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ASSORTATIVE MATCHING CONTESTS

Abstract

We study two-sided matching contests with two sets, A and B, each of which includes a finite
number of heterogeneous agents with commonly known types. The agents in each set compete in
Tullock contests where they simultaneously send their costly efforts, and then are assortatively
matched, namely, the winner of set A is matched with the winner of set B and so on until all the
agents in the set with the smaller number of agents are matched. We analyze the agents'
equilibrium efforts for which an agent's match-value is either a multiplicative or an additive function
of the types who are matched. We demonstrate that whether or not both sets have the same
number of agents might have a critical effect on their equilibrium efforts. In particular, a little
change in the size of one of the sets might have a radical effect on the agents' equilibrium efforts.
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1 Introduction

Consider two-sided matching contests in which two contests take place independently within two
groups. At the end of these contests, the agents in both groups are assortatively matched according
to the ratings of the agents in the contests. Such a two-sided matching can be found in academic
life, in which one of the groups includes universities which invest in hiring the best researchers
and teachers as well as in providing the best conditions for the students. Such an investment
improves its rank and thus will attract better candidates. The other group includes potential
international student candidates, who aspire to be admitted to higher education universities, and
for this purpose they put forth their best efforts in learning, studying for entrance exams, requesting
recommendations, etc. Subsequently, candidates with the best qualities will be admitted to the
highest ranked /top universities. Similar two-sided matching contests can be seen among accounting
or law students on the one side and firms on the other, or among models, actors, and artists on
one side, and the talent agencies on the other.

In such two-sided matching contests, the form of the contest among the agents has a significant
effect on their behavior and, in particular, on the results. In this paper, we involve the well-known
Tullock contest (see tullock 1980) in the study of two-sided matching. Formally, we study such a
two-sided matching model under complete information where there are two sets of agents, set A
with m heterogeneous firms and set B with n,n < m, heterogeneous workers, each of whom has
commonly known types. The firms compete against each other in a Tullock contest, and similarly
the workers compete against each other in another Tullock contest. The agents simultaneously
exert their efforts, and then they are assortatively matched, namely, the winner in the contest of
set A is matched with the winner in the contest of set B, and so on until all the agents in the set
with the smaller number of agents are matched. The agents have a match-value function that is
monotonically increasing in both types of firms and workers. An agent who is matched has a payoff

of his match-value minus the cost of his effort.



We begin with 222 assortative matching contests in which there are two agents on each side. We
first establish that there are equilibrium efforts, and we provide a necessary and sufficient condition
on the match-value function such that the firm (worker) with the higher type exerts a larger effort
than his opponent. For such matching contests with a multiplicative match-value function of the
agents’ types, we explicitly characterize the equilibrium efforts and show that the ratio of the
agents’ efforts in each set is equal to the ratio of their types such that the larger the type of the
agent is, the larger is his equilibrium effort. On the other hand, in these matching contests with
an additive value function of the agents’ types, there is only a unique equilibrium in which all the
agents exert an effort of zero and therefore the matching is randomized and every firm (worker)
has the same probability to be matched with each of the workers (firms).

The analysis of man assortative matching contests is quite complex, and in order to analyze
the agents’ behavior when the number of agents in both sets are not the same, we focus first on the
simpler case of 3z2 assortative matching contests with three firms and two workers. We establish
the existence of the equilibrium efforts, and prove that at least two firms exert positive efforts in
equilibrium, but with an additive match-value function all the three firms exert positive efforts in
equilibrium. On the other hand, in equilibrium, the two workers might exert an effort of zero.

We also study assortative matching contests with a larger number of agents. We first generalize
some of the above results and claim that in a mzn assortative matching contest where m > n, at
least n firms exert positive efforts in equilibrium. Likewise, with an additive match-value function
where m > n at least n+ 1 firms exert positive efforts in equilibrium. Then, we consider assortative
matching contests with m > 2 firms and two workers. We show that when there is a multiplicative
match-value function, the ratio of the workers’ efforts is equal to the ratio of their types exactly as
in the 222 assortative matching contests. In addition, we show that with an additive match-value
function, the equilibrium workers’ efforts are the same.

When the number of agents in both sets are the same we generalize our result for 22 assortative

matching contests and show that for every n > 2, in the nzn assortative matching contest with an



additive match-value function, the equilibrium efforts of all the agents are zero and therefore the
matching is randomized and each firm (worker) has the same probability to be matched with each
of the workers (firms).

Hence, one of the insights we can derive from our analysis of assortative matching contests is
that in a two-sided matching model where agents have additive match-value functions, if the sets
have the same size, the agents from both sets might be not active. Then, when a new agent joins
to one of the sets, although his type (ability) is much smaller than the other agents’ types, an
intensive competition might begin there. On the other hand, in a two-sided matching model where
the agents have multiplicative match-value functions, if a new agent joins to one of the sets, if his
type is much smaller than the other agents’ types, he does not affect the other agents’ strategies,
and actually he stays out of the competition. In other words, if an additional agent, independently
of his ability, joins to one of the sets in a two-sided matching model, depending on the form of the
agents’ match-value function, the status quo may be either completely changed or not at all.

The rest of the paper is organized as follows: in Section 2 we present our assortative matching
contest. In Sections 3 and 4 we analyze 222 and 32 assortative matching contests, respectively,
and in Section 5 we analyze some assortative matching contests with a larger number of agents.
Section 6 concludes. Some of the proofs appear in the Appendix.

