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Abstract

We study elimination tournaments with n stages and 2n symmetric players. The players have
heterogeneous effort budgets that decrease within the stages proportionally to the efforts allocated
in the previous stages such that for each effort unit that a player allocates, he loses a (the fatigue
parameter) units of effort from his budget. We show that if the fatigue parameter a is larger than
(1/n), the players equally allocate their efforts over all the first n-1 stages, and only in the final
stage, they exert a lower effort.
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Abstract

We study elimination tournaments with n stages and 2" symmetric players. The players have het-
erogeneous effort budgets that decrease within the stages proportionally to the efforts allocated in the
previous stages such that for each effort unit that a player allocates, he loses a (the fatigue parameter)
units of effort from his budget. We show that if the fatigue parameter « is larger than %, the players
equally allocate their efforts over all the first n — 1 stages, and only in the final stage, they exert a lower
effort.

JEL Classification Numbers D72, D82, D44

Keywords Game theory, elimination tournaments, knockout tournaments.

1 Introduction

In each stage of an elimination contest some of the players are removed while others advance to the next
stage until the final stage in which usually one player wins a prize. In this paper, we focus on elimination
tournaments in which teams or individual players play pair-wise matches, and the winner advances to the
next round while the loser is eliminated from the competition. Many sportive events are organized as elimi-
nation tournaments including the ATP tennis tournaments; professional playoffs in US-basketball, football,
baseball and hockey; NCAA college basketball; the FIFA (soccer) world-championship playoffs; the UEFA
Champions League; Olympic disciplines such as fencing, boxing, and wrestling; and top level bridge and

chess tournaments.
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The elimination tournament was first studied in the statistical literature. The pioneering paper of David
(1959) considered the winning probability of the top player in a four-player tournament with a random
seeding (see also Glenn 1960 and Searles 1963 for early contributions). Most works in this literature suggest
formulas for computing overall probabilities by which various players will win the tournament (see Horen
and Reizman 1985 who consider general, fixed win probabilities and analyze tournaments with four and
eight players) while others (see, for example, Hwang 1982, Horen and Reizman 1985, Schwenk 2000, Ryvkin
2010, and Karpov 2016) consider various optimality criteria for choosing seedings. These works assume that
for each game among players i and j there is a fixed, exogenously given probability that ¢ beats j. This
probability does not depend on the stage of the tournament in which the particular game takes place nor
on the identity of the expected opponent at the next stage. As opposed to the statistical literature, in the
economic literature, the winning probabilities in each game become endogenous in that they result from
equilibrium strategies and are dependent on continuation values of winning. Moreover, the win probabilities
depend on the stage of the tournament in which the game takes place as well as on the identity of the future
expected opponents (see, Gradstein and Konrad 1999, Groh et al. 2012, Stracke et al. 2014, Krakel 2014,
and Netanel and Sela 2017).

Here we concentrate on the effort allocation in elimination tournaments. In contrast to the common
economic models, we assume that players do not have effort cost functions, but instead, each player has an
effort budget by which he decides about his effort level in each match. The players compete according to the
contest success function of the Tullock contest (see Tullock 1980). In each stage part of a player’s effort is
completely diminished while part is recycled. In other words, the players have heterogeneous effort budgets
that decrease within the stages proportionally to the effort allocated in the previous stages, such that for
each effort unit that a player allocates in any stage, he loses 0 < a < 1 units of effort from his budget.

We consider n-stage elimination tournaments with 2 symmetric players. We show that if the fatigue
parameter « is larger than %7 the players exert the same effort of = over all the first n — 1 stages, and only
in the final stage, they exert a lower effort of . The explanation for this result is that a player’s continuation
value of winning increases in all the stages, but, his effort budget decreases. These two opposite forces, the

continuation value of winning on the one hand, and the effort budget on the other, balance each other, such



that the players equally allocate their efforts over all the stages except the last one.

