6)
Net external financing (2006) 88.23 91.84 1.45 3.8)
Revenue Surprise (2006) 51.31 54.84 1.02 “4.3)
Frazzini-Pedersen Beta (2014) 94.12 94.43 1.86 (-5.7)
operating profits / book equity (2006) 92.43 93.12 0.96 3.6)
Asset growth (2008) 64.34 87.72 0.16 (-0.7)

We regress each of the significant factors in table 2 of Feng et al. (2020) in the 5-years rolling window ending in year y, with y being the date in which
the factor enters in our database, on the three common factors between individual stocks and the old CZ21 portfolios only (regression (a)), and on the
three common factors together with the first three old CZ21-specific factors (regression (b)), that is those computed using CZ21-portfolios available only
in year y — 1. The Table displays the name of factors, their publication date, the R? of regressions (a) and (b), and the absolute value of the intercept

(a;) in regression (b). The t-statistics for the test of significance of oy; is computed using OLD standard errors are reported in parenthesis.
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the to T'otal R?* achievable with the 6 old factors only: the increase in Total R? ranges from 1.1% to
2.51% (resp. 0.06% to 0.38%) for individual stocks (resp. CZ21 portfolios) compared to a T'otal R?
achievable with the 6 old factors, which ranges from 26% to 38% (resp. 94% to 97%). Analogous
considerations can be made when looking at the RM S,,, which, in the best 10 cases, exhibit a decrease
ranging form 0.01 to 0.06 (resp. 0.04 to 0.02) for individual stocks (resp. CZ21 portfolios) compared
to a RM S, achievable with the 6 old factors, which ranges from 1.88 to 2.58 (resp. 0.27 to 0.45).
Second, none of the factors which appear as the best 10 ones in decreasing the RM S, of CZ21
portfolios, appear also as the best 10 ones in decreasing the RM S, of individual stocks, and only
2 factors, namely Net external financing (2006) and Book-to-market and accruals (2004) appear to be
among the top 10 contributors to T'otal R? both for CZ21 portfolios and individual stocks. Moreover,
two factors, namely Analyst earnings per share (2006), Frazzini-Pedersen Beta (2014), although they
seem to improve the pricing of the CZ21 portfolios, if anything they seem to be detrimental for the
pricing of individual stocks, as they increase the RM .S,,.

Out of the 18 factors with large absolute value of o when regresses on the 6 old factors, we find that
Analyst earnings per share (2006), Frazzini-Pedersen Beta (2014), and Net equity financing (2006) are
among those generating the largest decrease in RM S, for CZ21 portfolios. Interestingly, the last two
are also among the significant factors identified with the methodology of Feng et al. (2020). Out of
these three factors, only Net equity financing (2006) appears as one of the top 10 contributors to the
increase of Total R? for CZ21 portfolios. Additionally, Revenue surprise (2006) is the only other
factor found significant by Feng et al. (2020) which also appears in the top 10 contributors to the
decrease in RM S,, of the CZ21 portfolios.

Out of the 34 factors with small value of R? when regresses on the 6 old factors, we find that none
are among those generating the largest decrease in RM S, for CZ21 portfolios, while Inst own among
high short interest (2005), Inventory Growth (2012) are among those generating the largest decrease in
Total R? for CZ21 portfolios. Moreover, Systematic volatility (2006), Suppliers Momentum (2010),
Organizational Capital(2013) are among those generating the largest decrease in RN S, for individual
stocks, while Percent Total Accruals (2011) is among those generating the largest decrease in T'otal R?

for individual stocks.
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Table OA.5: Changes in Total R? and RM S,, due to new factors.

Panel A: T'otal R2, test assets: CRSP stocks

Panel C: Total R2, test assets: CZ21 portfolios

New factor Old fac. AR? New factor Old fac. AR?Z?
Top 10 Top 10

Growth in book equity (2010) 37.41 2.58 Total accruals (2005) 95.25 0.43
Investment to revenue (2004) 35.45 2.15 Operating Cash flows to price (2004) 95.39 0.37
Employment growth (2014) 39.68 2.11 Net external financing (2006) 96.07 0.37
Volatility smirk near the money (2010) 37.41 1.96 Change in equity to assets (2005) 95.25 0.36
Inventory Growth (2002) 34.53 1.91 Change in net financial assets (2005) 95.25 0.34
Growth in advertising expenses (2014) 39.68 1.90 Net equity financing (2006) 96.07 0.33
Taxable income to income (2004) 35.45 1.87 Equity Duration (2004) 95.39 0.33
Maximum return over month (2010) 37.41 1.84 Firm Age - Momentum (2004) 95.39 0.32
Cash to assets (2012) 39.01 1.83 52 week high (2004) 95.39 0.30
Net external financing (2006) 34.20 1.82 Growth in book equity (2010) 96.56 0.29
Bottom 10 Bottom 10

Inst own among high short interest (2005) 38.56 1.21 Real dirty surplus (2011) 96.74 0.08
Price delay coeff (2005) 38.56 1.20 Dividend seasonality (2013) 97.01 0.08
Leverage component of BM (2007) 29.94 1.19 Return skewness (2015) 96.01 0.08
Inst Own and Market to Book (2005) 38.56 1.17 Leverage component of BM (2007) 95.69 0.08
Dividend seasonality (2013) 38.97 1.17 Idiosyncratic skewness (3F model) (2015) 96.01 0.08
change in net operating assets (2004) 35.45 1.17 R&D ability (2013) 97.01 0.08
Breadth of ownership (2002) 34.53 1.17 Enterprise component of BM (2007) 95.69 0.07
gross profits / total assets (2013) 38.97 1.16 Change in Asset Turnover (2008) 95.09 0.07
Brand capital investment (2014) 39.68 1.12 Organizational capital (2013) 97.01 0.06
Return seasonality last year (2008) 26.86 1.11 gross profits / total assets (2013) 97.01 0.06
Panel B: RM S, test assets: CRSP stocks Panel D: RM S, test assets: CZ21 portfolios

New factor Old fac. ARM S, New factor Old fac. ARMS.
Top 10 Top 10

Organizational capital (2013) 1.88 -0.05 Taxable income to income (2004) 0.46 -0.05
Conglomerate return (2012) 1.93 -0.03 Analyst earnings per share (2006) 0.39 -0.05
Suppliers momentum (2010) 1.86 -0.02 Net debt financing (2006) 0.39 -0.05
Volatility smirk near the money (2010) 1.86 -0.02 Frazzini-Pedersen Beta (2014) 0.32 -0.05
Cash Productivity (2009) 1.77 -0.01 Change in net financial assets (2005) 0.47 -0.04
Earnings consistency (2009) 1.77 -0.01 Equity Duration (2004) 0.46 -0.04
Change in long-term investment (2005) 2.27 -0.01 Operating Cash flows to price (2004) 0.46 -0.04
Systematic volatility (2006) 2.04 -0.01 52 week high (2004) 0.46 -0.03
Inst Own and Turnover (2005) 2.27 -0.01 Revenue Surprise (2006) 0.39 -0.03
Growth in book equity (2010) 1.86 -0.00 Tail risk beta (2014) 0.32 -0.03
Bottom 10 Bottom 10

Change in financial liabilities (2005) 2.27 0.32 Net Operating Assets (2004) 0.46 0.02
Net equity financing (2006) 2.04 0.34 Price delay coeff (2005) 0.47 0.02
Composite equity issuance (2006) 2.04 0.37 Change in capex (three years) (2006) 0.39 0.02
Put volatility minus call volatility (2011) 1.66 0.41 Percent Operating Accruals (2011) 0.28 0.02
Efficient frontier index (2009) 1.77 0.45 Up Forecast (2002) 0.46 0.02
Down forecast EPS (2002) 2.28 0.47 Pastor-Stambaugh liquidity beta (2003) 0.46 0.03
Net Operating Assets (2004) 2.23 0.48 change in net operating assets (2004) 0.46 0.03
Up Forecast (2002) 2.28 0.55 Book-to-market and accruals (2004) 0.46 0.04
Change in recommendation (2004) 2.23 0.62 Down forecast EPS (2002) 0.46 0.04
Frazzini-Pedersen Beta (2014) 1.73 0.64 Change in recommendation (2004) 0.46 0.07

For each 5-years rolling window ending in year y we compute the percentage T'otal R? and RM S, generated by a latent factor model with 3 common

factors between individual stocks and CZ21 portfolios together with three CZ21-specific factors (model (i)). When a new factor form the zoo enters in

the dataset we add this factor only to the six factors of model (i) and recompute the Total R? with this new set of seven factors (model (ii)). T'otal R2

and RM S, are computed using as test assets either the individual stocks or the CZ21 portfolios available in year y for both model (i) and model (ii). For

each set of test assets we report the top 10 and bottom 10 increases in T'otal R? (A R?), and the top 10 and bottom 10 decreases in RM S, (A RM Sy)

when a new factor is added in model (ii) to the 6 factors in model (i). We also report the Total R? and RM S,, obtained with the old factors only

(Old fac.), that is with the factors in model (i). The models are estimated on the rolling window starting in year y — 4 and ending in year y, for each

y = 2001, ..., 2020. Total R*’s and RM S, are computed as described in Section 4.2, but taking into account only the 5-year window ending in year

y.
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Table OA.6: Changes in T'otal R? and RM S,, due to new factors. Old factors: 3 common factors

only.
Panel A: T'otal R2, test assets: CRSP stocks Panel C: Total R2, test assets: CZ21 portfolios
New factor Old fac. AR? New factor Old fac. AR?Z?
Top 10 Top 10
Taxable income to income (2004) 28.22 3.17 52 week high (2004) 89.42 3.13
52 week high (2004) 28.22 3.10 Price delay R-square (2005) 89.73 2.75
Net Operating Assets (2004) 28.22 2.75 Price delay SE adjusted (2005) 89.73 2.69
Long-vs-short EPS forecasts (2011) 31.35 2.74 Firm Age - Momentum (2004) 89.42 2.58
Unexpected R&D increase (2004) 28.22 2.70 Inst Own and Idio Vol (2005) 89.73 2.43
Deferred Revenue (2012) 30.89 2.62 Net Operating Assets (2004) 89.42 2.32
Percent Total Accruals (2011) 31.35 2.60 Inst Own and Turnover (2005) 89.73 2.18
Growth in book equity (2010) 29.86 2.58 Amihud’s illiquidity (2002) 91.70 2.18
Growth in advertising expenses (2014) 30.21 2.56 Inst Own and Market to Book (2005) 89.73 2.12
Cash Productivity (2009) 23.48 2.48 Intangible return using Sale2P (2006) 91.87 2.08
Bottom 10 Bottom 10
Idiosyncratic risk (AHT) (2003) 28.23 1.24 Return seasonality years 16 to 20 (2008) 92.02 0.16
Change in recommendation (2004) 28.22 1.24 Idiosyncratic skewness (3F model) (2015) 94.41 0.15
Up Forecast (2002) 28.64 1.23 Organizational capital (2013) 94.27 0.15
Real estate holdings (2010) 29.86 1.22 R&D ability (2013) 94.27 0.12
Return seasonality last year (2008) 21.03 1.21 Percent Operating Accruals (2011) 93.85 0.12
Put volatility minus call volatility (2011) 31.35 1.21 Consensus Recommendation (2002) 91.70 0.11
Inst own among high short interest (2005) 32.62 1.21 Change in Net Working Capital (2008) 92.02 0.11
Pastor-Stambaugh liquidity beta (2003) 28.23 1.15 Return seasonality years 6 to 10 (2008) 92.02 0.10
Dividend seasonality (2013) 30.98 1.02 Sin Stock (selection criteria) (2009) 94.26 0.10
Organizational capital (2013) 30.98 0.99 Real estate holdings (2010) 93.07 0.09
Panel B: RM S, test assets: CRSP stocks Panel D: RM S, test assets: CZ21 portfolios
New factor Old fac. ARM S, New factor Old fac. ARMS.
Top 10 Top 10
Cash Productivity (2009) 1.80 -0.08 Price delay SE adjusted (2005) 0.90 -0.38
Inst Own and Market to Book (2005) 2.14 -0.05 Price delay R-square (2005) 0.90 -0.35
Earnings consistency (2009) 1.80 -0.05 Inst Own and Idio Vol (2005) 0.90 -0.34
Change in Taxes (2011) 1.43 -0.03 Inst Own and Turnover (2005) 0.90 -0.31
R&D capital-to-assets (2011) 1.43 -0.02 Change in current operating liabilities (2005) 0.90 -0.26
Momentum based on FF3 residuals (2011) 1.43 -0.02 Inst Own and Market to Book (2005) 0.90 -0.26
Growth in book equity (2010) 1.45 -0.02 change in net operating assets (2004) 0.76 -0.25
Long-vs-short EPS forecasts (2011) 1.43 -0.01 Equity Duration (2004) 0.76 -0.25
Return seasonality years 16 to 20 (2008) 1.80 -0.01 Change in equity to assets (2005) 0.90 -0.20
Change in Forecast and Accrual (2004) 1.95 -0.01 Firm Age - Momentum (2004) 0.76 -0.20
Bottom 10 Bottom 10
Analyst earnings per share (2006) 1.85 0.46 Mohanram G-score (2005) 0.90 0.05
Net external financing (2006) 1.85 0.46 Up Forecast (2002) 0.65 0.06
Put volatility minus call volatility (2011) 1.43 0.49 Operating Cash flows to price (2004) 0.76 0.06
Net equity financing (2006) 1.85 0.51 Industry concentration (assets) (2006) 0.53 0.06
change in net operating assets (2004) 1.95 0.58 Efficient frontier index (2009) 0.29 0.06
Inventory Growth (2002) 1.84 0.59 Taxable income to income (2004) 0.76 0.07
Up Forecast (2002) 1.84 0.74 Industry concentration (equity) (2006) 0.53 0.07
Frazzini-Pedersen Beta (2014) 1.70 0.77 Return on assets (qtrly) (2010) 0.39 0.07
Change in recommendation (2004) 1.95 0.79 Book-to-market and accruals (2004) 0.76 0.07
Net Operating Assets (2004) 1.95 0.83 Composite equity issuance (2006) 0.53 0.12