Related literature

In a matching model, efforts can be exerted by either one side or both. One-sided activity is
modeled in the Tullock contest (see, for example, Tullock 1980, Skaperdas 1996, Szidarovszky and
Okuguchi 1997, Baye and Hoppe 2003, and Einy et al. 2015), the all-pay contest (see, for example,
Baye, Kovenock, and de Vries 1996, Moldovanu and Sela 2001, 2006, Che and Gale 1998, and
Siegel 2009), the rank-order tournament (see, for example, Lazear and Rosen 1981, Rosen 1986),
among others. In these contests we have one set of agents and one set of prizes, and the agents
exert efforts to win the prizes. In such one-sided models, the higher is the agent’s effort, the higher

is his probability to win a larger prize. Some examples of one-sided models include Chao and



Wilson (1987) and Wilson (1989) who considered a seller facing a continuum of customers who
differ in their private valuations of service quality. They showed how customers can be matched
to different service qualities by offering them price menus that induce them to reveal their types.
Likewise, Fernandez and Gali (1999) compared markets to matching tournaments in a model with
a continuum of uniformly distributed agents on each side where only one side is active. They found
that despite wasteful signaling, tournaments may be welfare superior to markets if the active agents
have budget constraints.

A matching model in which efforts are exerted by agents on two sides with complete information
is studied by Bhaskar and Hopkins (2016) who considered a continuum of homogenous agents who
are matched according to the tournament model of Lazear and Rosen (1981). Hoppe, Moldovanu,
and Sela (2009) studied two-sided markets with incomplete information and a finite number of
agents where the agents are matched according to the all-pay contest. Hoppe, Moldovanu, and
Ozdenoren (2011) studied this model where the agents on both sides compete in the all-pay contest,
but there is an infinite number of agents on each side.! Dizdar, Moldovanu, and Szech (2019) also
studied a two-sided model with a finite number of agents where on each side the agents compete
in the all-pay contest, but in contrast to Hoppe, Moldovanu and Sela (2009) who assumed that the
agents’ efforts are wasteful, they assumed that the efforts are not completely wasteful and that the
agents’ efforts generate benefits for their partners that are increasing in the level of effort. We, on
the other hand, also assume that the agents are assortatively matched and that their efforts are
wasteful, but unlike the above two-sided matching models, in our model the agents compete in the
Tullock contest. Since, the contest success function in the Tullock contest is stochastic while in the
all-pay contest it is deterministic, though we assume there is complete information, the stochastic

Tullock success function generates uncertainty in the matching between the two sides.

! Peters (2007) showed that equilibrium efforts in a very large finite two-sided matching model can be quite different

from the equilibrium efforts in the continuum model.



2 The assortative matching contest

We consider a set A ={1,2,...,m} of m firms and a set B = {1,2,...,n} of n workers where n < m.
The firms’ types are m;, where m; > m;y1, @ = 1,...,m — 1. The workers’ types are w;, where
wj > wjt1, j = 1,...,n — 1. All these types are commonly known. The matching contest proceeds
as follows: Each firm 4,7 = 1,2, ..., m exerts an effort z;, and each worker j,j5 = 1,2, ...,n exerts an
effort y;. Efforts are submitted simultaneously. The order of the firms (workers) to be matched is
determined according to the method of Clark and Riis (1998) which is as follows: The first firm
to be matched is determined by the probability success function that takes into account the efforts
of all the firms. Formally, firm ¢, 7 = 1, ..., m wins to be the first match with probability % ,
where xy, is firm k’s effort, £k = 1, ..., m. Then, the second firm to be matched is determined by the
probability success function that is based on the efforts of all the firms excluding the effort of the

m
first winner. Thus, firm ¢, ¢ = 1, ..., m wins to be the second match with probability Z ik i

zj zj
=1 j=1
J#k
and so on until all the firms are ranked, and similarly, all the workers are ranked. Then the firm

k=1
k£i
J

and the worker who win first place in their sets are matched, those who win second place in their
sets are matched and so on until all the workers are matched. If firm ¢ is matched with worker j
after exerting efforts of x; and y;, correspondingly, the firm’s utility is f(m;, w;) —x; and, similarly,
the worker’s utility is f(m;,w;) — y;, where f : R? — R! is the match-value function which is
monotonically increasing in the types of the firms and the workers who are matched. We say that
a matching contest has an equilibrium if every agent chooses an effort that maximizes his expected

utility given the efforts of the other agents in both sets.

3 The 2x2 assortative matching contest

We next consider a set A = {l,h} of two firms and a set B = {I,h} of two workers. We call

the types my and wy the high-type firm and worker, respectively, and the other types, m; and



wy, the low-type firm and worker, respectively. Suppose that firm 4,7 = h,[ exerts effort z; and

worker j, j = h,l exerts effort y;, and the two firms compete against each other in a Tullock contest

and the two workers compete against each other in another Tullock contest. Then, the agents are

assortatively matched, namely the firm that won the contest is matched with the worker who won

his contest, and, similarly, the firm that lost the contest is matched with the worker who lost his

contest. In this case, the maximization problem of the high-type firm is

Th Yh + x Y ]
Tht+TiYyn+Y  ThtTiyn+ Yl

max f(mp, wp) [

Th Y Z] Yh
B — [ N } .

