DISCUSSION PAPER SERIES

DP14075

OVERCOMING FREE-RIDING IN BANDIT
GAMES

Johannes Hdrner, Nicolas Klein and Sven Rady

INDUSTRIAL ORGANIZATION




OVERCOMING FREE-RIDING IN BANDIT GAMES

Johannes Hérner, Nicolas Klein and Sven Rady

Discussion Paper DP14075
Published 23 October 2019
Submitted 20 October 2019

Centre for Economic Policy Research
33 Great Sutton Street, London EC1V 0DX, UK
Tel: +44 (0)20 7183 8801
WWWw.cepr.org

This Discussion Paper is issued under the auspices of the Centre’s research programmes:
e Industrial Organization

Any opinions expressed here are those of the author(s) and not those of the Centre for Economic
Policy Research. Research disseminated by CEPR may include views on policy, but the Centre
itself takes no institutional policy positions.

The Centre for Economic Policy Research was established in 1983 as an educational charity, to
promote independent analysis and public discussion of open economies and the relations among
them. It is pluralist and non-partisan, bringing economic research to bear on the analysis of
medium- and long-run policy questions.

These Discussion Papers often represent preliminary or incomplete work, circulated to encourage
discussion and comment. Citation and use of such a paper should take account of its provisional
character.

Copyright: Johannes Horner, Nicolas Klein and Sven Rady



OVERCOMING FREE-RIDING IN BANDIT GAMES

Abstract

This paper considers a class of experimentation games with Lévy bandits encompassing those of
Bolton and Harris (1999) and Keller, Rady and Cripps (2005). Its main result is that efficient
(perfect Bayesian) equilibria exist whenever players’ payoffs have a diffusion component. Hence,
the trade-offs emphasized in the literature do not rely on the intrinsic nature of bandit models but
on the commonly adopted solution concept (MPE). This is not an artifact of continuous time: we
prove that such equilibria arise as limits of equilibria in the discrete-time game. Furthermore, it
suffices to relax the solution concept to strongly symmetric equilibrium.

JEL Classification: C73, D83

Keywords: Two-Armed Bandit, Bayesian learning, strategic experimentation, Strongly Symmetric
Equilibrium

Johannes Hdérner - johannes.horner@yale.edu
Yale University and CEPR

Nicolas Klein - kleinnic@yahoo.com
Université de Montréal

Sven Rady - rady@hcm.uni-bonn.de
University of Bonn and CEPR



OVERCOMING FREE-RIDING IN BANDIT GAMES®

Johannes Hérner! Nicolas Klein? Sven Rady®

This version: October 20, 2019

*This paper supersedes our earlier paper “Strongly Symmetric Equilibria in Bandit Games” (cir-
culated in 2014 as Cowles Discussion Paper No. 1956 and SFB/TR 15 Discussion Paper No. 469)
which considered pure Poisson learning only. Thanks for comments and suggestions are owed to
seminar participants at Aalto University Helsinki, Austin, Berlin, Bonn, City University of Hong
Kong, Collegio Carlo Alberto Turin, Duisburg-Essen, Edinburgh, Exeter, Frankfurt (Goethe Univer-
sity, Frankfurt School of Finance and Management), London (Queen Mary, LSE), Lund, Maastricht,
Mannheim, McMaster University, Microsoft Research New England, Montreal, Oxford, Paris (Sémi-
naire Roy, Séminaire Parisien de Théorie des Jeux, Dauphine), Southampton, St. Andrews, Sydney,
Toronto, Toulouse, University of Western Ontario, Warwick, Zurich, the 2012 International Confer-
ence on Game Theory at Stony Brook, the 2013 North American Summer Meeting of the Econometric
Society, the 2013 Annual Meeting of the Society for Economic Dynamics, the 2013 European Meeting
of the Econometric Society, the 4th Workshop on Stochastic Methods in Game Theory at Erice, the
2013 Workshop on Advances in Experimentation at Paris II, the 2014 Canadian Economic Theory
Conference, the 8th International Conference on Game Theory and Management in St. Petersburg,
the SING 10 Conference in Krakow, the 2015 Workshop on Stochastic Methods in Game Theory
in Singapore, the 2017 Annual Meeting of the Society for the Advancement of Economic Theory in
Faro, and the 2019 Annual Conference of the Royal Economic Society. Part of this paper was written
during a visit to the Hausdorff Research Institute for Mathematics at the University of Bonn under
the auspices of the Trimester Program “Stochastic Dynamics in Economics and Finance”. Financial
support from the Cowles Foundation, Deutsche Forschungsgemeinschaft (SFB/TR 15 and SFB/TR
224), the Fonds de Recherche du Québec Société et Culture, and the Social Sciences and Humanities
Research Council of Canada is gratefully acknowledged.

"Yale University, 30 Hillhouse Ave., New Haven, CT 06520, USA, and TSE (CNRS), and CEPR,
johannes.horner@yale.edu.

YUniversité de Montréal, Département de Sciences Economiques, C.P. 6128 succursale Centre-ville;
Montréal, H3C 3J7, Canada, and CIREQ, kleinnic@yahoo.com.

SUniversity of Bonn, Adenauerallee 24-42, D-53113 Bonn, Germany, and CEPR,
rady@hcm.uni-bonn.de.



Abstract

This paper considers a class of experimentation games with Lévy bandits encom-
passing those of Bolton and Harris (1999) and Keller, Rady and Cripps (2005).
Its main result is that efficient (perfect Bayesian) equilibria exist whenever play-
ers’ payoffs have a diffusion component. Hence, the trade-offs emphasized in
the literature do not rely on the intrinsic nature of bandit models but on the
commonly adopted solution concept (MPE). This is not an artifact of continuous
time: we prove that such equilibria arise as limits of equilibria in the discrete-
time game. Furthermore, it suffices to relax the solution concept to strongly
symmetric equilibrium.

KeEYyworDS: Two-Armed Bandit, Bayesian Learning, Strategic Experimenta-
tion, Strongly Symmetric Equilibrium.
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1 Introduction

Bandit models involve trade-offs. The exploration vs. exploitation dilemma of the clas-
sic multi-armed bandit problem coined by Thompson (1933) and Robbins (1952) has
been supplanted by free-riding vs. encouragement effects in a strategic context (Bolton
and Harris, 1999). These two effects might be essential to our economic intuition, but

the trade-off only arises because of the solution concept, as we show in this paper.

First, we provide some context. Typically, bandit games are modeled in continu-
ous time, with Markov (perfect) equilibrium as the solution concept. This is a sensible
choice. Continuous time provides elegant characterizations and even closed-form solu-
tions. Markov equilibrium is the obvious counterpart to the criterion used in operations
research, enabling meaningful comparisons with the team solution. It is also dictated
by continuous time because standard game-theoretic notions raise conceptual problems
(Simon and Stinchcombe, 1989). However, there is a price to pay. Markov equilibrium
excludes rewards and punishments, the cornerstones of dynamic games. What Markov

taketh away, continuous time giveth: equilibria arise with no discrete-time equivalent.*

We show that the main equilibrium prediction, namely inefficiently low experimen-
tation, (mostly) disappears once the model is cast in the framework traditionally used in
dynamic games. Relaxing Markov equilibrium and pruning out artifacts of continuous
time requires discretizing the game. We then let the time interval between successive
actions vanish to obtain a similarly clean characterization and a proper comparison
with the literature. Asymptotically, efficiency obtains, as long as payoffs involve an

informative diffusion (as opposed to a pure jump) component.

What efficient experimentation entails depends on the players’ patience. Hence, this
is not a folk theorem, which would not apply in any case: beliefs are not reversible.
For example, players would never be convinced that the risky arm is good if it is not.
In addition, efficiency does not always hold: with pure jumps, this depends on how

good news impacts the common belief.

Efficiency only obtains if a selfish, lone player would not experiment given any
resulting posterior belief, had he been on the brink of stopping as a selfless team player
given the prior belief. Intuitively, having all other players stop experimenting is the

worst punishment a deviating player can face.

This punishment is needed but not a given with pure jumps. Indeed, it fails with

conclusive good news. However, when there is a diffusion component, the predominant

!For instance, the “infinite switching equilibria” of Keller et al. (2005). This is because there is no
last time before a given date in continuous time.



effect of “good news” on the belief is not a jump but a slight uptick because of the
Brownian term. Had the team player been on the brink of stopping, a slight uptick
would definitely push his selfish version into stopping territory, given his newly discov-
ered solitude. Hence, efficiency is obtained in the setting of Bolton and Harris (1999),

independent of the parameters.

We show that efficiency is attainable with strongly symmetric equilibria (SSEs),
that is, equilibria in which all players use the same continuation strategy for any given
history, independent of their identity (e.g., regardless of whether they had been the sole
deviator). There is no need to resort to more complicated perfect Bayesian equilibria
(PBEs). Of course, PBE need not involve symmetric payoffs, but we show that in
terms of total payoffs across players, there is no difference between SSE and PBE: the

worst and best total equilibrium payoffs coincide.?
A few caveats are in order.

First, showing that the free-rider and encouragement effects do not determine the
outcome of bandit games is akin to noting that efficiency is achievable in the repeated
prisoner’s dilemma even if defection is dominant in the stage game: it would not
occur to us to demonstrate how cooperation arises in the repeated version without first
remarking that free-riding is the problem we are addressing. In stochastic games such
as bandits, discerning the underlying incentives is difficult and subtle: solving for the
Markov equilibria is the advisable approach. Our point is that we must disentangle

these incentives from the possible equilibrium outcomes.

Second, we have emphasized the importance of studying the discrete-time game
to factor out equilibria that are continuous-time quirks. However, our results are
asymptotic to the extent that they only hold when the time interval between rounds is
small enough. There is no difference between an arbitrarily small uptick vs. a discrete
jump when the interval length is bounded away from zero. Our results rely heavily on
what is known about the continuous-time limits and hence on the analyses of Bolton
and Harris (1999) and Keller et al. (2005), among others. To the extent that some of
our proofs are involved, it is because they require careful comparison and convergence

arguments.

