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Abstract

We study oligopolistic competition by firms engaging in second-degree price discrimination. In line
with the large empirical literature on demand estimation, our theory allows for comovements
between consumers' taste for quality and propensity to switch brands. If low-type consumers are
sufficiently less (more) brand loyal than high types, (i) quality provision is inefficiently low at the
bottom (high at the top) of the product line, and (ii) informational rents are negative (positive) for
high types, while positive (negative) for low types. We produce several testable comparative
statics on pricing and quality provision, and show that more competitive markets (in the sense that
consumers are less brand-loyal) may produce lower welfare. Interestingly, pure-strategy equilibria
fail to exist whenever brand loyalty is sufficiently different across consumers types. Accordingly,
our theory identifies a new rationale for price/quality dispersion; namely, the interplay between self-
selection constraints and heterogeneity in brand loyalty.
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1 Introduction

Since as early as 1849, with the pioneering work of Jules Dupuit, economists have investigated
the effects of second-degree price discrimination on pricing and quality provision. Anticipating the
modern treatments of Mussa and Rosen (1978) and Maskin and Riley (1984), Dupuit noted that
profit maximization by a monopolist leads to under-provision of quality at the bottom of the product
line. Intuitively, under-provision serves to prevent profit dissipation, whereby consumers with high
valuations per quality purchase low-quality products, therefore making it possible to set high prices
at the top of the product line.

This clarity of insight is missing in oligopolistic settings, where at least two firms compete for
consumers by offering menus of products. One critical feature of these markets is that consumers’s
preferences over product characteristics are often correlated with their propensity to switch brands.
The latter possibility has been recognized for long, and plays a key role in the empirical literature
that estimates demand employing discrete-choice models with random coefficients (in the tradition of
Berry, Levinsohn and Pakes 1995). In such models, consumers choose among different options from
competing product lines by weighing their respective price and quality dimensions. To produce more
flexible estimates, it is often assumed that consumer preferences over price/quality attributes are
random, while depending on demographics such as income, age, family size, etc (see, for instance,
Nevo 2001). These studies often find that consumers’ price sensitivity and taste for quality are
correlated, which implies that consumer segments (along the product line) systematically differ on
their propensities to switch brands (e.g., in response to price discounts).!

While there is no reason expect this correlation to be always positive or negative (across markets),
it is intuitive that common factors determine both the consumers’ tastes for quality and brand loyalty.
To illustrate, suppose income is the main factor behind one’s tastes for quality (e.g., high earners
like premium products) as well as behind brand switching (e.g., those with higher marginal utility of
money are more likely to react to price discounts). In this case, consumers with stronger tastes for
quality (high earners) are less likely to switch brands (for having a lower marginal utility of money).
This is consistent with the empirical findings of Kaplan and Menzio (2015) and Kaplan et al (2019),
who show that consumers with higher incomes engage less intensively on search activities, being
more likely to remain brand-loyal, while caring more about product quality.? This is also consistent
with Petrin (2002), who finds, in the context of minivans, that those consumers with weaker brand

preferences assign less value to quality attributes such as horsepower or vehicle size.

IThis is particularly relevant for structural empirical work investigating product design in oligopolistic settings.

Examples include Gandhi et al. (2008), Chu (2010) and Fan (2013).
2 Anecdotal evidence suggests that a related story applies to airline markets. For instance, the most loyal customers

of Air France are likely to be business travelers who simultaneously exhibit higher tastes for premium features (extra
leg space, access to the pre-boarding lounge, etc), as well as a lower propensity to switch airlines (be it because the

employer pays the ticket, so they are less price sensitive, or because of the convexity of frequent flier rewards).



By contrast, Crawford, Scherbakov and Shum (2019), in the context of cable TV, find that
consumers with stronger tastes for quality are easier to poach through price discounts than those
who exhibit weaker tastes for quality.> One possible explanation to this finding is that consumers who
purchase premium packages (defined as containing more channels) are those who spend more time
watching TV, earn lower incomes,* and therefore exhibit a higher marginal utility of money (being
therefore more price-sensitive).> The authors then show that the quality of premium packages is set
inefficiently high by cable companies, which contrasts with the received wisdom from the monopolistic
screening literature (and also from oligopolistic models, as reviewed below).

All in all, the applied literature, as well as casual observations, suggest that correlation in
consumer preferences is not only empirically relevant, but also consequential for pricing and product
design. Yet, theory is mostly silent about how comovements between consumers’ tastes for quality

and brand loyalty affect market outcomes under competition. We try to fill this gap.
Model and Results

We embed the canonical Mussa and Rosen (1978) model of price discrimination into a Hotelling
framework, with two firms located at the extremes of a liner city. Crucially, the transportation cost
faced by a consumer (which determines her propensity to switch brands) is assumed to vary with her
taste for quality. Accordingly, “high types” (i.e., those consumers with a high valuation for quality)
may be more or less loyal to the their preferred brand than “low types.” As we shall see, this degree
of flexibility is crucial to explain the diversity of market outcomes observed under competition.

Firms simultaneously offer menus of price-quality pairs designed to screen consumers’ unobserved
tastes for quality. Firms are blind to consumer brand preferences (i.e., their location in the Hotelling
line), reflecting the anonymity of past market transactions, or privacy regulation.

To fix ideas, we first revisit the case of a “balanced duopoly,” where the intensity of consumers’
brand preferences is independent of their tastes for quality. In line with the seminal works of Arm-
strong and Vickers (2001) and Rochet and Stole (2002), we find that quality provision is efficient in
equilibrium provided consumers have mild brand preferences. We however depart from these contri-
butions, rather following Bénabou and Tirole (2016), on how to model the consumers’ comparison
between purchasing inside or outside goods. Crucially, in our model, variations in the intensity of
brand preferences do not affect participation decisions (as the relative value of one’s preferred brand

vis-a-vis the outside option is held constant), enabling us to cover the whole spectrum of competitive

3A similar pattern is found by Durrmeyer (2020), who studies the automobile market in France. She finds that
consumers with stronger preferences for “green” attributes (favoring cars which fuels emit less CO2) are the most

sensitive to automobile prices.
“There is indeed robust empirical evidence showing that the time spent watching TV is negatively correlated with

household income. See for instance Nielsen (2015).
® Another possibility is suggested by the behavioral literature on rational inattention (see Gabaix 2014 and the

references therein). This literature argues that consumers who spend more money on a product (premium cable TV)

tend to be more attentive to its price, and therefore more likely to switch brands in response to price differences.



intensity. Accordingly, we show that, as consumers become more loyal to their preferred brands, the
equilibrium approaches the monopolistic outcome of Mussa and Rosen (1978).6

In the general case where brand loyalty is type-specific, our analysis delivers four main insights.
First, relative to its efficient level, equilibrium menus over-provide quality at the top of the product
line if the propensity of low-type consumers to switch brands is small relative to that of high types.
Intuitively, under this form of preference correlation, firms enjoy more market power among low
types, who then obtain lower payoffs in equilibrium. To avoid profit dissipation (stemming from low
types selecting the premium product, which profit margin is smaller), firms then inefficiently raise
the quality of the premium product. This is is consistent with the aforementioned contribution of
Crawford, Scherbakov and Shum (2019), who estimate “low types” to be less prone to switch cable
companies, while finding that cable companies design premium packages of inefficiently high quality.”

Conversely, equilibrium menus under-provide quality at the bottom of the product line if the
propensity of high-type consumers to switch brands is small relative to that of low types. The intu-
ition is the mirror image of that from the previous case: Here, firms enjoy more market power among
high types, who then obtain lower payoffs in equilibrium. To avoid profit dissipation (stemming now
from high types selecting the baseline product), firms then inefficiently reduce the quality of the
baseline product. This prediction is consistent with McManus (2007), who finds that (oligopolistic)
coffee shops distort product sizes for “sweet espresso” drinks, choosing inefficiently small servings
except at the largest cup size.® It is also consistent with anecdotal evidence from airline services:
lack of comfort is common in economy class seats, which are typically foregone by business travelers
exhibiting more brand loyalty than cheapskate tourists.

Second, we show that asymmetric information about one’s tastes for quality may either benefit
or hurt consumers, depending on the correlation between preferences for quality and brand loyalty.
To understand the novelty of this finding, let us reconsider the monopolist benchmark of Mussa
and Rosen (1978). Because of the self-selection constraints inherent to price discrimination, all
types (weakly) benefit from privately knowing their tastes for quality (i.e., informational rents are
necessarily non-negative). This conclusion holds true under competition if the consumers’ brand
loyalty is independent of their tastes for quality. The reason is that low types obtain zero payoffs
whenever incentive constraints bind, which implies they are indifferent between the cases of com-
plete and asymmetric information about their preferences. In turn, high types gain even more from

asymmetric information as one moves from monopoly to duopoly. The reason is that asymmet-

5In contrast to our paper, Bénabou and Tirole (2016) study competition in linear contracts in a common-value

environment.
"See also Crawford (2012) for an earlier discussion on how to measure quality distortions in empirical models of

differentiated product demand.
8McManus (2007) posits in his structural model that price sensitivity is constant, being therefore orthogonal to

(random) preferences over product attributes. It is likely though that consumers of “sweet espresso drinks,” which are

the most differentiated across shops, have strong brand preferences, the more so for those who consume more coffee.



ric information magnifies competition, as relinquishing more utility to high types relaxes incentive

constraints, increasing the efficiency of low-type contracts.

By contrast, informational rents are negative to high types (but positive to low types) if brand
loyalty is higher among low types. The reason is that, under this form of preference correlation,
asymmetric information alleviates competition for high types, as relinquishing more utility to these
consumers tightens incentive constraints, decreasing the efficiency of premium products. Conversely,
increasing the indirect utility of low types alleviates the upward distortion at the top of the product
line, which intensifies competition for high-type consumers. As a result, private information about

one’s tastes benefits low types but hurts high types.

On the other hand, informational rents are positive to high types (but negative to low types)
if brand loyalty is higher among high types. The reason is that, under this form of preference
correlation, asymmetric information alleviates competition for low types, as relinquishing more utility
to these consumers tightens incentive constraints, decreasing the efficiency of baseline products.
Conversely, increasing the indirect utility of high types alleviates the downward distortion at the
bottom, which intensifies competition for these consumers. Therefore, private information about
one’s tastes benefits high types but hurts low types. Under either form of preference correlation,
these results infirm the received wisdom according to which consumers are better off under second-
rather than third-degree price discrimination (where, due to complete information, pricing by firms
is not constrained by consumer self-selection) - see, for instance, Varian (2006). In other words,
informational rents may well be negative under competition.

Third, we develop a number of comparative statics on pricing and quality provision that eluded
previous analysis. For instance, we find that, as low types (resp., high types) become more prone to
switch brands, quality provision increases (resp., decreases) along the product line. Moreover, welfare
decreases (resp., increases) as low types become more prone to switch brands if quality provision is
excessive at the top (resp., deficient at the bottom) of the product line. Relatedly, we also show
that the price charged to low types is non-monotone in the brand loyalty of high-type consumers.
The latter implications are testable, and further differentiate our model from other theories of price

discrimination under competition (more on this below).

Fourth, we show that pure-strategy equilibria fail to exist whenever brand loyalty is sufficiently
different across consumers types, which implies equilibria are necessarily in mixed strategies. This
non-existence result is driven by the interplay between self-selection constraints and the fact that
different types exhibit different propensities to switch brands. Accordingly, our theory identifies a
new rationale for price/quality dispersion in private-value settings, unlike previous literature that

relates dispersion to search or informational frictions (as in Varian 1980 or Burdett and Judd 1983).

9We cautiously interpret this result as consistent with the fact that many oligopolistic markets practicing second-

degree price discrimination are “unstable,” in that product features and prices are constantly revised by competing



Importantly, we also characterize mixed-strategy equilibria, producing new (testable) predictions

about the distribution of market offers.
Paper Outline

The rest of the paper is organized as follows. Section 2 sets up the model. Section 3 derives
some preliminary results, and revisits the benchmark where the intensity of brand preferences is in-
dependent of consumers’ tastes for quality. To introduce the main ideas behind our results accessibly,
sections 4 and 5 consider two polar instances of our model. Section 4 studies the bottom-of-barrel
duopoly, where low types exhibit varying degrees of brand loyalty, while high types see firms as ho-
mogenous. This terminology reflects the fact that there is perfect competition for those consumers
with the highest potential to boost firms’ profits (namely, the high types). In turn, section 5 studies
the opposite polar case, the cream-skimming duopoly, where low types see firms as homogenous,
but high types are loyal to their preferred brands. There is “cream to be skimmed” in that firms
enjoy market power among those consumers with the largest profit potential. Section 6 considers
the general case where there is imperfect competition for all types of consumers. Section 7 describes
important extensions to our baseline model, including the case of a continuum of types. Section 8
collects the empirical implications, and concludes. Proofs are in the Appendix at the end of the
document.

We conclude this introduction by briefly reviewing the pertinent literature.

1.1 Related Literature

This article primarily contributes to the literature that studies imperfect competition in nonlinear
pricing schedules (see Stole 2007 for a comprehensive survey).

In one strand of this literature, Stole (1991), Ivaldi and Martimort (1994) and Martimort and
Stole (2009) study duopolistic competition in nonlinear price schedules when consumers can purchase
from more than one firm. Calzolari and Denicolo (2013) evaluate the welfare impact of exclusive
contracts (whereby firms offer discounts to consumers who buy nothing from the competitor), and
market-share discounts (i.e., discounts that depend on the seller’s share of a consumer’s total pur-
chases).!? These papers speak to markets where goods are divisible and/or exhibit some degree of
complementarity, whereas our analysis is relevant for markets where purchases are exclusive (e.g.,
most markets for durable goods).

As mentioned above, our work is more closely related to Rochet and Stole (1997, 2002) and

Armstrong and Vickers (2001). Several differences between our paper and these classic contributions

firms (e.g., air travel). Some of these markets do not suffer from severe informational frictions, but do seem to exhibit

heterogeneity in consumers’ brand loyalty.
9Relatedly, Calzolari and Denicold (2015) analyze the effect of exclusive dealing when firms are asymmetric and

consumers’ valuations for the product are private information.



stand out: First, these works focus on the case where the propensity to switch brands is independent
of one’s tastes for quality. By contrast, our focus is on the more challenging case where preferences
co-move. Second, these papers adopt a “standard” Hotelling framework, in which consuming the
outside option does not require incurring the transportation cost. As explained in more detail below,
this specification conflates changes in the degree of competition across firms with changes in the
attractiveness of the outside option. Bypassing this limitation renders our model more tractable,
while permitting a clear interpretation of comparative statics.!!:12

Another closely related paper is Ellison (2005), who examines a competitive price discrimination
framework related to ours, while assuming that consumers with higher valuations for quality have
stronger brand preferences. Crucially, Ellison takes qualities as exogenous, therefore focusing solely
on the equilibrium choice of prices. The emphasis of his work is in comparing two settings; one of
complete information about prices, the other where consumers fail to observe the price of “upgrading”
the product before getting to the store.'® By contrast, the simultaneous choice of price and quality
is at the heart of the present paper, which also considers the opposite preference correlation pattern,
investigates the possibility of price/quality dispersion, among many other aspects not present in
Ellison’s contribution.

In turn, Bonatti (2011) develops a model of nonlinear pricing with competition where consumers’
tastes for quality are brand-specific. In this setting, conditional on choosing a given brand, high-
type consumers are more brand loyal than low types, thus requiring larger discounts to switch
brands. Importantly, this comovement is hard-wired to the structure of heterogeneity in Bonatti’s
contribution. In our model, by contrast, consumers’ tastes for quality do not vary across brands,
which allows us to exogenously change the brand loyalty of each type of consumer. Bonatti finds
that quality levels are distorted downwards in equilibrium, which also occurs in our model when
high-type consumers are less prone to switch brands.

More recently, Chade and Swinkels (2019) propose a model where vertically differentiated firms
compete to screen consumers with private information about their willingness to pay for quality.
Firms are differentiated in their ability to produce different quality levels, which leads to segmentation
in equilibrium. As in here, they note the possibility of non-existence of pure-strategy equilibrium.
We see both models as offering complementary contributions: Whereas firms are asymmetric in their
ability to serve different consumer types in Chade and Swinkels (2019), the asymmetry in the current

paper rather pertains to the brand loyalty of different consumer types.

"This limitation is naturally absent in models where consumers exhibit no brand tastes, such as Champsaur and
Rochet (1989). In their model, firms are able to commit to a range of qualities before choosing prices, which may
generate market power. Our analysis holds unchanged under this alternative timing assumption.

120ther models exhibiting the demand specification of Rochet and Stole (2002) employ numerical solution methods.
Examples include Borenstein (1985), Borenstein and Rose (1994), Wilson (1993), and Yang and Ye (2008). See also

Stole (1995) for the case where firms compete observing consumers’ brand preferences, but not their tastes for quality.
133ee also Verboven (1999).



Finally, Dessein (2003, 2004) studies competition between telecommunication networks for users
with heterogenous calling patterns who self-select into their preferred calling plans. In his 2003
contribution, Dessein provides general conditions under which access charges do not affect profits.
Dessein (2004) revisits this question in a setting where heavy and light users perceive the substi-
tutability of the competing networks differently. He then shows that access charges (more often)
affect profits, and provides sufficient conditions for the complete-information outcome to violate in-
centive constraints. We complement Dessein’s contribution by developing a complete equilibrium
analysis.

Our counter-intuitive comparative statics also relate to classic contributions in price theory,
where discrimination (in the form of menus) is absent. For instance, Dorfman and Steiner (1954) show
that, as firms’ market power goes down (as measured by an increase in the elasticity of substitution),
quality provision can either increase or decrease, as so does welfare.!* More recently, Chen and
Riordan (2008) show, in the context of a random utility model, that duopoly may lead to higher
prices than monopoly, as increasing product variety may reduce the price-elasticity of demand. By
contrast, our results are driven by the interplay between asymmetric information (manifested in the
incentive constraints that shape the firms’ decisions) and competition, as captured by the varying

degrees of consumers’ brand loyalty.

2 Model

There is a unit-mass continuum of consumers with single-unit demands for a vertically differentiated
good. Consumers are heterogeneous in their tastes for quality, denoted by 6, and their tastes for
brands, denoted by z. For each consumer, 6 is a draw from a distribution with binary support
{01,01,} C Ry, where A8 =6, — 6, > 0, and associated probabilities p; and py, (with p;, p, > 0 and
pr =1 —py).!? As is the Hotelling model, z is uniformly distributed over the unit segment [0, 1],
and independent of 6.9 The pair (6, z) is private information of each consumer, and independently
drawn across consumers. For convenience, we abuse terminology and refer to the quality taste 6 as
the consumer’s type.l”

There are two firms associated with the two ends of the unit segment, indexed by j € {a,b}.
We assume that each firm’s offer consists of a menu of quality-price pairs.'® We let (qi, yi) be the

quality-price pair designed by firm j for consumers whose taste for quality is 0y, where k € {l, h}.

148ee Dranove and Satterthwaite (2000) for a modern treatment of this seminal contribution.

15See subsection 7.1 for the case of a continuum of types.

16GSee subsection 7.2 for other discrete-choice specifications.

1" This terminology reflects the fact that firms cannot screen consumers’ tastes for brands.