Details see Table OA.5
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Figure OA.9: Total R? generated by old factors and its change due new factors. Old factors: 3
common factors and first 3 CZ21-specific factors.
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(c) Increase in Total R2. Test assets: CRSP stocks  (d) Increase in Total R2. Test assets: CZ21 portfolios

For each 5-years rolling window ending in year i we compute the percentage T'otal R? generated by a latent factor model with 3 common factors between
individual stocks and CZ21 portfolios (model (i)). When a new factor form the zoo enters in the dataset we add this factor only to the six factors of model
(a) and recompute the Total R? with this new set of seven factors (model (ii)). T'otal R? is computed using as test assets either the individual stocks or
the CZ21 portfolios available in year y for both model (i) and model (ii). In Panels (a) and (b) we report the Total R? obtained with the old factors only
(OId fac.), that is with the factors in model (i). We also report all the increases in T'otal R? when a new factor is added in model (ii) to the 6 factors in
model (i). The models are estimated on the rolling window starting in year y — 4 and ending in year y, for each y = 2001, ..., 2020. Total R?’s are
computed as described in Section 4.2, but taking into account only the 5-year window ending in year y.
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Figure OA.10: RM S, generated by old factors and its change due new factors. Old factors: 3
common factors and first 3 CZ21-specific factors.
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(c) Increase in RM S,,. Test assets: CRSP stocks (d) Increase in RM S,,. Test assets: CZ21 portfolios

For each 5-years rolling window ending in year y we compute the RM S, generated by a latent factor model with 3 common factors between individual
stocks and CZ21 portfolios (model (i)). When a new factor form the zoo enters in the dataset we add this factor only to the six factors of model (a) and
recompute the RM S, with this new set of seven factors (model (ii)). RM S, is computed using as test assets either the individual stocks or the CZ21
portfolios available in year y for both model (i) and model (ii). In Panels (a) and (b) we report the RM S, obtained with the old factors only (Old fac.),
that is with the factors in model (i). We also report all the increases in RM S, when a new factor is added in model (ii) to the 6 factors in model (i).
The models are estimated on the rolling window starting in year y — 4 and ending in year y, for each y = 2001, ...,2020. RM S, s are computed as

described in Section 4.2, but taking into account only the 5-year window ending in year y.
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B Assumptions and proofs

Section B.1 includes all the Assumptions required to prove Proportion A.1, Theorem A.1 and Theorem
A.2 in Appendix A. Section B.2 provides the proof of Proposition A.1, while Sections B.3 and B.4
provide the proofs of Theorems A.1 and A.2, respectively. Section B.5 contains additional technical
results required in the previous sections. Finally, Section B.6 provides the uniform asymptotic
expansions of factors and loadings in the group factor model when factors are estimated by RP-PCA:
these results are useful in themselves, but also instrumental to some of the proofs of the previous
results.

In this appendix, we denote by a; = [A]; the column vector corresponding to the ¢-th row a} of

matrix A = [ay, ..., ay, ..., ar|’.

B.1 Assumptions for Proportion A.1 and all Theorems

We make the following assumptions:

Assumption B.1. We have Ny, No, T' — oo such that the conditions in (A.17) hold, that is:
VT /N =o0(1), N/T? = o(1), and piy = \/Na/ Ny — p1, with pu € [0, 1].

Assumption B.2. The unobservable factor process I, = [ f{', i, f3, ] has vector of means, and
covariance matrix as defined in (A.8), that is:
;e e 0 0
E[Ft] = ,u‘; R and EF = V(Ft) = 0 ka d )
13 0 @ I

with all the elements of vector E|F}] being finite, and where ¥ is positive-definite.

Assumption B.3. The loadings matrix Aj = [ AS © A ] = [ N1, ..., Ajw, | is such that

Nl'igloo N%A;-Aj = X\, where ¥, ; is a positive-definite (k;, k;) matrix with distinct eigenvalues and
J

kj =k +kj, forj =1,2.

Assumption B.4. The error terms €;;; and the factors h;; = [f{', f54]" are such that for j = 1,2 and

alli,t > 1: a) Elej;4|F] = 0and E[e3,,|F}] < M, a.s., where F, = 0(F,,s <t), b) E[}, ] <M
and E|||\h;4]|>"V®] < M, for a constant M < oo, where 1 > 2 is defined in Assumption B.5 b).

. . N; N;
Assumption B.5. Define the variables £;, = —\/IN_] Y1 Nji€jie and Kjyp = —\/IN_J Zi:ﬁ(%%i,t - 7732‘,t)’
indexed by Ny, Ny, where 17, = plim - vazjl Ele?, | Fil, for j =1,2. a) Foranyt > 1and h >0
: 7 i,

Nj-)OO
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have:
(€0 €l b on] = N(0,%(R)),  (Fi-stably),

as N1, Ny — 00, where the asymptotic variance matrix is:

Qll,t(o) Ql2,t(0) Q11,15(h) Ql2,t<h)

h) Q204 (0)  Qore(h)  Qany(h)
' Q14 n(0) Qg n(0) |

(

Qo24-1(0)

. N; N .

for Qi (h) = Nl;})]}érgoo\/ﬁ D i Doty NNk ooV (it Erei—n| Fr), for any j, k, h.

Moreover, for all Ni,Ny > 1 and j = 1,2, we have: b) E(||§.|[*|F) < M, a.s., and c)
E||k;4|Y] < M, for constants M < oo and r > 2. Finally, let G;; = \%ZL &ithy, then d)

Ef|Gyl°] < M

Assumption B.6. a) The triangular array processes V; = Vy, Nyt = [0},&),,7 = 1,2]" and
Vi = Vv = Kjw i = 1,2 are strong mixing of size ——, uniformly in Ny, N, > 1. 13
Moreover

b) | E(&4&k 4| Ft) — E(&a&i o Frs ooy Fim)|l2 = O(m™Y), as m — oo, uniformly in Ny, Ny > 1, and
o)z, — Emz Vi) |ls = O(m™Y), as m — oo, uniformly in Ny, Ny > 1,
for j,k =1,2, where Vi7" = o(Vy,t —m < s <t+m)and ) > 1.

Assumption B.7. For j = 1,2:
2
a) th lzt 1 E[Tl] ] < M, E (\/#— vazjl(emtej,i,s _77]2',155)> ] < M, forany s < t and a

constant M, where 7732',153 = phm—ZZ L Elejiiiis| Fil; b) \th (1 +77]t>hjta]t = 0,(1),

J—>OO
T
%Zt:l 5j7t0‘;‘,t = 0p(1), Ellcvjtl ] = O(1), where o, = \/ﬁ Zz‘:1 Zs=1,s;«ét €,i4Ej,,sMj,s5
o) Nj T
c) E[||8;:l*] = OQ1) and E||B;:|*] = O(1), where 8;, = \/ﬁzizl D smt,st Eiit (€5 Clis —
pa) Nj T
ElejisCjs)) and By = 7 > i Zszl,s;ét €jitEeji,5C ], where (= (77] th],t7 Kj, thg t fg t ]t),

Assumption B.8. For j = 1,2:
a) Pl||hjl > 6] < ciexp(—cad®), for large 5; b) Zévzjm#iE[ejvg’tng] < M, foralli > 1;

c) P[H%Zle zidl > 0] < T exp(—cd*T") + c3T5 Lexp(—csTT), for all i > 1 and 6 >

. 1 N;
0, where either ziy = hjucjiq, or ziy = €5,, — Ele3, ], or ziy = Wi D i1 E30E it —
BThat s, a(h) = O(h™?) for some ¢ > —, where a(h) = sup sup sup |P(AN B) — P(A)P(B)],

Ni,N221 t21 AeV! BeVyy,

where V/T" = o(V,,t —m < s <t +m), and similarly for V,*.
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E[\/;V S Siaciinl @) Nisll < M, for all i > 1; where b,y ca, ¢, c4,m,0, M > 0 are
J
constants, and n > 1/2.

Assumption B.9. The error terms are such that:  a) Cov(gjit, €k e—n|Fi) = 0, if either j # k, or
i # L, b)Elejii{ejii—ntn=1,F] =0, ¢ E[eim
all 3,1i,t, h.

{Ej,i,tfh}hzla ft] = v,ii» Say, where v;;; > 0, for

B.2 Proof of Proposition A.1

From the covariance matrix X r of the factor vector ( IE fies f;}t)/ in equation (A.8), and the definition

of matrices R and R* given in Section A.5, it follows that:

Iie 0 Lie 0
R=|[*F , Rr=|"" . (B.1)
0 o 0 P

Noting that also in our set-up matrix X is assumed to be positive definite (see Assumption B.2), then
the proof of Proposition A.1 is omitted as it is analogous to the proof of Proposition 1 in AGGR (see
Section C.1 in their OA).

B.3 Proof of Theorem A.1

The proof of Theorem A.1 is structured analogously to the proof of Theorem 1 in AGGR. In the current
paper we use the asymptotic expansion for the estimates of the pervasive factors extracted by RP-PCA
in each group derived in Andreou et al. (2021), which are different in some higher order terms from
that derived in AGGR, who instead derived the asymptotic expansion of the classical PCA estimators
(see next Proposition B.3.1). This asymptotic expansion provides an higher order terms compared to
the one derived by Lettau and Pelger (2020a) for the RP-PCA estimators. Then, all the steps in the
proof of Theorem 1 in AGGR are re-done taking into account of the new asymptotic expansion of the
factors’ estimators, and the fact that the formulas for the canonical correlations of the estimated factors
are different from those used in AGGR, as they now need to include the factor mean.

The proof starts by reporting the asymptotic expansion of the factor estimates fAzﬁ in Proposition
B.2 (Section B.3.1). This result allows to derive the asymptotic expansion for the sample canonical
correlation matrix R (Section B.3.2), and the asymptotic expansions of the eigenvalues (and
eigenvectors) of matrix R by perturbation methods (Sections B.3.3 and B.3.4). This yields the
asymptotic expansions of the canonical correlations and of the test statistic é (k¢) (Section B.3.5),

and the asymptotic Gaussian distribution of the test statistic (Section B.3.6).
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B.3.1 Asymptotic expansion of the factor estimates iAth
PROPOSITION B.2. Under Assumptions B.1-B.4, B.5 b), c), B.6 a), and B.7, we have:

. . 1 1
hje = Hj(hje + i), Vi = \/TUN + Tbyt + JNT
J J

for groups ) = 1,2, and datest = 1,...,T, where:

——=d;; + V4, (B.2)

-1
1
!
(NZAJ-,»J-J) S
J =1 ﬂ i=1

with Xj; = (A, A3) biy = ma (b + ﬁRpi_zj) +mg i, and dj; = mg;ihe. The terms v}, are

VAR
such that
T
1 1 1
fZ( ujt+Tth+ NdeJt+19]t> It = Op (N\/T)

and — Z h, tz? (N> as Ny, Ny, T' — oo. Matrix m, ;, converges to a constant (over time)

p.d. (kj, k: ;) matrix under the additional Assumptions B.9 (b) and (c), ma; converges to a constant a

p.d. (k;, k;) matrix, and ms j converges to a constant p.d. matrix (kj, k;). Moreover, let us define

Ujy = Ujy — Uy , (B.3)
bje = bjs—0;, (B.4)
vj,t = dj — _j7 (B.5)
050 = 0 —0;, (B.6)

then ﬁ > i1 hjatt = Op(1), T 2ot Uty = Op(1), T 2ot hjble = Op(1), T 2ot bj il =
T oy ¥ T Oy T o

Op (\/LT) ) %Zt:l ijtb;c,t: Op(l)v %Zt:l hjid;c,t = Op(l)v \%T Zt:l uj7td;€,t = Op(l)a

%Zle lu)j,ta?;m = O,(1), and %Zle Jﬂc\izﬁt = O,(1). Finally, matrix H; converges in probability

to a nonstochastic p.d. (k;, k;) matrix, for j, k =1, 2.

Proposition B.2 extends Proposition 3 in AGGR, which was derived for factors estimated by PCA, to
the more general case in which factors are estimated by RP-PCA, as in Lettau and Pelger (2020a,b).
For each group of data j = 1,2, Proposition B.2 provides a more accurate asymptotic expansion of
RP-PC factor estimator compared to the results in Lettau and Pelger (2020a): this refined result is

needed to control higher-order terms in the asymptotic expansion of the test statistic in our Theorem
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A.1. Notably, the term ﬁuﬂ in the expression for v;, appears in Proposition 3 of AGGR, and is
also the only term appearing in the expansion of the RP-PC estimator in the OA of Lettau and Pelger
(2020a). Notably, the term of stochastic order 1/v/N is u,/v/N, where u; = (A'A/N)~'¢, is zero
mean as E[;] = 0 from Assumption B.4 a). This term is the usual first order term appearing in the
asymptotic expansion of classical PC factor estimator (see Bai (2003)) and it is also the first order
term appearing in the expansion of RP-PC estimator (see Lettau and Pelger (2020a)). All the other
terms in the expression for 1); ; are new compared to Lettau and Pelger (2020a), are also different from
those appearing in AGGR, but do not affect the asymptotic distribution of the test statistics under our

Assumptions.

