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Abstract

We lay out a heteroskedastic New Keynesian model, consistent with the evidence of pervasive
cross-sectional variation in individual income risk in micro data. We obtain three main results. First,
heterogeneous marginal propensities to consume (MPCs) result from the sensitivity of
precautionary savings to realized earnings being heterogeneous across agents. Second, the
response of aggregate output to demand shocks hinges crucially on how individual risk co-varies
with the degree of individual income cyclicality across the income distribution. Third, the general
equilibrium effects of monetary and fiscal policy can be suitably summarized by a set of observable
cross-sectional sufficient statistics. Depending on the sign of those statistics, income
heteroskedasticity may: (i) dampen or amplify the response of output to demand shocks; (ii) affect
the local determinacy of the equilibrium; (iii) attenuate or exacerbate the forward guidance puzzle.
We conjecture an incomplete information framework with Bayesian learning as a plausible
microfoundation for individual income heteroskedasticity.
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We lay out a heteroskedastic New Keynesian model, consistent with the evidence of pervasive
cross-sectional variation in individual income risk in micro data. We obtain three main results.
First, heterogeneous marginal propensities to consume (MPCs) result from the sensitivity of
precautionary savings to realized earnings being heterogeneous across agents. Second, the re-
sponse of aggregate output to demand shocks hinges crucially on how individual risk co-varies
with the degree of individual income cyclicality across the income distribution. Third, the gen-
eral equilibrium effects of monetary and fiscal policy can be suitably summarized by a set of
observable cross-sectional sufficient statistics. Depending on the sign of those statistics, income
heteroskedasticity may: (i) dampen or amplify the response of output to demand shocks; (ii)
affect the local determinacy of the equilibrium; (iii) attenuate or exacerbate the forward guid-
ance puzzle. We conjecture an incomplete information framework with Bayesian learning as a

plausible microfoundation for individual income heteroskedasticity.

*JEL codes E52, E32, E21. Correspondence: roberto.colarietiQunibocconi.it, tommaso.monacelli@unibocconi.it.
We thank Pierfrancesco Mei and Gianluca Violante for insightful comments. All errors are our own.



1 Introduction

A recent literature in macroeconomics has developed models that incorporate heterogeneity and
uninsurable idiosyncratic risk into the standard New Keynesian apparatus with a representative
agent (aka HANK models). There is, however, a large debate on which dimension of heterogene-
ity is essential to deepen our understanding of aggregate fluctuations as well as the channels of
transmission of monetary and fiscal policy.

Traditionally the literature on heterogeneous agent models has been centered on the assumption
that individual households face a homoskedastic income process: that is, the variance of the income
process is homogeneous in the cross-section and constant over time. However, the evidence from
micro data points to significant cross-sectional heteroskedasticity in the income process. Relying
on a rich administrative dataset for the U.S., Guvenen et al. (2021) show that the second moment
of individual income (log) growth varies substantially along the realized earnings distribution. In
particular, and uniformly across the age profiles, individual income risk depends significantly on
past realized individual income. This feature of the income distribution has been, however, largely
ignored in the recent HANK literature.

We explore the implications of heteroskedasticity in individual income by means of a CARA
(constant absolute risk aversion) utility model with a Gaussian heteroskedastic income process,
building on the work by Caballero (1990) and, more recently, Acharya and Dogra (2020). Relative
to the homoskedastic CARA setup of Acharya and Dogra (2020), our framework is able to account
both for idiosyncratic risk and heterogeneity in marginal propensities to consume (MPCs) in an
analytically tractable way, making the general equilibrium interaction between risk and the cross-
sectional distribution of income extremely transparent.

Recent papers have shown that the cyclicality of income risk, i.e., how individual risk behaves
during expansions and contractions, can be a source of either amplification (in the case of counter-
cyclical risk) or dampening (in the case of pro-cyclical risk) of aggregate fluctuations.! For instance,
agents react to negative aggregate demand shocks by decreasing their consumption relatively more
when risk is counter-cyclical, since aggregate contractions are also associated with higher individ-
ual risk and precautionary savings. While this notion of risk-cyclicality captures the idea that
idiosyncratic income risk may be on average higher during recessions,? it disregards the fact that
risk varies across the earnings distribution. Within our setting, realized changes in earnings en-
dogenously affect the risk faced by each agent, and thus their optimal consumption and savings
decisions. Suppose, for instance, that the variance of the individual income process is an inverse
(and non-linear) function of realized earnings. In this case, a negative realization of income also
increases individual risk and, in turn, agent’s precautionary savings become larger, at the margin.

As a result, the sensitivity of precautionary savings to income realizations will be heterogeneous

'For instance, Acharya and Dogra (2020) and Bilbiie (2018) for income risk, Ravn and Sterk (2021) for unemploy-
ment risk.
2See, for instance, Storesletten et al. (2004).



across individuals.

We employ our heteroskedastic NK framework to study three questions that have been at
the core of the recent HANK literature: (a) the transmission of monetary and fiscal shocks; (b)
equilibrium determinacy; (c¢) the so-called forward guidance puzzle (henceforth FGP).

We reach three main results. First, and unlike the corresponding homoskedastic case, the
CARA-Gaussian setup augmented with heteroskedasticity features a non-degenerate distribution
of MPCs out of transitory income. This is due to realized earnings affecting income volatility
at the margin, and therefore also precautionary savings and consumption choices, as long as the
marginal change in volatility varies over the earnings distribution. In particular, and conditional
on the variance being a convex function of income, our model is able to generate MPCs which are

decreasing over the income distribution, in line with some empirical evidence.?

To gain intuition
for this result, suppose that income volatility is decreasing and convex in realized earnings. Then
any additional unit of income determines a decline in precautionary savings that is, at the margin,
stronger for low-income households, who in turn react by spending more of the income shock. As
a result, they exhibit relatively higher MPCs.

Second, the presence of heteroskedasticity has general equilibrium implications that are absent
both in a representative-agent (RA) model and in a corresponding version of our framework with
homoskedasticity. The interaction between income risk and the income distribution determines in-
direct effects that shape the responses of key aggregate variables to demand shocks, the determinacy
properties of the equilibrium, and the FGP.

Third, the aforementioned general equilibrium indirect effects of heteroskedasticity can be de-
scribed by means of three cross-sectional sufficient statistics: (1) the expected marginal change in
income volatility out of individual earnings (individual risk effect); (2) the average sensitivity of
individual income to aggregate income (income cyclicality effect); (3) the covariance between the
marginal change in income volatility and the sensitivity of individual to aggregate income (risk-
cyclicality covariance effect). These sufficient statistics allow to reduce the dimensionality of the
model when describing the dynamic response of output to demand shocks. In particular, statistics
(1) and (2) jointly capture how, on average, risk varies as a function of individual income in response
to a variation in aggregate output. Statistic (3), on the other hand, captures the extent to which
individual risk varies differently across agents depending on how individual income is affected by
aggregate income fluctuations.

Depending on the signs of those sufficient statistics, heteroskedasticity could either amplify or
dampen the response of output to demand shocks, affect the local determinacy of the equilibrium,
and can either attenuate or exacerbate the FGP. In particular, negative signs for (1) and (3) amplify

the effect of demand shocks on output, make the Taylor principle insufficient for local determinacy,

3For instance, Jappelli and Pistaferri (2014) estimate (using survey data from the Bank of Italy Survey of Household
Income and Wealth) that annual MPCs are higher by 11% in the lowest quintile of the income distribution relative
to the highest quintile. Johnson et al. (2006) also show (with CEX data) that MPCs out of the 2001 U.S. tax rebates
are higher for low-income households.



and exacerbate the FGP, while for positive values of (1) and (3) the opposite occurs (i.e., there is
dampening of demand shocks, the Taylor principle is no longer a necessary condition for equilibrium
determinacy, and there is attenuation of the FGP).4 Conversely, both in the benchmark complete
markets RA model and in the homoskedastic version of our CARA framework, statistics (1) and
(3) are always equal to zero.

Notice that statistics (1) and (2) jointly describe the size of the effect of average changes in
risk on output. For instance, a stronger average increase in income volatility generates a larger
increase in precautionary savings, and therefore a larger contraction in consumption following a
negative demand shock. Statistic (3), on the other hand, captures the interaction between income
risk and income redistribution over the business cycle. Suppose that a negative demand shock has
a first-round direct contractionary effect on output. To start with, lower aggregate income affects
each agent depending on the heterogeneous sensitivity of individual income to aggregate income.
In our heteroskedastic setup, however, any change in individual earnings affects the volatility of
the income process, and therefore saving and consumption decisions. If the covariance term (3) is
negative, those agents whose income falls relatively more out of a contraction in aggregate output
are also the ones who experience a marginally stronger increase in idiosyncratic risk. At the mar-
gin, those agents exhibit a relatively stronger precautionary saving motive and will decrease their
consumption relatively more. In other words, those agents whose income is more heavily affected
by the contraction in aggregate output are also the ones who have a stronger incentive to decrease
their consumption. This indirect propagation through-risk channel generates an amplification of
the primitive shock on aggregate output.

As for equilibrium determinacy, a negative sign of the risk-cyclicality covariance (3), like in
the previous example, makes the Taylor principle insufficient for local determinacy and requires
monetary policy to react more strongly to a demand shock to stabilize the economy. On the
contrary, a positive sign for the covariance (3) makes the equilibrium determinate also under an
interest rate peg.’

Moreover, a negative covariance (3) exacerbates the FGP. This results from the interaction of
two mechanisms. For one, with a negative covariance, agents expect that a monetary easing T
periods ahead has an amplified positive effect on output 7" periods ahead (as previously described).
In addition, agents expect higher output 7" periods ahead to cause output in T'—1 to increase more
than one-to-one. Overall, news about higher future output are compounded backward, resulting in
a stronger increase in current output the longer the horizon T of the monetary easing. Conversely, a
positive covariance (3) attenuates the FGP since these mechanisms operate in the opposite direction
(i.e., future news are discounted).

Finally, we provide a microfoundation for the link between individual income volatility and

lagged earnings, based on incomplete information. We assume that households cannot observe the

“In general, statistic (2) has to be positive, in the sense that average individual income has to be increasing in
output.
®Unlike the well-known result by Sargent and Wallace (1975).



volatility of their income process and use available information to make inference on the unknown
variance parameter. In particular, we impose heterogeneity in the information sets across agents,
since each household observes both aggregate variables and the realization of her own income
process, but not those of other households. Their current earnings realization is the private signal
used to update the estimate of future volatility, via a Bayesian learning procedure. Therefore,
heterogeneity in signals translates into heterogeneity in the estimates of the income variance. Our
main result is to show that, in this framework, heteroskedasticity in the individual income process
can be derived as an implication of informational frictions and heterogeneity in the households’

information sets.

1.1 Relation to the literature

Our work relates to several strands of the literature. Concerning the propagation of monetary and
fiscal policy, Kaplan et al. (2018) disentangle direct and indirect effects of monetary policy on output
and show that, in a HANK model, policy transmission works mainly through the indirect channel.
We highlight a new general equilibrium channel of transmission of monetary and fiscal policy,
stemming from the interaction between income redistribution and changes in income volatility.
Recent papers (such as Auclert, 2019; Auclert et al., 2018; Debortoli and Gali, 2022; Wolf, 2021)
have highlighted the role of sufficient statistics as a way to reduce the dimensionality of HA models
and to summarize the equilibrium effects of fiscal and monetary policy. We contribute further by
showing that the heteroskedasticity channel of output responses to demand shocks can be suitably
captured by a few observable sufficient statistics.

There is a large literature on the theory of income risk and market incompleteness. In particular,
within a CARA utility framework, Caballero (1990) shows how income risk produces a drift in the
consumption process leading to excess consumption growth. Wang (2002) enriches the CARA
model by Caballero (1990) to study the role of conditionally heteroskedastic income, postulating
a linear relation between conditional income volatility and lagged earnings. Compared to those
papers, our model, while making use of CARA utility, imposes only a differentiability requirement
to the conditional variance (as a function of lagged earnings), without restricting the dependence
to be linear. Wang (2003) and Acharya and Dogra (2020) combine the consumption model of
Caballero (1990) with a general equilibrium setting. We contribute further by showing the general
equilibrium effects of heteroskedasticity.

The HANK setup of Bayer et al. (2019) assume a heteroskedastic process for labor productivity
where the evolution of the variance over time depends on exogenous shocks. Unlike them, we focus
on the cross-sectional dimension and we take heteroskedasticity as endogenously determined by
the income distribution. Bilbiie (2018) builds a two-agent NK model augmented with idiosyncratic
risk, modeled through a Markov transition structure between hand-to-mouth (HtM) and non-HtM
states where the transition probabilities co-move with aggregate output. Since non-HtM agents are

identical across them, they all face the same individual risk and aggregate fluctuations are linked



to the cyclical property of the transition probabilities. In addition, Acharya and Dogra (2020)
build a CARA utility model with a Gaussian income process where the volatility is identical across
households, but depends over time on aggregate output, capturing the cyclicality of individual
income risk. Unlike these papers, we assume that individual income is heteroskedastic in the
cross-section and we show that cross-sectional heterogeneity in idiosyncratic risk interacts with the
earnings distribution, thereby affecting aggregate fluctuations in response to demand shocks.

Debortoli and Gali (2022) study the effects of heterogeneous changes in individual consumption
risk over the business cycle. Their setup has two main features. First, a precautionary motive due
to incomplete insurance. Second, heterogeneity in MPCs. In their model, this last feature is due to
heterogeneous assets positions, hence to a heterogeneous distance from a natural borrowing limit.
Differently from them, in our model heterogeneity in MPCs is rooted in heteroskedasticity.

In addition, we contribute to the literature on tractable heterogeneous agent models (for in-
stance, Acharya et al., 2020; Acharya and Dogra, 2020; Bilbiie, 2008, 2018, 2020; Bilbiie et al.,
2013; Challe, 2020; Challe and Ragot, 2016; Ravn and Sterk, 2021) building a general equilibrium
HA framework where we integrate heteroskedasticity and idiosyncratic risk with heterogeneity in
MPCs and a non-degenerate wealth distribution in an analytically tractable and transparent way.

