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1. Introduction

We formulate a generalization of the traditional medium-of-exchange function of money in
contexts where credit, settlement, or payment services involve financial intermediaries with
some degree of market power (e.g., banks, broker-dealers, credit card companies). The option
to settle transactions directly with money strengthens the stance of sellers of goods, services, or
assets, vis-a-vis intermediaries. This mechanism is operative even for sellers who never exercise
the option to trade in cash: the mere threat of monetary exchange restrains the market power of
the financial intermediaries they face. From an aggregate perspective, the mechanism operates
even if the volume of transactions settled with cash is very small (e.g., because most traders
opt for the credit-based settlement alternative to money). Thus, in these contexts, money
functions as a latent medium of exchange. This latency, or off-equilibrium role of money,
is distinct from the traditional medium-of-exchange function that money performs when it is
actively exchanged to overcome trading frictions, such as double-coincidence-of-wants problems,
lack of commitment, and lack of enforcement.

The role of money as a discipline device for imperfectly competitive financial intermedi-
aries opens a novel conduit for the monetary transmission mechanism that operates through
the effect that changes in the opportunity cost of holding money have on money demand, and
ultimately on prices and allocations. We show that, unlike the traditional medium-of-exchange
role that emphasizes buyer-side incentives to carry money, the seller-side benefits of the option
of monetary exchange as safeguard against intermediary market power remains relevant even in
cashless limiting economies where credit and settlement are so developed that the transaction
velocity of money is arbitrarily large. The changes in incentives to hold money that mone-
tary policy imposes on a negligible-sized population of cash-only sellers can have nonnegligible
macroeconomic impact. The logic is that it is the money-demand behavior of the few cash-only
sellers that the larger population of sellers who use credit-based settlement threaten to mimic
in order to keep the financial intermediaries’ market power in check. Because money functions
as a latent medium of exchange, changes in the value of money influence the terms of trade of
everyone with a credible option to trade for money—even those who end up choosing to settle
transactions through the intermediary rather than use money.

A large body of work in macroeconomics rests on the premise that artificial economies

without money are well suited to study monetary policy. In fact, most of the work in modern



monetary economics that caters to policymakers, abstracts from the usefulness of money alto-
gether: there is typically no money in the models, or if there is money, it is merely held as a
redundant asset (see, e.g., the textbook treatments of the New Keynesian model in Woodford
(2003) or Gali (2008)). What underlies this moneyless approach to monetary economics is the
received wisdom that the medium-of-exchange role of money is essentially irrelevant for the
transmission of monetary policy in the context of advanced economies whose credit-based set-
tlement mechanisms have developed sufficiently to make the inverse velocity of some monetary
aggregates very small. Our theoretical results suggest that, in general, any attempt to assess
the macroeconomic effects of monetary policy without medium-of-exchange money-demand
considerations is at best incomplete.

The rest of the paper is organized as follows. Section 2 describes the economic environment,
presents the solution to the social planner’s problem, formulates the individual optimization and
bilateral bargaining problems, and defines equilibrium. Section 3 characterizes the equilibrium
of the nonmonetary economy. Section 4 characterizes monetary equilibria: stationary (Section
4.1), dynamic (Section 4.2), and sunspots (Section 4.3). For each type of equilibrium, Section
5 derives prices and allocations in the cashless pure-credit limit. Section 6 concludes. The

appendix contains all proofs.

2. Model
2.1. Environment

Time is represented by a sequence of periods indexed by t € T = {0,1,...}. Each period is
divided into two subperiods where different activities take place. There are three types of
infinitely lived agents: bankers, consumers, and producers, denoted B, C, and P, respectively.
An agent of type i € {B, C, P} is identified with a point in the set Z; = [0, V;], with N; € R ,.
There are two consumption goods in each period: good I and good 2.

In every subperiod, each producer has a time endowment that can be used as labor input.
Each consumer also has a time endowment that can be used as labor input, but only in the
second subperiod. In the first subperiod, producers have access to a linear technology to
transform labor into good 1, which is only consumed by consumers. Production of good 1 takes
place at the beginning of the first subperiod, before agents engage in any trading activity. In
the second subperiod, consumers and producers have access to a linear production technology

to transform labor into good 2, which is consumed by all agents. Good 1 and good 2 cannot be



stored across periods, but there is within-period storage: producers can transform every unit
of unsold inventory of beginning-of-period good 1 into ¢ € R, units of end-of-period good 2.

A monetary authority issues a financial security called money, which is durable and intrin-
sically useless (i.e., it is not an argument of any utility or production function, and it is not
a formal claim to goods or services). The quantity of money outstanding at the beginning of
period t is denoted M;, with My € R, given, and distributed uniformly among consumers.
In the second subperiod of every period, the monetary authority injects or withdraws money
via lump-sum transfers or taxes to consumers, so that the money supply evolves according to
M1 = pMy, with p € Ry .

In order to preserve a meaningful role for money as a medium of exchange, we assume
that from the standpoint of producers, consumers are unable to commit, so producers cannot
enforce consumers’ promises (neither individually nor via collective punishment schemes). We
assume bankers are endowed with the ability to enforce and commit. In particular, a banker can
enforce a future payment promised by a consumer, and can commit to make a future payment
to a seller. This special ability to trust consumers and be trusted by producers makes bankers
well suited to act as financial intermediaries between consumers and producers. Specifically,
some consumers will issue bonds through bankers in the first subperiod of ¢, with each bond
representing a claim to one unit of good 2 to be delivered to bond holders through bankers in
the second subperiod of ¢.!

In the second subperiod, all agents can trade good 2 and money in a spot Walrasian market.
In the first subperiod, consumers and producers may trade good 1, money, and private bonds,
while bankers can trade money and private bonds. Trade in the first subperiod is organized
as follows. Two Walrasian markets operate contemporaneously: a goods market and a bond
(interbank) market. All consumers and producers have access to the goods market where they
can trade good 1 and money competitively. All bankers have access to the bond market where
they can trade bonds and money competitively. Consumers and producers access the bond
market indirectly, by engaging in bilateral trades with bankers whom they contact at random.

Specifically, let «; € [0,1] denote the probability that an agent of type i € {C, P} contacts a

! Absent bankers, there would be complete lack of enforcement: consumers would be unable to borrow, and
would have no alternative but to fund first-subperiod consumption of good 1 with money. The equations in the
following sections also admit an equivalent interpretation. Instead of assuming that bankers have the special
power to enforce and commit, one could assume consumers can themselves commit to repay, but that bond
trade must be intermediated by bankers for reasons other than limited enforcement of contracts and limited
commitment to honor them.



random banker. Once the agent and the banker have met, the pair negotiates the quantities of
bonds and money that the banker will buy or sell in the competitive bond market on behalf of
the agent, and an intermediation fee for the banker’s service. The banker’s fee is expressed in
terms good 2 and paid in the second subperiod. The terms of this bilateral trade are determined
by Nash bargaining, where an agent of type i € {C, P} has bargaining power 6, € [0, 1].

The individual preferences of an agent of type i € {B,C, P} are represented by

0o
éz B [u (yit) Ljizcy — wyitlympy + v(ae) — by
t=0

where the expectation operator, '6, is with respect to the probability measure induced by the
random trading process in the first subperiod, § € (0,1) is the discount factor, u : Ry — R
is the consumer’s utility function for good 1, Iy is an indicator function that equals 1 if the
condition in the subscript is satisfied, and 0 otherwise, x € R4 is the producer’s marginal
(disutility) cost of producing good 1, y; is the agent’s consumption (if i = C') or production (if
i = P) of good 1 in period ¢, x; is the agent’s consumption of good 2 in period ¢, and h; is the
agent’s disutility of supplying labor input h; in the second subperiod of period t. We assume
" <u(0) =0 <o, v" <v0)=0<7, ¢ <k, and that there exist 2*,y* € Ry such that
v (z*) = 1 and o/ (y*) = k. For any ¢ € Ry, let D(p) = /71 (p).

The following result characterizes the efficient allocation that solves the problem of a social
planner who maximizes the equally weighted sum of all agents’ expected discounted utilities. Let
the planner’s solution be denoted {ygt, Ype (Ths by )i, p}}:io, where y¢, is the individual
consumption of good 1 in period ¢, yp, is the individual production of good 1 in period ¢, x7; is
the individual consumption of good 2 of an agent of type 7 in period ¢, and hj; is the individual

production of good 2 of an agent of type ¢ in period ¢.

Proposition 1. The efficient allocation is y&, = y*, yp, = %—gy*

i€ {B,C,P} and all t.

* 1k %
, and xj, = h}, = ™ for all

2.2. Individual optimization, bargaining, and definition of equilibrium

We begin by describing the individual optimization problems in the second subperiod of a typical
period. Let W} (a, aj) denote the maximum expected discounted payoff, at the beginning of
the second subperiod of period ¢, of an agent of type i € {B,C, P} who has a}* € R units

of money and a claim to af € R units of good 2. Let V; (a}*) denote the maximum expected



discounted payoff of an agent of type i € {B,C, P} with money holding a}* at the beginning of
the first subperiod of period ¢. Then

Wti(a?l7 ag) = max [1} (xt) - ht —+ /3‘/;5:-1(@;11)] ) (1)

(Z‘z,ht,aﬁl)ER‘:’L
s.t. 2+ dafyy < by +daf” +af + 6T ey,

where ¢, is the real price of unit of money in terms of good 2, and Ty" € R is the time ¢
lump-sum monetary injection to an individual consumer. Next, consider the three individual
optimization problems that each agent type faces in the first subperiod of a typical period t.
First, consider the portfolio problem of a banker at the end of the first subperiod of period
t, i.e., after the round of bilateral bond-market trades with consumers and producers. Let
WtB (af*,af) denote the maximum expected discounted payoff of a banker who has money
holding a}* and a claim to af units of good 2, as he reallocates his portfolio of money and
bonds in the bond market at the end of the first subperiod of period ¢ (i.e., possibly after
having executed a trade on behalf of a client).? Then
WP (a)" af) = max WP (@), af) 2)
s.t. a4+ qar < al,
where a; = (a}*,a?), a] = af + a?, and ¢, is the nominal price of a bond in the bond market of
time t. Let @p:(a) = (a’,(a),a%,(a")) denote the solution to the maximization in (2).
Second, consider a consumer who enters period ¢ with money holding a]" and is unable
to trade bonds through a banker. This could happen either because the agent is unable to
contact a banker (an event that happens with probability 1 — a¢), or contacts a banker (with
probability a¢) but the negotiation breaks down. This agent’s individual decision problem in
the first subperiod of ¢ is to choose the quantity of good 1 to buy in the goods market, g (a}™),
and the post-trade money holding, ag,(ai"), that satisfy
(Gor (af") ,ads (af")) = arg  max () + W (@, 0), (3)
(Gr,a7")ERZ

s.t. d;n + peyr < ai”,

2In principle, the banker may be holding a nonzero bond position when reallocating his own portfolio at the
end of the first subperiod. However, as will become clear when we formulate the relevant bargaining problem, it
is without loss of generality to assume that the banker’s portfolio after having provided intermediation services
is the same as the banker’s beginning-of-period portfolio, which has zero bonds.



where p; is the nominal price of good 1 in the goods market of period t.