B.3.2 Asymptotic expansion of matrix R

As canonical correlations and canonical directions are invariant to one-to-one transformations of the
vectors ﬁl,t and ﬁg,t, in the asymptotic analysis of the test statistic f (k¢), we can set 7:[j = Iy, j=1,2,

in expansion (B.2) without loss of generality.

T
= 1 o = N~ _
Leth; = T E h;, then equation (B.2) implies h; = H;(h; ¢ + 1), with:
t=1

- 1 1- 1 - _
Vit :\/ﬁﬂj,tﬂLf ¢ N‘de,t+19j,t' (B.7)
J J
By defining
o Vie— L it bt —edy, + ¥ (B.8)
jit it — Y5 = Ujt T 705t gt T Vit :
VN T N;T
we get

hio—hy = (hy+50) — (W + ) = (hye — By) + (30 — 0)
= Hj(hj +¥50) (B.9)

for all dates t = 1, ..., T'. Therefore:

T T
A~ A PN 1 v v v N ~ N
D hehi, = hibly = 2 "(hja 4 i) (hjs + 050) = Vik + Xju,  (B.10)
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where:

T

T T
3 1. X 1 L . 1 Lo
ik =7 E hyshiy, Xk = T E (hj sk s + b ) + T E VW (B.11)
t=1

t=1 t=1

for jk = 1,2. From the definition of matrix R in (A.10), and by using (B.10) and V;;' =
<ij + 17],;1)2']»]-)

1 .
Vj;l, we get:

. SN - . L~ - .
R= (1 + V' &) Vit (Vie+ Kiz) (I + V' X2)  Vig' (Vo + Xan) .  (B12)
By using the definitions of 1;; in Proposition B.2 and of QZjvt in equation (B.7), the next Lemma

provides an upper bound for terms X ik ok =1,2.

LEMMA B.1. Under Assumptions B.1-B.4, B.5 b)-c), B.6 a) and B.7 we have )A(jﬁk = O, (6n7), for
J,k=1,2, where . := (min{N,T})~".

We now expand matrix R at second order in the X ;.k- We do this because the first-order contribution

of the X ;. to the statistic of interest involves leading terms of stochastic order O, ( ﬁf) : see Lemma
. . 2 2 . . . . 1

B.5. The second-order remainder term is O,(d% r), and d5 7 is not negligible with respect to VT

when T is too small compared to N, that is the case when m := min{N,T} = T and ﬁ < %

i.e. when TVT < N < T2. In order to get validity of our results for more general conditions on the
relative growth rate of NV and 7" such as in Assumption B.1, we consider a second-order expansion. By
using (I — X) ™" = T4+ X + X? 4 O,(6% 1) for X = O,(0n,r), from equation (B.12) we get the next
Lemma.

LEMMA B.2. Under Assumptions B.1-B.4, B.5 b)-c), B.6 a) and B.7, the second-order asymptotic
expansion of matrix R is:
R=R+ ¥+ 0,(5% 1), (B.13)

where R = V;1'ViaViy ' Vay and ¥ = V710, with U = U () 4 §* (D),

U D = —X\ R+ X138 — B'X0yB + B'Xy, (B.14)
A A ~ ~ A ~ A / ~ A ~ A
. CTA/Th A <X223 - X21) 5% (XZQB - X21> ) (B.15)

and B = \7251‘721.

This Lemma is analogous to Lemma B.2 in AGGR. In equation (B.13) matrix Ris decomposed into the

sum of the sample canonical correlation matrix R computed with the true factor values, an estimation
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error term W consisting of first-order and second-order components P+ (D) and ¥+ UD , respectively,

and a third-order remainder term O, (43 7).

B.3.3 Matrix R and its eigenvalues and eigenvectors

We now characterize matrix R and its eigenvalues, that are 02, ﬁzl, i.e. the squared sample canonical
correlations of 1, ; and hs ;, under the null hypothesis of k¢ > 0 common factors among the two groups

of observables. Since the vectors A ; and hy have a common component of dimension k¢, we know

that p; = ... = pge = 1 a.s.. Using the notation:

T 1 T

3 _ c c re\! Fc fel

Ve = ftZ(ft P = 1) —f; 7 (B.16)

- 1 < . . 1 & § §

Sei = g =PV BY =52 Lhe Bie=5, (B.17)
t=1 t=1

R 1 T - B 1 T

S = ) - B - =5 B gk=12 (B.18)

o
Il
—_
o
Il
—_

with ff = f¢— f¢and fj,t = fii— _j we can write matrices f/j’k, with 7,k = 1,2, in (B.11) in block

‘7 o i]cc i]c,j 1.9 "“/ o i]cc i302 V
77 i i]] 9 J=1,4 12 — 2170 212 21

The last two equations and the definition of 2 allow to obtain the next Lemma B.3, which is analogous
as the Lemma B.3 in AGGR, with the fundamental difference being the definition of matrices f]cc,

>, and 3, in equations (B.16) - (B.18).

form as:

c,jo

LEMMA B.3. The matrix B defined in Lemma B.2 is such that:

i Le L3 Le i—l(i Sl )
B = Vp'ln=| 1" x| = | " e (B.19)
0 Mo 2o 0 222|CE21\C

The matrix R = V;1'Vi3Vyy ' Vay is such that:

o ]kc i]Ciclicl (]kl—kc - Rss)
0 R,

where Ry = 337 S191355, So (e and X gy i= Sj — 258 S for j, k = 1,2.
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Matrix R, is the sample canonical correlation matrix for the residuals of the sample orthogonal
projections of fit and f;jt onto ftc, with the latter three factors being the demeaned versions of [},
f5, and f{. From Lemma B.3, the k© largest eigenvalues of matrix Rare p? = ... = pi. = 1, while the
remaining k; — k¢ eigenvalues are the eigenvalues of matrix R, and are such that 1 > p7. b2 2

Pz, > 0, a.s.. Let us define:

Ipe 0
Ec = i ) Es =
(k1 xk©) 0 (k1 x (k1 —k®)) yPa—

Then, the eigenvectors associated with the first £ unit eigenvalues of R are spanned by the columns

(B.20)

of matrix E,. The columns of matrices F, and E, span the space R*'.

B.3.4 Eigenvalues and eigenvectors of matrix R obtained by perturbation methods

The estimators of the first k¢ canonical correlations are such that p7, with £ = 1, ..., k are the k° largest
eigenvalues of matrix R. We now derive their asymptotic expansion under the null hypothesis H (k¢)
using perturbations arguments applied to equation (B.13). Let Wl* be a (k1, k°) matrix whose columns

are eigenvectors of matrix R associated with the eigenvalues p?, with £ = 1, ..., k. We have:
RWy = WiA, (B.21)

where A = diag(p2,¢ = 1, ..., k%) is the (k°, k) diagonal matrix containing the k¢ largest eigenvalues
of R. We know from the previous subsection that the eigenspace associated with the largest eigenvalue
of R (equal to 1) has dimension k¢ and is spanned by the columns of matrix E,. Since the columns of
E. and E, span R*!, we can write the following expansions:

A

Wi = E. U+ E,, A=Twe+M, (B.22)

where E. and E; are defined in equation (B.20), the stochastic (k¢, k¢) matrix U is nonsingular with
probability approaching (w.p.a.) 1, stochastic matrix M is diagonal, and & is a (k; — k¢, k°) stochastic
matrix. By the continuity of the matrix eigenvalue and eigenfunction mappings, and Lemma B.1, we
have that & and M converge in probability to null matrices as Ny, Ny, T — oo at rate O,(dy ). By
substituting the expansions (B.13) and (B.22) into the eigenvalue-eigenvector equation (B.21), using
the characterization of matrix R obtained in Lemma B.3, and keeping terms up to order Op(éj)’v’T),
we get expressions for matrices & and M. These yield the asymptotic expansions of the eigenvalues
and eigenvectors of matrix R provided in the next Lemma B.4, which is analogous to Lemma B.4 in
AGGR.
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LEMMA B.4. Under Assumptions B.1-B.4, B.5 b)-c), B.6 a) and B.7, we have:

A - Ik:c +Z/A{_1i;;1 {\ijzc + ¢[:5<]k1—kc - Rss)_l\i]sc - ZN]c,l(jlﬁ—kc - Rss)_lilsci_llil* }Z/A{

+0,(0%.1); (B.23)
VAVl* = (Ec + Es(lkl—kc - Rss)_l |:\i}sc + \ilss(jkl—kc - Rss)_l@sc
(e = o) e (22102, ) | ) U+ 0,03 1), (B.24)

where U, U, = U W, denote the upper-left (k, k¢) block, the upper-right (k°, k) block and the

lower-right (k3, k3) block of matrix U, and similarly for the blocks of AR

In equations (B.23) and (B.24), in the terms that are of second-order with respect to \if, we can replace
U by UD without changing the order Op(é?V’T) of the remainder term. Note that the approximation in

(B.23) holds for the terms in the main diagonal, as matrix A has been defined to be diagonal.

B.3.5 Asymptotic expansion of Ele Do

Let us now derive an asymptotic expansion for the sum of the k¢ largest canonical correlations
Zf;l pe. By using the expansion of the matrix square root function in a neighbourhood of the identity,
le. (I+X)2 =T+ X — £1X? 4+ 0,(0% 1) for X = O,(én,r), from equation (B.23) we have:

A 1o ¢ Liss Res)
AP = Lt SUT'S {‘If = LS 4 W (T e — Ro) T W

4 cc—ce

)

_ic,l (Ikl—kc - RSS)_I@SCiC_CI\ij:C} Z:{ + OP<5?\7,T)'

Using S5, pp = tr {Al/Z}, this implies:

k¢
1 D ) .
S = o {52 [ s - e
=
S Ty e — Rss)*lxirg?i;\ifzg”] } + 0, (63 7). (B.25)

The next Lemma B.5, which is a simplified version of Lemma B.5 in AGGR adapted to our new
estimators of latent factors by RP-PCA, provides the asymptotic expansions of the terms within the
the trace operator in the r.h.s. of (B.25) by plugging the expressions of U* and its components from

Lemma B.2.
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LEMMA B.S. Under Assumptions B.1-B.4, B.5 b)-c), B.6 a) and B.7 we have:

ke L (L 1 X 1 w1 1= () (e

Db = kgt {ECJT > Ellpitsy) — i) (it — i) m]} ~ ggatr {ECJT > Ab Ab, }
t=1

1 1 viC vic c 9 )
BTVl {\/T S vy — ) (o) — a57) — El(unal) — af)) (unls) - a7 }

t=1

+0p (0%,r) + 0p (en 1) (B.26)
where en 1= WT The terms in the curly brackets are Op(1).

We have 5?V,T = o(en,r) from the definitions of §y 1 in Lemma B.1 and of ¢y in Lemma B.5, and
the condition v7' <« N < T? in Assumption B.1. Therefore, the leading stochastic terms in the
difference 3~ p¢ — k° are of order O,, (%), O, (7=) and O ( 5 f) If the assumption N < T? was

violated, an additional term of order the term of order F would appear on the r.h.s. of equation

(B.26), analogously to what happens in the r.h.s. of the analogous equation in Lemma B.5 of AGGR.'*

This additional term is negligible w.r.t. the dominating term of order —=, and therefore absorbed in

N\F ’
the term o, (e 1) in our equation (B.26) under Assumption B.1.

From the definition of matrices ¥, and Y5 in Theorem A.1, we have %Z;‘le E[(,ung? —

BN (il — @Y F] = Sy and D &)EC)&)EC)/ — Y. Moreover, let us define the process
Uy = pyiisy) — asy. (B.27)

Process U; depends on Ny, N,, but we do not make this dependence explicit for expository purpose.
By using these definitions, from Lemma B.5 we get:

k€ T
Z ke +—tr {2 Sy }—i—%tr{z 123} - W <1TZ A —E(Ut’Utm)]) +op (en.) -

t=1

(B.28)

Under our set of assumptions the term \%ZL [UU, — E(UJU|F;)] is O,(1), as in the next
subsection we show that it is asymptotically Gaussian distributed. The remainder term o, (ex ) in
the r.h.s. of (B.28) is negligible with respect to the first term in the r.h.s. The result in equation
(B.28) is analogous to the one in equation (B.15) in AGGR, with the notable differences being the new

definitions of the term in U, provided in our equation (B.27), and of matrices S and X 5. Moreover,

as mentioned above, under the assumption N < T, the term of order — appearing in Lemma B.5

T\/

of AGGR is negligible w.r.t. the dominating term of order —= \f

“For example, assumption N < T2 is violated in the case 72 < N < T°/? allowed by AGGR, but not by our
Assumption B.1, and not even by Lettau and Pelger (2020a).
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B.3.6 Asymptotic distribution of the test statistic under the null hypothesis H (k°)

From the asymptotic expansion (B.28) we obtain the asymptotic distribution of f (k) = Zif:l Do
under the null hypothesis H (k°) of k¢ common factors. First, we apply a CLT for weakly dependent
triangular array data to prove the asymptotic normality of % Zthl Zyt as N, T — oo, where

Zny = UU, — E(U,U;|F;) depends on Ny, N, via process U, defined in (B.27).
i) CLT for Near-Epoch Dependent (NED) processes
Let process Vi, n,+ = V; be as defined in Assumption B.6, and let V{7 = o(V,t —m < s < t+m)
for any positive integer m, with V, = V' __.
LEMMA B.6. Under Assumptions B.3, B.4 a), b), B.5 b) and B.6 a)-c) we have:
(i) Zn. is measurable w.rt. V;, and E[Zy,] = 0 forallt > 1 and Ny, Ny > 1,

(ii))  sup E|[||Zn.]|"] < oo, for a constant v > 2,
t>1,N1,Na>1

(iii) Process (Zy ) is L? Near Epoch Dependent (L*-NED) of size —1 on process (V;), and (V) is
strong
mixing of size —r/(r — 2), uniformly in Ny, Ny > 1, 1
(iv) Matrix Qy := limp n_yoo V' (\/LT Zthl ZN¢) is positive definite and such that

o0

Qu= > T(h), T(h):= lim Cov(Zxs, Zn4-n) - (B.29)
h=—o0

Then, by an application of the univariate CLT in Corollary 24.7 in Davidson (1994) and the Cramér-
Wold device, we have that:

T
1
7 Y 2y -5 N(0,), (B.30)
t=1

as T, N — oo. Let us now compute the limit autocovariance matrix I'(h) explicitly. By the Law of

Iterated Expectation and E[Zy | F;] = 0, we have:

I'(h) = lim E[Cov(Zn4, ZN1—n|F)]- (B.31)

N—oo

Moreover, from Assumptions B.3 and B.5 a), vector (U/, U;_,)" is asymptotically Gaussian for any h,

BThatis, || Zn, — E[Zn| V||, < €(m), uniformly in ¢ > 1 and Ny, No > 1, where £(m) = O(m~") for some
P > 1.
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tas N — oo:

U, U Yui(0) Xpe(h
I t )~ N o, val ), vah) . (F-stably). (B.32)

Ut—h Utofh ZU,t(h) ZU,t(o)
We use the Lebesgue Lemma to interchange the limes for N — oo and the outer expectation in
the r.h.s. of (B.31), and the fact that convergence in distribution plus uniform integrability imply

convergence of the expectation for a sequence of random variables (see Theorem 25.12 in Billingsley
(1995)) to show the next lemma.