8We thus rule out stochastic as well as reciprocal mechanisms (where the offer of a firm may depend on that of its

competitor). Given our restriction to menus of price-quality pairs, it is without loss of generality to suppose firms’

menus have the same cardinality as the support of consumers’ tastes for quality (which is two in the baseline model).



A menu is then denoted by m/ = ((qi,yi) : k € {l,h}). Our choice of labels implies that type-k
consumers (i.e., those with taste for quality ) prefer the contract (qi, yi) to the contract designed

to the other consumer type. This leads to the following incentive-compatibility constraints:
ICy, : ul = Orql — yl > qué — yi where k. ke {l,h}, k # k.

We refer to ui as type-k’s indirect utility under firm j’s menu.
A consumer with brand taste x € [0, 1] and taste for quality 0 prefers purchasing from firm a
rather than firm b if and only if

ug — tpr > ub — tp(1 — ),

where the brand loyalty parameter tip > 0 captures the intensity of brand preferences by type-k
consumers. The comparison between ¢; and ¢, determines whether consumers with low or high
tastes for quality are more prone to switch brands in response to changes in firms’ offers.

Following Bénabou and Tirole (2016), we assume that consumers brand tastes do not affect the
comparison between one’s preferred brand and the outside option. Namely, a consumer with brand
taste x € [0, 1] and taste for quality 6 prefers the contract offered by firm a relative to the outside
option if and only if

ujp — tpx > tymax {—z,—(1 — )}, (1)

and analogously for firm b. Intuitively, consumers have the option to choose among the products
of non-strategic fringe suppliers, or non-market substitutes, that mimic the characteristics of each
firm j, therefore inheriting their respective taste shocks. The max operator in the right-hand side of
(1) means that consumers pick their preferred outside good. This specification allows us to vary the
intensity of brand preferences (across consumer types), without affecting the relative value of non-
participation. Indeed, condition (1) boils down to uf > 0 for z < %, and implies that, whenever both
firms make positive sales, the relevant margin for pricing is always the competitive one (substitution
towards the competing firm), never the participation one (substitution towards the outside option).’
In light of the above, it is without loss of generality to restrict attention to implementable menus,
which are those that satisfy, for each k, constraint IC} and the standard individual rationality
constraint I Ry: u{c > 0. For a given profile of menus (m®m?®), the demand for firm a’s contract to
type-k’s consumers is then:?°
DY(m®m®) = piI <; + W) ,  where I(x) = min{max{0,z},1}.
Firms incur a per-unit cost ¢(q) for providing a good of quality q. The cost function ¢(+) is twice

continuously differentiable, strictly increasing and strictly convex. It also satisfies ¢(0) = ¢’(0) = 0

19By contrast, in the standard Hotelling framework, changes in t;, simultaneously affect substitution and participation.

Disentangling these two effects helps interpretation and tractability of the model, as we discuss in the next section.
20The min/max operators in the definition of function I(-) reflect the fact that type-k demand is between 0 and py,.



and lim,_,« ¢'(¢) = oo, which guarantees that the efficient qualities,
gi = arg max frg — ¢(q),

exist and are strictly positive for both consumer types, as so are the efficient surplus S§ = g5 —¢(q5).

Therefore, the profit by firm j € {a,b} per sale of contract (qi,yi) equals y{c — go(qi), and its
total profit under the menu profile (m®mb) is

. b . .
> Dim®m") (v - ¢lal))
ke{l,h}

Firms simultaneously post menus, after which each consumer chooses her preferred contract across
firms’ menus. A (possibly mixed) strategy by each firm is a distribution over implementable menus
o’. A symmetric equilibrium (for short, equilibrium), possibly in mixed strategies, is a distribution

over implementable menus ¢* that is a best response to itself.

3 Preliminaries

3.1 A change of variables

Similarly to Armstrong and Vickers (2001), we find it convenient to formulate the firms’ problems in
terms of indirect utilities, rather than price-quality pairs. To this end, the next lemma answers the
following question: which menu m maximizes a firm’s profit conditional on delivering the indirect

utility profile (u;, up)? We drop the superscript j to lighten notation.

Lemma 0. [Incentive Compatibility] Consider an equilibrium menu m = {(qi, yi), (gn,yn)}, and

let (ug,up) be its profile of indirect utilities. Then the menu’s qualities are given by

ot if up, — o < gF A0

q (ug, up) = { A

q if up—w > qrA0

Up—Up . .
and  qp (ug, un) = Ao W un—w > gAY
g if un—w < ggAb.

Given (ug,up,), one can determine via Lemma 0 the equilibrium quality levels (g;, ¢5), and hence
also the prices (y;,yp) of any equilibrium menu. It is therefore convenient to abuse notation and
identify each menu to its indirect-utility profile: m = (u;, up). The surplus generated by each contract

k€ {l,h} in menu m = (u;,up,) is then given by

Sk(u, un) = qi (w, up) O — 0 (qr (w, up)) -

As previous literature has shown, in the monopolistic (or Mussa-Rosen) menu, the individual
rationality constraint for low-valuation consumers (/R;) binds (u; = 0), as so does the incentive
constraint for high-valuation consumers (IC},). In light of this, the high-type indirect utility at the

monopolist’s solution, denoted by wu}°, is such that

up’ = arg max {PS1(0,up) + pn (S;, —un)} -
hZ



High types obtain no rents (u;° = 0) and low types are not served (¢/° = 0) in case 6; — %AH <0.

Otherwise, up°® > 0 is implicitly given by
PLOSL (o) —1 =), 2)
ph Oup,

in which case low-type consumers are offered a positive but inefficiently low quality level. We denote

this menu by m*> = (0,u3°). By contrast, consumers appropriate the entire efficient surplus in

the perfectly competitive (or Bertrand) menu m® = (Sf, S5), where quality provision is efficient to

consumers of all valuations and firms derive zero profits from each contract in the menu.

3.2 Balanced Duopoly

Before analyzing the full-fledged model, we shall first revisit the case of a “balanced duopoly,”

where brand loyalty is invariant to type. This is the subject of the next proposition, where we let
n =S5 —q/Ab.

Proposition 0. (Equilibrium: Balanced Duopoly) Suppose the intensity of brand preferences
1s the same across types, and let t = t; = t,. Then there exists a unique pure-strategqy equilibrium,
which is such that:

(a) If t € [0,7], up = max{S; —t,0} for k € {l,h}. Quality provision is efficient.

(b) If t >0, uf =0 and, whenever positive, u; is implicitly given by

Sy, — uy, 1 05 X _

Moreover, uy is decreasing in t, and converges to the monopolistic level up° as t grows un-

bounded. Quality is efficiently (resp., under-) provided to high-type (resp., low-type) consumers.

When t is small (i.e., t < S}), the equilibrium is close to the perfectly competitive outcome, where
neither individual rationality or incentive constraints bind. Accordingly, quality is efficiently provided
to consumers of all valuations, and firms’ markups are constant across the product line (and equal to
t). This outcome coincides type-by-type with that of a Hotelling model where consumer valuations
are observable. Moreover, it can be implemented by the “cost-plus-fee” tariff T(q) = t + ¢(q), as
first observed by Armstrong and Vickers (2001) and Rochet and Stole (2002).

For t larger than S}, the individual rationality constraint is binding for low-valuation consumers,
whose surplus is fully extracted by firms. As long as ¢t < 7, this is the only binding constraint, and

21

quality provision remains efficient to both consumer types. Otherwise, the incentive constraint

of high-valuation consumers also binds, and equilibrium is characterized by equation (3). As the

2Indeed, 7 > Sf, as implied by the convexity of the cost function ¢. This implies that constraint IR; binds “before”

(i.e, for smaller t’s) ICj in the balanced-duopoly case.
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Figure 1: Equilibrium in a balanced duopoly.

intensity of brand preferences increases (i.e., t grows large), firms are able to extract more rents from
high-valuation consumers, which requires decreasing the low-type quality away from its efficient level.
In the limit as ¢ — o0, equilibrium converges to the monopolistic outcome. This is can be readily seen
from equation (3): Its first term vanishes as ¢t grows unbounded, making the equilibrium condition

coincide with the monopolist’s optimality condition in equation (2).

Remark 1. (Previous literature) In the Hotelling specification considered by Rochet and Stole
(2002), fort in a neighborhood above %Sf, firms are local monopolists for low-type consumers (who
have uniformly distributed reservation utilities), but compete under full market coverage for high
types. As a result, variations in t affect the intensity of brand preferences of the latter (whose
relevant comparison is across firms’ contracts), while affecting consumer participation for the former
(whose relevant comparison is between the closest firm and the outside option). Ast grows large, the
volume of sales to consumers (of any type) shrinks to zero. In the current model, by contrast, the
relative value of the outside option is not affected by changes in t, which therefore can be identified
with the intensity of brand preferences. As a result, firms are never local monopolists, being always in
competition for both consumer types. This explains why, in the current model, equilibrium approaches

the monopolist outcome as consumers become more brand loyal.

4 Bottom-of-barrel duopoly

A Dbottom-of-barrel duopoly bears its name due to the fact that brand preferences are stronger
among those consumers who have the lowest willingness to pay for quality (and therefore the lowest
potential for profits). To capture this possibility in the starkest manner, we assume that high-
valuation consumers see firms as perfect substitutes, i.e., t, = 0. In turn, the intensity of brand
preferences among low-valuation consumers is unconstrained, as t; is allowed to take any positive

value. To streamline the exposition, we assume that:
Assumption 1. 9, = S; — ¢; A0 > 0.
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When the cost function has the power form, ¢(q) = %qa, Assumption 1 is satisfied if and only
if af; > 0. Intuitively, this assumption requires consumer types to be sufficiently close so that the
self-selection constraints affect equilibrium outcomes. If this condition is violated, we are left with
the less interesting case where the incentive constraint /C; never binds, and equilibrium is always
efficient and in pure strategies.??

Before describing the equilibrium, it is convenient to define the zero-profit h-type utility wy, as
the implicit solution to

Sp(0, 1) — @p = 0. (4)

In words, y, is the highest indirect utility that firms can relinquish to high-type consumers while
obtaining zero profit from the high-type contract and fully extracting rents from low types. By virtue
of Assumption 1, @, > ¢j; A0, which implies that the high-type quality of the menu (0, %) is distorted
upwards: ¢4 (0,4p) > gj. More broadly, Assumption 1 guarantees that the incentive constraint IC
binds whenever low-valuation consumers obtain a sufficiently low indirect utility in equilibrium.

The next proposition clarifies when a pure-strategy equilibrium exists.

Proposition 1. (Pure-Strategy Equilibrium) Suppose there is perfect competition for high types
(tn = 0), but imperfect for low types (t; > 0). Then:

(a) If t; € (0, S} —ny], there is a unique pure-strategy equilibrium, with uj = S} —t; and uj = S}.

Quality provision is efficient.

(b) No pure-strategy equilibrium exists if t; € (Sf — nn, 1), where the threshold:

. OSh . . 1pz< Sf>}
t=inft;: —(0,up) < =— (1—--) %,
=it {a: Gh00) < g2 (123

and t; = oo if the inequality inside brackets is violated for all t; > 0.

c) If t; € [t;, 00), there is a unique pure-strategy equilibrium, with v} =0 and v} = @y,. Quality is
l h

efficiently (resp., over-) provided to low-type (resp., high-type) consumers.

As illustrated in Figure 2, Proposition 1 identifies three regions. When ¢; is small, the equilibrium
is as if there was complete information about agents’ valuations, as no incentive constraint binds.
Accordingly, quality is efficiently provided, and agents obtain the efficient surplus discounted by
firms’ profits 5 (as in a complete-information Hotelling model). Because ¢; > t;, = 0, firms obtain
zero profits from high types, but a positive profit from low types.

When #; exceeds the threshold S} —ny, the “complete-information” equilibrium described above
can no longer be sustained, as constraint IC; would be violated. This means that no pure-strategy

equilibrium exhibits efficient quality provision. Perfect competition, however, implies that firms

22Namely, the equilibrium is such that u; = max{Sf — t;,0} and u}, = S§.
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Figure 2: Equilibrium in a bottom-of-barrel duopoly.

obtain zero profit from high-type consumers. As a consequence, firms can ignore the existence of
high-type consumers and respond as if they were playing a Hotelling competition game where only
low types are present. These two observations imply that, if an equilibrium in pure strategies exists,

it has to satisfy
up =87 —t  and  Sp(u],u;) —up =0. (5)

Crucially, Assumption 1 implies that the high-type quality is above its efficient level in this putative
equilibrium.

There is always a profitable deviation to this putative equilibrium provided ¢; € (S; — nn, S7).
It works as follows: the deviating firm grants a small discount § > 0 to low types, which relaxes
the IC; constraint. This enables the firm to reduce the quality provided to high types, therefore
increasing the efficiency from their respective contracts (recall there was over-provision in the putative
equilibrium). Because there is perfect competition among high types, the deviating firm can then
adjust prices to slightly undercut its rival, conquering the whole high-type market and appropriating
the correspondent efficiency gain. That this deviation is profitable comes from the fact that the
profit gain among high types is of first-order magnitude, while the discount § to low types entails
only a second-order profit loss.?? We refer to this strategy as the relaz-and-undercut deviation, as it
involves relaxing incentive compatibility to enable undercutting the rival firm.

For t; > S, the IR; constraint necessarily binds. By the same reasoning above, if an equilibrium
in pure strategies exists, it has to be such that (u}, u}) = (0, @), where wy, is zero-profit h-type utility
from equation (4). The relax-and-undercut deviation above now produces a first-order profit gain
among high-types at the expense of a first-order profit loss among low types. The loss is now first-
order because the putative equilibrium utility u; = 0 is at the corner dictated by the IR; constraint
(therefore exhibiting a non-zero shadow cost). The race between these two effects is resolved in favor
of deviating if and only if #; is below the threshold ;. Intuitively, if brand preferences are mild (in

the sense that t; < #;), the business-stealing effect from discounting the low-type price is sufficiently

23To see why, note that v} = S¢ — ¢; in an interior optimum, therefore being a local maximand.

13



large to render the relax-and-undercut deviation profitable. This is always the case when #; = 00.%*

By contrast, when #; < oo, sufficiently intense brand preferences (in the sense that #; > ;) bring
the pure-strategy equilibrium back to existence. The reason is that, when competition for low types
is mild, discounting the low-type price attracts too few extra customers, rendering the relax-and-
undercut deviation unprofitable. The putative equilibrium (u},u}) = (0, ) is then an equilibrium.
Because IC; binds, high types are provided inefficiently high quality, while appropriating the full
(inefficient) surplus produced by their contract. Low types endure full rent extraction, as u; = 0,
and are offered their efficient quality level.

In sum, Proposition 1 reveals that, whenever the incentive constraint matters in a bottom-barrel
duopoly, a pure-strategy equilibrium exists (if at all) only when the intensity of brand preferences
is sufficiently different across consumer types. Else, the equilibrium exhibits dispersion of offers,
whereby firms randomize their choice of menus. In particular, the non-existence of pure-strategy
equilibria may be interpreted as a sign of market instability, as no pair of menus exists such that
firms can stick to their offers across time while best responding each other. Crucially, this result is
solely due to the interplay between asymmetric market power and self-selection constraints, which
contrasts with the received wisdom according to which, in private-value settings, dispersion of offers
stems from search/informational frictions faced by consumers (as in Varian 1980 and Burdett and
Judd 1983).

Dispersion of Offers. We now describe a mixed-strategy equilibrium when t; € (S; — s, £;). This
equilibrium exhibits the following property: across any two menus offered in equilibrium, the indirect
utilities offered to low- and high-type consumers co-move.?> This is the subject of the next definition,

first proposed by Garrett et al (2019):

Definition 1. [Ordered Equilibrium| A mized-strategy equilibrium is said to be ordered if, for any
two menus M = (ug, up) and M’ = (u,u},) offered in equilibrium, w; < u; if and only if u, < uj,. In

this case, the menu (uj,u},) is satd to be more generous than the menu (u;, up).

Because indirect utilities co-increase, every menu M = (u;, up) offered in an ordered equilibrium
can be described by a support function U, strictly increasing and bijective, such that w; = U (up).
Moreover, we can describe firms’ randomization solely in terms of F}’, the marginal cdf over the
indirect utilities offered to type-h consumers. This is so because, for any equilibrium menu, F*(u;) =
Fy(up), where F}* is the marginal cdf over type-l indirect utilities. As such, the joint distribution
over menus, denoted by F*, has support over the graph of the support function ¢, which (counter-)

domain is denoted by Yp, ().

24Whether {; is finite or not depends on parameters. For instance, if the cost is quadratic, wlq) = L2 6 = o0 if

2
5151—2% (%) < 0, but equals #; :i—’l < oo if Ky > 0.
25n fact, we can establish a stronger statement; namely, that all mixed-strategy equilibria (if more than one exists)

are ordered.
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Denoting by Epx [tiy] the mean of u; as induced by the cdf F}*, let us define

Sy —t + ]EFZ* [@]
5 .

'&l:

The next proposition characterizes a mixed-strategy equilibrium.

Proposition 2. (Mixed-Strateqy Equilibrium) Suppose there is perfect competition for high types
(tn = 0), but imperfect for low types (t; > 0). If S¢ —nn < t; < t;, there exists a mived-strategy
equilibrium, which is ordered. In this equilibrium, the support of indirect utilities is an interval,

Y = [ug, ux|, and the support function Uj(-) and cdf F}' of high-type’s indirect utilities jointly satisfy

Sh(ul(uh),uh) — uh> < Z/{l(uh) — ﬁl

Up(up) —uy =2 ( 95, U (un) +uy — 21y

duy Uy (up), un) ) Y up € [uy, s,

and

. pr (U(up) —u S, -1 ~
Fh (uh) = ZT;L < l( ’2 l> <8u}; (Z/{l(uh),uh)> v up € [gh,uh],

with boundary conditions
w =max {a;,0},  w, = Su(y,uy), @ =Ua), and G, = (F;)"'(1).

Moreover, Fj is absolutely continuous at any up, € (uy,ap]. When t; is sufficiently large, in which

case u; < 0, Fy exhibits a mass point at wy, (i.e., Fy(u,) > 0).

The characterization of Proposition 2 clarifies how equilibrium transitions from being in pure,
then mixed, and then (possibly) again in pure-strategies as t; increases. Namely, it identifies two
varieties of mixed-strategy equilibria. In the first variety, the IR; constraint is slack at all equilibrium
menus, or, equivalently, the least generous menu offers a positive indirect utility to low-valuation
consumers: u; > 0. This occurs when ¢; is sufficiently small, in which case the cdf F}’ has no mass
points. By contrast, for t¢; sufficiently large, the IR; constraint binds in the least generous menu
(uy,up,) = (0,4p), which is then a mass point of the mixed strategy F"*. As revealed by Proposition
1, whenever #; is finite, the probability of this mass point is one (i.e., a pure strategy equilibrium

resumes existing) if #; is large enough (namely, larger than #;).

Equilibrium Properties. As firms’ market power is higher among low-type consumers, the con-
straint IC; binds in all equilibrium menus, which therefore exhibit over-provision of quality in the
high-type contract. This observation is key to understand the ordered property of equilibrium, which
is intimately related to the relax-and-undercut deviation described above. Intuitively, firms differen-
tiate themselves according to how big is the “discount” they give to low-type consumers. Those firms
who grant the largest discounts are able to undertake the greatest reductions in the quality provided

to high types, therefore obtaining the largest welfare gains. The larger is the surplus produced by
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the h-type contract, the larger is the incentive to relinquish more indirect utility to high types, so as
to expand demand. As a consequence, the firms who offer the highest indirect utilities to low types
(i.e., those who “discount” more) are also the ones that offer the highest indirect utilities to high
types, i.e., menus are ordered.

