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Abstract

A key issue in VAR analysis is how best to identify economic shocks.
The paper discusses the problems that the standard methods pose and
proposes a new type of shock. Named an idiosyncratic shock, it is de-
signed to identify the component in each VAR residual associated with
the corresponding VAR variable. The procedure is applied to a calibrated
New Keynesian model and to a VAR based on the same variables and
using US data. The resulting impulse response functions are compared
with those from standard procedures.

1 Introduction

A key problem in VAR analysis is how best to identify uncorrelated shocks from
the correlated residuals and give an economic interpretation to these shocks.
Standard identification procedures include a transformation of the residuals that
orthogonalises the residual covariance matrix through a canonical factorisation
and a Choleski decomposition in which the residuals are assumed to have a recur-
sive structure thereby giving economic significance to the order of the variables,
see for example Kilian and Lutkepohl (2017). Both a Choleski decomposition
and a canonical factorisation of the residual covariance matrix deliver uncorre-
lated shocks. All three can be implemented automatically in packages such as
EViews.

This approach assumes that each structural economic shock affects only one
variable in the model. It is, however, more common in economic models for a
structural shock to affect more than one variable. For example, a household’s
decisions on consumption, labour supply and its portfolio of financial assets
(including money) are all likely to be affected by the same structural shocks.
This undermines the notion that structural shocks should be constructed so that
they are transmitted via a single variable.



In this paper we propose an alternative way to identify shocks from a VAR.
This new procedure is based on the notion that although, in general in economic
applications, the VAR residuals are correlated and structural shocks affect more
than one variable simultaneously, there may be a component of an equation’s
residual that is specific to that variable and uncorrelated with the residuals in
other equations. In other words, we seek to identify a shock that is idiosyncratic
to each variable.

The idiosyncratic shocks proposed in this paper are, like the standard pro-
cedures, a linear transformation of the residuals. Although each idiosyncratic
shock is uncorrelated with the residuals of the other VAR equations, unlike the
Choleski and orthogonalised residuals, the idiosyncratic shocks themselves will
be correlated. And unlike the Choleski decomposition, the idiosyncratic shocks
do not entail any economic assumptions; they simply exploit the empirical char-
acteristics of the residuals. Their usefulness is that they identify the component
in a VAR equation’s residual that is uncorrelated with other residuals without
imposing any economic structure that might be incorrect.

Nonetheless, it is of interest to discover the weight given to each VAR residual
in the construction of each idiosyncratic shock. We can go further than this and
discover the weight given to the structural shocks in constructing idiosyncratic
shocks in calibrated or estimated economic models, including DSGE models.
As an illustration, we show how this may be achieved for a New Keynesian
model and how these calibrated idiosyncratic shocks compare with those from
an estimated VAR in the same variables.

The paper is set out as follows. In Section 2 the econometric theory required
to derive the idiosyncratic shocks is explained. The section concludes with an
example of the differences between the idiosyncratic and the Choleski shocks.
In Section 3 the idiosyncratic shocks for a calibrated New Keynesian model are
derived in order to find their economic structure. First, the VAR disturbances
are obtained by solving the model; they are then expressed in terms of the struc-
tural disturbances. It follows that the idiosyncratic shocks can be constructed
from either. In Section 4 a VAR based on the New Keynesian model is estimated
on United States data for the period 1957-2017 and the impulse response func-
tions for the idiosyncratic shocks, a Choleski decomposition and the residuals
themselves are obtained. The transformation of the VAR residuals required to
construct the idiosyncratic shocks is compared with those from the calibrated
New Keynesian model. Some concluding remarks are made in Section 5.