Tht+ T Y +Y Th+ T Y T Y

and that of the low-type firm is

x Yh o Th Yl ]
ThtxYn+Yt T+ T Y U

max flmy, wp) [

xr X
+f (my, wy) [ : h_y T Yh } -
ThtTiyh+y Tht X YR+ Y

The maximization problem of the high-type worker is

[ Yn Th x Ui ]

max f(mp, w, +
( ) Yoty Th+x  Th XY+ U

Yn

Yh xy Y Th
+f(my, wy [ + } — Yh
( ) Yt U+ Y+ U Th T2

and that of the low-type worker is

Yn €y Y Th
max f(mp, wp) [ + ]
vt Yn Tty +21 Y+ Y Th+ X
Yh Th Yl ]
+f(my, wy [ + } -y
( ) Yty xh+x  Yntyrxn+ a0

The F.O.C. of the maximization problems (1), (2), (3), and (4) are

Ly Yn — Y1

(f (mn, wn) —f(mh,wl))($h+$l)2 i =
Tp Yn — Ui

(f(mhwh) - f(mlawl)) (xh + xl)2 un + ul < 1
Yy o — T

(f (mp, wr) = f(mi, wn)) TR —— < 1

(f(mn,wp) — flmy,w))—n T T <

(yn + )2 o +
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In an interior equilibrium, there is equality between the LHS and the RHS of (5) and then we have

Proposition 1 The agents’ equilibrium efforts in the 2x2 assortative matching contest are obtained

by the solution of the equations given in (5).

Proof. See Appendix. m

In an interior equilibrium, if we divide the LHS of the first two equations of (5) by each other,

and also divide both RHS of these equations by each other, we obtain that

flmp, wn) = flmn, w) _ an
fimg,wy) — fim,w) — x (6)

Similarly, if we divide both LHS of the last two equations of (5) by each other, and divide the RHS

of these equations by each other, we obtain

f(mn, wn) = f(ma, wn) _ yn
f(mp,wr) — flm,w)

Equations (6) and (7) yield

Proposition 2 In the 2x2 assortative matching contest, if all the agents exert positive efforts,

the worker (firm) with the higher type exerts a larger effort than his opponent iff the match-value

function satisfies % > 0.



3.1 The 2x2 assortative matching contest with a multiplicative match-value

function

We assume now that the agents’ match-value function is multiplicative, namely, f(m;, w;) = m;wj,

i=1,h,j=1h?By (5), the agents’ equilibrium efforts satisfy:

Z] Yn — Y1

— < 1 8
mp(wp, wz)(xh e PP (8)
Th Yn — Ui
— < 1
e wl)($h+wz)2 Yty
Yl Th — I
— < 1
wn{mn = m) (yn +yi)?xn+a —
wi(mp —my)—on TR T <y

(yn + ) o +

In an interior equilibrium, by (6) and (7), we obtain

Y _ Wn
Ui wy
TR my
7 my

Thus, we have

Proposition 3 In the 2x2 assortative matching contest with a multiplicative match-value function,

the agents’ equilibrium efforts are

B mim;  (wy, — wy)?
Ty = 3 (9)
(my 4+ mp)? (wp + wy)

mpmi  (wy, —wy)?

T Gt mn)? (wn + w)
P w}zlwl (mp —my)?
(wh + wl)2 (mh + ml)
wh’w? (mh - ml)2

Ui

(wh + w1)2 (mh -+ ml)

where the worker (firm) with the larger type exerts a larger effort than his opponent.

?Note that our results in this section can be immediately extended to match-value functions of the form f(m;,w;) =

d(mi)p(w;), where & and p are strictly increasing and differentiable.



In the standard Tullock contest between firms (workers) without any matching when their values

of winning are mp,, m; (wp,w;), the equilibrium efforts (see Tullock 1980) are

N mamy
The = (ml + mh)2
~ - 77’Lh777,l2
T T mg)?

and the equilibrium efforts in the standard Tullock contest between the workers are

_ wrw

Yy = T —~
(wp, + wy)

~ whwl2

y = T <
(wh + wl)

If we compare the agents’ equilibrium efforts in the (two-sided) assortative matching contest
with the (one-sided) standard Tullock contest, we obtain that each firm’s effort in the 222 assortative
matching contest with a multiplicative match-value function is larger than in the standard Tullock

contest iff

(wh — wl)2 > (wh + wl)
Similarly, each worker’s effort is larger than in the standard Tullock contest iff
(mh — ml)2 > (mh + ml)

We can see that the agents’ efforts are larger than their efforts in the Tullock contest iff the
difference of their opponents’ types is relatively larger with respect to their sum. In the 2x2

assortative matching contest the agents’ total effort is

TE = zp+x+yntuy

Thus, when the sum of the agents’ types is constant on both sides, the larger the difference of the

agents’ types on both sides is, the larger is the equilibrium total effort.

10



3.2 The 2x2 assortative matching contest with an additive match-value function

We next assume that the agents’ match-value function is additive, namely, f(m;, w;) = m; + wy,

i=1h,j=1h3 By (5), the agents’ equilibrium efforts satisfy:

Iy Yn — Yl

wp — W < 1 10
(o l)($h+$1)2yh+yl - (10)
Th Y — Ui
WhH — Wy S 1
( )($h+$l)2 Yn + Ul
y Th— @
myp — my < 1
( )(yh+yl)2 Th +
(my, —my) TR <y

(yn +u1)? zn + 2

In an interior equilibrium, by (6) and (7),

Th =2, Yn =Yl

which contradicts equality in the equations of (10). Thus, in this case we have only a corner

equilibrium.