Moreover, the quality of high-type contracts is smaller, while the efficiency is larger, the more
generous is the firm. The latter property implies that firms offering more generous menus obtain
a larger profit share from consumers with high types, and lower from those with low types. The

following corollary summarizes this discussion.

Corollary 1. (Mized-Strategy Equilibrium: Properties) Consider the mized-strategy equilib-
rium of Proposition 2. All equilibrium menus exhibit over-provision of quality at the top and efficient
provision at the bottom of the product line. More generous menus exhibit lower qualities at the top
(less distortion), and generate a higher (resp., lower) share of their profit from high-type (resp.,

low-type) consumers.

Dispersion of offers has also interesting implications regarding the effects of private information
on consumers’ payoffs (vis-a-vis the complete-information benchmark). First, high-type consumers
obtain negative informational rents (i.e., they would like to provide verifiable information about their
tastes for quality, if that was possible). The reasons are twofold: First, firms obtain positive profits
from selling to high types, even though there is perfect competition for such consumers; second, the
contract tailored to these consumers is inefficient (due to over-provision of quality). As a result,
the rent left to high types (difference between surplus and profit) is necessarily smaller than under
complete information. Conversely, firms obtain lower profits among low types than under complete
information, as u; > max{0, S; — ¢;}, even though quality is efficiently provided to such consumers.
As a result, private information is beneficial to low-type consumers, i.e., informational rents are

positive.?6 These insights generalize well beyond the bottom-barrel case, as described in Section 6.

5 Cream-skimming duopoly

Just like in some markets low-valuation consumers have stronger brand preferences than those with
high-valuations (e.g., cable TV), in others the reverse pattern is verified (e.g., air travel). Similarly
to the bottom-barrel case, this section considers the starkest version of this asymmetry, assuming

there is perfect competition for low types, t; = 0, but imperfect competition for high types, ¢, > 0.

26The distribution of market offers from Proposition 2 sharply differs from that obtained in Garrett et al (2019),
where dispersion is due to informational frictions. First, the patterns of quality distortions are reversed (over-provision
at the top of the product line, rather than under-provision at the bottom). Second, informational rents can be negative
in our model, whereas they are always positive in Garrett et al (2019). Third, in contrast to our theory, the latter

paper predicts that the distribution of menus never exhibits mass points.
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Figure 3: Equilibrium in a cream-skimming duopoly.

Because firms’ market power is stronger among those consumers who have the highest willingness to
pay, we refer to this case as the cream-skimming duopoly.

The analysis that follows is parallel to that of the last section. We adopt analogous notation by
defining n; = Sf + ¢f Af, and observing that S5 —n; > 0 (due to the convexity of the cost function).

The next proposition is the counterpart to Proposition 1 in the context of a cream-skimming duopoly.

Proposition 3. (Pure-Strategy Equilibrium) Suppose there is perfect competition for low types
(t1 = 0), but imperfect for high types (tp, > 0). Then:

(a) If t, € [0, S5 —my), there is a unique pure-strategy equilibrium, with uf = S} and uj = S5 —ty.

Quality provision is efficient.

(b) No pure-strategy equilibrium ezists if t, € (S§ — mi,tn), where the threshold:

fhzinf{th:asl(0,0) < Lon (1—h>},

dup, 2 p th
and t, = oo if the inequality inside brackets is violated for all tj > 0.

(c) If ty, € [th,00), there is a unique pure-strategy equilibrium, with uf = u} = 0. Quality is

efficiently provided to high-type consumers, while low-types are not served (qf =0).

Proposition 3 is illustrated in Figure 4. When ¢, is small, the equilibrium is in pure strategies and
coincides with that under complete information. As ¢j, exceeds the threshold Sj — n;, the incentive
constraint ICj starts to bind. Because competition is perfect, any pure-strategy equilibrium has
to generate zero profit from sales to low-type consumers. This is turn implies that the equilibrium
outcome in the high-type market has to be as if no other consumer type existed, which leads to the
putative equilibrium

Si(uj,uf) —uf =0 and uj = Sj — tp. (6)

Crucially, that t;, > S} —n; implies that the low-type quality is below its efficient level in this putative

equilibrium.
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The following deviation, analogous to the relax-and-undercut deviation considered in the last
section, increases profit whenever t, € (S5, —n;, S5]. It consists on granting a small discount to high-
valuation consumers, which relaxes the ICp constraint. This enables the deviating firm to increase
the quality provided to low types, therefore increasing the efficiency from their respective contracts
(recall there was under-provision in the putative equilibrium). Because there is perfect competition
among low types, the deviating firm can then adjust prices to slightly undercut its rival, conquering
the whole low-type market and appropriating the correspondent efficiency gain. As in the bottom-of-
barrel case, this deviation trades off a first-order gain (among low types, whose quality was inefficient)
with a second-order loss (on the profits collected from high types).

For t;, > S, the IR}, constraint necessarily binds, and, by the same reasoning above, the pure-
strategy equilibrium (if it exists) is such that (u},uy) = (0,0). Accordingly, low types are not served,
while high types get efficient quality but no rents. The relax-and-undercut deviation continues to
work provided tj, is not too high (in the sense that ¢;, < fh). This guarantees that the profit loss from
giving a discount to high types is not too large relative to the profit gain from serving the whole
low-type market (left unserved in the putative equilibrium).

By contrast, if brand preferences are sufficiently intense among high types (in the sense that
tn > t1,), the relax-and-undercut deviation is no longer profitable (a result of the business-stealing
effect among high types being too small). The putative equilibrium is then an equilibrium, and low
types are excluded from the market.?” This occurs notwithstanding low types being “up for grabs”
(they see firms as homogenous) and exhibiting a positive willingness-to-pay for quality. It is precisely
because serving low types dissipates profits from (the very profitable) high types that exclusion at
the bottom occurs, similarly to what happens under monopoly.

The question of whether firms can sustain in equilibrium the full extraction of high-type rents
(which requires not serving low types) is reminiscent of recurring price/quality cycles in airline
markets. Anecdotal evidence suggests that, in some routes served by multiple airlines, prices are
high for extended periods of time, which effectively shuns cheap-stake tourists who would only
buy low-priced tickets. One of the competing airlines then changes its strategy, trying to absorb
this latent demand by introducing a “low-cost” alternative (of substantively lower quality), while
decreasing regular fares. In some cases, such low-cost alternatives prove unprofitable, and the high-
price outcome is restored. The fast-moving nature of these markets, where product features and
prices are typically “unstable” and short-lasting, echoes the non-existence of pure strategy equilibria

described in Proposition 3.

Dispersion of Offers. Similarly to the bottom-barrel case, a mixed-strategy equilibrium exists

(i.e., offers are dispersed) whenever no pure-strategy equilibrium can be found. The structure of the

27As in the bottom-of-barrel case, whether ¢, is finite depends on parameters. If the cost is quadratic, ¢, = oo if

nhzle%%§0,butequalsfh:i—:<ooifnh>0.
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mixed-strategy equilibrium is the mirror-image of its bottom-barrel counterpart. As firms’ market
power is higher among high-type consumers, it is the constraint ICy that binds (as opposed to I1C;),
which implies there is under-provision of quality in the low-type contract of all equilibrium menus.
Reflecting the relax-and-undercut strategy, firms differentiate themselves according to how big is
the “discount” they give to high-type consumers, which enables them to provide higher quality to
low-type consumers (increasing surplus). This raises incentives to poach low types, which explains
why the equilibrium is again ordered.

Moreover, the quality and efficiency of low-type contracts increase as menus become more gen-
erous. As a result, the share of total profits obtained from low types also increases with the menu’s
generosity. Relative to complete information, equilibrium profits are lower for high types, but higher
(indeed, positive) for low types (which market is perfectly competitive). Private information renders
low types worse-off, but high types better-off. These predictions are the reverse of what happens
in the bottom-barrel case. For brevity, we leave the complete description of this equilibrium to the

Online Appendix.

6 Mid-barrel duopolies: The intermediate cases

The last two sections focused on the two extreme (but simpler) cases where there is perfect compe-
tition for one consumer type, but imperfect for the other. We characterized equilibria, unveiled the
patterns of over- or under- provision of quality, and showed that, relative to complete information,
asymmetric information always hurts some consumer type while benefits the other (which one is
hurt depends on the profile of brand preferences). In this section, we show that our main insights
are robust to environments where competition is imperfect for both consumer types. Completing the
equilibrium characterization also enables us to develop comparative statics away from the extreme

cases explored above.

6.1 Distortions

To describe the patterns of quality provision, let us define A(t;,t) = tp + max{S; —t;,0}, and recall
that 7, < 7.2 Consider the following regions, illustrated in Figure 4:

E={(ti,tn) € RY, :mp < Aty tn) <77},

Dy = {(tl,th) S R?H- : A(tl,th) < 77h}; and D_ = {(tl,th) S R?H- : A(tl,th) > 77} .

As established in the next proposition, equilibrium quality provision is efficient in region E. By
contrast, quality is distorted upwards at the top (resp., downwards at the bottom) of the product
line in region Dy (resp., D_):

28Indeed, recall from from Sections 3 and 4 that 1, = S§ — ¢f A0 < S§ — ¢f A0 = 7.
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Figure 4: Equilibrium distortions and brand substitutability across types.

Proposition 4. (Distortions) Suppose (1;,t) € R ,. Then:*

(a) If (t;,tn) € E, quality provision is efficient to both types. The unique equilibrium is in pure
strategies, with uj = max {Sy —t,0}, k € {l,h}.

(b) For (t;,tn) € D4, there is over-provision of quality to high-type consumers in equilibrium.
(¢) For (t;,tn) € D_, there is under-provision of quality to low-type consumers in equilibrium.

Recall from Proposition 0(a) that IC’s are slack in the “diagonal” (i.e., when t; = t},) provided
the intensity of brand preferences is low (in the sense that t; = t;, < S}). The equilibrium is then
identical to that under complete information. Proposition 4(a) shows that the complete-information
outcome is an equilibrium provided brand preferences are not “too different” across consumer types
(in which case IC’s remain slack). The same holds true over the horizontal band in region £ (in which
t; > S7). The reason is that raising ¢;, while keeping t; constant, does not affect firm’s incentives
(as uj is already at zero). So the balanced-duopoly equilibrium remains (the unique) equilibrium,
which is efficient.

It is worth noting that, in region F, although equilibrium is efficient away from the 45-degree
line, markups are not constant across contracts. This reveals that the cost-plus-fee pricing prediction
of Rochet and Stole (2002) is a knife-edge consequence of assuming that ¢; = t,.

Let us now consider Claim (b), which reveals that, in region D, over-provision of quality
at the top prevails in equilibrium, be it in pure or mixed strategies. This claim generalizes the
insights from the bottom-of-barrel duopoly to instances where competition is imperfect for high-type

consumers. Namely, it reveals that, fixing ¢, > 0, over-provision of quality occurs in equilibrium if

2Notice that (#;,tn) € R, implies firms payoffs are continuous in actions. Therefore, a symmetric Nash equilibrium

(in either pure or mixed strategies) is guaranteed to exist (by the usual arguments dating from Nash 1950).
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and only if ¢; is sufficiently high. The logic of this result is similar to that of Section 3: Any putative
equilibrium menu not exhibiting over-provision at the top is shown to either violate constraint I1Cy,
or to be suboptimal, provided the profile of brand preferences (¢, ¢5) is in region Dy . Intuitively,
low-types are significantly more brand-loyal than high types, constituting the market segment with
higher potential for profits. To prevent profit dissipation, whereby low types migrate to the high-
type contract, firms set the quality of the “premium” product inefficiently high, which renders such
product less attractive to low types.

Lastly, Claim (c) asserts that holding ¢; > 0 fixed, under-provision of quality occurs in equilibrium
if and only if ¢ is sufficiently high. Again, this is true be the equilibrium in pure or mixed strategies.
The logic of this result is familiar: Any putative equilibrium menu not exhibiting under-provision
at the bottom is shown to either violate constraint ICy, or to be suboptimal, provided the profile of
brand preferences (t;, ty,) is in region D_. Intuitively, low-types are significantly less brand-loyal than
high types, who constitute the market segment with higher profit potential. This implies that quality
has to be under-provided at the bottom of the product line to prevent high types from purchasing
the low-quality good (which exhibits a smaller profit margin).

Having signed the equilibrium distortions at any profile of brand preferences (t;,t5), we will now

study other properties of equilibria. We start with those in pure strategies.

6.2 Pure-strategy equilibrium

The following characterization paves the way for the comparative statics on prices and qualities
developed below. It also reveals that, whenever incentive constraints bind under competition, infor-

mational rents are always positive for some consumer type, but negative for the other.

Proposition 5. (Informational Rents) Let (u],u;) be a pure-strategy equilibrium. Then no other

pure-strategy equilibrium exists. Moreover:
(a) If (t;,tn) € E, consumers obtain the same payoffs as under complete information.

(b) If (t;,tn) € D4, relative to the complete information benchmark, high types lose, while low types
gain from asymmetric information. Moreover, the equilibrium profile jointly satisfies
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where the second condition is an (in)equality if uj >0 (uf =0).

(c) If (t;,ty) € D_, relative to the complete information benchmark, high types gain, while low
types lose from asymmetric information. Moreover, the equilibrium profile jointly satisfies
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where the first condition is an (in)equality if uj > 0 (uj; = 0), while the second condition is an
(in)equality if uf >0 (uf =0).3°

In region F, the equilibrium is just like under complete information, as so are consumers’ payoffs.
The situation is different when incentive constraints bind. For instance, in region D,, con-
sider the simpler case where u; = 0. The equilibrium condition from Claim (b) reveals that uj is

determined by

Sp(0,uy) — uy oSh

i + Dy (0,uy,) 0 (7)
| S N———

) ] mark-up
poaching gain efficiency

loss per sale
loss per sale

Intuitively, when choosing how much utility to leave to high types, firms balance the gains from
poaching consumers away from the competitor, which is the first term in (7), with the per sale
loss from reducing the price, which is the second term, compounded with the efficiency loss from
tightening the incentive constraint, which is the last term. The latter is absent in the complete

information benchmark, what explains why informational rents are negative for high-type consumers:

* EE 85}1 * ok
uh e Sh(ul,uh) — th + th%(ul ,Uh) S S}c; — th.

Intuitively, firms have less incentives to increase the high-type payoff relative to the complete in-
formation benchmark. The reason is that IC; binds, so raising uj tightens this constraint, thus
decreasing the efficiency of the high-type contract. The opposite applies to low types, for which
firms are more compelled to provide rents (so as to relax this constraint).

The same logic explains why, in region D_, relative to the complete information benchmark,
high types gain, while low types lose from asymmetric information. Intuitively, firms have an extra
incentive to increase high-type payoffs relative to the complete information benchmark. Namely, on
top of the usual poaching gains and mark-up losses, increasing uy, relaxes the binding constraint ICy,
thus increasing the efficiency of the low-type contract. The opposite applies to low types, for which
firms are less compelled to provide rents (so as not to tighten this constraint).

Interestingly, the latter effect is shrouded in the balanced duopoly case, where IC}, binds only
when u; = 0 (as, note from Figure 4, t; > S;’ whenever the 45-degree line belongs to region D_). In
this case, low types obtain the same payoff as under complete information (zero), while high-types
obtain positive informational rents.

Proposition 5 derives the necessary conditions that the (unique) pure-strategy equilibrium satis-
fies, if it exists. The next proposition describes precisely when this occurs (beyond region E, where

it always exists).

39Because incentive compatibility requires that ws > wu, if the first condition is an inequality, so is the second, in

which case uj = u; = 0.
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Figure 5: Existence of pure-strategy equilibrium in regions Dy (left panel) and D_ (right panel),

when 1, ), = .

Proposition 6. (Characterization) Assume the cost function ¢ is quadratic. Then:

(a) Region D, : There exists a continuous function 1y, : (Sf — np,00) — [0,1y,) such that a pure-

strategy equilibrium exists at (t,ty) € Dy if and only if ty, > 7, (t;).3!

b) Region D_: There exists a continuous function 7 : (S§ — m,00) — [0,7;) such that a pure-
h

strategy equilibrium exists at (t,t5) € D_ if and only if t; > 7(t,).>?

In light of the bottom-barrel and cream-skimming scenarios, it should not come as a surprise that
a pure-strategy equilibrium might fail to exist in regions Dy and D_. Indeed, Proposition 6 reveals
that no pure-strategy equilibrium exists “close” to the non-existence regions of the bottom-of-barrel
and cream-skimming cases, but that existence is assured “close” to region E. These ideas are made
precise by the existence of a threshold 7,(¢;) in region D4 (resp., 7y(ty) in region D_) such that a
pure-strategy equilibrium exists if and only if ¢, (resp., ¢;) exceeds this threshold. See Figure 5 for
an illustration.

On a more technical level, the non-existence of a pure-strategy equilibrium relies on the fact
that best responses are not quasi-concave. For instance, consider the region D, and fix some t; €
(Sy — 1, t;). The proof of Proposition 6 first reveals that the best response is locally quasi-concave
at the putative equilibrium of Proposition 5 if and only if ¢;, is high enough. Otherwise, the putative
equilibrium is a saddle point of the best response, thus exhibiting a local profitable deviation. This
is the ultimate reason for why no pure-strategy equilibrium exists in the bottom-barrel case when
t1 € (S — 1, 1)

Even when the best response is locally quasi-concave at the putative equilibrium of Proposition

5, we have to compare the putative equilibrium profit with that of all non-local deviations (due to

31 Obviously, whenever #; < oo, the threshold 74 (t;) = 0 for all t; > ;.
320bviously, whenever £, < oo, the threshold 71(tr) = 0 for all ¢p > th.
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failure of global quasi-concavity). In line with the analysis of the bottom-barrel case, we then show
that the best non-local deviation is the already familiar relax-and-undercut strategy.?®> Under this
strategy, the deviating firm corners the high-type market, and raises the utility of low-type consumers
to relax the incentive constraint and increase the efficiency of the high-type contract. This deviation
improves upon the putative equilibrium profit if and only if ¢, is small (as, otherwise, cornering the
high-type market requires relinquishing too much rents to consumers). We then obtain the threshold
structure of Proposition 6.

Ultimately, Proposition 6 shows that the main ideas behind the bottom-barrel and cream-
skimming scenarios are robust to environments where competition is imperfect for both consumer
types. In particular, the relax-and-undercut deviation preserves a central role in determining whether

a pure-strategy equilibrium exists.

6.3 Comparative Statics

We are now ready to derive comparative statics.

Proposition 7. (Comparative Statics on Quality and Payoffs) Consider a neighborhood
around (t;,tp) € Ri where the pure-strategy equilibrium exists. Then, for k € {l,h},
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with strict inequality for k = h (resp., k =1) if (t;,ty) € D4 (resp., (t;,tn) € D— and ¢f > 0).

