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NON-TECHNICAL SUMMARY

One of the main functions of the stock market 1s to "pool™ the
private information avallable to market participants: the
information thus contained in asset prices allows each trader to
snarpen hls forecast of future dividends. The model presented
here shows that thinness may limit the market's ability to
perform this task: 1in a thin market the 1ndividual errors
contained in the private information of traders will not cancel
out 1in the aggregate, due to the pauelty of investors. As a
result, the informational content of the prilece will be elouded by
more noise than would be the case 1n a deeper market, and the
conditional variance of stock returns will be correspondingly
higher. This nighlights the fact that, in addlition to the risk
originating in the intrinsic variebllity of dividends
stockholders may also be exposed to another form of risk arising
from the unreliability of the current price as a predictor of
future dlvidends. Thia second source of risk is closely related
to the degree of thinness of the market.

In other words, investing on a thin market can be riskier,
irrespective of the variability of its "fundamentals". In this
respect, the results of this paper complement those contained in
CEPR Discussion Paper No. 144, wnere a simllar link between
thinness and risk is generated by differences in individual asset
demand functions, rather than by informational ilmperfections.
Beyond this general point, however, the focus of the two models
i5 qulte different: in Discussion Paper No. 146 the supply of
equities, the number of transactors and risk are Jointly
endogenously determined within the model, and the analysils shows
how thelr interactlon may generate mulitiple equilibria within the
market for a single stoek. In this paper I take asset supplies
as exogenously given (as 1s customary in finance theory) and
analyse the effects of thin trading on the stochastie benaviour
of stock prices within a multiasset pricing model of the Sharpe-
Lintner variety.
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This paper focuses on the testable implications of thin trading,
based on explicit and consistent modelling of market equilibrium.
This concern is not commonly found in the literature in this
area, where more attentlon has been devoted so far to the
statistical modelling of market thinness, 1its implications for
the stock returns and tc the problems of estimating asset prieing
models when markets are thin. In general, thin trading has been
imposed as an assumption; it nas not been modelled conslstently
a5 an outcome of market eguilibrium.

The loglecal structure of the model can be explained as [ollows.
Each trader is assumed to possess some "nolsy" private
information about the fubture prospects of each firm. The price
of a firm's stock summarizes this private information: the larger
the number of traders, the larger the amount of information
pooled in the stock price, and the more reliable the price
becomes as an indlcator of the firm's prospects. To put it
differently, as the number of investors increases, the
conditional variance of the stock return - i.e. the subjective
uncertainty of each f{rade - decreases.

The number of traders in each mariket, on the other hand, is
determined endogenously in the model. This is done by assuming
that trade involves [lixed costs, which may differ across
lnvestors. This assumption is crucial: otherwise everyone would
trade 1n all markets, and the number of transactors would rnot
@iffer across markets. It is shown that the equilibrium number
of traders for each stock is pesitively related to the supply of
that stock. As a resuls, the informational content of stoek
prices is higher for stocks that are available 1n larger -
guantities. '

To see why the eguilibrium number of traders is positively
related to the supply of the relevant asset, one must consider
how investors decide whether to enter the market for a glven
stock: this declsion turns on whether, in equilibrium, the
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expected utility associated with purchasing the extra asset -
inelusive of the disutility assoclated with the fixed cost - is
larger than the expected utility of not doing so. The entry of
additional lnvestors 1nto the market produces twe effects. On
the one hand, they reduce the variance of the stock's return,
because the larger volume of trade increases the precision of the
market foreecast of future dividends, thus leading the price to
reflect more closely the future dividend movements; on the other
hand, since the supply of the stock 1s assumed to be fixed, new
entrants tend to put upward pressure on the price, and thus to
lovwer the expected return on the stock. A unique equilibrium
Wwill exist at the polnt where the increase Iin price makes the
stock too expensive for additional entrants: the higher the given
supply of the stock, the larger the number of traders at which
this equilibrium 1s achieved, and thus the lower the varilance of
its return.

Interestingly, the model also ylelds testable implicatlions about
the observed variasnces of asset returns. Thls measured varlance
is alsc a decreasing function of the number of investors and the
slze of the outstanding asset supply in the model. This inverse
relationship between market thinness and variance of returns
arises in the unsystematic component of the estimated return
variance, l.e. in the variance of the residual in the regression
of asset returns on the common market factor.

In addition, the medel suggests that investors with comparatively
low transactlon costs will invest in & larger set of assets: in
particular, they will be more iikely to include in sheir
portfolios the égocks of zsmaller firms; conversely, investors
with comparatively high costs will confine their portlolio
selectlon to the stocks issued by larger corporations. Thus
ihvestors wilth low transactlon costs wlll hold portfolios that
are more dlversified. Their portfolios may nevertheless yileld a
more variabie rate of return because they will also include
gtocks of the smaller corporations that are characterized by more
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volatile returns.

These predictions of the theory are tested using monthly data on
prices and turnover from the Milan Stock Excnange bdetween 1976
and 1984, and appear to be supported by the evidence. The theory
suggests that thers is a negatlve relationshlip between the
unsystematic risk of a stock and the number of market
participants {or the size ol assetl su?plies}. The number of
market partlcipants 1s not observable but can be proxied by
average turnover, while the total capitalization of the
corresponding firms can serve as & proxy for the size of asset
supplies. The model also suggests the functional form of the
ralationshlp between unsystemafie risk and number of traders:
unsystematic risk not only decreases with the number of traders
but does so at & decreasing rate. The data indicate a
significant negative relationsnlp between unsystematie risk and
the volume of trade. In addition, the functional form of the
reiatlonsnip conforms to that predicted by the model. A similar
relationsnlp is apparent between unsystematic risk and firms’
capitalization at market prices. The relationsnip between total
risk and average turnover 1is also of interest, although the model
presented 1n this paper {ocuses on unsystematic risx. The data
indiecate that there is a negative though statistically
insignificant reiastionship between the varlance of observed asset
returns and tupnover. Inspection of the data suggested a far
larger dispersion of variance estimates at low than at nigh
turnover levelis. The same regressions were then re-estimated
with the White procedure to obtain neterosxeﬁastlcit;—consistent
standard errors. These indicate that the negative relationship
between tobtal risk and the square of turnover is signiflcant at
conventional confidence levels. This result conforms to those
reported in other empirical woriks on financial markets.



Introduction

One of the main functions of the stock market is to aggregate private
information of market participants via the price, thus allowing sach trader to
sharpen g conditional forecast of future dividends. The medel presenied here
shows that thinness may 1imit the market’s ability to perform this task: in a
thin market the individual biases contained in the private information of
traders will not cancel out in the aggregate, due to the paucity of investors,
ands 8% a result, the informational content of the price will be elouded by more
noise than in a deeper market, and the conditional wvariance of stock returns
will be correspondingly higher. This highlights the fact that, beside the risk
stemming from the ntrinsic wvaraability of divadends (the “technolegical®
component  of risk), stockhoiders may also be exposed to another form of risk,
that derives from the unrpliability of the current price as predictor of future
dividends and 15 <¢losely related to the degree of thinness of the market (the
"thinness-related” component of risk!}.

In other words, investing on a thin market can be riskiers irrespective of
the wvariability of its “fundamentals®. In this respect, the results of this
paper complement those contained in Pagano {1984), where a similar link between
thinness and risk 15 generated by idiosyncratic shocks in sndividual asset
demand functions, rather than by anfermational imperfections. Heyond this

general point,  however, the forus of the two models i1s nuite different: the



analysis of Pagano (19864) is concerned with the issue that market size and risk
may be both eapdogencusly determined, and shows how their interaction may
generate multiple eguilibria within the market for a single stock; here instead,
1 take asset supplies as exogsnously given ias traditionally done in finance!
ang  try to show that the effects of thin trading on the stochastic behaviour of
stock prices can be consistently analyzed within a multiasset pricing model of
the  Sharpe-Lintner varigty, fAs a result, this model produces testable
predictions about cross-sectional differences in the observable return
variances: (i) in thin markets stock returns are eapected to be characterized
not only by ceteris paribus higher conditional variance but also by higher
measured variance; (ii) the thinness-variance relationship only involves the
unsystematic tor diversifiable) component of the variance of stock returns, i.e.
the varianze of the regression residuals of market medel equations.

Efforts in this direction had been guite limited so far: most of the
studies on the effects of thin trading on stock prices have devpted more
attention to statistical than to economic modelling, being primarily motivated
by the estimation probiems implied by thimness in market model regressions isee
Cohen et al. (1976:1978,1980), Dimson (1979}, Fowler: Rorke and Jog (19791,
Fawier and Rorke [(1983), Marsh ang Rosenfeid (19835)): in general, thin trading
has been imposed as an assumption, rather than consistently medelled within an
egutlinriun framework.