Proposition 4 In the assortative 2x2 matching contest with an additive match-value function the
equilibrium efforts are

tp=x=yh =y =0
and therefore the matching is randomized and every firm (worker) has the same probability to be

matched with each of the workers (firms)

In the next section we show that if the numbers of firms and workers are not the same, in

contrast to Proposition 4, they compete in the contests and exert positive efforts.

3Note that our results in this section can be immediately extended to match-value functions having the form

flmi,w;) = 6(m;) + p(w;), where 6 and p are strictly increasing and differentiable.

11



4 The 3x2 assortative matching contest

We now consider the simplest case of two sets with a different number of agents where in set
A = {h,m,l} there are three firms and in set B = {h, 1} there are two workers. The firms’ types
are mp, My, and m;, where my, > m,,, > m;, and the workers’ types are wy, and w; where wy, > wy.
Suppose that firm 7,7 = h,m,l exerts effort x; and worker j,j = h,l exerts effort y;. Then, the

maximization problem of firm A is

1 YhTh (] Th YT xp
max f(mp, wp) + 11)
Th Yh +Y1 Th + Ty + X Th+Tm +T1TH + Ty Th+Tm +21TH + 2
1 YITh YnTy Th Yno Th
+f(mp,w) [ = )| —
Y+ Y Tht+Tm + X Tp T T, X, T, Thp T T XX X

the maximization problem of firm m is

1
max f (1M, wp) Ynm + YT tm oy Yy o )(12)
Tm Yh + Y. Th+ Ty + Xy Th+ Ty + 2] T+ Ty Th + Ty + X Ty + X,
1 T x x x x
—l—f(mm,wl)[ YITm YnTh m YnTi m )} —
Yh+Y Th+ Ty +2T; Th+ Ty +T; T+ Ty, TR+ T+ T T+ T

and the maximization problem of firm [ is

1 YTy YiTh x YTm ]
max f(mg, wp) (13)
xy Ynh + Y1 Th+ Ty + Xy Th+ Ty + 2T + Ty Th + Ty + 2T+ Th
1 Yy YnTh x YrT x
+f (mu, wy) [ - )| —
Yh +Y, Th+ T+ Thp+ Ty X T+ Ty Thp Ty XX+ T

Similarly, the maximization problem worker A is

1 YnTh YTy Th YT Tp
max f(mp, wp) 14)
Yn Yh T Y Th+ T T2 Th+Tm+TTh+Tm  Th+Tm+ 2 Th+ 2
1 YnTm Yi1Th Tm yix Tm
+f(mm7 wh)
Yn + Y Th+ Ty + I Th+ T+ X+ Ty, Th+ T + XX+ T
1 YnTy YT x YT x
+f(my, wp,) [ = ) —yn
Yn + Y Th+ Ty + Ty Ty +Tm X1 + T, Tp+ T+ xR+ 2
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and the maximization problem of worker [ is

1 T T x T x
maxf(mh,wl)[ Y1xp i Ynxi h 4 YnTm h 15
Yl Y +yr Tht+ Tyt ThtTmtriTs+THm  Th Ty, TR+ X
1 T T T x T
Yh T Y Tht+Tm T2 TR+ Ty, T2 +Tm  Tht+Tm+2T12h+ Ty
1 Yy hTh 7 W x;
+f(ml>wl)[ ( + Y + ) —wi
Y+ Y Th+Tm +2 Th+Ty +X1T]+Tm  Tht+ Ty X TH+ I

The F.O.C. of firm h’s maximization problems is

1 Yn(Tm + 71) YT T YT Th
F(mn; wh) 5~ 3 - 2 {16)
yn +y (T + T + 37) (xh + Tm + )% xh + Ty (2h + T + 27)% T + 24
Y Tm xy x Tm
+f(mp, w +
F(mns wn) [yh +uy (@ tam)? e+ am+a (T +x)? Ty + T + 2 )]
1 (T + 2 R xh x x
+f(mh,wz)[ y(@m + ) s — Y . _ YhTm oy
yh +y (T + 2 + 1) (Zp+ 2w Fx)?2h FTm (Tp T+ 20)? T+ @

Yh Tm ] ] Tm
+J(mp, w + <1
f(mn; wi) [yh—i-yl((xh—i—xm)? xh+xm o (Th+ x)? ;ch—l—mm—i—wl)}

The F.O.C. of firm m’s maximization problem is

1 yn(x + xp) YI1Th Tm, Y1 Tm
f(mm7 h) 2 = 2 - 2 O 7)
yh +u (Tn+xm+x1)?2 (ptamtx)? e+ xm (Th A+ T+ 20)2 T + X
Y Th Ty Ty Tp,
+ 7 (mpy,w +
Fmm, wn) L/h +yxp+ Ty 2 (X Tm)? T+ T+ 2 (T, + xh)2)]
1 1z + xp, hTh T x x
+f (Mim, wy) [ w ) ;- Yy L YnTy __m
yh o (@h+ o+ x)? (Tt Tt w)? st (Th T+ 2)? T T
Yn Th ] Z Tp
+f(mm,w +
fmm, wr) [Z/h +u <33h +aomt o (xp+xm)?  xp+ T, + o (T, + mh)2)}