Third, because we rely on discrete time, we must settle on a particular discretiza-
tion. We consider our choice to be natural: players may revise their action choices at
equally spaced time opportunities, while payoffs and information accrue in continuous

time, independent of the duration of the intervals. That is, ours is the simplest version

20ne appealing property of SSEs is that payoffs can be studied via a coupled pair of functional
equations that extends the functional equation characterizing MPE payoffs (see Proposition 11).



of inertia strategies, as introduced by Bergin and MacLeod (1993). Other discretization

choices may lead to different predictions.

Fourth, our results do not cover all bandit games. Because we build on existing
results of the single-agent case, we cannot go beyond the framework used for them.
In particular, we must make restrictions similar to Cohen and Solan (2013) in their
analysis of the continuous-time bandit problem. In fact, our assumptions are stronger
than theirs.> Our main restriction, just as theirs, is that bad-news jumps are not
permitted, which means that our framework does not subsume Keller and Rady (2015),

in particular.*

Our paper belongs to the growing literature on strategic bandits. We have already
discussed the standard references in that literature. There is no need to review the large
and growing literature on extensions, variations and applications. With few exceptions,
these papers model the game in continuous time and focus on MPEs unless actions on
at least one side are not observed (meaning that applying standard game-theoretic

solution concepts raises no difficulty).

Second, our paper contributes to the literature on SSE. We hope that it illustrates
how SSE can be usefully applied to games usually cast in continuous time, such as
bandit games. SSEs have been studied in repeated games since Abreu (1986). They
are known to be restrictive. First, they make no sense if the model itself fails to be
symmetric. However, as Abreu (1986) notes for repeated games, they are (i) easily
calculated, being completely characterized by two simultaneous scalar equations; (ii)
more general than static Nash, or even Nash reversion; and even (iii) without loss in
terms of total welfare, at least in some cases, as in ours. See also Abreu, Pearce and
Stacchetti (1986) for the optimality of symmetric equilibria within a standard oligopoly
framework and Abreu, Pearce and Stacchetti (1993) for a motivation of the solution
concept based on a notion of equal bargaining power. Cronshaw and Luenberger (1994)
conduct a more general analysis for repeated games with perfect monitoring, showing
how the set of SSE payoffs can be obtained by solving for the largest scalar solving
a certain equation. Hence, our paper shows that Properties (i)—(iii) extend to bandit
games, with “Markov perfect” replacing “Nash” in statement (ii) and “functional”
replacing “scalar” in (i): as mentioned above, a pair of functional equations replaces

the usual Hamilton-Jacobi-Bellman (HJB) (or Isaacs) equation from optimal control.

3We do not a priori perceive a difficulty in adopting theirs, but we also do not perceive any benefits.

4The technical difficulty with bad-news jumps is that the value functions cannot be described
explicitly. They are rather defined recursively, with the functional form depending on the number of
bad news events triggering an end to all experimentation. Because of this complication, we leave the
analysis of this case to future work.



Section 2 introduces the model. Section 3 characterizes the efficient solution when
actions can be chosen in continuous time and shows that MPEs cannot achieve effi-
ciency. Section 4 presents the game in which actions can only be adjusted at regularly
spaced points in time, the discrete-time game or discrete game for short. Section 5
contains the main results regarding the set of equilibrium payoffs in the discrete game
as the time between consecutive choices tends to zero. Section 6 is devoted to the
construction of SSE in the discrete game. Section 7 studies functional equations that
characterize SSE payoffs in both the discrete game and the continuous-time limit. Sec-
tion 8 concludes the paper. Appendix A presents auxiliary results on the evolution of
beliefs and on various payoff functions. The proofs of all other results are relegated to

Appendix B.

2 The Model

Time ¢ € [0,00) is continuous. There are N > 2 players, each facing the same two-

armed bandit problem with one safe and one risky arm.

The safe arm generates a known constant payoff s > 0 per unit of time. The
distribution of the payoffs generated by the risky arm depends on the state of the
world, 6 € {0,1}, which nature draws at the outset with P[# = 1] = p. Players do
not observe 6, but they know p. They also understand that the evolution of the risky
payoffs depends on 6. Specifically, the payoff process X™ associated with player n’s

risky arm evolves according to
dX;" = apdt + odZ]' + hdNy",

where Z" is a standard Wiener process, N" is a Poisson process with intensity Ay,
and the scalar parameters «q, aq, o, h, A\g, A1 are known to all players. Conditional on
0, the processes Z',...,ZN N' ... NV are independent. As Z" and N" — \gt are
martingales, the expected payoff increment from using the risky arm over an interval
of time [t,t + dt) is my dt with my = ag + Agh.

Players share a common discount rate » > 0. We write k,;, = 0 if player n uses
the safe arm at time ¢ and k,, = 1 if the player uses the risky arm at time ¢.> Given

actions (ky)t>0 such that k,, € {0,1} is measurable with respect to the information

Bolton and Harris (1999), Keller et al. (2005) and Keller and Rady (2010) allow the players to
allocate one unit of a perfectly divisible resource freely across the two arms at each point in time, so
the fraction allocated to the risky arm can be k&, ; € [0,1]. As the efficient solution in continuous time
does not require such interior allocations, we do not consider them here.



available at time t, player n’s total expected discounted payoff, expressed in per-period

units, is

E |:/ 7’67” [(1 — kn,t)s + kn,tmg] dt s
0

where the expectation is over both the random variable # and the stochastic process

(kn,t>'6

We make the following assumptions: (i) my < s < my, so each player prefers the
risky arm to the safe arm in state # = 1 and prefers the safe arm to the risky arm
in state ¢ = 0. (ii) 0 > 0 and h > 0, so the Brownian payoff component is always
present and jumps of the Poisson component entail positive lump-sum payoffs;” (iii)

A1 > Ao > 0, so jumps are at least as frequent in state § = 1 as in state § = 0.

Players begin with a common prior belief about 6, given by the probability p with
which nature draws state § = 1. Thereafter, they learn about this state in a Bayesian
fashion by observing one another’s actions and payoffs; in particular, they hold common
posterior beliefs throughout time. A detailed description of the evolution of beliefs is
presented in Appendix A.1. When A\; = )y (and hence a; > ayp), the arrival of a lump-
sum payoff contains no information about the state of the world, and our setup is
equivalent to that in Bolton and Harris (1999), with the learning being driven entirely
by the Brownian payoff component. When a; = aq (and hence A\; > \g), the Brownian
payoff component contains no information, and our setup is equivalent to that in Keller
et al. (2005) or Keller and Rady (2010), depending on whether A\g = 0 or Ay > 0, with

the learning being driven entirely by the arrival of lump-sum payoffs.®
3 Efficiency and Markov Perfect Equilibria in Con-

tinuous Time

The authors cited in the previous paragraph assume that players use continuous-time

Markov strategies with the posterior belief as the state variable, so that &, ; is a time-

SNote that we have not yet defined the set of strategies available to each player and hence are
silent at this point on how the players’ strategy profile actually induces a stochastic process of actions
(kn,t)i>0 for each of them. We will close this gap in two different ways in Sections 3 and 4: by imposing
Markov perfection in the former and a discrete time grid of revision opportunities in the latter.

"This rules out “breakdowns” as in Keller and Rady (2015).

8Keller et al. (2005) and Keller and Rady (2010) consider compound Poisson processes where the
distribution of lump-sum payoffs (and their mean h) at the time of a Poisson jump is independent of,
and hence uninformative about, the state of the world. By contrast, Cohen and Solan (2013) allow for
Lévy processes where the size of lump-sum payoffs contains information about the state, but a lump
sum of any given size arrives weakly more frequently in state 8 = 1.



invariant deterministic function of the probability p; assigned to state § = 1 at time
t.9 In this section, we show how some of their main insights generalize to the present
setting. First, we present the efficient benchmark. Second, we show that efficient

behavior cannot be sustained as an MPE.

Consider a planner who maximizes the average of the players’ expected payoffs in
continuous time by selecting an entire action profile (ky¢,...,kxn.) at each time ¢. The

corresponding average expected payoff increment is

N
K K :
(= 3)er el v =

A straightforward extension of the main results of Cohen and Solan (2013) shows that
the evolution of beliefs also depends on K, only'® and that the planner’s value function,

denoted by V3, has the following properties.

First, V¥ is the unique once-continuously differentiable solution of the HJB equation

g

v(p)=s+ max K {b(p,v) ~

Ke{0,1,...,N}

on the open unit interval subject to the boundary conditions v(0) = mg and v(1) = m;.

Here,

AL — A
b(p,v) = 2-p"(1 = p)0"(p) = Z—p !

can be interpreted as the expected informational benefit of using the risky arm when
continuation payoffs are given by a (sufficiently regular) function v.!'' Tts first term
reflects Brownian learning. Its second term captures the downward drift in the belief
when no Poisson lump sum arrives. Its third term expresses the discrete change in the

overall payoff once such a lump sum arrives, with the belief jumping up from p to

i) = &

9In the presence of discrete payoff increments, one actually has to take the left limit p;_ as the
state variable, owing to the informational constraint that the action chosen at time ¢ cannot depend
on the arrival of a lump sum at ¢. In the following, we simply write p; with the understanding that
the left limit is meant whenever this distinction is relevant. Note that pg_ = py by convention.

10Cf. Appendix A.1.

1Up to division by r, this is the infinitesimal generator of the process of posterior beliefs for K = 1,
applied to the function v; cf. Appendix A.1 for details.



this occurs at the expected rate

A(p) = pA1 + (1 — p)Ao.

The function
c(p) = s —m(p)

captures the opportunity cost of playing the risky arm in terms of expected current
payoft forgone; here,

m(p) = pmi + (1 — p)mg

denotes the risky arm’s expected flow payoff given the belief p. Thus, the planner
weighs the shared opportunity cost of each experiment on the risky arm against the
learning benefit, which accrues fully to each agent because of the perfect informational

spillover.

Second, there exists a cutoff py, such that all agents using the safe arm (K = 0) is
optimal for the planner when p < p},, and all agents using the risky arm (K = N) is
optimal when p > p%. This cutoff is given by

pin (s — my)
pn + 1) (my — 8) 4 (s — mo)

Py =
(
where py is the unique positive solution of the equation

Ao\ r

Both py and pj increase in r/N. Thus, the interval of beliefs for which all agents

using the risky arm is efficient widens with the number of agents and their patience.