The pian of the paper is as follows., Section | presents a one pericd

version of the model, and Section 2 extends it to a multiperiod setup, to



explore the robustness of the results obtained in the previous section, In
Section 3y I first discuss the issues invoived in drawing a testahle hypothesis
from the propositions of the model, amd some statistical probiems that arise in
impiementing the test; ! then report results obtained using monthiy data from
the ttilan Stock Exchange. and relate them to existing evidence on other
financial markets. Section &4 concliudes the paper by summarizing its main

points.

i. The model

The model can be regarded as the result of cross-fertilization of two quite
different traditions in the finance literature: the madels with  Fixed
transaction costs (such as Mayshar (1983)) and those pn information aggregatinn
in stock market economies isuch as Brossman (3976)). Fixed transaction costs
are reguivred to pin tdown the number of investors in each market endogensusly
totherwise everyone would trade on all markets, and the number of transactors
would not differ across markets). information aggregation issues are introduced
by the fact that 1 postulate esach investor to bring in additional inoisy)
infarmation about the future prospects of each firm: the ability of prices to
aggregate all this private information is grucial to the result that as the

number of investors increases, the price becomes a more reliable predictor of



the corresponding firm's prospecis.
The setup can be described as follows:
ti} There are M+i stocks, indexed by 5 = 0, 14 8, ...y M. The divideng of

stock 0 1s:

(1.1} 4. % a8 + u .

(1.2} d =a +bu, +u B
3 i 3 0 H
1 assume the u ‘s to be normally distributed with unconditionat mean Eu } = 0
3 4
ang variance E%u?! = cﬁj; for 5 = 0y iy...M5 1 alse inpose Etusuk} = G, for all
3

3 # k. In words, the dividends of stocks indexed from 1 to M are generated by a

commen factor Uy and by an asset-specific fagtor u.:. that 1s supposed to be
J

uncorreiated across stocks and to have zero unconditienal mean. Yhe dividend of

asset 0, instead, is perfectly correiated with the market fatter o The fact

e
that it has np 1diosyacratic factor can be rationalized by regarding asset O as
a portfolio of many assets like those from I to M: by the law of large numbers
the idiosyncratic components of the varibus assets in such portfelio would tend
to "cancel out" and only the market factor wouid be left.

[ii} AL} agenty can buy and sell the riskless asset and $tock 0 tar, under

the interpretation susi sketched, the assets that compose pertfolic ©) without



paying any fixed cost on their transactions; for the remaining assets, instead,
agents incur a fixed cost for every stock they decide to add to their portfolic,
This fixed cost varles across investors: iet the set § of all the T 1nvestors
"born" at each date be partitioned intc § subsets Sg of carginatity NQ
t9%ls...yB)y such that all the agents beionging to subset Sg fave the same Tixeg

cost fg' and that fg is a strictly increasing function of gy 3.8, f > f ¥

9 g-t’
9. Such different costs can be rationslized as stemming from diverse efficiency
in operating tramsactions, such as different brokerage fees.

{iti) Before trade oceurs, each agent tostlessily obtains some noisy
infermation about the idiosyncratic shock u; of stock ;'s dividend dj. in
particular 1 assume him to opbserve uj + Eij’ 1.8, the idiosyncratic shock itself
plus an agent-specific noise term. It shbuld be noticed, howsver, that this 1s
cnly part of the information set Qi available to agent i: ! iet in fact each
agent also condition his net orders for each asset on the market prices whigh «—
as will be shown beiow — i1 this model efficiently aggregates ail reisvant
agent-specific information (is a "sufficient statistic”). Thus in equilibrium
each investor will effectively be able to condition the ewspectation of the
dividend éj relevant for his demand of asset j, kij’ en the entire information
set available to all market ; participants, so that each of these investors will

end up hoiding the came conditional expectation of g, . 1 assume that the
J

agent-specific noise term B, 18 normally distributed over the set of agents 5,
&

: n . 2. B . ; _
with mean Esleij) = 0 and variance Esteij) = oej. 1 further impuse ESlEijehj)

Eieijeik) =0y for all t #h and ; # k¥ , i,e. the noise contained in the



agent-specific information 18 wuncorrelated across agents and across stocks.
Finailys 1 require these noise terms to be uncorrelated with the. market facter
uG and the firs-specific dividend disturbance ui, i.e. E(ei u]) w 0y Vi),

tiv} The supply af each of the M+! assets is fixed: the number of shares of
asset 3 will be denoted by KJ £5 = 05ly...5M),

iv] A1l agents makimize & mean-variance wtility fonction in terminal

wealth. Thus agent i's problem 153

" n
(1.3} tax E Eld - Rp. IR, |k, - —— var E ¢k |o |+ Rn, - i)
L.} 3 RIS 2
iy 5=0 §=0

N =2
-
=

where (1, = infermation set of agent 1,
ry

initial wealth

Yo

fh iT 10 % Sh’ i ¢n ¢6G, and ki_# 0
and ik, s §) = { 4
o

i otherwise .

A couple of remarks are in order at this point before proceeding with the
solution of the model. The fact that agents can trade costlessiy in asset O but
not in the ather M risky asseis 1s unpalatable but necessary, if the individual
decision about entering the market for each asset 15 to be tharacterized in  any
generality, as aiready noted by Mayshar (1983} iwho also ends up adepting this
assumption 1n a multi-asset model with fixed tranaactinn; costs). Uhat

essentially the assumption buys 1% the separation of the decision af entering

each market from that of entering all the others. The reason 18 that with



costless trade in stock O an invester that buys shares of one of the remaining M
stocks can offset the implied systematic variance by an appropriate sale or
purchase of the market factor at ne additional cost, 5o  that total portfalia
risk only goes up because of the additional unsystematic variante. In essence,
the investor can costlessly transform each of the assets fros | to M into stocks
with uncorrelated returns -- and this explains why, when deciding on entry into
one of the corresponding M markets, he can negiect his investment decisions
about the other M-I. Lacking this assumption, one should consider all possible
cembinations of assets for all agents, and ali the equilibria asseciated with
pach, before concluding that an agent will participate or not in a given markei.

A second point that [ want to  address is why 1 require agent-specific
information to be costless and thus disregard different costs in the collection
of information as the possible rationale for the assumed diversity in the fixed
cost fg across  the agents: the reason is that here inforaation is efficiently
summarized by market prices, and these are freely observable by market
participants, &0 that gdiversity in informational costs could hardly induce any
difference in the economic behaviour of our investors, In fact, even worge,
with costly information one wouid incur 1nto the well-known aguilibrium
existence problem raised by Grossman and Stiglitz (19763,

Let us now turn to the portfolic choices of an arbitrarily selected
investor iy i € Sh, i ¢h £6, Sinte trade in the rickless asset and in asset O
iz costiess, it is clear that he will participate in both these two markets.

Whether he will also trade in any of the other # risky asset is a more



compiicated guestion, that needs several steps to be answered. The answer
cleariy turns on whether the expected utility assofiated with purchasing the
extra asset ({inclusive of the disutility of incurring the fixed cost fh) 15
greater than the expected utility of not doing so.

This ecomparisen must however be performed by evaluating the expected
utibity of 1investor : at the eguiiibrium tevel of his holdings of the asset
under consigeration, i.e, at the level that he wouid 1n fact purehase had he
paid the fived cost fh ang were he faced with the eguilibrium price of the asset
in that time peraicd. The computation af equitibrium in gach of the M risky
assets’ markets, in turn, reguires various steps. In these markets prices are
used not oniy as clearing device but alzp as g source of 1nformation on next
perioc dividends, and this feeds back on  their joint distribution with
dividends: the appropriate eguilibrium concept then is  %that of a rationa:
expectation equilibrium (REE}, i.e. one in which the conjectures that asarket
participants make about the oint distribution of prices and dividends are
seif-fuifilling, as 1n tucas (§1972), Green (19731, Srogssman (1976), Kreps (1977}
and Diamond and Verrecchia (19Bi). The steps to compute such an equilibrium are
thus: (a) formulate a conjecture that market participants might hold about the
process generating the price, and derive the implied conditional moments of
divitgentds; {b) compute investors®™ demands conditional on such moments; (o)
1mpose market ciearing; (d) eguate the market clearing price with that generated
by the process conjectured by traders. This fixed peint of the process 1s the

REE price.



Assume that each agent 1 forms the following conjectures about the

equilibrium asset prices:

(1.4} Py ® Ao M
L=
(1.5 Py=A +B |u E -%L N TOPRN
tEF ¥

where AO’ nj and Bj are non-stochastic and T, denotes the set of investors
k
participating to the jth market as well as its cardinality.
Conjecture (1,4} about the price of asset 0 can be immediately used in

computing the REE for that asset, The first order condition (FOC) for investor

i with respect to his holdings of asset 0, kio' j3-H
M
- = Y 2
(1.8 fi(dok Rpo-—-b Riﬂ+ P hgkij %
i=i

where the expectation on the LHS need not be conditioned on ﬁl botause all
private information in the economy 1% by assumption orthogonal to ﬁc.
Substituting Efdﬁ} = 3, and imposing market eguilibrium by setting z “;o = KO

- 1ET
3

and 2 kig = Kjg whers KO and Kj are the net supplies of the corresponding
1 ET

assetss we obtain:
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.7
(1.7} ay

- fpy = b

so that, eguating (1.6) ang ($.7}1, we have:

M
. ¥ b K
i _ 0 13 )
|R(}‘—R““o bl "E T % -

For any other asset v 3 = i;...9%, we have to compute the

conditipnal

moments of its dividend first, and then plug them back 1nto the FOCs of each

agent in Tj, use these to obtain the total demand for that asset, i1mpose wmarket

gauilibrium and eguate the resulting ewpressicn to the originai conjerture to

soive for the undetermined coefficients A and B . The dividend of asset ; id. .
4 4 J

as given by (1.2)}, the private information of agent : about that dividend (u +
H

aj} and the market price tp : from conjecture (£.3}), form a vector of jointly
i N

normal random variables:
y = ld s u+e. . :p ¥y
N 3 1 3

with unconditional mean:

m=ia,; 0, A}
i 3



and covariance matraix:

hao + 40 CF B 2
i o ¥ Uz 3 g
og
V= aa 2 . c’E_ B g, ej
Uy uy ej uy Tj
oE oa
B 2 B, c2 v 23 E? aE + B4
Jjug Jluy T, Ffuy 7
3 3
Let us denote by Yz the subvector :uj+ eij. pj) that contains all the
information about o, imeluded in i, {the information set of cur investor), by ¥
o

e
its realization and by ey its unconditional mean (0, nj). Let us also partition

the covaritance matrix accordingiy:

where VEE 1% the covariance matrix of VE'

The conditional distribution of dj, gilven Ya, 15 normal with mean :

= = =1y = if
(1.8 E(dj[YEJ = Eeujgnir =a, tvVpaliommy) Fa dg fu s 2

167 .



