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Abstract

We represent a population as a complete undirected network, the edges of which are the
fundamental data on experienced disparities. This yields a Gini coefficient (for wealth, say) for
finite populations that is based on the mean wealth difference between all pairs of individuals
relative to the mean wealth, which we demonstrate is not the case for the conventional Lorenz
curve representation and the algorithm widely-used to calculate it. Our method also provides
simple and intuitive explanations of the effects on the Gini coefficient of changes in the wage
share, the employment rate, and other macroeconomic and demographic variables.
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INEQUALITY AS EXPERIENCED DIFFERENCE:  
A REFORMULATION OF THE GINI COEFFICIENT 
 
Samuel Bowles and Wendy Carlin1 
12 September 2018 
 
 
Abstract. We represent a population as a complete undirected network, the edges of which are 
the fundamental data on experienced disparities. This yields a Gini coefficient (for wealth, say) 
for finite populations that is based on the mean wealth difference between all pairs of individuals 
relative to the mean wealth, which we demonstrate is not the case for the conventional Lorenz 
curve representation and the algorithm widely-used to calculate it. Our method also provides 
simple and intuitive explanations of the effects on the Gini coefficient of changes in the wage 
share, the employment rate, and other macroeconomic and demographic variables.   

Keywords: inequality, Gini coefficient, relative mean difference, Lorenz curve 
 
JEL codes: D31 (income, wealth and their distributions) 
 

1.  EXPERIENCED DISPARITIES AND THE MEASUREMENT OF INEQUALITY. 

Some of the dimensions along which we measure inequality are best conceived of as individual 
attributes, of which members of a population simply have more or less, like height. But on both 
descriptive and normative grounds, other dimensions are more intuitively represented as 
differences between individuals. Economic inequalities – in wealth or income, for example – are 
in this latter class.  

A natural way to measure the extent of these disparities among individuals is to treat the 
economy as a complete undirected network as shown in the left panel of Figure 1, where the 
weight on each of the three edges of which is the disparity in wealth (from here, taken to be the 
quantity of interest) between the two nodes connected by the edge. The underlying intuition is 
that inequality as experienced by the members of a population is best seen as a series of pairwise 
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comparisons between self and others. This undirected network representation is the basis of the 
definition of the Gini coefficient as one half the mean difference among the members of the 
population relative to the population mean wealth.   

The appeal of the Gini coefficient conceived in this way is that it is  “a very direct measure of 
income differences, taking note of differences between every pair of incomes.”  (Sen 1997):31 
The coefficient ranges (as Gini specified that it should and shown by (Deaton 1997):139) from 
zero, if there are no differences among population members, to one, if a single individual owns 
all of the wealth (Gini 1914):1204. 

But the conventional geometrical definition of the Gini coefficient as the area between the 
“perfect equality line” and the Lorenz curve divided by the area under the perfect equality line 
and the algorithm used to calculate it (Kendall and Stuart 1969, Dasgupta, Sen, and Starrett 
1973, Damgaard 2018, Sen 1997) does not measure the relative mean difference among pairs in 
the population. This algorithm is illustrated by the right panel of Figure 1, where all of the nine 
“edges” (represented by the arrows) represent “differences” in wealth, including the by-
definition zero “self on self” differences.  If there are n members of the population then the total 
number of unique non-identical pairs relevant to the study of inequality is 2( ) / 2n n− ,  shown as 
the three edges in the left panel not the n2 “pairs” on the right.  

 

 

 

 

 

Figure 1. Experienced differences (left panel) and the edges used in the conventional 
measure (right panel).  

For finite populations (the only relevant case) the conventional algorithm (and the equivalent 
Lorenz based geometrical measure) is a systematically downward-biased approximation. If the 
nodes A, B, and C in Figure 1 have wealth 10, 4, and 3, for example, the correct Gini coefficient 
using the network representation in the left panel is 0.412, which is what one finds by using 
equation (3) below.  Using the conventional measure (equation 1, below) the Gini is estimated as 
0.274 which (as we will see in equation (2)) needs to be multiplied by n/(n -1) or 1.5 to get the 
correct Gini.   
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Moreover, the Gini coefficient calculated in this way is less than one when a single individual 
owns all of the wealth. The reason is that, as the figure illustrates, despite its common description 
in these terms, the algorithm does not compute the average differences between all pairs of 
members in the population relative to the population mean. 

Our network representation could readily be extended using social network data to take account 
of observed patterns of interaction so as to provide better measures of experienced inequality. 
Equation (3) below would then measure the degree of experienced inequality on a complete 
network. With the same levels of individual wealth, experienced inequality for incomplete 
networks would differ. For example, if the relevant social relationships changed from a complete 
network to a star with the wealthiest person at the center or a  bipartite two-class  network, 
experienced inequality would increase.2 This opens up the broader question of the adequacy of 
the Gini coefficient and other indices as measures of inequality, and the potential for extensions 
of the mean difference approach to take account of social structure.  

2.  THE TRUE GINI COEFFICIENT FOR A FINITE POPULATION.  

The standard expression for the Lorenz curve based interpretation (which we will call GL ) for 
wealth, y, is  

1 1
21)     

2

i n j n
i ji jL

y y
G

n y

= =

= =
−

=
∑ ∑  

for which a population size adjustment is required so that this value will vary over the unit 
interval, namely, using G to denote the adjusted Gini coefficient (Yitzhaki and Schechtman 
2013): 

2)    
1

L nG G
n

=
−

 

                                                           

2 If the three individuals in the left panel of Figure 1 were represented by a line (with the richer person in 
the center, a landlord, for example with two isolated sharecroppers) then holding constant the wealth of 
the three individuals the experienced inequality would rise from 0.41 to 0.57.   
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The population size bias in the unadjusted measure is substantial only when the population size 
under consideration is unusually small.3 So the main reason to substitute G for GL is not the 
“small numbers bias” but the fact that it does not measure experienced inequality. 