Recently, a large debate concerning the forward guidance puzzle (FGP), starting from Del Negro
et al. (2015), focused on precautionary savings and market incompleteness as a way to solve the
puzzle (for instance, see McKay et al., 2016, 2017). On the contrary, Werning (2015) argues
that market incompleteness per se is not sufficient to solve the FGP and shows that risk counter-
cyclicality may exacerbate the puzzle. Bilbiie (2018) summarizes these arguments, showing that
pro-cyclical inequality and/or pro-cyclical risk can solve the FGP. We claim that the interaction
between income redistribution (following positive news) and marginal changes in conditional income

volatility can mitigate the FGP, although only if our covariance sufficient statistic is positive.

1.2 Evidence on heteroskedasticity

A large empirical evidence supports the hypothesis of cross-sectional heteroskedasticity in the in-
dividual income process.® The clearest empirical contribution comes from the recent literature on
non-parametric estimation of income processes.” In particular, Guvenen et al. (2021) show, across
the earnings distribution, a striking evidence of heterogeneity in the standard deviation of the
growth in log-earnings. They use a large panel dataset drawing a representative 10% sample of the
U.S. population from the Social Security Administration (SSA), and measure the presence of non-
linearities and non-normalities in individual earnings dynamics over the life cycle. They document
the existence of a significant empirical relation between age/percentiles of the income distribution
and higher moments of the income process (i.e., standard deviation, skewness, kurtosis).

Figure 1, taken from Figure C.1 in Guvenen et al. (2021), suggests the existence of an asym-

5See Meghir and Pistaferri (2004).
"For the literatue on non-parametric estimation of the income process, see Arellano (2014), Arellano et al. (2017),
Arellano and Bonhomme (2017), and Guvenen et al. (2014).
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FIGURE 1: EVIDENCE ON HETEROSKEDASTICITY
Notes: The figure shows the dispersion of individual income growth across the earnings distribution. The standard
deviation of one-year growth in log-earnings is plotted against the earnings distribution for different age groups

(corresponding to different curves). The figure is taken from Guvenen et al. (2021).

metric U-shaped relation between the standard deviation of the one-year® log-earnings growth and
the percentiles of lagged earnings distribution. That relation is decreasing and convex up to the

95th percentile and sharply increasing for higher percentiles.

The rest of the paper is structured as follows. Section 2 presents the model. Section 3 describes

the microfoundation of heteroskedasticity with incomplete information. Section 4 concludes.

2 A heteroskedastic New Keynesian model

Consider a continuum of measure 1 of agents/households in the interval [0,1] indexed by i € [0, 1].
Let y;; denote the income of agent ¢ and assume that the earnings process can be characterized as

the sum of two components:

Yie =Yt + iy (1)

where yft and €;; denote the deterministic and the stochastic components of income respectively.

We make the following assumptions.

Assumption 1. For every agent i € [0,1], the path of the deterministic component of income

(ygt):zo 18 known in every period t > 0.

8Figure 3 in Guvenen et al. (2021) shows that the same relation holds also for five-year log-earnings growth. Here,
we focus on the one-year evidence since it gives more weight to transitory components of the income shocks, in line
with our modeling assumptions below.



Assumption 2. For every agent i € [0,1], the process for the stochastic component is Gaussian,
conditional on time t — 1 information set I;_1, with its variance being a function of lagged deter-
mainistic income:

€it | Ti1 NN(O7azz,t)7 Uz‘z,t = ‘72(3/?,75—1)- (2)

Assumption 3. The random variables (Ei,t)ie[o,l] are conditionally stochastically independent:

€it 1 €t | Itfl Vi,j € [0, 1], Zi]

Assumption 3 is a standard requirement of cross-sectional independence for the stochastic com-
ponents of the income process. Assumption 2 is the main requirement that we impose on the income
process, consistently with the empirical evidence from Guvenen et al. (2021), shown in Figure 1, of
cross-sectional heteroskedasticity in income. As in Guvenen et al. (2021), where the variance of the
unpredicatable component varies over the income distribution, we assume that the unpredictable
component ¢;; of the income process is heteroskedastic.”

Note that the path of deterministic income being known by the agent (Assumption 1) and the
conditional volatility of the stochastic component being a function solely of lagged deterministic

2 )Oo_t known by the agent 7 at time t.

earnings (Assumption 2) make the entire path of variances (O'Z- 7)o

In turn, these assumptions imply that the drift of the optimal consumption process is deterministic.

We argue that Assumption 2 allows for large gains in terms of analytical tractability without loss
of generality. Alternatively, we may in fact consider an identical two-period version of our infinite-
horizon CARA-Gaussian model, and assume that the variance of the income process is a function of
the entire lagged income (not only of its deterministic component). Suppose that individual income
is stochastic and normally distributed with mean y; and variance 0'1-2715: Vit | Te-1 ~ N (yt, aﬁt). Then,
one could model income volatility as: a?’t := 02(yit-1). As we show in Section 3 this two-period
version of the model admits a closed-form solution even under this relaxed parametric assumption
on the overall income process. Moreover, we also prove (always in Section 3) that the implications
of the infinite horizon and the two-period models are identical and that the main results of the

paper can be derived (and coincide) in both frameworks.

2.1 Households

In every period ¢, each household can purchase a risk-free (real) bond a; ++1 (paying one unit of good
in t+1) at the price 1/(1+r;). Additionally, the household can consume a perishable consumption
good ¢; ¢, using its total (net) income y; ; and its beginning-of-period wealth a; +.

Households maximize their intertemporal utility — discounted with a factor g € (0,1) — over an

infinite-horizon, choosing consumption and savings (labor supply is inelastic) under the sequence of

9While Guvenen et al. (2021) look at log-earnings, without loss of generality, we focus on earnings in levels, since
the CARA utility model needs to be specified in such a way for analytical purposes, as natural in the CARA utility
literature. For example, see Caballero (1990), Wang (2002), Wang (2003), and Acharya and Dogra (2020).



budget constraints and the initial condition a; o on bond holdings.'® The problem can be formulated

recursively with the Bellman operator:

Vt(ai,taygtaei,t) = max ) {U(Cz‘,t) + 8- Ey [Vt+1(az’,t+17ygt+176i,t+1)]}

Ci t,Q4, t+1

Qi t+1 Yii+a
=Yt 1t
1+ Tt ’

a;o given,

s.t. Citt

where E;(+) := E(- | Z;) is the expectation operator conditional on time ¢ information set and V;(-)
is the time ¢ value function. In addition to the endogenous state a;;, the exogenous states yfft and
€;,¢ are relevant for the household’s decision, since yzt determines the volatility of €; ¢+1, while €;;

is the current realization of the income shock.

2.1.1 Solution to the consumer problem

Let u(-) be a CARA - exponential utility function: u(c) = —%Y exp{—~yc} with v being the coefficient

of absolute risk aversion. The Euler equation derived from the utility maximization problem is:

exp{-7cit} = B(1+r) -Et[exp{—yci7t+1}]. (3)

The solution of the problem is characterized by equation (3), together with the sequence of budget

constraints, the initial condition and the transversality condition on bonds:
. T
jll_{rolo Et[ﬁ u'(ci,T) . ai7T] =0.

A procedure to find a closed-from solution for consumption is proposed by Caballero (1990) and
is based on a “guess and verify” of the stochastic process followed by optimal consumption.'! We
extend that approach to the more general case in which 7, and the variance of the income process

are not constant over time, and 8 # 1 + ry.

Proposition 1. The optimal consumption plan follows the stochastic difference equation:

2
THir1 2
4
: 4

1
Cijt = Cijt+1 — ; log[B(1+71¢)] - Oit+1 ~— Mt+1€it+1,

10The usual no-Ponzi-game condition applies as an additional constraint:
T
lim

T—ooy g 1+7

ai,r+1 = 0.

1 An alternative solution method is followed by Acharya and Dogra (2020). They guess a solution for consumption
of the form ¢;+ = Ct + p(ys,t + as,¢) and find the value of the coefficients C¢, s recursively.



where g, the MPC out of wealth, follows the recursion:

1+7r
,LLt — Mt+1( t) ) (5)
1+ Mt+1(1 + Tt)

Proof. See Appendix A.1.

Equation (4) is worth a few considerations. Notice that, relative to a standard permanent-
income hypothesis (PIH) specification, the volatility term (yu2,,/2) - O'zt .1 captures the effects of
precautionary savings. Higher future income volatility depresses current consumption since agents
have an incentive to save more as a form of partial insurance. In our setting, however, and unlike
Acharya and Dogra (2020) who derive a similar equation in a homoskedastic CARA framework,
the variance of future earnings that appears in (4) is agent specific since it is a function of current

household income and it is, therefore, heterogeneous across agents.

2.2 Heterogeneity in MPCs

As in the corresponding homoskedastic CARA framework, MPCs in our model depend on current
and future real interest rates. An increase in the real interest rate makes MPCs higher as a
consequence of a stronger income effect (as can be seen from equation (5)). Consider a marginal
increase in earnings: the household optimally saves part of it (or reduces its borrowing) obtaining
higher future returns (since the interest rate has increased). These higher returns determine a
positive income effect that optimally induces the agent to spend a larger fraction of the income
shock (i.e., the MPC is higher).

In our heteroskedastic framework, however, there are two further implications for MPCs. First,
there is a distinction between the MPC out of wealth, that coincides with y; (and with the MPC in
the homoskedastic case) and the MPC out of a transitory income shock. Second, there exists a non-
degenerate distribution of MPCs out of transitory income, since different positions over the earnings
distribution affect future income volatility and the precautionary saving motive. We summarize

these findings in the following proposition.

Proposition 2. Assume that 0% : R - R, is differentiable with respect to lagged (deterministic)

income. Then:

(i) MPCs out of wealth are identical across agents and differ from MPC's out of transitory
income if the marginal change in future income volatility out of current earnings is non-null,
i.e., if 302t+1/8yi,t £0.

(ii) MPCs out of transitory income are heterogeneous across agents if the marginal change in
future income volatility out of current earnings is non-constant over the earnings distribution,

i.e., if 8azt+1/8yi,t is non-constant.



In particular:

2
Oy 1 VWi 9954
1+ ,ut+1(1 + Tt) 2 8yi7t

Proof. See Appendix A.1.

Interestingly, our framework is able to combine three different characteristics of the heteroge-
neous agents literature in a tractable way: (i) precautionary savings (captured by the variance
term appearing in equation (4)), (ii) heterogeneity in MPCs out of transitory income, and (iii)
difference between MPCs out of wealth and income.!? These results contrast with the standard
homoskedastic framework, where MPCs out of income are identical across agents and coincide with
the MPC out of wealth.

Notice that the empirical evidence from Figure 1 (from Guvenen et al., 2021) suggests that
80% +1/0yiy is both negative and increasing up to the 95th percentile. Consistent with this fact,

2

and assuming that income volatility o7,

1 is a decreasing and convex function of lagged income, it
is also immediate to reproduce the finding (of some empirical literature on MPCs) whereby MPCs

are decreasing over the earnings distribution.

Lemma 1. If the variance of individual income o2 : R — R, is twice differentiable and strictly

convezx in lagged income, then the marginal propensity to consume of agent i is decreasing in income:

OMPC;,

<0. 7
8%,1& ( )

The result from Lemma 1 is easy to obtain from equation (6). In particular:

2 9
OMPC; 1 Vg 970710
= — . 5 < 0.
OVit L+paa(T+r) 2 (Oyig)
[ ——
>0

Intuitively, if the variance of future income is decreasing and conver in current income, a marginal
increase in current income has the effect, at the margin, of weakening the precautionary saving
motive relatively more for poor than rich households. Thus agents at the bottom percentiles of
the income distribution feature a higher MPC and, at the margin, increase consumption relatively

more than agents at the top percentiles.

2.3 Aggregation and general equilibrium

We aggregate consumption integrating with respect to the Lebesgue measure. Let ¢; := f[o 1] Git di

and let us assume that the function o2 : R - R, is measurable and integrable. Then, integrating

'2MPCs out of housing wealth (see Guren et al., 2021) and out of financial wealth (see Chodorow-Reich et al., 2021)
are estimated to be 2.67 cents and 3.2 cents per dollar, respectively, i.e., significantly smaller than usual estimates of
MPCs out of income.

10



the recursion for agents’ optimal consumption (equation (4)), we obtain the aggregate consumption
function:

1 Vi
= | 1 _ IPt+1
Ct = C¢+1 5 Og[ﬁ( +7“t)] 5 (0.1]

2 .
O-i,t+1dz- (8)
Note that the previous result can be obtained by a continuous version of the Law of Large Numbers
(LLN)'3 since the integral of the income process innovation can be thought of as the limit of the

means, converging to the population average:
\/[‘71] ’L,t+1 t( Z7t+1)

The economy has a supply-side that produces aggregate output y; and a government that
purchases part of this output, through government spending ¢;.'* Therefore, the goods market
clearing requires y; = ¢; + ¢¢. Imposing this condition, we obtain a dynamic aggregate demand (AD)

equation:

_ 1 ’YN?H 2 .
Yt = Yt+1 — _logl:/B(lJ’_Tt)] - Ui,t+1 dl+gt—gt+1. (9)
v 2 Jo1]

In addition, the real and the nominal side of the economy are assumed to be generically linked
via a Phillips-curve relation between current inflation 7, future inflation, and output (implicitly,
through the function P(-)):

P(r, 71, ye) = 0. (10)

Finally, the monetary authority follows a given (active) monetary policy rule. We consider two

different specifications for monetary policy.

1. Interest rate peg. The monetary authority pegs the real interest rate to its steady-state value
r:

re =T+ v, (11)
where v; is a stochastic process characterizing exogenous monetary shocks.