2 Econometric theory

2.1 The idiosyncratic shocks
Consider the VAR

Ty = 2§:1Asxt75+et
FEe, = 0, EetegzZ

€1t Y Y11 Yo
exn |’ Yo1 Yoo
where x; has n de-meaned variables and e; is partitioned so that the disturbance

for the first equation is ej; and the disturbances for the remaining n—1 equations
is eg;!. ¥ is partitioned conformably. Next write e1; as

€t

et = €1t + Brea

and hence
€1t = [ 1 —-B; ]Gt

where €14 is uncorrelated with eo;. In other words, €14 is an idiosyncratic shock
to x1;. The problem is to determine the row vector Bj.
It follows that
Eelte’% = E&lteét + B1E€2t€/2t

or

E12 = 31222

hence
B) = %1555

This can be repeated for each residual e;; (i = 1,...,n) to obtain a row B;
for the ith residual. These rows can be formed into an n X n matrix C' where
C;; = 1 and the first row of the matrix is C7 = [ 1 -B ].2 It then follows
that the n idiosyncratic shocks e; satisfy

Et = Cet.

Thus C' is the transformation matrix of the VAR residuals that generates the
idiosyncratic shocks €; just as the lower triangular matrix K is the transfor-
mation matrix of the residuals required to generate a Choleski decomposition
giving £, = K~ 'e;, where KK’ =X and E¢,§, = 1.

I This derivation of the idiosyncratic shocks also applies, unchanged, to a cointegrated VAR
as the focus is on the residuals which are assumed to be stationary..

2From a computational point of view a simple way to derive the transformations associated
with the residuals of the other equations is to re-order all of the residuals so that in turn each
becomes he first. This can be achieved by using a simple selection matrix. After obtaining the
appropriate transformation the selection matrix can be applied again to return to the original
variable ordering. An example is provided in Section 3.



The Choleski transformation and the orthonormal decomposiotion produce
shocks with a unit variance. In order for the idiosyncratic shocks to have a
unit variance, and hence be comparable with the shocks from these two de-
compositions, C must be multiplied by the inverse diagonal matrix of standard
deviations of the shocks. The covariance matrix of idiosyncratic shocks is given
by

Eegie, =CXC' =V.
Hence the idiosyncratic transformation matrix then becomes C* = D~1C where
D is a diagonal matrix with diagonal elements V“% (i=1,..,n).

The correlation matrix V' implies that, in general, the idiosyncratic shocks
are correlated. This is because each idiosyncratic shock is a (different) linear
function of the same set of residuals. Only if the shocks have a recursive struc-
ture as in a Choleski decomposition, and hence C' can be ordered to be lower
triangular, or if C' happens to be the eigenvalues of ¥, would the idiosyncratic
shocks be mutually uncorrelated. Both a Choleski decomposition and an ortho-
normal decomposition of ¥ deliver uncorrelated shocks. If the VAR residuals
are uncorrelated (X is diagonal) then the three measures are identical.

The VAR may now be written

-1
Ty = Eg:1A3$t_s + C* Et

The impulse response functions may be obtained from the companion form of
the VAR
2= Azi_1 +uy

where
B o] [ At
Zt = Fi-1 s Ut = 0 ,A = 0 I 0
Te—pt1 0 0 0 . I 0
The one unit impulse response functions are
Oies _ gaswe=, H=[I1 0 . 0].
3&

They are therefore a transformation of the one unit residual impulse response
functions 8%;““ = HA®H'. For a Choleski decomposition K replaces C~!, and
for an orthonormal transformation C'~! is replaced by the eigenvectors.

An example

An example will show clearly the differences between the idiosyncratic shocks
and a Choleski decomposition. Consider the following simple example where the

VAR is of first-order in two variables

Ty = Avi1+te
/ /
Ty = [$1t7x2t] , €t = [elt7€2t]
012 0102
E@t = 0, Y= ! p 2

pPo102 g5



The idiosyncratic shocks are e; = [e14,€9:)'. The residuals may therefore be
written as

el = €1+ Brexn
e = €2+ Boens

where by construction Feqeq; = Fegreqy = 0. Thus

€t:|:—162 _161:|€t

The coefficients 3, are

_ 0102 01 ]
By = 1255, = p = P71 ond By = poz.
1 22 2 2
o5 D) o1

Hence, for unit idiosyncratic shocks the transformation matrix is
1 _po
C= { _pox q° }
g1 t

This shows that, in general, the coefficients will depend on relative variances of
the residuals and on their correlation. The covariance matrix of these idiosyn-
cratic shocks is

;o 1 —51 ol poios 1 -5 ]
Bee, = [ pPO109 o3 —B, 1
01

_ L =2 o poio: 1 -

- f”—l 1 pPO102 o3 7% 1
2
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It follows that the idiosyncratic shocks are uncorrelated only if the residuals are
uncorrelated, in which case the idiosyncratic shocks are just the residuals.