Third, consider a producer who entered period ¢ with money holding aj*, produced y; at
the beginning of the period, and is then unable to trade bonds through a banker in the first
subperiod. This could happen either because the producer is unable to contact a banker (an
event that happens with probability 1 —ap) or contacts a banker (with probability ap) but the
negotiation breaks down. This producer’s individual decision problem in the first subperiod of
t is to choose the quantity of the inventory of good 1 to sell in the goods market, §p; (v, a}"),
and post-trade money holding, a3, (y¢, aj*), that satisfy

(Gpe(ys, af"), @y (e, af")) = arg _ max W (@, af), (4)
(yt,a{”)ERa_

s.t. &?L < (I%n +pt?]t

Qt S Yt,

where af = (y: — ). The first constraint is the budget constraint the producer faces in the
first subperiod when only able to trade in the goods market. The second constraint says the
producer can at most sell the inventory of good 1 produced at the beginning of the period.
Two bargaining situations arise in the first subperiod of a typical period ¢: the first, when
a consumer contacts a banker, and the second, when a producer contacts a banker. Con-
sider a consumer with beginning-of-period money holding a;*. With probability ac, the con-
sumer contacts a banker and simultaneously chooses the quantity of consumption to buy from
the goods market, gy (a]*), and bargains over the post-trade portfolio of bonds and money,
act(a®) = (@, (al),al,(a)), as well as the banker’s fee, kct(af*). The bargaining outcome,
(Yor(af®), ace(ay?), kce(ai™)), is the solution to
o L@+ WE @ ) — ) = WE @, 0] T (5)
st +pge+qa; < af
u(@) + W@ 0) < u(@) + W@, af),

where a; = (a*,al), aj = ab — ke, ¢ = Gor(al™), and a* = a%,(ai). The first constraint is the
budget constraint the consumer faces in the first subperiod when able to trade simultaneously

in the goods market and the bond market. The second constraint ensures the trade is incentive



compatible for the consumer (the restriction k; € Ry ensures the trade is also incentive com-
patible for the banker). If the consumer and the banker were unable to reach an agreement, the
consumer can still trade in the goods market. Hence, the outcome (3) acts as the consumer’s
outside option in his bargaining problem with the banker.

Consider a producer with beginning-of-period money holding a;* and good 1 inventory y;.
With probability ap, the producer contacts a banker and simultaneously chooses the quantity
of good 1 to sell in the goods market, yp; (ys, a;"), and bargains over the post-trade portfo-
lio of bonds and money, @p;(ys, ai*) = (ap,(ys, af), al,(ys, af")), as well as the banker’s fee,

kpt(ys, af*). The outcome, (ypi(ye, af®), @pe(ye, ai®), kpe(ye, af*)), is the solution to

Pam g Pi=m ~g\19P ;1-0
__ max (W (ai*,af) — W/ (a)", af)] P pl-or (6)
(Gt,Gt,ke) ERE XRXR4
st.al +qa; < af +pi
gt < Yt

th(d?’&f) < th(di”,éi’),

where @, = (a",a}), af = a} — ko + (g0 — Go)ps @ = @, (yr, @), and @ = (g — Geelye, af"))e.
The first constraint is the budget constraint the producer faces in the first subperiod when
able to trade simultaneously in the goods market and the bond market. The second constraint
states that the producer can at most sell the inventory of good 1 produced at the beginning
of the period. The third constraint ensures the trade is incentive compatible for the producer
(the restriction k; € Ry ensures the trade is also incentive compatible for the banker). Notice
that if the producer and the banker were unable to reach an agreement, the producer can still
trade in the goods market. Hence, the outcome (4), which determines the gain from selling of
a cash-only producer, acts as the cash-and-credit producer’s outside option in his bargaining
problem with the banker.

Let V/(a") denote maximum expected discounted payoff of an agent of type i € {B,C, P}

who enters the first subperiod of period ¢ with money holding a;*. For a banker,

VPa) = ) ap / W (@B (af"), alpy(af) + kie(af"))dHi (@)
1€{C,P}
+ (11— af —ap) W (@g: (ai")), (7)

where, for ¢ € {C, P}, o/B is the probability an individual banker contacts an agent of type ¢,

and Hj; is the beginning-of-period ¢ cumulative distribution function of money holdings across



agents of type ¢. For a consumer,

VE(a") = aclu(ger (i) + Wi (@ ("), agy (") — kee ()]
+ (1~ ac) [u(ee (") + W (@ (af") ,0)] - (8)

For a producer,

VP @) = max { — syt apW @ (v af") a (,af)
(1= ap) W (@ (g, al") @y (1 0) |, (9)

where a, (yi,af") = b, (yi, af) — kpe (e, ") + (ye — 9pe (g, 07")) @, and @, (ye, a7") = (ye —
upt (Y, ai"))p. Let ypi (ai") denote the solution to the maximization in (9).

Let A} = N; [ a*dFy (a}*), where Fy is the cumulative distribution function over money
holdings a}” held by agents of type i € {B,C, P} at the beginning of period t. Let [lglt =
(1 — ac)Ne [ a2, (a) dFey (af) and A, = (1 — ap)Np [ @, (ype (a}?) ,a*) dFp; (af*). For
asset type k € {m,b}, let A%, = Np [ @k, (a) dFp: (a]*), AL, = acNe [ @k, (@) dFey (alb),
and A%, = apNp [a@, (ypi (a),a) dFp; (a). Also, let Yor = acNe [ gor (@) dFoy (@),
Yor = (1—ac)Ne [ e (af") dFoe (af), Ype = apNp [ Gpi (ype (af) , a") dFpy (af"), and Yy =
(1 —ap)Np [gpt (ype (a*) ,a}*) dFp, (a*). We are now ready to define equilibrium.

Definition 1. An equilibrium is a sequence of prices, {p, qt, ¢;}72, portfolio allocations and

fees in the first subperiod, {@%, (), a% (-),a (-) ,yp, (-), Git () Git () , ki (')}ie{C,P},ke{m,b},teT’
and end-of-period money holdings, {agﬂ}ie{B,C,P},teT’ such that for all t € T: (i) taking
prices and the bargaining protocol as given, the end-of-period money holdings solve (1) for
i € {B,C, P}; (ii) the asset holdings and fees in the first subperiod solve (2), (3), (4), (5), (6);
(iii) beginning-of-period production yp, (-) satisfies (9); and (iv) prices are such that all Wal-
rasian markets clear, i.e., Y ,cp o py Ajft1 = Miy1 (the end-of-period t Walrasian market for
money clears), ZiE{BC’P} flg’t = 0 (the period t market for bonds clears), Yor+Yer = Yo+ Yoy
(the market for good 1 clears), and L4 ~oy | Xieqo,py (Al + Af) + A, — M| = 0 (the first-
subperiod money market clears). An equilibrium is “monetary” if ¢, > 0 for all t and “non-

monetary” otherwise.

In what follows, we let ¢, = pi/q: be the relative price of good 1 in terms of bonds (i.e.,

claims to good 2) in the first subperiod of .3 In an economy where money is valued, it is useful

3When considering individual decision problems, we assume 0 < ¢, (this is without loss of generality, since it
will be true in any equilibrium).



to define real money balances as Z; = ¢, M;, and to let ¢, = p:¢,. Intuitively, ¢, will be the
relevant relative price of good 1 in terms of good 2 for a producer who sells good 1 in exchange
for a debt instrument, as well as for a consumer who issues a debt instrument to pay for good
1 (in an economy with or without money). The price @, will be the relevant relative price of
good 1 in terms of good 2 for a producer who sells good 1 for money, as well as for a consumer

who uses money to pay for good 1. In a monetary economy, let

1 0 — Py
p=——1="—" (10)
! qt Py Pt

which is the equilibrium nominal interest rate implied by the inside bond.? Hereafter we
specialize the analysis to 0 < p;, since p, < 0 entails an arbitrage opportunity inconsistent with

equilibrium. For any z € R, define the correspondences » : R = R and ¢ : R = [0, 1] by®

= 00 if 2<0 =1 if0<z
s { €[0,00] if 2=0 and  (r)q €1[0,1] if2=0
=0 if0 <z =0 it z<0.

Let qfk denote the nominal price in the second subperiod of period t of a T-period risk-free
pure discount nominal bond that matures in period t+k, for k = 0, 1,2, ..., T (so k is the number
of periods until the bond matures). Imagine the bond is illiquid in the sense that it cannot be
traded in the first subperiod. Then in a stationary monetary equilibrium, qfk = (B/u)*¥, and

_p—p

L= 3 (11)

is the time-t nominal yield to maturity of the bond with k& periods until maturity. Throughout
we assume < p (but we consider the limiting case p — (). Since there is a one-to-one
mapping between the growth rate of the money supply, ¢, and the nominal interest rate ¢, we

can regard ¢ as the nominal policy rate chosen by the monetary authority.

4To see why i, is the nominal interest rate implicit in the inside bond, notice that with 1 unit of money an
investor can buy q% bonds, which in total yield q% general goods in the following subperiod, and this is equivalent

to ﬁ dollars. Since the bond is repaid within the period, this is also a notion of real rate on these loans,

with loan and repayment measured in terms of the general good. To see this, notice that investing 4%1 dollars is

equivalent to investing 1 unit of the general good. The 4% dollars allow to buy ﬁ bonds, which in total yield
1@ general goods. So the gross real interest in terms of general goods is also ﬁ.

*Below, we use the variants Z(Z) and Qz) to denote correspondences with Z(z) = Z(Z) = ((»y for all z # 0,

at
but possibly Z(o) #* 6(0) # C(oy- Similarly, the variants {%;T’(z)}ie{B’C’p} and %fz), denote correspondences with

i) = %f’z) = #(z) for all z # 0 and all i € {B,C, P} and t € T, but possibly s, # 540 # %50) # (o) for
some t € T and ¢,5 € {B,C, P} with ¢ # j.