2. Taylor rule. The monetary authority sets the nominal interest rate i; as function of current
inflation, through the feedback Taylor coefficient ¢, > 0:

T+ig=(1+7)-(1+m)% exp(vy). (12)

2.3.1 Equilibrium

Given a process for (g¢,v¢)r5, an equilibrium is an allocation ()2, a vector of prices (¢, 7, 7)o

and a sequence of MPCs out of wealth (y);2, such that:

e the dynamic AD — equation (9) — holds;

133ee Uhlig (1988), Proposition 1.
14See Appendix A.2.
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the MPCs out of wealth recursion — equation (5) — holds;

e the PC — equation (10) — holds;

monetary policy follows a given monetary policy rule, either the peg rule (equation (11)) or

the Taylor rule (equation (12));

the Fisher equation holds:
1+ n
1+rp= ——.
1+

2.4 Sufficient statistics

We are now ready to establish one of our key results. We show that the equilibrium response
of output to alternative demand shocks can be fully described through a small set of observable
sufficient statistics, capturing the heterogeneous consumption choices of different agents. Before

turning to a more general characterization under price rigidity, we assume below that monetary

policy keeps a constant real interest rate (up to an exogenous shock ;).

Proposition 3. The equilibrium response of aggregate output to either government spending or

real interest rate shocks is captured by the following cross-sectional sufficient statistics:
(i) Ezpected marginal change in the income volatility out of individual earnings:

E an2,t+1
ayi,t '

—_—
individual risk effect

(ii) Expected (individual) earnings sensitivity to aggregate output:

0Yi
El —=|.

[
income cyclicality effect

(11i) Covariance between the marginal change in (individual) income volatility out of (individual)

earnings and the (individual) earnings sensitivity to aggregate output:

8‘7‘2f;+1 0yi ¢
Cov Casyhs L
( ayi,t 0yy

risk-cyclicality covariance effect

5Henceforth we also assume that it is possible to differentiate the variance function with respect to lagged income
and to exchange the derivative and the integral.
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Moreover, the output multiplier of a fully transitory government spending shock is:

-1
Oyt ’YM?H (aggtﬂ) (3yit) (6Jz2t+1 ayit)

Op=—={1+ E : -E = |+ Cov = ) 13

" gy { 2 0Yi 1 Oy 0yir Oy (13)

while the output multiplier of a fully transitory real interest rate shock is:

8yt 1
-0, — 14
ory t y(1+71) (14)

Proof. See Appendix A.1.

Consider statistics (i)-(iii). All combined they capture how individual risk varies over the
business cycle and how this effect is heterogeneous across the income distribution.

Statistic (i) captures the expected marginal effect of realized income on individual risk (indi-
vidual risk effect). Statistic (ii) captures the degree of cyclicality of individual income with respect
to aggregate income (income cyclicality effect). Finally, statistic (iii) describes how the effect on
individual risk co-varies with the degree of income cyclicality (risk-cyclicality covariance effect).
Hence, the size of both the government spending and real interest rate multipliers depends on the
interaction between the cross-sectional variation in the precautionary saving motive and how the
distribution of earnings is shaped by aggregate output.

Consider the (product of the) first two sufficient statistics in (13), i.e., (i) the individual risk
effect and (ii) the income cyclicality effect. Suppose that a negative demand shock decreases
output on impact and that, in turn, individual earnings decline. If, on average, individual risk
is decreasing in individual income (so that the product of (i) and (ii) is negative), following the
negative shock, agents face more risk on average and therefore feature a larger precautionary saving
motive. Therefore, they decrease consumption relatively more than if average risk were unaffected.

However, the latter precautionary savings response is not homogeneous across agents. This can
be gauged from statistic (iii), which captures the risk-cyclicality covariance effect. This statistic
describes the interaction between how individual risk varies at the margin and how sensitive earnings
are to aggregate output over the income distribution. Intuitively, consider a negative demand
shock. As aggregate income decreases, individual earnings may react in the cross-section in a
heterogeneous fashion. Then, changes in individual earnings affect future income volatility, and
in turn precautionary savings and individual MPCs. In turn, the heterogeneous consumption
response at the margin feeds back into aggregate demand. For instance, suppose that idiosyncratic

2
i,t+

sensitive to aggregate income are also those for whom risk increases (at the margin) relatively more

risk is decreasing in individual income, i.e., o ,,/0y;+ < 0. If those agents whose income is more
(following a decrease in their individual earnings), then the covariance term is negative, leading
to amplification. In other words, amplification of the negative demand shock requires that those
agents whose income is more sensitive to aggregate income are also those with a stronger increase

in the precautionary saving motive and higher MPCs.
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2.4.1 Homoskedasticity: a special case

It is useful to compare our results so far to a standard setting with homoskedasticity (i.e., assuming
that the volatility of the income process is common for all the households). Under (cross-sectional)
homoskedasticity, let us denote the common volatility of the income process as o7. The dynamic

AD equation then becomes:

2
THie1 2
Oty1 T 9t — Gt+1-

1
Yt = Y1 — ;log[ﬁ(l +1)] -

Since o7, is identical across the earnings distribution, changes in individual income (deriving

from changes in output) neither affect risk, nor precautionary savings, nor MPCs at the margin.

E % = CO’U aaiz’t+1, ayi7t = O,
8yi,t ayi,t Oy

and the output multiplier of an aggregate demand shock becomes, under homoskedasticity:

Therefore:

@?Om - %

= =1.
dg:

Hence, depending on the sign of the three sufficient statistics outlined above, the aggregate output
multiplier of a temporary demand shock under heteroskedasticity, O, could either exceed or not
the multiplier under homoskedasticity, @iwm = 1. Notice also that in the homoskedastic case the
output multiplier of an aggregate demand shock coincides with the one in a representative-agent

economy. '

2.5 Results in the general model

Let us turn to a more general analysis of the first-order effects of fiscal (government spending)
and monetary shocks. Let us suppose that monetary policy follows the Taylor rule specification of

equation (12).

2.5.1 Steady state

We can approximate the model around a zero-inflation steady state. We set government spending

in the steady state equal to zero and we normalize aggregate consumption and output to 1. Hence:

y=c=1, g=0, m=0.

5That is equal to 1. See Woodford (2011).
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Let F': R - [0,1] be the cumulative density function describing the stationary distribution of

(deterministic) income, y&.!7

+.7" Under some additional assumptions, we can prove that:

)

7= [Pw) arw) = [ o) di (15)

where 52 is defined as the average income volatility in the steady state. Moreover, the steady-state

value for the real interest rate is determined from the dynamic AD equation (9):

+r\? 2
(17« ) log[3(1 +7)] = - L-0%. (16)

Assuming that &2 > 0,'® the solution to this equation exists and is unique.
Given the steady-state value for the real interest rate, the steady-state MPC out of wealth is

determined from the MPC recursion, described in equation (5):

(17)

Finally, let us define I" as a function of the sufficient statistics (i)-(iii) in the steady state:

do? dy; Do dy; do? y;
= ; di=B|=—L|.E c ; . 18
f[o,ll ( dy; Oy ) ' ( yi ) ( ay ]\ oy oy (18)

Notice that I' = 0 holds in the two limit cases of a representative-agent and in the homoskedastic

version of our model. Details and proofs related to the steady state are in Appendix A.3.

2.5.2 Log-linear representation

We take a log-linear approximation around the previously defined steady state. A hat notation

denotes variables in deviation from their steady-state values: #; := #-=* and g; := ;. Additionally,

suppose that the Phillips Curve admits a standard forward-looking linear approximation (with k

being its slope).!? The linearized model can be described by the following four equations.?’
N N I~ N L
U =0O- [yt+1 - (1t = 7pe1) = A g1 + (G¢ —gt+1)], (19a)
fit = B - s + (i = 7e1)], (19b)
ftr =0 Fear + k-G, (19c)
%t=¢ﬂ'ﬁ't+’0t, (19(1)

1"We can always assume that such a function exists in the steady state.

18Equivalently, assuming that a set of agents with non-zero measure has strictly positive variances in the steady
state.

19We linearize the PC obtained under convex price adjustment costs as in Rotemberg (1982). See Appendix A.2.4.

2ONote that the log-linear Fisher equation #; = %t — 741 has already been replaced into the other equilibrium
equations.
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where:

9 \-
@::(1+M ) >0,
2
A:’}/'ILL2'6'2>O, (20)

1
1+7r

=

Equation (19a) is the linearized version of the dynamic AD equation, equation (19b) is the linearized
MPC recursion, equation (19¢) is the linearized PC, and equation (19d) is the linearized Taylor
rule. To conclude the description of the equilibrium, we assume that government spending and

monetary shocks follow an AR(1) process:

- o g
gt = Pg - gt-1 + €,

v
Ut = Py - Vg-1 T €,

with |pg| < 1, |py| < 1 and €/, €} being white noise serially uncorrelated processes, orthogonal between
them, i.e., €/ Le}.

Notice that parameter A in equation (19a) captures the (direct) marginal effect on output of
changes in the MPC out of wealth. As in the CARA-homoskedastic model of Acharya and Dogra
(2020), monetary policy is able to affect MPCs through interest rates. In addition, MPCs affect the
pass-through of idiosyncratic income risk to consumption risk. Hence, a higher real interest rate
increases the MPC and reduces output since income risk translates into a greater consumption risk

(a larger fraction of income is spent and consumption inherits “more” of the volatility of income).
Heteroskedasticity and discounting/compounding

A key feature that distinguishes our framework is the presence, in the AD equation (19a), of
the parameter ©, given by the inverse of a linear transformation of I', in turn a function of the
sufficient statistics outlined in Proposition 3. © also represents the steady-state output multiplier
of government spending of Proposition 3. Notice that © augments the standard representative-
agent AD equation with a discount/compound factor for future expectations (about @11, Gi+1) and
current shocks (7, §¢). Parameter © is greater (less) than ©/°™ =1 if the average marginal change
in risk and/or the covariance statistics are negative (positive).21 We explore below the implications
of this compounding/discounting factor for two main issues: equilibrium determinacy and the size

of output multipliers.

2'Recall that the income cyclicality effect captured by statistic (ii) is always positive.
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2.5.3 Equilibrium determinacy

The presence of the parameter © in (19a) affects the conditions for equilibrium determinacy, since
it imposes restrictions on the parameter subspace where the model features a unique non-explosive
local equilibrium solution. In general we can show that with larger values of © the conditions
for equilibrium determinacy become more stringent. The reason is that expectations about future
output get compounded more when © is high and equilibrium solutions tend to become explosive.
Below we treat the issue of determinacy separately for the two specifications of monetary policy:

an interest rate peg and a Taylor rule.

Determinacy with an interest rate peg

Let us consider the simple case of a monetary authority that follows an interest rate peg, i.e., 74 = 0,
and let us assume that prices are fully fixed, i.e., 7y = 0 for every ¢ > 0. Then, the equilibrium is

described uniquely by the AD equation (19a):
9t = O [Geer + (e = Ges1) |- (21)

Equilibrium determinacy requires AD-discounting: © < 1. In fact, when expectations about future
output are discounted, the effect of future fiscal shocks or future deviations of output from its
steady-state level have a smaller impact on current output the further they occur in the future.

Consequently, when iterating forward to solve for current output:

Ut = Tlim O Grer + Y. 0" (G-t — Geek)-
— 00 kzl
If © < 1, then the limit term is null and the equilibrium path of output ()¢ is bounded.?? On

the contrary, if © > 1, then the limit term diverges and the solution for current output is explosive.

Determinacy under a Taylor rule

Turning to the Taylor rule specification for monetary policy, determinacy requires stronger restric-
tions to the parameter space when O is larger. Again, the greater O, the larger the compounding
effect of future expectations (or the less they are discounted) back to current output and the stronger
the reaction of monetary policy must be to stabilize the economy. In particular, for equilibrium
determinacy, the inflation feedback coefficient ¢, has to rise with higher values of ©, meaning that
the monetary authority needs to overreact to inflation with a larger increase in the nominal interest

rate.

22yWe also need to postulate that the sequence of changes in government spending is bounded. Let Agi+1 := §is1— ¢,
then, we assume that:
Sup |AgGe+k| < oo.
k>1
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We reduce the dimensionality of the model from four to three equations by substituting (19d)

in the other three equations of the linear system (19) and rewrite it in matrix form as below:

. 1, k(-1 A -1 1 . _
g (074507 -8 & (-0 (-4) | (5 yIoA
,t:tt+1 = —% % /l;—cf)n ,t:tt +|0|AG+| -1 |, (22)
41 —% 0 % it 0 0
Qi

where Agii1 = gie1 — G-
With this specification there are three forward-looking variables, ¢, fis, 7, hence determinacy

requires the matrix €2 to have three eigenvalues outside the unit circle. See Appendix A.4.
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FIGURE 2: DETERMINACY REGION: O - ¢,.

Figure 2 plots the Taylor-rule coefficient ¢, as a function of ©. The area depicted in red
corresponds to the region of the parameter space where the equilibrium is determinate. Notice that
in the case © = 1, corresponding to either the representative-agent or the homoskedasticity cases,
the Taylor principle, i.e., ¢, > 1, is both sufficient and necessary for determinacy. More generally,
let ¢, be the threshold for ¢, such that for every ¢, > ¢, the model has a determinate equilibrium.
Then, ¢, is increasing in ©.

Summarizing, the presence in the AD equation (19a) of either compounding or discounting
(through the parameter ©) modifies the extent to which the Taylor principle (¢, > 1) is sufficient
for local determinacy. In particular compounding — © > 1 — requires monetary policy to react more
strongly to an increase in output (¢, has to be greater than 1), while discounting — © <1 — allows

for a weaker reaction of monetary policy (¢ can be less than 1).
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2.5.4 Analytical solution for multipliers

The model is tractable enough that we can easily derive analytical solutions. We solve for the im-
pulse response functions (IRFs) to fiscal and monetary shocks through the method of undetermined

coefficients. Let us suppose that the solution for output, inflation and MPCs follows the guess:

jt:¢z~ut where ue{g,v}, xE{yaMﬂT}-

Substituting the guess in the system of equations (19) (substituting also for the Taylor rule),
rearranging, and matching coefficients, we obtain the solution for the reduced form elasticities to
both shocks.?? The general expressions for the multipliers out of persistent shocks can be found in
Appendix A.5.

All reduced-form multipliers become analytically transparent when fiscal and monetary shocks

are white noise, i.e., ps = p, = 0. In this case, we have, for the fiscal shock:

~¥O
=——7>0
wy ’7+®'¢7r'k> ’
Ul = b Bl > 0, (23)
¢g:k‘¢g>07
and for the monetary shock:
(C]
y=—————<0
wy 7+@'¢7r'k< ’
L A 24
W0 = B+ be Bl >0, (24)
Y=k, <0.