12

2
%
where qj = GE »
cf + T‘-e‘
El
angd variance :
2
-] 2 p %
] A = Y o= - = wna
(1.9 ar&dj]VE} arldjlﬁ]} Vi) T Vig¥aavay by o * a, T

Expressions (1.8} and (1.9} show that indivadual private information 1s
redundant in eguilibrium, since ail private information 12 efficiently
aggregated and revealed by the market price. They also show that the precision
with which aggnte can forecast the next perind dividend 15 an  imcreas:ing
function of the number of participants in market ;.

Naw turn to the FOC with respect to R,J:
1

(1.10} E(d_|&) -Rp_=b [Varto |2k, + Covid,s d,_ {2 bk,
it 3 it o1 i K1 ij

f
h

Ripe=

Substituting for the conditional expectation and variance of dJ from (1.8} and

(1.9)sequation {1.10) becomes:

(1,10 a. +q, Ju + Ei -fp =b lq,
o+
€7
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Using €1.56)s this can in turn be rewritten as:

2
e, L=
(1,10 a, +q. Ju+ 5 23| opp =bg, 2 k. e boia-RED .
j i b é% T i ST e
1 .
J

Aggregating over all market ; traders and imposing market eguilibrium, we get:

- 2
Ei.i C,Ej Kj,
{1.11) aj + Qj uj + z 5 - jo = hq} - T + bjlao- Rpo) ’
1 €T + 3 J
3

and, eguating (1.11} to the original congecture {1.5), we Tind the value of the

undetermined coefficients:

i °§51| X - 95
Ai = 5 aj - bqj TJ J u?T-— bj{ao— Rpo) ’ HJ ® s
o
'

Eguatiens (1.7) ang (1.11) completely characterize the REE of the model, except
for the fact that the Tj’s —- the equilibrium number of traders i1n each market
-~ are still to be determined. To perform this final step, one has to evaluate
the ndirect utility funmction at eguilibrium, to determine for which markets
entry will be utility-increasing., ising the FOCs (1.4 and ¢1.}D0} in the
utility function of agent 1 (the maximand in (1.3})}, one obtains the indirect

utility function:
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" [+1 oa ta, ~ Rp )E M
b T ; Ve 2 " [+
(r.12) —-_ AN - i
t.12 = Z g k” + . + Rig E f(kij i,
=0 ? 0 il

Since the secong term is independent of ?j igee (1.7} and so 1% Ehe tharg, the
only terms that wouid be affected by entry in the jth market are the first ang
the last. It 15 then apparent that, for investar 3 = Sh; entry would be

utility-increasing 1f

2
g. O
b Poej 2
(1.13) e T — = R .
] T klj ’ fh
J
K
Equating the RHSs of {(1.10°} and (1.10"}, one fTinds that k, = Tj ; 1.8, 1T
L)

piuilibrium gvery market participant hotds an egual share of the osutstanding
supply lwhigh 15 not surprising in view of the fact that the anly assumed
difference between investors, viz. their private information, is removed by the

wWworkings of the market). This impiies that {1.13) can be rewritten as:

[ &
b 1% %eii 15
(1.137) g T 3 fh ¢
3 3

This iead us to the determination of the eguiliprium number of traders i1n market
3 T*, Two situations can cccur n this case: (i} that for no agent the (1.13”)
3

helds with squality, so that there 1s no marginal investor in market ;, and (ii)
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that there is instead an agent for which (1,13%) holds with eguality, 1.e. whe
happens to be :ndifferent bpetwsen entry amd no entry. In the first case,

equilibrium is describad by the ineguality:

GE K© 2
b * 2j M
(1.14a) £ « Sq < f
h-i R * hot
H i
k=1 OE
vhare ?*EEN , qfamwé._.mm s
3 g H aa
g=1 2 ej
[+
3 ™

implying that each agent for whom the fixed cost 1s eguai to, or tess than, fh—i
will want to participate in the market for asset j, whereas the reverse wili be
true for 1nvestors faced with larger transsction costs. Alternatively, it can
happen that there 15 a marginal agent within a cost class, say within class Sh,

* - N
so  that the equilibrium number of agents in market j, ?55 would be defined by

the equality:

* 2 2
b 9 %] 1K
(1.16b) o podenZd| fdl o=,
E ™ ?f h
J ¥

The +two cases are graphically represented in Figures i and 23 the

downward-sloping curve traces out the set of values that the middle term of
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{1.14ha} takes as ?J 15 allowed to wvary continuously, whereas the increasing
stepwise function dgepicts the tevels of the fined cost fg -« the height of each
segment being the fiwed cost fg faced by agents belonging to class Sg; and  its
itength being their number Ng‘ IT the downward-sioping function intersects the f
ipcus at a point of discontinuity, 3.e. passes in between. the segments
corresponding to two successive cost ¢lasses, as in Figure i, then we have the
case destribed n (l.14a), If instead it happens to intersect one of the
segments of the fg ionus, 2% in Figure 2, then we are i1n a sitwation 1ike that
described by equation (i.l4b).

The model thus determines the equilibrium rumber of traders Tt for each

stack endogenously and uniguely. Condifions 41.%i4al and (1.160) tell us

that the eguilibrium number of traders wiil be ceteris paribus
higher i1n markets for thick issues (since ?: 15 INCTRAasINg  In KJ). Since the
conditiona: variange of the return on stack j 15 a decreasing function of the
number of traders {as shown by (1.9))y the following proposition has been

established:

Proposition i In the one-period model described by assumplions (1) to (v), the
conditional wariance of slock returns is celeris paribus inversely reliated to
the number of market participants and te the size of the outstanding asset

supply (i.e. it is larger for thin issues than for thick omes).

Heuristicallys the mechamism behind this result can be understood as follows: as
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investprs enter the market for a stocky they produce two effects: (i) on one
hand, they reduce the variance of its return, because the larger voiume of trade
increases the precision of the market forecast of future dividends, thus leading
the price to reflect more closely the future movements of the dividend amd  to
covary more closely with the latter; (ii) on the other hand, they tend to put
upward pressure on the price, and thus to lower the expected return. A unique
equilibrium will exist at the point where the increase in price makes the stack
too expensive for additional entrants: the higher the given suppiy of the stock,
the larger the number of traders at which this egquilibrium is achieved, and thus
the lower the variance of its return.

Intergstingiy, the model alse yieids testable implications about the
measurable variances of asset returns, i.g. those that would be estimated by an
uninformed econometrician (as opposed to their condiltional variances, i.8. those
perceived by an informed investor!, Denoting the measured return on asset ; by

rjiﬁ ﬂjw pj), the variance of rj turns out to bes

2 i 2
TS -
(1.1% Varir .} = ba.ae * aa. i+ R R .
i o uj 7
2 )
o+ -0
uj 5

*
This expression is aisa decreasing in Ti’ provided R > 1/2 (a condition that is

very likely to be met): in particular: this inverse relationship arises from the
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second term on the RHES of the ewpression. In the present model, this term 1s the

unsystematic (or diversifiahie) risk of asset j, :1.e. the portion of risk not

generated by correlation with the market factor (that here is representad by the
1]

common factor r = do - po). Empirically, this component of total return var:iance

s measured by the variance of the res:dual in a regression of the jth asset’s

return v on the common factor L the slope regression coefficient s b and
3 3
the residuai varilance 1% gqual to Varir ) - bfag ; 1.8, bo the second term an
' pLL-LN

the RHS of expression (1.15). This ieads to:

Proposition 2. Under assumptions {i} to {v)}, the estimated variance of stock
returns 1< ceteris paribus  inversely related to the npumber of market
participants and to the size of the outstanding asset supplies if  the rate of
return on the safe asget is larger than - 172, Thus reiationskip derives only
from the unsystematic component of the estimated return wvariance, i.e. the
variance of the residuzl oblained by regressing asset returns on their common

factor.

Ancther predicticon of the model concerns the allecation of stocks across

investars:

Proposition 3. Investors with comparatively iow transaction costs will invest in
a larger set of assets: in particular. they will be more likely to include in

their porifolios also the stocks of smaller firms; conversely. investors with



comparatively high costs will confine their porifolioc seiection to the stocks

issued by larger corporations.