10



3. Nonmonetary economy
The following lemma characterizes the first-subperiod outcomes in an economy with no money.

Lemma 1. Consider the first subperiod of period t of an economy with no money. (i) The solu-
tion to the banker’s portfolio problem (i.e., (2)) isa%, = 0. (ii) The trade of a consumer who does
not contact a banker (i.e., (3)) is ot = 0. The trade of a consumer who contacts a banker (i.e.,
the solution to (5)) is §cr = D (), agy = =D (), and kcy = (1 — 6c) [u (D (¢;)) — @D ()]
(iii) The post-production trade of a producer who carries inventory y; and does not contact a
banker (i.e., (4)) is ypt (y+) = 0. The post-production trade of a producer who carries inventory
yr and contacts a banker (i.e., the solution to (6)) is ypt(yt) = C(p,—p)Yts a%. (yt) = pupe(yt), and
kpt(yt) = (1 —0p)(p; — )Upt(yt). (iv) A producer’s pre-trade production is ypt = (x—Rn(y,));
where

R" (1) = ¢+ apbip(or — ) (p,—o)- (12)

To find an equilibrium of the nonmonetary economy, it suffices to find the equilibrium path
of {¢;};2y- Given this path, the rest of the equilibrium is immediate from Lemma 1. The

following result offers a characterization of equilibrium based on this relative price.

Proposition 2. Assume ¢™ < ' (0), where

o=kt (aplep - 1> (5 - 9) (13)

There exists a unique equilibrium, {}};°, of the nonmonetary economy, and ¢} = @™ for all
t. The individual consumption allocation of good 1 (for consumers with access to bankers),
y¢ =D(¢"), satisfies

u' (56) = ¢ (14)

Consumers without access to bankers do not consume good 1. The individual production

allocation of good 1 is y}5 = %@%-

Notice that the equilibrium price satisfies ¢ < & < ¢", and ¢" = & only if apfp = 1.
Hence, consumption of good 1 is inefficiently low (i.e., 7 < y*) in the nonmonetary economy

as long as either not all producers have access to the credit market (ap < 1), or bankers can

11



exert market power over the producers they transact with (§p < 1).5 This inefficiency is due to
the fact that a producer must produce good 1 before the moment when he simultaneously sells
the good and negotiates with the banker. Given the constant-returns production technology, in
an equilibrium with production of good 1, a producer must expect to break even. Specifically,
when the producer makes the production decision at the beginning of the period, he anticipates
the relative price of good 1 will be some ¢ > £ > ¢, which implies an expected profit equal to
II" (¢) = R" (¢) — k = aplp (¢ — k) + (1 — apfp)(p — k) per unit of good 1 produced. To in-
terpret this beginning-of-period pre-production expected profit, notice that if having produced,
the producer contacts a banker and has all the market power, then the per-unit profit is ¢ — &,
but if the producer either cannot sell in the first subperiod (e.g., because he fails to contact
a banker, which happens with probability 1 — ap) or if he contacts a banker who has all the
market power (i.e., with probability ap (1 —6p)) then the per unit profit is ¢ — x < 0. Hence,
as long as apfp < 1, the zero-profit equilibrium condition I1" (¢) = 0 requires 0 < ¢ — k, which
means an inefficient level of consumption and production of good 1. In the general equilibrium,
the market power that producers face in the financial market induces them to charge a mark-up
for good 1 (i.e., 0p < 1 implies "™ — k > 0, and ¢"™ — K is decreasing in fp), even though in-
dividual producers have no market power in the market for good 1 (they are competitive price

takers in that market).
4. Monetary equilibrium

The following lemma characterizes the first-subperiod outcomes in a monetary economy.

Lemma 2. Consider the first subperiod of period t of an economy with money. In each case,
focus on an agent who enters the period with money holding a}". (i) The solution to the banker’s
portfolio problem, (i.e., (2)), is ga%, (af*) = a* — @', (ai*) and @p, (a*) = %oy (i) The
trade of a consumer who does not contact a banker (i.e., (3)) is piyct (af*) = min [p:D (@) , a3’
with agy, (ai") = ai* — piyce (ai*). The trade of a consumer who contacts a banker (i.e., the
solution to (5)) is fier(af") =D(ey), a3 (af") = o2y, @y (@) = ' — [ (@) + pegice(al)],

and

kei(af) = (1= b0) {prprai” + w(yei(ai")) — peor(ai”) — [u(ged(af")) — Pegor (a1} -

5The knife-edge case k = ¢, which we rule out in our baseline parametrization, is one where producers’ gains
from trade in the market for good 1 are always equal to zero, so there is never a gain from trade in a meeting
between a producer and a banker, which effectively is as if the banker had no market power.
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(iii) The post-production trade of a producer who carries inventory vy; and does not contact a

banker (i.e., (4)) is Jpi(ys, ay*) = g(@_@)yt with @B, (ye, af*) = ai* + pegpe(ye, ai*). The post-

production trade of a producer who carries inventory y; and contacts a banker (i.e., the solution
to (6)) is Gpe(yr, af") = Clo,—p)¥t: APy (U, af") = 3By, 0 @lipy (Y, af") = af" + pigipe(ys, af*) —

dr]gt (ytv a;n)} and

kpi(ye, ai") = (1 — 0p) {prdyai” + [(p, — E)H{g@:t} — (P — E)H{£<¢t}]yt}-

(iv) A producer’s pre-trade production is yp; (a}*) = %&—Rm(@t o)’ where
R™ (@ 00) =@+ aplp(ey — )lpepy + (1 —aplp) (0, — ©)lip<p,)- (15)

To characterize a monetary equilibrium it suffices to find {Z;, p;, @, }7=,. Given this path,
the nominal prices 1/¢, = M¢/Zy, pr = &/t 4t = Pt/ 1, pr = (01 — ¢¢)/ Py, and the rest of
the equilibrium are immediate from Lemma 2. The full set of dynamic equilibrium conditions
is reported in Lemma 6 in the appendix. The following result characterizes the stationary
monetary equilibrium, i.e., a path {Z;, ¢;, ¢, };o, such that Z, = Z, ¢, = ¢, and ¢, = ¢ for all
t. Without loss of generality, we focus on economies where good 1 is produced. Also, to simplify
and sharpen the exposition, hereafter we specialize the analysis to the case with acfc =1 (i.e.,
all consumers have access to the credit market and can borrow at the competitive rate).” We

can use part (i) of Lemma 2 to define money velocity as V; = %.

4.1. Stationary monetary equilibrium

Proposition 3. Assume ¢" < v’ (0), and let

(16)

There exists a unique stationary monetary equilibrium provided 0 < ¢ < t. In the stationary

monetary equilibrium, Z; = Z, ¢, = ¢, ¢, = ¢, p, = p for all t, and ¢, = %, Py = %Mt and

_ &M
q = 57t' Moreover,

"The results for the more general formulation with acfc < 1 are presented in the appendix. Specifically,
Proposition 6, Corollary 6, and Corollary 7 are the generalized versions of Proposition 3, Corollary 2, and
Corollary 3, respectively. In terms of Proposition 2, notice that 8¢ plays no role, and that there is no loss of
generality in setting ac = 1.

13



(i) If 0 < v < T, then

5 1
L 1+OZPOPL/{
1+
= — K
4 14+ aplpt
p o=
Z
— = (I—ap)D(p) Nc
%
1
Vy = ,
1—ap

and the individual consumption allocation of good 1, yo =D(y), satisfies

u' (o) = .

The individual production allocation of good 1 is yp = agﬁp Yo

(ii)) As v - 0, ¢ — K, ¢ — K, and any Z € [(1 —ap)kD(k) N¢,00) is consistent with
equilibrium.

(iii) As t =7, p — @, and ¢ — ©".

Notice that the highest policy rate consistent with monetary equilibrium, z, can be written as
P

L=, which can be interpreted as the market interest on the inside bond in a nonmonetary
economy. In the monetary equilibrium, ¢ < @ < x < ¢, where the first “<” holds with “=" if
apfp = 1, and both “<” hold with “=" if « = 0. Hence, as long as apfp < 1 and 0 < ¢, we

have yo < y*, i.e., consumption of good 1 is inefficiently low in the monetary equilibrium. This
inefficiency is due to the fact that a producer must produce good 1 before the moment when he
simultaneously sells it and negotiates with the banker. Given the constant-returns production
technology, in an equilibrium with production of good 1, a producer of good 1 must expect to
break even. Specifically, when the producer makes the production decision at the beginning of
the period, he anticipates the relative price of good 1 (in terms of good 2) will be @ > ¢ if he
sells the good for cash, and ¢ > xk > @ if he manages to sell it for bonds, which implies an

expected profit equal to
" (@, 0) = R™ (¢, ) = = (1 —aplp) (¢ — k) + aplp (¢ — k)

per unit of good 1 produced. To interpret this beginning-of-period pre-production expected

profit, notice that if having produced, the producer contacts a banker and has all the market
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power, then the per-unit profit is ¢ — k, but if the producer either must sell for cash in the first
subperiod (e.g., because he fails to contact a banker, which happens with probability 1 — ap),
or if he contacts a banker who has all the market power (i.e., with probability ap (1 — 0p)) then
the per unit profit is p — k. As long as 0 < ¢, we have ® — k < 0, so the zero-profit equilibrium
condition II"™ (@, ¢) = 0 requires 0 < ¢ — k, which means an inefficient level of consumption
and production of good 1. In the general equilibrium, the market power that producers face in
the financial market induces them to charge a mark-up in the market for good 1, even though
individual producers are competitive price takers in that market. In terms of comparative
statics, as long as apfp € (0,1), we have %—f’ <0< %—‘f. The equilibrium approaches the
equilibrium of the nonmonetary economy as ¢ — 7. The equilibrium consumption allocation

converges to the efficient allocation as ¢ — 0, or as apfp — 1. In the latter case, real balances,

Z, and inverse velocity, 1/V, approach zero.

4.2. Dynamic monetary equilibrium

In this section we characterize dynamic monetary equilibria for the economy with acfo = 1
(where A7, = M, for all t). To streamline the analysis, we consider a version of the model

where: (i) Ng = No = Np = 1 (a normalization); (i) good 1 is produced in equilibrium; and

(7ii) ¢ = 0 (no storage). These conditions imply %&—Rm(@p%)) = C(%_f) = §(¢t_£) =1 for all

K
apbp’

It is convenient to define z; = 5 _Zof[P, i.e., the beginning-of-period ¢ quantity

t, and " =
of real money balances outstanding per producer with no access to a banker. The following

result offers a characterization of the set of dynamic monetary equilibria.