LEMMA B.7. Under Assumptions B.3 and B.5 b), we have:
I'(h)=FE [Cov(Utoo ’Utoo, Utofh' tofh|]:t)] )

Lemma B.7 allows to deploy the joint asymptotic Gaussian distribution of (U ', U*/)’ to compute
the limit autocovariance I'(h). To compute matrix I'(h), we use Theorem 12 p. 284 in Magnus
and Neudecker (2007) and Theorem 10.21 in Schott (2005). We get Cov(U* 'U°, U2,/ Uz, | F:) =
2tr {2y +(h)2y+(h)'}. Therefore from (B.29) and Lemma B.7 we get:

Qu= > 2r{E[Sus(h)Sva(h)]} = 4Qu. (B.33)

h=—o00
ii) Asymptotic Gaussian distribution of the test statistic
Let us define the constant Dy = WT From equations (B.28) and (B.33), and by using:

(D3 r)? = =3, and NVTQ/” = 0 <N\/T) — O(ex'y) , under the hypothesis of &°

common factors in each group the statistics & (k<) = Zlle ¢ 1s such that:

NVTQ, {é(kC) — K+ %tr {50} + %tr {igjiB}}

T
1
= —(DXs) PDyr—= Y Zvr + 0p(1).
ﬁ t=1

From equation (B.30), the r.h.s. converges in distribution to a standard normal distribution.

Summarizing, under Assumptions B.1 - B.7, and the null hypothesis Hy = H (k°) of k° common
factors, we have:

B . 1 (e 1 e
NVT - gl &) = ke + St {2;}2U} + tr {2;123}] 4 N(0,1), (B.34)
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where ¥, = T Z i ft ' Moreover X5 = % Zthl /A\?)ic) &)EC)/, and

—(0) 1< 1 & -
Ab, = by —byy— (T Z(bl,t—bQ,t>F;> (TZ ’ ;) F
t=1

T
Sy = Z( B0+ B, — S, — unECS )
QU,I = = Z E tT{EUt EUt )}]
h—foo
Svah) = w25 (h) + 29 (b — ps) (h) = ux L (h), h=..,-1,0,1
Ut u,11,t u,22,t My 12t M2y, 91,4\ 1), o —hL UL

where the upper index (c¢) denotes the upper (k¢, 1) block of a vector, the upper index (¢, ¢) denotes the
upper-left (k°, k°) block of a matrix, and £, = [f¢', fit 31 = [(f = J°), (3 = F2)' (f3. = ),
with f¢ =37, f¢/T,and f3 = 3", f5,/T, for j = 1,2.

The result in equation (B.34) is analogous to Theorem 1 in AGGR, where the estimator of the canonical
correlations of the estimated factors (used to compute & (k°)), and the sample covariance matrix of the
true factors ZN]CC have now been modified to take into account that under our new Assumption B.2 ,and
that the factors are allowed to have a non-zero mean.

Vector Avbic) is the residual of the orthogonal projection of I;Lt — Bz’t onto Ft in sample. The
orthogonal projection of vector lv)jvt along vector ij,t can be absorbed in the transformation matrix
H ; in expansion (B.2), and therefore is asymptotically immaterial for the computation of canonical
correlations and for the large sample distribution of the test statistic. Under the additional Assumption
B.9, which implies that the errors are homoschedastic, conditionally on the factor path, we have that
mi j+ converges to a matrix which constant and independent on f;. Therefore both Z\;Lt and l?zt are
spanned by E, implying that Kbic) and X5 = 0, and that the bias term of order 72 in (B.34) is zero.
Then Theorem A.1 follows. [

B.4 Proof of Theorem A.2

To establish the asymptotic distribution of the feasible statistic in Theorem A.2 we need to control the
effect of replacing the re-centering and scaling terms by means of their estimates. The latter involve
factors and loadings estimates. Hence, in Section B.6 we derive uniform asymptotic expansions of
factors and loadings estimators. These results are instrumental for the proof of Theorem A.2, as well
as for the proofs of other results in this paper. In Subsection B.4.1 and B.4.2 we show the statements

in Part i) and in Part ii) of Theorem A.2, respectively.
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B.4.1 Proof of Part (i)

Let us first consider the asymptotic distribution of §~ (k) under the null hypothesis of k¢ common
factors. Under the assumptions of Theorem A.2, the infeasible asymptotic distribution in Theorem
A.1 becomes:

NVTQ,Y? [5(1&) — K+ %tr {i;}iUﬂ 2 N(0, 1), (B.35)

where Q1 = 3t {£(0)%} and we use (A.23) and £ = 0. Theorem A.2 i) follows, if we prove:

tr {ZU} = tr {i;}iU} +o, (%) , (B.36)
tr{i%]} = tr {9 (0)2} + 0,(1). (B.37)

Indeed, the statistic £(k¢) can be rewritten as:
£(ke) = Btr {zg} / QU,l] o {N\/Tﬂgfl/? [g(kC) iy %tr {iggiU}}
+0, <\/T [tr {EU} —tr {iggiU}])} ,

where the ratio %tr {f}QU} / (271 converges in probability to 1 from (B.37), the term within the curly
brackets in the first line in the r.h.s. converges in distribution to a standard normal distribution from
(B.35), and the term on the second line on the r.h.s. is 0,(1) from (B.36).

Le us now prove equations (B.36) and (B.37) by deriving the asymptotic expansions of Sy and i;cl.
cc)

To derive the asymptotic expansion of Sy, we use its definition Xy = u?\,f}fﬁ)l + 3 99, Where the

. PO | SR PO | b
matrices X, j; = (NijA;Aj> (%A}F?AJ (NLJ_A;A]-) , 7 = 1,2, involve the estimated loadings
and residuals. We plug in the uniform asymptotic expansions from Proposition B.3 in Section B.6 to

show the next result.

LEMMA B.8. Under Assumptions B.1 - B.9, i) The asymptotic expansion of estimator A; Aj /N is:

A4 u[z L (a4 I )]zﬁf+ (1) (B.38)
= . . R — . . - [0) B — s .
N; Jo| A JT Aj Aj I\ VT
for j = 1,2, where iA,j = N%_A;-Aj with Aj = [A§: A3], and Ly ; = f]AJQj and:
. H, 0 0 0
U; = ~ ; Q= = & : (B.39)
0 Hiy VTYS; 20 0
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and H,, 7:[37j are non-singular matrices w.p.a. 1.  ii) The asymptotic expansion of A’ F*A /N is:

Mk A yAare 1 I ) 1

DA = UL |5 + N (Laj + Lo,) | U + o 77 ) (B.40)
for j = 1,2, where ij = N%A;F;Aj, with 17 = diag(j ;,1 = 1,..., N;), and Lo ; = ijQj.

n o~ -1
Equation (B.38) allows to compute the asymptotic approximation of (LA;-AJ-) by matrix inversion:

1\ o e 1 o R I 1
(VA;AJ) _ ujl{zA;_ﬁzA}j (Lnj + Iy, EA}j] (@) +o (ﬁ) (B.41)

J

Substituting equations (B.41) and (B.40) into the expression of ﬁle and rearranging terms, we get:

S = U7ST {ij n

J

1 1 - o
Nis ( ﬁﬁijA,lj' (Lay + Ly )
1 N N 1
— 7 (Ing ) S50 ]ZAJ (@) +o (ﬁ)

Therefore, from the definitions of matrices L ; and L, ; in Lemma B.8, we have:

Loj+ Lg,) —

~ ~

— . 1 / 1 -1 1
S = Mj1(2u7jj+ﬁ(LU7j+LU7j)> (@) +o (ﬁ) (B42)

where ¥, j; = ¥} Q ZA] and Ly; = —Q;%,, for j = 1,2. In particular, the upper-left (k¢, k)
block of Ly ; vanlshes, ie. (Ly;) =0forj=1,2.

From equation (B.42) we get the asymptotic expansion for ¥, = ,u?viffﬁ)l + 253)2

Yy = H!

S >
VR
=
2[\3
Mh
M

(cc) 1 cc S -1 1
wan] 7 Lo + T+ Lo+ £42) ) (7)o, ()
T (’M) o, (%) . (B.43)

~ ~ /
Moreover, Proposition B.3 ii) implies 3! = <7—[C_1> ’H '+ 0, ( \F) This equation, together with
the asymptotic expansion (B.43) and the commutative property of the trace operator, imply equation
(B.36). Similarly, the asymptotic expansion (B.43) and the convergence Sy — Yy(0) imply equation

(B.37).
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B.4.2 Proof of Part (ii)

In order to prove Theorem A.2 (ii), we consider the behavior of statistic 3 (k°) under the

alternative hypothesis /; of less than £° common factors. Specifically, let » < k¢ be the true

- R —1/2
number of common factors in the DGP. The statistic is given by: £(k°) = Nv/T <%t'r{2%,}>

[le;l pe— k¢~ ﬁtr {f]U}] . We rely on the following Lemma. For its proof we assume that ff is

used to estimate the common factor in panel j = 1, while estimator ff* is used in panel j = 2.

LEMMA B.9. Under the alternative hypothesis H(r), with r < k¢, we have |Sy|| < C, w.p.a. 1, for

a constant C' > 0.

From Lemma B.9 and using 25:1 pe = 25:1 pe + 0,(1), where the 0,(1) term follows from the

continuity of the eigenvalues mapping, we get:
3 1. —1/2 [ k¢
(k) = NVT <§tr{22U}) [Z pe — k¢ + op(l)] )
=1

Under H (r), we have r < k¢ canonical correlations that are equal to 1, while the other ones are strictly
smaller than 1. Therefore, Zif:l pe — k¢ < 0. Then, from Lemma B.9 we get é (k) < =N VTey,

w.p.a. 1, for a constant ¢; > 0. Then Theorem B.4 follows. [ |
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B.S Additional proofs

This section contains the proofs of Proposition B.2 and Lemmas B.1 - B.9, stated in Sections B.3 and

B.4. The section also includes the proof of the additional technical results needed to prove them.

B.5.1 Proofs of Proposition B.2 and Lemma B.1

Proposition B.2 and Lemma B.1 are proved in Andreou et al. (2021) (see their Proposition B.2 and
Lemma B.1). In order to prove Lemma B.1, we need to show the bound for X 1,2; the bounds for the

other terms are obtained similarly. We substitute the definition 775‘7"15 = \/_uj +t= bj ++ \/_d] ++ 19] ‘
into (B.11) and use N, = N, N; = N/u%. We get:
. 1

T
Xy = ~ Z h1 tu2t + UnUy, th Z 1y tult (B.44)
=1

’ﬂ

+

T T T
1 4 v 4 1 4 o o v 1 v 2
2 Z: ( 1 thQ,t + bl,th,zt) + m tz; <b17tu'2’t + [LNU17tb,27t> + ﬁ tz; bl,tblzt

t=1

T T
1 o %) Y .
Z <h1 td2t + /,LNdl thg t> + HN Z (ul,td/Q,t + dl,t“é,t)
t=1

TTVNT — TNVT
1 T " T T
TEVNT Z (b1 iy, + pndy b t) + N;Q Zd o, Z I b, + U ol )
t=1 t=1 t=1

T /
1 S . 1. 1. 1
+= tz; {( Uy + Tblt + \/IXTV_Tst + ﬁl,t) Uy, 4+ D1y (ﬁl@,t + be,t + ﬁdlt> ] .