< 1

and the F.O.C. of firm I’s maximization problem is

1 yn(Tm + xp) YiTh ] YiTm x
f(mlﬂwh) 2 2 - 2 0 8
yn +ur (Th + T + 1) (xh +xm +x)? 1+ (Th+ 2T +21)% 21 + 29
Ui Th Tm Tm, Th
+f(my,w +
Fmi, wn) [Z/h +u ($h +xp tx (2 +20)? xp T+ x (1 + xh)Q)}
1 Yi(Tm + xp YnTh x YnT x
+f(ml)wl) |: ( ( = ) 5 B - = B )
yh o (@h+om +x)? (ptamt o)t (Thtam+a)?a+a
Yn Th Tm Tm Th
+f(my, w +
f(ma, wn) [?/h +y (xh + &+ x (2 +2m)%  Th T+ (2 + xh)Z)]

IN

1
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Similarly, the F.O.C of worker h’s maximization problems is

Fmn wh)[ we T, B ) T Ty ) } (19
’ (yn + )2 zp+ T+ Th+ T F X TR+ T TpF T + T T+ 2
Y1 Tm Th Tm x]
+J(mm,w - -
fmm h)[(yh+yl)2(xh+xm+:cl Th+xTm + T2+ T xh+:z:m+a:lsch+xm]
+f(mz wh) [ Y ( z] _ Th z] _ Tm ] <1
’ (yh+yl)2 Ty +Tm+x;  xh+Tm XX+ T :Jch—i-xm—i-xla:h—i-a:l -

and the F.O.C. of worker [’s maximization problems is

Tp Iy Tp Tm Tp

o) | 2 - - )|

(yh+yl>2 Th+Tm+T T+ TmATTHL+Tm  Th+ T xR+ 2

+f(m wz){ bh__(___Om 3 Tp Tm ) T ]
" (yn+y)? zh+xm+a ThtTm+T T+ T ThF T+ T Th Ty

(yn+w)? zp+axm+a Tt TmtT T +Tm  Th T T,

Then, we have an interior equilibrium.

Proposition 5 The equilibrium efforts of the 3z2 assortative matching contest are obtained by the

solution of the equations given in (16), (17), (18), (19), and (20).

Proof. See Appendix. m
We showed that in the 222 assortative matching contest with an additive match-value function
the agents from both sets do not exert efforts in equilibrium. However, this does not occur in the

3x2 matching contests.

Proposition 6 In the 3x2 assortative matching contest, at least two firms exert positive efforts in

equilibrium.

Proof. Suppose that in the 3x2 assortative matching contest all the three firms do not exert any
effort. In such a case, it is obvious that also the two workers do not have an incentive to exert
positive efforts. Therefore, every firm is matched with each of the two workers with the probability

of % and then a firm has a positive expected payoff. In addition, a firm is not matched at all with

14



the probability of % and then it has an expected payoff of zero. Thus, if one firm exerts a positive
effort that approaches zero, given that its opponents do not exert any effort, its expected payoff
significantly increases since it is matched with the probability of % with each of the workers who
both exert an effort of zero such that each has the same chance to win as well as to lose. Therefore
there is no equilibrium in which all the three firms do not exert any effort. m

By Proposition 6, there is no equilibrium in the 322 assortative matching contest in which all
the three firms exert an effort of zero. However, the following example shows that there is an

equilibrium in which both workers exert an effort of zero.

Example 1 Assume a 3x2 matching contest with three symmetric firms where m = mp = My, =
my and two asymmetric workers where wy, > wy. By symmetry of the firms, assume that every firm
exerts the same effort x and worker j,j = h,l exerts effort y;. By (16), (17), and (18), the firms

have the same F.O.C. which is given by

2y Iy }
m,wp) | — +
H ) [9ﬂ3yh+yz 18z yp + i

2y 1y
+f(m,w) [9&: yn + Y + 18 yp, +yl}

=1

By symmetry of the firms, the workers’ F.O.C. (19) and (20) are

n 1 1 1 ]
3 ) ——(=—-(=+2)] -1 < 0
s n) {<yh+yl>2<3 6"
Yh 1 1 1 ]
3 , — —(-—(=+2)] -1 < 0
f(m wl) |:(yh+yl)2 3 (6 6)
Thus, the equilibrium efforts of the workers are y; = yp = 0, and ﬁ = ﬁ = % Then, the

identical effort of all three firms is © = %w

By Proposition 6, in any 322 assortative matching contest at least two firms exert positive efforts
in equilibrium. The following example shows that in a 3x2 assortative matching contest with a
multiplicative match-value function, it is possible that exactly two firms exert positive efforts and

the third one exerts an effort of zero, or, alternatively, stays out of the contest.
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Example 2 Suppose that in a 3z2 assortative matching contest, firms h and m have the same type,

and firm [ exerts an effort of xt;y = 0. Then, by the the equilibrium efforts in the 2x2 assortative

Yn _ wh

matching contest given by (9), we obtain that the equilibrium efforts of the workers satisfy o o

and that the equilibrium efforts of the firms that participate are

mp, (wy, — w;)?