Third, the value function satisfies V¥ (p) = s for p < p¥, and
Va(p) =m(p) + % u(p; iv) > s, (1)
u(p; )
for p > p};, where

ulp;p) = (1 =p) (1%)) !

is strictly decreasing and strictly convex for ¢ > 0. The function V} is strictly increas-

ing and strictly convex on [p}, 1].

By setting N = 1, one obtains the single-agent value function V}* and corresponding
cutoff p; > pj.



Now consider N > 2 players acting noncooperatively. Suppose that each of them
uses a Markov strategy with the common belief as the state variable. As in Bolton and
Harris (1999), Keller et al. (2005) and Keller and Rady (2010), the HJB equation for

player n when he or she faces opponents who use Markov strategies is given by

Un(p) = 5 + Kon(p)b(p, vn) + max kn [b(p, vn) = c(p)]
where K_,(p) is the number of n’s opponents that use the risky arm. That is, when
playing a best response, each player weighs the opportunity cost of playing risky against
his or her own informational benefit only. Consequently, V3 does not solve the above
HJB equation when player n’s opponents use the efficient strategy. Efficient behavior

therefore cannot be sustained in MPE.

4 The Discrete Game

Henceforth, we restrict players to changing their actions only at the times ¢ = 0, A, 2A, ...
for some fixed A > 0. This yields a discrete-time game evolving in a continuous-time
framework; in particular, the payoff processes are observed continuously.'> Moreover,

we allow for non-Markovian strategies.

The expected discounted payoff increment from using the safe arm for the length
of time A is fOAre_” sdt = (1 — §)s with § = e7"2. Conditional on 6, the expected
discounted payoff increment from using the risky arm is fOA re "tmedt = (1 — §)my.
Given the probability p assigned to 8 = 1, the expected discounted payoff increment

from the risky arm conditional on all available information is (1 — §)m(p).

A history of length ¢t = A, 2A, ... is a sequence

hy = ((’%m Vi) ooy (knas YRoa) oy o (neas ﬁ?—A,t))5:1> :

where k,sa = 1 if player n uses the risky arm on the time interval [(A, (¢ + 1)A);

12\While arguably natural, our discretization remains nonetheless ad hoc, and other discretizations
might yield other results. Not only is it well known that the limits of the discrete-time models might
differ from the continuous-time solutions, but the particular discrete structure might also matter; see,
among others, Miiller (2000), Fudenberg and Levine (2009), Hérner and Samuelson (2013), and Sadzik
and Stacchetti (2015). In Horner and Samuelson (2013), for instance, there are multiple solutions to
the optimality equations, corresponding to different boundary conditions, and to select among them,
it is necessary to investigate in detail the discrete-time game (see their Lemma 3). However, the
role of the discretization goes well beyond selecting the “right” boundary condition; see Sadzik and
Stacchetti (2015).



knea = 0if player n uses the safe arm on this interval; ?[?A’ (+1)n) 18 the observed sample
path Yjjy ,41)a) on the interval [(A, (£ + 1)A) of the payoff process associated with

player n’s risky arm if k,, ja = 1; and Y[QA (+1)A) equals the empty set if £, o = 0. We
write H, for the set of all histories of length ¢, set Hy = {0}, and let H = |J;2g A on. H:-

In addition, we assume that players have access to a public randomization device in
every period, namely, a draw from the uniform distribution on [0, 1], which is assumed
to be independent of § and across periods. Following standard practice, we omit its

realizations from the description of histories.

A behavioral strategy o, for player n is a sequence (0y,¢)i—0.2a..., Where o, is
a measurable map from H; to the set of probability distributions on {0,1}; a pure

strategy takes values in the set of degenerate distributions only.

Along with the prior probability py assigned to § = 1, each profile of strategies
induces a distribution over H. Given his or her opponents’ strategies o_,, player n

seeks to maximize

(1—§)ET- [i o {1 = onsalea)ls + amm(hm)m(;}] .

=0

By the law of iterated expectations, this equals

(1—6)ET—n [Z s {[1 — Onen(hen)ls + Un,m(hm)m(pm)]}] :

Nash equilibrium, PBE and MPE, with actions after history h; depending only on
the associated posterior belief p;, are defined in the usual way. Imposing the stan-
dard “no signaling what you don’t know” refinement, beliefs are pinned down after all

histories, on and off path.!3

An SSE is a PBE in which all players use the same strategy: o, (h;) = o,/ (h;) for
all n,n’ and h; € H. This implies symmetry of behavior after any history, not just on

the equilibrium path of play. By definition, any symmetric MPE is an SSE, and any
SSE is a PBE.

13While we could equivalently define this Bayesian game as a stochastic game with the common
posterior belief as a state variable, no characterization or folk theorem applies to our setup, as the
Markov chain (over consecutive states) does not satisfy the sufficient ergodicity assumptions; see Dutta
(1995) and Horner, Sugaya, Takahashi and Vieille (2011).

10



5 Main Results

Fix A > 0. For p € [0,1], let WﬁBE(p) and W5pg(p) denote the supremum and
infimum, respectively, of the set of average payoffs (per player) over all PBE, given
prior belief p. Let WSASE (p) and W4e(p) be the corresponding supremum and infimum

over all SSE. If such equilibria exist,

WﬁBE(]?) > WSASE(p) > w%s,E(P) > w%BE@)‘ (2)

Given that we assume a public randomization device, these upper and lower bounds

define the corresponding equilibrium average payoff sets.

As any player can choose to ignore the information contained in the other play-
ers’ experimentation results, the value function W2 of a single agent experimenting
in isolation constitutes a lower bound on a player’s payoff in any PBE. Lemma A.2
establishes that this lower bound converges to V;* as A — 0. Hence, we obtain a lower

bound to the limits of all terms in (2), namely liminfa_,o Wpgg > Vi*.

An upper bound is also easily found. As any discrete-time strategy profile is feasible

. . . . . A
for the continuous-time planner from the previous section, it holds that Wppp < Vy.

The main theorem provides an exact characterization of the limits of all four func-
tions. It requires introducing a new family of payoffs. Namely, we define the players’
common payoff in continuous time when they all use the risky arm if, and only if, the
belief exceeds a given threshold p. This function admits a closed form that generalizes
the first-best payoff V3 (cf. (1)). It is equal to

Vvs(p) =m(p) + ———
for p > p, and Vy 3(p) = s otherwise.'

Theorem 1 (i) There exists p € [ply, pi] such that

—A —A
lim Wppg = lm Wegp = Vs
A Wepe = W ssp b

and

lim Wam = lim Waen = Vi*
A_>0—PBE A_}()—SSE 1>

“This function is continuous, strictly increasing and strictly convex on [p, 1], and continuously
differentiable except for a convex kink at p. For p = p};, VN p coincides with the cooperative value
function V3. For p > p}, we have Vy 5 < V3 on (py, 1).

11



uniformly on [0, 1].
(ii) If p > 0, then p = py (and hence Vi = V).

(iii) If p = 0, then p is the unique belief in [pi, pi] satisfying
NAPD) [V p(i(P) — s] = (N = D)AP) Vi (1 (D)) — s] = re(p); (3)

moreover, p = py if, and only if, j(py) < pi, and p = p} if, and only if, Ao = 0.

To understand this result, let us begin with SSEs and the characterization of the
cutoff p in the last item, when learning is entirely driven by the jump process. The
players’ temptation to deviate to the safe arm is strongest when the belief is so low
that, absent good news, the belief drops into the region where safe prevails in any SSE,
whether a single player has deviated or not. The cost of such a deviation, captured
by the left-hand side of (3), thus arises only if good news arrives. Starting out from
P, in expectation, this happens at the rate NA(p) if no player deviates; a deviation
reduces this rate to (N — 1)A\(p). Without a deviation, a player’s continuation payoff
then amounts at most to the cooperative payoff given that the use of the risky arm is
disallowed below p; in the event of a deviation, it is at least the single-player payoff
(both evaluated at the revised belief j(p) and net of the value of the safe arm). The
right-hand side of (3) represents the benefit of a deviation, that is, the saved opportu-
nity cost of playing risky. The cutoff belief p thus solves the familiar trade-off between
the benefit from deviating and the cost of the worst punishment that may follow the

deviation.

When )y = 0, the arrival of good news freezes the belief at 1, and the resulting
cooperative and single-player payoffs both equal A\ h. Starting out from p, therefore, a
player’s continuation payoffs coincide with those of a single agent in all circumstances,
so that it is impossible to sustain experimentation below the single-agent cutoff. Hence,
p =i

If the second term on the left-hand side of (3) were zero, that is, if j(p}) < p}, so
that a player left to his or her own devices would stop experimenting at the revised
belief after the arrival of good news, and hence obtain a zero payoff (net of the value
of the safe arm), the solution to this equation is the first-best cutoff p}. To see this,
note that the first term on the left-hand side can equivalently be interpreted as the
social value of experimentation by a single player. Indeed, a player contributes to the
arrival of news at rate A(p), but all N players then reap the gain Vy;(j(p)) — s. The
right-hand side is the cost of such experimentation. Hence, p = p} follows immediately

from the equation.
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The same logic immediately implies that first-best efficiency obtains when p > 0.
Indeed, for small A, the leading term in the updating of beliefs is driven by the diffusion
component of observed payoffs. Since this term involves no jumps, it will definitely
keep the belief in a region where a player left to his or her own devices would stop

experimenting.!?

First-best efficiency not only depends on the cutoff but also requires play to be
exclusively risky at all higher beliefs. Hence, the best equilibrium must involve a pure
strategy, at least asymptotically. This is not straightforward. Indeed, symmetric pure-
strategy PBE fail to exist with conclusive good news (p = \g = 0) in discrete time.
If all others play risky for certain, the posterior belief also declines for certain, unless
good news arrives. If players randomized, there would be the added opportunity to
punish if the posterior belief remained the same. When good news is conclusive, our
proof relies on the existence of two symmetric mixed-strategy equilibria for beliefs close
to the cutoff. It is then possible to choose continuation play as a function of history
to incentivize players to experiment at beliefs that are sufficiently many rounds away
from the cutoff (a negligible difference in beliefs once the time interval is small enough).

Matters are simpler when news is inconclusive or a diffusion term is present.