To bound the terms in the r.h.s. of (B.44), we use that under Assumptions B.2-B.4, B.5 b)-c) and B.6

a) we have:
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1 & 1 <&
=Yl = Op(1), D i, = O,(1), (B.43)
Tt:l t=1
1 T
fzhj,tb;c,t = 0,(1), (B.46)
t=1
e 1
=Y by, = Op|—= ) B.47
th:; 7, %kt p (\/T) ( )
1 T
fzba‘,tbzt = 0Op(1), (B.48)
t=1
1 T
72 hiediy = 0y(1), (B.49)
t=1
1 T
ﬁzﬁj,tdkt = 0p(1), (B.50)
t=1
1 T
fzbj,tdit = 0y(1), (B.51)
t=1
1 T
72 iy = 0,(1), (B.52)
t=1
for j,k = 1,2. These bounds are shown below by using the definitions of ;,, Eﬂ’ cijvt in

Proposition B.2. Therefore, the first nine summation terms in the r.h.s. of (B.44) are of order Op(\/%),
Op(%)’ Op(:lr)’ Op(T\/;N*T)’ Op(%)’ Op(ﬁ)’ Op(]VLT)’ OP(#W) and Op(]VLT)’ respectively. From
Proposition B.2, the last two summation terms in the r.h.s. of (B.44) are of order Op(% + 7%)
and op(ﬁ), respectively. Therefore, we get X;5, = O, (6n.1), where Sy = max{~, 7} =
(min{ N, T'})~'. The proof of the above results is provided in Andreou et al. (2021).

B.5.2 Proofs of Lemmas B.2, B.3 and B.4

The proofs of Lemma B.2, B.3 and B.4 are analogous to the proofs of Lemmas B.2, B.3 and B.4 in
AGGR (see their Online Appendices C.5, C.6 and C.7), respectively, and therefore are omitted. |

B.5.3 Proof of Lemma B.5

The proof is based on the asymptotic expansions of the terms within the trace operator in the r.h.s. of
equation (B.25). We distinguish the terms that are first-order, resp. second-order, with respect to the
Xk

i) Asymptotic expansion of first-order term Pt
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(cc)

From equation (B.14), we have ‘i/zg]) = |- X R+ X 9B — B'XpoB + B’Xgl] . As matrices R

and B have the same structure [ £, © * | (see Lemma B.3), we have:
Ui = X+ X - X+ (B.53)

From the expressions of the matrices )A(j,k in (B.11), and using the fact that upper k°-dimensional
subvector of both ;Lu and ;L27t 18 ftc, the upper-left (k¢, k¢) blocks of the first and second matrices in
the r.h.s. vanish. Therefore, from (B.53) we get:

T % 1 (e (e (e (e
Wil =~ D W — DD — 52 (B.54)

where w denotes the upper (k°, ) block of vector Qth To compute the matrix in the r.h.s., we plug

1 1
—U; + b b d; 4, forj = 1, 2 from (B.8), and use Proposition
,—N] 7.t 7.t /—NJT 7,t it ] ( ) P

B.2 and Assumptions B.1-B.4, B.5 b)-c) and B.6 a) to bound negligible terms up to o, (ex,r), where

ext = (NVT)™

the expressions %‘,t

LEMMA B.10. Under Assumptions B.1-B.4, B.5 b)-c), B.6 a) and B.7 we have:

T
) 1 1 (e vlc v
vt o= -5 (fZE[wuﬁﬁ—uéﬁ)(wuﬁﬁ u%)m)
t=1
1 1« S0 (o) J(0) o0y S0 (o) (c)
e = 2 |ty — i) (i) — )Y — Bl — i) (i — a1 7|
NVT \NT =
1 (10 ion @ @y
T2 TZ(blt_bz,t)(blt_b2t> +op (enyr) s
t=1

where the terms in the parentheses are Op(1).

- 1 1
Lemma B.10 shows that the leading stochastic terms in WD are of order O, (—) , O, (—) and
N NVT
1
ii) Asymptotic expansion of the second-order terms in the r.h.s. of (B.25)

1. ~ A A
The asymptotic expansion of the second-order term W*{/D) — Z‘I/zgl IS D gD e —
Re) 100 — 5y (I, —ge — Ras) " 0DS-10*(D s provided in the next lemma.
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LEMMA B.11. Under Assumptions B.1-B.4, B.5 b)-c), B.6 a) and B.7 we have:

n 14 - ~ ~ - N - - N ~ N
Wit = SIS + WD (T g — Ras) TG = S (T e — Rag) TGS WY
1 1 (10 @) | oot | Lxm 2 (70 1@
- T2 TZ(bLt_blt) F| 2p fZFi (blt_b2t> + op(enr)
t=1 t=1

where ¥ = z ST E,F, and the terms in the curly brackets are O,(1).

From Lemmas B.10 and B.11, the asymptotic expansion of the term within the square brackets in
the r.h.s of (B.25) is:

~ 1 ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
Ve, — quzéj)xc_clquy) + \Ijzgl)(Ik1—kc - RSS>_1\II£{:) — 2 1<]k1—kc - RSS)—lxpg)E;}quén

T
({1 c . c . C)N(c
= N (f ZE[(NNugt) - “gt))(,uNugt) - uét)yl]:t > ~ 7 { ZAb }
— -
S | 7 2 [ ewe? = ) ) — Y = Bl = o) ) — oY1)
VT
+0p ) (B.55)

where Abt are the sample residuals defined in Theorem A.1.
Moreover, from Assumptions B.2, B.4 b) and B.6 a), and Corollary 14.3 in Davidson (1994), we

have:
Iie O

0 +0,(T71?). (B.56)

Vig =1, + Op(T7'3), j=1,2, Vip= [

By plugging (B.55) into (B.25), and 3. = I« + O,(T~"/?) from (B.56), the conclusion follows.
[

B.5.3.1 Proof of Lemma B.10

We substitute the expressions 77;]‘7t = ﬁ_jaﬂ + bjt + \/_Td] .+ 19] . for j = 1, 2 into the r.h.s. of
(B.54). We use Ny = N and N; = N/ %, and partition vectors #;, and ijt in block-form as:

< (c) j(c)

U o b\

’lt/L' pr— Jt y . p— U]t 5 1 p— 1’ 2'
" [ ﬂgi) ] " [ b(S) ] !

Moreover, we use that from Proposition B.2 the contribution of the remainder terms 5j7t in the r.h.s.
of (B.54) is of order o, (ey ), and that under Assumptions B.2-B.4, B.5 b)-c) and B.6 a) we have
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= 2y thyady, = Op(1) and 3 3o, djdy,, = O,(1) (see (B.50) and (B.52)). Therefore, we get:

T
- 1 o(c o (c - (c MG
B0 = S il — ) i) — oy

1 7 (c 7(c 3(c 3(c 3(c 3(c 7(c 7 (c
= | — B () — Y + (i) — dEDBE} — B + 0p (encr)
t=1
By recentering the first term in the r.h.s., and highlighting the convergence rates, we have:
1 (1«
o= g (; > Bl — i) (uniisf) — aé?)'m]) (B.57)
t=1

T
1 1 v|C viC v(C v(C v(C vi(C v(C v(C
= <_ Z [(MNugt) - ugt))(:uNu(lt) - Ugt))/ - E[(MNu(lt) - Uét))(uzvu(u) - “gt))/u:t]})

Finally, by using ... and N < T? we get the expansion in Lemma B.10. |

B.5.3.2 Proof of Lemma B.11

i) Asymptotic expansion of gt

Let us start with W;'". From the definitions of the matrices X ;& 1n equation (B.11), bounding the

higher-order terms as in the proof of Lemma B.1, and using that —— < —— < 1 (% + #), we

TVNT = VNT — 2 T2
have:
Xy izt G, 10, (L4 (B.58)
],k_T‘—‘],k m 7,k p N T2 y .

Online Appendix - 48



where:

T
—_ 1 v v 1% v
Sin = o D (Rl + byaiy). (B.59)
t=1
1 & 1 «
Sik = ﬁZ(MN,khj,t%t+MN,jﬂj,th§c,t) +TZ(MN,khj,tdZ,t+MN,jdj,th§c,t)a (B.60)
P =1

with uy 1 = gy and g = 1. Terms éj,k and S'j,k are O,(1) under Assumptions B.2-B.4, B.5 b)-c)
and B.6 a). Then, from the definition of ¥*UD in (B.15), the bounds (% + #> (& + 72) = olenr)

INT 72
and (L + 5)? = o(exz) which hold if TV < N < T%2, we get:

T ]- — Cr— — s —_ - 5/ — i 5/ — — ~ — I~ — — - —_
gD = T2 {—:11‘/111 [—:nR + =19B — B'E»nB + 3,221] + <:2QB - :21> Vig! (:223 - :21>}

+0p(€N,T)-
Neglecting terms at order o, (e 1) When we further assume N < T? we get:
T 1 — Cr— — ”’ — ~ S/ — I 5/ — —_ I —_ F = — —_ r —_
(VANCEDR T2 {—511‘/111 [—5113 + E19B — B'E»B + Blim] + <Z2QB — :21> Voy' (:223 - :21>}
+open,r),
Let us now compute the (cc) block of this expansion. We get:

§ran _ i{_
cc T2

SO e NT e -
uVi! [—EnR + =19B — B'E»B + B/Em] + <522B - E21) Voy! (5223 —

[1]
[1]:

21) }
(co)

+op(enT)- (B.61)
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ii) Asymptotic expansion of \ilzgl) (Lpy —ge — Rss)’l\if(s?

Let us now consider the term @Zgl) (I —e — éss)_l@gﬂ). By the formula of the partitioned inverse for

f/ﬁl, and Lemmas B.1 and B.10, we have:

‘i’iﬁl)(fkl—kc - Rssyl@g?
= OBy e — B [V 820 + 0, (7712050 )|

- ~ ~ - 1 1 1 1
_ x(1) o -1 —1 *(1)
= Vg <]k1—kc R88> (Vll )ssqjsc + Op <5N’Tﬁ (N + T2 + T\/W + GNVT)>
= \ilzgl)(]k1—kc - RSS)_l(Vﬁl)ss\ij:gD + OP(EN,T)> (B'62)

if N < T%2. Let us consider \ifzg[)(lkl,kc — Rss)_l(ﬁjl)ss\@:g”. By using U*() = —X 1R +
X 5B — B' X9 B + B'X,,, the expansion for )A(M in (B.58), Rys = &9’ + 0p(1), and the condition
T'? < N < T*? to control negligible terms, we get:

\i’:g) ([krkc - 15{85)71 (‘71;1)33@321)
1

T2
+Op<€N,T) .

S

iii) Asymptotic expansion of U/.'") + \ifzél)(] ki —ke — Rss)flﬁ/gﬂ)

By putting the expansions (B.61) and (B.62) together, we get the asymptotic expansion:

‘i’;(m + \i/:g)(]h—kc - RSS)_lﬁlg?
1 = Yr— = ’“ - B o/ — o o/ — = >, - !~ — - D =
= ﬁ { (—:11‘/111 [—:HR + \:123 — B/.ZQQB + B/:Ql] + <.:22B — :21> ‘621 (:223 — .:21>)

+ [—éné + é12B - B/émé + B/é21:| (L) —ke — Rss)fl(vfl)ss X

S

[~Z1R+Z0B - BEnB + B'En| }+oy(ena) (B.63)
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Let us now rework the term at order 7°2.

—ZuR+Z19,B - B'Ey,B + B'Ey,
~EnR+ZE13B — B'=»B+ B'E =21
—ZnR+Z1,B — B'Z»B + B'E =21

Then, a block product computation yields:

For this purpose we use the equations:

= éll cc + 12 cc é22,cc + EZLCC = 07
= éll ,5¢C + *—*12 ,s¢ B —*22,00
B é 250+B *—'21cc+B s=21,s¢)
= _éll,ccRcs - éll,csRss + ‘—‘12 cchs + *—‘12 cséss
_E‘QQ,CCBCS - é22,(35355 + é:21,05-

= D = D D/I— /= D —1/y7/—1
+ [_:HR +Z12B — BEZ»B+ B 521} (Lpy—ke — Ras) (V17 )ss X
cs
\:llR + \—412B B \_QQB + B _.21i|
L sc
= = BV es + BV s | %
- —11,cc\ V11 Jecs —11l,es\ V11 Jss
[ =~ = o = I /=
‘:11,50 + —12,s¢ — Bcs*:22 cc BSSZ‘QQ sc + Bcs*—Ql cc + Bss*—*21,sc:|
+ —Z11 cRcs - :11,csRss + :12,cchs + :12,csBss - :22,cchs =22 csBss + :21,csi|

=
—11,cc

(Vi )es (Vi) (e =

:[_

—Z1l,es + *:'12,cchs + :12,05855

X (Ikl—k:c — Rss)il(‘zzl)ss [_éll,sc + é12,sc — Bésé22,cc —

Let us show that the term (V;71)e (V7)o

we have:

(Vi) es(ViTh) o (g —pe — R

R = 3 = 3 = 3 = 3 =
X (Ikl—kc - Rss) (‘/11 )ss |:_‘—'11,sc + —12,s¢ — Bcs‘—'QQ,CC - Bss‘—'22,sc + Bcs‘—'21,cc + Bss‘—Ql,sc]

Ry) + Rcs)

- *:'22,0ch3 - :22,csBss + :21,cs:|

B &2250+B ‘—‘2108+B ‘—'2lsc:|-

(I fey—ke — RSS) + Rcs vanishes. Indeed, from equation (??