" & 4 (wp +wy)

By (18), the F.O.C. of firm l’s maximization problem is
Tm + Th 1
(ib‘:—i— T )2 Un + U (f(mla wh)yh + f(ml, wl)yl)
m
et om 1y 1

Th+ Tm Tm xh_}‘xm;h Yn + Ul

-1

FOC; = (

(f (my, wr)yr + f (ma, wi)yn)

Inserting the equilibrium efforts of the other agents yields

1 1 w? 1 1
FOC = gpygammilunt )+ pirm
Wh

Wp

ml(2wl)

2

(le—i-wh—l-fl)—l

1 W, w
Wh

2
= 7ml(2wl + wy, + 7l) =

w 4ml W,
T wp, + wy wy, mp, (wp, —wy)?

_ Amy (wp+w)?
my, (wp, — wy)?

Thus, if % is sufficiently small, FOCs5 is negative, which implies that firm I stays out of the

contest.

The above example shows that in a 3z2 assortative matching contest with a multiplicative
match-value function there is an equilibrium in which only two firms participate. However, in any
3x2 assortative matching contest with an additive match-value function all the firms take part in

the contest.

Proposition 7 In a 3z2 assortative matching contest with an additive match-value function all

the three firms exert positive efforts in equilibrium.
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Proof. Suppose that one of the three firms exerts an effort of zero. Then we actually have a 2x2
assortative matching contest, and by Proposition 4, all the firms do not exert any effort. In that
case, each of the firms has a probability of % to be matched with each of the two workers and a
probability of % not to be matched at all. Thus, if one of the firms exerts any positive effort that
approaches zero it significantly increases its expected payoff since then it is matched for sure with
a probability of % with each of the workers. Consequently, in any equilibrium, all the three firms

participate and exert positive efforts. m

5 The mxn assortative matching contest

Consider now the general case when there is a set A = {1,2,...,m} of m > 2 firms and a set
B = {1,2,...,n} of n > 2 workers where n < m. The firms’ types are m;, where m; > m;1,
i =1,...,m — 1. The workers’ types are w;, where w; > wji1, j = 1,...,n — 1. An immediate

generalization of Propositions (6) and (7) is

Proposition 8 In a mxzn assortative matching contest where m > n, at least n firms exert positive
efforts in equilibrium. Likewise, in a mxzn assortative matching contest with an additive match-

value function where m > n at least n 4+ 1 firms exert positive efforts in equilibrium.

Consider now that n = 2 such that the firms’ types are m;, where m; > m;y1, i =1,....m — 1,
and the workers’ types are wy, and w;, where wy, > w;. Then, for interior equilibrium, we have the

following two results :

Proposition 9 In a mz2 assortative matching contest with a multiplicative match-value function

the efforts of the workers satisfy

wpYy — wiyp =0

Proof. See Appendix. m
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Proposition 10 In a mz2 assortative matching contest with an additive match-value function the
equilibrium workers’ efforts satisfy

Yn = Ui

Proof. See Appendix. =

Last, assume that m = n. In such a symmetric assortative matching contest with an additive
match-value function, firm ¢, 1 < ¢ < n, obtains an expected payoff that is equal to its own type m;
independent of the equilibrium efforts. In other words, independent of the ranking of firm ¢ it has
for sure a payoff of m; and in addition a payoff that is equal to the type of the matched worker.
Thus, the real prize for firm ¢ is the type of the matched worker, and therefore each firm actually
has n possible prizes which are functions of the workers’ types with these prizes being contingent
on the result in the contest. Thus, all the firms actually have the same n prizes such that they are
actually symmetric agents who have symmetric equilibrium efforts. This argument holds for the
workers as well such that they also exert symmetric equilibrium efforts. Thus, if the heterogeneous
workers exert the same effort, each firm has n identical prizes since it has the same probability to
be matched with each of the workers, independent of the result of the contest. As such, if n firms
have n identical prizes, each of them does not have an incentive to exert an effort, and therefore
each of the firms exert an effort of zero. Likewise, each of the workers exerts an effort of zero, and

we have

Proposition 11 In the nxzn assortative matching contest with an additive match-value function,
for every n > 2, the equilibrium efforts of all the agents are zero and therefore the matching is

randomized and each firm (worker) has the same probability to be matched with each of the workers

(firms).
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6 Concluding remarks

We studied assortative matching contests in which there are two sets of agents. In each set the
agents compete against each other in a Tullock contest, and then according to the results of both
Tullock contests, the agents from both sets are assortatively matched, such that the first agents
from both sets are matched, the second agents are matched, and so on until all the agents from
the smaller set are matched. Every two agents who are matched win a reward according to a
match-value function that depends on both agents’ types. Such symmetric assortative matching
contests in which the number of agents in both sets is the same, have an equilibrium in which all
the agents in both sets do not exert efforts and as such the agents are randomly matched. These
matching contests may have other equilibrium strategies which depend on the form of the match-
value function. However, when the number of agents in both sets is not the same, independent of
the form of the match-value function, there is no equilibrium in which all the agents do not exert
efforts, although it is possible that the agents of only one set do not exert efforts in equilibrium.
Therefore if the agents’ efforts have some positive effect, the sizes of the sets should be different.
When we compare the total effort in these two-sided assortative matching contests with the
one-sided standard Tullock contest, we can see that if the variance of the agents’ types in both
sets is relative large, the total effort might be larger than in the one-sided Tullock contest and vice
versa when the variance of the agents’ types in both sets is relatively small. The reason is that
when the variance of the agents’ types in one set is relatively large, the agents of the other set have
a high incentive to compete against each other, while in the one-sided Tullock contest, similarly to
any other one-sided contest, if the variance of the agents’ type is large, the competition between

the agents is weak.
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7 Appendix