Turning to point (i) of the theorem, there is no difference between the set of SSE
and PBE payoffs, at least on average across players. This is shown in Sections 6.1-
6.2. Regarding the highest equilibrium payoff, this may seem plausible (though not
obvious) because efficiency requires symmetric play. Regarding the lowest equilibrium
payoft, either playing safe forever is an equilibrium of the game given the current belief,
or best-responding to being minmaxed provides a higher payoff to the punished player
than also playing the minmaxing action (using the safe arm). In the latter case, one
can incentivize the punished player to play safe by promising that all players will revert
to risky (cooperative) play at a later time, thereby compensating the punished player
for the flow payoff deficit that playing safe involves in the meantime. This eventual

reversion also motivates the punishing players to play safe.

Figure 1 shows the cooperative continuous-time payoft V3 as well as the supremum
Vi and infimum V}* of the limit average PBE payoffs for a parameter configuration

that implies py < p < pj.

15 A more technical intuition can be given in the spirit of smooth pasting in stopping problems for
diffusion processes; see Dixit and Pindyck (1994). If all SSE experimentation stopped at a belief
p > py, the limiting payoff function Vi ; would exhibit a convex kink at p. Given the diffusion
component of the posterior-belief process, this kink could be used to provide all players incentives to
use the risky arm at beliefs slightly below p. Indeed, the informational benefit of experimentation in
the presence of a kink is of lower order in A than its opportunity cost and hence dominates for small

A.
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Figure 1: Payoffs V¥ (solid), Vi, (dashed) and Vj* (dotted) for p = 0 and
(rys,hy A1, Ao, N) = (1,1,1.5,1,0.2,5), implying (p%, p, p;) ~ (.27, .40, .45).

We conclude this section with a few comparisons and comparative statics. They
pertain to the case of pure jump processes, since when there is a diffusion component,
Theorem 1(ii) implies that these are trivial corollaries of the first-best results given in

Section 3.

In terms of comparisons, we find that, even when the first-best is not achievable,
the best SSE performs strictly better than the symmetric MPE along two dimensions:
the MPE not only involves a higher cutoff (hence, a lower amount of experimentation)
but also entails too low a speed of experimentation, as it involves an interior level of

experimentation for a range of beliefs.

Proposition 1 For p =0 and Ao > 0, the cutoff p is strictly lower than the belief at

which all experimentation stops in the symmetric MPE of the continuous-time game.

Turning to comparative statics, when is the first-best achievable with jump pro-
cesses? The next proposition characterizes the area (in the (A1, A\g)-plane) where
asymptotic efficiency obtains. As is intuitive, having more players, or more patience,

increases the scope for the first-best.
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Proposition 2 Let p = 0. Then, j(py) > pi whenever \g < A\;/N. On any ray in
R2 emanating from the origin (0,0) with a slope strictly between 1/N and 1, there is
a unique critical point (A, \y) at which j(py) = pi; moreover, j(pk) > pi at all points
of the ray that are closer to the origin than (A, \y), and j(py) < p; at all points that
are farther from the origin than (A}, \y). These critical points form a continuous curve
that is bounded away from the origin and asymptotes to the ray of slope 1/N. The

curve shifts downward as r falls or N rises.

This result is illustrated in Figure 2. Furthermore, in the case of Ay > 0, the more
players participate in the game, the more experimentation can be sustained. (Recall
that for A\g = 0, the threshold belief p is independent of N.) Hence, the comparative
statics of the best SSE with respect to the number of players mirrors that for symmetric
MPE (see Keller and Rady (2010)).

Proposition 3 For p =0 and \g > 0, p is decreasing in N.

It is instructive to consider what happens when the players become arbitrarily im-
patient or patient. If players are myopic, they do not react to future rewards and
punishments. It is therefore no surprise that the cooperative solution cannot be at-
tained in the limit. By contrast, if players are very patient, asymptotic efficiency is

achieved if the number of players is large.

Proposition 4 For p =0 and \g > 0,

i LX) _ Ak
r—00 p*{ s

and

lim‘](pN) = —)\1 .

The next section is devoted to the construction of SSEs that underlies the proof of

Theorem 1. Missing details are provided in the appendix.

6 Construction of Equilibria

We first consider the case of a diffusion component (Section 6.1) and then turn to the

case of pure jump processes (Section 6.2).
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Figure 2: Asymptotic efficiency is achieved for parameter combinations
(A1, Ag) between the diagonal and the curve but not below the curve. The
dashed line is the ray of slope 1/N. Parameter values: r =1, N = 5.

We need the following notation. Let F2(:|p) denote the cumulative distribution
function of the posterior belief po when py = p and K players use the risky arm on the

time interval [0, A). For any measurable function w on [0, 1] and p € [0, 1], we write

E2u(p) = / w(p) F2(dp'|p),

whenever this integral exists. Thus, E2w(p) is the expectation of w(pa) given the prior

p and K experimenting players.

6.1 Learning with a Brownian Component (p > 0)

For a sufficiently small A > 0, we specify an SSE that can be summarized by two func-
tions, ® and x, which do not depend on A. The equilibrium strategy is characterized

by a two-state automaton. In the “good” state, play proceeds according to %, and the
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equilibrium payoff satisfies

@ (p) = (1= 0)[(1 = F(p)s + R(p)m(p)] + x5 @" (p), (4)

while in the “bad” state, play proceeds according to x, and the payoff satisfies
w®(p) = max { (1 = )[(1 = k)s + km(p)] + 0ER _pugpas®®) . (5)

That is, w”® is the value from the best response to all other players following &.

A unilateral deviation from & in the good state is punished by a transition to the
bad state in the following period; otherwise, we remain in the good state. If there is a
unilateral deviation from s in the bad state, we remain in the bad state. Otherwise, a
draw of the public randomization device determines whether the state next period is
good or bad; this probability is chosen such that the expected payoff is indeed given
by w? (see below).

With continuation payoffs given by w® and w?, the common action x € {0,1} is

incentive compatible at a belief p if, and only if,

(1= 01— K)s + sm(p)] + 6EN, " (p) (6)
> (L= 0)[ks + (1= m)m(p)] + 0N 1yws1-n™(p)-

Therefore, the functions & and k define an SSE if, and only if, (6) holds for k = &(p)
and k = k(p) at all p.

The probability 7°(p) of a transition from the bad to the good state in the absence

of a unilateral deviation from k(p) is pinned down by the requirement that

wi(p) = (1=0)[(1~x(p))s +£lp)m(p) (7)

+6 {nA(p) ERe@™ (D) + [1 =12 (P)] ERapyw”™ (p)} :
If k = x(p) is optimal in (5), we simply set n(p) = 0. Otherwise, (5) and (6) imply
0ENRm W= (p) = w(p) — (1 = §)[(1 = £(p))s + £(p)m(p)] > 0ER (™ (p),
so (7) holds with

ap WD) = (1= 0)[(1 = K(p)s + £(PIM(P)] — 6ER,,yw™ (p)
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It remains to specify K and k. Let

m S — My

pr=——.
mp — My

As m(p™) = s, this is the belief at which a myopic agent is indifferent between the two
arms. It is straightforward to verify that pj < p™. Fixing p € (py,p]) and p € (p™, 1),
we let (p) = 1,5, and k(p) = 1,55 Note that punishment and reward strategies

coincide outside of (p,p).

Proposition 5 For p > 0, there are beliefs p° € (piy,p%) and p* € (p™,1) such that
for all p € (pi,0°) and p € (p*, 1), there exists A > 0 such that for all A € (0,A),
the two-state automaton with functions ® and k defines an SSE of the experimentation

game with period length /.

The proof consists of verifying that, for a sufficiently small A, the actions %(p) and
£(p) satisfy the incentive-compatibility constraint (6) at all p. First, we find ¢ > 0
small enough that w® = s in a neighborhood of p+e. The payoff functions w? and w?
resulting from the two-state automaton are then bounded away from one another on
[p + ¢, p] for small A. In this range, therefore, the difference in expected continuation
values across states does not vanish as A tends to 0, whereas the difference in current
expected payoffs across actions is of order A, rendering deviations unattractive for
small enough A. On (p, 1] and [0, p], & and & both prescribe the myopically optimal
action. Given that continuation payoffs are weakly higher in the good state, it is easy to
show that there are no incentives to deviate on these intervals. For beliefs in (p,p+¢),
K again prescribes the myopically optimal action. The proof of incentive compatibility
of % on this interval crucially relies on the fact that, for small A, w* is bounded below
by Vi, which has a convex kink at p. This, together with the fact that, conditional on
no lurrIp sum arriving, the log-likelihood ratio of posterior beliefs is Gaussian, allows us
to demonstrate the existence of some constant C'; > 0 such that, for A small enough,
EAWA(p) > s+ C1AT to the immediate right of p, whereas Eg_jw™(p) < s+ CoA
with some constant Cy > 0. For small A, therefore, the linearly vanishing current-
payoff advantage of the safe over the risky arm is dominated by the incentives provided

through continuation payoffs.

The next result essentially follows from letting p — pj, and p — 1 in Proposition

167 4 denotes the indicator function of the event A.
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Proposition 6 For p > 0, lima_, WSASE = V3 and lima 0 W4sp = V¥, uniformly on
[0, 1].

6.2 Pure Poisson Learning (p = 0)

Let p = 0, and take p as in part (iii) of Theorem 1.

Proposition 7 Let p = 0. For any € > 0, there is a A, > 0 such that for all
A € (0,A.), the set of beliefs at which experimentation can be sustained in a PBE
of the discrete game with period length A is contained in the interval (p —e,1]. In

particular, imsup,_,, WﬁBE(p) < Vnu(p).

For a heuristic explanation of the logic behind this result, consider a sequence of
pure-strategy PBEs for vanishing A such that the infimum of the set of beliefs at which
at least one player experiments converges to some limit p. Selecting a subsequence of
As and relabeling players, if necessary, we can assume without loss of generality that
players 1,..., L play R immediately to the right of p, while players L 4+ 1,..., N play
S. In the limit, players’ individual continuation payoffs are bounded below by the
single-agent value function V}* and cannot sum to more than NVy;, so the sum of
the continuation payoffs of players 1,..., L is bounded above by NVy; — (N — L)V*.