Not surprisingly, the equilibrium indirect utility of both consumer types strictly decreases as
brand preferences (of either type) become more intense. More interesting, perhaps, is the effect on
qualities when some incentive constraint binds (otherwise, quality levels are efficient). In this case,
as high types develop more intense brand preferences, equilibrium quality levels go down. The reason
is the following: changes in tj directly affect competition for high types, but only indirectly for low
types (through incentive constraints). As a result, an increase in ¢, decreases uj faster than uj,
what implies that the quality of the inefficient contract decreases. When constraint I1C; is binding
(as in region D), it is the high-type quality that is inefficient. As such, g; goes down (reducing the
distortion) as t;, goes up, whereas ¢/ remains constant at its efficient level. In turn, when constraint
IC}, is binding (as in region D_), it is the low-type quality that is inefficient. As such, ¢ goes
down (magnifying the distortion) as ¢, goes up, whereas ¢; remains constant at its efficient level.
Therefore, variations in t; can either increase or decrease equilibrium welfare, depending on whether
the preference profile (¢;,t5) belongs to regions D; or D_. When (t;,t;) lies in the efficient region

E, variations in t; have no effect on equilibrium qualities.

33To prove this claim we relied on ¢ being quadratic. While we believe the result to be true more generally, its proof

is elusive.
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Mutatis mutandis, the same logic explains the effect of ¢; on equilibrium quality levels. Because
an increase in t; decreases u} faster than ujy, the quality of the inefficient contract (if positive) shall
increase. Accordingly, an increase in ¢; strictly increases ¢ when (¢;,¢,) € Dy (magnifying the
distortion), but strictly increases ¢; when (#;,t,) € D_ and ¢ > 0 (reducing the distortion).

The key take-away of Proposition 7 is therefore that, under self-selection constraints, competition
and welfare are often misaligned, in that more competitive markets (in the sense that consumers
are less brand-loyal) often produce lower welfare. At the heart of the matter lies the idea that,
under asymmetric information, contract offers are interdependent across consumer segments. This
interdependency renders competition welfare-decreasing whenever it tightens incentive constraints.

The comparative statics on prices is explored in the following result.

Proposition 8. (Comparative Statics on Prices) Consider a neighborhood around (1;,t5) € R%.

where the pure-strategy equilibrium exists, and denote by (y;,y}:) the equilibrium price profile. Then:
(a) If (t;,ty) € E, then y; = min {t, S;}.

(b) If (ti,tn) € Dy, then
o ouf v
oty oty ot —
with strict inequality if and only if the constraint IR; is slack. Moreover, y; is decreasing in ty,
if IRy binds, but is quasi-convex in ty, if IRy is slack and ¢"'(q) < 0.
(¢) If (ti,tp) € D_, then

oy, oy Oy
b >0, and L, Zh >0,
Oty an oty ot —

with strict inequality if and only if the constraint IR is slack. Moreover, y is decreasing in tj,

if IRy binds, but is quasi-convex in ty if IR; is slack and ¢"(q) < 0.

Prices always increase with the intensity of brand preferences when the quality of the product is
set efficiently. This familiar intuition explains why prices increase with (¢, ;) in region E, and why
the baseline price y; (resp., premium price y; ) increase with (¢;,¢5) in region D (resp., D_).

The analysis is more subtle when changes in the intensity of brand preferences jointly affect
quality provision and utility levels. This occurs, for instance, with the premium product when
(ti,th) € Dy. As t; increases, high types are worse-off (uj decreases), whereas the quality of the
premium product increases (g; increases), so y; has to increase as well. By contrast, as tj, increases,
high-type payoffs decrease, as so does the quality of the premium product. The latter effect dominates
when IR; binds, which implies the premium product becomes cheaper as high types become more
brand loyal. When IR; is slack, this pattern is more nuanced, as the premium price y; is U-shaped
in the brand loyalty parameter tj,.

A similar logic explains why, in region D_, the baseline product may become cheaper as high

types becomes more brand-loyal. When IR; binds, the baseline price goes down with ¢;, because the
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quality of the baseline product falls more than the equilibrium payoff of low types. When IR; is
slack, the race between quality and payoff changes leads to U-shaped pattern.

More broadly, Proposition 8 reveals that, under self-selection constraints, variations in the level
of prices are a misleading indicator of the degree of competition in the market. This is consistent
with the ambiguous relationship found in the empirical literature between the degree of competition
and the level of prices in markets characterized by self-selection. For instance, Chu (2010) documents
that cable companies in the US reacted to new competition by satellite television by raising both
price and quality (as determined by the available channels), with consumers benefiting overall from

the higher-priced offerings.

6.4 Mixed-strategy equilibria

In the mid-barrel case, a closed-form characterization of mixed-strategy equilibria is difficult to
obtain, as the support of equilibrium menus (and its cardinality) are bound to change for different
preference profiles (¢;,t). Yet, we can show that the main properties identified in Sections 4 and
5 remain valid when competition is imperfect for both consumer types. Namely, mixed-strategy
equilibria are ordered, and, as already established by Proposition 4, all equilibrium menus offer a
premium (resp., baseline) good of inefficiently high (resp., low) quality provided (t;,t,) € D4 (resp.,

D_). The next proposition summarizes this discussion.

Proposition 9. (Mized-Strategy Equilibria) Consider (t;,ty,) € Dy U D_ such that no pure-
strategy equilibrium exists. Then at least one mixed-strategy equilibrium exists, and any such equi-

librium 1s ordered.

Beyond predicting price/quality dispersion, Proposition 9 delivers one key testable implication.
Namely, the gross utilities offered by firms are similarly ranked across the product line (as follows

from the ordered property of equilibria).

7 Discussion and Extensions

7.1 Continuum of Types

This section illustrates how the results from the binary-type model extend to the case where types are
uniformly distributed over some interval [Q, 9? C R and the cost function is quadratic: ¢(q) = %qQ.
As before, we let the intensity of brand preferences change with one’s preferences for quality, as
described by the brand loyalty schedule ¢ (6). To facilitate comparison with the binary type model

of the previous sections, we assume that ¢ () is affine:
_ 6—6
) =+ -0 (55) ®)
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Figure 6: Equilibrium quality schedules for [0,6] = [1,2]: The dashed (resp., dotted) line assumes
that brand loyalty is decreasing (resp., increasing) in preferences for quality, whereas the full line,

which is the efficient schedule, assumes it is constant (At = 0).

where t,¢ > 0. Note that ¢(f) = ¢ and ¢(f) = ¢, which explains the notation. If At =t —t < 0, brand
loyalty is decreasing in preferences for quality, and increasing if At > 0.

Rochet and Stole (2002) showed that, when At = 0 and ¢t = ¢ = ¢ is sufficiently small, the
equilibrium is in pure strategies, and quality provision is efficient to all types (¢*(0) = ). Allowing
for correlation between brand loyalty and brand preferences, our model also admits a pure-strategy
equilibrium (assuming |At| # 0 is small). Moreover, when correlation is positive, i.e., At > 0 (resp.,
negative, i.e., At < 0), almost every quality is distorted downwards (resp., upwards), which is in line
with Proposition 4. Figure 6 numerically illustrates this finding for [Q, ﬂ =[1,2].

Furthermore, when At > 0 (resp., At < 0) low types are worse-off (resp., better-off) under
asymmetric information, while high types are better-off (resp., worse-off). Intuitively, when At > 0,
competition for low types is hindered by the fact that high types have strong brand loyalty. To
prevent profit dissipation (due to high types selecting low-quality contracts), firms then provide less
utility to low types (relative to the complete information outcome), leading to negative informational
rents. Conversely, when At < 0, competition for high types is hindered by the fact that low types
have strong brand loyalty, which explains why informational rents are negative for the former but
positive for the latter. These conclusions generalize Proposition 5, established under binary types.

Our next result characterizes the equilibrium, and collect the findings discussed above.

Proposition 10. (Pure-strategy equilibrium: Continuum of types) For every t € (0,71),
there exists € > 0 such that, for all |At| € (0,¢), there exists a pure-strategy equilibrium in which the
indirect utility schedule u* (0) satisfies, for all 0 € (0,0), the following differential equation:

Y
i(f)=2— (75(19)> (911 (9) — (d (20)) - u(@)) subject to u(0) =0 for 0€{0,0}. (9)
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(a) If At > 0, every interior quality involves downward distortions: ¢* (0) < 6. Moreover, relative
to complete information, there are types 01,02 € (6,0) such that every type 0 < 01 is worse-off,
whereas every type 6 > 0y is better-off.

(b) If At < 0, every interior quality involves upward distortions: ¢* (0) > 0. Moreover, relative to
complete information, there are types 61,02 € (6,0) such that every type 6 < 6y is better-off,

whereas every type 6 > 0y is worse-off.

The next corollary employs the characterization of Proposition 10 to perform comparative statics
on both the magnitude of brand loyalty, as well as on the correlation between brand loyalty and brand
preferences. To do so, it is convenient to write the brand loyalty schedule as ¢(6) = o + 6. In this
parametrization, changes in the parameter « correspond to uniform shifts on brand loyalty (across

consumer types), while 3 captures the correlation between @ and t(6).34

Corollary 2. (Comparative Statics) Consider the pure-strategy equilibrium of Proposition 10,
and adopt the parametrization t(0) = a + 0. Then, an increase in o reduces the indirect utility of

every type, while an increase in B reduces the quality provision for every interior type.

The effect of increasing « on equilibrium indirect utilities is expected. More interesting, perhaps,
is that, as [ increases, rendering high types more brand loyal vis-a-vis low types, quality provision
decreases along the product line. These findings confirm that the comparative statics in Proposition
7 are robust to a continuum-type setting.

With a continuum of types, as in the binary-type case, a symmetric pure-strategy Nash equi-
librium may fail to exist, as there is no guarantee that the firms’ best responses are globally quasi-
concave. We investigate this issue by numerically computing the putative pure-strategy equilibrium,
and then searching for profitable incentive-compatible deviations.®> Assuming [0,6] = [1,2], and
parametrizing the brand loyalty schedule by the profile (¢,t), Figure 7 identifies the regions where a
pure-strategy equilibrium does (not) exist. The results are remarkably parallel to those under binary
types (illustrated in Figure 5): There is always a pure-strategy equilibrium close to the “diagonal”
(where t = t), whereas non-existence obtains when brand loyalty is sufficiently different across “low”
and “high” types (i.e., for ¢ small and ¢ large, or vice-versa). This reveals that dispersion of offers is

a robust feature of competitive models involving self-selection and heterogeneous brand loyalty.

7.2 Other Discrete-Choice Models

For tractability, we introduced horizontal differentiation following the Hotelling/Bénabou-Tirole

framework, where demands, whenever interior, are linear in utilities. A more general formulation is

34There is a one-to-one relationship between the (a, B) parametrization and the one based on the brand-loyalty profile

(t,t) - see the proof of Proposition 10 for details. Naturally, 3 > 0 if and only if At > 0.
35See the Online Appendix for details about our numerical procedure.
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Figure 7: Brand-loyalty profiles (¢,¢) under which a pure-strategy equilibrium does (not) exist.

to assume that individual 7, with taste for quality k& € {h,[}, obtains the utility
Ut = Okl — Ynj + tes

whenever she purchases a good of quality g; from firm j at the price y;. The taste shock 53» reflects
the consumer’s preferences for seller j’s products, and the parameter t; captures the intensity of
brand preferences of type-k consumers. As before, ¢, = 0 corresponds to the “bottom-of-barrel”
duopoly, while ¢; = 0 corresponds to the “cream-skimming” duopoly.

The Bénabou-Tirole’s treatment of outside goods then calls for defining the utility of non-
participation as U}, = ug + tj man{es;.}, where ug is a constant (typically normalized to zero).
As in the baseline model, the interpretation is that consumers have access to a “generic” substitute
to each firm’s product line, and choose their preferred generic as the outside option. This specifica-
tion allows us to vary the intensity of brand preferences (across consumer types), without affecting
the relative value of non-participation.3

The baseline model from the previous sections corresponds to assuming that % is uniformly
distributed over [0, 1], and that horizontal tastes are perfectly negatively correlated: ! = 1 — 52
(which is the Hotelling framework). Another natural possibility is to adopt a logit framework, where

EZ]- are iid draws from a Gumbel distribution with scale parameter normalized to one.?” Aside from

36Equivalently, and perhaps closer to empirical specifications, one could introduce heterogeneous price sensitivities,
while assuming that brand shocks are identically distributed across types. Namely, let individual i, with taste for
quality k € {h,l}, obtain the utility U,ij = arqQkj — BrYkj +z—:§~ when purchasing a good of quality gx; from firm j at the
price yx;. Here, By, is type-k’s price sensitivity. Similarly, the utility of non-participation is set to be U}, = max; {5;}
By multiplying type-k utilities by i and defining 0, = ';—: and t = é, we obtain the specification in the text.

37In this case, the demand of firm a for its k-type product takes the form D¢ = py exp (uzfuz ) [1 + exp (%)] _1,

tr
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the non-linearity of demands, which renders a closed-form characterization elusive, both specifications
are similar, and lead to parallel conclusions. In particular, the relax-and-undercut deviation (which
breaks down pure-strategy equilibria when consumer types sufficiently differ in their brand loyalty)
works the same way as in sections 4 to 6. Numerical analysis reveals that the patterns of distortions,
informational rents and comparative statics (in Propositions 4 to 8) are also robust to this alternative
demand specification.

It is also possible to introduce random outside options (in addition to brand tastes). To do so,
one needs to define the utility of non-participation as being U io = Uh + ty max; {E;-}, where @} is the
utility of outside expenses by consumer ¢ (assumed heterogenous across consumers and unobserved
by firms). While we expect our main insights to hold in this more general setting, analytical results

are elusive.

7.3 More than Two Firms

For simplicity, the baseline assumed a duopolistic market structure. It is straightforward to extend
our analysis to for more than two competing firms. One natural possibility is to use the Spokes model
of Chen and Riordan (2007), where each consumer only considers two (randomly selected) firms out
of all firms in the market (and makes purchasing decisions a la Hotelling). This extension can be
developed isomorphically to the results on the baseline model. It is also possible to employ other
discrete-choice specifications (as described in subsection 7.2) to analyze oligopolistic competition
(e.g., logit demands). We expect these more general formulations to preserve our main qualitative

insights, while requiring numerical techniques that our simple model conveniently bypasses.

8 Conclusions

We study oligopolistic competition by firms engaging in second-degree price discrimination. Crucially,
we allow consumers with different tastes for quality to exhibit varying propensities to switch brands,
which reflects a key feature of empirical models estimating demand for differentiated goods. Our

analysis delivers five main take-aways:

(a) We show how patterns of quality provision relate to co-movements between consumers’ tastes
for quality and brand loyalty. Specifically, quality provision is inefficiently low at the bottom
(high at the top) of the product line if the propensity of low-type consumers to switch brands
is small (large) relative to that of high types.

(b) Informational rents may well be negative under competition. In fact, they are always negative

for some type, while positive for the other, provided consumers obtain more than their reser-

where uf; is the gross indirect utility of good k from firm j.
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vation utility in equilibrium. This is unlike the monopoly case, or the oligopoly case under

uniform brand loyalty, where informational rents are always (weakly) positive.

(c) Competition and welfare are often misaligned: More competition (in the sense that consumers
are less brand-loyal) is welfare-decreasing whenever it tightens incentive constraints. This is the
case when low types become more prone to switch brands and quality provision is inefficiently

high at the top of the product line.

(d) Variations in the level of prices are a misleading indicator of the degree of competition in the
market. In particular, more competition can either decrease or increase prices, depending on
the race between quality and payoff changes. This is the case, for instance, when high types
become more prone to switch brands and quality provision is inefficiently low at the bottom of

the product line.

(e) Dispersion of offers (due to the non-existence of pure-strategy equilibria) often occurs when
different types exhibit (sufficiently) different propensities to switch brands. In this case, firms
randomize over ordered menus, where indirect utilities co-move across types. This is unlike
previous literature that relates dispersion in private-value settings to search or informational

frictions.

Our analysis can be extended in many fruitful directions. One pertains to dynamic models of com-
petition where consumers (with recurring consumption needs) are heterogeneous on their switching
costs, while exhibiting different tastes for product characteristics (which is the case in insurance
markets, for instance). Another pertains to models of competition under non-exclusive agency (as
in Calzolari and Denicolo 2013), where agents differ in their tastes for quality /quantity, but also
on how they perceive the complementarity /substitutability between different sellers. We expect the

ideas and techniques of our paper to be useful in exploring these interesting research avenues.
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9 Appendix

Proof of Proposition 0. We will only verify that the strategies described in the Proposition

constitute an equilibrium. Uniqueness follow from Proposition 5.
Case 1: t € [0, 57].
The best response of firm a solves

1 u?_(sle_t) e a 1 “Z_(S}i_t} e a
i?i’é{pl<2+2t SE—d)ymm (gt = ) i)

subject to uf,uf > 0. The first-order conditions with respect to u}, k € {l, h}, are

1 1 ul—(Sg—1t)

— (8¢ —ul)— (=4 Lk ) =0, 10

57 (52— ) - (5 + =0 (10)
The expression above is strictly decreasing in u§, which implies the firm’s problem is quasi-concave.
The unique solution to (10) is given by @, = S —t for k € {l,h}. The argument is symmetric for
firm b.

Case 2: t € [S}, S5, — qf Ad)].
The best response of firm a solves
1 uy e a 1 up, — (Se B t) e a
max {pz <2 + 22) (5§ —ui') +pn (2 + thh> (Sh, — Uh)}

subject to uj',uf > 0. The derivative of the objective function with respect to uj is again given by
(10), and that for uf is given by

1 1 uf

—(Sf—uf)— =+ =L). 11

o 57 =) - (5+ ) (1)
Because both derivatives are decreasing in their respective arguments, we conclude the objective is
quasi-concave. The unique optimum is such that u = 0 and uj = S; —t. To see why, let us evaluate

St

(11) at uf = 0 to obtain 5L —1 <0 <= S¢ <t. The optimal v is then at the corner: uf = 0.

That uj, = S}, — t directly follows from (10).
Case 3: t > S} — qf A0.
Consider first the instance where 6; — %};AH > 0, which guarantees that u}* > 0. The best

response of firm ¢ maximizes the objective

1

. u; 1 up — Up
e = ~+ — — -
(w,un) =m (2 + 2t> (Si(ug, up) — w) + pn (2 +—

) (55— )

subject to u;, up > 0, where @y, solves (3). Let us consider first the range D = {(w, up) : vy < up, < gf A},
It is straightforward to compute that

o1 o 1w\ [0S
90, (u,up) = % (Si(ug, up) —w) + py (2 + Qt) (aul(uz,uh) - 1)
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and

82ﬁa yuji 851 1 uy 8251
g Ly 1 R R .
o2 (ug, up) . <8ul (ug, up) ) +m <2 + Qt) o (ug, up)

Also notice that, for all (u;,up) € D,

@(u u)_,@(u u)_ﬂ, pfun—w) 1
dup, iy Uh) — u; lyUh) — ¥ AD AD

and
@(uu)_@(uu)__a%‘l (ug,up) = —" [ M LQ
ouz M T g2 N = T o, T T T\ T A AG)

Therefore, because ¢ is convex and (u, up) € D,

05 0, 1
< - — =0
B —— (ug, up) Ad + ¢ (g )AH 0

Coupled with the fact that 8825; < 0, this implies that
l

o211 p [0S 1w\ 929
T Ulauh) = - <ul(ulauh) - 1) + (2 + 2t> Tu%(ul’uw <0

for all (u;,up) € D.