This proposition can easily be verified by exemining the entry condition (1.13).
Thus investors of the first type will hold poritfoiios that are mere diversified
than those of the second type: but may nevertheless yield a more variable rate
of return, because they will alsoc include stocks of the smaller corporations,
that (from Propesition 1} are ceteris paribus characterized by more volatiie
returns —— a factor that may compensate the risk reduction arising fram the

greater diversification.

2. A muitiperiod extension

in the mpdel of section 1, an increase in the number of traders reduces the
conditional variance of stogk returns by making the purchase price of stocks
covary more closely with their dividend. It is not obvious that this result
would extend to a setup where firms  last for  several periods, rather than
ligquidating a final dividend at the end of the second period. The reason is
that, while in a two-period model the conditional variance of the return on a
stock ceincides with the conditional variance of its dividend, in a multiperiod

setup it also involves the conditional variance of the resale price and the
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conditipnal covariance between divigend and resale price: singce in thick markets
resale prices will reflect future land currently unknown! information about
dividend shocks more £lesely than in thin markets, they shouid be harder to
forecast on the basis on current 1nformation, 1.e. their conditional variance
shouid be ceteris paribus higher. Does this impiy fhat 1n a multipering model
the conditional variance of the overall return will be higher for thick 1ssues
than far thin pnes. reversing the result obtained 1m the previous gection 7 Not

really: this section in fact establishes the following result:

Proposition &. The results of Propositions 1 and 2 aiso apply in a muliiperiod
setup, If and oniy If the rate of return on the safe asset is strictly positive.

Propesition 3, instead. extends without this qualification.

Although market depth actually i1ncreases the variability of futore prices, it
turns oput that iunder this condition on the rate of interest) it reduces even
more the conditional variance of the dividend and the corditienal covariance
between dividend and resale price. with the result that the riskiness of the
E&ﬁéﬁ return on equity 15 again decreased by an 1ncrease in  the number of
tragers.

To extend the model to many pericds with minimum additionmal complexity, I
azsume that assets are held for onz period oniy -— an  assumption that can be
motivated, for instances by modeiling the inflow and putflow of 1nvestors w#ithin

an overlapsing generations framework ias in Pagano, 19B&). The return on stock
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3 over a one period horizon ‘rjt+1' 15 obviously the sum of its divideng ‘djt+il

ang of its appreciation over the period ‘pjt+1— pjt}:

(2.1} 35 Cslyaaask

Piter”™ Fear® Pyrer™ Py @

Dividends are, as in section i, generated by a common factor tu0t+§) ang an

idipsynoratic factor 'y except for the dividend of asset 0, whose

Mt
stochastic behavicur is determingd by the common factor alone:

{2.2a} d a. +bou + b= 0; 5 % Oslyoenst

jerr” By T BRMap YUy ¢ B

for the fake of realism, however: | also assume that the disturbances u}t have

an autoregressive component:

-

(2,20 th%].: pujt + ejt+1 » 5= Osivenaah
so that the dividend on asset j at time t+1 can be written as:

amO; J = OrlyennsMe

+ 0.8 0

(2.3} d5t+1= (Enp}aj +p d}t %oty + ejt+1 5
The disturbances éjt are zeroc—-mean, normally distributed random variables, with
no serial and cross-sectional correlation (Ele. & )= E(ejtekt}= E(ejtekt_h)=

itSit-h

Oy ¥V ; #ky t >0} and with variance gi3 (implying that the variance of ujt in
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cij= cijl(l~;?)). Obviously the parameter p ¢ould well be assumed to differ

across assets, but this would render the notation more cumbersome without adding
any 1nsight to the analysis.
At date t, each agent 1 costiessiy obtains some neisy information

concgrning next pericd dividends on assets 3 to M: let us denote this noiay

i i + . =1 PR . . }=| . R
signal by ipel eljt+1 L 1,2, 2y where E(EthEIjt*hMi E(ezjte1kt—h}
- =E . - B N - 2
_E(Ejt£jt“n}MEtEjttgt_h) Oy ¥ iy 1+ k # 3y h » 0, and Eth N{O, Oe.’}; v o5 L.
The i1aformation set of agent i atf tiae {18 Qitz ‘dot, Pog ejt+§+ 9ijt+17 djt’

p..» far j = iy...,M}, Conditiomng on this nformaticny, agent @ soivaes the
it 9

following probles:

M ]
ja]
(2.4 HMax EE(pthw* ﬂjt+1 Rpjtlﬂit)kigt E—Var E{p5t+1+ djtﬂ)kijtiﬂit
(k. ¥ = .
LitT =0 =0
[\
+ Flwut - E{(k-ﬂ:; 1y s

which &5 the same problem as that under (1.3) 1n the last section, except for
the fact that alt variabies are now subscripted with a time index and that aiso
the resaie price ‘pjt+1} of pagh asset appears 1n the makimand together with the
corresponding dividend ‘djt+1)'

Apart from these changes, the assumptions of section ! remain valid. And so

doessy of course, the solution methed illustrated there. In the smultiperiod

modeiy the REE prices turn out to be (see Appendix for derivations):
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and

¢ M -
2 (K b K&
. D 1 R{1-p} _ R ¢ ijl #
B3 Por “pp ot * T | A% b 7 |7 *2 T %e0
{R~p) 3
L J=i
. r =
- q,. - K,
_ P i Ril~p} i 2 Tej 2 i
2,8) p, = gb—d,, + —— a, - b R + o | =——
t R- t r R~ 3 ] T T
J o ¥ fal 3 (R—‘O) i 3 £) 3
g, -e, .
- - 3 ijt -
b, {E(p0t+1+ dyeay? Rpot” + — [ejtﬂ-fz - } v 5= by
[ ser 9
b
2
Q‘é_
where qj = Jaa »
& ej
Ge; + T
o
and the conditional variamces of the dividend, of the resaie price
overall return are respectivelys
dE
! .2 = 3]
(2.7 Varid ., 9,0 = biog * 4y T
3
2
2 a
_ i g2 e ej a
.8 Variepes 1%y! = {Rw} [p [hi"ee % T ] v a0
a
[54 a
_ i 22g 2 %, 2
{2.9) Vai"ﬂr&t+1 {{Zit) = [R-p] [R b;"eo + qj [R T + dej
o

¥t

the
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Usang the definition of qi reported above in ewpressions (2.71,{(2.8) and (2.9},
it can easily be seen that: {i) the gonditional wvariance of the divadend 1s
decreasing and that of the resaie price is increasing in the number of fraders
1n market 3 (ii) the conditional variance of the total return 1s decreasing in
the number of traders 1n that market if and oniy 1T R > i, z.e. for strictly
positive rates of return on the safe asset.

The nert step 1s to determine Tz, 1.2, the equilibrium number of traders in
market is as 1n section 1, we evaluate the utility function at  the optimum to
find the set of agents that will derive a utility increase from investing in
asset ;. The value of the utility of agent 1 at time t, at the optimum, is isee

Appendix for derivations}t:

M
2 o
RN i 2 ej 21,8 1 _
.10 =z / [H— ] qj [R ot aej]ki}t* - [EthH# d0t+i) Rpct)}
3 Eboeo

Since the second ang third term of {2.10} are independent of T, entry 1n market
§

3 will be utility increasing providag:

2
i 2 ey g 1.2 N
(2.11) ["“'ﬁ:””‘p’””] Qj [ﬁ 7 * oej]kijt b4 fh 3

for investor t € Sh‘ Since in equilibrium it ¢an be shown that kijt

=K /T ; the
ER
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- *
equilibrium number of investsrs in market 3 TE, i% pinned down by the foilowing

ingguality:

2
2 a K. |2
1 2 Tej 2 i
{g.i2a} fh—i > [R—p]qj[ﬂ T* +o€§}{—?} > fh

h-1 OE.’_
where T: = 259 and q; = 5 2] 5
g=1 e . B
™ €
3

if there is no marginal investor; alternatively, it 15 implicitly determined by

the eguality:

2
. - a K ]2
1 T i 2 %, 2 il _
f2.12h) {R“pj qj {R Tt } m;-; = fh

if there 15 & marginal investor within cost class Sh‘ The two cases are gsactly
anategous tc those of (1.14a) and (1.14b) in section I, and can be equally well
illustrated by figures i and 2, provided the downward-sioping Ifocus is renamed
te be the expression 1n the middle of {2,123} tand on the LHE of (B.18b1}: this
expression can in fact be shown to  be menotonically detreasing in Tj. This
preves that, also 1n a multiperisg setup, the model with Fixed asset suppiies

P ; * . .
produces a unigue aquilibrium, with a number of traders T that 15 ingreasing 1n
4
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the size of the ouistanding asset supply X . Since it has been shown above
3
(point (iii} that the conditionat variance of the tetal return on assetl ;.

Varir ; 15 a decreasing function of the number of traders T if (and
K

e )
oniy if) R > i, we have estabiished that, with this quatification, Propesition i
applies also in this multiperiod framework: assets in larger supply will be
characterized by a ceteris paribus lower conditional return variance.