[( Vi ) es(ViTh) s + Res(Tay ke — ]—?SS)*} (Iiy—pe — Rsy)

(Vi )es (Vi) 58| (T e — Beo)

2 [ Sl Vit es + Zea (Vi )as| (V)3 By = Res)

St [ eVt s + (Vin)eo(Vir s | (Vir )2 (i e — Fes)
0.
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Therefore, we get:

[1]2

(<20t [~EuR+ 2B - BEnB + 24
+ —é R + élzé — B/émé + B/ém} ([klfkc - RSS)il(Vﬁl)SS X

[ —

CcSs

[I]z

sc

11
—_ S 5/ — N ry/—
[ R :lgB — B :QQB + B :21i|
- —S1l,es + *—*12 cchs + :12,05355 - :‘22,cchs - ‘:‘22,csBss + :‘21,&9

P \—1l/y/-1 = = r = /= /= n/ = |
X ([klfkc - Rss) (‘/11 )ss ——11,sc + —12.;sc — Bcg'~22,cc — D529 s + Bcg‘-‘Ql,CC + Bss'—‘Zl,sc

1/

5 = 5 2 5 = 5 2
11 ,SC + H12 ,8C - Bcs'—‘22,cc - Bss"—‘22,sc + Bcs‘—‘QI,CC + BSSHQI,SC

|
[I]z

By [o2 g 3 E B = 3 Z 3 =
X ([k’l—kC - Rss) (‘/11 )ss ——11,sc + —12,5¢ — BCS‘—‘22,CC - BSS‘—‘227SC + Bc5‘~21,cc + BSS‘—‘Ql,sc

: = = D= D = R = D = =
Let us consider the term —=11 ¢ + Z12,s¢ - BloZ22 cc - BigZ22 s¢ + BrgEo1 ce + BogZat sc =

- [(éll,sc - é12,50) - B, (EQI cc é22,00) - B;s(éﬂ,sc - é22,50)

[1]:
<

g
Sl

Using =1 4. —

E21,cc - E22,(:0 = % Zt ftc (

R

1lsc+‘—‘12sc_B ‘~22cc_B ‘~22sc+B HQlcc—{'B =21,s¢
1 s ! fc D! fs i 7 !
= _T Z |:f1,t - B(/:sft - B;sz,ti| (bg - bé?,) :

t=1

Noting that

o I 0
B/:‘/lQ‘/QQIZ B/ B/

we deduce that:
fiiser = fi — Bl ff — Bigfsy, t=1,..,T,

are the residuals in the sample orthogonal projection of fit on fit and ftc. Let us now show that

(In,—ge — Res) " (V;i71)ss is the inverse of the sample variance of that residuals. Indeed, the sample
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variance is:

1<~ - 1 <&
o Z fluc,tf{uc,t = T [f1 t f2 t]
T t=1 T t=
= 211 - BCSEC,]. - 35322,1 = (‘A/(Yll - B/%l)
= (Vull - R))
= _ilcécs + ill<[k1fkc - Rss)
= [_ilcécs<[k17kc - Rss)il + i:11:| (Iklfkc - Rss)

Ss

— ( I St S zn) (It — Rus) = [(VitY)as] " (Is—ie — Rus),

from Equation (C.67) in the OA of AGGR . By gathering these results, we get:

<—é11‘~/ﬁl [ &nR + ulzB B ~22B +B ~21D
+ [—EMR +Z19B — B'Z5B + Blém} (Lhy—ke — éss)_l(f/ﬁl)ss X

[—EHR 4+ 2,8 — BB+ B/ém}

sc

1 o B
(f Z flJ_2c,tf{J_20,t>
t=1

1 ; v o)
= Frze (B - 15))

t=1

~ ~ ~ s ~ ~ ~
Let us now consider the term |:<522B — Egl> Vggl (EQZB — 521>] also showing at order 72

cc

the r.h.s. of the asymptotic expansion (B.63). Direct computation yields:

N .
[(5223—521> ‘/251 (uzzB = )}

- |:(é22,cc EQI cc)l (EQQ,SC - é21,5(3)/:| ‘7251

cc
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Hence, the term at order 7'~2 in the r.h.s. of (B.63) becomes:

_ . N - o
(—511‘/11 [ = 1R + ~12B B uzzB +B \~21] <~22B = ) Vﬁl (EzzB - E21))

+ [ = 1R + ~12B B’ _22B + B/_21] (Ly e — RSS>_1(VHI)SS x

S

~EnR+Z1B—~ BZ»B + ~21]

t=1 t=1 =1
1 o v ~ 1 T ~ T - o 9y /
+ | 20 (0~ 52) Fiiaee (?quctfm> z Fuize (bgfg_bgcg)]
t=1 t=1 t=1
1 T ~ 1 T /
PN UELATADAI DY t<b§f2—b§f2>], (B.64)
t=1 t=1
where
ad ]. r Voo
/!

because fi9.; is orthogonal in-sample to hoy, and (f{,,., h5,) is a linear transformation of
( fel fsi o fst )
toJ1trJ2t)

By substituting (B.64) into (B.63), we get:

U I 02D (L, e — Ryg) 0D
1 1 @ @) | oot | 1o © @Y
- s -y s 1m0 -0)] b @
t=1 t=1

iv) Conclusion

We finally consider the other second-order terms in the r.h.s. of (B.25).
By Wil =0, (& + 2 + exr) from Lemma B.10, we have:

GO 1D = o, (en ), (B.66)

if T2 « N < T2 Moreover, by using ¥o1(Iy,_re — Rs)™' = O,(T~?) from (B.56),
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G = O,(dn.r), and Pt = O, (% + 7= + en,r), we have:

) el 1 11
Ec,l([kl—kc - Rss) l\Ijv(Sé)ECCl\IICEI) —= Op [ﬁéNT (N T2 + €N T>:|
= 0Op (EN,T> s (B67)
if T'/? <« N < T?. From (B.65), (B.66) and (B.67), the conclusion follows. [

B.5.4 Proof of Lemma B.6

We show the conditions in parts (i)-(iv) of Lemma B.6. Part (i) follows by the Law of Iterated
Expectation and F(U;|F;) = 0, which is implied by Assumption B.4 a). Part (ii) is implied by
Assumptions B.3, B.4 b) and B.5 b). The NED property in part (ii1) holds true because conditional
expectations given F; can be well approximated by elements in the sigma-field V/*" generated by the
mixing process (V;), for large m, by Assumptions B.3, B.4 b), B.5 b) and B.6 a)-c), as we show in the

next lemma.
LEMMA B.12. Assumptions B.3, B.4 b), B.5 b) and B.6 a)-c) imply part (iii) in Lemma B.6.

To check part (iv) in Lemma B.6 we use:

T T—1
) 1 _ 1
v (ﬁ 2 ZN»t) = lim :;H@ _ h)Cov (Zxss Zxan)
= lim Cov(Zn4, ZNi-n),
N—oo e

where the first equality follows from stationarity of the data. The series converges because the
zero-mean process Zy; is a L2-mixingale with size —1, '® by Theorem 17.5 in Davidson (1994)
and Conditions (ii)-(iii), which implies ||Cov (Zn+, Zni-n)| = HE[ ZN7t|Vt_h)ZJ’V’t_h]H

IE(ZN.4|Veei)|l2l| Zn4=n]l2 = O (™), uniformly in Ny, N > 1, for some ) > 1. The latter uniform

bound also allows for an application of the Lebesgue Lemma to get:

o0

T
, 1
W= lm V (ﬁ ;ZW) = > T(h),

h=—o00

where I'(h) = limy_oo Cov (Zn4¢, Zn4-1n), Which yields equation (B.29). The computations in
Subsection B.3.6, and in particular Lemma B.7, show that the limit in ['(%) is well-defined.

Thatis, | E[Zn,¢[Vi—m]l, < ¢(m), uniformly in ¢ > 1 and Ny, N2 > 1, where {(m) = O(m~") for some ) > 1.
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B.5.4.1 Proof of Lemma B.12
~ ;v \©
Assumption B.6 a) gives the strong mixing condition for process V;. Since U; = un (ZX711§17t> —

~ o (c) -
<ZX,12€2¢> , where ¥, ; = AjA;/N;,

v = o — & (B.68)

for 7 = 1, 2, and process U, is function of the components of process V;. Therefore, to prove the NED
property for process Zy ;, we simply have to show that processes Xy ; = E(U;U;|F;) is L>-NED on
(V). We have:

1 Xne — E(XneVE N2 < N1 Xne — E(XNilFyy ooy Fiom) |2

m

= ||[E(UUJ|F,) — E(UUF, ..., Fi_p)|l2 = O(m™),
for ¢ > 1, by the Law of Iterated Expectation and Assumption B.6 b). The conclusion follows. |

B.5.5 Proof of Lemma B.7

The proof of Lemma B.7 is analogous to the proof of Lemma B.7 in AGGR (see their Online Appendix
C.10), with their assumption A.5 b) replaced by our similar A ssumption B.5 b), and therefore is
omitted.

B.5.6 Proof of Lemma B.§

The proof of Lemma B.8 deploys the following uniform asymptotic expansions of factors and loadings

estimates:
fe = A {fﬁ Zv_lugfg} +o, (T2, (B.69)
o= H |+ \/1N_ju§.f2 o, (T7Y?),  j=1,2 (B.70)
X, o= H {A;i + BN+ %w]] to, (T7V2),  j=1,2 (B.71)

. ~ 1 .
)\8_7. = H;,j [)\jz + ﬁuﬁjz} + 0, (T—l/z) : j=12, (B.72)

where the op(T_l/Q) terms are uniform wrt. 1 < ¢ < T and 1 < ¢ < N, vector uj

. . ., . < i i _ ) ~ _ T 2 o o
is defined in Proposition B.2, f7, = f5, — X; X M ff, w5, = B =30 ff€j, and W, =
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(f’]s ’?j/T)*l\/LT Zthl ﬁt§j7i7t, and matrices #,. and H,; are such that H'/H, = Iz + 0,(1) and
H;,jHSJ — ]k]s + Op(]_).
These asymptotic expansions hold under Assumptions B.1-B.4, B.5 b)-c), B.6 a), B.7, B.8, and are

derived in Proposition B.3 in Section B.6.

B.5.6.1 Proof of Lemma B.8 Part (i)

To derive the asymptotic expansion of matrix /A\;/A\] /N;, we work with the matrix versions of the
asymptotic expansions in equations (B.71) and (B.72). Stacking the loadings /A\‘;z in matrix A‘; =

[5\571, o X;}Nj]’ we get:

Ao = |Ac+

J

1 . .
ﬁ(G; + VTS SN | He + 0, (T7H7),
where

c L,z c
and 0,(T~'/2) denotes a matrix whose rows are (k¢, 1) vectors uniformly of order o,(7~%/2). Similarly,

stacking the loadings /A\jZ in matrix Aj = [5\;1, - ;\j N,]" we get:

where
s 1 o s
G = —Teij. (B.74)
By gathering these expansions into matrix Aj = [AJ : Aj] we get
A, = (Aj + iGj + LAij) U +o, (T,  j=1,2, (B.75)
VT vT
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where

[ . 1 o T & R nl]
G = |a @}Z;@%%’ iy = [F: ), (B.76)
. . 0
U, = " . ) (B.77)
0 M,
0 0
;= -~ . B.78
Q] i ﬁ2j£271 0] ( )
NA;
To compute z]vj we consider the matrix product:
| e [ gro gl
N, \/_ \F J \/_ \/_ J
1 1 1 1
= —NA NG5+ GiA;) + —=GG; —NA, ; L —AA;
o i () (1)
/ / 1 / /
(Q NG+ G ij) + TQj <EA]-AJ-) Qj. (B.79)

Let us now bound the different terms. We have:

!/ I~ 1 N]
——NG; =

1 T
——N&.H, )\, i 1),
\/_ \/W €5 NJTz 1; 7 tgjt O, (1)

and:
N;

T !
1 1 g
GG—— b | —==S"h, | =0,01),
Z( /—Z 35, t> ( /—T; 4,4, ,t> (1)

by arguments similar to the proof of Lemma B.1. Thus, by using these bounds and A’A;/N; = O(1)
and ); = O,(1), from equation (B.79) we get:

1 ]_ 1 ]- / 1 /
\/— \/— JQJ:| { \/TGJ + ﬁAijl = EAJ'AJ' + N (Laj+Lyy)
L0 (L i 1)
P\VNT T)’
where
L <MM)Q (B.80)
Aj = B .
J N] J
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Therefore we have:

B.5.6.2 Proof of Lemma B.8 Part (ii)

a) Asymptotic expansion of fj
We start by deriving the uniform asymptotic expansion for the residuals. The asymptotic expansions

in (B.69)-(B.72) allow to compute the asymptotic expansion of £, ; ¢
A c/ \s/[s c/ ct \s/[s s/ rs
Ciit = Yjit — /\ ft Ajilie = Ejat — [)‘ ft Aj ft] [)‘j,i Tt A j,t:|
/
¢ ; - R S - e pe
= Ejit— [(/\ + 3 126])\]1 \/— gz + 0p<T 1/2)> <ft + mulft + 0p<T 1/2)) - )‘j,z{ft:|
/

<>‘j,z \/— j % + OP(T_1/2>> (fjs,t - ijcz;l \/— ] t + OP(T_1/2)> - )‘js,z, js,t]

ct,(0) ¥C ( 1 vsl ps —1/2
€j7i7t_(\/—ﬁ/\z 1t+T ,ft> (\/ﬁ o ”Jrﬁw/l ’t>+op(T 2).  (B.8I1)

Here the 0,(771/?) term is uniform w.r.t. 1 < i < N;, 1 < ¢t < T by the bounds in the next Lemma
B.13 and Assumption B.8 d).

LEMMA B.13. Let X = O, 4(an 1) mean X = O,[an r(log T)?] for some b > 0. Under Assumption

B.8 we have the following uniform bounds:

sup ||hjell = Ope(1), (B.82)
1<t<T
sup [lujel| = Opue(1), (B.83)
1<t<T

Sup ” Zh]tgjltH = Op,€<T_n/2)7 (B84)

1<i<N;

where n > 1/2.