2 The model

2™ symmetric players (or teams) compete in an elimination tournament. In the first stage, they are allocated
to 277! pairs of players who simultaneously compete. Then, in each stage the winners of the previous stage
are allocated to pairs of players and the winners advance to the next stage, until the last two players compete
in the final, and the winner of the final wins the tournament. The players have the same value of winning

which is normalized to 1. We model each match as a Tullock contest but without an effort-cost function:

player i’s probability of winning in the match against player j is wi’% where z; and x; are these players’
effort allocations. In the first stage, each player has a budget of v units of effort which he can allocate across
all the stages. The effort budgets are reduced over the stages such that for each effort unit that a player
allocates in any stage, he loses « units of effort from his budget, or formally, v} 41 = vi—ari, 0 < a<1
where v! is the player i’s effort budgets in stage t. A player’s effort allocation in each stage is smaller or
equal to his effort budget in that stage. We refer to the parameter « as the fatigue parameter. It is assumed

that each unit of effort up to the effort budget has a zero opportunity cost, so that the effort budget is "use

it or lose it."

3 The equilibrium analysis

We begin with our main result about the effort allocation in elimination tournaments.

Proposition 1 In an elimination tournament with n stages and 2™ symmetric players, if 1 > o > %, there
is a subgame-perfect equilibrium in which every player exerts the same effort of .= in all the first n — 1

stages, and only in the final stage, he exerts a lower effort of .

It is worth noting that if the fatigue parameter « is sufficiently small (a < %), the players will allocate
efforts that are equal to their effort budget in every stage. In order to prove the existence of the subgame-
perfect equilibrium of the elimination tournament given by Proposition 1, we begin with the last (final) stage

and go backwards to the first one.



3.1 The final stage

In the final stage (the n-th stage), each of the finalists exerts an effort that is equal to his effort budget in

that stage,
n—1
xn:vfain. (1)
i=1
By Proposition 1, the equilibrium efforts in the previous stages are 1 = z2 =, ...,x,-1 = ;5. Substituting

these effort levels into (1) gives the equilibrium effort in the final stage, x, = 7. By (1), the expected payoff

of each finalist is

U-O{Zl 1xl (2)

Un = n—1 n—1 )
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where z;, i = 1,...,n — 1ldenotes this finalist’s effort in the i-th stage, and y;, i = 1,...,n — 1 denotes his

opponent’s effort in that stage.

3.2 The semifinal stage
In the semifinal stage (the n — 1-th stage), if a player wins, his expected payoff in the final stage is given by
(2). Thus, a player’s maximization problem in the semifinal stage is

" U—Oézn 137
max nol = 3)
Tn-1 Tp_1+ Yn— 11}7042 1IEZ+U aZ 1%

where y; denotes the effort in the i-th stage of his opponent’s effort in the final stage, while 7,1 denotes his
opponent’s effort in the semifinal stage. By symmetry, y,—1 = ¥n—1. Then, the first-order condition (FOC)

is

Yn—1 v -« Z 1 T _ Tn—1 Oé(?) —« Zrll;zl yl) (4)
@n—1+Yn-1)? (0 — a0 wi v —aX ' ) Tae1 T Ynoa (v —aY i i tv—aX ! yi)2
_ 1 (yn lv—ad i) D) B — Ty, 1(U—0¢Zl 1 i) )
(Tp—1+yn-1)(v —a 3 1xz+v ays; 13/@) Tn—1+Yn-1 (v—ad; 1$2+U ayl 1yz)

= 0.

By symmetry, z; = y;, ¢ = 1,...,n — 1. Then, by (4), we obtain that

1 —QTp_1
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Thus, the equilibrium effort in the semifinal stage is

n—2
v i—1 Z;
SSIND ¥; S i 5
1T o, 2 (5)

By Proposition 1, the equilibrium efforts in the previous stages are x; = x9 =, ..., x,,_2 = -=. Substituting

na’

these effort levels in (5) gives the equilibrium effort in the semifinal, z,, 1 = -%. By (3) and (5), a player’s

utility in the semifinal stage is

n—2
vV— 1 Ij
SRR It v )

(U - O‘Zi:1 xi) + (U - O‘Z;L:_f yi)

)? (6)

3.3 Staget (t=1,...n—2)

Given the previous results (2) and (6), by induction, we assume that a player’s utility in stage t + 1,1 < ¢ <

n—1is

(1} -« E::l xl) )nft
(v—aYiy @)+ (v—aX u)

where xz;, i = 1,2, ..., t denotes this player’s effort in the i-th stage, and y;, i = 1,2, ..., ¢ denotes the effort in

U1 = ( ;
the i-th stage of his opponent in stage ¢ + 1. Then, the maximization problem of a player in stage ¢ is

t
max Lt _ EU - Zi:l I’L) - )n—t’ (7)
v Tyt Y (v—ad g x)+ (v —ad_ yi)

where y; denotes the effort in the i-th stage, i = 1,....,t, of his opponent’s effort in stage ¢ + 1 , while ¥,

denotes his opponent’s effort in stage t. By symmetry, y; = y;. Then, the FOC is

Yt (v—a 2221 ;) )nft
(e +y)* (v —a Zle z) + (v -« 22:1 Yi)
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= 0.