Averaging these players’ incentive-compatibility constraints thus yields

NVus(i(0) = (N = DV (5(p))
L

LA(p) —s| —re(p) 2 (L=1DAP) [V (5(p)) — .-

Simplifying the left-hand side, adding (N — L)A(p) [Vi*(5(p)) — s] to both sides and

re-arranging, we obtain

NAPD) [Vnp(i(p) = s] = re(p) = (N = D)A®) [Vi"(5(P)) — sl
which in turn implies p > p, as we show in Lemma A.9 in the appendix. The proof of
Proposition 7 makes this heuristic argument rigorous and extends it to mixed equilibria.

For non-revealing jumps (A¢ > 0), the construction of SSEs that achieve the above
bounds in the limit relies on the same two-state automaton as in Proposition 5, the

only difference being that the threshold p is now restricted to exceed p.

Proposition 8 Let p = 0 and \g > 0. There are beliefs p° € (p, p}) and p* € (p™, 1)
such that for all p € (p,p°) and p € (p,1), there ewists A > 0 such that for all
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A € (0,A), the two-state automaton with functions & and k defines an SSE of the

experimentation game with period length A.

The strategy for the proof of this proposition is the same as that of Proposition
5, except for the belief region to the immediate right of p, where incentives are now

provided through terms of first order in A, akin to those in equation (3).

In the case \g > 0, we are able to provide incentives in the potentially last round
of experimentation by threatening punishment conditional on there being a success
(that is, a successful experiment). This option is no longer available in the case of
Ao = 0. Indeed, any success now takes us to a posterior of one, so that everyone plays
risky forever after. This means that, irrespective of whether a success occurs in that
round, continuation strategies are independent of past behavior, conditional on the
players’ belief. This raises the possibility of unravelling. If incentives just above the
candidate threshold at which players give up on the risky arm cannot be provided, can
this threshold be lower than in the MPE?

To settle whether unravelling occurs requires us to study the discrete game in
considerable detail.}” We start by noting that for Ay = 0, we can strengthen Proposition
7 as follows: there is no PBE with any experimentation at beliefs below the discrete-
time single-agent cutoff pf = inf{p: W2(p) > s} (see Heidhues et al. (2015)).!® The
highest average payoff that can be hoped for, then, involves all players experimenting

above p2.

Unlike in the case of Ay > 0 (see Proposition 8), an explicit description of a two-
state automaton implementing SSEs whose payoffs converge to the obvious upper and
lower bounds appears elusive. This is partly because equilibrium strategies are, as it
turns out, necessarily mixed for beliefs that are arbitrarily close to (but above) pf.
The proof of the next proposition establishes that the length of the interval of beliefs
for which this is the case vanishes as A — 0. In particular, for higher beliefs (except for
beliefs arbitrarily close to 1, when playing R is strictly dominant), both pure actions

can be enforced in some equilibrium.

1"The study of symmetric MPEs is difficult in discrete time. Unlike in continuous time, in which the
explicit solution is known (see Keller et al. (2005)), they do not seem to admit an easy characterization.
For some open sets of beliefs, there are multiple symmetric MPEs in discrete time, regardless of how
small A is. It is not known whether any or all of these converge (in some sense) to the symmetric
MPE in continuous time.

18Tn particular, this excludes the possibility that the asymmetric MPE of Keller et al. (2005) with
an infinite number of switches between the two arms below pj can be approximated in the discrete
game.
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Proposition 9 Let p = 0 and Ao = 0. For any beliefs p and p such that p; < p <
p™ < p < 1, there exists a A > 0 such that for all A € (0,A), there exists

- an SSE in which, starting from a prior above p, all players use the risky arm on
the path of play as long as the belief remains above p and use the safe arm for

beliefs below pi; and

- an SSE in which, given a prior between p and p, the players’ payoff is no larger
than their best-reply payoff against opponents who use the risky arm if, and only
if, the belief lies in [p},p] U [p, 1].

While this is somewhat weaker than Proposition 8, its implications for limit payoffs
as A — 0 are the same. Intuitively, given that the interval [p},p] can be chosen
arbitrarily small (actually, of the order A, as the proof establishes), its impact on
equilibrium payoffs starting from priors above p is of order A. This suggests that for
the equilibria whose existence is stated in Proposition 9, the payoff converges to the
payoff from all players experimenting above pj and to the best-reply payoff against
none of the opponents experimenting. Indeed, we have the following result, covering

both inconclusive and conclusive jumps.

Proposition 10 For p = 0, lima_9 WSASE = Vip and lima_,o Wge = V5, uniformly
on [0, 1].

7 Functional Equations for SSE Payofts

While it is possible to derive explicit solutions to the equilibrium payoff sets of interest,
at least asymptotically, note that, already in the discrete game, a characterization in
terms of optimality equations can be obtained, which defines the correspondence of
SSE payoffs. As discussed in the introduction, these generalize the familiar equation
characterizing the value function of the symmetric MPE. Instead of a single (HJB)
equation, the characterization of SSE payoffs involves two coupled functional equations,
whose solution delivers the highest and lowest equilibrium payoff. Proposition 11 states
this in the discrete game, while Proposition 12 gives the continuous-time limit. As these
propositions do not heavily rely on the specific structure of our game, we believe that
they might be useful for analyzing SSE payoffs for more general processes or other

stochastic games.

Fix A > 0. For p € [0,1], let WA(p) and W%(p) denote the supremum and

infimum, respectively, of the set of payoffs over pure-strategy SSEs, given prior belief
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p.19 If such an equilibrium exists, these extrema are achieved, and w (p) > W=(p).
For p > 0 or A\g > 0, we have shown in Sections 6.1-6.2 that in the limit as A — 0,
the best and worst average payoffs (per player) over all PBEs are achieved by SSE in
pure strategies. The following result characterizes WA and W2 via a pair of coupled

functional equations.

Proposition 11 Suppose that the discrete game with time increment A > 0 admits a
pure-strategy SSE for any prior belief. Then, the pair of functions (W, w) = (WA, W)

solves the functional equations

) = max {(1=6)[(1— r)s + rm(p)] +6ERXT(0) | ®)
wp) = _mwin - max {(1=0)[(1 = K)s + km(p)] + 063 pnlp) ()

where K(p;w,w) C {0,1} denotes the set of all k such that

(1= 0)[(1 = k)s + rm(p)] + 65, 7(p) (10)
> max {(1=0)[(L—k)s +km(p)] + 6% pe(p) }

A

Moreover, W2 <w <@ < W for any solution (W, w) of (8)~(10).

This result relies on arguments that are familiar from Cronshaw and Luenberger

(1994). We briefly sketch them here.

The above equations can be understood as follows. The ideal condition for a given
(symmetric) action profile to be incentive compatible is that if each player conforms to
it, the continuation payoff is the highest possible, while a deviation triggers the lowest
possible continuation payoff. These actions are precisely the elements of K(p; w, w), as
defined by equation (10). Given this set of actions, equation (9) provides the recursion
that characterizes the constrained minmax payoff under the assumption that if a player
were to deviate to his myopic best reply to the constrained minmax action profile,
the punishment would be restarted next period, resulting in a minimum continuation
payoff. Similarly, equation (8) yields the highest payoff under this constraint, but here,
playing the best action (within the set) is on the equilibrium path.

Note that in any SSE, given p, the action x(p) must be an element of IC(p; WA, WA).
This is because the left-hand side of (10) with w = W" is an upper bound on the

9For the existence of various types of equilibria in discrete-time stochastic games, see Mertens,
Sorin and Zamir (2015), Chapter 7.
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continuation payoff if no player deviates, and the right-hand side with w = W* a
lower bound on the continuation payoff after a unilateral deviation. Consider the

e . . A
equilibrium that achieves W . Then,

p)<  max {001 K)s+rm(p)] + IERT ()}
REK(p;W ™ W2)

as the action played must be in K(p; WA, EA), and the continuation payoff is at most
given by W, Similarly, W must satisfy (9) with “>" instead of “=. Suppose now
that the “<” were strict. Then, we can define a strategy profile given prior p that (i)
in period 0, plays the maximizer of the right-hand side, and (ii) from ¢ = A onward,
abides by the continuation strategy achieving W (pa). Because the initial action is in
K(p; WA, WA), this constitutes an equilibrium, and it achieves a payoff strictly larger
than W (p), a contradiction. Hence, (8) must hold with equality for W". The same

reasoning applies to W= and (9).

Fix a pair (w, w) that satisfies (8)—(10). Note that this implies w < w. Given such
a pair and any prior p, we specify two SSEs whose payoffs are w and w, respectively.
It then follows that EA <w < w < WA. Let ® and s denote a selection of the
maximum and minimum of (8)—(9). The equilibrium strategies are described by a
two-state automaton, whose states are referred to as “good” or “bad.” The difference
between the two equilibria lies in the initial state: w is achieved when the initial state
is good, w is achieved when it is bad. In the good state, play proceeds according to &;
in the bad state, it proceeds according to k. Transitions are exactly as in the equilibria
described in Sections 6.1-6.2. This structure precludes profitable one-shot deviations
in either state, so that the automaton describes equilibrium strategies, and the desired

payoffs are obtained.

As A tends to 0, equations (8)—(9) transform into differential-difference equations
involving terms that are familiar from the continuous-time analysis in Section 3. A
formal Taylor approximation shows that for any x € {0,1}, K € {0,1,...,N} and a

sufficiently regular function w on the unit interval,

(1= 01 = K)s + sm(p)] + dEw(p)
= w(p) +r {(1 — K)s + km(p) + K b(p, w) — w(p)} A+ o(A).

Applying this approximation to (8)—(9), cancelling the terms of order 0 in A, di-
viding through by A, letting A — 0 and recalling the notation ¢(p) = s —m(p) for the

opportunity cost of playing risky, we obtain the coupled differential-difference equa-
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tions that appear in the following result.

Proposition 12 Let p > 0 or A\g > 0. As A — 0, the pair of functions (WA,EA)

converges uniformly (in p) to a pair of functions (w,w) solving

w(p) = s+ Jnax x [Nb(p, W) — c(p)], (11)
w(p) = s+ min (N —1)rb(p,w) + max k[b(p,w) — c(p)], (12)
K€K (p) ke{0,1}
where
{0} for p<p,
K(p) = {0,1} for p<p<1, (13)
{1y for p=1,

and p is as in parts (i) and (iii) of Theorem 1.