K

Proposition 4. Assume ¢™ < v’ (0), where " = . A dynamic monetary equilibrium is a

aplp
bounded sequence {z, p;, Py, pr 112, that satisfies
1 .
T 241 if kD (k) < zp41
2t = —apb . 17
e s o <ot "
B K if kD (k) < z
Pro= { Flz) if0< 2 < kD () (18)
_ aplp n
_ N 19
Py [— (" — @) (19)
1 o=k
— TR 20
Pt CYPGP @n — @, ( )
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where for any z € [0, kD ()], f (z) denotes the unique value ¢ € [k, ¢"] that satisfies

aplp

sz(son—sa)D(@)- (21)

Proposition 4 reduces the task of finding dynamic monetary equilibria to finding a bounded
solution {z:};2, to the difference equation (17). The equilibrium prices {¢;, @;}o, and the
interest rate {p, },-, are then obtained from (18), (19), and (20).

Corollary 1. In any dynamic monetary equilibrium, D (¢") —D(p;) < 0 < ¢ — ¢, for all t.

Corollary 1 of Proposition 4 establishes that in any dynamic monetary equilibrium, con-
sumers face a relative price of good 1 (in terms of good 2) that is lower than the relative price
they would face in the equilibrium of the same economy without money. Thus, consumption of

good 1 (and therefore welfare) is higher in the economy with money than in the one without.

4.3. Sunspot equilibria

In this section we construct equilibria where prices and allocations are time-invariant functions
of a sunspot, i.e., a random variable on which agents may coordinate actions but that does not
directly affect any primitives, including endowments, preferences, and production or trading
possibilities. To simplify the exposition, we maintain the assumption ¢ = 0 and Np = Ng =
Np = acfc = 1 (without loss, we focus on equilibria where only consumers hold money
between periods). In the appendix (Corollary 9), we provide the equilibrium conditions for
a set of sunspot states S = {s1,...,sn}, where s; € S follows a Markov chain with Nij =
Pr(si11 = si|s¢ = sj). In this context we describe equilibrium with time-invariant functions of
the sunspot state, i.e., for any s; € S we use @ (s¢), ¢ (st), p(st), and Z (s¢), to denote @y,
s, py, and Zy, respectively. The following result characterizes a family of sunspot equilibria
that contains the nonmonetary equilibrium of Proposition 2 and the monetary equilibrium of

Proposition 3.

Proposition 5. Assume S = {s1,s2}, with n;; = n € [0,1], and 1y, = 1. For any arbitrary
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n € [0, 1], there exists a sunspot equilibrium characterized by

po1) = : :
P T T apbpr— (1—n) (1— apbp)
B 141
pls1) = 1—|—Oép9pb—(1_77)(1_apap)l{
t+1—mn
plor) = — —
Z(s1) = (1—ap)D(p(s1))@(s1),

n 1

P (s2) = Z (s2) =0, and ¢ (s2) = p(s2) @ (s2) = ¢" = apip

For n = 0, the equilibrium described in Proposition 5 reduces to the nonmonetary equi-
librium of Proposition 2. Conversely, for = 1, it reduces to the monetary equilibrium of
Proposition 3. By varying n from 0 to 1, we can generate a continuum of proper sunspot
equilibria that “convexify” the equilibrium set spanned by the monetary and the nonmonetary

equilibrium.
5. Cashless limit

In this section we consider the limit of the equilibrium as ap — 1, i.e., as the fraction of
producers without access to bankers vanishes.
The following corollary of Proposition 2 characterizes the limit of the equilibrium of the

nonmonetary economy as ap — 1.

Corollary 2. Assume "™ < u'(0), where

1
nx — 1; no_ - _
= al;gl et =K+ <€P 1) (k= ). (22)
The individual consumption allocation of good 1, y&* =D(¢"*), satisfies
u' () = ™. (23)

The individual production allocation of good 1 is yp* = %—ggg*.

The following corollary of Proposition 3 characterizes the limit of the stationary monetary

equilibrium as ap — 1. Let t* = limgy, 11 = é% denote the limit as the cash-and-credit

economy converges to the pure-credit economy of the maximum nominal policy rate consistent

with existence of a stationary monetary equilibrium.
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Corollary 3. Consider the monetary equilibrium characterized in Proposition 3, with 0 <1 <

. Asap — 1,

S o=
14 1 + HPL
1+
I 24
v v 14 QPLK (24)
p o=
Z
- = 0
14
YV — o
Jo — Y&, where yf satisfies u' (g7) = ¢* (25)
Nc _,
P — — . 26
Y prc (26)

From (24), (25) and (26), notice that if either « = 0 or p = 1, then as ap — 1, the
consumption allocation implemented by the monetary equilibrium converges to the Pareto
optimal allocation. From (24), we also see that as long as p < 1, the monetary policy ¢
affects the relative price ¢*, which according to (25) and (26), in turn affects consumption and
output—even as Z — 0 along the cashless limit. In terms of comparative statics, as long as

Op < 1, we have % <0< % in the cashless limit. From (22) and (24),

. 1-0p L
oY T, \Uxepnt T E)

Notice that @™ — ¢* > 0 for all p € [0,1] and all ¢ € [0,7%), with “=” only if §p = 1, so
consumption is larger in the cashless limit of the monetary economy than in the nonmonetary
economy. In other words, the allocation implemented by the cashless limit of the monetary
equilibrium coincides with the allocation implemented by the equilibrium of the nonmonetary
economy only if bankers have no market power over producers (i.e., #p = 1). A monetary policy
that makes money more valuable only makes ¢"™* — ¢* larger, since it improves the producer’s
outside option of trading good 1 for money, which reduces the banker’s effective market power.®

A key insight to understand this result is that for all ¢ € [0,7%),

e
lim Z/¢=0< lim [P (o) Ne.

ap— ap—11—ap

8In contrast, lim, 7= (@™ — ¢*) = 0 even if @p < 1.That is, §& —F&* can be made arbitrarily small by choosing
a background monetary policy rate ¢ high enough to make the value of money sufficiently small. Intuitively, if
expected inflation is very high, monetary exchange ceases to be an effective outside option for producers in their
negotiations with banks.
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That is, aggregate demand for money in the first subperiod converges to zero, but the individual
demand for money does not, in the sense that any individual producer who belongs to the
vanishing population of producers without access to a banker is willing to accept money in
exchange for good 1. Hence, when trading with a banker, the producer’s threat to sell for cash
is credible everywhere along the cashless limit.

The following corollary of Proposition 4 describes the cashless limit (as ap — 1) of the

dynamical system that characterizes any dynamic monetary equilibrium path.

Corollary 4. Assume "™ < u'(0), where p"™* = 75 Let {zt, 04, @1y e }720 be a dynamic

* and {Zt’gptvsbt?pt}l?io - {Z;’(p?v¢?7/}:}§i0’

monetary equilibrium. (i) As ap — 1, ¢ — "

where
Th A if KD (K) < 274
5 = 1 1-0p  9(2541) * ; * (27)
T+0 0p W"*—g(zﬂl)zt—i-l if0 < Zty1 < KD (K)
. K if kD (k) < 2}
T { g(zf) if0 <z <KD (k) (28)
~ 0p
P —— ("™ = }) (29)
1—6p
1 pf—«k
* t
T Op o — o 30
Pt Op " — of (30)
where for any z € [0, D ()], g (2) is the unique ¢ € [k, "] that solves
Op
7= (™ = @)D (0). (31)
1—6p

(ii) As long as Op < 1, D (™) —D(¢}) < 0 < " — ¢} for all t.

Part (7) of Corollary 4 describes the set of conditions that characterize the “cashless limiting
path” to which the path corresponding to any given dynamic monetary equilibrium converges
as ap — 1. Part (i1) establishes a key result that generalizes the main result in Corollary 3:
As long as bankers have market power against producers, i.e., @p < 1, in the cashless limit of
any dynamic monetary equilibrium, consumers face a relative price of good 1 (in terms of good
2) that is lower than the relative price they would face in the equilibrium of the same economy
without money. Thus, consumption of good 1, and therefore welfare, is always strictly higher in
in the cashless limit of the monetary equilibrium of economy with money (i.e., as ap — 1 and

aggregate real money balances converge to zero, Z; — 0) than in the economy without money.
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For every ap € [0, 1], the set of equilibria (indexed by the sunspot probability ) described in
Proposition 5 define an equilibrium correspondence that is continuous. The following corollary

of Proposition 5 characterizes the limit of the this equilibrium correspondence as ap — 1.

Corollary 5. Consider the set of monetary equilibria indexed by n € [0,1] characterized in

Proposition 5. For any given i € [0,1], as ap — 1,

- ~k — "
A e TS

1+

pls) = )= o A )"
Z(Sl) —
p(s2) — ™= Glp'%'

This corollary formalizes the intuition that by carefully selecting among the set of (sunspot)
equilibria, there is a sense in which one can construct a monetary equilibrium whose cash-
less limit converges to the nonmonetary equilibrium. The nature of the selection, however,
involves decreasing the probability 1 toward zero as ap approaches 1, i.e., intuitively, agent’s
expectations that money will lose its value forever (purely due to self-fulfilling expectations)
must converge to 1 along with ap. More formally, one could focus on the particular joint limit
on credit and beliefs, ap (1 —n) — 1, and in this case, even if § < 1, one would indeed find
limg, ,(1—p)—1 ¢ (51) = @™ It is our view that this kind of approximation result based on an
arbitrary equilibrium selection from a large set of equilibria is too frail to offer a compelling

basis for a moneyless approach to monetary economics.
6. Discussion

The basic design of our model builds on Lagos and Wright (2005). The particular market
structure is similar to the one we have used in Lagos and Zhang (2015, 2019a,b), which in turn
adopts some elements from Duffie et al. (2005). In Lagos and Zhang (2019a) we study the
effects of monetary policy in the cashless limit of an economy where investors can settle equity
trades using money or margin loans that are intermediated by brokers with market power. That
model is calibrated to match the empirical estimates of the asset price responses to monetary
policy shocks, and used to obtain quantitative theoretical estimates of these responses in the

cashless limit. A key difference with Lagos and Zhang (2019a) is that here, monetary exchange
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is between buyers and sellers of a consumption good as in canonical monetary models (e.g.,
Samuelson (1958), Lucas (1980), or Lagos and Wright (2005)). In contrast with canonical
monetary models, which emphasize the usefulness of money for buyers with limited access to
credit, the baseline formulation of the model we develop here has buyers with unlimited access
to credit, and therefore highlights the usefulness of monetary exchange for sellers who need a
means to collect payment from buyers they do not trust. In this context, money is essential
only to sellers with no access to the intermediated credit-based settlement.