If we adopt ftc to compute residuals in panel j = 1, and ff* for 5 = 2, we have:

vc/ft+w;:i S )\cl t+)\

j,t>_\/—j<mj

) + o, (T712). (B8S)

. 1
Ejit = Ej,i,t_\/—(
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Equation (B.85) allows us to compute:

S T B o NS B L @ yer | 172
’y]v“ - T t=1 e‘j’i’t - T tz; Sj’i’t \/7 ( ft fj t) B \/ﬁ] <)\j ‘ ]t + )\J ‘ Jt) + Op (T )
1 L 2 w8/ c/ S/V()
= ngj,i, Zg%lat (wjzft +w Wy i ]t> j 26.7»“‘/ (Aﬂl Ust )\J’ Jt)
tl_l r 1 ¢ (t |
+W;;@wﬂ+”') + iy o (s + x5 0af7)

e 3o (85 05102) (53 4 52) 0 (7).

v

By solving out the parentheses, using w; f Zt 154 tft = 0p(1), w3, =

s s — v v(c T o (s
<ﬂﬂﬁ>ﬁaﬂmmzwxﬁzﬁwwhwmmm%aﬁmmz@m
uniformly in 1 <1 < N;, we get:

1 <& 1
%*m = ?Z Mt—f-O ( >—|—0p (T—1/2>

t=1

uniformly in 1 < i < N;. Using that 1/N = o(1/v/T) when VT < N, we get:

&j,ii = — Z it + Op 1/2) — ,ij \/_ J ;T Op (T_l/Q)

uniformly in 1 <14 < N;, where

1 I
w;,i = T tzl gyt 3, “
Therefore, we have:
r 1 € —-1/2
Iy = Tj4+—=W;+0,(T""?), (B.86)

VT

where I'; = diag(7vji, i = 1,..., N;) and W5 = diag(w$,;, i = 1,...,N), for j = 1,2.
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b) Asymptotic expansion of NLJA\; I;A,
From (B.75) and (B.86) we have:

T,A; = UQU; + o, (T7?), (B.87)
where we define:

% = (8 e e (e g (v pe )

i T ng 1T Q;j,[] + Q*]/II + Qg; it Q*]/IH + QJ] w T ng %
1

1 1 ny
( ]]IQ]+Q] ]j]) ( ]IIQ]+QJQ]]II)

I
=] 2|H

+ﬁ(9ijj + Qi) + —= 77 W
1 *
+ﬁ<9]3 Q5+ QJQ]/HI) + Q Q5 + = Q]Qj] 1@,
and:
. 1,
j
e 1 P 1
Har = N.\/TAJ'WJ' b=\ N7
J
As 1
- 5 1
ijJII = N T W A = Op (T) s
A, 1
Qv = NTG’F G =0, (?> ,
Oy = G\W:G; =0 ( ! )
Y NTYT "\1vT)’
Collecting the previous results, we get
Q. = Q--+L(L .+ L)+ O L .2 (B.88)
- Ji \/T Q.5 0,5 P \/W T)° .
where:
Lo; = Q;;Q; (B.89)
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By substituting into equation (B.87) we get:

(Lag+ L) U + 0, (T7?), j=1,2

1
VT

B.5.6.3 Proof of Lemma B.13

We prove the uniform bounds in (B.82) and (B.84). The proof of bound (B.83) follows by similar
arguments.

Proof of (B.82). Let § = c(log T)?, for constants ¢ > 0 and b = 1/b, where b > 0 is defined in
Assumption B.8 a). Then:

!

P[lquTth’tH >0 < Z [|hjell > 6] < e1T exp(—ca0”) = 1T exp[—cac’(log T)]
<t<

b

= ClTl e2¢ :0(1),

if ¢ > (1/cy)"/". Thus, sup ||| = O,[(log T)"].
1<t<T

Proof of (B.84). Let § = c(log T)/?T~"/2, for constants ¢ > 0 and 7, where 1 > 1/2 is defined in
Assumption B.8 c). Then:

N T
P| sup ||— Zhﬂgmn >0 < ) P ||thjtgm|| > 6 < N; sup Pl %Zhj,temn > 4]
1<i<N; i—1 1<i<N. —1
< cleTeXp(—cg(SQT”) + 3T N;6~ exp(—c4T’7)
= ¢, N;T exp(—cac®*(log T)) + 3T N;6 " exp(—cyT7)
= O(T™*7%) 4 o(1) = o(1),
if ¢ > (5-)"/2 Thus, sup ||T S higjiidll = Op[(log TYYV2T=112) = O, ((T~/?).

1<i<N.

B.5.7 Proof of Lemma B.9

We assume that estimator ff is used to get factor loadings on panel j = 1, and estimator ff * is used
to get factor loadings on panel j = 2. Recall £, = (N, /Nl)f](ﬁ)l + ZA](UC% Let r be the true number
of common factors, and let £¢ denote the number of common factors used in the estimation procedure.
We consider the case with r < k¢ < k = min{ky, k2 }.

Let us first consider panel 7 = 1. The common factor estimator is ff = Wl’ﬁl,t where W1 18

Online Appendix - 62



the k1 x k¢ matrix whose columns are eigenvectors of R associated with the k° largest eigenvalues,
normalized to have W{Wl = Ic. Without loss of generality, let 7—13- = I, in Proposition B.2. Then,
I, 0

0 o9
normalized eigenvectors associated to the k¢ largest eigenvalues of matrix /2. These eigenvalues are 1,

we have R = R + 0p(1), where R = . The large-sample limit of W, is the matrix of

with multiplicity r, and p2_ 4, ..., pi., that are the k¢ — r largest eigenvalues of matrix ®®’ (assumed
distinct, to simplify the proof). Let o denote the (k; — ) X (k° — r) matrix whose columns are the

corresponding normalized eigenvectors of ®®’. Then, we have Wy =W, + 0p(1) where

u o

W, =
! 0 «

)

r X r matrix U is possibly stochastic and such that /'Y = I,, and &’a = [jc_,.. For later use, we
denote by (3 the (k1 —r) X (k1 — k¢) matrix whose columns are an orthonormal basis of the orthogonal
complement to the columns space of «. Then, [« : 5] is an orthogonal matrix, 5’8 = Iy, e, &/3 = 0,
and:

ad' + BB = I, .. (B.90)

From Proposition B.2 with 7:[j = I}, we have ijt ~ h;., where symbol ~ means equality up to
terms that are asymptotically negligible for determining large-sample limits. Then:
u'fe

a,flsﬂf

e /
fi ~Wihyy =

Let us consider the estimation of the factor loadings on the panel with j = 1. From (B.90) the

model for this panel can be written as:

Yrie = SEN LA Fevie = [ULETUN ]+ [ f7 [N ]+ 18 2 18] + e

clyc slys
LA+ AL e

! fc 1y c
U ft U )‘1,1‘
! f£s IAY
o f1,t 1,i

factors f ;" and f i , are orthogonal, and have dimensions £° and &, — k© respectively. Since ff converges

C

AV i

f7, = 0'fi,and AT; = §'A] ;. Note that the transformed

where ﬁ = [

to L‘; by regressing ¥ ;; onto ftc we estimate A7 ;. Then, the residuals satisfy the model:

1t = [ ;Aiz +ELit
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The group-specific factor is estimated by extracting the first £; —k° RP-PCs (RP-Principal components)
from the residuals, which yields asymptotically fit ~ Y L‘f, where V is p.d. matrix. So for the

estimated factor loadings we have:

U'x

5\6 .Y AC .=
10 — 214 I\ s
«Q /\Li

L AL = VAL = VB

Thus, 5\1,1- is asymptotically an orthogonal transformation of A, ;, i.e. 5\1,2- ~ Ry, say. Using
€1t ™ E144, WE get iu,ll ~ R1¥,11 R, which implies XA)qu = 0,(1).
Let us now consider the estimation of factor loadings in panel j = 2. By paralleling the above

arguments, we have 3, 55 = O,(1). Thus, || Xy|| = O,(1). The conclusion follows. |

B.6 Uniform asymptotic expansions of factor values and factor loadings in the

group factor model

In order to prove Lemma B.8, we need to the asymptotic expansions of factor values and factor
loadings in our group factor model, which is provided in the following Proposition B.3. This
proposition provides the uniform asymptotic expansions for the estimators of the factor values and
factor loadings in Definitions 1 and 2 and equations (A.13) and (A.14), up to terms op(N -1/ 2), where
N :=max{N;,T}.

PROPOSITION B.3. i) Under Assumption B.1 with . > 0, and Assumptions B.2-B.4, B.5 b)-c), B.6

a), B.7, B.8 the asymptotic expansions of the factors estimators are given by:

R ' 1 c r—
fEo=H [ff + ﬁuﬁ,i] +o, (N72), (B.91)
and:
. . . 1 _ ‘
S = H | o+ ——=ul) | 4o, (NT?), =12, (B.92)

where f]st = ﬁt—f}j,cic_cl ff and the o, terms are uniformw.r.t. 1 <t < T'. The asymptotic expansions

of the loadings estimators are:

\c ? c — 1% s 1 ve NT— .
)\j,i - H’C |:>\],7, + chlzc“j)\j’i + —’LU]7Z:| + Op (N 1/2) ; j — 17 2, (B.93)

VT

and: .
\s ' s us G—1/2 .
A= H;,j {)‘m + _wj,i:| + 0p (N / ) , Jj=12, (B.94)

VT
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where the o, terms are uniform w.r.t. 1 <1 < N;. Matrices 7:[(: and ?:[SJ are such that:

A S NT— ) ? 1 [1s | T8\ — NT— .
HH, =S +0,(N7V?),  HH, = (FE )7+ 0p(N V3, j=1,2,  (B9S)
where Fj = [ }9’1, s EST]’ Vector u;; is defined in Proposition B.2, and w5, = f]c_cl\/if Zthl ;Céj,i’t

bs 1N fs s
and Wi = U7 > i fj,tgj,z,t~

This proposition is analogous to Proposition D.4 in AGGR (see their Online Appendix D.4). In
the asymptotic expansion of ff, the stochastic term at order N; /2 comes from the estimation of
the principal components in the first subgroup. Interestingly, no bias term of order 1/7" appears in
the expansions of ff and fit, as these bias terms can be absorbed into the terms o0,(N~'/2) under
Assumption B.1, which implies VT <« N < T2. Instead, bias terms of order 1/7 were present
in AGGR, who used the assumptions v7T < N < T°/2. Similarly, bias terms of order 1/7 in the
expansions of the loadings estimators appearing in Proposition 4 of AGGR are also absorbed in the
terms o,(N~/2) in our Proposition B.3.

In the asymptotic expansion of 5\51, the term i;}ic’j)\j’i is induced by the fact that the common
and frequency-specific factors are not orthogonal in-sample. The expansion of A;; does not contain
explicitly a bias component at order N j’l, since N jfl = 0,(N~1/%) under Assumption B.1.

The uniform asymptotic expansions at order o,(7~'/2) in Proposition B.3 ii) suffice for the proof
of Theorem A.2.

B.6.1 Proof of Proposition B.3

We start by providing some uniform bounds in Subsection B.6.1 a), that are instrumental for the rest
of the proof of Proposition B.3. Then, in Subsections B.6.1 b)-e) we establish the uniform asymptotic
expansions of factors and loadings up to order o,(N ~1/2), where N = max{N;, T} (proof of part
1)). Finally, in Subsection B.6.1 f) we show how to get the uniform asymptotic expansions up to order

op(T_l/ 2) under a less restrictive asymptotic scheme (proof of part ii)).
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a) Uniform bounds

Let X = O, (ayr) mean X = O,[ay.r(log T)?] for some b > 0. Under Assumption B.8 we have the

following uniform bounds, which complement those in Lemma B.13:

sup |[b]
1<t<T

sup. e
sup [
sup ||ﬁ§t||
sup || Zﬂjtsmn
1<i<N;
sSup ‘|_28]2t”
1<i<N;
sup NT Z Z)\]£5]Zt5]zt
1<isN; 0=10+i t=1

OP7€<1)’
Opf(l)a
Opﬁe(l)’

OP75<1)’

OP,E(T_WQ)v

Op(1),

OM(

1

VNT"

) +0(5

(B.96)
(B.97)

(B.98)
(B.99)

(B.100)

(B.101)

) (B.102)

where n > 1/2. The proof is analogous to the one of Proposition D.4 in AGGR (See Section 4.1 in

their OA).

b) Asymptotic expansion of ff

Let us start by establishing the asymptotic expansion of f¢ up to order o,(N~/2). Equation (B.24) and
U =0,(0nr) imply Wi = [E, + Ey(Iy, _r — R, O+ o (0% 7). The normalized eigenvectors

corresponding to the canonical directions are: W, =

from Definition 1 and equation (B.2), we get:

fe = Wik, = DUt [Er/jll,t + 0l /(Ikl—kc - Rss)_lElﬁLt} +Opa (O3.1)

A 1 1
= D {fﬂr ul) + b(c) T d\) + oY)
t m 1,t 1,t \/— 1,t
) a1
AU (I e — Rs) ™! (flt Nk ul’) + =

b

(
1

5)
it

+

NT

d

(
1

5)
it

+

(
1

5)
it

WD, where D = diag(W; 'ViyW;)~Y/2. Then,

)} + 0y (O37) +

(B.103)

uniformly in 1 < ¢ < T, where we use the expansion of the factor estimates in Proposition B.2,
and (B.98). Under Assumption B.1 with © > 0, N = N, and N; grow at the same rate such that
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TY? < N < T?. Therefore, (logT)"% 7 = o(N~%/2), for any b > 0, N = o(N~1/2) and
16x7 = o(N~'/?) under Assumption B.1 with x> 0. By using uniform bounds in Lemma B.13 and
(B.96)-(B.97), and keeping only terms up to 0,(N~1/2), we get:

1 . -
7 §t+Tb + U (I e — Ros) 7 fiy| 4+ 0p (N7V2), (B.104)
1

ftc = 7'[c_1[1t(c)Jr

uniformly in 1 < ¢ < T, where ’H L — DY’ and blt is the large sample counterpart of b ;.