The impulse response functions for the idiosyncratic shocks are a transfor-
mation of the one unit residual impulse response functions, namely,

a$t+s _ athrs 071
Get 6€t
_ Omyy { 1 _% ]1
- __po2
3et 012 1
- 6$t+s 1 1 O_L;

1 I
C'=——"v| % ik
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and the impulse response functions are

—1
1 __Po1
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For the Choleski decomposition the impulse response functions are ¢, = K~ e,
where

g1

1 0
K71 - [ B ; : ‘|
01\/1—92 02\/1—P2

O0Tiys _ 0Ty qs K
85,5 6615
o 8a:t+s g1 0
o Oey pos  oo9y/1 — p?

Hence the larger is p, the more significant is the order of the variables on the
impulse response functions. In contrast, the order of the variables does not
affect the idiosyncratic shocks.

3 Theoretical application: the New Keynesian
model

To further illustrate the procedure and to provide an economic interpretation
of idiosyncratic shocks, we apply it to a three equation New Keynesian model
(NKM). First we consider a theoretical NKM and construct the idiosyncratic
shocks from a calibrated version of the model. We then consider a numerical
version based on the estimation of the VAR associated with a three equation
New Keynesian model.

A standard stylised New Keynesian model where monetary policy is based
on a Taylor rule is given by

T = O+ BEmip1 + Y2 + Une
r = FExp —o(Ry — Eympgpr — 0) + Ugy
Ry = 047"+ p(ry — ) + vy + upy

where 7 is inflation, x is the output gap, r is the Federal Funds rate, u,,
urs and up; are assumed to be independent, zero mean i.i.d. processes and
¢ = (1 — B)m*. This choice of ¢ guarantees that the steady-state solution is
7wy =7%, 2y =0 and Ry = 7* 4+ 0. Taylor sets = 1.5 and v = 0.5.



It is important to note that the idiosyncratic shocks defined above cannot,
in general, be interpreted as estimates of the structural disturbances. Whereas
each idiosyncratic shock affects only one structural variable, the structural dis-
turbances may affect more than one structural variable as, being endogenous,
they impact on all of the variables on the right-hand side of each equation.

To obtain the solution the model can be written in matrix form as?

1-BL7' —y 0 " ¢ Urt
—al™! 1-L7' « Ty = | ab + | g
—i —v 1 R 0+ 7*(1—p) URt

which has the general structure
A(L)zy =n+ &,
The solution is

det A(L)zy = adjA(L)(n+¢&,)
l+av—L71 ¥ —ay
_ —ap— LY 1—pL ! —a(l—BL7Y) (n+&)
pt(av —p L™ (v+py)+BvL™" 1+ (1 +B+ay)L™ !+ pL7

The determinant of A(L) is
det A(L) = {[1 + a(v+ py)|L* = [1+ B(1 + aw) + an]L + B}L 2.

If 4 > 1 - the Taylor rule sets u = 1.5 - monetary policy responds strongly to
inflation and hence a[v(1 — 8) 4+ v(u — 1)] > 0, implying that both roots of

[1+a+py) L2 -1+ B8(1+av)+ay]L+8=0

are either greater than or less than unity. As the product of the roots is 1 >

m > 0, they must both be less than unity. We denote them by 0 < Ay,
Ao < 1. The solution is therefore
l4+av— L7t 5y —ary
z = detA(L)| —a(p—L7") 1—-pL~" —a(l—BL7T) (n+&)

pt(av—p) L™ (v+py) = BvL™t 1+ 1+ B+ay) L™ +4L73
[+ a(v+py)](1 =ML (1 = AL

3Further discussion of the NKM and its solution may be found in, for example, Wickens
(2012).

det A(L)




implying that

*

¢ ™ Ert
T = 0 + | et
Ry ] 0+ x* ERt
Ert ] 1 1+av Y —ary Ut
[ = —— | —au 1 - Ugt
€Rrt | L+a(+m) Iz vtpy 1 URt
Ut
= D Ugt
URt

The solution can be interpreted as a VAR(0) in which the disturbances e; =
(ext, €xt, €rt)" are linear functions of the model disturbances us = (U, Ugt, Uret)
and hence are correlated.