Our main theoretical insight is that if the financial intermediaries who offer the credit-based
settlement have market power, then even sellers with access to credit who neither hold, wish
to hold, or choose to hold money on the equilibrium path, benefit from having the option to
use money to settle sales—even if they never exercise it. The value of this option is reflected
in equilibrium prices and allocations even as the measure of sellers with no access to credit
vanishes along the trajectory toward a cashless pure-credit economy. As a result, as aggregate
real money balances become negligible and the transaction velocity of money becomes arbitrarily
large along the cashless limit, the latent medium-of-exchange channel of monetary transmission
that operates through the opportunity cost of holding monetary assets remains operative, and
determines the relative price and the quantities produced of “cash goods” and “credit goods”—
even in the cashless limit. It would therefore be incorrect to infer that money and medium-
of-exchange considerations cannot matter quantitatively simply based on the observation that
monetary transactions account for a small share of total transactions.

For 6p < 1, our theory provides counterexamples to the claims used to endorse the moneyless
approach to monetary economics. For example, Woodford (2003, p. 32) claims that the basic
model in his book “abstracts from monetary frictions, in order to focus attention on more
essential aspects of the monetary transmission mechanism...”. Gali (2008, p. 10) claims that
“...there is generally no need to specify a money demand function, unless monetary policy
itself is specified in terms of a monetary aggregate, in which case a simple log-linear money
demand schedule is postulated.” We have shown that unless financial intermediation is perfectly
competitive, disregarding medium-of-exchange considerations is not without loss—even in the
cashless limit or in near-cashless economies in which liquidity-saving mechanisms have developed
sufficiently to make the inverse velocity of some monetary aggregate very small. Any attempt
to assess the macroeconomic effects of monetary policy that ignores these considerations is

necessarily incomplete.
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A. Planner’s problem

Proof of Proposition 1. The planner’s problem is to choose a nonnegative sequence

{th7 ypt, (Tit, hit)ie{B,C,P} }zo

that maximizes

Zﬂt w(yot) No — kypiNe + Y [v(i) — ha] Ny
i€{B,C,P}
S-t- yotNo = ypeNp and S (w3t — hit) N; = 0.
ie{B,C,P}

The first-order necessary and sufficient conditions for optimization are v’ (yor) = k and v/ (x) =
1, so the planner’s solution is ycor = y*, yp, = %—gy*, and z;; = hy = «* for all i € {B,C, P}

and all ¢t. m
The following remark will be useful in the characterization of equilibrium.

Remark 1. Fori € {B,C, P}, the second-subperiod value functions can be written as

Wt (ai” 7at) Pray” +at + Wt7 (32)
Wti =Ly I + v (27) — 2" + W{nfgﬂ%+ [ﬁVfﬂ (aﬁl) - ¢ta?}|—1] (33)
Ay

B. Nonmonetary economy

Proof of Lemma 1. Consider a nonmonetary economy, i.e., M; = 0 for all ¢. With a slight
abuse, we keep the notation for the value functions of the monetary economy, but simply omit

an agent’s money holding as an argument in the relevant functions. For example, (32) becomes
Wi(af) = af + Wy, (34)
where W} = v (z*) — 2* 4+ 8V} ;. (i) Problem (2) becomes

WP (af) = max WP (af +a}) s.t. <L <0.
ajeRr Pt
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With (34), we have a, = arg maXghep a? s.t. a/p, <0, which given ¢, € R, 1, implies a%, = 0.
(i4) (a) Condition (3) becomes ficy = arg maxg,er, w(fit) + W (0) s.t. ¢.gi < 0, which given
o, € Ry, implies gor = 0. (b) With (34), problem (5) becomes
0
max [u (G¢) +al — ky ¢ ke b
(Gt,ke,aY)ERL xR
st o+ a; <0< u (@) +a — ke,
and the solution is o =D(y), @y = —¢,D(y), and koy = (1= 0¢) [u (D (@) — ;D (,)]. So

the gain from trade to the consumer is
Tor = u(or) + agy — ker = 0c [u (D (,)) — oD ()] -

(7ii) (a) Condition (4) becomes yp; (yr) = arg maxy,c(o,y,] WE((ye—3t)p) = arg maxg, [o,y,] (Yt —
7t)p, so the solution is gps (y¢;) = 0. (b) With (34), problem (5) becomes

_b —\0p1.1-0
max (@ — ke — o) k"
(t,ke,a2)ERL XR -

=b

st.a;, < oy
o < Wy
0 < a —ki— o

The solution is a%t(yt) = @, upt(ye) and kpi(yr) = (1 — 0p)(o; — ©)ype(ye), with

0 if o <
ypt(ye) ¢ €10, ifop =0
im if o < ;.

So the gain from trade to the producer is

Cpy apy(ye) — kpe(ye) — oTpe(ye)

= 0p(p; — P)yrt(yt).

(iv) After substituting the bargaining outcomes, (9) becomes

V;P = max [Rn (pr) Yt — Ky + th (O)] )
yt€R4

where R" (¢,) as defined in (12). Hence, an individual producer produces

ypy = arg max [R" () — K]y
yt€ER4
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units of good 1 at the beginning of the first subperiod. m
Proof of Proposition 2. Part (iv) of Lemma 1 implies

ypr = arg max [R" (¢,) — ]y = ¥ (1),
so R" (¢,) — k < 0, or equivalently,

o < " (35)
is a necessary condition for equilibrium, where ¢" is as defined in (13). Hence the solution to
the producer’s beginning of period production decision is

=0 if o, < "
Y] Zphoe) e in (36)

Lemma 1 also implies Yp; = Yoy = 0, Yoy = acNeD(p,), and Yp; = aprC(%,S(,)Y(got). Given
(36), and since ¢ < ", we can write Yp; = apNpY(p,). Thus the market-clearing condition

for the goods market can be written as Xp (¢,;) = 0, where

Xp (¢) = acNeD (¢,) — apNpY (#y) - (37)

For all ¢, € [0,¢™), 0 < Xp (¢;), so equilibrium requires ¢ < ¢,, which together with the
necessary condition (35), implies ¢, = ¢"™ must hold in any equilibrium. From part (i) of

Lemma 1, gy satisfies v’ (gor) = ¢™ (the solution is strictly positive since ¢" < u'(0)), and

from the market-clearing condition for good 1, yp; = 32%}2 Yor. |

The following corollary of Proposition 2 characterizes the limit of the equilibrium of the

nonmonetary economy as ap — 1.

Corollary 6. Assume x4 [(0p) " — 1](k — @) < v’ (0). As ap — 1, the equilibrium price of

good 1 in the nonmonetary economy is

1

e = lim " =k + <—1> (k — ).
ap—1 HP -

The individual consumption allocation of good 1 (for consumers with access to bankers),

5 x

y¢ =D(yp

"*), satisfies

o (G = o™
Consumers without access to bankers do not consume good 1. The individual production

allocation of good 1 is y}* = %gjgﬁ
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C. Monetary economy
C.1. Economy with acfc <1

Proof of Lemma 2. (i) With (32), (2) can be written as

WP (i, af) = max (¢ay" +a; + af + W) st. af" + qaf < ajf,
at€R+XR

and the solution is g;a%, (a*) = a® — @', (a}), with

=00 if p, <0
=0 it 0 < py.

(i) (a) With (32), (3) can be written as

(o (ai") ,adh (af")) = arg  max  [u(f) + ¢,a"], s.t. @i + pe < af”,
(ytva?)eRi
so agh, (ai") = ai* — peycr (af*), with
~ my _ | piD (@) i peD (@) < af”
prfce (o) = { ay if af’ < pyp (7).
(i) (b) With (32), (5) can be written as

~ B .
. max [U(gt) + ¢y + @) — ky — w(jer(af)) — d)taglt(a;”)] el b
(Gt,8¢,ke) ERZ XRXR ¢

subject a® + pyr + qa? < a*. The solution is yer(a) =D(p;) and gal,(al’) = af* —

[@®,(ai™) + p¢D ()], with
=00 if p, <0
acy(ai) 8 € [0,00] if p, =0
=0 if 0 < py.
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Hereafter specialize the analysis to p, > 0, since p; < 0 entails an arbitrage opportunity
inconsistent with equilibrium. The intermediation fee is

kci(ai)

T —0. u(Ger(ai™)) + ¢ad(af") + agy (") — [w(Gor(ai)) + dpadh (af)]
C

= w(yei(a")) = prdraci(af”) + qlt [af" — peyed(af”)] — [w(ou(al)) + draci(af”))

= u(geda™) + ql (0" — puges ()] — [u(Gice(a™)) + 6,a (")

= ulien(a?)) + - [of" = prica(af)] — {ulien (@) + 6, [af" = pricn ("))
= u(yei(a")) — ect(ai) — [w(@coi(ai™)) — @igict (af")] + pedrar”
= u(D(¢;)) — @D (@) — [w(min (D (@;) , a;"/pt)) — @ min (D (@) , i /p)]

+pidrag”.

The gain from trade to the consumer in this case is Ty (af?) = lf—gckot(a?). (7ii) (a) With

(32), (4) can be written as

(Upt(ye, a"), apy(ye, af")) = arg  max  ¢,a;" + (ye — i)
(yt’a;n)eRi
subject to p% (@ — af*) = ¢ < y¢, and therefore a'p, (ye, af*) = af* + piype(ye, af*), with
=Y if o <

Upt(ye,ai) 4 €0,m] if @ =9

(i11) (b) With (32), (6) can be written as

0p

max ,a" +al — ki + (yi — o) — b,a = m 1-0
- t :n t t (yt yt)SO t Zﬁn (yt yPt(yt,at ))(p kt P
(Ge,ay”,al ki) ER2 xRxR 4

subject to aj* + qtc’zi’ < ai* + ptyr and 4 < y;. The solution is

_ 1 _ i
G%Ayuaf)=:a(a?-%mypdyuaf)—agﬁymafﬁ,
with
=Y if o <y
ypt(ye, ay’) €0,y] ifo,=¢

00 if p, <0
apy(ye, ai’) § € [0,00] if p, =0



Specialize the analysis to p, > 0, since p; < 0 is inconsistent with equilibrium. The intermedi-

ation fee is

k ’am —m Y o
]M = By (yr, ") + apy(ye af") + (e — Gpe(ye, o) )¢
(

- [¢t&%t(ytaat )+ (ye — gpe(ye, a” ))E}
= ¢ap(yr, af" )+G’Pt(ytvat ) = ypt(Ye, ai )0 + Upe(ye, af ) — diapy (e, ar”)

1 _ - ~ _
= "+ (e — (s 0}") + T, 0})2 — 00w, 0f") — puafon. o)

1 -~ ~
— ;a%n + (¢ — E)H{fqﬂt}yt + gpe(yt, a;")f — ¢ta§gt(yt7 agn)

= pay” + | (o — g)]l{£<<pt} — (@ — f)ﬂ{£<@t}} Yi-

The gain from trade to the producer in this case is T'pi(y;, al?) = 131513 kpi(ye, af”). (iw) With