The next step 15 to prove that the same can be said of the measured rveturn

variance (i.e. that also Proposition 2 generalizes iT R >1). Simple computations

shaw that the measured variance of the total return of asset j i1s:

. 2 2 &
_ i rp 21{eg @2 z 2 . .8
(2.13) Var(rjt*_“ = [_ﬂ—p} [i_pe + R ][b}oeo + aEJ + qucejt% R B

and its unsystematic (or diversifiable) component is:

2 e
21 varir . - b RN R R Ra] + Eq;(E-RE} .

-
_ 1
jte1” P Torer) T {R*p) el UG- 2

1t iz easy to see that also in this case the condition R > 1 is mecessary and
sufficient to make both variances decreasing functions of T:: q; 15 in fact
increasing  n T;; and it 1z multiplied by a negative sign if ang oniy if that
condition 15 met. It 16 aiso clear that the negative relationship between the
measured return variance and the number of transactars T*j arises oniy from the

nonsystematic component of the variance -~ exactly as 1n the one-period
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framework of section 1. And, Just as in that instance, aiso in this case the
slope regression coefficient of rjt on the cemmon factor Fog 1S equal to hj, 50
that the magnitude in enpression (2.1%) can be obtajned siaply by computing the

variance of the estimated residuals from such regression.

Heuristicailys the reason why the multiperiod extension of the results of
section [ hinges so crucially on a positive rate of return on the safe asset can
be explained as follows. AS explained at the start ef this section, in a
multiperiod setup an increase in the number of traders has two effects: (i) it
iaproves the informatienal content of the current price; thus increasing its
covariante with future dividends and prices and reducing the variance of the
overall return; (ii) it also increases the variance of future prices themselves,
that will covary more closely with dividends even further into the Future.
However. &inte prices discount future dividend shocks at the rate of interest,
the increase 1n the variance of future prices will be dampentd if the rate of
interest 1s positive, and the effect under (ii) will be more than compensated by
that under (i),

To complete the proof of Proposition &, it remains to be shown that the
aliocation of assets across gnvestors predicted in Proposition 3 extends tp  the
multiperiod cases 1irrespective of the value of the rate of interest: that this

15 the case, can immediately be seen by ingpecting the entry condition (2.110.
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3. Testing the theory

The propositions derived 1n the precesding sections can be tested on =&
cross-section of stocks listed on the same Exchange. There ares howevers a few
preliminary issues te be tackled. First, dug to the stylized character af the
analysis, the propositions of the model de not transiate immediately into
testable predictions: it 15 then important to check if the mode: can be regarded
as an approximation to a more realistic tand complex} ong;. and thus its
predictions should be treated as empirically rekevant. Serond, having seiected
pmpirical counterparts for the theoretical variables, one has to extract from
the modei all the testabie restrictions on the relationships to be estimated.
Third, since 1implementing the test will reqguire estimates of {total ang
unsystematic) risk, it will be necessary tg face the statistica) problems that
market thinness poses in this respect. After dealing 1n turn with these thres
iusues, this section wiil present results obtained on data from the Milan Stock

Exchange.

(1) Robustness of the theory to more reajistic assumptions.

Even in its multiperiog version, the mode: retains Ewn features that are visibly
at odds with the functioning of actual eguity markets: (i} the egntire
putstanding supply of each asset changes hands 1n every period, so that there 1is
no distinction between supply of the asset and volume of trade land between

holders and traders); (2} dividends are distributed at every gate 1n which fratde
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in reality only a portion of the totai outstanding supply of an asset 1s
traded at each date; so that the trading volume and the supply of an asset ars
distinct empirical magnitudes. The mpdet above could accammodate this
distinction by postalating a holding pericd konger than unity -~ for instance,
by assuming that each generation of investors lives fer several periods and that
the transaction cost fh makes portfelio rearrangements too ewpensive for all
ctasses of 1nvestors. ff this were the case, the variance of stock returns
wouid still be & decreasing functicn of the number of market participants, since

this 18 the variable that affects the informational content of stock prices;

moreaver, the number of traders would be positively reiated —- though not
identical —— to that of asset holders tand trading volume to the suppiy af the
assetl. Thus the predictions of the mode: of the preceeding sections would

still stand up.

As for the fact that the distribution of dividends atcurs more infreguently
than trade on the stock market, the multiperiod version of the model can be
easily reinterpreted to encompass this case. Suppose that divadends are
distributed at fixed intervals of length = (r > 1), and 1et wus denote the
dividend distributed by firm 5 at time 7 hy Bjr' Also assume that the djt‘s
{rather than being actual dividends) are peces of certain information revealed

at timg t about (the discounted value of! a portion of the dividend to be
T
. . . : X h .
distributed at time 7 by firm j, s0 that 4’9 d;h = D7,kune could imagine Ethe
h=1
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firm as setting aside dj ir pach perisd h out of its earnings for future

h
distribution to its sharehelders, and reinvesting it at the safe rate of return
until time 71, If so reinterpreted, the model’s results would apply exactly also
to the case of intermittent distributisn of dividends. One can conjecture that a

modified wversion of those results may still apply if tmore realistically) the

éjt‘s were assumed to be uncerta:in information about future divigends.

{if) Test specification

Proposition 2 states the hypothesis to be tested: that of a negative
relationship between unsystematic risk and the number of market participants {or
the si1ze of asset supplies). The number of market participants; that 1s not
observabie per se, can be proxied by average turnover land the size of asset
supplies by the total capitaiization of the correspontding firms). In the
multiperiod model the functiomal form of the predicted relationship batween
unsystematic risk and number of traders (T;) 1s shown in equation (2.14): if R ¥
i+ it c¢an be easily shown that unsystematic risk thereafter USRjI oot anly
decreases 1n T;. but daes so at a decreasing rate. Thus, if 1ndesd average
turnover 15 a valid prowy for T;; cur hypothesis constrains the functional form
linking unsystematic risk to turnover to be decreasing and strictly convex.

In fact one zan go even further than this: one can try to fit the very
functional ferm n (2.4} +to the data. Turming {2,141 into an identified

=

relationship regquires however two bold assumptions: (i} that oej and dgj have

the same values for all assets (to be denoted ai and c§ respectivelyl, so that
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- . N *
they can be treated as parameters in a cross-sectional regressian; (ii} that T

15 iinked by a non-stochastic reiationship to average turnover VOL {e.g. VOL =
i J

AT .. Abeing a Tixed proportiomality factor). Unfortunately these assumptions
4

teave us with the praoblem that the relationship to be estimated would be exact,
rather than stochastic. But the modet can gasily he modified so as te produce an
additive disturbance term 1n gguation (2.14}. For instance, suppose that we add

another asset-specific disturbance T.iep 10 EEprEssiOn (2.2a) for the dividend
b

on asset ;s

(3.1 + b

= + .
Fipar™ 2, 70 Sopey P Mipa T Fpee t

where z . 15 a zero-mean nolse term orthegonal to  all  infarmation known at

jt#t
time t by all agents (a3 pure surprise term}. For simplicity, assume that i1t has
no persistence, and denote its variance by azj‘ antt the average value of OEJ by
OE‘ Then the expression for unsystematic risk {(the analogue of (2.141) gan bhe

shown to be:

. 2 22
2 i g1l rp = - 2 2 I
. - o= (1- - )
(3.2} Var(rj{;.(_S b3r0t+1} az + [ fip ] dE { §-p? + R ] + 2 {1-R ] + (GZJ 02 i
OE
L €
where q = c? .
e cﬁ
T
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The deviations from the span (GSJ“ a§> can thus be regarded as an additive
disturbance in a cross-sectional regression. If these assumptions are accepted,

the equation to be estimated 15 thens

%
(3.3} USR = + + .
i % e % i
VL,
-
2 1 Falrff 2 i Fa 2 °§3
whereg . | + — ] a [ + R ], a, [ - ] g 2{i-R™), =
% z i R-2 [3 l_pe i R-g €j % Aaa
-2 _ B
ang nj— azj n&:

The mantained hypothesis predicts then that, if R > §, the parameter al

wiil be negative and that firrespective of the value of R) Gy and o wili be

positive,

{iii) Thinness-reiated problems in the measurement of risk.

Trading voiume -~ the same variable that according to the mantained hypothesis

shouid be negatively reiated to rigk -- 15 a1s0 at the ropt of perigntially
severe biases in the measurement of risk. The reason for this 5 that jow
trading velume generally implies liess freguent transactions, and this can in
turn cause transaction prices for thin issues to be desynchronized from those of
mpst other assetn. This desynchronizaticn can take twe forms: that of different
timing of transaction prices within the seasuresent interval, and that -- more

extreme —— of comnlete sbsence of recordsc transactions at certain dates, In the
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latter case, SIince no transaction prices are available for those dates, i1n most
Exchanges it is custemary to substitute the last recorded transaction price for
the missing observation, so that for thinly traded :ssues one will often
encounter strings of “stale" prices with the same value, generally followed by
sudden jumps when an actuat %ransaction takes place and the price has  an
opportunity to adjust to the intervenad change in market fundamentals.

Both facts -— desyachronization within the aeasurement interval and
intermittent trading -- cause conventional estimates of VAT  aTEes ang
covariances of asset returns to be biased. in addition, intermittent trading can
aiso induce substantial losses in efficiency.