The idiosyncratic shocks defined above, ¢4, are related to the VAR distur-
bances e; through

Ent Ert
Ext =C Ext
€Rt €Rt

They can also be related to the structural disturbances through

Ert Unt
Ext =CD Ugt
€Rt URt

By calibrating the NKM we can obtain numerical values for the transforma-
tion matrices C' and CD. The calibration is based on the following parameter
values: a = 0.5, v = 0.5, v = 0.5, p = 1.5. In addition we require the variances
of the disturbances. These are based approximately on the data used in the
numerical example in the next section. Thus we use

6 0 0
Viw=1]0 12 0
0 0 4
and from this construct ¥ = V (e).
This calibration gives
Ert 1 l4+av v —ay Ut
et = — | —au 1 - Uyt
1
€Rt +alv+m) % v+py 1 URt
1 1.25 0.5 —0.25 U
’ 1.5 1.25 1 URt



and
4.828 0.426 6.533

V(z)=V(e)=%=| 0426 6.391 1.988
6.533 1.988 14.485

The idiosyncratic shocks related to the VAR disturbances and to the NKM
disturbances are therefore

Ert 1 0.077  —=0462 7 [ e
€t = 0250 1 —0.250 et
€ Rt ~-1.333 —0.222 1 || ert

0.308 0.000 —0.462 | [ wun
= —0.500 0.500 —0.500 Ugt
0.000 0.222 0.889 | URt

Thus the dominant sources of €;; are the structural inflation disturbance
and the Taylor rule disturbance; the output disturbance does not affect e,;. A
positive Taylor rule disturbance - a monetary policy tightening - causes a fall in
inflation. The monetary policy shock €g; responds to the structural output and
monetary disturbances but not to the inflation disturbances. The output shock
€4+ falls in response to higher inflation and to monetary policy tightening.

4 Numerical example

Next we consider the VAR associated with this three equation New Keynesian
model. This is based on US annual data 1957-2017 for the three variables,
7=INFL, x=GAP and r=FFR. The output gap x is measured as the percentage
deviation of GDP from its trend as represented by third-order polynomial in
time. Unlike an HP filter, this form of trend does not distort the dynamic
behaviour of the gap. A VAR with 2 lags has the following estimates



FFR  GAP INFL
FFR(-1) 0917 —0.673  0.200
(5.22)  (=3.79)  (2.08)
FFR(-2) —0235 0569  —0.246
(1.38)  (3.31) (—2.63)
GAP(-1) 0322 1327  0.145
(2.38)  (9.72)  (1.96)
GAP(-2) —0343 —0.495 —0.060
(—2.55) (—3.63) (—0.81)
INFL(-1) 0.146  0.137  0.849
(0.52)  (0.48)  (5.46)
INFL(-2) 0260 —0.084  0.081
(0.99)  (—=0.31)  (0.56)

C 0.247  0.341  0.443

(0.62)  (0.85)  (2.02)

R? 0.826  0.783  0.869
SE 1.567  1.583  0.861

The residual covariance matrix is

2.456 1413 0.725
Y= 1413 2507 0.370
0.725 0.370 0.741

The matrix that transforms the residuals to give unit idiosyncratic shocks is

1 —0.452 —0.753
C=| —0.602 1 0.089
-0.311  0.027 1

and the transformation that gives one standard deviation idiosyncratic shocks
is

0.638 —0.286 —0.875
C*=1] —0.384 0.632 0.103
—0.198  0.017 1.161

Hence transformation matrices to the impulse response functions for a unit
shock to the residuals are
(i) one standard deviation unit shock to the residuals H