Now notice that
——(0,up) = s<o J o 2 (9B ) 1
oy y Uh 1Y, up 2 oy Up,

yuj Sle 851 85[
< £ — <
_2<t +al(0uh) al(OUh) 0,

where the penultimate inequality follows from the fact that ¢ > S} —q¢y A8 > S}. Because (0 up) <

0 and 8;1?2 < 0 for all (u;,up) € D, we conclude that firm a’s best response entails u; = 0.
l

We can therefore simplify firm a’s problem as that of choosing u > 0 to maximize

N P 1 u,—u
(0, up,) = 5151(0,%) + ph <2 + -2 5 h) (Sh —un) .
It is straightforward to compute that
81_[“ p; 0S; 1 up — Up
By, ——(0,up) = 587(0 h)+27(5hfuh) prigt
and -
0211¢ pL9*S) Ph
—(uy, 0, — <0,
o2 (w,un) =5 5 a2 (0, un) =~
since % ‘2’ < 0 for all (uj,up) € D. The unique pure equilibrium then solves
p 05 L Phge oy Ph
2 Gy, O ) + 5 (S —wn) =5 =0,
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which becomes (3) after rearranging.
Writing the solution to (3) as a function of ¢, u,(t), and totally differentiating (3) with respect

to ¢ leads to

-/ - DL 8251 ~ ~/ o
—1p(t) + —=—(0,an(t)) — 1 + t}jhai%((),uh(t))uh(t) =0.

Isolating @}, (t) leads to

4 an(t)) _1
oy BEOw 1 % (%) s

Up\t) = %5, - @ 2
1— 8u§l (w,up) 14ty (LZ(;)) )

The denominator is always strictly positive, whereas the numerator is strictly negative if and only
if uy(t) > uj'. Because gTS,lL (0,up) 1 0 as up, | gfAf, follows that @ (t) T ¢fA0 as t | S5 — qf A6.
Because ¢f A > v}, this implies that @y (t) is strictly decreasing in a neighborhood of t = S}, — g7 Af.
As a result, p(t) < qf A0 for all t > S — gf Af. Since ¢f A8 < S}, equation (3) implies that

Zlgi 0,Tp(1) —1>0 <= p(t) > uy

for all for all t > S, — gfAf. In sum, we showed that w(t) is bounded and strictly decreasing over
the interval t > S, — ¢fA0: ap(t) € [uf’, gf A].
Finally, equation (3) also implies that uy(t) satisfies

Sp — ap(t) s 0S5

: p—haUh (0,ap(t)) —1=0

for all t > S} — ¢fAf. Continuity then implies that

. -
. {Sh inlt) | p 0S)
t pr Ouy,

(0, (1)) — 1} —0.

t—o00

Sy —1p ()

Because 4, (t) is bounded for all t > S5 — ¢ A, we obtain lim;_, { ;

} = 0. As a result,

, p OS; . 08 . _
i { 2 2% (0,5,(0) 1} = 22 (0, i 1)) ~ 1 =0,

The last equality implies that limy_,. @p(t) = uj’, as we wanted to show.

Consider now the instance where 6; — %’;AQ < 0, which implies that uj* = 0. In this case,

i 05
PO g 0)—1<0
Dh auh( )
and there exists a finite ¢ such that
—( i 05
Se+t< 0,0 —1) —0.
h o 8'Uh( )
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In the unique symmetric equilibrium, @y, is given by equation (3) if ¢ < ¢, and @, = 0 if ¢ > ¢. The
latter follows from the fact that a;ga < 0 for all (u;,up) € D and that
h

yuji 851
Pt —— —-1] <
Sh (ph Bun (0,0) > <0

whenever ¢t > t. Q.E.D.
Proof of Proposition 1.

Proof of Claim (a). Suppose t; € [0, 5] — ns]. Proposition 11 shows that firms obtain zero profits
from high-type contracts. In the putative equilibrium where constraints I Ry and IC} are slack, for
k € {l,h}, we posit that u; = S} —¢; and uj, = S}.

The best response of firm a then solves

a __ e _ ¢t R
mm&«yﬁ”(%Dwﬁ—WHmﬂW%M%—%ﬁ,

uf uf 2 Qtl
where
0 if wuf < S}
Dp(up) =< 3 if uf =S5
1 if up > 57,

This problem has a solution u; = S7 —¢; and u; = S};. Note that ICj is slack, as
up —uy =Sy — (Sf —t1) < g A0

by assumption, and IR; is slack, as t; < S7. This shows that (S — #;,S;) is an equilibrium.

Uniqueness follows by Proposition 11.

Proof of Claim (b). As shown in the proof of Proposition 11, any putative equilibrium satisfies
uf = max {Sy —t;,0} and uj solves ujy = Sp(uf,u;). We will show that this is not an equilibrium
when t; € (S} —n, S7) . For that, we will show that the firm has a profitable deviation with the
following structure: the firm relinquishes an € ~ 0 more utility to high types (conquering the entire
type-h market), and chooses ; to solve

1w —(Sy—t - .k e
o o (5 + = GE) 8 = )+ Saun i) — i)} st w8 -

This problem is concave. Therefore, the deviation described above generates a strict improvement if

and only if the first-order condition evaluated at u; = S} — ¢; is strictly positive:

ﬂ e 1 up — (Sle — tl) % .. * _ % e .. *
s (5 + ) em )] =t i) >0

which is true by virtue of the fact that ¢; > S; — n;,. This shows that there exists no pure-strategy
equilibrium when ¢; € (S} — np, S7).
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Let us now consider the case where ¢; > S7. In this case, the only remaining putative equilibrium
takes the form u; = 0 and wj = i,(0) = . Consider the deviation to this putative equilibrium
with the following structure: the firm relinquishes an € ~ 0 more utility to high types (conquering
the entire type-h market), and chooses 4; to solve

1 U, . o
max {Pz (2 + 2tll> (S; —w) + pr (Sh(ug, ) — Uh)} st w > 0.

This problem is concave. Therefore, the deviation described above generates a strict improvement if
and only if the first-order condition evaluated at u; = 0 is strictly positive:

Pl e Loy OSp, . (5 ISh .
[Qtl (S —w) —p (2 + 2tl> + pn Bu (ul,uh)} - =3 ( i + pn Bu (0,up) > 0,

which, by the definition of #;, is equivalent to ¢; < #;. This establishes that there exists no pure-

strategy equilibrium whenever 57 —n, <1t < f.

Proof of Claim (c). Finally, let us show that v = 0 and uj = i,(0) = 1w, is a pure-strategy
equilibrium when ¢; > ¢;. Proposition 11 then shows that this is the unique pure strategy equilibrium.
We start arguing that the firm cannot improve by offering a menu in which the utility of the high
type is smaller than . This is because in any such menu the firm would attract no high types,
while the firm would not profit from low types as the menu (0, @) maximizes the firm’s utility when
it considers only low types.

Moreover, since the firm obtains zero profits from high types, a similar argument establishes
that the firm cannot increase its profits by offering a contract that gives the same utility to high
types. Therefore it remains to argue that the firm cannot profit by offering menus of the kind
(Aug, tp + Auyp,) , where (Auy, Aup) € Ry xRy, In light of the previous argument, we consider the
following upper bound to the firms utility in which the constraint IC}, is ignored and it is assumed

that the firm attracts all high types whenever such consumers yield positive profits:

p(5+5m) (5 - o)

G (Auy, Aup) =
+ppmax { Sy (Aug, up, + Aup) — up — DAup, 0}

Therefore, if we show that (0,0) € argmax sy, Au,)ers xr, G(Aug, Aup) then we will have concluded
that (0,up) is an equilibrium. First notice that any deviation (Aw;, Aup) € Ry x Ry in which
Aup, > Ay is weakly dominated by (Aug, Aup) = (0,0) because it decreases the profits obtained
from both types. Henceforth we can restrict attention to deviations (Au;, Aup) € Riy X Ryin
which Auy, < Awy. Again, since Aup, — Sp(Auy, up, + Aup) — ap — Auy, is strictly decreasing in
Auyp, a sufficient condition for the absence of profitable deviation is that G (0,0) > G (Awuy, 0) for all
Awuy > 0. Therefore, since Au; — G (Awy,0) is concave, a sufficient condition is

e oS .
Opay+G (Dug, Aup) | (A, Aun)=(0,0)= % (tll - 1> +ph87u?(0,uh) <0,
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which holds by assumption. Q.E.D.

Proof of Proposition 2. Take a symmetric ordered equilibrium F*. For j =1[,h , let u; be the
infimum of F 7, and let @; be supremum the support of F . Let Supij be the support of F o
At any point of continuity of F}, the profit of the menu (u;, up) is given by

1 wuy—u
IT (w, up ) :=Epy [plf ( L

5 o > (St (ur, un) —wp) | + prEy (un) (Sk (ur, un) — up)

Since profits are supermodular in (u;,up), it is easy to show that (u;,u;) is optimal, hence
I (wy, wy,) = 1" = sup(y, 4, I (u, up) . The equilibrium characterization is established in steps 1-15
below. The first step shows that each obtains a profit equal to the profit from the best contract
designed only to low types in any mixed-strategy equilibrium. The second and third steps imply
that firms obtain zero profits from high types from the less generous contract for these types. The
fourth and fifth steps show that the difference in the indirect utilities given to low types from two

different equilibrium contracts is bounded above by t¢; and hence competition for low types always

happens in the intensive margin: [ (% + “gf“) = (% + “’2?”) for every equilibrium utilities u; and

u;. Step 6 shows that the support of the distribution of indirect utilities for the high type has no
atom. Steps 1-6 imply that we can write the firm’s problem as
1w —y

11 = =
(wr, up) pl<2+ o

) (St () — ur) + puFf (un) (Sh (ut, un) — un)

(not only for points of continuity of F}'). Step 7 establishes that the constraint IC; for every equi-
librium menu (u;,up) in which u; > ;. Step 8 shows that the support of F}* has no atom at any
u; > uy. Steps 9-10 show that the support of F}' is an interval for £ = [, h. Step 11 and 13 provide
necessary and sufficient conditions for the equilibrium to have an atom at the lowest generous con-
tract (u;,uy). Step 12 shows that the support function u; — Uj, (u;) as well as the marginals F}" are
Lipschitz continuous (and hence absolutely continuous) on any interval [u + ¢, ;). Steps 14 and 15
use these properties to obtain the conditions stated in the proposition.

Step 1: u; € argmaxlt g [pll (% + “lzzlﬂl) (Sy — ul)}

Assume towards a contradiction that u; ¢ argmaxEp- [plI (% + ”l_ﬁl) (Sy — ul)] .

2t
Notice first that

SupulEFl* [pll (% + UZQ_tlﬂl) (Sle - ’LL[):|
< Ep [pll (% + ylz_tlw> (St (g, up) — Qz)} + prlh (up,) (Sh (w, up) — wy) = 117

Using this, the contradiction assumption and II (u;, u;) = II* we get

Prlh (wy,) (Sh (wy, wp) — ) >0,
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and hence Fj, has an atom at u,;, which implies that, for ¢ sufficiently small

Erp [l (§+ %5 ) (St () = )|+ puFh () (Sh (g, p) — )

Hz—ﬁl

<Epp [ (3+255) (S0 () — )|+ prFi (g + 2) (S (w1, +2) =y — <),

a contradiction.
Step 2: F, (up,) (Sh (g, up,) — uy) = 0.

Trivially, Fp, (up,) (S (u;, up) — uy) > 0, hence if Fj, (uy,) (Sh (u;, up,) — up,) > 0 then F}, must have
an atom at w, which, using the argument presented in Step 1, leads to a contradiction. .

Step 3: (Sh, (u;,up) — uy) = 0.

Assume towards a contradiction that (S, (u;, u;) — up) > 0. Then by Step 2, F}, (u;,) = 0. More-
over, there exists a (small) ¢ > 0 such that (S, (w;,u, +¢€) —uy, — ) > 0, implying that (u;, uy, + €)
is a profitable deviation.

Step 4: In any (non-degenerate) mized-strategy equilibrium we have w, > Sp — 1.
If Sf —t; < 0 the claim is obvious. Hence assume that S; —¢; > 0. Notice that the steps above

imply that
U — U
2t

The first-order condition relatively to u; can be simplified to:

wth (1w — 1y wth /G —qy
- 4= dF} (@ L_ZL) dFy () <0
L (Gt o+ [ () ar o <o

with equality if w; > 0. If the inequality above holds for u; = 0 we must have

t iy % [~ w,+t; [ SF % [~
0> — [ (L4 52) dFy (@) + [+ (1) dFy (@)
U * ([~ U, Sp— * ([~
= et (B ) afy () + fott (S dFy @) > o,

which is an absurd. Hence the first-order condition above holds with equality, implying

I (g, 1) = IT* = maxy,E [plI (; + ) (Si (ur, un) — ul)}

U+t u;+t
—/’ (n+w—aow?wo+/’ (S¢ — uy) dF (i) = 0,

, 7]

and hence

(Sf —t) + Ju ™ (i — ) dF () > (SF —ty) (12)
U = — 1 — " = —1).

o Ey (w + 1) l

Step 5: In any (non-degenerate) mized-strategqy equilibrium we have u; — u; < t; and hence for all

uy, Uy 1n the support of F* we have I (% + “12;;21) = (% + “gtlﬁl) . Thus for any point of continuity

of Fj we can write the firm’s problem for any point of continuity of F}, as:

1 w—Epr (@)

IT (wg, up) ==py ( +

5 o ) (S (ur, un) — wp) + prFn (un) (Sk (ug, up) — up) -
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Follows immediately from Step 4.
Step 6: The support of F}' has no atom at any up > uy,.

Assume towards a contradiction that F;* has an atom at some up, > wy, : Fj, (upy) — Fp, (up—) > 0.
A standard undercutting argument implies that F}, (up) (Sh, (ug, up) — up) = 0 for any optimal menu
(ug, up) . Hence Fp, (up) > 0 implies Sy, (u, up) — up = 0. Thus take an optimal menu (u;, up) and
notice that

ul_]EF;.‘ (@)

11 (ul, uh) =p; <% + 2tl> (Sl (ul, uh) — ul) + pnFy, (uh) (Sh (ul, uh) — uh)

u—Epx ()
J

=II (u, up) = py % + 2tz> (Sy (ug, up) —uyp)
;o wEps (@)
= maxy,p <2 + 2;) (St (ug, un) — wy) = I (g, up,)
which implies that u; = w;, and thus (u;, up) and (u;, u;,) are optimal. Using this and Step 3 we see
that Sy, (u;, up) — up, = Sh (y;, up) — up. However, since <%> (Sh (uy, up) — up) < —1,we conclude
that up, = wy,, which is a contradiction.
Step 7: The constraint ICy binds for every optimal menu (ug,up) in which u; > ;.

Otherwise, the f.o.c. w.r.t. u; yields
—Epx () g 95y (g ,ul
w =5 [—Pl <5 + > o (S5 ) + (l(e;ffluh))]

<1[—p <1+_EF;(111)>_|_ (Sle]<
>3 1\ 2 2t D 2tl) S,
where the first equality has to hold because u; has to be strictly positive, while the second uses Step
1. But thus contradiction u; > v;.
Step 8: The support of I} has no atom at any w; > w;.

In light of Step 7, there are u}L,u%L, with u}L < u% for which (ul,ui) and (ul,u%) are optimal.
The following first-order conditions must then hold

up—E px () e

Se— oS ul oS, ul
(5 ) o () o (PGt ) () (2 ) —o

up—Epx () ge_ a8, Ju?
M <% + Qt; > T ( lthUZ) + prFh (u%l) < h((;;ll Uh) =0,

. . a5, u? a5, Juk .
implying pp Fp, (u%) (W) = ppFy (u,ll) (W . But notice that Step 7 and u}lL < u%

. A8, (ug,u? oS (g uf A5y, (uy,u? 0Sy (ug,ut . .
imply hgull ) > < h((%zl ’)> , hence pp, F}, (u%) (W) > ppFy, (u,ll) <h((9ullh)> , which is

a contradiction.

Step 9: The support of Fy is an interval.
Assume towards a contradiction that there exists uf < ulfl, that u%,ulfl € suppkj , but that
(uﬁ, uZ) (N suppFy = 0. In this case, there exists let uf* be the supremum over all utilities such that

(uff, uf) is optimal. Let u} be the infimum over all utilities such that (u?,u?) is optimal. If uf = u}
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the argument in Step 8 above leads to a contradiction. Hence we must have uf < u?. But then Step
7 and Fj, (“111) =Fy (u%) imply II (u?, ul,’l — 5) > 11 (ué’, u%) for e sufficiently small, a contradiction.
Step 10: The support of F}* is an interval.

The argument given in the steps above imply that we only have to deal with one case: there
are two optimal menus (uj, u;) and (uﬁ’, uh) with uj’ # u?. But then fixing uj,, the payoff function is
strictly concave, and hence II (uf, uy) =II (u?, uh) implies II (uf, up) < II (ulaTJru?, uh> , contradicting
the putative optimality of (uj,us).

Step 11: F* (resp., Fy) have an atom at w; (resp., uy,) if and only if

1 Epr(w) o (5N 2
b 2 2tl b 2tl )

in which case w; =0, Fy(uy,) = F (0) > 0 which satisfy

Epr (0 € U
- (; - 2;”) #on (5 ) 4 i (o) (PG00 )

where up, (uy) is the unique solution to Sy (uy, up () — up (uy) = 0.

First notice that if w; > 0 then Step 1 implies

1 EI—EFJ-*@Z) n Sp—w\
Priy 2 PL\ "y ) T

On the other hand, the fact that for k = I, h, F}'(uy) is strictly increasing (hence almost everywhere

differentiable) imply

1 w—Ep (@) Sf — ‘e 95 (w, tn (uy))
—Di (2 + T + D1 < 21, > + prFy, (tn () < uy ) = 0. (13)

Therefore the last two equations imply F} (i (v;)) = 0,and hence since the problem satisfies the

increasing-difference properties in (u;, up) , F* (y;) = 0. Conversely, if
1 Er: (@) N Sp -0
Y2 9 2, Y2 2, ’

1 w—Ep ()
0 = argmax (2 + 2t;> (ST — wy),

then

together with (13), imply the desired equation.
Step 12: The functions Uy (w), F" (w;) and Fy (up) are Lipschitz continuous (hence absolutely
continuous) on any interval [w; + €, 4] .

The strict-difference property of the profit function II (u;, u) and the fact F}} has no atom for

every uy > w;, imply that there exists a strictly increasing function Uy, : [y, @] — [uy,, ap] such that
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(ug, up) lies in the support of F* if and only if u; € [y, @] and u, = Up, (u;) . We start showing that
the restriction of the function F} to any interval [u, + €, %] is Lipschitz continuous.

We have for every u; € [u; + €, U]

1 w—Ep () 1 w—Ep ()
n <2 + 2t;> (SP — w)+pnF (w) (Sk(ur, Up () — up) = pi (2 + sz (S} — ).