A positive shock to government spending increases output and inflation. Monetary policy responds
by rising the nominal, and therefore the real interest rate, leading to a rise in MPCs. Higher MPCs
have an offsetting contractionary effect on output since they amplify the pass-through of income to
consumption risk. As for the monetary policy multiplier, a contractionary increase in the nominal
interest rate reduces output and inflation, and causes the MPC to increase. Most importantly, the
coefficients for output and inflation of fiscal and monetary shocks (1§, 97,1y, 15) are increasing in
O in absolute value, consistent with the fact that higher values of © determine a general equilibrium
amplification of demand shocks.

Note, again, that by imposing © = 1 one obtains the IRF's for the model with homoskedasticity.

It is therefore clear that ©® > 1 generates amplification, while © < 1 generates dampening of both

23We assume that ¢r > po, pg and that v-A < 1. Both assumptions hold for our and, more generally, for empirically
reasonable calibrations.
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shocks:

fiscal shock:  [¢:9(© > 1)[ > ’W?W >[9(0 < 1),
—————
homosked.

monetary shock:  [¢,(© > 1)| > > [, (© < 1)|.

1
v+ '¢7r k
|
homosked.

2.5.5 Calibration

We can visualize the above analytical results by plotting the IRFs to a 1% annual increase in
government spending and in the nominal interest rate, for three different values of I' (hence of ).
We calibrate the model to an annual frequency. Following Acharya and Dogra (2020), the coefficient
of absolute risk aversion, v = —%, is set equal to 3 and the slope of the Phillips Curve, k, is
set equal to 0.1. According to the volatility estimates by Storesletten et al. (2004) and following
Acharya and Dogra (2020), we assign a value of 0.5 to the steady-state average income volatility
2. We set the discount factor 8 equal to 0.96 and a common autoregressive coefficient for the
fiscal and monetary shock pgy = p, = p = 0.8. Additionally, we assign a value of 1.5 to the Taylor
rule coefficient ¢, (so that the equilibrium is locally determinate). See Table 1.

We can then derive the remaining parameters as follows. The real interest rate is computed
from equation (16) for given values of 2, 3,7. Then, the steady-state MPC out of wealth s is
immediately determined from (17), while A and § are obtained from equation (20). Finally, the
value for © depends on the underlying assumptions for I' and is found through equation (20).

The dotted black line in Figures 3 and 4 denotes the homoskedastic benchmark, while the
dashed red line represents the IRFs for © > 1 (amplification scenario) and the solid blue line for

O < 1 (dampening scenario).

| Parameter | Value |
Coeflicient of absolute risk aversion 0% 3
Discount factor I} 0.96
Slope of PC k 0.1
Average income volatility 5° 0.5
Taylor rule coefficient Or 1.5
Persistence of shocks P 0.8

TABLE 1: CALIBRATED PARAMETERS

20



0.01
0.005 !
0
0 15 20
«103 Nominal interest rate
6 : . :
0<1
0=1
0>1
0 15 20
«10® Real interest rate
3 T . -
o<1
) N v O =1
g - = 0>1
20

MPC

0.01 o<1
........ o=
- = 0>1
0.005 ¢
0 L
0 5 10 15 20
. %1073 Inflation
N o<1
K P o=
X - - 0>1
2 a
0 L
0 5 10 15 20
001 Government spending
0.005 1
0
0 5 10 15 20

FIGURE 3: IMPULSE RESPONSES TO A POSITIVE GOVERNMENT SPENDING SHOCK.

Notes: All variables are in % deviation from their steady-state value.
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2.6 Forward guidance puzzle

The expression forward guidance puzzle (FGP) (first used by Del Negro et al., 2015) denotes the
puzzling prediction of standard New Keynesian models whereby changes in the nominal interest
rate are more effective (on current output) the further they occur in the future. In this vein, news
about monetary easing years ahead are at least as effective to boost economic activity as a cut
in the current short-term interest rate. This puzzle occurs since agents perfectly anticipate the
change in monetary policy and react by perfectly smoothing consumption over time. In addition,
the positive feedback effect of monetary easing on output and inflation further reduces the real
interest rate, amplifying the effects on current output of the announcement.

In our model, the FGP puzzle can be either worsened or solved, depending on the values of the
sufficient statistics, that in turn determine the value of the parameters I' and © (in the log-linear
version, system of equations (19)).2* Let us assume, for simplicity, that prices are fully fixed, i.e.,
7t = 0 for every ¢t > 0 and consider a (credible) policy announcement of a nominal interest rate cut
H periods ahead: 74, = %H g = —€<0. We can rewrite the AD and the MPC recursions (equations
(19a) and (19b)), iterating forward for H periods.

. Hel @H+1 . H+1 ko

Ge=0"" g - e — N Y O iy, (25a)
k=1

fior = BEE g + B My for k=0, H. (25b)

Additionally, using the same iterations, it is easy to show that ¢sy g1 = firrme1 = 0. Substituting
(25b) in (25a), we get:

. QH+1 e Ml . ) QH+1 g L (BY
o 161 o )
=
Let
3 H+1 H+1H B $
@H._l 7 +A-0O SZ_;)(@)] (27)

be the forward guidance (FG) multiplier, expressed as a function of the time horizon H in which
the interest rate cut will take place. Then, we can state that the FGP is “solved” when ®g is
decreasing in H, in the sense that the further in the future the monetary easing is expected to
occur, the less effective it will be on current output.

The formula for the FG multiplier can be decomposed in two parts, respectively describing two

different channels through which future shocks affect current output.

e Direct compounding/dampening (direct C/D henceforth) channel, captured by the first term

24Recall that I'>0 < O < 1.
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in expression (27):
®H+1

Y
This component describes the effects of future shocks on current output, for a given path of
MPCs.

e Change in MPCs channel, captured by the second term in expression (27):
H B S
A- @H+1 Ll I
5(5)

This component describes the effects of future shocks on current output through variations
in the path of MPCs (recall that in our model MPCs depend on current and future interest

rates).

To study under which subset of the parameter space the FGP is either exacerbated or attenu-

ated, we can take the derivative of ® with respect to H and study its sign:>°

0Py e+ A©

= log(©) - + _[log(©) - 07+ _10g(B) - B |.
5 8(0)-— @_ﬁ[ g(0) g(8)- 5]
—_—
derivative of 15t term in (27) derivative of 2d term in (27)

In Figure 5 we show the contribution of each of the two channels (dashed and dotted lines for
the direct C/D and the change in MPCs channels, respectively) and their cumulative effect on the
FG multiplier (solid line) for different horizons H of the interest rate shock. We distinguish three
scenarios for three different values of © (equivalently, of T, i.e., of our sufficient statistics). In the
top panel we present the discounting case (© < 1), in the middle one the homoskedastic benchmark
(© =1) and in the bottom one the compounding scenario (© > 1).

Notice that if © > 1, then the second term in @y is always increasing in H, while the first term
is constant and increasing in H for © =1 and © > 1, respectively. Therefore © > 1 is a sufficient
condition to exacerbate the FGP, as it can be seen from the bottom and middle panels in Figure 5.

Intuitively, the second term in ®p captures the impact of news on current output through
changes in the path of MPCs. In fact, as described by Acharya and Dogra (2020), news about
future interest rate cuts reduce MPCs. Hence, since they weaken the pass-through from income to
consumption risk, they have the effect of stimulating current demand. In addition, in every period,
if © > 1 the effect of a decline in MPCs is further amplified (through the demand amplification

2 . . .
5The summation in ®5 can be rewritten as:

£(8Y 1- 870 Al -
A.@H+1zo(g) =A~@H+1 1()I;l :975[®H+1_6H+1]_
5= )

In addition, notice that when the derivative of ®y with respect to H is positive, the FGP is exacerbated.
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FIGURE 5: FG MULTIPLIERS: DISENTANGLING DIFFERENT CHANNELS.

Notes: The figure plots the “direct compounding/discounting (C/D)” channel, the “change in MPCs” channel, and

the FG multiplier @z as functions of the horizon H of the interest rate shock (all for three alternative values of O).

) 26 and, then, compounded back

channel coming from heteroskedasticity described in Section 2.5.4
to current output.

In addition to the previous MPC channel, suppose that © > 1 (because, e.g., the correlation
between the marginal change in risk and income sensitivities is negative). In this case, even keeping
the path of MPCs fixed (i.e., isolating the effects of the “direct C/D channel”), positive news about
an interest rate cut H periods ahead cumulate over time for two reasons. First, agents expect
that the cut in ¢ + H will have an amplified effect on output in ¢t + H (through the usual demand
amplification channel). Second, they also expect that output in ¢t + H — 1 will increase more than
one-to-one with y:, g since one-period ahead positive news are also amplified (through the usual
demand amplification channel). Moving backward period-by-period, the sequential amplification
effect compounds back to current output. Therefore, the further the horizon H, the more com-

pounding takes place, making current output more responsive to the forward guidance than to a

26This last amplification effect is absent in Acharya and Dogra (2020), while in our AD equation (19a) A is
premultiplied by ©.
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current interest rate cut.

Conversely, when considering the case of © < 1 the “direct C/D channel” is active in the opposite
direction (see the dashed line of the top panel in Figure 5), in the sense that dampening takes place
and future news are discounted over time. Hence, if the path of MPCs were kept constant, positive
values for our covariance statistic?’ (equivalently, for © < 1) would be able to solve the FGP.

Turning to the “change in MPC” channel when © < 1: the second term in ® 5 has a non-linear
shape in H, increasing for smaller values of H and decreasing thereafter.?® Intuitively, for longer
horizons, the dampening effect on output of changes in MPCs (since © premultiplies A in our AD
equation) prevails on the expansionary consequences of declines in MPCs, while this prediction is

reversed when the cut occurs over shorter horizons.
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FIGURE 6: FG MULTIPLIERS
Notes: The figure plots the FG multiplier, &, as a function of the horizon H of the interest rate shock, for three
alternative values of ©.
Figure 6 summarizes the above-mentioned effects showing the FG multiplier for the cases of
discounting (blue line) and compounding (red line) relative to the homoskedastic benchmark (black
line). While © > 1 is a sufficient condition to exacerbate the puzzle, © < 1 may indeed solve the FGP.

Notice, finally, that our model is not able to simultaneously attenuate the FGP and to generate

27 Also, positive values for the cross-sectional average change in individual income risk.
28Study'lng the sign of the second term in the derivative of the FPG multiplier out of the time horizon, with © <1
(and © # ) we can find the threshold H at which its sign is reversed:

(9)" - ket

For H < H , the second term is increasing in H, while it decreases for H > H.
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output amplification of demand shocks.?’ In fact, attenuation of the FGP requires © < 1, while
demand amplification needs © > 1. This incompatibility occurs since the underlying mechanism
that regulates output responses to both future news and demand shocks is similar and depends on
the interaction between marginal changes in income risk and changes in the earnings distribution

over the business cycle.

3 Incomplete information

So far we have assumed, in line with empirical evidence, that the volatility of the individual income
process is a function of lagged income. In this section we show that a possible microfoundation for
that functional relationship lies in incomplete information.

We assume that agents cannot observe the variance of the true income process and, in a Bayesian
sense, must make inference on this moment using the realizations of their income as private signals.
As a result, changes in realized earnings induce households to revise the estimates of their income
volatility, modifying their perception of individual risk. In turn, this will lead agents to revise their
optimal consumption and saving decisions.

The key difference relative to the previous setting featuring complete information lies in the
nature of the heterogeneity in idiosyncratic risk. While in the complete information framework het-
eroskedasticity is an assumed structural feature of the income process, in the incomplete informa-
tion setting the fundamental income process is assumed to be homoskedastic (in the cross-section).
However, it is the combination of incomplete information and heterogeneity in signals (for income
realizations differ across agents) that determines heterogeneity in the estimated volatility.

We first elucidate the role of heterogeneity in income signals in delivering heterogeneity in
individual risk within a Bayesian learning procedure applied to a general state-space formulation.
Then, we turn to analyse the general equilibrium effects of heterogeneity in the estimates of income
volatility within an analytically tractable two-period version of the CARA-Gaussian model of the

previous section.

3.1 General state-space formulation

Below we lay out a general state-space formulation for the evolution of the volatility of the income

process.

3.1.1 Model and information structure

The economy is populated by a continuum of households in the interval [0, 1], indexed by i € [0, 1].
We assume a state-space model where the volatility o2 of individual income (homoskedastic in the

cross-section) is the state variable, behaving according to a Markov process. Individual income is

29 As common in the FGP literature with rational expectations, see Bilbiie (2018).
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the observation variable, assumed to be i.i.d across agents and independent over time, conditional

on the current variance state. Formally:

Assumption 4. For every period t the fundamental individual income process for agent i is de-

scribed by the following state-space formulation:>°

of ~ Gy(do} | ofy), (28a)
yii ~ Fy(dyiy | 07), (28b)

where Gy is the probability transition kernel* for the variance (i.e., the state variable) from 0?71 to
datz, and Fy is the probability measure for individual income, conditional on the realization of time

t variance o?.

Notice that both G; and F; are common across agents, which in turn implies that the individual
income process is identical across agents. In addition, the above state-space formulation requires
the observation variable to be conditionally independent of past observations.

We postulate that each agent knows the state-space model in (28) and can observe the history
of the earnings realizations and aggregate variables. However, the agent does not observe neither
the realizations of the variance o7 (which needs to be estimated) nor other agents’ earnings. In
other words, we assume that the individual income process is a private signal that each household
exploits to forecast her future income volatility, a key moment in the determination of her opti-
mal consumption and saving decision. While income volatility evolves over time according to a
Markov process, agents cannot observe it and use the history of current and past individual income

realizations to obtain forecasts for the future variance of the income process.

3.1.2 Learning

We assume that rational agents learn over time about the variance of the income process in a
Bayesian way, using the history of their earnings to derive state-predictive posterior distributions
of future income volatility. Let y; ;¢ := (yi:’f)l/l:o denote the history of individual income realizations
at time t (i.e., the vector of past and current realizations from 0 to ¢). Then, the output of agents’

learning in every period ¢ can be described by two conditional distributions.

e The filtering distribution: P;(do? | y; 1), i-e., the distribution of the current (time t) income

volatility conditional on the earnings history at time ¢.

e The state-predictive distribution: Py(do?, | yio+), i-e., the distribution of future (time ¢ + 1)

income volatility conditional on the earnings history at time ¢.