1.567 0 0
H = 0 1.583 0
0 0 0.861
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(ii) the Choleski decomposition K

1.567 0 0
K= 0902 1.302 0
0.463 —0.036 0.725

(iii) for one unit idiosyncratic shock C~1

1.933 0.836 1.381
C-1=1| 1.112 1.483 0.706
0.571 0.219 1.410

(iv) one standard deviation idiosyncratic shock C*~1

0.787  —0.355 —0.593
C*~'=| -0.355 0.592 0.052
—-0.593  0.052 1.903

The following impulse response functions for a one standard deviation shock
give the effect of each idiosyncratic shock, a Choleski shock and the VAR resid-
uals on inflation, the output gap and the Federal Funds rate.
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Impulse response functions for the residuals, a Choleski decomposition and the
idiosyncratic shocks
(one standard deviation shock, rows are variable response, columns are shocks)

infl
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Impulse response functions for the residuals, a Choleski decomposition and the
idiosyncratic shocks
(one unit shock, rows are variable response, columns are shocks)
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The two sets of impulse response functions are similar but, as is to be ex-
pected, the shocks have different effects on the variables. In particular, the
responses of inflation and the output gap to a temporary idiosyncratic shock
is much larger than for the other two shocks which have no impact initially.
Moreover, the effect on both is positive.

We can compare the estimated transformation matrix C with the calibrated
matrix in the previous section. We re-order the variables in the estimated VAR
to conform to that in the theoretical model, namely, to 7, z,r. The calibrated
and VAR transformation matrices C are

1 0.077  —0.462 1 0.027 —0.311
CcPAL =] 0250 1 —0.250 | CVAR=1| 0.089 1 —0.602
~1.333 —0.222 1 —0.753  —0.452 1

Although the two are different, the differences are not as large as might be
expected given that the calibrated model is only a stylised theoretical model
and its VAR solution is static.

5 Conclusions

It is well-known that the way shocks are defined in VAR analysis can have a
large bearing on the economic interpretation of the resulting impulse response
functions. In general, VAR residuals are correlated perhaps reflecting possible
common shocks as found in the New Keynesian models above. Nonetheless, it
is often assumed that shocks should be structural and uncorrelated. Different
ways of defining such shocks have been proposed by imposing identifying re-
strictions on the VAR residuals. Examples are a Choleski decomposition and
the shocks obtained from the eigenvectors of the residual covariance matrix. In
this paper a new way of measuring shocks is proposed that does not rely on
imposing identifying restrictions. The idea is to isolate from the VAR residuals
for each equation a component that is uncorrelated with the residuals in the
other equations. Each such shock is idiosyncratic to each endogenous variable
in the VAR and is a linear combination of the residuals. Idiosyncratic shocks
can also be calculated from the solution to a DSGE model and related to its
disturbances. Unlike Choleski shocks, the idiosyncratic shocks are correlated
with each other.

We apply the procedure to a calibrated New Keynesian DSGE model and
to a VAR based on the same three variables - inflation, the output gap and the
Federal Funds rate - and estimated on U.S. data for the period 1957-2017. The
transformations of the residuals required to construct the idiosyncratic shocks
in each case are similar. They show that monetary policy tightening and a
negative disturbance to inflation both cause a negative idiosyncratic shock to
inflation. A positive inflation disturbance and monetary tightening both cause
a negative idiosyncratic shock to output. The idiosyncratic shock to interest
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rates is found to respond to the structural output and monetary disturbances
but not to the inflation disturbances.

The impulse response functions obtained from the estimated VAR show the
effect of the idiosyncratic shocks on the variables themselves. It is found that a
positive idiosyncratic shock to the Federal Funds rate produces positive effects
on inflation and the output gap. In contrast, a residual shock and a Choleski
shock have little or no effect on inflation and the output gap.

We conclude that obtaining idiosyncratic shocks is a useful addition to the
standard shocks included in econometric packages.
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