Let us consider first the biases arising from desymcronizat:on within the
measurement intervai, a problem effectively tackled by Scholes and MWilliams
(1977} 1il. Pesynchronmization impliies that “under plausible restrictions on the
trading processes. measured varlances for single securities overstate true
variances, while measured contemporaneous Govariances understate 1n absoiute
magnitude true covariances” (ibidem, p. 310)}. In particular, consider an asset n

with measured legarithmic return ri and 1et the mean and variance of its  true

£
iuncbserved}  return Tt be respectively H and 4i . If the ngntrading intervals
for that asset —— denpted by sn ~- are independently and identically distributed
aver time with variance Varésn!, it gan be shown that the conveniional estimator
ef the variance of logarithmic returnsg, Varirit); equais:

s, _ @ 2
(3.4 Varirn )y = a, + 2 Uartsnl Moot

t
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i.e. the measured variance 18 upward biased., The bias 15 greater the more
unevenly traded 15 the security (the larger Var(sn)) and the larger the mean
rate of return 1ph}. As the latter is generally farther away from zero as the
measering  interval iengihens, the fowsr the frequency of observations, the more
severe the potential bias (Marsh and Rosenfeld (1985) in fact contend that for
daily returns the bias is virtually abpsent}. Since the first autocovariance of

the measurad rate of return is:

5 s . . 2
{3, %) Cav:rnt,rnt_lk = Uar(ﬁn) Hoo

the bias 1n {3.4) can be removed by making use of the variance estimator:

d _ ~g5 )
(3.4 g = (1 + 2 Fh} Varirnt) 3
Ll
where Fi is the sample first isimple) autocorrelation coefficient of the
meagured rate of return r:t'
Similarly, it can be shown that the measured covariance hetween the return

on asset n and asset @ is given by:
$ 5 . .
3.7} Cavtrnt,rmt) = (1 itmaxtsn.sm) manisn.sm}li 3t Ecovtsn,sm) B

where L & Cov:rnt,rmt), the covariance between the true returns of the tuwo
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agsats, Assuming that the measurement intervat 1s small, so that the magnitude
of the means product HoHe can be regarded as second order. the bias will arise
from the term 1In curly brackets: the measurad covariance will n general be
biased towards zero relative to the true covariance L ang will be largest
when one of the two securities 1s traded much more infrequently than the other.
These biases in the conventional moment and comoment estimators obviousiy
extend to the DLS estimates of the constant and slape coefficients in the market

model equation:
5 5 -1 s
(3.8} r = o + ;3:. r + LR 5

where r;t 15 the measured togarithmic rate of return en the market pertfolio.
Moreaver; since the problem arises from ervors 1n varlables, the bias of the OLS
estimators will not disappear as the sample size increases. This aiso applies to
the estimates of the error term Qit, and thus to the gonventicnal estimate of
unsystematic risk -~ the variance of OL5 residuals fros market model
regress1ons., Schotes and Wiltiams (1977) have shown how to correct for these

brases, deriving the following consistent estimators of the constant and siope

copfficients of market model equatinns [23:

13.%a) a = E ra /(TR

\,
5
i
rn
1
™
[0 [}
A
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and
{3.90) 6= leb +othiienn

- n n n n A’
where
b;i = OLS estimate of the siope toefficient from the regression of rzt on r;tml’
bn = OLS estimate of the slope coefficient from the regression of r:t on r:t,
b;i = (LS estimate of the slope coefficient from the regression of r:t on r;t*15
and = first order sample autocorrelaiion for rg .

Py 1 Mt

The variance of the estimated residuals ohtained from suth estimators, i.e.:

T-i T-1

v 2 iy e S 5 _ 5 8, .
(3.9¢) / ent/t? & / LI o ,Gn rm) F{T-4)

t=2 t=g

will correspondingly be an unbiased and consistent estimator of the unsystematic
risk of asset n [31.

it has been seen above +that conventional estimates of contemporansous
covariances are biased towards zero for assets with widely different trading
freguencies. The market portfolio, being & value~weighted average of ali assets,
€an be regarded as an asset with an "average® trading freguency: it follows that
"securities trading very anfrequently, pius possibly some trading very

freguently, have estimators asymptotically biased ... downwarg for bn", whereas
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"mpst remaining securities have 0OLSE asymptotically Miased in the opposite
girections® (ibidem, p. 314). B corollary of this propasition 1s that the
pstimated regiduals will be asymptotically biased at the twe extreme ends of the
trading frequency scale; furthermore, in the likely event that the market index
15 dominated by large firms with relatively high trading frequency, this bias in
the OLS residuais shouid be concentrated at the iow end of the scale. This has
an important mplication for the test proposed in the last sectioms since it
suggests that the $1S estimate of unsystematic risk 13 biased at  low turnover
ieveis.

The hiases aristing frem intermittent trading. being just & more extreme
form of the desynchronization problem, do not reguire a separate analysis. In
addition, nentrading alse induces potentially large losses of efficiency 1in
conventional variance estimators, as shown by the sxperimental evidence in Marsh
and Resenfeld ¢1985) [43}. A simple way out 1n this case is to calculate stock
returns on a trade-to-trace basis in computing simple variances, and regress
these returns on changes 1n the market index calculated over the same
trade~to~trade intervals when estimating market model equations tas in Marsh
(1979) and Schwert (19773}, Alternatively, the biases induced by intermittent
trading <an be handled by a straightforward extension of the method proposed by
Srholes and Williams (1977} isee Fowler and Rorke (198311,

Same caution is needed, however, against excessive confidencze an  these
bias-correcting technigues: experimental evidence by Fowlees Rorke ang Jog

{1980} has shown that these tecnigues tend "to introduce large amounts of noise
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that swamp [theirl bias-reducing preperties". Due to such efficienty cost, all
the estimates below are performed employing both the conventional and the
Scheoles-Wilson method, hoping that the test results wiil prove robust to the

implied bras-inefficiency trade-off.

(iv) Evidence from the Milan Stock Exchange .

The data set used for the estimation cons:ists of monthly cbservations on prices
ang  turnover for all the stocks continuously listed on the Milan Stock Exchange
froem August 1976 to Septesher 19845 (121 stocks) (53, Returns have been
calculated as differences of the logarithms of the corresponding prices £6].
Returns on the market portfoiio have been computed as changes in the iogarithms
of the value-weighted 1index published by the Banca Commerciale ltaliana, that
tncludes all listed shares linchluding those that have been cancelled or  have
been admitted to listing during the above-mentioned intervall.

The firgt step has been to obtaim estimates of unsystematic risk from the
variance of the estimated residuals of market mode! equations. Two alternative
sets of estimates of market model eguations have been computed: with OLS and
with the Scholes and Williams procedure, With both procedures, ! have also
omitted all ron~irading observations, to correct for the bias deriving from
intermittent trading. The main difference is then that the OLS estimates do  not
correct for desynchronization within the monthly measurement interval, whereas
those obtained with the Scholes~Wilson procedure also correct for this source of

bias, The variances of the estimated residuals abtained with the two alternative
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procedurss will be respectively denoted by USRI ang USRRE.

Figures 3 and & disptay scatter diagrams of the reslationship betwsen
unsystematic risk and average turnover. employing respectively USR1 and WSR2 to
measura the former. Tables i.a and 1.b repart the results of regressions

between the two variables, using various functional forms (USR, and USR, are in

2
A 4 .
both cases multiplied by 10 -- so that they apasure the unsystematic wvarjance
of percentage returns -- +to make their scale comparable with that of the

regressor).  The results appear almost completely 1nsensitive to which of  the
tuc  measures of unsystemetic risk  is used. The equations in the top line of
either table are specified so as to nest linear and ron-linsar relationships
between  the unsystematic risk angd volume: the twe variables are inversely
correlated, and their relationship appears to be strongly non-iinear .
Unsystematic risk appears o corretate well with the 1nverse of furnover. ang
its logariths 1s strongly 1nversely reiated to the level ang the logarithm of
turnover. This 15 encourag:ing, as it suggests that the relationship displays the
geperal characteristics reguired by the maintained hypothesis: not only it is
negative, but it appears to be strigly conves.

Similar resuits are aobtained 1n Table 2, where market capitalization
replaces turnover as a proxy Tor the number of traders (capitalization 1s
measured as of December 30, 1983). Only the results for USRE are reported, as
those faor USRI are almost identical. The only appreciable difference with Table
I.b is fthat unsystematic risk correlates well with the togarithm  of

capitalization, and not with its 1inverse, whareas the reverse is true for
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turnover.

The next step has been to impose on the data the precise functional
relationship derived above in (3.3), estimating it by mon-linear least squares.
The results, reported in Table 3, show that all parameter estimates have the
si1gn  predicted by the maintained hypothesis (although the parameter oh 15
estimated rather imprecisely).