30We work here with probability measures, hence the notation do?, dy;.;.

31More formally, by definition of transition kernel, G; : (Ry,B(Ry)) - (Ry,B(R;)) is a function such that
Gi(do? | 0i) is a probability measure on (Rs,B(R.)) (where B(R,) is the Borel sigma-algebra on the set of
positive real numbers) for every o7 ; and the map o7, - G¢(A | 07.1) is measurable for every set A € B(R,).
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To obtain the above mentioned distributions, the Bayesian learning procedure can be described

by the following algorithm. Let i € [0, 1] be a generic agent in the economy.

Initial stage, ¢t = 0. Each agent i has a common prior Py(do3) over o3. After observing her

first-period income y; o, agent ¢ computes the filtering distribution through Bayesian updating:
Po(dog | yi0) o Foldyio | o5) - Po(dop), (29)
obtaining the state-predictive distribution for a% as:
Bo(dot] vio) = [, Cr(dot | of)Bo(dat | io). (30)

Recursive stages, t > 1. For the following periods, the learning procedure can be described
recursively. At time ¢ > 1, the prior is given by the state-predictive distribution computed by the
agent in t — 1, i.e., Pt_l(datz | Yi0:t-1)-

When income is drawn at time ¢ from the conditional distribution F;(dy; | 0?), agent i updates
her prior, obtains the filtering distribution and, in turn, the new state-predictive distribution. In

particular, the filtering distribution is given (up to a normalization constant) by:*?

Pi(do? | yioe) o< Fildyiz | 07) - Peo1(dof | yioe-1), (31)
while the new state-predictive distribution is given by:

Puldotal vion) = [, Gra(don | oB)-Pi(do? | yioe). (32
2R,

The above equation illustrates our key point. Namely, that the state-predictive distribution
depends on the individual earnings history. This implies that agents that have experienced het-
erogeneous income realizations over time also derive heterogeneous distributions of future income
volatility. This establishes a relationship between agent i’s estimated distribution of the income
variance and agent ¢’s position in the earnings distribution. The existence of this link has, in turn,
implications for each agent’s optimal consumption and savings decisions: households with different
earnings histories have different perceptions of their individual income risk and, therefore, make

heterogeneous consumption choices.

32This expression is derived from Bayes’ Theorem and from the assumption of conditional independence of income,
i.e.7 Pt(dyi,t | 0',52, yi,O:t—l) = Ft(dyi,t | O't2)2

Py (dyi,z | Utzvyi,O:t—l)
Pi(dyie | yi,0:e-1)
o< Fy(dyiye | UtQ) 'I[thl(d"ft2 | Yi,0:6-1)-

IP’t(dUtZ | yi0:t) = 'Pt—l(dUt2 | Yi,0:-1) o<
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3.1.3 Consumer problem under imperfect information

As in Section 2.1 the agent can purchase, in every period, a risk-free real bond a;+1 (paying one
unit of good in ¢ +1) at the price 1/(1+1;) and consume a perishable consumption good ¢; ¢, using
its total (net) income y;; and its beginning-of-period wealth a;;. The recursive formulation of the

consumer’s problem requires to keep track of the filtering and the state-predictive distributions:

Vi(ait,yir) = max {U(Ci,t) + B -Eiy [Vie1(aite1,Yip+1)] }

Cit5@it+1)
Ajt+1
1+ Tt

s.t. Cit+ =Yt tQit, A0 giVGH.
Notice that the expected value on the right-hand side of the Bellman equation is computed with

respect to the distribution of future earnings conditional on the individual earnings history:

Ei ¢ [Vis1(@ite1,Yite1)] = / Vie1 (@i 441, Yit+1) - Pe(dyize1 | Yiot),

Yi,t+1€

where:
Pe(dyit+1 | yio:) = f Fri1(dyiger | 021) - Pe(dotey | yior),
g

2
t+1€R+

and Py(do? | yi0+) is given by equation (32). Importantly, the consumer problem is recursive:
agent ¢ does not need to know her earnings history in every period t, but can simply carry over her
state-predictive distribution as a state variable. In particular, taking ]f”t(daf) i=Pi_1(do? | yio-1)
as a state variable in ¢, equations (31) and (32) describe the law of motion to obtain Py, (do?,,) =

Py(do?,; | yi 0+) through the new income observation y; ;.

3.2 An analytically tractable setup

The general consumption problem outlined in the previous section does not allow a closed-form
solution. To illustrate the implications of heterogeneity in private income signals on agents’ optimal
consumption decisions we lay out a two-period version of the model. The economy runs for two
periods: 7 =t,t+ 1. Compared to the general state-space model described above, we introduce a
set of simplifying assumptions. First, the true variance of the income process is constant over time:
02,1 = 0? = 02, Second, the fundamental income process (that is i.i.d. across time and agents)

follows a Gaussian distribution (conditional on the variance o?):
2 2
Yit | o NN(yt7U )a

where g4 is the period ¢ mean. As in the state-space formulation described above, agents know
both the process followed by their individual income and its mean ¥, yet not its second moment

o2. Therefore, they use their private income signal to estimate the variance of income.
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3 0% ~ p(0?) at time t and, after observing

Each agent starts with a (common) prior distribution®
her current income realization y;;, she updates her prior through Bayesian learning to obtain the

posterior distribution: o2 | Yit ~ p(o? | Yi+). More compactly:

yi7t | 02 ~ N(yb 02) ZZd? (33&)
o? ~p(a?), (33b)

where (33a) indicates that, conditional on a given volatility, income follows a Gaussian distribution,
and (33b) represents the prior held by the agent on the income variance.

The posterior distribution is proportional to the prior times the likelihood function:

p(0® | yig) o< filyir | 0°) p(0?), (34)

where f; is the Gaussian density of y; ; (as well as the likelihood function for any given y; ;). Notice
that equation (34) is a simplified version of equation (31).
Each agent 7 estimates the income volatility as the expected value of the posterior distribution.

More formally, we define the estimator of the variance as:
67 = Eip(0” | yiy) = fR o% - p(o® | yiz) - do®, (35)

where E; +(-) denotes the expectation operator conditional on agent i’s information set at time ¢.
Notice that the estimates of income volatility are heterogeneous across agents with different
earnings draws. In other words, heteroskedasticty is now an outcome of the learning procedure.
Finally, we assume that each agent ¢ uses the forecast &f as if it were the correct variance of
the income process. This allows us to preserve the normality of the income process and to find
closed-form solutions to the consumption problem.?* It is therefore possible to define the relevant
income process for consumption and saving decisions: y; 41 | Zit ~ N (Ye+1, 6?) where Z;; is agent
1’s information set at time t. In other words, after concluding their learning procedure, agents take
their estimated future volatility as the true one and, conditional on their current income realization
Yit), they know that their future income follows a Gaussian density with variance given by the

estimated one.

3.2.1 Two-period consumer problem

The two-period version of the CARA-Gaussian model under incomplete information can be obtained

as a special case of the infinite horizon model of Section 2.1 by imposing two conditions. First,

33We assume that the probability distributions admit densities. We use lower-case letters to denote densities, while
capital letters to denote probability measures.

34Otherwise we would have to work with a non-Gaussian distribution for unconditional income, and we would not
be able to obtain closed-form solutions.
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we set the MPC out of wealth in the second period (t + 1) equal to 1:** gz, = 1. Second, we

: 2
substitute o7,

See Appendix B.1 for a full derivation of the two-period model.

| with the estimate of the income volatility 67 obtained through Bayesian learning.

Imposing these conditions on equation (4) (after taking conditional expectations) and using the
household’s budget constraints, one can derive optimal current consumption as a function of the

real interest rate, permanent income, and the estimate of income volatility:

1+ 1 v
~2
cit=————log[B(1+r)]+ it + Yig + ——Ye1 | — =0 . (36)
(2+7)y 2+ 1y 1+rg 2+ 2
| S —
intertemporal substitution permanent-income estimated risk

The first term on the right-hand side of equation (36) captures a typical intertemporal substitution
motive stemming from real interest rate movements, while the second term captures the implications
of the permanent-income hypothesis (i.e., consumption in every period is a fraction of lifetime
wealth). Finally, the last term represents a shifter that depresses current consumption and captures
the effects of estimated risk on precautionary savings. In particular, if the agent estimates higher
values for income volatility (higher 6’1-2 ), then she optimally increases her precautionary savings and
reduces current consumption.

In addition, imposing p;+1 = 1 and Uztﬂ = 67 in equations (5) and (6), we can find the two-period
version of the MPC out of wealth:

8Ci’t 1+ T¢

Mpcwealth — I LA , 37
bt Ht 8@2-775 2471y ( )
and of the MPC out of transitory income shocks:*°
dcig 1 1 ~ 967
MPCi’t _ Cig L1+T¢ Y o0; (38)

OVit N 2+ 1 - 2+rt§8yi7t'

It is clear from the previous expressions that the results from Proposition 1 still apply in the two-
period model. In particular, if the marginal change in the estimated income volatility out of current
earnings (i.e., 962/dy; ) is non-null and non-constant across the earnings distribution, then MPCs
out of income differ across agents, are time-varying, and differ from the MPC out wealth. However,
the mechanism that produces heterogeneity in MPCs here is different from the one in the complete
information setup. Under incomplete information, changes in income are equivalent to changes in
the signal received by each agent, who will therefore revise her own estimate of income volatility.
Suppose, for instance, that in response to a marginal increase in her current earnings agent ¢ revises
downward her estimate of the income variance relatively more compared to agent j. Then agent
1 will perceive her future income as being relatively less risky, and will reduce her precautionary

savings (increase her consumption) relatively more at the margin: therefore agent i will feature a

35Since the economy ends in the second period, agents optimally spend their resources entirely in ¢ + 1.
36 Assume that Erf :R — R, is differentiable with respect to income realizations y; ;.
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relatively higher MPC out of transitory income.

3.2.2 Aggregation and general equilibrium

The AD function of the two-period model can be obtained by imposing j+1 = 1 and O‘Zt L1 =02 to
equation (9):
1 A2 ;.
Yt = Yte1 — —10g[ﬁ(1+rt)]—1f G2di+ gr — Gre1. (39)
¥ 2 J[o,1]

Following the same proof as in Proposition 3, we can derive the analog of the three sufficient

statistics that summarize the response of aggregate output to a demand shock.
(i) Expected marginal change in the estimate of income volatility out of earnings:

062
E L.
( ayi,t )

[ —
individual risk effect

(ii) Expected earnings sensitivity to aggregate output:

0Yi
Elf —=|.

N— —
income cyclicality effect

(iii) Covariance between the marginal change in the estimate of income volatility and the earnings

85'-2 8yz t
Cov =
( ayi,t 0yy

risk-cyclicality covariance effect

sensitivity to aggregate output:

In particular, we can define ©; as the output multiplier out of a fully transitory government spending
shock (assuming that the real interest rate is unchanged) as the derivative of current output to

government spending:

-1

Oyt v (8&2) (@%’t) (5f3~2 8yit)
O;=——==4{1+—-|E L |-E =~ |+ Cov L= . 40
' By, { 2 [ Vit Oy Oyt Oy (40)

Again, this multiplier is the same as in the infinite-horizon model, with p;11 = 1. A similar multiplier

could be obtained for a transitory monetary shock (e.g., an increase in the real interest rate):

8yt 1
L, . — 41
ory t y(1+7) (41)
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As in the complete information framework, negative values for the covariance statistic and for the
product between the average change in the estimate of variance and the average income sensitivity
determine amplification in the response of output to demand shocks.

Consider a negative demand shock that has a first-round direct negative effect on aggregate
output. Then, the reduction in output affects individual earnings in a heterogeneous fashion,
depending on income sensitivities (Oy; ¢/ ayt)ie[o,l]- As agents observe modifications in their signals,
they revise their estimates of income volatility and change their consumption at the margin. For
instance, if those agents featuring larger income sensitivities (i.e., those who lose relatively more
from the contraction in output) are also those who revise their estimates upward marginally more,
the decline in output will be amplified. In general, the interaction between revisions in estimates

and income sensitivities generates an indirect effect of demand shocks on aggregate output.

3.3 A tractable case: Inverse-Gamma prior

A key advantage of the incomplete information setting as a foundation of heteroskedasticity is that

it allows a flexible parameterization of the prior distribution of income volatility. In turn this allows
2

us to easily obtain closed-form solutions for the posterior estimator &;.
We assume that each agent i € [0, 1] has a common Inverse-Gamma prior, with common hyper-

parameters ag >0, vp>0:

2
12 1/000). (42)

o2~ Inv—Gamma(—,
27 2
After observing their income realization y; ;, agents update the prior distribution following Bayes’
Theorem and obtain the posterior distribution, which is itself an Inverse-Gamma with newly derived

pf:urameters:37

vo+1 VOU(% + (i — yt)2)
2 7 2 '

Then, each household estimates her own income volatility using the conditional expected value:

o | yis ~ InV—Gamma( (43)

2 (e — )2
vy — 1

The intuition for (44) is standard in Bayesian statistics. The posterior estimator can be expressed

as a weighted average of the prior mean®® and the squared deviation of the income realization from

37See Appendix B.2.
38We define the prior mean as the expected value of the variance with respect to the prior distribution:

prior mean := (o).

See Appendix B.2 for details on the moments of the Inverse-Gamma distribution.
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its average, where the weights are given by the prior sample size and the actual sample size:>

2
.2 Vg — 2 Voo 1 9
05 = . + < (Yit—yt) : (45)
vy — 1 vy — 2 vy — 1 \ ,
v squared deviation

prior mean

In our model the actual sample size is equal to 1, since households observe a sample with only one
(i.e., their own) income realization y;;. Instead, the prior sample size is ng = vy — 2. Therefore
we can use the hyperparameter vy to determine the prior sample size, while the prior mean is a
function of both J% and 1.