(32), and substituting the bargaining outcomes from part (iii) above, the value function (9)

can be written as

VP = max { — st gl + o+ (@0~ ol + W

+apdpipdal + (90— Dlipepy — (71— Dipepluil},

or equivalently,
V' (af") = yné%gi [R™ (&1, 1) — K] ye + (1L + apfpp,)daf” + W, (38)
1ERy

with R™ (¢, ¢;) as defined in (15). Hence, an individual producer produces

ype (ay") = arg max [R™ (@, ¢;) — K]y
yt€R4

units of good 1 at the beginning of the first subperiod. m

Lemma 3. For an agent of type i € {B, C, P}, the beginning-of-period value function, Vi(a}"*),

can be written as follows. (i) For a producer,

Vi (af") = yﬁ%ﬁ& [R™ (&4, 00) — K]y + (1 + aplppy)dya” + Wy

(ii) For a banker,

V@) = (L p) ol + WP+ Y aly [ k@) dHalap).
i€{C,P}
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(iii) For a consumer,

Vi« (af") = u(min[p(®,),a*/pi]) — ymin[D(P,), a" /pi] + dpai” + W
+aCQC{Pt¢taT +u(D () — oD (1)
— [u(min (D (@), ai" /pr)) — @, min (D (@) , a7 /pe)] }

Proof of Lemma 3. (i) The value function V,*’(a}*) is given in (38). (i) With (32), and part

(i) of Lemma 2, (7) can be written as
VP (@) = dafi(a)) +ap(af) + WP+ Y aiB/kit(din)dHit(din)
1€{C,P}

= (Atp)oa+WE+ Y al / g (@) H (@),
1€{C,P}

(#ii) The value function (8) can be written as
VE(a) = ulee () + W (ag (ai"),0) + acTer(ai)
= u(for (") + ¢y (af") + W + acTer(ai).
where [¢y(a) = ﬁ—%ckc,t(a%”) as defined in part (i) of Lemma 2, and the second line follows

from (32). After substituting the trading outcomes in part (i7) of Lemma 2, we arrive at the

expression in the statement. m

Lemma 4. Consider the money-demand problem at the end of period t (i.e., the maximization
on the right side of (33), and let aj}, ; denote the individual money demand of an agent of type
i € {B,C, P}. Then {aj} ,}ic(p,c,p) must satisfy the following Euler equations:

— ¢y + BUL ¢y g <O, with “= 7 if 0 < al,, fori € {B, P} (39)

and
—¢1 + B0 (a8i41) Pepr <O, with “= 7 if 0 < a1, (40)

where 1_25_1 =1+ Pit+1s @1:_1 =1+ OéPePpt—i-h and

) v (min (D (¢t+1) ,agt+1/Pt+1))

Pry1

51&2—1 (GE”,:H) =1+ acbepyyr + (1 —acbe —1
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Proof of Lemma 4. Take the first-order conditions for the maximization in (33) using the

expressions for the value functions reported in Lemma 3. m

Lemma 5. Consider a monetary economy. In the first subperiod of period t: (i) The market-

clearing condition for good 1 is
0 = acNeD(¢y) + (1 — ac) min(NeD () , A¢t/pr)

—lapl(p—p + (1= O‘P)&(@t—f)]NP%?nme(%%))' (41)
(ii) The market-clearing condition for bonds is
0 = Ap — %gt(pt)NB
+aclAg; — ¢y, Ne — pid (@) Nl
+ap[ABy = 2y, ) NP + PiC o, 0) " pm (3, ) NP (42)
Proof of Lemma 5. (i) From Lemma 2,
Tor = (1-ac)No [ ot (@) dFer (@) = (1= ac)Ne: [ min(d (5) o} fp)dFer o)
Yor = OéCNC/?JCt (a") dFci (af") = acD (¢,) No
Ype = (1- ap)Np/?jpt (ype (af")  af") dFpe (af") = (1 = @P)(p—) (e rim (3,00 NP
Vo = apNe [ e (e (@) ol dFp (0F') = 0P8, 7he om0y VP

So the market-clearing condition for good 1, }N’Ct + Yo, = f/pt + Ypy, can be written as in the
statement of the lemma. () From Lemma 2,

1 — m m 1 m m
Ay = Ng / e (a") AP (") =~ (AR, = 55y, No)

A — m m 1 m m
Alét = aCNC/alét (ai") dFee (af") = aaC[ACt = %Cy(p,) N — PtD (1) Nel
By = apNp [ ab (g (@) o) dFpu (a7
1 - m m
= 0PI, ) o (o) NP T AP~ By NP

qt

So the market-clearing condition for the bond, ), (B,C,P} flft = 0, can be written as in the

statement of the lemma. m
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Lemma 6. Fori e {B,C, P}, let wiyMy = A} and %;?(Z)Mt = %T(Z). A monetary equilibrium

)

is a bounded sequence

{Zt7 Pts gbt? Pt> &(Sbt_f)’ z(cpt—£)7 %Z{_Rm(@t’ﬂot))’ [wit-f—lu }Af;?(pt)]iE{B,C,P}}toiO

that satisfies the market-clearing conditions

0 = Zie{B,C,P}wit+1_1
) _ .\ wWotdy
0 = acNeD(p)+ (1 —ac)min | NeD (@), z
t
—[arCip,—p) + (1= aP)C(5, ) NP pm(z, 00

0 = (WBt - %gt(pt)NB)Zt
tacl(wer — 3¢y, Ne) Ze — D (¢y) Nc

tapl(Wpt = 551, NPV Zt + $1C (0, 0) - (0,0 VP

and the optimality conditions

. m (-
0 = [ K+ R ((p“(pt)] %f’f—Rm(Sz’t#Pt))
0 = [~Zip+ BVt Zis1| wirs fori € {B,C, P},
where
17&1 = l14+pp
U = 1+aplppy
u! (min {D (®e41) - ﬁw%HD
’Dgl = 1+ Ozc@cpt_H + (1 — Ozc@o) @H_l ¢t+1 Ne -1
R"™ (@, 00) = o+aplp(o— ©)lipcp,y + (1 —apbp) (& — ©)lip<p,)
p = @t{; @t'
t

Proof of Lemma 6. By using Definition 1, Lemma 2, Lemma 4, and Lemma 5, we know a

monetary equilibrium is a sequence

it

{Zt7 Pts Sbta Pts E([ot—f)v Z(%_E), %:E)”*Rm(@tﬁot))’ [AZL—H? Mt pt)]iE{B,C,P}}?iO
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that satisfies the market-clearing conditions

Zie{B,C,P} Airrr = Mi

acNeD (@) + (1 — ac) min(NeD (@) , A, /pt)
—larCip,—g) + (L= aP)C(p, - INPH gz, 0)
Api — %gt(pt)NB

+aclAg; — #y,, ) No — pd (1) Nol

+op[AB; — 2Py NP + PiC (o, 0) o (3,.0)) VP

and the optimality conditions

where
Ui
Viy1
Ui
R™ (@4, 1)
Pt

By using the variables w;; and ﬁgg(z) we arrive at the definition of equilibrium in the statement

of the lemma. m

To characterize a monetary equilibrium it suffices to find {Z;, ¢;, @, };,, since given this
path we know the nominal prices 1/¢; = Mi/Zs, pr = @/ by, @t = vt/ 1> pr = (01 — @4)/ @1
and the rest of the equilibrium is immediate from Lemma 2. The following result characterizes
the stationary monetary equilibrium, i.e., a path {Z;, ¢;, ¢, };o, such that Z; = Z, ¢, = ¢, and

@, = @ for all t. Without loss of generality, we focus on economies where good 1 is produced.

1+ acbopy + (1 — acbo)

= [r+ B (@ )] gm0 = O
> —¢+ 517§+1<Z>t+1, with “="if 0 < ajq,

L+ pria

1+ aplppiiq

' (min (D (@tﬂ) ,ag"‘tﬂ/ptﬂ))

Pre1

o+ apbp(or— ©)lipcp,y + (1= apbp) (& — ©)ip<s,)
Yy — Py

Pt

For any x € R4, define the function p: Ry — R as

o(x) =

Oép@p

aclo k —x
x

+ (1 — acbo)

ac(l—a 1— 0
w(miim529<”+<ﬁﬁpw—$0)_l

X
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Proposition 6. Assume ¢" < u'(0). There exists a unique stationary monetary equilibrium

provided 0 < ¢ < o(p). In any stationary monetary equilibrium, Z; = Z, ¢, = ¢, ¢, = @,

p = p for all t, and

A

oy = M,
Pt = %Mt
L oM
¢ o7

Moreover:
(i) If o(k) < ¢ < o(yp), then @ € (p, k) is the unique solution to o (¢) = ¢, and

1—aplp _

p = ’i‘i'm(“—@)
1 k=09
p = .
aplp ¢
A ac (1l —a
- = ( P) D((p)NC.
@ ap+ac(l—ap)

The consumption allocation of good 1 for a consumer with access to bankers, ¢, satisfies

u' (o) = .

The consumption allocation of good 1 for a consumer without access to bankers is

__ ac(l—oap)
Yyc =
ac (1 —ap) +ap

(ii)) If 0 < ¢ < o(k), then ¢ = ¢ = K, p =0, and

Z 1-—
Z_5 04090+LH N
1—acfco

The consumption allocation of good 1 for a consumer with access to bankers, ¢, satisfies
v (go) = .
The consumption allocation of good 1 for a consumer without access to bankers, {jc, satisfies

) = (14— ) k.
o (o) <+1_a090>“
N¢

The individual production allocation of good 1 is yp = [acyc + (1 — ac¢) Yo ap i
(iii) As + — 0, yo — y*, and any Z € [kD(k) N¢, o0) is consistent with equilibrium.