Uy _EFJ’.* (@)
2t

1w —Eps (1)
w = argmax{pl (2 + %;) (Sle — ul)},

it follows there is k. > 0 such that

1 w—Ep (@) 1wy —Epe(w))

From the strict concavity of u; — py (5 + ) (Sf —w) and the fact that

This and F} (up) < 1 for every wy, imply
Re
Sh (w,Un (w)) — up > o (14)

Moreover, u; + ¢ < ull < ul2 imply that there are positive constants v > ~1 > 0 such that

1 u - Ep () 1 up— Epx ()

7 (uf =) < p <2+2tz> (S —ui)—pi <2+2t1> (SF = i) <2 (uf —w)

For 7 sufficiently small, the difference in profits between the available menu (u; + n, Uy (u;) + 1) and

the optimal menu (uy, Uy (7)) satisfies:
prky, (Un (wr) +n) (S (u +n,Up (w) + 1) = un —n) — paFy (Un (w)) (Sk (u, Un (w)) = un) < y2m,
which, since Sy, (u; + n,Up, (w;) +n) = Sh (i, Un (v;)) , implies
pr (Fy U (w) +n) — F (Un (w))) (Sh (u, Un (w)) —up) <n(yz+1).

Using (14) we get
n(y2+1)
Re

(Fp (Un (w) +n) — Fy (Un (w))) < = .

Next we show that there exists a constant v such that Uy, (u; + 1) — Up (w;) < .
Notice that the following first-order conditions are necessary at almost every (u;,u;+mn) €

[ﬂl + 577?”]2 :

5 | wbn—Ep (@) . OSn (u +n,Up (w + 1))
Py [pz (2 + 50 (S; —w —n)| = pnFy Un (w +n)) < oy >
(15)
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U —E * U U U
—plaaul [pz (; + 122](0> (Sf — uz)] = pu kT, (Un (wr)) <8Sh (g;/l{h( l)>> .

. u—Epx ()
Since u — pla%l [pl % + FJ) (Sy — u)] is Lipschitz continuous over the range above, there

2t;
d 1 w—Epr (@)
_— - - J - 7 e _ <
+pz8ul [pz (2 + 5 (S —w)| < on,

exists o > 0 and such that

0 1 w+n—Ep () e
—PlaTH D §+ o, (S —w —n)

This and (15) imply

08y, (w + n,Up (w + 77))) — pnFy (U (w)) (8Sh (ur, Ly (ul))> < on.

prFy (Un (w + 1)) < 0 9,

If Uy, (u; +n) < Up (u)+n there is nothing to prove. Henceforth assume that Uy, (u; + n) > Uy, (u)+mn,
which implies

0 < (3Sh (ut + 1, Up (u +77))> B (35h (ug, Un (w))) on — o
- oy Oy T Fy (Un(wy +e)on ’

or if we let A (u,Up, (u)) := U, (u) — u and observe that Spdepends only on this difference and hence
can be written as Sy (A (u,Uy (u))) we obtain

)< <ash (A (uy ‘*’872;/[}1 (uy +n)))) B <55h (& (ngUh (“lm) < n,

Next, notice that since A (-, Uy, (+)) = [w, + &, @]* — Ry lies in a compact set [A0gs + x1, A0gf + xa]
for constants 0 < x1 < x2. This and the fact that (855715[&)) is strictly increasing in A in the same

set, implies the existence of ¥ > 0 such that

<3Sh (A (ug + 0, Un (w + ?7)))) B <3Sh (A (ug, Un (w)))
ouy ouy

) > B A (g 4, U (g 4 m)) — A (s Uy ()]

Putting the last two inequalities together one has

Uh(ul+ﬁ)—uh(ul)§%+ﬁfm77

which shows that U, (-) is Lipschitz continuous. The result for F}* follows because

F (w4 m) = B (w) = Fy (Un (w +n)) = Fy U () < AUn (g +n) = Un (w)] < Ao,

Sle -1 +]EFZ* (]

Step 13: We have u; = max 3 )

The first-order condition yields u; > 0 if and only if

wp—E px [T]
0 [pz (; + Zt) (S¢ — Uz)}
c')ul

|Uz=0> O,

42



: . .o STt Eps (]
which holds if and only if ————1—

Step 14: Reformulation of the firm’s problem.

In light of the steps above, we can write the firm’s problem as:

1 up — EFZ* [al] e *
max (P { 5+ (S} — w) + prFy (un) (Sh(ur, up) — up) st up > >0.

We obtain the following first-order condition with respect to wu; :

S¢ —t1 + Ep- i) v, 199
_% (Uz(uh) - ( l 2 l >> +phFh(uh)Th(Ul(uh)’“h) =0,
! “

which, after rearranging, leads to

—1
Fiun) = 3 2 @atn) — ) (G2 ) (16)

Sy (U (up), up) — up, U(up) —
Ul(uh)—ul—2< ) (Z/{ >,
i

G2 Uy (un), un) up) +wy — 24y
as in the statement of the proposition.
Step 15: When t; > 257 we have u; < 0, in which case F} exhibits a mass point at w, (i.e.,
F(w,) > 0).
First notice that when 4; < 0, then (16) implies

1y oSy, !
Fr(uy) = ———u; | —(0,u > 0.
) = = (G0,
Next we show that whenever t; is sufficiently large we must necessarily have u; < 0. Indeed, since
. Se—t;+E px [Ty] 5 . . .
U = % and E Py [t)] < Sf as otherwise the firm would obtain a negative payoff from the

low type, the result follows whenever ¢; > 257.Q.E.D.

Proof of Proposition 4.
Pure-Strategy Equilibria. We first analyze pure-strategy equilibria.

Case 1: Assume that (¢;,1,) € E.

Consider the problem in which both IC constraints are ignored. The best response of firm a

1 u?_u? e a 1 Uz—u? e a
i?i’%{pl(ﬂ AR L PR A

subject to uf,uj > 0. The first-order conditions with respect to u}, k € {l, h}, are

solves

1 b

1 ul—u
— (Sf—ul)—(=+-L—F) <0 17
o (S - - (5 + M) <o (17)

43



with equality if u§ > 0. The expression above is strictly decreasing in uj;, which implies the firm’s
problem is quasi-concave. The unique solution to (17) is given by uj = max {S}], —t;,0},k € {l,h}.
The argument is symmetric for firm b. Finally notice that both IC constraints are satisfied because
(t;,tn) € E. Since there is at most one pure strategy equilibrium by Proposition 5, we conclude that
all pure-strategy equilibrium must involve no distortion. The possibility of mixed-strategy equilibria
in this region is ruled out in Case 3 below.

Case 2: Assume that (t;,%;) € D. First consider any pure-strategy equilibrium. Notice if ¢ = ¢f
and ¢, = ¢;, for some optimal menu (ull, u}L) then the first-order necessary conditions would imply
that the relaxed problem in which both IC constraints are ignored is strictly concave, which implies
that it admits one solution. All equilibrium must be in pure strategies and by 1. above we must
have (t;,t,) € E, leading to a contradiction. Assume towards a contradiction that g (u;, us) < ¢f

and gy, (u, up) = gf,. In this case, the first-order condition with respect to uy, and w; read
95 (ug,u
B) (S5 —un) — B + B2 <,
a8 (uy,
(% (St (g, up) — wp) — Y + B 25tuun) < g
First assume that u; = 0,in which case

o 9S (wy, up)

A(tl, th) =ty + maX{Sle — 1, 0} > (S}EL - uh) + 2 oun

+ul>SieziA‘9QZe:ﬁa

otherwise

y2ji (?Sl (ul, uh) ()Sl (ul, uh)
A = € __ > e _ =
(tl,th) th—i—max{Sl tl,O} (Sh uh) —I—th . w, + ful

> Sﬁ - A(gqle - 77]7
contradicting (t;,t,) € Dy. Therefore all pure-strategy equilibria involve
q (u,up) =g and  gp (w, up) > gj,-

Case 3: Assume that (#;,¢,) € D_. By an argument analogous to the one used in Case 2 above, it

is easy to show that all pure-strategy equilibria involve

qn (ug,up) > ¢ and g (ug,up) < gj-

Mixed Strategy Equilibria. Consider now mixed-strategy equilibria. First suppose that (u;,u)

is such that S; (u;, up,) = Sf. Taking a right-derivative w.r.t. u; for the menu (u;, u;) delivers

wtt /8¢ —y wth /1y -4
[~y _ w— _
dF] — — dF]
pz/UZ < o, ) 1 (@) — pi /ul (2 5 ) 1 ()

upFtn aSh (Ul Uh) 1 Uy — ah
Ton ELEn) (2 Zh TR Gy (i) < 0
o [ P (0 2T ) i) < 0.
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which implies

S (g = ) AR (@) + Bty [t O5ufi) (14 s ) GF, (i)

u;+1;
wz/ (S¢ — ) dF (i) +
u

F (Ml +1)

and hence u; < u; + t;. Therefore the profit from the low type reads

1 w—Ep[w]
Dl <2 + 2751) (St (ug, up) — wy)

in which case we can take a first-order condition w.r.t. u; at (u;, ;) delivering

up,+tp 85}1 (gl’gh) <1 + Uy — 'ﬁ/h

w = (57 —t)+ (EF; (1] —gl) + thl/ P - > dFy, (1) .
Up,

This immediately imply that there exists no optimal (ug, us) at which Sf > S; (u;, up,) as otherwise
u < (Sl (ul,uh) — tl) + (EFZ* [le] — ul) < uy,

which would be a contradiction. Similarly if IC; binds for (v, u;,) then it must bind for every (u},u},)

in the support as otherwise

w > 5 |(SF — 1)+ (B fim)) + Doy fo i PG (14 278} ap ()|
>ﬂ@—m EED

which is a contradiction.

It is easy to see that the profit is differentiable at (u;,up). Moreover, its derivative w.r.t. up

satisfies

S (uy, Un Sy (g, ) — U N
—Fy, (@, — ty) + Fy (@n — tp) ha(alh h) +/ ( n l2tz) h)th )
Up—tp

h 1 ap—up _
- S U TR R, () =
/uhth (2 * 2ty ) (@) =0,

implying t, < S§ — 4y, with strict inequality if IC; binds at (@, us). We claim that IC; binds at
(uy, up) if and only if it binds at (u;,wy,) . Indeed, if IC; binds at (4, @p,) but not at (u;, ;) then the
first-order condition above delivers @), < Sj — tj,, while by an argument absolutely analogous to the
one presented above we have u, > S} —t;,, which is a contradiction. In summary, the analysis above
shows that ICj binds at some point (u;, up,) in the support if and only if it binds at (u;,u;) and at
(ug, up).

Performing an absolutely symmetric argument for IC} we conclude that IC} binds at (g, up)
if and only if it binds at (u;,w;) if and only if it binds at every menu (u;,uy) in the equilibrium

support.

Case 1: I(j binds at every menu in the equilibrium support.
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In this case, u; > S7 — t; and 4, < Sy — t, which imply
A(ty, ty) =ty + max{S;y — t;,0} < (S}, —ap) +y, < Sj, — (up, — ) < Sj, — Abg;,.

Hence (t;,t) € D4
Case 2: IC} binds at every menu in the equilibrium support.
Analogously to case 1 above, the first-order condition at (u;,w;) w.r.t. uy implies u;, > Sj —tp

while the first-order condition at (i, @) w.r.t. u; implies Sf —t; > @;,hence
At tp) = tp + max{S{ —,,0} > (S, —uy,) +w > S, — (u, —w) > S, — Dg;.

Hence (t;,tp) € D_.
Case 3: No IC binds at any menu in the equilibrium support.

The first-order conditions at (u;, uy) imply that uy, > Sy — ¢, and hence since u;, < S§ we have
U — Uy, < ti. Therefore the problem is given by

1 u; — EFl* [ﬁl] o 1 Up — IEFZ* [al] e
s o (5 ) 67— (5 ) 5

This problem is strictly concave and admits a unique solution. Therefore the equilibrium is in

pure-strategies and (;,t,) € E. Q.E.D.

Proof of Proposition 5.
We prove two facts that show that there exists at most one pure-strategy equilibrium. The statement
regarding types that benefit from asymmetric information and types that are made worse off follows

immediately from the necessary first-order conditions for the equilibrium.

Fact 1: If there exists an equilibrium in which no IC constraint binds then this is the unique pure
strateqy equilibrium.

It is trivial to see that there is at most one equilibrium in which no IC constraint binds and in
which case this is in pure strategies. Hence we show that there is no other equilibrium in which one

IC binds. Recall that A (uy,up) := up — u;. Notice that this equilibrium satisfies up > 0 and
S¢—ul =, <0 (=0ifuf >0) (18)

S¢—ul —t, =0 (19)

First suppose that there exists an equilibrium (ulz, u,zl) in which IC; binds:

8y (A (2,12
Sf—ul?—tl+<p”>t,< (“l’“h))>go(:01ful>o) (20)
DI Ouy
P Sy (O (u?, u?
shm(u%,uz))—uz—tH(;)th( AGEC L DA Y en
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Notice that (19) and (21) imply uj < uj,, while (18) and (20) imply u? > v} implying A (uf, ui) <
A (ull7 u,ll), a contradiction.
Next suppose that there exists an equilibrium (u?, uz) in which ICj, binds:

051 (& (ufsup))
6ul

Sf—uf —t+ 1 < 0(=0if u} > 0) (22)

051 (& (ufsup))
5'uh

Sp (A (uf,upy)) —uj —th + (%) th, < 0(= 0 if u} > 0) (23)

Notice that (23) and (19) imply u} > u},, while (22) and (20) imply u} < u} delivering A (u?, u3) >

A (ull, u}L) ,a contradiction.

Fact 2: If there exists an equilibrium in which the IC; constraint binds then this is the unique pure
strategy equilibrium.

Let (ulQ, u%) an equilibrium in which /C; binds and (u?, uz) an equilibrium in which IC}, binds.
Using (21) and (23) we u; > u? > 0. On the other hand (22) and (20) imply u} < u}. Therefore we
have A (u?, ui)> A (u?, ui), which is a contradiction. Q.E.D.
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Online Appendix

Omitted Proofs

Proof of Proposition 3.

Proof of Claim (a). Suppose t;, € [0, S; — ). Proposition 11 shows that firms obtain zero profits
from low-type contracts. Moreover, the argument in In the putative equilibrium where constraints
IR), and IC}y, are slack, for k € {l,h}, we posit that v} = S and uj = S}, — .

The best response of firm a then solves

. 1 up—(SE—t
max {plDf (ui') (S} — uf) + pn (2 + h(hh)) (S, — u‘fl)} ,

u?,u‘fl ch
where
0 if wuf <S8y
D (uf)y =< L if up=s¢
1 if uf > 5.

This problem has a solution u; = S} and uj = Sj — t,. Note that IC), is slack, as
up —uy = (Sp —tp) — S; > qf A0

by assumption, as t;, < S — ;. This establishes the result as by Proposition 11 there exists at most

one pure-strategy equilibrium.

Proof of Claim (b). Now suppose ¢, > Sj — . Assume first that there exists a pure-strategy
equilibrium in which IC}y does not bind. Then since the firm makes zero profits from low types by
Proposition 11, we must have u; = S7. On the other hand, the first-order condition with respect to

uyp, delivers u, < Sj — t,. Hence
up —w < Sy —tp —S) < g/ A,

which is a contradiction.

Hence since in any pure-strategy equilibrium /C} binds and the firm obtains zero profits low
types, we must have uj = S(uj, u}) < Sf.

Assume first that ¢, € (S; —n;,S}) . Hence the first-order condition with respect to uy delivers

() (T O
2 2ty 2 8uh -

which implies up, > S5 —tp, > 0. If up, > S5, — t), then u, ¢ argmaxpy (% -+ u';;hu}*‘) (S5 — un),

which in light of our finding in Proposition 11 that firm makes zero profits from low types, we

20



conclude that there is a profitable deviation. Hence the unique candidate to a pure-strategy equi-
librium is (S;, — tp, (S5, —ts)), where the function ii;(uy) is defined as the unique solution in v
to Si(uy, up) = w;. Consider a deviation to this putative equilibrium with the following structure:
the firm relinquishes an £ ~ 0 more utility to low types (conquering the entire type-/ market), and

chooses 1y, to solve

1 up— (Sﬁ —tp)

H}L?:X {pl (Sl(ul(u;;), uh) — ul(u;;)) + ph (2 + 2th> (S;el — Uh)} s.t.  up > S}el — 1.

This problem is concave. Therefore, the deviation described above generates a strict improvement if

and only if the first-order condition evaluated at uj, = Sj — 3, is strictly positive:

O5t (i Ph (ge 1 up— (55 —tn) 05,
[plauh (iia () un) + 2ty (Sh = un) = pn <2 T o, S —plauh (ty(uy,), Sp—tn) > 0,

which is true by virtue of the fact that ¢ > S — 7;. This shows that there exists no pure-strategy
equilibrium when t;, € (S} — 1, S},).

Let us now consider the case where ¢, > S;. In this case, an analogous argument to the one used
above implies that the only remaining putative equilibrium takes the form u} = 0 and u; = i;(0) = 0.
Consider a deviation to this putative equilibrium with the following structure: the firm relinquishes

an ¢ ~ 0 more utility to low types (conquering the entire type-l market), and chooses iy, to solve

1
qufz:X {plSl(O,uh) + pp <2 + 2t> (Sz — uh)} s.t.  wup >0.

This problem is concave. Therefore, the deviation described above generates a strict improvement if

and only if the first-order condition evaluated at uj = 0 is strictly positive:

95 Phge L up 0 25 Sh
{plauh(o’“thth(S’l Un) = (2+2th>] o ou, 3, 00+ 2<th 1)

which, by the definition of 5, is equivalent to ¢, < #,. This establishes that there exists no pure-
strategy equilibrium whenever S} —n; < t), < th.

Proof of Claim (c). The putative equilibrium is u; = u; = 0. We will show that no firm has
a profitable deviation. Consider a deviation to some utility profile (u;,up) # (0,0). First assume

uy, > u; and notice that the first-order condition w.r.t. uy delivers

Se
—Ph (%Jr ch> +Ph< b )erlauh(uhuh)
s
< —pn (3) +pn (gth> +plauh(ul7ul)
=~ (3) +on (52) + m32L(0,0) <0,

where the last inequality used t; > 5. This shows that all such deviations are suboptimal. Hence
consider deviations in which u, = w;. But in this case, S;(ug, u;) = S;(0,0) = 0, which implies that

no such deviation can be profitable. This completes the proof. Q.E.D.

o1



Proof of Proposition 6. We only prove (b) as the argument for (a) is analogous. Take (¢;,t,) € D4
and consider the putative pure-strategy equilibrium (u;,u}) from Proposition 5.
Consider first the case where u; > 0. Letting A = uj, —w; (and A* = uf, — uj) it follows from the

equilibrium conditions that

oS *
o1 5 (G 1)
ath Pi 8Sh * ! h 825; " < 07
F 1)+ (2 ) e
2
o (1 + 8) (o)
aith 1= pr [ OSh [ A% PL | Ph 825h * >0,
PG = 1)+ (BB ) Gk (o)
S, as,
Oy Ph auh(A )<8uZ(A )—1)
At B pr [ OSh ( A x Ny 325h * <0,
LR (e 1)+ (B R) e
S(A*) DL %(A*)—l
oup, 0N Oy Ph g2 i | \ ou,
8T28T+8T_pz oS P Pn 928 <07
no Otn o Oty E(Tuz(A)f1)+(5+ 2) th Bk (A%)
2
o Gt (87) (57 — uf)
Ot +1= T S 3, - > 0.
po o (Ean 1)+ (B ) o)
In turn, consider the case where u; = 0. In this case, A* = ujy, and
a5,
AN ous 1 — 5B (AY)
gt (i) = F (0 h) = 55 e <0,
oty oty, ;L(A*)_1+th h(A*)
2
8 () +1 = L% (4, 1) +1 = () 0
(L, th) + L,ty) +1= > 0.
8th 8th giz (A*) -1 _|_th8 Sh (A*)

Obviously, in this case, %(tl, tr) = 0. The signs of these derivatives will be used below.