This result is an immediate consequence of the previous results. It follows from
Sections 6.1-6.2 that, except when p = \g = 0, there exist pure-strategy SSEs and the
pair (WA,EA) converges uniformly to (Vi , Vi*). It is straightforward to verify that
(w,w) = (Vi , Vi) solves (11)—(13). First, as V3 satisfies?

Vy(p) = s+ max £ [Nb(p,Vy) —c(p)],
k€{0,1}
with Nb(p, V) — ¢(p) > 0 to the right of p}, (11) is trivially solved by V3 whenever

p = py- Second, for p > pj, the function Vi ; satisfies

Vp(p) = 5+ Lpsp [NO(p, Vivp) — c(p)],

with Nb(p; Vvp) — ¢(p) > 0 on (p,1). This implies that Vy, solves (11) when p >
py. Third, V" always solves (12). In fact, as b(p; V") > 0 everywhere, we have
mingego,13 (N — 1)sb(p, Vi) = 0, and (12) with this minimum set to zero is just the
HJB equation for Vj*.

Note that the continuous-time functional equations (11)—(12) would be equally easy
to solve for any arbitrary p in (13). However, only the solution with p as in Theorem

1 captures the asymptotics of our discretization of the experimentation game.

20This equation follows from the HJB equation in Section 3: because the maximand is linear in K,
the continuous-time planner finds it optimal to set K =0 or K = N at any given belief.
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8 Concluding Comments

We have shown that the inefficiencies arising in strategic bandit problems are driven by
the solution concept, MPE. Inefficiencies entirely disappear when news has a Brownian
component or good news events are not too informative. The best PBE can be achieved
with an SSE, specifying a simple rule of conduct (unlike in an MPE): on-path play is
of the cutoff type, with players using the risky (safe) arm exclusively if, and only if,

the belief is above (below) a certain cutoff.

Of course, we do not expect the finding that SSE and PBE payoffs coincide to gen-
eralize to all symmetric stochastic games. For instance, SSE can be restrictive when ac-
tions are imperfectly monitored, as shown by Fudenberg, Levine and Takahashi (2007).
Nonetheless, SSE is a class of equilibria that both allows for “stick-and-carrot” incen-
tives, as in standard discrete-time repeated (or stochastic) games, but is also amenable
to continuous-time optimal control techniques, as illustrated by Proposition 12 (for a
given transversality condition that must be derived from independent considerations,

such as a discretized version of the game).

The information/payoff processes we consider are a subset of those in Cohen and
Solan (2013), which allows lump-sum sizes to be informative (assuming that lump sums
of any size arrive more frequently in state § = 1). For processes with a Brownian com-
ponent, our proof that risky play is incentive compatible immediately to the right of
the threshold pj only exploits the properties of the posterior belief process conditional
on no lump sum arriving. As these properties are the same whether lump sums are
informative or not, asymptotic efficiency when a Brownian component is present ob-
tains more generally. When learning is driven by lump-sum payoffs only, inspection
of equation (3) suggests that efficiency requires that a lump sum of any size arriving
at the initial belief p}; lead to a posterior belief no higher than pj. Therefore, the

condition for asymptotic efficiency has a straightforward generalization.

As mentioned above, our model rules out lumpy bad news. Hence, it rules out
models in which Poisson events are “breakdowns,” as in the model of Keller and Rady
(2015), for instance. Bad news amounts to assuming that the safe flow payoff and the
average size of lump-sum payoffs are both negative with A\jh < s < A\gh < 0. Now,
0 = 1 is the bad state of the world, and the efficient and single-player solution cutoffs
in continuous time satisfy p} > pj, with the stopping region lying to the right of the
cutoff in either case. The associated value functions V}* and Vy solve the same HJB
equations as in Section 3. In this model, j(p}) > py > pj, i.e., starting from p},, the
belief remains in the single-agent stopping region for small A, whether a breakdown

occurs or not. Hence, the harshest possible punishment, consisting of all other players
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playing safe forever, can be meted out to any potential deviator, whether there is a
breakdown or not. Thus, we conjecture that asymptotic efficiency also obtains in this

framework.
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Appendix

A Auxiliary Results

A.1 Evolution of Beliefs

For the description of the evolution of beliefs, it is convenient to work with the log odds ratio

bt

{; =1n )
! 1—pe

Suppose that starting from ¢y = ¢, the players use the fixed action profile (k1,...,kyn) €
{0,1}". By Peskir and Shiryayev (2006, pp. 287-289 and 334-338), the log odds ratio at
time ¢ > 0 is then

a1 — Qg 1p n (041—040)2 Al o
zt:£+{;1}{02(xtaoth1\ft) 202+)\1)\0]t+1n)\0Nt ,

where X™ and N" are the payoff and Poisson processes, respectively, associated with player n’s
risky arm. The terms involving a;, g and o capture learning from the continuous component,
X' —hN{, of the payoff process, with higher realizations making the players more optimistic.
The terms involving A1 and Ay capture learning from lump-sum payoffs, with the players
becoming more pessimistic on average as long as no lump-sum arrives, and each arrival
increasing the log odds ratio by the fixed increment In(\;/\g).2!

Under the probability measure Py associated with state 6 € {0,1}, X]*—aot—hN;" is Gaus-
sian with mean (ag —ap)t and variance ot, so that 2 (k=1 (1 —ap)o 2 (XP — apt — hN]Y)
is Gaussian with mean K (a1 — ag) (g — ag)o 2t and variance K pt, where K = Egzl kp and
p = (a1 —ap)?02. Conditional on the event that > {nikn=1} N{' = J, therefore, £; is normally
distributed with mean ¢ — K ()\1 — Ay — g) t 4+ J1In(A1/Nop) and variance K pt under Pq, and
normally distributed with mean ¢ — K ()\1 — Ao+ g) t+ J1In(A1/Ng) and variance K pt under
Py. Finally, the probability under measure Py that {(nikn=1} N/* = J equals (Kf‘,ie!tye*K Aot
by the sum property of the Poisson distribution.

Taken together, these facts make it possible to explicitly compute the distribution of

elt

Pt = 1+€£t

under the players’ measure P, = pP; + (1 —p)Py. As this explicit representation is not needed
in what follows, we omit it here.

Instead, we turn to the characterization of infinitesimal changes of p;, once more assuming
a fixed action profile with K players using the risky arm. Arguing as in Cohen and Solan

(2013, Section 3.3), one shows that, with respect to the players’ information filtration, the

21Here, A1/Ag is understood to be 1 when A\; = Mg = 0. When )\; > Ao = 0, we have ¢; = 0o and
p; = 1 from the arrival time of the first lump-sum on.

27



process of posterior beliefs is a Markov process whose infinitesimal generator £X acts as

follows on real-valued functions v of class C? on the open unit interval:

L% (p) = K {gp2(1 —p)*v"(p) — (A1 — Ao)p(1 — p)v'(p) + A(p) [v(i(p)) — v(p)]} :

In particular, instantaneous changes in beliefs exhibit linearity in K in the sense that £X =
KC'.
By the very nature of Bayesian updating, finally, the process of posterior beliefs is a

martingale with respect to the players’ information filtration.

A.2 Payoff Functions

Our first auxiliary result concerns the function u(-; pn) defined in Section 3.
Lemma A.1 5€I%u(-;uN)(p) = (51_%u(p;uN) forallA >0, K €{1,...,N} and p € (0,1].

PROOF: We simplify notation by writing u for u(-; uy). Consider the process (p;) of posterior
beliefs in continuous time when pg = p > 0 and K players use the risky arm. By Dynkin’s

formula,

B e K2 upa)] = () +E | /OAeTKt/N{zKu@t)—’ﬁu(pt)}dt}

= u(p) + KE [/A e RN {Elu(l)t) - %U(pt)} dt}

0
= u(p),

where the last equality follows from the fact that £'u = ru/N on (0,1].22 Thus, §5/NERu(p) =
u(p). |

We further note that £2m(p) = m(p) for all K by the martingale property of beliefs and
the linearity of m in p.

These properties are used repeatedly in what follows. Their first application is in the proof
of uniform convergence of the discrete-time single-agent value function to its continuous-time
counterpart.

Let W, || - ||) be the Banach space of bounded real-valued functions on [0, 1] equipped
with the supremum norm. Given A > 0, and any w € W, define a function TlAw € W by

Tfw(p) = max { (1 = 8)m(p) + 6 w(p), (1= 8)s+bw(p)}.

22To verify this identity, note that

) = B ), ) =, i) =55 (1) o)

and use the equation defining .
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The operator T{* satisfies Blackwell’s sufficient conditions for being a contraction mapping
with modulus 6 on (W, ]| -|): monotonicity (v < w implies Tv < Tfw) and discounting
(TP (w + ¢) = TPw + dc for any real number ¢). By the contraction mapping theorem, T
has a unique fixed point in W, this is the value function I/VlA of an agent experimenting in
isolation.

The corresponding continuous-time value function is V}* as introduced in Section 3. As

any discrete-time strategy is feasible in continuous time, we trivially have I/VlA < V.
Lemma A.2 W{ — Vi* uniformly as A — 0.

PROOF: A lower bound for W{* is given by the payoff function W2 of a single agent who uses
the cutoff p] in discrete time; this function is the unique fixed point in W of the contraction

mapping T2 defined by

T2 u(p) = { (1= 8)m(p) + 08Pu(p) i p>pi.
(1 —=90)s+ dw(p) if p<pj.
Next, choose p < pt, and define p? = % and the function v = m + Cu(; 1) + Lyg e (s —
m — Cu(-; 1)), where the constant C is chosen so that s = m(p) + Cu(p; p1).
Fix ¢ > 0. As v converges uniformly to V;* as p — p], we can choose p such that
v >V} —e. Tt suffices now to show that there is a A > 0 such that T2v > v for A < A. In
fact, the monotonicity of T*A then implies VV*A > v and hence V| —e <v < I/V*A < WIA <V
for all A < A.
For p < p}, we have T2v(p) = (1 — 8)s + dv(p) > v(p) for all A, because v < s in this
range. For p > pj,

To(p) = (1-0)m(p)+ 5 v(p)
= (1= 0)m(p) + OE [m + Cu+ Ty g (s = m = Cu)| (p)

= o(p) + 082 [ (s —m — Cu)] ()

where the last equation uses that E8m(p) = m(p) and 6EPu(p) = u(p). In particular,
T2v(1) = v(1).