Let Vi := y;+ — y+ denote the deviation of realized individual income from its mean. Consider
the expression of the posterior estimator in (44). What actually matters for the estimate of the
income variance is not income itself, but its deviation from its known mean (that coincides with

aggregate output). Hence, we can rewrite the expression for the government spending multiplier

-1
Oy Y (35-2 ) (8yit) (35-2 ayit)

0= _ 1 e[ L) g 25 4 o i 22, . 46

" g, { 2[ Vit Oy o Vit Oy (46)

2

7

©; as:

Then, given the estimator &; in (44), we can derive explicit formulas for the sufficient statistics of

Proposition 3.

962
E t1=0 47
(ayi,t) (472)
E(—ayi’t) o (47b)
Oyt
962 Vi 2 Vit
L G e bt i, 4
C’ov(ayi’t, Oy ) vo—1 [071]3% Oy ! (47c)

The fact that the average marginal change in the estimate of income volatility is zero stems
from the symmetry of the Gaussian distribution. As apparent from the estimator in (44), given
that symmetry, agents on the opposite sides of the income distribution, but equidistant from its
mean, form the same estimate of income volatility. Therefore, the estimates depend, at the margin,

on the deviations of income from its mean, ) ;, that, on average, are null. More formally:

962 2 2
= “Ji e di = 0.
Vit -1 Yie = vo—1 f[o,l] Vig di

Moreover, the second sufficient statistic (47b) is also zero:

Wi _ OYin S / (%_1) di=0.
Oyr Oyt [0.1]\ Oy

39We assume that vy > 2 for the existence of the first moment of the prior distribution.
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The covariance in (47c) is however different from zero:

062 ayit) 2 B 9 Duis
“Nove ow ) yi'( ’_1) di = it = i) - di.
(ayiﬂf 8yt vy — 1 [071] )t ayt Vo — 1 [071] (y Wt yt) 8yt

Its sign depends on the integral term and cannot be established without knowing the values of the

individual income sensitivities (Qyi /Oyt )ie[0,1]-

3.3.1 Calibration in the simple case

We assume that the true variance of the income process is 0% = 0.5 (as in Section 2.5.5) and that
average output is equal to 2.%° Then, we assign a value of 7, = 4% to the real interest rate and of
v =3 to the coefficient of absolute risk aversion (as in Section 2.5.5).

We can calibrate the hyperparameters by setting, first of all, the prior sample size parameter
vy > 2 (recalling that the prior sample size is ng = vg — 2) then by choosing the parameter 03 to
target the true value of the fundamental income variance. In particular, we want the prior mean
to be equal to the fundamental volatility:*!

V()Jg 9 9 ol —2

o2 =0 = o0j=0 o
In our baseline calibration we set the prior sample size parameter equal to 10, that implies a value
for 02 of 0.40. We simulate a panel of 1,000 agents, assigning to each of them a realization of
the income process y;+ ~ N (2,0.5) and computing the associated estimates of income volatility

according to the formula in (44).
2

In Figure 7a we plot the estimates of the variance of income ¢ as a function of income real-
izations y; ;. We can observe that the estimates are U-shaped, as a consequence of the symmetry
of the Gaussian density. Moreover, we can easily observe that the further the income realization is
from its mean, the greater the estimate of income volatility, since agents interpret a large deviation
from the mean of the income distribution as a signal for larger variance.

Moreover, taking the derivative of the volatility estimator (44), we can find a closed-form

expression for the MPCs out of transitory income:

8Ci,t_1+rt 1 Y

MPCi,t = 1 : (yi,t - yt)- (48)

0Y; 1 _2+rt_2+1"t1/0—

From equation (48) it is clear that MPCs are decreasing in realized income and, when y;; < y;
(yit > yt), they are above (below) the MPC out of wealth.”> Figure 7b plots the MPCs out of

“OWe choose this value in such a way to reduce significantly the probability that income realizations take negative
values in our simulations.

“'In this way, there is an anchoring of agents’ pre-learning expectations to the true value of the fundamental
variance.

“?Recall that the MPC out of wealth is equal to (1 +7¢)/(2+ 7).
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transitory income as a function of earnings, displaying a negative linear relation between MPCs
and income. Therefore, our “Inverse-Gamma - Gaussian Bayesian” model is able to reproduce the
empirical evidence whereby MPCs decline over the earnings distribution.

This result is an implication of the convexity of the variance estimator (44) in current income (in
deviation from its mean). Intuitively, given the normality assumption on the income process (with
common and known mean), and given the absence of any persistence in earnings, agents interpret
any deviation of their income from its mean as purely transitory and anticipate that mean reversion
might take place in the future. Since rich individuals anticipate that their income will revert to the
mean in the future, they save a major part of it and have lower MPCs. The opposite is true for
poorer agents, who anticipate higher future income and currently spend more.

Suppose for instance, and consistently with the empirical evidence in Patterson (2021), that
MPCs correlate positively with income sensitivities, i.e., agents whose earnings are more elastic to
aggregate output have higher MPCs. In our model, the positive sign of this correlation is generated

by a negative covariance between marginal changes in volatility estimates and earnings sensitivities:

062 Vi 2 yi 4 Oyi
C C — | = it — -—= di < —Cov| MPCj,, : 0.
Ov(ayi,t, Oy ) v -1 [071](y o) Oy P - <

>0

Under this assumption, poor individuals, who have higher MPCs, have relatively more sensitive
earnings to aggregate output. In general equilibrium, amplification of demand shocks will, therefore,

take place.

3.3.2 Robustness

We study the implications of different values of the hyperparameters of the prior distribution. In
particular, we continue to assume that agents set those parameters in such a way to have their
prior mean coinciding with the true value of the income variance. In particular, after assigning the

prior sample size ng = vy — 2, they choose 08 to have:

vg—2
o2 =2
40
We argue that the prior sample size parameter vy regulates the strength of the belief that agents
have in their prior. In fact, from the expression of the variance estimator (44), the greater vy, the
larger the weight given to the prior mean in the Bayesian updating procedure:
.2 vy —2 1/003 1 9
0 = ) (Yit = yt)

vy — 1 vy — 2 vy — 1 \ ,
— squared deviation

prior mean
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Figure 8 plots the distribution of the estimates of income volatility (as a function of earnings) for

different values of the prior sample size hyperparameter.
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As the prior sample size increases, the estimates remain U-shaped (since estimates are quadratic
in the deviations of the income realization from its mean), but become progressively flatter, con-
verging to the prior mean (and coinciding with the fundamental variance o7 = 0.5). Intuitively, the
agents give more weight to their prior, while the signal becomes progressively (as v increases) less
relevant for the posterior estimator.*® Hence, we can approximate the complete information model

for large values of the prior sample size, i.e., vy —> oo:

(yi,t - yt)2 - 0(2) = 0152

2
R vg—2 10, 1
62 =2 . 0 4 .
1/0—1 V0—2 1/0—1

where all agents know that income volatility coincides with the prior mean (i.e., with the true value

of the fundamental variance).

“30n the contrary, if we considered vy = 2, we would be using an improper prior (coinciding with the Jeffreys prior),
that is an uninformative one. In this case, not plotted here since the prior mean does not exist, the prior distribution
does not give any information to the agent and the variance (posterior) estimator would simply coincide with the
squared income deviation from its mean:

67 = (yie —ye)°
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4 Conclusion

We have studied the implications of cross-sectional heteroskedasticity in individual income in a
heterogeneous agent New Keynesian model. Our setup is grounded in the empirical evidence from
administrative micro data showing significant heterogeneity in the volatility of individual income
over the earnings distribution.

Under complete information, we have assumed the existence of a structural relation linking
lagged income to earnings volatility. In this setting, changes in earnings affect idiosyncratic risk and,
in turn, consumption choices. We have then shown that such a relationship can be microfounded
in a setting with incomplete information and Bayesian learning, whereby agents are not able to
observe the true variance of their income process, but estimate it using their income realizations as
private signals.

Unlike a framework with homoskedastic income (where the MPC is uniform across agents),
our model is able to generate heterogeneity in MPCs out of transitory income (consistent with
some empirical literature), and to account for idiosyncratic risk and market incompleteness in an
analytically tractable way. Since in our model marginal changes in individual earnings shape income
volatility at the margin, saving and consumption choices are also affected at the margin, implying
that individual MPCs depend on individual income.

We have shown that, through indirect general equilibrium effects, heteroskedasticity affects
the response of output to demand shocks, the transmission of fiscal and monetary policy, the
(in)determinacy of equilibrium, and the FG puzzle. Those general equilibrium effects hinge on the
interaction between the income distribution and changes in individual risk. Most importantly, those
effects can be captured by a set of sufficient statistics which allow, in principle, to further discipline
the model via a small set of moments observable in micro data. In general, those sufficient statistics
are null both in a RA model and in a corresponding CARA framework with homoskedasticity.

We suggest that future research on the macroeconomic implications of cross-sectional het-
eroskedasticity in individual income should take (at least) three directions. First, empirical esti-
mates of the relevant (three) sufficient statistics should be obtained from micro data. Second, those
estimated moments should be used to discipline macroeconomic models with heteroskedasticity in
individual income and to understand quantitatively the economic relevance of the heteroskedasticity
channel that we propose. Third, the model with incomplete information could be integrated with
more elaborated behavioral hypotheses to study how the misperception of the second moment of

the income process interacts with agents’ consumption and saving decisions in general equilibrium.
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APPENDIX

A A heteroskedastic New Keynesian model

This appendix contains the proofs of the results and the description of the supply-side of the

heteroskedastic New Keynesian model of Section 2.

A.1 Proofs of Propositions 1, 2, 3
A.1.1 Proposition 1

Proof. Suppose that ¢;; follows the process:
Ci1 = QitCit + Uit + Ui 41, (A-1)

where ¢; ; and the drift I'; ; are time- and individual-specific coefficients, and v; ¢41 is the consump-

tion process innovation in ¢ + 1.

e Firstly, substituting the guess (A-1) in the Euler equation (3) and taking the logs we obtain:

(1= ¢ii)ciy =log[B(1+7)] =L + log Ey[exp{—yvits1}].

Then, ¢;; = 1. Otherwise, as explained by Caballero (1990), consumption would be entirely
determined from the Euler equation, without any reference to the intertemporal budget con-
straint. Imposing ¢;; = 1, we can write the drift as a function of the real interest rate and

the moments of the consumption process innovation:

1 1
L= ; log[B(1+m)]+ ; log E;[exp{—7vi t+1}]- (A-2)

e Secondly, let us consider the intertemporal budget constraint (iBC):

3 QuiskCitsk = Y, QueskYiprk + Git, (A-3)
k>0 k>0

where Q¢4 = [(1+7¢)-...- (1 +1ip-1)] 7! for k> 1 and Q@ = 1. Additionally, let us integrate
backward the consumption process in (A-1) (with ¢;; =1):
k
Cit+k = Ciyt + Z(Fi,tJrj—l + V1),

7=1

44



Substituting this expression in the iBC, after some manipulations, we obtain:

k
D QuiikCit+ Y, Quesk Y (Dispajo1 + Vigsj) =
j=1

k>0 k>1

=ais+ . QuiskBe(Yigrk) + Y. Quivk[Yitsr — Ee(Yiger)]-
k>0 k>1

(A-4)

€it+k

e Taking the expectations of (A-4) conditional on time ¢ information, we obtain the solution
for consumption:
Cijt = (@it + Mt(yi,t + Z Qt,t+ky§ft+k) - fi,ta (A-5)
k21
where p; is the MPC out of wealth, such that: p; := (Zkzo Qt7t+k)71 and the constant f‘@t is
defined as:

k
Divi=pue Y, Quavke Y, Distajo1-
k>1 J=1

Note that we can establish (as in Acharya and Dogra, 2020) the following recursion for the
wealth MPC:

-1 -1 pes1(1+1¢)
=1+ Quraph = p=———tr
t L 1+Ht+1(1+7"t)

e To solve for the consumption process innovation as a function of the structural income inno-

vation, we can combine equations (A-4) and (A-5). Then:**

k
> Qt,t+k( > Vitej — €i7t+k) =0 = B
j=1

k>1
Z Qt,t+jVit+k — Qup+k€itek =0 VhE21 =
ik
Vgl = € Vk>1.1 (A-6)
it+k = Ht+k€it+k 2 1.

“Note that the following result holds since we assumed that the entire path of variances is known (given the
dependence on the deterministic components of lagged income). Otherwise, if the path of variances were stochastic,
equation (A-5) would have to be modified to:

Cit = HtQi ¢ + Mt(yi,t + Z Qt,mkyink) - ]Et(fi,t)-
k>1
Then, combining the previous equation with equation (A-4), we would get, almost surely:
k k
> Qt,t+k( D vieej - €i,t+k) + 3 Qeitek Y, [Fi,t+j—l - Et(Fi,t+j—1)] =0,
k=1 j=1 k=1 j=1

where I'; ¢+;-1 depends on the moments of the income innovation process whose variance is stochastic.
4SWhile the if part of this statement is trivial, the only if can be proved by contraposition, exploiting the time-
independence of consumption and income innovations.
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Substituting equation (A-6) back in equation (A-2) and using the moments of the log-Normal

distribution,*” we can finally obtain the formula for the drift of the consumption process.

2
TH
il J2'2,t+1 : (A'7)

1
Dip=—log[B(1+7r:)] +
ol 2

To conclude, substituting the drift (A-7) and the consumption innovation (A-6) back in the initial
guess, we obtain the stochastic difference equation that characterize the solution for the consump-

tion process.

2
Y1 2
9 O 4+1 — Ht+1€4t+1 -
[ —
==Vi,t+1

1
Cit = Citsl —; log[B(1+71)] -

==L

A.1.2 Proposition 2

Proof. Let us define the MPC out of income as the partial derivative of the optimal consumption

function to current income: M PC;; := g;“; . To compute equation (6), we can differentiate equation
(A-5):
8Ci t af, t
MPC;y = ~ =y — ~ o=
YT Oy 0Yi t
T4
=pe—pt ), Quivk— =
1§1 yit
2
M Vhie 9% _
T+ 2 Oyig
2
i 1 Vg 9%

At (l+r) 2 Oyiy

It is clear that if 80% +1/9Yi+ # 0, then the MPC out of wealth differs from the one out of transitory
income: pu; # MPC;;. Moreover, if 80227,5 +1/0vi+ is non-constant with respect to y;+, then the

distribution of MPCs is non-degenerate.