(iv) As 1 — g(f), @ — @, and ¢ — @".
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Proof of Proposition 6. From Lemma 6, a stationary monetary equilibrium is a vector

P

(n—Bm(p.0)) (Wi i lie(,0.P})

I

(27 ®, @7 (Sb_f)’ z(cp—£)7

with Z > 0 that satisfies the market-clearing conditions

0 = Zie{B,C,P} wi — 1 (44)
. - woZ
0 = acd(9)No+ (1 - ac)min |o (7) No, 2]
~larCie—g) + (1= aP)Ce o) INPH( gm0 (45)

+ac|(we — 3, Ne)Z — b (¢) Nc|
+apl(wp — }Atg(p)Np)Z + @Z(So_f)%&_Rm(@@))Np] (46)

and the optimality conditions

0 = [—K + R™ (95, (10)] %(p/f—Rm(@#ﬂ)) (47)
0 = (—p+pv')wforie{B,CP}, (48)
where
% = 1+4p
¥ = 1+ aplpp
v (min |D (CO) ) 240
— 1+ aclcp+ (1 —achc) ( [ - wNCD_l
‘2
R™(,0) = ¢+aplp(p—9)lp<py + (1 - aprlp) (¢ — 9)lip<p)
. 0 - % (49)

2
First, we know that @ < ¢, since 0 < p must hold in any equilibrium. Second, in any

equilibrium in which good 1 is produced, we must have: (a) kK = R™ (@, ), or equivalently,

k=p+aplp(p—)liucpy + (1 —apbp) (@ — ©)lio<py (50)

(b) ¢ < ¢, ie., banked producers never store output. To see why this must be the case,

notice that if ¢ < ¢, then we know that @ < ¢ < ¢, and therefore R™ (¢,¢) = ¢ < &k
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which implies good 1 is never produced. (c) If @ = ¢, then (50) implies ¢ = ¢ = £ > .
Third, from the Euler equations for money, we know that wp = 0 (since o¥ < ©%), and that
wp =wp =1—we = 0if p = 0. In principle, there could be eight types of equilibria, depending
on whether we =1—-wp=0o0rweg=1-wp=1,0<por p=0,and p < por p <. But
from the previous observations we know p = 0 implies wo = 1 and ¢ = @ = K, so there are
only five possible equilibrium configurations. Next, we consider each in turn. In every case, let
2=7/p.

Configuration 1. 0 < p, we = 1, and ¢ < . Under this conjecture, the equilibrium
conditions (45)-(49) imply (Z, ¢, @, p) must satisfy

0 = ac[Z2—D(v)N¢|+ ap{acD(p) N+ (1 — ac)min[D (¢) N¢, Z|} (51)
o = nt TP (g (52)
aplp
o (N% min [p () Ne, 2])
t = aclep+ (1 —acbo) Z -1 (53)
_ 1 k-9
PT artr oy

Condition (51) can be written as 7" (Z) = 0 where
~ « . ~ ~ ~
T(2) =D (p) No — £ {aeD (¢) No + (1 — a¢) min [D (@) N¢, 2]} — 2.

Since T is continuous, with 77 < 0 and lim;_,» T (2) < 0 < T (0) = (1 — ap)D(p) N, there

exists a unique Z € (0, 00) such that 7' (Z) = 0. Moreover, this solution is given by

coclior) o (154 122502 (s~ §)) No if < 7

Ocp-i-ac(].—ap aplp

(1= ap)p (k+ 5252 (7)) = 22(1 - ac)p ()| Ne if ¢ < &,

. K
P* € (n, T apep) (55)

is the unique solution to Y (*) = 0, with

ISN
Il

where

T(@*)z[ap+ac<1—ap>1D<¢*>—aca—ap)D(n+1‘“’”“’ Fv—@*))-

Ckpep
Hence
MD(,ﬁLM(,{fj)N if p < @*
min [D (@) N¢, 2] = aptac(l—ap) aplp ¥ c p<Q
D(Sb) NC if (:0*

<e
(676 (1—ap) 1—0413913 ~ ~
Iioeor - T (k- I(oe e Ne¢.
{ < ap+ac (- aP)D (H - apbp (v =8) ) + Lz <pyD (9) § Ne
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Substitute this expression into (53), and use (54) to get the following equation in @
aclo k— @

o Oéc(l—aip) D (K + =arfe (k— @)
L= L ) (ecitten ( et )
apfp @ 2

— 1) Lig<gry-

This condition can be written as E (@) = 0, where

ac (1 —ap) b <R+ 1—aplp
ap+ac(1—ap) apfp

B@) = (1-acte) i (

aclc
aplp

(k= ¢)>> - ?0] Liz<pry

(K — @) — @
Notice that E (-) is continuous and strictly decreasing, with limg o F (¢) < 0 < E(0), so
there exists a unique @ € (0,00) that satisfies £ () = 0. A ¢ that satisfies F (p) = 0 is an
equilibrium for Configuration 1 only if it also satisfies (a) p < @; (b) @ < & (i.e., 0 < p); and (c)
o8 < %, Condition (a) is equivalent to 0 < E(yp), which is equivalent to ¢ < o(y). Condition
(b) is equivalent to E (k) < 0, which is equivalent to o (k) < ¢. Hence, if o(k) <t < o(p), then
there exists a unique ¢ € (p, k) that satisfies &/ (¢) = 0. For this to be an equilibrium, it only
remains to check condition (¢), i.e., that o8 < o¢ (which implies we = 1, as conjectured), or
equivalently, that

1 k—o ) u' <Nic min [D (@) NC,2]>

aplp @
Under conjectures (a) and (b), we know that the ¢ that satisfies £ (¢) = 0 also satisfies

Y (56)

Ay

@ € (g, k), which given (55), implies < @*, and therefore (56) is equivalent to

(1—ap) 1—apb -
1 k- u <apafac(10‘_1’ap)D <,‘@ + a;‘;lé"PP (k — (p)))
< - —1. (57)
aplp ¢ ¢
Since E (¢) = 0 implies
(1—ap) 1—apf ~
o (arfacian® (H SR (-9)) ( aclc i — @)
% 1—acbc aplp @ )’
condition (57), and therefore condition (¢), is equivalent to
K
— < @ 58
1+ apfpt 14 ( )

Condition (58) is equivalent to 0 < E (k/(1 + apbfpt)), which is in turn equivalent to

/ ac(l-—ap) 1+
u (ap—l-ac(l—ap)D <1+O¢p6pb,€
) -1
y
14+aplpe

0<
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But this inequality necessarily holds, since

14+ ac(l-ap) 1+
0— 'U/ (D (I-H;YPLGPLR)) 1 w <apfac(1fap)D <1+OépL9pLH>> 1

140 K < 140 K
1+aplpe 1+apblpe

To summarize, if (k) < ¢ < o(p), then there is a unique stationary monetary equilibrium, and

it is fully characterized by

; = ccl-op) D<H+1_QP9P(/€—Q~0)>NC

ap+ac(l—ap) aplp
1 —apbp _
1 k-9
p = =
app @

where ¢ € (p,k) is the unique solution to £ (®) = 0. So far, in this construction we have
assumed ¢ < @. Next we consider the case with @ = ¢, which obtains when ¢ = o(y). In this

case, an equilibrium is a vector (Z, ¢, &(0),p), with 5(0) € [0, 1], that satisfies

0 = aclap+(1-ap)g)liz - () Ne]

+ap {acD (¢) Ne + (1 — ac) min [D(¢)Ne, 2] } (59)
e = ¢" (60)
v (<= min N¢, 2z
v = acbop+ (1 —aclo) (NC Ef((p) ¢ D -1 (61)
_ 1Ry
p = arbp o (62)

Notice that (61) implies

€ [D(p)N¢, 00) i, = aclc =¥

2D<

From the previous analysis we know that E(p) = 0 if and only if . = o(y), and acfc % < o(p),

,_2clc e

14 —crir w]gp Ne if eclc 72

l1—acbc aplp ¢

aplp

so E(p) = 0 implies

0 K=
Q(SO)_QCQC -
i = pf 14— 222 N¢
1—acbco
ac (1l —ap
L .

ap+ac(l—ap)
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where ¢ is given by (60). Hence,

- ap
Z—D N = — D N,
(P)No == P (9) No

and with this, condition (59) implies ¢ ) = L.
Configuration 2. 0 < p, we = 1, and @ < . Under this conjecture, the equilibrium

conditions (45)-(49) imply (2, ¢, ¢, p) must satisfy

0 = aczZ+ (1 —a¢)min[Dd (@) N, Z] (63)
p = ¢" (64)
u’ (NLC min [D (¢) Ng, 2])
t = aclop+ (1 —acbo) 7 -1 (65)
_ P9
)= 222 (66)

Notice that (63) can only hold if Z = 0, so this configuration is inconsistent with monetary
equilibrium.

Configuration 3. 0 < p, wg = 0, and ¢ < @. Under this conjecture, the equilibrium
conditions (45)-(49) imply (2, ¢, ¢, p) must satisfy

p = L

z = ac(l—ap)D(p)Ne
_ 1+

L +06P9PLK

- K

7 1+ apfpt’

For we = 0 to be part of equilibrium, we need two conditions to hold: (a) ©¢ < ©%; and (b)

¢ < @. The former is equivalent to

u' (0) — k < [k — apfpu’ (0)] . (67)
and the latter is equivalent to
1 kK=
Oép@p f

The maintained assumption ¢™ < u’ (0) is equivalent to

( L —1)(%—(,0)<u/(0)—/£

Ongp -
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and therefore implies 0 < v/ (0) — k. Hence (67) can only hold if 0 < K — apfpu’ (0), and in

this case conditions (67) and (68) can be summarized as

u' (0) — K 1 kK—¢
<t < — =.
k—u' (0)aplp apfp ¢

Notice that
u (0) — kK 1 K—o

/{—u’(O)apgp Ozp@p f

if and only if u' (0) < ¢™, which is contradicts our maintained assumption. Thus, this equilib-

rium configuration cannot be an equilibrium.

Configuration 4. 0 < p, we = 0, and ¢ < . Under this conjecture, the equilibrium

conditions (45) and (46) imply Z = 0, so this configuration is inconsistent with monetary

equilibrium.

Configuration 5. p = 0, w¢ = 1, and ¢ < ¢ = @ = k. Under this conjecture, the

equilibrium conditions (45)-(49) imply (2, ¢, @, p, [}Af?(lo)]ie{37c’p})

o (- min [D (k) No, 2
et (% f() 0.2))
0 = —(1—05P)OéCD(K])NC

+ap(l — a¢)min [D (k) N¢, Z]

must satisfy

-1

+ {ac — (QE(O)NB + OéC}Afg}(O)NC + apffg(o)Npﬂ Z

=K

AS
I
S &

(]

(o) € 10,00], fori e {B,C, P}.

Condition (69) implies

=0 ifo=(1-acbe) {u/
29 = (Sl No if0< o< (1-acbe
€ [D (k) N¢, o0) it . =0.

Condition (70) can be written as

D (k) N

%p(0)Nptacsg g Notapipg Np = ac {1 —(1—ap)
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From (74), we know that as long as 0 < ¢, Z =D (ff‘gigg;”/{) N¢ < D (k) Ne, so condition
(70) implies

~ ~ N D (K NC

%%"”(O)NB + aczg”(o)NC + ap%?}(o)Np = ac [1 —(1—ap) (;} + (1 —ac)ap
From (73) we know that the left side must be a nonnegative number, so for this condition to

be satisfied in equilibrium, the right side must be nonnegative, i.e., we must have

ac(l—ap) D (k) < ! z

ap+ ac (1 —ap) =~ N¢

With (74), this inequality can be written as

ac (1 —ap) 1—acbe+1t
< - Tere T
ap+ac(1—ap)D(H)_D< 1—aclc "

or equivalently ¢ < o (k). Therefore, this configuration is a monetary equilibrium for any ¢ that

satisfies 0 <t < p (k). ®

The following corollary of Proposition 6 characterizes the limit of the stationary monetary

equilibrium as ap — 1.