The function s — m — Cu is negative on the interval (0,p) and positive on (ﬁ,pﬁ), for
some p* > pi. The expectation of s — m(pa) — Cu(pa) conditional on pg = p and pa < p
is continuous in (p, A) € [pt,1) x (0,00) and converges to s — m(p?) — Cu(p?) > 0 as p — 1
or A — 0 because the conditional distribution of pa becomes a Dirac measure at p? in either
limit. This implies existence of A > 0 such that this conditional expectation is positive for
all (p,A) € [pt,1) x (0,A). For these (p, A), we thus have

gR Ligpey(s —m — Cu)] (p) > &F |:]l[pb7pn](8 —m —Cu)| (p) >0,
where p’ = #. As a consequence, T2v > v for all (p,A) € (pt,1) x (0,A). |
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Next, we turn to the payoff function associated with the good state of the automaton
defined in Section 6. By the same arguments as invoked immediately before Lemma A.2, w2

is the unique fixed point in W of the operator T defined by

T u(p) - { (1= 8)m(p) + 5EFuw(p) if p>p,
(1 —6)s+ ow(p) if p<p.

Lemma A.3 Let p > py. Then o > Vnp for A sufficiently small.

PRrROOF: Because of the monotonicity of the operator TA, it suffices to show that TAVNJD >
Vnp for sufficiently small A. Recall that for p > p, Vi ,(p) = m(p) + Cu(p; un) where the
constant C' > 0 is chosen to ensure continuity at p. B

For p < p, we use exactly the same argument as in the penultimate paragraph of the
proof of Lemma A.2; for p > p, the argument is the same as in the last paragraph of that
proof. |

The next two results concern the payoff function associated with the bad state of the
automaton defined in Section 6. Fix a cutoff p € (p™,1) and let K(p) = N — 1 when p > p,
and K(p) = 0 otherwise. Given A > 0, and any bounded function w on [0, 1], define a
bounded function T%w by

T2w(p) = max {(1 — 8)m(p) + 62y w(p), (1—8)s + 55§(p)w(p)} .

The operator T2 again satisfies Blackwell’s sufficient conditions for being a contraction map-
ping with modulus § on W. Its unique fixed point in this space is the payoff function w*
(introduced in Section 6) from playing a best response against N — 1 opponents who all play

risky when p > p, and safe otherwise.

Lemma A.4 Let p € (py,p;). Then there exists p° € [p™,1) such that for all p € (p°,1),
the inequality w™ < VN.(p+p7)/2 holds for A sufficiently small.

PROOF: Let p = (p +pi)/2. For p > p, we have Vi (p) = m(p) + Cu(p; un) where the
constant C' > 0 is chosen to ensure continuity at p. To simplify notation, we write ¢ instead
of Vn 5 and u instead of u(-; un).

For x > 0, we define

p* _ Mw(S—mO)
T (e + 1) (ma = 8) + pa(s —mo)

where p, is the unique positive root of
Ao\ ¥ T
Fla) =B +1)+ 0 = o)+ 2o [ 22) — 20— =;
2 )\1 T

existence and uniqueness of this root follow from continuity and monotonicity of f(-;x) to-
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gether with the fact that f(0;2) < 0 while f(u;2) — oo as p — 00.23 This extends our
previous definitions of py and p}; to non-integer numbers. It is immediate to verify now that
62‘7:0 < 0 and hence % < 0. Thus, there exists & € (1, N) such that p} € (p,p}).
Having chosen such an &, we fix a belief p € (p, p}) and, on the open unit interval, consider
the function ¥ that solves
Ll —

,
2y — =0
L —m)

subject to the conditions 9(p) = s and ¢'(p) = 0. This function has the form

v(p) = m(p) + u(p),

with o AL <1pp>ﬁ+Bp <1fp>ﬂ:Au(P;ﬁ)+Bu(l—p;ﬂ).

Here, ji = uz and [ is the unique positive root of

A\ Y r
guz) = Lu(u+ 1) = O =M+ a () a1y
2 )\0 x

existence and uniqueness of this root follow along the same lines as above.
The constants of integration A and B are pinned down by the conditions ¥(p) = s and
o

o'(p) = 0. One calculates that B > 0 if, and only if, p < p%, which holds by construction,
and that A > 0 if, and only if,

f1)(s —mo)
+ L+ )(s —mo)

5< (1+
fi(my — s)

The right-hand side of this inequality is decreasing in i and tends to p™ as i — co. Therefore,
we can conclude that the inequality holds, and A > 0 as well. Moreover, A + B > 0 implies
that © is strictly increasing and strictly convex on (p,1); as B > 0, finally, v(p) — oo for
p— 1.

So there exists a belief pf € (p,1) such that ©(p?) = 9(p") and © > @ on (p?,1). We now
show that v < ¥ in (p, ph). Indeed, if this is not the case, then ¥ — ¥ assumes a non-negative
local maximum at some p! € (p,p?). This implies:

(i) 8(p*) > B(p), i.e.,
Au(p; i) + Bu(1 — p*; 1) > Cu(p®; pun); (A1)

(i) ¥'(p") = V' (p"), i.e.,

—(fi+ p!) Au(ph; i) + (2 + 1 — p") Bu(1 — p¥; i) = —(un + p)Culp®; py); (A.2)
23 Cf. Lemma 6 in Cohen & Solan (2013).
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and (iil) @/ (p*) < 0" (ph), i.e
jiji+ 1) Au(pt; 1) + (1 + @) Bu(l — p%s 1) < pn (v + 1)Cu(p?; p). (A.3)

Solving for Bu(1 — p; 1) in (A.2) and inserting the result into (A.1) and (A.3), we obtain,
respectively,

Cu(pipy) _ jfitjp+1

Au(phs i) ~ py + i+ 1

and

CuPipn) o i+ D(E+1-p) + i+ 1)+
Au(ph; )~ pn(pny +1)(a+ 1= p#) + 4l + 1) (py + p?)
This implies that

ptptl G D+ 1= ph) + (e + 1)+ pf)
pn(pny + 1)+ 1 —p*) + (i + 1) (un +pf)

die () imply ji > py. This

which one shows to be equivalent to i < uy. But £ < N and
is the desired contradiction.

Now let p° = max{p™,p?}, fix § € (p°, 1) and define

o(p) if p>ph,
v(p) =4 (p) if p<p<ph,
s if p<p.

By construction, s < v < min{?,v}. This immediately implies that (1 — d)s + dv < v. We
now show that IA’U < v, and hence w? < v, for A sufficiently small.
First, let p € (p, 1]. We have

(1 —=9)m(p) + 55]%0(19) < (1-90m(p) + (551% [m +Cu+ 1z (s —m— Cu)] (p)

= m(p) + Cu(p) + 6€R [Loz)(s —m — Cuw)] (p)
< m(p) + Cu(p)
= v(p),

for A small enough that £5 [1 1 (o5 (8—m— Cu)] (p) < 0; that this inequality holds for small
A follows from the fact that s < m 4+ Cu on (p,p). By the same token,

(1=08)s+6EN_1v(p) < (1=0)s+ER_1(m+ Cu)(p) + 6EN_1 [Lo)(s —m — Cu)] (p)
— (1= 8)s+6m(p) + ¥ Cu(p) + 66§ _1 [0 (s — m — Cu)] (p)
< m(p) + Cu(p)

v(p),

for A small enough that £§_; [1(g (s —m — Cu)] (p) < 0, as Cu(p) > 0 and s < m(p) for
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p>p™.
Second, let p € (p?, p]. Now, we have

(1 - )m(p) +66Pv(p) < m(p) + 8N Culp) + 662 [Lo (s — m — Cu)] (p)
m(

p) + Cu(p)
(),

IN

Il
S

for A small enough that £ [Il(o,ﬁ)(s —m — Cu)] (p*) <O0.
Third, let p € [p, p]. In this case,

(1= 0)m(p) + &L v(p) < (1—3)m(p)+ &L T (p)
= m(p) + 6 ii(p)

= m(p) +i(p) +E UOA e " {Lh(pe) — ri(pe) } dt | po = p]
< m(p) +u(p) +E UOA e {El"ti(pt) - %ﬁ(pt)} dt | po = p]
= m(p) + u(p)

= v(p),

where the second equality follows from Dynkin’s formula, the second inequality holds because
i(ps) > 0 and & > 1, and the third equality is a consequence of the identity £'i — 711/ = 0.

Finally, let p € [0,p). By monotonicity of m and v (and the previous step), we see that
(1= 0)ym(p) + 0&Pv(p) < (1 = 8)m(p) + 6&Fv(H) < v(p) = 5 = v(p). o

Lemma A.5 There existp € (p™, 1) and pt € (pN, DY) such that w?(p) = s forallp € (p,1),
p < pt and A > 0. For any € > 0, moreover, there exists p. € (p, 1) such that w™ < Vir+e
for all A > 0.

PRrROOF: Consider any p € (p™,1) and an initial belief p < p. We obtain an upper bound on
w”(p) by considering a modified problem in which (i) the player can choose a best response
in continuous time and (ii) the game is stopped with continuation payoff m; as soon as the
belief p is reached. This problem can be solved in the standard way, yielding an optimal

A= son [0, pi]. As we take p close to 1, p* approaches p] from

cutoff pi. By construction, w
the left and thus gets to lie strictly in between p}; and pj. This proves the first statement.
The second follows from the fact that the value function of the modified problem converges

uniformly to Vi* as p — 1. |

In the case of pure Poisson learning (p = 0), we need a sharper characterization of the

payoff function w®

as A becomes small. To this end, we define V; ; as the continuous-time
counterpart to w”. The methods employed in Keller and Rady (2010) can be used to establish
that Vi ; has the following properties for p = 0. First, there is a cutoff pl < p™ such that

Vig =son [O,pT], and V75 > s everywhere else. Second, Vi ; is continuously differentiable
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everywhere except at p. Third, Vj ; solves the Bellman equation

o(p) = max {m(p) + [K(p) + 1]blp.v). s+ K(p)b(p.0)} .

where
b _Ap) . B
(p,v) === [v(i(p)) — v(p)]
and v'(p) is taken to mean the left-hand derivative of v. Fourth, b(p, V1 5) > 0 for all p. Fifth,

because of smooth pasting at p', the term m(p) + b(p, V1 5) — s is continuous in p except at

A= Ao

p(1—p)v'(p),

7; it has a single zero at p', being positive to the right of it and negative to the left. Finally,
we note that V7 ; = V}* and pT =pj forp=1.