Finally. 1 have investigated the relationship between totai risk and
average turnover; although the maintained hypothesis strictiy concerns
unsystematic risk, complefeness and comparability with existing evidence from
other studies attach a certain interest to the empirical relationship between
totai risk and volume of irade. Againy I have employed two different risk
measurest (i) the simpie wvariance of observed retarns (TRIY, ang (ii) the
variancg of raturns corrected for  desynchromized trading ladcording to  the
estimator in (3.4)) (TR2),. In beth cases, observaticns for months when no trade
cccurred have been skipped, so as to avoid the bias dertving from intersitient
treding, The resuits are displayved 1n Table 4t the relationship of either
measure with turnover and its sguare 1s negative, but  very imprecisely
estimated, according to OLS t-statistics. Since however inspection of the data
supgested a far larger dispersion of variance estimates at low turnover levels
than at high leveiss i have performed Goldfipld-fluandt tests for
heteroskedasticity on the four eguations reported in Table 4, and have found
ttat 1ndeed the null hypothestis of homoskedasticity can be rejected both at the

5% and at the i% cenfidence ievel. The sase regressions were then re-estimated
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with the White procedure %to obfain heteroskedasticity-consisient standard
prrers. The corresponding testatistics, reported i1n sguare bragkets in Table &,
show that the reiationship between total risk and the sguare of turnover is
significant at conventional confidence ievels.

The results reported 1n this section conform to those reporied in empirical
work on other financial markets. Fowler, Rorke and Jeq (§1979) tand the studies
guoted there! point to the fact that the Ra oT market model eguations in general
15 substantially kower in thin markets than i1n thaick omes, 1mpiying that, if two
stocks have the same total retarn variance. the unsystematic component will be
higher for the stock with the thinner market. Cohen et al. (1976) analyze a
stratified random sample of stocks from four different exchanges {the New York
Siock Exchange, the American Stock Exchange, the Tokyo Stock Exchangs  and  the
Aie de Janeiro Steck Erxchange) and find that the ipgarithm of the total variance
of daily returns have a streng negative relationship with the iogarithm of the
turnover and the floating suppty of the corresponding wtocks [63. Similarly,
Tejzer and Higimbotham {1977} report an 1nverse correiation beiween price

vartability and trading activity eon futures markets.
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4 Ceonciusions

This paper has shown that market thinness can be an impartant deterainant of the
riskiness of eguilibrium steck returns, because a low number of traders per unit
time impiies that stock prices have low informationai content, Assuming that
trade involves a fixed cost, the number of traders and its effect on the
vartance of stock returns have been analyzed as the outcomes of rational
expectation equilibrium in 3 multiasset framework: the key results of the theory
are that one should expect $hin issues to be ceteris paribus characterized by a
higher conditional and measured variance, and that this thipness-varisbility
relationship arises only from the unsystematic component of the variance of
stock returns.

These predictions of the theory have been tested on data fros the Milan
Stock Exchamges and shown to be supported by the evidence: a significant
negative relationship has been found between unsystematic risk, as measured by
the variance of market model equations, and the volume of trade; also the
functional form of the relationship conforms te that predicted by the modei, A
similar cross-sectional relationship is found between unsystematic risk and firm
capitalization at market prices. The results are not sensitive to the choice
between conventional and unbiased estimates of unsystematic risk, Finally, alse
totsl risk has been found to be inversely reiated to the voiume of trade as
well, when the relationship is estimated with heteroskedastic-consistent
methods. These results conform to the evidence available for other fimancial

markets,
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Appendix

1. Derivation of the REE selution for the multiperiod model of section 2.

As 1n Section 1, we start by postulating price conjectures and them sclve for
their indetermined coefficients. Assume then that all investors form the

follewing conjentures:

(A1) Boe™ Py *Cg » Yt
e,
- ijt+d B =
(Ag) pjt Ajéjt * B‘![e-__!‘”_1 + E—mfm] s Vi oo 19850 9M,
o4
where Ao, €0= A, Bj and € are ingetermined coefficients and T 16 the nomber
3 4 J

of traders in market ,.
Using these comjecturess 1nvestor i’s first order conditien (FOC! with

respect to his holdings of asset 0 (k 1} ¢an bhe written as:

iot
M
. _ 2
(A3) E‘pot+i+ éotﬂ’ Rpﬂt =t (1+A0) {(lﬂﬂ\c)kic’t-t- Eb](lﬂ-\i}ki}t] 55{) s
=1
where expectations are not conditioned on the information set 0. because  ail

it

private informatisn 1s irrelevant to the forecast of the return on asset 0.
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Summing then in (A3} over all 1, and imposing market equilibrium, we find the

eguilibrium conditieng

M
K0 Kj 2
[ U] E€p0t+1'¥ dOt*i} - Rpl}t =h Hd—ﬁoi [(i'&ﬂe: T + Ebj(lﬂ\j} T ] o .
i=t

0

Using then the fact that E(dut+i)= (l-p)ao + puOt arkd solving forward Tor Poi?

we obtain:
M
K K
; = L H-plR b 0 il R
{AL?) th o dOt + R=pir ao = (1+A03 (1+A0) T + bj(HP«j} T J 060 b
i=1
so0 that the parametoer n°= ﬁé%; y whereas the parameter Co cannot yet be

determined, since it depends gn the Aj’s == which in turn have to be obtained
from the REE solution for the remaining M markets,

To derive the REE in the remaining M markets, the first step is to compute
the conditional moments of their dividends and prices, conditional on
conjecturss (AZ) ang on the information set nit‘ The next period dividend and
price of asset (djt-f-l’ pjt+1:' the private information of agent i about the

next period dividend e, } and the current dividend and price of the

ste1” Figter

stock idj pjtl form a G-dimensional wveector y of jointly nmormal randem

t’

variahles:



@3

YT ieert Paentt S5ea’ Bigea 95 Pyt o

with unconditional mean:
m={as.Aa+LC :0a.ha+C
M 3 } 3 M 3

and covariance matrix:

2 @ 2 2 2
[} fa o A +Bo
dj - €] Py ;7% 1 €
2
¢
22 2] 2 (=33 2 2 g 2 2
o ATg + B g + A g a fa +AB g
3 di jd J[ €) ?}] iey 3%, i iy s
v o= c? AcC cE + c:'E 0 B [a2,+ &1
€] 3 £} €} B3 s € T
2 2 2
A R o] g Ao
pﬂd} Jpodj dj 3 g3
=4 2
2 2 2 2 2 %y ] 23 %ej
] pcd_+ Bjse A POy A.B cé, E;[ e;+ _f:} Ajcdj A}odl+ B [c€;+ —T:J
DEGE + oE
whera o = 2 0 €&
dj 2
1-p

We want the mgan argd the covariancs matrix of the subvettor y!% cajt*ls p3t+1)
iti ) = i + 8. . Q.

conditional on the values of the subvector Yo ‘ejt+1 eijt+%’ djt’ pjt) th’

t.e. conditional pon the i1nformation on asset j; that i1s avaiiabie ¢tno agent 1 at

tima t.
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Partition the matrin V as follows:

i 12
@xar (2x D
Y 3
Vay Vaa

(3 x @) {3 x 3}

where *%the numbers below each submatrix indicate its dimension, and recall that

the vector yltya is normal with mean:

-1
m* VigYaatYem P! e

Ely, Iyli
and covariance matrixg

o L -1
Vivalyyd = ¥y VigVaaVa, -

Applying these formulae, one finds that the conditional

dividend and the price are:

-
& ejl 2
Jiﬁj [ﬂe‘j*‘ m.rj] l-‘tj %,
{AS) £(djt+1[ait; 8+ z -
8. [oa + _es_]
itey T,
3
&£
+ tp.,-Aa -C
62 8 t 5

expectations of the

a.l
b
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i £} Ts i E&F
{AG) Etp§t+1|ﬁit) =ha3 +C o+ 5 - an
g %j
B [u + EJJ
iles T,
i
Q;éij
+ = { - A - L)
OE P t JaJ 3
B PF + ej]
Ples T,
i
2
“ej B ste1
T A fepta e B Aptm e T E Siter’ E'MMF?MW
2 2j 1T ’
¢ == 3
L3 T

where conjecture {AZ) has peen substituted for pjt in the second step of {A5)

and {A&). Similarty, one finds that the conditional covariance matrix 1s:

da CIE
£ 8 & B
2z e T, az €1 ¥,
[+ 3= + — 4 A Ibrg o —
; €0 OE 1] 5 €0 OE
£j T £} T
3 4
\H(djtﬂ,pjc”) |Qit1 ®
aE GE
oa ~$3— ca —%i 2
€] . €) o
(AT A baoeo et a® b;c;ao e I Ea.[aa i
3|3 € o | & ¢ a yi €
£ 2l f e
- €] T‘; &) ;
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The next step is to compute market equilibrium using these conditional

moments. To do this, Iet us write down investor i’s FOO with respect to asset ;3

(AB) EUP pat® 954 2,0 - Rp = # [Vartpjt+1+ “3t+1lﬂit’ki5t
"
zcuvlpjti_i* djt*-f'phti'l* dht+£Enitl] r 3T 1aBea.aaM
h=0
hj

and, using (2.3) and {A2), notice that CoviB 1 Ditay Prest® Tnper (B!

- 2
see1Porer” Gopeg I%y) = b LI+R D4R YT .