7.1 Proof of Proposition 1

The S.0O.C. of the maximization problems (1), (2), (3), and (4) are

which can be rewritten as

xh—l—xl
xh—{—xl
yh+yz

(yh + yz)

(f (mn, wn) —
(f (ma, wn) =
(f (mn, wn) —
(f (man, wn) —

mh, wh

—92r —
f(mh7'wl)> l Yn — Yl

(xh 4+ x)3yn +yr
—2xn  Yn — Y
(zn 4+ 21)3 yn + ui

=2y mp— 1
J(my,wp)) Y

f(my,wy))

(yn + )3 o + 2
=2y xp — Ty

f(mg,wp))

(yn + 1) zn + 2

— f(mp,w))

mh7 wh

ol
|: mlu wh
[

T Yn— yl:|
(n +21)? yn + ui

(mla wl)) (
f(mla wh))

yh—?/l}

o+ 21)% Yn + ui

xh_xl]

(yn +w)? zn + 2y

{(f(mh,un) f(my, wy))

Th — .%'l:|
(yn +w1)? zn + 2

Since in an interior equilibrium each of the terms inside the parentheses is positive according to the

F.O.C. given in (5), we obtain that each of the equations of the S.0.C. is negative and therefore

the solution obtained by the equations of the F.O.C is an equilibrium.

7.2 Proof of Proposition 5

In an interior equilibrium, by (16), the F.O.C. of firm h’s maximization problem is

FOdCy

flmp,wr)(focy + foca + focs + focy + focs)

+f(mp, wy)(foce + focy + focg + focg + focio)

1

20



where

foc
foca
focs
focy
focs
focg
focr
focs
Jocg

focio

T + T Yn
(h + Tm + )% yn +ul
_ T Th Y
(h +xm +2)2 28 + T yn + Y
. Tm Th Y1
(h +xm +x)?xn +xyn +yr
Tm Xy Y1
(xh +zm)? xp +Tm + T Y0 + Ul
x] Tm Y
(zh +2)2 zh + Tm + T YR + Ul
Tm + X7 Yi
(zh + zm + x1)2 yn + Y1
B xy Th Yh
(xh+xm + )220+ T yn + Ui
B Tm Th Yn
(xh +xm+x)?xn +x1yn +ur
Tm Xy Yh
(zh +zm)? Th + Tm + T Y + Ul
z] Tm Yh

(zh +x1)% Th + T + T Y + Y1

The S.0.C. of firm h’s maximization problem is

SOC;, = f(mp,wp)(soc1 + soca + socs + socy + socs)

+f(mp, wp)(soce + socy + socs + socy + socyg)
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where

socy

s0Co

socs

socy

socs

s0cg

socy

socg

s0Cg

socio

—2(xp + xm +x) (X + T) YR

(zh + T + 27)* Yn + Ui
2@ +am )T TR x| T, ) Y
(@n +zm +x)t zp+zm (Tn+ 2+ 2)? (Th+20)2 Y + Y
2@n +Tm +T)Tm TR T x ) Ui
( (xh +Tm+ )t wp+a (h+Tm +2)? (n +20)2 Yu +u
—2(xp + Tin) T | B x T, ) i
( (@n+xm)t whtazmto (h+ T+ 2)? (T8 + 20)? Yn + U
—2(xp 4 11)2) T, T 1 Ui

( —

(xh+x)* xp+am+ar (Th+ zm 4+ 2)? (2h + 20)% yn + Ui
—2(zp + T ) (T + Tm) Y

(zh + Tm + 27)* Yn + Ui

2@ +am ) T T, ) Yn,

(Th + T +2)* Th+ 2 (Th+ T+ 10)2 (Th + 20)2 yn +yr
2@n + Tm +T)Tm K T T ) Yn,

(zh +xm + o)t xp . (Th 2w+ 2)? (@n +2)2 Y+ y

—2(xp + Tin) T | B x T, ) Yn,
( (zh +xm)* zptomto (Th + T+ 2)2 (2h + T0)2 yn + yi
—2(xp 4 1)) T, T :c, Yh

( —

(xh+x)* zp+aom+a (T +xm +x)? (@n+2)2 Y +u
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We have the following relations among the elements of the FOC}, and those of the SOC}:

-2
socy, = —— focy
Th + Tm + 2
-2 Tm -2
Socy = + 0ocy > —  foc
2 (xh+mm+:cz wh(wh+xm))f 2 xh+xm+:czf 2
-2 xX -2
socy = + ocg > — foc
3 (a:h—i-xm—l—a:l xh(a:h+xl))f 3 xh+xm+mlf 3
-2 1 -2
socy = - ocy < — foc
4 (:ch—i-a:m xh+xm+xl)f 4 xh+xm+xlf 4
-2 1 -2
= — ocy < —  foc
5065 ($h—|—$l xh+xm+xl)f ° :Eh+l'm—|—1'lf 4
-9 s
socg = ————————foc
6 Thp + Tm + 2 6
—2 Tm —2
socy = + ocy > ——  foc
7 (wh—i-xm—l—xl xh(xh—l—xm))‘f 4 xh—i-wm—i-a:lf 7
-2 ] -2
socg = + ocg > —  foc
8 (:ph—l—xm—i-xl xh(xh+xl))f 8 :I:h—i-xm—Ffo 8
-2 1 -2
socg = — )focg < —————  focy
Th+ Ty Tht Tyt O T+ Tm + 2y
-2 1 -2
= — oclg < —Joc
s0¢10 (a:h+:nl xh~|—xm+xl)f 10 :L‘h—l—:L‘m~|—xlf 10