By symmetry, 2; = y;, ¢ = 1, ...,t. Then, by (8), we obtain that

1 n—t X

- —0.
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Thus, foralln —1>¢t>1
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By Proposition 1, the equilibrium efforts in the previous stages are 1 = z2 =,...,x;—1 = -=. Substituting

na’

these effort levels in (9) gives the equilibrium effort in stage ¢, t = 1,2, ...n — 2,

v v -1 v
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Then, substituting (9) in (7) confirms our induction assumption that
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4 Conclusion

We studied elimination tournaments with n stages and 2" symmetric players, and showed that players equally
allocate their efforts over all the first n — 1 stages, but only in the final stage, they exert a lower effort. In
a related work, Sela and Erez (2013) studied a dynamic model in which there are n matches over n stages,
where there is a prize for winning in each stage that is equal over all the stages. They found that while a
player allocates a resource that is weakly decreasing over the stages, if the value of the fatigue parameter ()
is sufficiently high, he allocates the same level of resource in the first stages and then decreases the resource
allocation over the stages. Ryvkin (2011), on the other hand, studied a best-of-k contest under the presence
of fatigue as a reduction in a player’s probability of winning resulting from previous resources. He found
that agents are more likely to allocate higher resources in the later stages of the competition. These findings
indicate that our results according to which players equally allocate their efforts over all the stages (except

the last one) holds for elimination tournaments, but do not necessarily hold for other forms of contest.

References

[1] David, H. (1959). Tournaments and paired comparisons. Biometrika 46, 139-149.



[10]

[11]

Glenn, W. (1960). A comparison of the effectiveness of tournaments. Biometrika 47, 253-262.

Gradstein, M., Konrad, K. (1999). Orchestrating rent seeking contests. The Economic Journal 109,

536-545.

Groh, C., Moldovanu, B., Sela, A., Sunde, U. (2012). Optimal seedings in elimination tournaments.

Economic Theory 49, 59-80.

Horen, J., Riezman, R. (1985). Comparing draws for single elimination tournaments. Operations Re-

search 3(2), 249-262.

Hwang, F. (1982). New concepts in seeding knockout tournaments. American Mathematical Monthly

89, 235-239.

Karpov, A. (2016). A new knockout tournament seeding method and its axiomatic justification. Oper-

ations Research Letters 44(6), 706-711.

Krakel, M. (2014). Optimal seeding in elimination tournaments revisited. Economic Theory Bulletin 2,

77-91.

Netanel, N., Sela, A. (2020). The third place game, Journal of Sports Economics, 21(1), 64-86.

Ryvkin, D. (2010). The selection efficiency of tournaments. European Journal of Operational Research

206( 3), 667-675.

Ryvkin, D. (2011). Fatigue in dynamic tournaments. Journal of Economics and Management Strategy

20(4), 1011-1041.

Searles, D. (1963). On the probability of winning with different tournament procedures. Journal of the

American Statistical Association 58, 1064-1081.

Schwenk, A. (2000). What is the correct way to seed a knockout tournament? American Mathematical

Monthly 107, 140-150.

Sela, A., Erez, E. (2013). Dynamic contests with resource constraints. Social Choice and Welfare 41(4),

863-882.



[15] Stracke, R., Hochtl, W., Kerschbamer, R., Sunde, U. (2014). Optimal prizes in dynamic elimination

contests: theory and experimental evidence. Journal of Economic Behavior & Organization 102, 43-58.

[16] Tullock, G. (1980). Efficient rent-seeking. In J.M. Buchanan, R.D. Tollison and G. Tullock (Eds.),

Toward a Theory of Rent-Seeking Society. College Station: Texas A&M University Press.