Substituting these expressions and those in (AS), (AB) and (A7) into (AB), we

a i
bgbh‘1+Rj}‘i+Ah)deO and Cnvtpjt+i+ d

find:

]
o e,
€] ijt+l
(AB?)  (1+A, {i-pla + R . + -zl + £ = Rp.
A8 3) o8 'cd:t [5.1'“1 ] i Pit
1 €T

2 ¥,
o ;
F . ki v
[-3] T,
)
2
E LY ] &
T -
- alaa ‘s f 2{2 . %;j
= b (£+Aj) b_;"eo ---——ca— +Bj oejf-?—j— kijt
2 & §
E- oe_1+ f.
by
+ b h (1+A ) (l*ﬁ Jk (1+ﬂ )k E .
ht (%0

h F‘!J
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Substituting 1n (AB'} from the FOC (A3} and 1imposing market equilibrium, we

Finally have:

8,
ijtel
# ) T LA -
(B9) {1eh ) fimpra b+ a *‘jt+1+§ - +C -Ro,
1€} 3
3
2 "eq 2l e "ij K 1+h
L T LY {063+ TJ] T * b, i [E(Dﬂt+l+ Boper 1By R"m;} ;
J

where, as in the text, I usz the short-hand g =
4

c +

OE
<3 w3
€] ¥

3

The iast step is to eguate eapression (A9) with the initial canjecturs (A2}

t0 solve for the indetermined coefficients:

M
q =4 K K
_ 8 9 - E[R(l-p) R o Z il @
A=gs 0 B Co= T [R_p 0" B e T + Vb.)(l“-a.j) Ol s
1=k
2
K
i[ﬂu—ps 85 [2 Eaej] ; {
£ = a-b o + R el - b Edp +d |e..» - ”Rp
i T l A~p 3 (R—p)e €j Tj TJ 3 Ot+1l Ottt 0t

At this point, we can write oown the compiete REE soiution of the model:
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, M

5 2 K b K

= P i A{l1-p} . R Q i il B
(A10) Pop A<p d{}t + - CEp 3y b {—-—4- z o

r q & K
- 1 R{l-p) = H Z e} 2 3
tALl}) pj!: d + a b o R T + O e

A-p it r R-p i (fmp) ; [} TJ
b, €55t
- - I ]y a
bJ [E(ﬂ0t+1* 6024-1, RDOt] + 6}t+1+ 2 T v 3 F Liaadh VO
A-p ie

that correspond te eguations (2.5) and (2,4} 1n the text.

2, Perivation pt ewpression (2.10) in sectiom 8 .

To find the value of the utility function of agent i at the optimum, repurted in
the text as ewpression (2,10}, let us substitute for the indetermined

copfficients A{)’ Co, ﬂit B. and C, 1n the FOC's (A%} and (AB’), to find
5 3 H

respectivelys
M
(A1@) El +d... .} ~R =b-'3:é—k « Sek &
Poter™ Yotsy Pot Reo® L3087 275%58) %0
-} &
q &
- - i 2. q° B

813) Ehpyeyt ppay! = RD,= b —— [oé; 8 TJ Ky it

¥ bi{E(p0t+1+ dopey 19! - Rpot} :
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Using (AIZ) and (A131 in  the oiility function (the maximand in {2.3)), one

immediately obtains expression (2.10).
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FOOTNDTES

[13 For detailed derivations of most of the following expressions, see the

apperdix contained there., I conform to their notation aimost everywhere,

[2] A similar estimator; proposed by Dimson {1999}, has been shown to be
inconsistent by Fowier and Rorke (1983) ang to perform generally worse than the

Scholes and Williams estimator by Fowler: Rorke and Jeg (£980).

[31 The {7-4} in the denominator derives from having T-2 sample observations and

twe lost degree of freedom.

[41 These authors alse insist on the point that nontrading tcauses no bias 1m
conventional votatility estimates. As it has been seen above, howevers this
statement ¢ approximately true oniy when the measurement intervai 1s very
smali. It does not appiy, for instance, the data used 1inm the present study,

which have monthiy freguency.

[5]1 The price data have been provided by the Banca Commerciaie Italiana, whereas

those on turnover have been drawn from The Performance of Listed Shares, a

yearly publication of the Exchange.

£6] Lessard (1974}, in commenting on their results, has remarked that the
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authors pf¥  this study couid a@ere effectively ispclate the trading-induced
component of total variance by analysing the unsystematic variance alonesy which

1% the approach suggested by the model of sections 1 and £ and adopted here.
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TABLE 1.a

. : *
Retationship between unsystematic risk ang average turnever

Dependent Independent variables Summar v statistics
varsable
USHL « 1(‘;LI Constant VoL tog(VOL) 1 /0L ﬂa Standard tHlean of the
error of the dependent
regression variable
ag.97 - 1.91 0.09 2,14 ¢.132 T3tk %3.75
[10.88) I-1.0%) {0,011} {E.43}
88.%4 -i.89 2.13 0,138 73.13 93.73
{10,711} =1L B7) (3.54)
82,54 2.32 0.114 73.57 P3.75
(11.35) 3.92)
fag lUSRY x 10“) Constant VoL log(vol) ﬂe Standard Mean of the
errgor of the dependent
regression variable
4.31 ~0,18 G.113 0.57 4,33
(82.30) (~3.89}
4.43 ~3.03 0,105 Q.37 4.33
(75,64} i-3.75)

“Estimatian methed: OLS. The numbers in brackets beiow coefficient estimates are
t-statistics.

U8R1 = unsystematic risk, estimated as variance of market model regression residuals
with no torrection for thinness-related bias;
VOL = average monthly turnover at market prices {hn. Li%}



TABLE {.b

- n N Py *
Relationghip between unsystematic risk and average turngver

bependent Independent variables Summary statistics
variable
USRE x 204 Congtant VoL log{¥voL) isv0L R2 Standart Mgan of the
errar of the dependent
regression variable
94.11 - i.8B8 —1.0% 1.84 0.116 74.85 97.74
(10.65) t-1.01)  1-0.13} (2.06}
94 .43 @06 1.92 0.116 74,54 97.74
(11.16) t~1.48) {3.14)
§7.45 2.13 0.095 73.11 7. 74
(11.78) (3.53)
iog{USR2 % 104} Constant VoL log(VOL) RE Standard Mean of the
ercor of the dependent
regression variable
4,34 -0.12 0.11% 0.57 4.38
(BE.91) t-3,85)
&.48 -0.03 0.163 0.57 4,38
(76.23} i~3.81)

*Estimatian method: OLS. The numbers in brackets below coefficient estimates are
t-statistics.

USHZ = unsystematic risk, estimated as variance pf market model regress:on resideals
with eorrection for thanness-related bilas;

VL average menthly turnaver at market prices {(bn. Lit}



TABLE

" - . . - . *
Relationship between unsystematic risk and market capitalization

Dependent Independent variablies Summary statistics
variabie
HERE = qu Constant Cap togiCAP) 1/CAP RE Standard HMean of the
error of the dependent
regression variable
9B.54 3.%4 -13.80 ~0.08% 0.056% 77.32 97.63
{8.31y  {G.I18) i-1.66) i-0.39)
&4 .74 -12.54 G.0463 6.7 57.63
(4.777) f-2.83)
togiUSHE « le) Constant Cr# 1oalCAP) ﬂa Standarg Mean of the
error of the dependent
regression var:abie
4,03 -0.13 0,114 0.57 4,37
(39.67) 1=3.90
i A7 -0.40 0.103 0.58 o, 37
(82.%11} 1=3.71}

*Estimation method: BLS. The numbers in brackets below gopfficient estimates are
t-statistics. The means of the dependent variables differ slightly from thase of
table i.a because an observation in the CAP variable was missing,; and the
corresponding observation for the dependent variabie had te be dropped.

USRE = unsystematic risk, estimated as variance of market model regression residuals

with correction for thinness-related bias;

CAP = stock capitalization at market prices {thousand bn. Lit, as of December 30,

19831



JARLE 3

Estimation of aguation 3.3

Bependent Parameter estimates Summary statistics
variable
Standard Mgan of the
& &, o% R error of the dependent
¥ 1
FEQrEesSS10n variabie
USRI ¢.012 ~0.004 1.258 0.072 0.007 0.00%375
(7.18) i-2.54) to.71)
UsRE £.013 -0.007 0.834 0.072 0.008 0.009774
(5.22) i-3.03} {0.78)

*
Estimation method: NLLS. The numbers in brackets below coefficient estimates are
t-statistics. For variable definitions, spe footnotes to Tables i.a and 1.h.

TAELE 4

Relatipnship between total risk and average turnover

Pependent Independent variables Summary statistics
variable
2 Standard Mean of the
Congtant VoL VoL R error of the depengent
the regression variable
TRt 147,81 ~F.17 0.007 87.72 166,41
(17.68) -0,88}
[16.68] {-1.411
146.21 -0.,05 0.011 B53.55 IS
(19.04) {-i.13}
[1B.901 [-4.42]
TR2 160.85 -0.34 0.001 88.97 159.84
(F.09) i-0.24}
{14.98] £~0.31]
161.29% -0.04 0,005 BB.73 159.84
(19.53) (-0.81)
E19.45]) E-2.271

*Estimatiun method: OLS. The numbers in round brackets below coefficient estimates
are OLS t-statisticsy those in square brackets are White-comsistent t-statistics.

TRl = total risk, estimated as the variamte of percentage returns with no cerrection
for thioness~related bias; TRE = same, with correctionm for thinness-related bias.