The best reply of each firm chooses (u;, A) to maximize

1 A4y —u}
) (Sf —w) +pnl <2 - 72; h) (Sp(D) — A — ).
h

1 w—uf
e A) = — L
(w, D) =pi <2 5

At the range where up, = A +w; € (uj, — tn, uj +t5), the Jacobian and the Hessian of the best-reply

objective function exhibit the following derivatives:

o Dl e 1 w—uf 1 Adwy—u Ph

oy (Ulvﬂ)—jtl(sz —u) —p <2+ 2, )—ph <2+2th>+2th(5h(A)_A_ul)’
o Dh 1 A+wuy—ul oSy,
— (g, ) = = A)—0— = h A)—1
(1) = 2 (50) = 5w+ (5 + S (P 1),

02



o911 P P Pn Pho (P, Ph
Z — =—(=+=),
1 th

wnd o1 Pn | Pn [ OSh pr [ OSh
s s &) = — e + 2L (8%@) _ 1) - (aUh(A) - 2) .
Because o217 o217 27
Tulg(ul’ﬁ)a W(”l,ﬁ)a W(UZ,A) <0,

the function II¢ is coordinate-wise concave and submodular in (u;, A). It is jointly weakly concave
at (u;, A) if and only if

9114 9211 5211 \ 2
= — > 0.
A, 2) ou? ON? <8UZ8A> =0

After some algebra, it can be shown that

H(w,0) = (f:)Q {— (fll;’; +1> Kgi:(m - 1) + % (th + D+ w —uf) (ii;j‘m)ﬂ - i (gi; () _2)2}.

At the putative equilibrium,

where

=3t 0) [ 1) % (Se)] L (B0}

with the understanding that * is a function of (#;,%;). Hence, the best-reply objective is locally
g

weakly jointly concave at the putative equilibrium, i.e., H(uj, A*) > 0, if and only if Y(#;,¢,) > 0.
Direct inspection reveals that Y(¢;,t,) < 0 for ¢; in an open neighborhood around zero.

Taking the partial derivative of Y (¢;,t},) with respect to tj, we obtain:

Tt =2 (Phpe) 1)

oty, t; pn 87uh
yuj th 85}21 % 00* th 835h % 00*
S U N A 1)+ 2 A= .
<tl ph> [8u%( o ™) T 208 @ o,

2 t 3 5* 1 95* 2
_18 ‘S;h(A*)_ﬁa Sh(&* 9 _,878 *S;h A* %

2 Ouy 2 8u:,3l Oty 20ty Ouy Ouy,

The derivatives computed above for A*, for the cases where either u; > 0 or u; = 0, together

8;;%’1 > 0, imply the last

(A*) > 0.

with the assumption on the third derivative of ¢, which guarantees that

inequality.
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Therefore, for a fixed t;, there exists a threshold T,% (t;) > 0 such that the best-reply objective
is locally weakly jointly concave at the putative equilibrium, ie., H(u;,A*) > 0, if and only if
tn > 7t(t;). Further notice that (¢,7}(4)) € D4, as a pure-strategy equilibrium is guaranteed to

exist by continuity around any (¢, ) satisfying

At th) = nn,

i.e., in the boundary between the regions Dy and E. Obviously, a pure-strategy equilibrium fails to
exist provided ¢, < 7} (t;).

For t;, > T}} (t1), by local joint concavity, we know there is no local deviation around the putative
equilibrium. But there might exist non-local profitable deviations. To analyze the latter, note that
H(u;, A) > 0 if and only if

) N 9 2
iy 1) [(55(a) 1) + 4 tn+ 0 —up) ( aéh(A))} +1 (52 -2)
928 t ’
o) ()
The right-hand side does not depend on u;, being an affine function of /A when ¢ is quadratic as

T(A) = — 724 for 11 € R and 4 € Ryfor A € [g5Af, +00) and ‘ij%h(g) = —7, for A in

the same range. Therefore, II¢ is jointly concave over a convex subset of the domain {(u;, A) : u; >

UIZ(

0,A € [g;Af,+00)}. Because t), > 7'}1 (t1), the putative equilibrium (uj, u}) belongs to this set, which
implies TI does not possess another critical point.

This implies that the best profitable deviation cannot belong to the range
up =N+ u € (u;‘L —th,uz +th),

which implies it satisfies up, € {uj —tp,uy + 1t} (it is easy to show that no profitable deviation exist
when no IC binds or where ICj, binds).
Consider first the deviation that sets uj = uj + t5,, therefore cornering the high-type market.

The optimal deviation of this kind chooses u; to solve the following program:

1 w—uf
1% (t;,t),) = max {pz ( AR
u

5 57 > (S —w) + pn (Sh(ul,u;‘ﬂLth)—u;;—th)}.
!

This objective is concave in u;. The first-order condition reveals that the maximand ufl solves

d *
ﬂ(se_ d)_ 1w —y OSh, 4 « £ =0
ot, \7! ug D1 <2 + 2, + Dn aul (uf, up, +tpn) ;
which can be rewritten as
SE—t U oS
= — ,uy +t 24
u; 92 92 lpl ) ( l h h) ( )
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Employing the envelope theorem, we obtain that

8Hd* 7 % *

. oS, . ou
(ti,th) = ~ 21, %, (t1,tn) (Sz - U?) + ph <au:(ulauh(tlath) +tp) — 1) [at:(tlath) + 1} .

oty

In turn, consider the deviation that sets uj, = uj —1, therefore abandoning the high-type market.

The optimal deviation of this kind chooses u; to solve the following program:

1w —y
bx — l l e
I (t, tp) = H}LLEZlX {pl <2 + o, > (S; ul)} .

We denote the maximand by uﬁ’. Notice that uf > up > u%’. Moreover,

Tth(tl’th) = _Tm%(tl’th) (Sl - Uz) .
Therefore,
oI oI m o o aSh, . ou;
Tth(fz?th)—aith(tz,th) = TtlaTh(tz,th) (ul - Uz)ﬂ?h (auh(ulauh(tlvth) +th) — 1) [&th (ti,tn) + 1] ,

which is negative because ul — u? > 0. Because II°*(t;,t,) = II1%(#;,t5) in the locus {(t,t) :

A(ty, tn) = np}, it follows that TI%*(t;, ) < T1%*(t;, ) for all (t;,t5) € Dy
This establishes that the optimal deviation is such that uj, = uj +t; and u; is the maximand of

% (t;,t1,). Let us then compare I1%*(#;, t;,) with the putative equilibrium profit:
I (g, th) = 5(516—%)4‘?(5}1(& ) — A% ).
Partially differentiating with respect to t, gives

OIT* _ p Oy pn [ 06* OSh , \ « ph, Ouy
aith(tl,th) - 5 8th (tl,th) + ? Tth(tl,th) 7(A ) 1 77(tl,th) > 0

Hence,

oIT* OTT%* 90* o5 . ou’
Tth(tl’th) ———(t,tp) = bh <(t17th)> (h(A ) — 1) - @ﬁ(tbth)

oty, 2 \ Oty ouyp, 2 Ot
+§;g§f(7ﬁl,th) (Sze —t - U?) - <phg§:(07u2(tl, th) +th —w) — ph> Bﬁb(h,th) + 1]
Plugging the expression (24) for the maximand u;i gives
%g(tl,th) - ((gltf(thth) = % <88?h*(tz,th)> <gi:(ﬁ*) - 1> - %g;f(thth)
+legi(tl,th) <Sf -l — 2tli’;gi’l’“(uf,uz + th)>

*

S, N ou
—Dh (auZ(uldvuh(thth) +tp) — 1) [c‘)t: (ti, tn) + 1} > 0.
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The derivatives computed above for A*, u; and uj, for the cases where either u; > 0 or u; = 0,
together with the fact that S; —t; < u;, as shown in Proposition 5, imply the last inequality.

Therefore, for a fixed ¢;, there exists a threshold 77(#;) > 0 such that the putative equilibrium
profit IT*(#;, t),) is greater than I1%*(¢;,¢;) if and only if t;, > 72(#;). Set 71,(t;) = max{7}(t;), 77 (t;)}
to obtain the result. Q.E.D.

Proof of Proposition 7. Notice that the set of symmetric equilibria is upper hemicontinuous.
Hence, since it is a function, it is continuous.

Consider a neighborhood U of (t;,t) where an equilibrium (', u};) in which pure-strategy equi-
librium exists. Moreover, assume that U is contained in E, Dy or D_ and hence by Proposition 4
all equilibrium (u}, ;) in U exhibits qualitatively the same set of distortions.

First consider the case in which U € E. In this case, uj = max{Sf —t,0},k € {l,h}, which
immediately delivers the result.

Next consider an open set U € Dy where the IC; constraint binds and IR does not. The

equilibrium is given by the following equations:

St (w,un) + 1 (%&;uh) —1)=u

SE—ty + by ( )M:uh.

oup,

Recall that A (uj,up) := up — w;. To ease notation, we write only A below, leaving implicit its

dependence on (u;, up) wherever it does not lead to confusion. Consider the equation

G (A1) = {Sh—t +t, (m) el (A)] ~ [Sl (D) + 1 <M —1” —A.

ouy, ouy
We have , ,
ool ., (1) RS ) 4TI <o
%ﬁl:th):_l_i_ L BSZ(A):_<M <0
8G(%£fz7th) _ _ (1 _ 35gu1 ) ulvuh) LI )
Therefore by straightforward algebra we have 07 at 0,%1? =ty ( ph> %gﬁ 0,681% =
90 1 Qu g, 0u - %—tl(%)}ﬁ<0amg—gz%y—a—h<o

Next consider an open set U € D, where both IC; and IR bind. The equilibrium is given by

the following equations:

u; =10
S5t -+ tn (2) 200m) — .
- ﬂ) asl(o,uh)) 1 e
PN on ( <Ph duyp, N i (Sh “h) Qup o Oup
Locally, we have Fr = 0,57 = — oo o\ 25,0\ 0,5 = 0,50 =
1t (21 ) 250Gl 1ty (2L) 220 n)
h\pp ouZ h\Pp u2

Bul _ Bul _
92 < 0,5 =0and 34 =0.
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Next consider an open set U € D_ where the IC; and the IR constraints bind. The equilibrium

is given by the following equations:

u; =10

up = S (0, up) — ty, + 5, 25 0un)

ouy,

BSh(O,uZ))

T & (Su(0un)—un)

A an _ dup, _ i, (Sn(0,un)—up dup _ (o Oup _

We have ot 0’8th - 125 (0up) _ 9283, (0.up) B 1950 (0.up) _ 925, (0.up) <0, o 07‘%’1 N
duyp, Bu% duyp, Bu%

Bul _ Bul
92 <05 =0and 34 =0.

Finally, consider an open set U € D, where the only binding constraint is the constraint 1C; .

The equilibrium is given by the following equations:

_ Sle T <1;T;;) (ashgillvuh)) —

up, = Sp, (ur, up) + thiash‘éz:uh) —tp

Consider the equation

G (At ty) = [Sh (ug, up) —th+thaSh<A)] [Sl +1 <<pl> 95 (£) 1)] — A,

Oup, ouy
We have:
8G(§,Atl,th) _ |:(9Sh(ul,uh) it o) gZ(QA ( ) 22 522 ] _1<0
OG(At,t oS
PG = — () % —1) = L (Sp—w) >0
OG (At OSH(A
%:_O_JT&)) ( n (U, up) —up) <0
o4 94 Ouy, _ (4 9°Sn(D) | 9Su(A)) 94 duy _ 9N B o
Therefore we have 0 0,8th 0, alzlh = <th BZ + ah% ) o <0, a?,:b = + Wu;f < O’Wu,i _
2
—t (%?) (785%523%)) < 0 and aul = %Ltlh — aTl < 0. This exhausts all cases and completes the
proof. Q.E.D.

Proof of Proposition 8. We proceed by analyzing five different cases.

Case 1. First consider an open set in which U € E and tk # Si for k € {l,h}. We have uj =
max {S; — t,0},k € {l, h}, which immediately 1mphes e — H{Se—tk>0}
Case 2. Consider an open set in which U € D_ and only the 1Cj, constraints binds.

The equilibrium is given by the following equations:

S (ul,uh) + 1 (Mw -1

S¢—ty + 1 ( )M:uh

auh

:Ul

Prices are given by
Y1 = Oiqu (w, up) —

Yn = Onqy, — up.
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Comparative statics are given by: 2 = —%un 5 W — _Jun - U — g Sailu.un) 908 _ Du -, )

oty oty ' Oty oty ’ 0t oA oty oty
and
oy Oq (ug,up) 0L Oy ) N 2N
_— = _— m m—mm— — — = A — _— _—
oty 0, oA ot oy [0 (qr (ug, un) A0 — tip” " (qr (ug, up,)] ~o) o

We must show that if ¢”""< 0 then y; is quasi-convex in ¢ if ¢”’(¢) < 0. For that notice that
signgil = sign [W"(qz (A (th) — o (@ (A (tr)) A0]. Notlce that ¢ — tip”"(a) — ¢ (@) A0 is de-
creasing in ¢ and L <0. Therefore 63’” (t*) = 0 implies a (th) > 0 for tj, > ty.
0 (q) A0 — tlgp (q) = K which can have at most one root since ¢”” >0 and ¢ "< 0.
Case 3. Consider an open set in which U € D_ and in which IR and IC}, bind and in which uy > 0.
The equilibrium is given by:

Shft +th( )M:u
Ph

ouyp,
We have
Yn = Onqy, — up.
Y1 = Ouqu (ur, up) -
; ; ieg: . — 00048 _ g Oy _ O 04 Oyn _ _ Buh_
We have the following comparative statics: ot = D0 0h — O,ath = Roon, < 0, Bt = 0 and
Oyn _ _ Oup
ot, — oty > 0.

Case 4. Consider an open set in which U € D, and in which the only binding constraint is 1C;.

The equilibrium is given by the following equations:

A8 (ug,up) _
S+t () (2 ) — by =
OSh (ui,un)

Sh (ut, up) + th =5, — by = up.
We have
Yn = Ongn (wi, up) — up.
= 0iqy — uy.
. . . 0 0 2] o 2] VARG
We have the following comparative statics: a—i{f = aljll > O,Biﬁ = a;‘f}f > 0, 8%? = (A—h) aTl_aLt? >0
and

yn _ g, 9an(upun) 08 Ouy
ot, — 'hT oA ot, Oty

= (%) & - (5% + &)
= () [0 va () (P )] 57
1

A
— aTAh <70> [GZAH — 1 (%’;) o (qn (ulauh)] :

The desired quasiconvexity when ¢” " < 0 follows because sign g™ yh = sign { <%> 0 (qn) — GIAH]

which is decreasing in ¢ and hence since g < 0 it is increasing in tp.
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Case 5. Consider an open set in which U € D4 and in which the binding constraint are IC; and
IR. The equilibrium is given by the following equation:

aSh (07 Uh)
th————— —

Sh (O,Uh) + o,

th = Up.

Prices are given by:
Yn = Onan (0, un) — up.
Yy = 01q7.

We have g—?ll = O,QTy =0 and %Lt? = 0. Finally notice that

l
h
oyn 9 Aqn (ug,up) 0N Ouy, [Gh ] oA

o, N dt, ot
This completes the proof. Q.E.D.

Jh 1|22 <o,
A0 o, =V

Proof of Proposition 10.

Existence of Symmetric Equilibrium when |5| is small. Is straightforward to verify
that the firm’s problem is equal to the problem of Rochet and Stole (2002) when ¢ is constant and
small. It follows that there exists ¢(; > 0 such that if ¢ is a constant belonging to (0,(;) then
the problem has a unique solution in which @ (8) = 6 for every . Consider t(0) = « + 6. A
straightforward continuity argument implies that for every ( in this range there exists £; > 0 such
that SUPye[p,7] ¢ —a+ B8] < &1 then if (uqp (9))06[@@ satisfies the Euler equation above with the
same boundary conditions (which solution is continuous in «, ) then if (4, (9))9€[Q7§] is a best-

e, 5(0)—ua,5(0)
W) € 33

generality, we make this restriction for the remainder of this proof. In light of this, we set up the

response to this equation we must have (% + ] for every 6. Without loss of

optimal control problem where y(#) is the control variable, z () is the state variable and the costate

variable is p (0) :

— i 2
H0.20).0).00) = (5 + = ) (ey (0) - WO x<6>) +2(6)y0).

Optimality Conditions are Hy (0, z(8),y(8),p(#)) = 0,—p (0) = H(0,2(8),y(8),p(0),% (6) = y (§) and

the transversality conditions y (é) =0,y () = 6. Solving and imposing symmetry we obtain

(3)@-ven=-re)

0= (5 (ey 6 - WO xw)) -(3)

Let (33(’;5 (0),y2500), p’&ﬁ(ﬁ)) be a solution to the system above. We claim that this is an optimal

solution. For that we will use Arrow sufficiency condition. Define:

- 'aoz ~ 7)? ~
H(O,2(6). 5 5(0) = sy 5 + 71002 ) (ey S xw)) 2 (0)F

29



Letting A (x) := (% + %@'{jﬁw)) B(x) := A(x) 0+ p;, 5(0), we obtain

H(0,2(0),p"(0)) = — z(0)A().

Arrow sufficiency condition will be satisfied if we guarantee that H,, (0, x(6),p*(f)) < 0. Since

x — Az) = (% + W) is positive affine, we may change variables and get A(z) = z,

B(x) = 20 + pj, 5 (0) and z(0) = 22t (0) — t (0) + tia,5 (0) , which implies

2
(256 + pZﬁ)

H(0.2,5"(0) = ~—

— (22t (0) — £ (0) + Ti0 5 (9)) 2.

Differentiating twice with respect to z

H..(0,z,p*(0)) =

i“ 0 41.(9)

9(0—t1, 5(0))°
< 2O g (o glo).

(6)

where the last line used z :<% + W) € [%,2] and y 50) = Ui, (0) . The solution when

(lq,p (0)) when B = 0 satisfies (9 — lap (0)) = 0. By a continuity argument, there exists g2 € (0,e1)

such that SUPpc[g5] |¢ —a+ B0 < ez implies maxew —4(a—|p|0) < 0, which completes
the argument. Moreover, a continuity argument implies that we can take e € (0,e2) such that
SUDpe|p 7] ¢ — o+ B0|| < e implies that 4 s (A) is increasing and g g () > 0.

Distortions when 5 > 0 and 5 < 0.

Case 1: > 0. Let (u (9))96[@5] be the solution when t (§) = a+ 6. We will show that @ (§) < 6
for all 0 € (Q, 5) .

First we show that @ (6) < 1. Assume towards a contradiction that i (8) > 1. Let (uy w»ee[@ﬂ.
be the solution when ¢ () = a + 36 for every 6 and notice that i (0) = 1 for every . Notice that

5~ ) (04080 4 D0+ ) (0 - 2 -
=5 ((a+B0 ) (‘% (6) - % - (9)) > 0.

Therefore, there exists € > 0 such that, for all € (0,6 + ¢) we have i () > 1, implying

(i1 (0))*

. 2
0i(0) — SO ) < piy (0) - —up(0).