Lemma A.6 Let p=0. Then Vi p — V" uniformly as p — 1. The convergence is monotone
in the sense that p' > p implies Vi 5 < Vi on {p: s < Viz(p) < Aih}.

As the closed-form solutions for the functions in question make it straightforward to
establish this result, we omit the proof.

A key ingredient in the analysis of the pure Poisson case is uniform convergence of w®
to Vi as A — 0, which we establish by means of the following result.??
Lemma A.7 Let {T?}a~o be a family of contraction mappings on the Banach space (W; |-||)
with moduli {3~ Yaso and associated fized points {w™}aso. Suppose that there is a constant
v > 0 such that 1 — B~ = vA + o(A) as A — 0. Then, a sufficient condition for w® to
converge in (W; || - ||) to the limit v as A — 0 is that | T?v — v| = o(A).

PROOF: As
[w? —v|| = [T —v|| < [[T2w™ = T2 + |70 — v|| < B2 Jw® — || + [T — o],

the stated conditions on % and ||T%v — v|| imply

T ol AFA) A
1—pA vA+ Ag(A)  v+g(A)’

lw® — o] <

In our application of this lemma, WV is again the Banach space of bounded real-valued

functions on the unit interval, equipped with the supremum norm. The operator in question

rA

is T2 as defined above; the corresponding moduli are f2 = § = e "2, so that v = r.

Lemma A.8 Let p=0. Then w™ — Vip uniformly as A — 0.

24To the best of our knowledge, the earliest appearance of this result in the economics literature is
in Biais et al. (2007). A related approach is taken in Sadzik and Stacchetti (2015).
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Proor: To simplify notation, we write v instead of V; . For K € {0,1,..., N}, a straight-
forward Taylor expansion of £ I%v with respect to A yields

.1
ilinox H(Sé}%v—v—r[Kb(-,v) —v]A|| = 0. (A.4)

For p > p, we have K(p) = N — 1, and (A.4) implies

(1= 8)m(p) + 5EFv(p) = v(p) +7[m(p) + Nb(p,v) —v(p)] A+ o(A),
(1—0)s+0ES_v(p) = v(p)+7r[s+ (N —1)b(p,v) —v(p)] A+ o(A).

As m(p) > s on [p, 1] and b(p,v) > 0, there exists £ > 0 such that
m(p) + Nb(p,v) — [s + (N — 1)b(p,v)] > &,

on (p,1]. Thus, T%v(p) = (1 — §)m(p) + ELv(p) for A sufficiently small, and the fact that
v(p) = m(p) + Nb(p,v) now implies T>v(p) = v(p) + o(A) on (p, 1].
On [0, p], we have K(p) = 0, and (A.4) implies

(1= 8)m+6Efv —v—r[m+b(,v) —v)A|| = Avgr(A), (A.5)
(1= 8)s+d68v —v—r[s —v]A|| = Apg(A), (A.6)

for some functions ¥g, s : (0,00) — [0,00) that satisfy ¥r(A) — 0 and g(A) — 0 as
A — 0.

First, let p € (p',5]. We note that T2v(p) > (1 — &)m(p) + 6E2v(p) > v(p) — Ayr(A)
in this range, where the first inequality follows from the definition of T2, and the second
inequality is implied by (A.5) and v(p) = m(p) + b(p,v) for p € (p',p]. If the maximum in
the definition of T Av(p) is achieved by the risky action, the first in the previous chain of
inequalities holds as an equality, and (A.5) immediately implies that T%v(p) = v(p) + o(A).
If the maximum in the definition of IAv(p) is achieved by the safe action, however, we have
T2u(p) = (1 — 8)s + 6§ v(p) < v(p) + rls — v(P)]A + AYs(A) < v(p) + AYg(A), where
the second inequality follows from v > s on (p,p]. Thus v(p) — AYr(A) < T2v(p) <
v(p) + Ahg(A), and we can conclude that T2v(p) = v(p) + o(A) in this case as well.

Now, let p < pf. We note that T2v(p) > (1 — 6)s + 5E;v(p) > v(p) — AYg(A) in this
range, where the first inequality follows from the definition of 7, and the second inequality
is implied by (A.6) and v(p) = s for p < pf. If the maximum in the definition of T"uv(p) is
achieved by the safe action, the first in the previous chain of inequalities holds as an equality,
and (A.6) immediately implies that T2v(p) = v(p) +o(A). If the maximum in the definition
of T?u(p) is achieved by the risky action, however, we have T?v(p) = (1—38)m(p)+3E v (p) <
v(p) + rim(p) + b(p,v) — v(p)]A + AYr(A) < v(p) + AYr(A), where the second inequality
follows from v = s > m(p) + b(p,v) on [0,p]. Thus v(p) — Avs(A) < T?u(p) < v(p) +
Atpr(A), and we can again conclude that T2v(p) = v(p) + o(A) in this case as well. |
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Our last two auxiliary results pertain to the case of pure Poisson learning.

Lemma A.9 Let p=0. There is a belief p € [p}, pi] such that

A®) [NV (i(e)) = (N = DV (i) — 5] = re(p)

is negative if 0 < p < p, zero if p = p, and positive if p < p < 1. Moreover, p = py if, and
only if, j(pN) < pi, and p = pi if, and only if, Ao = 0.

PRrooOF: We start by noting that given the functions V;* and Vy, the cutoffs p7 and p}; are
uniquely determined by

A1) V1" (i (p1)) — 5] = re(p1), (A7)
and

AN)INVN (i (pN)) — Ns] = re(py), (A.8)
respectively.
Consider the differentiable function f on (0,1) given by

f(p) =2@)INVNp(i(p)) = (N =DV (§(p) — s] = re(p).

For X\p = 0, we have j(p) = 1 and Vi ,(j(p)) = Vi"(j(p)) = ma for all p, so f(p) =
Ap) Vi (§(p)) — s] —rc(p), which is zero at ]3; pi by (A.7), positive for p > p], and negative
for p < pi.

Assume \g > 0. For 0 < p < p < 1, we have Vi ,,(p) = m(p) + c(p)u(p; pun)/u(p; un).
Moreover, we have Vi*(p) = s when p < pj, and V* (p;: m(p) + Cu(p; p1) with a constant

C > 0 otherwise. Using the fact that

I
W) = 1 (ii’) (i 1),

we see that the term A(p)NVy,(j(p)) is actually linear in p. When j(p) < pj, the term
—A(p)(N = 1)V*(j(p)) is also linear in p; when j(p) > pj, the nonlinear part of this term
simplifies to —(N —1)C\; 1+1u(]3; p1)/ALt. This shows that f is concave, and strictly concave
on the interval of all p for which j(p) > pi. As lim, 1 f(p) > 0, this in turn implies that f
has at most one root in the open unit interval; if so: f assumes negative values to the left of
the root, and positive values to the right.

As Vv ((p7)) > Vi*(4(p1)), moreover, we have f(p7) > A(p7)[Vi"(j(p7)) —s] —re(pi) =0
by (A.7). Any root of f must thus lie in [0,p]). If j(p}) < pi, then V*(j(py)) = s and
k) = AP INVE ((p5) — N —re(ply) = 0 by (A.8). Tt () > i, then V7 (j(ph)) > s
and f(p}) <0, so f has a root in (p}, p])- [ |

The following result is used in the proof of Proposition 2.
Lemma A.10 Let p=0. Then pi(p1 +1) > Nuy(un + 1).
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PRrROOF: We change variables to § = Ao/A1 and o = r/Aq, so that uy and p; are implicitly

defined as the positive solutions of the equations

%—i_ﬁ_(l_ﬁ)ﬂN = peNtL
s+B—(1—-Bm = gt

Fixing 8 € [0,1) and considering puy and p; as functions of x € (0, 00), we obtain

, Nfl Nfl

T T=B e TIB T Tt (546 (1 Buy]lp’
;L 1 - 1

O T34 mB 1B+ th-(1-Aulmp’

(All denominators are positive because 1 — 3+ g# 1 In3>1— B+ BInB > 0 for all u > 0.)

Let d = pi(pr + 1) — Nun(pny + 1), As limg o puy = limyopur = 0, we see that
lim,_,od = 0 as well. It is thus enough to show that d’ > 0 at any x > 0. This is the case if,
and only if, (2u1 + 1)pf > N(2un + 1)p/y, that is,

Cu+D){1-8+[F+8—(1—Buv|mp} > 2un+1){1 -+ [z+5— (1 - B)m]nB}.
This inequality reduces to
(b1 —pn) {20 = B) + [+ 1+ 8] In B} > 2uy +1) [z — £] InB.
It is straightforward to show that 1 > un + 125 [ — &]. So d’ > 0 if
20 -B)+ [ +1+8]InB > 2un +1)(1 - B)In g,

which simplifies to 1 — 8+ [% +B8—-01-=pP)u N] In 8 > 0 — an inequality that we have already
established. |

B Proofs

B.1 Main Results (Theorem 1 and Propositions 1-4)

PROOF OF THEOREM 1: For p > 0, this result is an immediate consequence of inequalities
(2), the fact that liminfa 0 W4gg > V;* and WI%BE < V5, and Proposition 6. For p = 0,
the result follows from inequalities (2), the fact liminfa_,o W5gg > V4¥, and Propositions 7
and 10. |

PROOF OF PROPOSITION 1: Keller and Rady (2010) establish that in the unique symmet-
ric MPE of the continuous-time game, all experimentation stops at the belief py implicitly

defined by rc(pn) = APw)[@(j(Pn)) — s], where @ is the players’ common equilibrium pay-
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off function. The results of Keller and Rady (2010) further imply that Vs, (j(Pn)) >

u(j(pn)) > Vi'(i(Pn)), so that NVigy (5(Pn)) — (N — DV (j(pn)) > @(j(Pn)), and hence
p < py by Lemma A.9. |

PROOF OF PRO