To further develop this asymptotic expansion, we need the asymptotic behavior of Y. From
equation ¥ = V;;'0* (see Lemma B.2) we have U{Y = (V,;;1),. Ui + (V3 )SS\I/SE ). From Lemma
B.10, we have U}l = 0, (% + 7 + ﬁ) = 0,(N~%/2) under Assumption B.1 with ;1 > 0.
Moreover, from (B.14) and Lemma B.3 we get:

\i’:g) = _(Xll,sc - X12,sc) + B;s (X21,cc - X22,cc) + B;S (XQLSC - X22,sc)-

From Lemmas B.1 and B.3, and equation (B.56), the second term in the r.h.s. is Op(T‘l/ 25 NT) =
0,(N~1/2) under Assumption B.1 with ;2 > 0. Now, we substitute in the definitions of terms X ;) from
(B.11), and use that & >°/_, %twkt = 0,(N~Y2). We get:

By using the definition of 1), ;, By, = @ + O,(T~/2), and keeping terms up to o,( N ~/2), we get:

v

T
< 1 Z flt — q)fg t)[bgfz — Bé‘jg]’) + Op(N—l/Q)

t=1

o -

v

El(fs, — ®f5,) (1) — b5))'] + 0,(N71/2),

’ﬂl'— 'ﬂl

b;, is the large sample counterpart of b;, for j = 1,2. Thus, by using (Vi;")ss = T, _ge + O, (T—/?)
and N < T3, we get:

A 1 s Ys e e —
W = B, )00 — U]+ 0p(N 1), (B.105)

Thus, from (B.104) and (B.105), and by using (I, _ge — Res) ™" = (I, _pe — ®P')~1 + O,(T~/?) and
N < T3, we get:

. N 1 o
ftc - Hcl ft()+\/ﬁl g Blt p(N 1/2)7 (B-106)
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uniformly in 1 <¢ < T, where:
B, = b = EI0 = by (fry — OF5 ) /Iy xe — @)U 7,

which yields (B.91). By noting that 1/T = 0,(N ~%/2?) under Assumption B.1, we get:

P » c 1 c T
foo= Ht {f}ﬁrmuﬁf] +o, (N71/?), (B.107)

The asymptotic expansion for estimator ff * 1s obtained by interchanging the roles of panels j = 1

and j = 2. Hence,

rc * 5 =1 c 1 c NT—
t = H*c |:ft( ) + mug,z} + OP (N 1/2) )

uniformlyin1 <¢ <T.

Finally, let us show the asymptotic expansion for 7-207:[’6 We first need to compute:

" — r(c 1 (e T
H,! {ft( )+ mu&} +o, (N7V2), (B.108)

Substituting the expression of ff from equation (B.108) into the equality %ZtT:l ff Atc’ = [ from
equation (A.12), we get:

T /

s (e L) (v i) () .

Ikc = %le <t+\/—N—1U§,z> <t+mug,g) (Hc1> +0p (N 1/2)
t=1

~

= H'S. (%;1>/ +o0, (N71?), (B.109)

using arguments similar to the proof of Lemma B.1 and Assumption B.1 with g > 0. Thus, we get
HH, = See + 0, (N~1/2), which yields the first equation in (B.95). By using (B.56) it follows:

HHM, = Le + O, (T7Y?). (B.110)

¢) Asymptotic expansion of )‘51

Let us now derive the asymptotic expansion of the loading estimator

s 2 % 1 v v
Aji = <F “'F ) Fgii = Fg5/T (B.111)
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up to order o, (N_l/Q), where ¢;; is the i-th column of matrix }v/; and F° = 5, ..., f%]’ From

X v o A / _ o
equation (B.108) we have [ = (FC + \/LN—lUf> (7—[;1> + 0, (N71/2), where Uf = [z‘zﬁ, ,uﬁC)T]’

which implies:

1

PRl — B =
VN

Ug + 0, (N71/2). (B.112)

Here 0, (N~'/2) denotes a matrix whose rows are uniformly of stochastic order o, (N~'/2). Then:

~ 20X < 1=
Na = (FF)TE s = Py
_ \:c/ [c\ C [S\ S
= F (F Aj,l.+FjAj,i+sj,i)
1 xc xc ~ xc ~ <. . v g
= SF ([F H, — (F H.—F )} XS+ XS, +5j,i)

~ 1 X A o 1 -~ o 1 x
= TN, = B (PR = ) 0+ PN+ =P,

for j = 1,2. By writing F** = []5‘3 + (FH. — ]50)} (#.)~", and rearranging terms, we get:

3 ) A—A—luc A—A—lvcuss
S0 = AN O L ()R LR,
N N A o ~ ~ 1 % o o
L) () (PR — Yy (RO () (PR, — YB3,
~ ~ 1 1o N o AV SN v
—(H) ™ (R [Fe o+ (P, - FC)] (F”H - F) A;;Z} . (B.113)

We use equation (B.112) to bound the different terms. We have:

%(1507:[2 — Fc)lél,i = ﬁﬁf £+ op(N*1/2)
| M )
= (1\/1/\1/.7\71)71m Z Z ME1erin + 0p(N~Y2)
1 K;l t=1 o
= (/\/1/\1/N1)—1m ; )\1,1'5%,@,75 + (AJA/Ny) ! NT ;#i ; AeE1.04E10

+0,(N7V2) = O,(Ny1) 4+ O [(NyT) V2] + 0,(N~V/?),

uniformly in 1 < ¢ < Ny, using bounds (B.100)-(B.101) and Assumption B.8 d). A similar bound
holds for j = 2. Since N; grows at the same rate as N and 7V/2 < N, we have N; ' = o(N~/2).
Moreover, from n > 1/2 and TY? < N, we have O, [(N;T")~Y?] = o,(N~2). Hence,
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L(FeH, — FeY&;; = 0,(N~"/?), uniformly in 1 < i < N;. Moreover:

1 2 - o o
FEH~FVE = leUf’F“rOp(N‘”Q)
= Op((NT) ') + 0,(N7/2) = 0, (N71/2),

and:

1 rv N v AV SN v
= FC+(FC7-L’C—FC)] (FC’H’C—FC>

1 v U
— Fc lUc
TN, !
= Op((NMT)™ 2+ Ny') 4 0,(N72) = 0,(N7'/?).

Further, from (B.110) we have (H.) ' (H.) ™" = (H.H.) ™" = S 4 0,(N~2) = Lie + 0,(T~1/?).
Then, from (B.113) and Assumption B.8 d) we get:

X, o= H {Xz +2061?F‘”6“] + 0,(N71/2),

uniformly in 1 < ¢ < N;. The last equation can be rewritten as

\c c s 1 vc NT— .
ASi =H, {A + B SN+ ﬁwﬂ] + o0, (N72) j=1, 2, (B.114)
where:
T
~ 1 ~ 1 o
wcz o Ec—cl Fclv ;= Zc—cl E cg it
/ VT ! T Lt
1 1 <
S _ el e fc fc ! S clpps
Yew = TF F —fil fife, g F F E ft

d) Asymptotic expansion of fjt

Let us now derive the asymptotic expansion of term fjt We start by computing the asymptotic

expansion of the regression residuals &;; , := vy — ff ! )\j,, where we replace f; with f{* for j = 2.
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By substituting the asymptotic expansions in equations (B.107) and (B.114), have:

gj,i,t _ fjstl)\;z i — (Atc l}\c fc l)\c )
= fSI)\s +€]’Lt

o /
<f5+ \/1N_ju§.f3> (/\C + B+ %wj) - f’)\;i]
+o0,(N1/2)
= [Nt egan+ o) (NT172), (B.115)
where we define:
o= -5 cEcclft, (B.116)

ej,i,t = Ej,i,t \/_ \/_ j t /\jz (B117)
The term 0,(N~Y/2) is uniformini = 1,..., N; and ¢ = 1, ..., T by bounds (B.82)-(B.83) and (B.98)-
(B.99), and Assumption B.8 d). Then, the residuals §;;;, withi = 1,..., N;and t = 1,..., T, satisfy an
approximate factor structure with factors ﬁt, loadings \¢ ; and errors e;; 4, up to 0, (N ~1/2), Differently

ft, vcz

from the proof of Proposition D.4 d) in AGGR, our error terms ¢, ; ; do not contain a factor structure
at order 71
The RP-PC estimator to the panel of residuals ;;, has an asymptotic expansion analogous to the

one of Proposition B.2:

. . 1

fo= Ho: —b*S d:;+ 97 j=12 (B.118)

it s ot ‘ t t | ? 45

J J Js \/— ] T 7 \/W J J

where 7, j»J = 1,2, is a non-singular matrix w.p.a. 1, and:

v;:ts — ( AS/AS) /\sleJ '
b;,ts = M ~ys f ) + m5,jfj‘it
d;,ts = Mg fj,t-
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We have

1 1 A AC
_Asl — )\ ” )\s e ! J ] (C)

We have - L SN X8 e/ = O,(N; 7, N%A;’ 'AS = ij + O(N; N:Y%). Thus:

21]2]2 J

1 1 1 As/Ac
Ao, = — N giiy — (C) N-1/2
Nj J €]7t Nj ; ]728]7 ,t \/ﬁ] ( Nj ) + Op( ),
uniformly w.r.t. t = 1, ..., T, and:
1
vl = Jt—l—opN 172y,

SIAS sipas\ —1 sIAC
where v$, = (Ajvfj ) \/_ SN NS it — (A%\J ) (AJT?J> ugct) Moreover:
b = 310 S+ Op(T7Y2 4+ NTH),

Therefore, we have:

+o (N, =12, (B.119)

R . 1

s —1 1 s

gt = Hs,j ]t - EJCECC i+ —vaj,t j
VY

uniformly w.r.t. t =1, ..., 7.

Let us now show that vj, = uft), the lower k;-dimensional component of u;,. For this purpose, let
us denote by X, and (X71),, with a,b = ¢, s the blocks of matrix > = X, ; and of its inverse 3!
Then, we have:

S —1
vs, = 5! Z X i€ — S St
] i=1

and:

ugfg— Z)\ 5]zt+ Z)\Jzejlt

]21 Jl].

s _ v—1 < —1
Uj,t = Zss [[kg — Zsc E >\]1€]1t Esc c E )\]lgjlt.

]zl 321
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From the property of the matrix inverse, I, — Yeo(X ) = Yo(X71)s and Beo(X71)ee =
—%5(X71) .. Therefore, we get:

(s)
N,
- 1 !
s —1 (s)
Vit = Z A it + ( Z Aji€iir = | X7 —== Z A€t = Yt

Plugging the latter equation in (B.119) yields (B.92).

e) Asymptotic expansion of 5\;’1

Let us now derive the asymptotic expansion of factor loadings estimator j\jz up to order o, (N71/2).

The analysis parallels the one in Subsection B.6.1 ¢). We have

s vs/us -1 :s/ ]'Slfjﬂ
A (F F) F g = =22
where Eji is the 4-th column of matrix =; and ﬁj = Aj’l, oy Aj |. Let FS denote the matrix with
rows f7/, then from equation (B.119) we have Fjs = (Fjs + \/IN_]U;) <7:[;]1> + 0, (N~1/?), where

Us = [at*), .. il( )] which implies:

J g,
s s 1 TS T —1/2
P, — F5 = mUj +o, (N7V/2). (B.120)
Then:
s 1 fos 18 1 rs 1 Dos s o 1/2
N = E G = B (FoX ) + op(N12)
1 K Fs ) s s s 1/2
_ TFj’QF] ;75—@?{;73—@)% +eﬂ>+op(N )
A 1 x N

Byt = F7) X B 63+ 0,(N7V3), j =12,
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%

uniformly in ¢ = 1,..., N;. By writing Fj = FJS + (F]s?:l;S — F]s) (7:1975)’1, and rearranging terms,

we get:
\s ) s » —1/4] 1 s 1y
>‘j,i = Hls,j {/\j,i+ (H;s) 1(Hj,s) ITF] lej,i
~ _ 1 S RN
+(H;,s) 1<H]3) IT(F; H;,s F}>/ J»t
? —1/4] ! s sy = ! Fs) s\ 8 NT—
() ) (B (E = B (B, = F f 4 (V)
(B.121)
By using equations ¢€;;, = &;; — \/LT}U?%T;]CI — ﬁ(%%\jl and FJS 'Fe =, equation (B.120), and

paralleling the computations in Subsection B.6.1 c), we get:

1= 1 = _

SF G = F i+ 0 (N2,
1 = & 5 _
T(FJS,H;,S - FJ:S)IéJ',i = OP(N71/2)7
1 < LN < / SN < _
= |F+ (BT = B (B~ F) = o) (N7V2),

~

()7 ()™ = (BB /T) " + 0, (N712),
uniformly in 7 = 1, ..., V;. Thus, from (B.121) we get:
o = {0 B BT L ] (V)
uniformly in 7 = 1, ..., N;. This equation can be written as:
1
VT

1s 1 s v T—1/2
N = H [)‘j,i+ wj,i] +0p(N7172),

where:

W, = (FET)

J?Z

ﬂ‘“
]~
S w
o~
uﬁx
=
iy
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f) Asymptotic expansions up to order o,(7/?)
Let us start by establishing the uniform asymptotic expansion of estimator ff at order op(Tfl/ 2). From

(B.103), using (log 7?6y, = o(T~*/?), for any b > 0, and the uniform bounds (B.82)-(B.98), we get:

L 1,
fE=H" (ff + \/—ﬁugt)) +0,(T7?),
1

uniformly in ¢ = 1,..., 7", which yields the uniform bound for ftc. The uniform bounds for the other

estimators follow by paralleling the arguments in Subsection B.6.1 c)-e). |
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