A.1.3 Proposition 3

Proof. Consider a fully transitory government spending shock g; (i.e., g; # 0, gr = 0 for 7 > ¢) and let

the monetary authority follow the interest rate peg rule (i.e., r; = r, with v, = 0 for every 7 > ¢). Let

46811109 Qt,t+k(2j2k Qt,t+j)71 = Ht+k- 5 s
Y Hiyr 2

*"Since Y1641 |Le ~ N(07’72/‘l’?+10i2,t+1)7 then Et[eXP{_’YNHlGi,HI}] = eXP{TUi,tH}-
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H : R? - R be the function linking aggregate output and spending (for a given vi41, gr+1,7¢, fhes1),
defined by:

’Y“il

1
H(Ye,9¢) = Yt — Ype1 + S log[B(1+7¢)] + 5

9 .
f[O,l] Oi141d8 = Gt + Gr1.-
Notice that at the solution (v, g;) to the equation H(y:, g:) = 0, the dynamic AD equation (9) holds.
By the Implicit Function Theorem, if H € C* (space of continuously differentiable functions) and
Hy(yt,9:) # 0,"® then there exist two neighborhoods U(y;) and V(g;) and a function F : V(g;) —
U(y:) such that:

Yt = F(gt) — H(ytagt) =0 vgt € V(gt)a

and: 5 y
ﬂ:ﬁv/( t):_ !](ytagt)‘
gt Hy (Y1, 9t)
Since:
Hg(ytagt) =-1,
2
YHi1 d [ 2 .
14 It & 2 4
Hy(ytagt) + 2 dyt [0,1] O-z,t+1 Z,

and assuming that we can exchange the integral and the derivative:*’

80',2 ov;
i/ U?t+1 dlZf ( i,t+1 yz,t)dl.:
dyy J[o1] > 11\ 9yir Oy
:f 303”1&[ ayi’tdi+COU(aazt+l ayi,t)
[0.1] Ay [0,1] Oy Oyir ~ Oyp )

we obtain the output multiplier of government spending;:
Iy Vi 907141 Oyt 907141 Oyt o
G)t::_: 1+ t+1 E > .E ) +Cov 5 ’ ) )
99t 2 i oyt it Oy

“8With the notation H, we mean the partial derivative of H to .

“More formally, let yi: = yi:(y:) be a function of y:, i.e., household earnings are a function of aggregate
output. Then, express income volatility as a function of aggregate output and of the index denoting agent i:
Ol = UQ(yiyt(yt)) = f(yt,i), where f : R x [0,1] » [0,00) is Borel measurable and integrable on [0,1] for ev-
ery yi.

a. Assume that for every 7 € [0,1], the partial derivative 80?7”1/8% = (Oofﬁl/ayi’i) - (Oyi,t /Oy ) exists for every
Yt € R.

b. Assume that there exists a Borel-measurable and integrable function h : [0,1] — R, such that ‘8Uf,t+1/8yt| < h(3)

for every (y:,4) € R x [0,1].
o2 )
a [ 0'2'2,t+1di = f Tl ayl’tdi.
dy: Jo,1] [0,1] Oyi¢ Oy

Then:
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Following the same steps, we can derive the output multiplier out of a fully transitory interest rate
shock:"Y 5 )

8—22 =0 (A-8)
To conclude, since ©; depends on the three cross-sectional statistics described in Proposition 3, we

can state that these are sufficient to characterize the IRFs of aggregate output to demand shocks.

A.2 Income process, supply-side, and government

We model the supply-side and the government-side of our heteroskedastic economy following Acharya
and Dogra (2020).

A.2.1 Income process

We assume that labor productivity is the underlying source of households’ idiosyncratic risk. In
particular, this structure allows to model the income process in such a way to reproduce two key
empirical facts: (1) earnings are highly persistent®® and (2) the elasticity of individual to aggregate
earnings is heterogeneous over the earnings distribution (Guvenen et al., 2017).

We assume that income y; ; is given by the sum of labor earnings, dividends (d; ;) and government
transfers (7). Labor earnings are, in turn, equal to the real wage (w¢) net of taxes (where 7 is
the tax rate) times the total number of hours worked. In particular, total hours are represented by
the sum of an agent-specific productivity factor lgt (that evolves deterministically over time) and
of a stochastic component [; ;.

We assume that the stochastic component of labor productivity /; ; follows a zero-mean Gaussian
distribution, conditional on the previous period information set: l;; | Z-y ~ N (O,Uii7t). The
volatility of this process is heterogeneous in the cross-section and depends on lagged deterministic
earnings Ul2,i,t = Uz(ygt_l)_k’)z Under these assumptions, the part of labor earnings that is determined
by the agent-specific productivity factor corresponds to what in Section 2 we call deterministic
imcome: ygt = (1-7¢) - we - lﬁt. Meanwhile, the stochastic component is: €1 = (1 —7) - wy - L.

Therefore:

Vig = (L=7m) we- (I + 1) +dig + Tig =

labor earnings
’ (A-9)
=(1-7) we -l +(1=7) wp-lig+dig + Tig.

d €i,t
Yit ’

59Equivalently, a shock to v;.

5!For instance, Storesletten et al. (2004) estimate a first autocorrelation coefficient of 0.95.

52This assumption captures the idea that, for example, richer agents might be exposed to a full set of experiences
and opportunities that make them more certain about their future labor productivity.
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Finally, we assume that, in every period, average hours are equal to 1: [ [0,1] l;'j,t di = 1. Under this

specification for the income process we can make some considerations.

e The presence of the factor lzt implies that earnings have a persistent nature. Suppose, hence-
forth, that lgt = H(yt,lg_l) = lg_l + h;(y:) where h; is an individual-specific function of
aggregate output. Under this formulation, lf'l,t is decomposed into an individual productivity
fized effect lfl,—1 and a time effect h;(y;) (through the function h;).

e Since that lgt changes over the business cycle, parametrizing lgt as an appropriate function of
y¢ (i.e., parametrizing the function h;), we are able to reproduce the worker betas (Guvenen
et al., 2017), i.e., the elasticities of individual to aggregate earnings. Guvenen et al. (2017)

show that worker betas are heterogeneous and U-shaped over the earnings distribution. In

our setting, we can compute worker betas as:"3
lab d
Wiy "y Owy Yt ol L

Biw = . = = .
ot Byt yﬁﬁbmﬂ 8yt Wt 8yt lgt‘*'li,t

e Our income process is akin to a traditional permanent/transitory structural income process.
The transitory component coincides with our stochastic component €;; and the permanent
one coincides with our deterministic component ygt, that is characterized by the presence of
the fixed effect lf{fl.

To simplify the analysis, assume henceforth uniform taxes and dividends: 7 = 7, d;; = d¢, and
Tii = T:.

A.2.2 Technology

There is a continuum of intermediate firms, of measure 1, that produce a variety j of the interme-

diate good x(j), according to the constant return to scale technology:
w1() = zeme(5)“ne (7)1, (A-10)

with a € (0,1). m(5) = (Ji1 mu(j, k)< dk)=T is the Dixit and Stiglitz (1977) aggregator of the
varieties of the intermediate goods that are re-used in the production process (m(j, k) represents
the variety k purchased by the firm j). Labor employed by firm j is denoted by n.(j) and z; is the
common total factor productivity (TFP).

Given the constant elasticity of substitution (CES) aggregator for the intermediate good my,

the demand function for variety & by firm j is:

mi(j, k) = (M)_ m(7),
Dt

53Let us ignore dividends and transfers and consider only labor earnings yﬁfltbo’" =(1-7¢) we- (l;{t +1it).
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with p; = (f[o Hpt(/c)l’edk)i being the aggregate price index. Then, total demand for variety k

of the intermediate good is given by:

B o (mR)) S (pe(R))
iy (k) = [[Oyl]mt(‘y,kwj-( 4 ) [[071]mt<y>dy—( b ) .

| —
mei=

Finally, there is a perfectly competitive firm producing a final good y; according to the CES
technology y; = ( f[o 1] yt(kz)%dk)i Then, the demand function from the final good producer for

each variety k is:

ye(k) = (pt(k))_eyt'
bt

Summarizing, good (k) (produced by the intermediate good firm k) is purchased in part by other
intermediate good firms (m;(k)), and in part by the final good firm (y.(k)):

.’L't(k) = mt(k) + yt(k) = (1%)_ (mt +yt) = (1%)_ Tt. (A—ll)

Therefore, y; can be also interpreted as net output: y; = x; — my.

A.2.3 Cost minimization

Each intermediate producer purchases the aggregated intermediate goods and hires workers, solving

the cost minimization problem (expressed in real terms):

. . pe(J) , :
Ci(x = min —m +wen
o) = in oy [ Tpe ) F i) (A-12)
s.t. 2(5) < zeme(5)*ne (5) 1

We get the following optimality conditions, considering a symmetric equilibrium® and imposing

the labor market clearing, i.e., f[o 1 7e()dj = f[o 1](llc'l¢ +1i)di = 1:
Xy = zgmy, (A-13a)

1
wt:_l‘a(ﬁ) , (A-13b)

a Zt

Q=

Ce(wy) = é(ﬁ) 7 (A-13c)

2t

where (A-13a) is the production function, (A-13b) is the optimality condition (MRTS = real wage)
and (A-13c) is the (real) cost function.

54The symmetry is implied by the price stickiness & la Rotemberg (1982), that we assume here. See Section A.2.4.
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Finally, we can determine an equation linking aggregate output and the real wage, by combining
equations (A-13a), (A-13b) and the definition of net output.

a
yt:Zt'(L) 'U)ta—li"wt. (A—14)

l-« -«

We can, then, determine aggregate real dividends:

dtzﬂft—ct(ﬂ?t) =Tt — Mg — W =Yt — We. (A—15)

A.2.4 Nominal frictions

We model nominal rigidities following Rotemberg (1982). Each intermediate good firm sets prices
in every period paying a quadratic convex adjustment cost (rebated lump-sum and uniformly to

households)® and solves the following recursive maximization problem:

. . 2
Vi (b2 (7)) = max {[f%xtm i) - (LD 1) %ﬁvt{l(pt(j))}

st x(jf) = (%)_ Ty,

where 1) regulates the size of the adjustment cost (hence, the degree of price rigidity in the economy)
and V;f () is the value function of the firm optimization problem.
From the optimality conditions, exploiting the symmetry of the equilibrium, we obtain the

non-linear PC:

1
S+ = 1= e(1 - MCy(w)) + 0 —(1+ et ) et 2L (A-16)
t

)
Tt

" _9C _ -2 ~la 5t
where 7 := Pt_fl -1 and MCy(x) := gl =ay m
Linearizing equation (A-16) around the zero-inflation steady state (setting z; = z and normaliz-

ing y = 1) described in Section 2.5.1, we obtain the linearized PC of equation (19c):

= -1 + k- Gy,

where the hat notation denotes variables in deviation from their steady-state value, 3 := %T, and

B Following Ascari and Rossi (2012), footnote 17, this means that the true households’ budget constraint should

be: 5
7}%(]) - 1) Tt.
pe-1(7)
This assumption implies that in equilibrium there is no waste from price adjustment costs and y: = ¢t + g¢.

it L b as+ ¥
it =Yg+ Qi+ —
1+ Tt 2
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the slope of the PC is:%

k= il;;yi (owéglcki - 1)_1 .

A.2.5 Government

The government purchases the final good as g; and pays lump-sum transfers 7; to households. In
addition, it can raise proportional labor income taxes 7wy and finances its deficits with government

debt (in real terms) b;. The intra-temporal government budget constraint is:

bt+1
= by — 8¢, A-17
1+ Tt t t ( )
where s; is primary surplus:
St = TtWt — gt — Tt. (A—18)

A.2.6 Equilibrium

Markets clear in general equilibrium.
e Financial market clearing: a; = f[O,l] a; ¢ di = by
e Labor market clearing: n; = [j, 1y 7(j) dj = f[m](lgt +1;4) di = 1.
e Goods market clearing for each intermediate good: x¢(k) = y¢(k) + mi(k) = x4 = ye + my.
e Final good market clearing: y; = ¢; + g; where ¢; = f[O,l] Cip di.

Notice that we are integrating with respect to the Lebesgue measure. In particular, let 3; be average
household earnings, defined as 7; := f[o 1) Yit di = (1-7)ws +ds +T;.%", then (exploiting the definition
of g, d; and the financial market clearing) we can prove that the following relations hold in general

equilibrium:

Ut + 5t = we + dy — gy,

Yt =S¢ + Yt + Gt

56This expression can be obtained by combining the linearized versions of equations (A-13a) and y; = z¢ —m. (since
G = - & —m-my and & = a -y, with the steady-state value of z solving z — (z/z)Y/* = 1):

1+-1

. 1 (xz\= .
Ty =|x-=[= Jt.
a\z

The expression above can then be used to substitute &; with ¢, in:

iMCQ(w) gy =

el-al
Yoad o
57Since, by a continuous version of the LLN, f[o 1] l;+ di =0. See Uhlig (1988), Proposition 1.

52



A.3 Steady state

In this section we prove the statements of Section 2.5.1, where we describe the steady state of the
model. Recall that we set g = 0 and normalize aggregate consumption and output to 1 in the steady
state. The real wage is determined from equation (A-14),°® given the parameters a € (0,1),z > 0.

In addition, the deterministic component of labor productivity follows: ll‘-{t =l -1 + hi(y:) with

hi(y) =0 (where y is steady-state output).

Lemma A.1. Let us assume that the initial fived effects lf-l’_l are i.i.d. draws from the cumulative
distribution function (CDF) F:R - [0,1]. Then, F :R - [0,1], the CDF describing the stationary

distribution of (deterministic) income, exists in the steady state.

Proof. Let y = 1 and the real wage w be determined from (A-14). The expression for deterministic
income is:
yi = (L= rw I = (L= m)w- 1y,

since in the steady state we take the permanent component of labor productivity to be equal to
the initial extraction of the fixed effect: [¢ = lf-lﬁl. Since y¢ is a scalar transformation of lflrl, for
every lg,—p let F': R — [0,1] be defined as:

F(yf) = F’(lf{_l) with yf =(1-7)w- lﬁ_l.