Since focj,j = 2,3,7,8 are negative and focj,j = 1,4,5,6,9,10 are positive, we obtain that

—2
SOC, < ———FOC, <0
Ty + Tm + 2

Similarly, it can be shown that the S.0.C. of the maximization problems of firms m and [ are

negative as well.
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Now, in an interior equilibrium, by (19), the F.O.C. of worker h’s maximization problem is

Ui Th
OCp, = mp, Wh
d A ) [(yh+yl)2xh+xm+$l}
] Th Tm Tp
f(ma, wn) [($h+$m+l‘z T+ Tm * Th+ T + X Thp + T ]
Y Tm
+f(mm, wp,) [(yh FEPY P R— wz]
Y Th Tm Xy Tm
—f(mp, w +
f( " h) |:(yh+yl)2(xh+xm+xl$l+xm xh+$m+$l$h+$m:|
Y z
+f(my, wp,
K ) [(yh+yl)2$h+$m+ml}
Y Th z] Tm ]
—Jf(m,w + =1
S, wn) [(yh+yl)2(xh+a:m+xl T4 T Th A+ T + xh+ml)]
The S.0.C. of worker h’s maximization problem is
socn = — f(m w ) 2(yh+yl)yl Th
" o0 (yn +y)* xp+xm + 2y
2 + T T x x
I T— [ (Yn yl)yl( ! ho m h ]
(yn +y)* “xp+Tm + T2+ T Th A+ T+ XX+ 2
(m [ Yn + Y1)y T ]
o (yn +y)* zp + xm +
2(yn + 1) yz Tp Tm ) Tm
f (M, w + )
yh—i-yl :Uh+:cm+xlwl+:1:m Th+ T+ TH + Ty
f(ml ) |:2(yh + yl)yl Xy :|
v (yn +y)* oh+xm +
2
- f (s wn) [ (yn + vy Ty, N T, z ]
(Yn +y)t TRt T d T+ T T A T+ T TR+ D
Then, we obtain that
2
socy, = —fochM <0
(yn +w1)

Similarly, it can be shown that the S.O.C. of the maximization problem of worker [ is negative as

well.
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7.3 Proof of Proposition 9

The maximization problem of worker h is

Ui o
Z Tt Pr(firm i wins first place)
max » miw
Yn “ Y1 . .
+5:47; Pr(firm ¢ wins second place)

where Pr(firm ¢ wins first place) is the probability that firm ¢ wins first place, and Pr(firm ¢ wins
second place) is the probability that firm ¢ wins second place.

Similarly, the maximization problem of worker [ is

Pr(firm ¢ wins first place)

+
max E m;w; Ynron
i o
i=1 —i—yhyjyl Pr(firm i wins second place)

If we subtract the F.O.C. of these workers’ maximization problems from each other we obtain that

¢ mi(whyl — wlyh) .
AFOC = ; T Pr(firm 7 wins first place)

m
_ Z my; whyl wlyh)

Pr(firm ¢ wins second place)
Yn + y1)?

=1

Thus, when wpy; — wiyp, = 0, we obtain that AFOC = 0, which implies that in equilibrium

WhYr = W Yh-

7.4 Proof of Proposition 10

The maximization problem of worker h is

m Pr(firm i wins first place)
maXZ(mi + wh) yh+yz
Yn Lo

Y1 . .
+ ot Pr(firm ¢ wins second place)

where Pr(firm ¢ wins first place) is the probability that firm ¢ wins first place, and Pr(firm ¢ wins
second place) is the probability that firm ¢ wins second place. Similarly, the maximization problem

of worker [ is

Pr(firm ¢ wins first place)
max Z m; + wp) yhﬂ”

- un o
i= +5,45, Pr(firm ¢ wins second place)
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If we subtract the F.O.C. of these workers’ maximization problems from each other we obtain that

m

AFOC = Z(mz + u)h)(%_?iilyl)2 Pr (firm 4 wins first place)

Y ..
— m; —— Pr(firm ¢ wins second place
Z ' yh + yi)? ( )

— Z m; + wl)L Pr (firm 4 wins first place)
-1 (yn +u1)?

+Z m,—i—wl

Pr (firm ¢ wins second place)
(Yn + yl) (

Since for j = h, 7 we have
m
ij Pr (firm ¢ wins the first place) = wj;
i=1

Z wj Pr (firm ¢ wins the second place) = wj
i=1

we obtain that

AFOC = m- 29 _p; (firm ¢ wins the first place)

(yn + u1)?

AT py (firm ¢ wins the second place)

(yn + yz)2

Z ———— Pr(firm i wins the first place)
— (o + v)?

Z ———— Pr (firm 4 wins the second place)
— (o + y)?

Thus, when y; = yp,, we obtain that AFOC = 0, which implies that in equilibrium y; = yp,.
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