Corollary 7. Assume ™ < u’(0) < 0o, and define the function ¢ : Ry — R as

u' (0) _1] .

aclo k —x
s(x) = o

X

+ (1 - acbe) [

Consider the monetary equilibrium characterized in Proposition 6. As ap — 1,

(i) If (k) < ¢ < s(p), then

p — o*=|1-6p k€ (p, k)

t—(k) ]
(1—0p)actc+0p(1+1)

1-6 -
p = P =k+ (k- @)
Op
1 k="
% —_

P e

Z

- = 0

¥
Jo — &, where y5 satisfies v’ (§5) = ¢*
g]c — 0.

(ii) If 0 < ¢ < (k), then @, @, p, Z, Yc, and Yo remain as in part (ii) of Proposition 6.
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C.2. Economy with aclc =1

C.2.1. Stationary monetary equilibrium

Proof of Proposition 3. From Lemma 6, in an economy with acfc = 1, a stationary

monetary equilibrium is a vector

(Zv ®, P, C(@—f)a €(¢—£)7 %?H—Rm(@,cp))’ [wi7 2?(pbp)]iG{B,C,P})

with Z > 0 that satisfies the market-clearing conditions

0 = Zie{B,QP} wi—1 (75)
0 = D(p)Nec— [Ozpz(@,f) +(1- Oép)(@,f)}Np%(pﬁ_Rm(%w)) (76)

+we — %g(p)NC)Z — @b () Ne
+OCP[((.UP - kg(p)NP)Z + @E(@—E)%?K,Rm(qa’%))NP] (77)

and the optimality conditions

0 = [—/{ + R™ (Sba 90)] %gﬁme(@#’)) <78)
0 = (—u+p0")wiforie{B,C P}, (7%)
where
P = 14 P
o = 1+apbpp
¢ = 1+ P
R™(@.0) = ¢+aplp(p—9)lipcpy + (1 —aplp) (¢ - 9)lpcp)
-9
_ - 80
, E (80)

First, we know that @ < ¢, since 0 < p must hold in any equilibrium. Second, in any

equilibrium in which good 1 is produced, we must have: (a) kK = R™ (@, ), or equivalently,

K= + Ozpep(go — E)H{£<¢} + (1 — Oép@p) (QZD — E)H{£<¢’}' (81)

(b) ¢ < ¢, ie., banked producers never store output. To see why this must be the case,

notice that if ¢ < ¢, then we know that ¢ < ¢ < ¢, and therefore R™ (@, ) = ¢ < x which
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implies good 1 is never produced. (c¢) If @ = ¢, then (50) implies p = ¢ = k > . Third,

from the Euler equations for money, we know that wp = 0 (since o° < TJC), and that any
pair wp,we € [0,1] with wp + wp = 1 is consistent with equilibrium (since v% = ©). From
the previous observations we know that the indeterminacy in the pair (wp,wc) is immaterial,
and also that p = 0 implies ¢ = @ = k&, so there are only three possible relevant equilibrium
configurations. Next, we consider each in turn. In every case, let Z = Z/@.

Configuration 1. 0 < p and ¢ < . Under this conjecture, the equilibrium conditions

(76)-(80) imply (Z, ¢, , p) must satisfy

Z = (1-ap)D(p)Nc
1 —apbp _
p o=
. K
14 14+ apbpt

For this to be an equilibrium, it only remains to check that ¢ < @, which is equivalent to ¢ <,
with 7 as defined in (16).
Configuration 2. 0 < p and @ < ¢. Under this conjecture, the equilibrium conditions
(76) and (77) imply Z = 0, so this configuration is inconsistent with monetary equilibrium.
Configuration 3. p = 0 and ¢ < ¢ = ¢ = . Under this conjecture, the equilibrium
conditions (45)-(49) imply (2, ¢, @, p, [A;?O)]ie{B’c7p}) must satisfy

po= =0 (82)
po= PR (83)
0 = —(1—ap)D(k)Nc
+ [1 . (%g‘(o)NB + 5230 No + apidlo, Np)} P (84)
sy € [0,00], for i € {B,C, P}. (85)

Condition (84) implies

D(K,) NC‘

}Afgb(o)NB + ffg(o)NC + Ozpf{g(o)Np =1- (1 — Ozp) E

From (85) we know that the left side must be a nonnegative number, so for this condition to

be satisfied in equilibrium, the right side must be nonnegative, i.e., we must have
(1—-ap)D(k) No < Z.

42



Therefore, the monetary equilibrium is given by (82), (83), and (85), and any

ze[(l—-ap)D(k)Nog,00) NR4 4.

C.2.2. Dynamic deterministic monetary equilibrium

In this section we characterize deterministic dynamic monetary equilibria for the economy with
acblc =1 (where wey = 1 for all t). To simplify the analysis, we consider a version of the model
where: (i) Ng = No = Np = 1 (a normalization); (i) good 1 is produced in equilibrium; and
(1) ¢ = 0 (no storage). These conditions imply %ﬁe—Rm(@t,@t)) = Z(%_f) = Z(¢t_£) =1 for all

t, and " = @PHQP' The following result is a corollary of Lemma 6.

Corollary 8. A monetary equilibrium can be characterized by a bounded sequence

{Zt7 Pts @ta Pts [}Atgtl(pt)]ie{B,C,P}}?iU

that satisfies

(L=ar) @i (p) = (1= = %o — OP#rip ) Z (36)
e T &)

e = OéPlePS;Ont_Zt (88)

b = LA (59)

S B e 0

Proof of Proposition 4. The proof builds on Corollary 8. Consider two cases. (i) Suppose
piy1 = 0. Then (88) implies ¢;,; = £, and then (87) implies

1
1+
)

zZt = Zt41- (91)

(ii) Suppose 0 < p; 1, then (86), (89), and (90) imply z41 = h (¢;11), where

Oép@p n

h (‘Pt+1) (90 - ‘Pt+1) D (‘Pt-s—l) .

1-— apep
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Notice that b’ < 0, and
h(¢") =0 <h(k)=krD(x),

so for every zi41 € [0,KD ()], there exists a unique ¢, € [k, "] given by ¢, = f(241),

where f (2141) = h™! (2141). By substituting ¢, = f (2,41) into (87), we obtain

1 1—aplp  f(z41)

zt = Zi41- 92
T4 aplp @ — f(z) (92)
The condition for case (i) is 0 < p;, 4, i.e.,
1 f(z41) — K
Pry1 = ( > 0.

aplp ™ — f(z41)

This condition is equivalent to 0 < f (2¢41) — &, which is in turn equivalent to z;41 < h (k) =
kD(k). Therefore, putting (91) (from case (i)) and (92) (from case (7)) together, an equilibrium
path {z};°, must satisfy (17). Once the path {z};°, that solves (17) has been found, the
equilibrium path for {¢,},%, {pi};Z9, and {$},2,, are obtained from ¢, = f (), (88), and

(89), respectively. m

Proof of Corollary 1. The key observation is that ¢, = f(z:) < f(0) = ¢" for all ¢.
The equalities follow from (21). The inequality follows from f’ < 0, and the fact that in any

monetary equilibrium, 0 < z; for all ¢. m

Proof of Corollary 4. The expressions (27)-(31) are immediate from (17)-(21). Next, we show
that 27 > 0 holds for all ¢, i.e., that the quantity of real money balances per producer with no
access to a banker, remains strictly positive as we take the pure-credit limit (i.e., ap — 1) of

any dynamic monetary equilibrium. For this, it suffices to show that 0 < G (0), where for any

zfy1 € Ry,
1 1-0p  g(2)
G * = * .
(s141) L+¢ 0p o™ —g(zf,) o
From (31),
1—0p 1

g, (Zz(—i-l) = 0P
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so using L’Hopital’s rule

GO = - 1 1-6p "
- 1+¢ 0Op limzt*ﬂﬁo g (Zt*+1)
- 1 Son*
o B 1 + L 1 o* 1
20 (o g )0 (9(2i0)) 0 (9(204))
(,Dn*D (@n*)
L, 0. (93)

Suppose z; = 0 for some t. Then for (27) to hold, it is necessary that G (z;* +1) = 0, but this
is impossible since (27) and (93) imply 0 < G (27,,) for all z5,; > 0. Thus 0 < z; for all ¢.
We conclude that ¢} = g(2f) < g(0) = ¢, where the equalities follow from (31), and the
inequality follows from the fact that ¢’ < 0 < 2z} for all ¢. m

C.2.3. Sunspot equilibria

In this section we construct equilibria where prices and allocations are time-invariant functions
of a sunspot, i.e., a random variable on which agents may coordinate actions but that does not
directly affect any primitives, including endowments, preferences, and production or trading
possibilities. Specifically, let S = {s,..., sy} denote the support of the sunspot, and assume
st € S follows a Markov chain, 7,; = Pr (St+1 = si|st = s;). The following corollary of Lemma
6 summarizes the conditions that characterize a recursive monetary sunspot equilibrium. For
simplicity, we assume ¢ = 1 and Ng = N¢g = Np = acflc = 1 (and without loss, focus on

equilibria where only consumers hold money between periods).

Corollary 9. A recursive monetary sunspot equilibrium is a collection of functions of s,

(2(5),0(5),2(5),p(5) 5 ooy oty Floieplictm.o.p) )
that satisfies the market-clearing conditions

0 = Dlp(s) —

(r=R™(p(s),¢(5)))

0 = (1 = HB(p(s)) ~ FC(p(s)) T OP (p(s») Z(s)
+app (s) %gjﬁ_Rm(¢(s)7<p(s))) —@(s)D(p(s))
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and the optimality conditions

0 = [_” + R™ (@ (S) y P (S))] %€H—Rm(¢(s),g@(s)))
1 N
Z (31) = li—i-L Znij (1 +p (Sj)) A (Sj) for all S; € S,
j=1

where

R™(@(s),¢(s)) = aplpp(s)+(1—aplp)p(s)

and for all i € {B,C, P},

=00 ifp(s) <0
[0,00] ifp(s)=0
=0 if0<p(s).

X
&3
&=

m

Proof of Proposition 5. It is easy to check that the proposed equilibrium satisfies all the

equilibrium conditions in Corollary 9. m
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