Then, since F is right-continuous and non-decreasing (as it is a CDF) and yfl is a linear transforma-
tion of l?,—l? then F' is also right-continuous and non-decreasing. Therefore, it can be proved that
F' is the CDF of a unique probability measure on R, describing the distribution of deterministic

income.

Lemma A.2. Consider the measure space ([0,1],B([0,1]),v), where v is the Lebesgue measure,
and the measurable space (R,B(R)) where B denotes the Borel sigma-algebra. Let us assume that
the function y? : [0,1] - R (i = y¢) is measurable. Then, the CDF of deterministic income,
F:R - [0,1], represents the Lebesque-Stieltjes measure of the push-forward of v through y?.
Therefore, we can equivalently compute the average volatility weighting either by the CDF of

deterministic income F' or by the Lebesgue measure v:

7= [PW) P = [ o) vidi).

*8Notice that this equation admits more than one solution. We consider the lowest possible solution for the real
wage.

93



Proof. By definition® of push-forward measure, that we denote by y?#v, we have that:

(y3#v)(B) = v( (yH)™1(B) ) for every B e B(R).
counter-image

of B through y¢

Notice that y#v is a measure on the target space (R, B(R)). We want to show that this measure
admits a unique CDF representation, coinciding with F'. Consider the semi-algebra defined by the

semi-intervals of the kind (-oo,y]. Then, we have:

(y'#v) ((=o0,y])

v((y") ' ((=00,9])) =
v({ie[0,1]:yf <y}) =
_ /[0711 I(yf € (~o0,y]) v(di) = !

=F(y).

The first equality is by definition of push-forward measure and the second one is by definition of
counter-image. The third one follows, instead, from the definition of the Lebesgue integral and
from the fact that 1 (yfl € (—oo,y]) =1 <= ie{i:y? <y}. Finally, the last equality comes from a
continuous version of the Law of Large Number.%? In fact, let Z; := I (y;j € (—oo, y]) and notice that
the variables of the collection (Zi)[o,l] are identically distributed and pairwise independent, with
mean E(Z;) =P (y¢ € (-00,y]) = F(y).

From the previous equalities, it follows that y9#v is a probability measure (since (y?#v)(R) = 1)
and, on the intervals of the kind (—o0,y], it coincides with F. Then, by Carathéodory extension
theorem, F' must be the unique representation of y?#uv.%3

Finally, it can be shown that the variance function ¢ : R — R, is integrable with respect to F'

if and only if the composition o2 o y? : [0,1] = R, is integrable with respect to v. Moreover:

forw aFw) = [ o) v

Lemma A.3. Existence and uniqueness of the real interest rate. If > > 0, the solution r to

equation (16) exists and is unique.

®9Since the function y? is measurable, the definition below is meaningful.

50The push-forward measure allows to define a measure on a target measurable space — here: (R, B(R)) — starting
from a measure on an original space — here: v on ([0,1],B8([0,1])) — through a function that maps from the original
to the target space — here: y?.

57 is an indicator function.

52See Uhlig (1988), Proposition 1.

53 More precisely: the probability measure represented by F (that is unique) must coincide with yd#y. In other
words, y?#v is the probability measure describing the stationary distribution of deterministic income.

54In the paper we have denoted the integration with respect to the Lebesgue measure with di instead of v(di).
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Proof. We rewrite here the equation determining the real interest rate in the steady state:

Notice that in equation (16) since 32 > 0 then $(1 +7) < 1 (a standard result in the incomplete
markets literature to bound the solution to the income fluctuation problem). Then, note that the
LHS of equation (16) is continuous and strictly increasing in r for r € (0,1/3 - 1]. Moreover, since
the LHS — —oo when r — 0 and LHS — 0 when r — 1/ — 1, then there exists a unique solution r

to equation (16).

A.4 Equilibrium determinacy

Assume that monetary policy follows the Taylor rule, equation (12). Rewriting the linearized model

- equations (19) - in matrix form,

R -1, k-1 A -1 1 . _
gea) (97507 F (O - “_E) o) |1 vi-A
F:‘t+1 = _% /l; % - On I:Lt +10[Ag1 + -1 U,
T+l —% 0 % T 0 0

Q=

determinacy requires that the matrix €2 has all its three eigenvalues outside the unit circle since

the three variables 4, i, 7: are forward-looking. We can obtain the characteristic polynomial of

the matrix  as P(z) = det(Q - I3 2).%

ape PO kB G-
ﬁ?
1+2807 + kvt + Bkor - (v - A) Ol + kv o,
- 32 2z + T

P(z)=-2°

The eigenvalues of the matrix solve the equation P(z*) = 0. Necessary and sufficient conditions for
equilibrium determinacy are that |z]| > 1 for i=1,2,3.
We can find a necessary condition for the eigenvalues to be outside the unit circle under the

following parametric assumption.

Assumption 5. Assume that v > A.%°

6515 denotes the 3x3 identity matrix.
56Under our calibrations (see Section 2.5.5) assumption 5 holds.
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Proposition 4. Under assumption 5, the following condition:

[ y-(1-5)? 1) _ -
S e (DR B

is necessary for equilibrium determinacy since it is necessary’®” for the three eigenvalues to be outside

the unit circle.

Proof. The polynomial P(z) is continuous over the real line. Moreover, P(z) - +o00 as z - —oo
and P(z) - —oo as z - +oo. Under assumption 5, for every z < 0, P(z) > 0, therefore the root of
the polynomial must be positive.

P(1) > 0 is a necessary condition for the roots to be outside the unit circle. By contraposition,
if P(1) <0, then either P(1) = 0 or P(1) < 0. In latter case, the Intermediate Value Theorem®®
implies that at least one root z; must be between (0,1).

Therefore, imposing P(1) > 0 and rearranging, we get condition (A-19).

Notice that when © = 1, as in the RA and homoskedastic models, this necessary condition
collapses to the well-known Taylor principle: ¢, > 1. In addition, since the RHS of condition
(A-19) — ¢, — is increasing in ©, the more demand shocks are amplified, the stronger the reaction

of monetary policy must be to stabilize the economy.

A.5 Multipliers with persistent shocks

Applying the method of undetermined coefficient, as explained in Section 2.5.4, we can obtain the

multipliers of fiscal and monetary policy when shocks are persistent. For the fiscal shock, we have:

Y0 - (1-py) - (1-Bpy)*

wg = poy ~ )
oy (1= Bpg)? (1= pg®) + O [1=Bpg(1=AY)] - (r — pg) - k ’
((bw_pg)'gk
g _ LN A-20
T A TR A, A0
g _ k a9

67 Acharya and Dogra (2020) show that under additional assumptions on the discount factor being sufficiently large
and © not being too large, condition (A-19) is also sufficient for all the eigenvalues to be outside the unit circle. See
Acharya and Dogra (2020), Appendix B.3.

58P () is continuous over the interval [0,1] with (0) >0 and P(1) < 0.
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and for the monetary shock:

6-[1-Bpu(1=A)]- (1= Fp.)

¢Z:_ ) ~ <O7
’Y'(l_pr)Q'(l_pv@)_’_@‘[1_ﬁpv(1_A’Y)]'(¢ﬂ'_pv)'k
v o_ B (d)ﬂ_p’v)'gk. v A-21
. 1—pr " (I—Bp'u)2 wy = ( )
v o_ k RS
wﬂ_l_ﬁﬂv ¢y<0'

The multipliers for i.i.d. shocks, as in Section 2.5.4, can be obtained imposing py = p, = 0. The
same qualitative implications for the effects of monetary and fiscal shocks (that we have in the i.i.d.
case) can be derived in the more general case of persistent shocks. In particular, notice that higher

values for © imply larger multipliers for output and inflation, in absolute value.

B Incomplete Information

B.1 Two-period setup, derivations

As in the model with complete information, we consider a CARA-utility economy with a continuum

of households, of measure 1 on the interval [0,1] indexed by i € [0,1].

B.1.1 Consumer problem

Now, the economy runs for two periods. In the first period, denoted by ¢, each household can
purchase a risk-free (real) bond a;4+1 (paying one unit of good in ¢+1) at the price 1/(1+7;). Addi-
tionally, the household can consume a perishable consumption good c; ¢, using its total income y; ;
net of a uniform lump-sum tax 7;,% and its initial wealth a;¢. Then in the second period, denoted
by t + 1, the household consumes its resources entirely. Households maximize their intertemporal
utility — discounting with a factor § € (0,1) — choosing consumption and savings subject to two

intratemporal budget constraints.

max u(ciy) + BE;¢[u(ciier)]

(Ci,tyci,t+17ai,t+1
Qi t+1
1+ Tt

s.t Cit+ =yis — 1y + aiy,

Citrl = Yigr1 — Lie1 + QG p41.

59We assume that the government purchases the final good g;, gr+1 and raises taxes with a balanced budget in every
period (7 =t,t+1):
T =gr.
We could equivalently allow the government to issue bonds in the first period, but this will not change the equilibrium
of the model and the results that we obtain.
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Note that the expectation operator is conditional on agent ¢’s information set. Since agents do
not observe the fundamental variance of the income process and they face uncertainty over future

income y; 111, they compute their future expectations with respect to the Gaussian distribution:
Vit | i ~ N (yee1,67), (B-1)

where the relevant variance is the point estimate 62 obtained in (35) through Bayesian learning.
Consider the usual CARA-exponential utility function: u(c) = -2 exp{—vc}. Then, the Euler
¥

equation of the utility maximization problem is:

exp{-vci+} = B(1+m) -IE@t[eXp{—q/cZ-’Hl}]. (B-2)

Equation (B-2), together with the two budget constraints, characterize the solution of the problem.
It is possible to find an explicit solution for consumption by taking the logs of equation (B-2),

using the moments of the log-normal distribution, and the two budget constraints to substitute for

Cit+1 and @ gq1:

1+ 1 1

it +Yit— Ty + -T -
251 it T Yit t 1+rt(yt+1 t+1) 241,

Ciy = log[B(1 +7¢)] + %a?. (B-3)

(241
The above equation represents a two-period version of the consumption function obtained in the
complete information infinite-horizon model (equation (4)). The key difference is that the precau-
tionary saving motive on the right hand side features the estimated variance of the income process
rather than the true variance.

MPCs out of transitory income shocks and out of wealth can be obtained by taking derivatives

of equation (B-3). They are, respectively:

dciy  1+m1y 1 v 062

MPC;, = 25 - - %%
ui 8yi,t 2+ Tt 2+ Tt 2 8yi,t
and:
Mpciv;tealth _ aci,t _ L+ (B—4)

E)ai,t 2+ T¢ '

B.1.2 Aggregation and general equilibrium
Let us aggregate the consumption function (B-3) by integrating over the unit interval with respect
to the Lebesgue measure to obtain an aggregate demand function:

L v
2+ 2 J[0,1]

1+7r 1 A2 7
log[B(1+7¢)] + t(yt —-gt) + Dy (Yt+1 = G41) — Uz'zd’b- (B-5)
t

1
Ct__(2+7"t)’y 2471y 2+
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Notice that we obtained the previous equation (B-5) by imposing the bond market clearing:

f ais di=0,
[0.1]

using the government budget constraints (7 = g, for 7 =¢,¢+ 1), and by assuming that individual

it di = Yy
f[o,l]y’t 1 =Yt

In what follows we postulate that output is endogenous. Moreover, we also assume that when a

income integrates to aggregate output:

shock hits the economy, movements in aggregate output shift the entire income distribution with
individual earnings sensitivities that are modeled as heterogeneous. More formally, assume that,
for every agent i € [0,1]:

Yit = hi(yt), (B-6)

where h : R — R is some real-valued function, that we assume differentiable and integrable. Hence,
the sensitivity of individual to aggregate income is:
O
L= (). (B-7)
Oy
This last set of assumptions and notations is convenient for the purpose of our analysis, since
we want to study how the income distribution interacts with revisions in the estimates of income
volatility in a general equilibrium framework. Finally, imposing the goods market clearing — g =

¢t + g+ — we obtain the two-period version of the dynamic AD equation (9):

1 .9 ;.
Yt =yt+1——log[ﬁ(1+rt)]—1f 0?dz+gt—gt+1. (B-8)
% 2 J[o,1]

B.2 Bayesian updating with Inverse-Gamma

Consider the following model, where the sample X = (Xi,...,X,) is i.i.d. from the Gaussian

2 2

distribution, conditional on the variance o*: X; | 0% ~ N(0,0%). Moreover, the prior on ¢? is

an Inverse-Gamma (IG) distribution with hyperparameters a > 0, 5 > 0, that corresponds to the

conjugate prior for the variance of the Gaussian distribution.

Xi | 02 NN(0702)7

o? ~ Inv-Gamma(a, §).

7 . . . .
9For instance, we can model income realizations as the sum of two components:
A
Yit = hi -y + €,

where ¢t ~ N ((1 - hj)- yt,ag) and A} is the sensitivity of individual to aggregate income. In this way, changes in
aggregate output affect individual earnings in a deterministic way. Notice that y; ; ~ N (yt7 02).
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The IG has the following density function ¢(-):

)l

where I'(+) is the Gamma function. The expected value and the variance of the IG distribution are,

respectively: E(o?) = % and Var(c?) = _(a_1)%2(a_2) ik

The likelihood function of the sample x = (21, ...,x,) can be rewritten as:

z|0?) o< (o 7n/2 _nl S .
(ol o () " exp (517 3

2. 1

Let us define w* := - 370 ac and consider the Bayesian updating stage given the sample x:

(o?le) o= (elo®) - a(0) o< (o) " exp (~ 5w ) (o) e -55) -

) (0_2)7a7n/271 exp (_B + nw2/2) .

o2

Therefore, the posterior follows an IG distribution:
nw?
02| X =z ~ Inv-Gamma | a + = ,ﬂ+—

Finally, notice that in our tractable example of Section 3.3, a = 19/2 and § = 1/00(2) /2, while n =1

and w? = (yie - 1)*.

"'The existence of these moments requires o > 1 and « > 2, respectively.
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