Therefore 4 (0) > 6 for every 6 in this set. Let #* be the infimum over all § > 6 + ¢ such that
@ (0) < 6. Since 4 (f) = ,we conclude that 6 is well defined. Notice that since @ (#) > 6 for every
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0 € (0,6%) we have i (%) < iy (0*) = 1. However, since u (6*) > uy (0*) we must have

i(0) =2 — (e ) (07(6%) — e u(6"))
> 2~ () (670 (6) — WG )
> 2 (k) (070 07) = UG — (7))
=1y (0%),

which is a contradiction. This shows that i () < 1 and hence there exists € > 0 such that, for all

0 € (0,0 +¢) we have @ (f) < 0. Assume towards a contradiction that there exists § < @ such that
U (é) — 6. Let 6 be the smallest type satisfying this condition. This implies i <0~> > 1, hence the
case above applies and leads to a contradiction.

Case 2: [ < 0. An argument analogous to the one presented in Case 1 above establishes that
@ (6) > 6 for every 0 € (6,0)

Types that benefit and types that are hurt by asymmetric information.

Case 1: > 0. As we have shown above, i () < 1, and hence

u(®) = (o + BB) (i1 () — 2) + 0 (9) — 9
< (o + BO) (iix (6) — 2) + B, (8) — L2 )°
=uy (0),

where(uy (9))96[@5]. is the solution when ¢ () = a + 6. This implies that type § < 6 is worse off
under asymmetric information. By continuity there is ywith § < 61 such that every type 0 < 6
is worse off when there is asymmetric information. A symmetric argument shows the existence of
0y € [91, 5) such that every type 6 > 61 is better off under asymmetric information.

Case 2: 8 < 0. The argument is similar to case 1 above and omitted for brevity.

An increase in § decreases u () for every interior type.

Case 1: 3 > 0. Keep a constant and take two solutions ug, (0) and ug, () for f2 > B;. We claim
that ug, (6) > ug, () for every 6 € (6,0) . First we claim that g, (6) > iig, (f) . Assume towards a
contradiction that iig, () < iig, (¢). Notice that iig, (§) = iig, (¢) implies

diig, (6) _ diig, (0)
do o

= By <(a+529)2> <9u,82 (@) — % ug, (0 )) B (Wrﬁ 9)2> (01'4,31 (0) — M —ug, (0)>

2
g, (8) ug. (8)
_ B20 9_1 Qg (Q)_( 6228 ) —Upy () . 816 9_ Qug, (Q)_( B129 ) —ugy ©)
— \a+p20 ) = a+PB20 a+p510

=07 (%) - ()] @~ iin @) >0

Hence if iig, (8) < iig, (8) then there exists §; > € such that dig, (0) < iig, (6) and ug, (§) < ug, (6)
for all 6 € (0,6;). Clearly there should be 65 € (61,0) such that iig, (62) = iig, (62), otherwise we

would have 43, (6) < g, (), which is a contradiction. Therefore let 6* € (61,6) be the smallest
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element of this set such that iig, (6*) = g, (6*). Notice that we must have dﬁ%(g) gx > dilﬂng(H) g+ Or
equivalently

2 2
PP (2, @) al/ (i, )

which holds if and only if

(st [0 = s, 0] 5, (09— () (0*% - G, <e*>)
< (ae) |07 =, (09)] i, (09) — (52572 (9*% 0 - L) %(0*))

But notice that 4, (6%) < 1, (0%) < 0% implies 0% —u, (0*) > 0" —u

) (0*) > 0. This, ﬁ,ﬁl (9*) =
g, (0*) > 0 and L > (—L- ) imply
B2 a—+(310* a—+[20* p

B

(Oﬁlﬁlg> [9* — g, (9*)} i, (0%) > <a+1529> [9* — i, (9*)} iig, (07) .

0* g (9*)—M—UB¢(9*)

On the other hand, using T B0

=2 —iig, (#*) > 0, we immediately get

2
. g (07) . g (07)
- ((Mg#*)ﬁ (9*% (%) = w - Um(“)) + ((Mg#*)z) (9*% (%) — w - Uﬂz(G*)>

- # () - (8 - 0

. diig, (0 diig., (0 ..
Putting these together one gets “/;19( ) g < uffe( ) lg, a contradiction. Therefore we conclude that

iig, () > g, (#) . This implies that there exists € > 0 such that ug, (0) > g, (f) forall @ € (6,0 +¢).
Assume towards a contradiction that g, (6) = g, (0«) for some 6, < 6 and let 6, be the smallest
element greater than § + ¢ satisfying this equality. We must have iig, (6+) < iig, (f%). This and
Ug, (0x) = g, (0x) allows us to apply the first part of the proof and obtain a contradiction.

Case 2: 8 < 0. The proof is analogous to the case above and is omitted by brevity.

An increase in o decreases u (f) for every type.

Keep 8 constant and take two solutions uq, (f) and u,, (6) for aa > «ay. First we show that
Ugy (0) > g, (0) . Assume towards a contradiction that uy, () < ug, () and notice that this implies
Uay (8) < iia, (0) and hence there is 6; > 6 such that for all 8 € (8, 01) we have uq, (8) < uq, (6) and
Ua, () < Uy (0). Let 6, be the smallest element 6 of [61,6] such that tq, (8) = ta, (§) . We must
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have g, (0) > i, (0), but then

2

oy (0 =2~ (e ) (870 (09 - 2270 = 00
=2 — (W) (9*{@1 (9*) N M _ ual(g*)> + <o¢2%ﬁ€*) (ua2(9*) - ual(ﬁ*))

> 2~ (k) <9*ua1 (%) — Lim @D ual(Q*)> + (st ) (s (0%) — 110y (6%)) > iy (61)
a contradiction.

Next, suppose towards a contradiction that there exists 6 such that uq, (6) — uq, (0) > 0, and
then take 6* € argmaxgug, (f) — uq, (7). Notice that whether §* < 6 or #* = 6, we must have
Uay (0%) — uq, (0°) > 0 and g, (6%) — iq, (0*) < 0, but then the same argument as above implies
Uay (05) > 1, (04), which leads to a contradiction. Q.E.D.

Proposition 11. (Only one pure-strategy equilibrium when t; = 0 for some k € {l,h}).
There exists at most only one symmetric pure-strateqy equilibrium in the model in which there is

perfect competition for type k. Moreover, each firm makes zero profits from the type k.

Proof of Proposition 11

We only prove the result for the case in which there is perfect competition for high types as
the other case is analogous. We first claim that in any equilibrium (u;,u;) each firm makes all
profits from the low type. In fact, otherwise the firm could profitably deviate to (u; + &, up + €)
for some small £ > 0. Next notice that if IC; binds then firm could profitably deviate by offering
(ug, ug + Abg;) We conclude that any equilibrium must satisfy

a __

1 u!—u .
(uun) ang g {n (5 4+ S0 (85 =)+ a0 (S (08 ) — )}

1'%h

which implies uj, = Sy, (ug, up) and

() e (T ) () Bl

Since each firm obtains zero profits from high types, we must have w; = max {S; —t;,0} . Hence uy,

solves Sy, (max{S; —t;,0} ,up) — up, = 0. Recall that A (u, up) := up, — w; and thus equilibrium re-

quires that Sy, (A (u, up)) —un = 0. Observe that (%) [Sh (A (ug,up)) — up) > 0,with strict inequal-

ity whenever A (u;,up) > Afg;;, while (8%;1) [Sh (A (ug,up)) — up] < 0. This implies that whenever

A (max {S} —t;,0},5;) < Abg;, any pure-strategy equilibrium should be (max {S} —t;,0},S5}),

while if A (max {S} — #;,0},S;) > Afq;; then any pure-strategy equilibrium should be (max { S} — ¢;,0} , u4),
where 1, satisfies Sy, (max {S] —;,0} ,1y,) — 1, = 0. Q.E.D.
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Mixed-Strategy Equilibrium in the Cream-Skimming Duopoly

We now describe a mixed-strategy equilibrium that prevails when t, € (S} — n,ty) and ¢ = 0.
Similarly to the bottom-of-barrel case, this equilibrium is ordered. Accordingly, the menus offered
in equilibrium can be described by a support function Uy, : T; — Y}, which is strictly increasing and
bijective, and maps the support of F}* (which is T;) into the support of F}* (which is T1,). In contrast
to the bottom-barrel case, however, it is convenient to set the domain of the support function as
being Y; (rather than Yj), and describe the firm’s randomization by means of the marginal cdf F}*.

Denoting by Ep:[ip] the mean of up, as induced by the cdf Fy, let us define

S}el — 1y + EF; [ﬂh]

Proposition 12. (Mizxed-Strategy Equilibrium) Suppose there is perfect competition for low
types (t, = 0), but imperfect for high types (t,, > 0). If t,, € (SE—m.tp), there exists a mized-strategy
equilibrium, which is ordered. In this equilibrium, the support of indirect utilities is an interval,

Ty, = [ug, ux], and the support function Uy (-) and cdf F}* of low-type’s indirect utilities jointly satisfy

Sy (ug, Up(wy)) — Ul) < U (uy) — Ty,
Uy,

Un(w) — uy =2 ( 05, (ug) + wy, — 2uy,

) VUI S [@7’&[]7
5L (g, Uy (wy)) ) l

and

\ 1 [0S - _
B () = 32 @)~ ) (Gor () ¥ €

with boundary conditions
w = S(w,u),  w, =max{in, 0}, w=(F)"Q1), and @ =UWw).

Moreover, F is absolutely continuous at any w;, € (w;, %), and exhibits a mass point at u; (i.e.,

F(w;) > 0) when ty, is sufficiently large.

Proof of Proposition 12. The equilibrium structure below can be derived by arguments analogous

to the ones provided in the proof of Proposition 2. Hence we omit several details by brevity.

Step 1: Firms symmetrically randomize over menus (u;, up,) according to the distribution F*. This

distribution has support
supp (F™) = {(w, up) : up = Up(w),uy < wp < g},

where the support function Uy, (-) is strictly increasing and continuous. Moreover, w;, = Uy, (y;) and
ap = Up(y). The cdf F* might possess a mass point at (u;,u;), but is absolutely continuous

elsewhere in its support. The marginals associated with F* are F}* and F}, which have respective

64



supports [u, u] and [uy,, up). If F* exhibits a mass point at (u;,uy,), then Fj* (resp., Fy) exhibits a

mass point at u; (resp., uy,), but is absolutely continuous elsewhere. Obviously,
F*(w, up,) = Fy' (ug) = Fy (up,)-

To construct the mixed-strategy equilibrium, denote by E: [tp] the expectation of the random
variable 1 under the law Fj'. Analogously to Proposition 2 , the constraint /C}, always binds, any

equilibrium pair (u;, up) has to solve

i 1 up—Epgelan]y
Il’qlLE}IZX piFY (wr) (Sp(ug, up) —wp) + pa 3 + B TR (S; — un) s.t. wup >y > 0.

This problem is concave. Therefore, the cdf F}* and the support function U, (-) have to jointly satisfy

the first-order condition:

Sﬁ—tthEF;;[ﬂh])) 0

« 1 OS
ik (Ul)aTulL(uhuh) - % (Uh(ul) - ( 5

which, after rearranging, leads to

B (w) = 11;}; (uh(ul) - (Sﬁ —nt B wh])) <252 (Ulauh)> _1- (25)

2
Note that the cross-derivative of the objective is

05 0%S;
* F*
DL (Uh)fauh (i, up) + piFy (“l)auhau, (w,up) >0,

as both terms are positive. This reveals that the objective is supermodular; hence, if (u;,up) and
(uj,u},) are equilibrium menus, then u; > u}, implies u; > uj. In view of this, the support function
Uj(+) is strictly increasing.

That firms randomize requires that the following indifference condition holds across all equilib-
rium menus:

1 up — Ep:[g)]

o Ey (wr) (Sp(ug, up) — wi) + pp (2 + ch) (Sh — up)

~+

_ 1 up— EF;: [ﬂh]
LA 2,

) (55— ).
Because u; = S;(y;, u;,) by construction, the right-hand side is the profit obtained by choosing the
least generous menu in the support. Using equation (25), we can re-write this indifference condition

as

S, 1 Un(w) — Eprtp)

-1
%f: (uh(ul) - ﬂh) (M(ul,uh(ul))> (Sl(ulauh(ul)> _ ul)+ph <2 + 50

) (S5 — Un(u)

B 1w, —Epsfan]y .
= Ph <2+2th (Sp —up) -
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or, equivalently, as

Un(ur) — iy,

95, ~ ~
(e thl0) N 1w = Brlaly o (1 Unlw) —Erlily oo
_m<&WMﬁm»—w>{@+ i) (51 ) (5 + T T (51t

Tedious algebra reveals that

uy, — Ep=[0 Un(w) — Epy [t
th (;"‘h2Fh> h— Un) — th <;+ n(ur) 2ty = h]>(SZ_Uh(UZ))
= 5 1) — )W) + iy, — 200)]

Therefore

051 (4 U (u
Un(ur) — iy, = (S;ZZ,(LI;(u};)() 2)1”) % (@ (ur) = up,)(Un(wr) + wy, — 2ap)]

which, after rearranging leads to

Uy (1) — uy = 2 (Sl(ggllauh(ul)) - Ul) Un(ug) — iy, .
g (ui, Un () Un(wr) + uyp, — 24y,
as in the statement of the proposition.

Assume that if 4, > 0 and notice that since the menu (u;, u;,) deliverers zero profits from the
low type, each firm must choose u; = %), and hence Equation (25) implies F}*(x;) = 0. On the other
hand, if @, < 0 each firm must set u;, = 0 and hence (25) implies F}*(u;) > 0. That is:

Sk — th + Ep [tp] _

EF'(y)>0 <<= q,= 5

In particular, when u;, = 0 we have
-1
_Unpn [0S
F () = (5o00) -
th pr \ Qup
Finally, we choose @; such that F}*(%;) = 1 so as to guarantee that F}" is a proper cdf. The
construction above guarantees that firms are indifferent across all equilibrium menus, which best

respond the mixed strategy F™*.

Step 2: F* exhibits a mass point at u; (i.e., F}*(y;) > 0) when ¢, is sufficiently large.
Notice that since Epx [ap] < S5, we have @, < 0 when ¢, > 2S5;,. Q.E.D.

Continuum of Types: Numerical Procedure

This appendix (together with the Matlab codes) detail the numerical procedure employed to investi-
gate the existence of a pure-strategy equilibrium in the continuum-type model of subsection 7.1. We
first describe how the putative equilibrium is constructed, allowing for the possibility of bunching on
some interval. Second, we present how the best deviation to the putative equilibrium is computed.

Finally, we describe the test of equilibrium existence for a given brand loyalty schedule ¢ (6).
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The general problem

Denoting by w (6) the utility of type 6, and recalling that incentive compatibility requires that

@ () = q(0), one can write the profit of a firm obtained from consumers of type 6 as

1 wu(f)—u(0)

7 (0, u(0),4(0) | @ (9) = <2 + Tw)

is the surplus produced by the contract designed to type-6 consumers, and u (6) is the indirect-utility

PNV
> (S(0) —u(h)), where S(0)= («911 (6) — <U(20))>

schedule offered by the competing firm.

The best-response problem of the firm consists in finding the utility profile u (#) that maximizes

)
= / 7 (0,u(0),4 (6) | @ (0)) do, (26)
0

where @ (0) is taken as given, and the control u(f) is subject to the participation, positive-quality,
and monotonicity constraints:

u(8),(0), i (0) > 0.

Accordingly, define the Hamiltonian as:

1 0)—u(f i (60
16,00).10),10) = (5+ 5750 (000) - “F —u ) 100 O)u O+ 0) 1011 0)10).
where p; (0), p2 (6) denote respectively the co-state variables associated with u (0) and u (), while
w1 (0) is the Lagrange multiplier associated with constraint i (f) > 0. After imposing symmetry, the

necessary conditions are

O =5 (9@(9)—“;9)—u<e>) i (27)
p2(0) = —5 (0—(0) = 1 0), (28)
1(0) = —p (6) 1 (0) > 0,1 (6) i (6) = O, (20)

and the transversality conditions require that

p1(8) = p1 () = p2(0) = p2 () =0. (30)

We now describe how the program is numerically solved to obtain the putative symmetric equilibrium.

The first step

(a) We first compute the relaxed problem considering that 4 (6) = 0 over the whole interval [, 6].
Differentiation of (28) with respect to 6 and substitution into (27) yields:

. 2
i(0) =2 (,5(19)> (eu o) - L& (29» - u(9)> (31)
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with transversality conditions @ (#) = 6 and 4 () = 6. This yields the solution w} (6). If the
solution involves i (6) > 0 for every 6 € [0,6] then the first step ends. For some t (6), however,
we find that 4 (6) < 0 either in an interval at the bottom, i.e., § € [0, 6], or at the top, i.e.,
0 € [02, ﬂ We briefly describe here the procedure to find the solution when bunching occurs
at the bottom of the product line, i.e., over some interval § € [0, 6.] (the procedure for allowing

bunching at the top is symmetric).

(b) Over an interval 6 € [0,60.] in which i (f) = 0, the solution u. (0, 6.) is characterized by an

affine function of the form:

uc (0,6.) = ko + K10. (32)

This solution has to

mae /9 " @ 4 Yo (9,90)(0—) e (9)> <9ac (0,0.) — “(929) v (9,90)> do.

Ue (eﬁc 2t

Using (32), this is equivalent to finding

2 6 ~
. N B K1 c(1 ko + k10 — . (0)
CIN <ec>}—argm>1<( ¢ m) /9 (2+ i 0,

where . (0) is given.

(c) Over the interval § € [6,, 6], the solution u} (6, 6.) is given by the ODE (31). By continuity, the
boundary conditions are 1. (5, 06) =0, 1c (0, 0.) =kt (0.), and u. (0c, 0.) = K (0c) + 0ck7% (0.).

(d) The alogirthm then computes u} (0,6.) for any 6. by imposing boundary conditions given
by tc (0c,0.) = k7 (0.) and uc (¢, 6.) = K§(0:) + 07 (0c) . Then the optimal 0 is found by
iteration until one converges to the transversality condition . (5, 06) = 0. This procedure leads
to uk (0,07).

(e) The putative symmetric Nash equilibrium is thus given by u* (6) = u} (0) if there is no bunching,
and u* (0) = u’ (0,07) otherwise.

(f) This yields a profit value for both firms that is given by IT* = (3) feé (6&* (0) — %«0) —u* (9)) do.

We next describe how we numerically construct the best deviation from this putative symmetric

equilibrium.
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The best deviation

*

» (0) defined as a polynomial function of degree n = 4 which is

We compute a candidate function u
given by:38
9_ * .
1 uy, () —u*(0) ) Uy, (0)
*(0) = — 42 ) (G, () — 2L —w, (0) ) d6
uy, (0) argn&x/e (2 + 2 (0) iy (6) 9 up (0)

subject to 1w, (0),1i,(0) > 0 for every 6.

This yields the deviation profit II; = feé (% + W) (Hu; ) — u;Q(e) —u (9)> df.

Testing the existence of pure strategic Nash equilibrium

For a given specification of ¢ (f), the steps above yield values IT* and II;. The algorithm rejects the

existence of pure strategy symmetric equilibrium if 177 > IT*.

38Note that, by the Weierstrass approximation theorem, the procedure above correctly identifies equilibria provided

the deviating profile uq(f) is a polynomial of sufficiently large degree.
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