Moreover equation (1) simply does not measure inequality, that is, differences between 
individuals because it includes the fictitious self-on-self zero differences. Using the unique non-
identical pairing setup in the left panel of Figure 1 we have an intuitive definition of G which 
measures inequality among actual pairs in the population, which, as a result, does not require a 
population size adjustment. 4   

1

1 13)     
( 1)2

2

i n j n
i ji j j

y y
G

n n y

= = −

= + =
−

=
− 

 
 

∑ ∑
 

The numerator of equation (3) is the sum of the absolute differences among the (unique non- 
identical) pairs, which we call Δ, or  

1

1 1
 i n j n

i ji j j
y y= = −

= + =
∆ ≡ −∑ ∑  

and so,  

                                                           

3 But this is sometimes the case, for example in archaeological  (Kohler and Smith 2018) or industry 
concentration studies (Ghosh 1975).   

4 A further problem is calculating the Gini coefficient from the Lorenz curve in finite rather than infinite 
populations where both the “perfect equality line” and the Lorenz curve are represented by a step function 
as Gini suggested (Gini 1914) p.1232.  Dasgupta, Sen and Starrett noted “there is some ambiguity as to 
how we define Lorenz curves in the discrete case”. They “take the position that Lorenz points are plotted 
for each discrete number of people and connected by straight lines.” (Dasgupta, Sen, and Starrett 
1973):p.185. Following this convention instead of Gini’s, for example in a two-person economy in which 
one person has all the income, the area between the Lorenz curve and the perfect equality line, divided by 
the total area under the line, that is, GL, is equal to one half, not one. 
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1 1 13')   

( 1) 2 ( 1)
2

G
n n y n n y

∆ ∆
= =

− − 
 
 

 

from which we can see that the Gini coefficient is the mean difference among all pairs in the 
population (the first term in the expression in the middle) divided by the mean value of y, giving 
us the “relative mean difference” times one half.   

This is what we consider to be the true Gini coefficient (mentioned in passing by Deaton (1997)) 
and is identical to the corrected Gini coefficient in equation (2) which, noting that the sum of 
differences from equation (1) is just 2Δ can be seen from:  

2

1 1 1 14)     
1 1 1 ( 1)

L n nG G
n n y n n y n n n y

∆ ∆ ∆     = = = =     − − − −     
 

Using (3) or (3') when a single individual owns all of the wealth, G = 1 independently of 
population size. To see this, suppose that a single individual in a group of finite size n owns the 
entire wealth which is y. Then all the paired differences are zeros except the ( 1)n −  edges 
connecting the “have nots” with the single “have”. The sum of the differences on these edges is 
thus ( 1)y n − = ∆ . Inserting this value in (3′) confirms that G = 1 for any n > 1.  

But where wealth is owned by more than one person, G is not invariant to population size. If 
there are r wealthy individuals each owning y/r then we have ( ) ( 1)G n r n= − −  and as we 
increase the population, holding the number of wealth owners constant, there are two effects on 
the Gini coefficient. The first (captured in the denominator) is that there will be relatively more 
frequent interactions among people with identical wealth (among the poor, that is). The second 
(captured in the numerator) is that a smaller fraction of the population holds all of the wealth.  

Differentiating the expression just above for G with respect to n (holding r constant), we have  

1 15)     1 (1 )
1 1 1

G n r G
n n n n

δ
δ

− = − = − − − − 
 

from which it is easy to see that the second effect dominates the first except in the limiting case 
of a single owner of the entire wealth where the Gini coefficient is equal to one as we saw above, 
and is invariant to variations in n because the two effects cancel out.  

3. A COMPARISON. WHY THE CONVENTIONAL MEASURE UNDERSTATES TRUE INEQUALITY 
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One way to see why the conventional Lorenz curve-based measure understates true inequality is 
that in the algorithm, a zero can mean either that there are two individuals with identical wealth 
(relevant to the measurement of inequality), or that the observation is based on comparing a 
single individual’s wealth with itself (not relevant). The idea of counting a person “paired” with 
herself is mathematically familiar – “difference” here is the expected absolute difference 
between two individuals randomly drawn (with replacement) from a population – but is not 
applicable to the study of interpersonal differences in wealth.  

The difference between the two measures, illustrated in Figure 1, is clarified by the two weighted 
adjacency matrices in Figure 2. In the left panel we show a three-person population and in the 
right a duplicated population of six. In both panels, data for our non-directed network 
representation are the (relevant) red edge weights used in the calculation, while the conventional 
method uses all of the data in the table (double counting each edge and including the zero-own-
differences along the diagonal.) The zeros in black are the fictitious self-on-self zero differences.  

 

 

Figure 2. Weighted adjacency measures: population replication for the true and 
conventional Gini measures. In the left panel, the wealth of A, B, and C are respectively 10, 4, 
and 3; in the right panel the As Bs and Cs have the same wealth as in the left panel. G is 0.418 in 
the initial population and 0.329 when the population is duplicated, whereas GL   is 0.274 in both 
the initial and duplicated populations.   

Duplicating the population results in 3/15 of the true interactions being among equals. Thus, 
experienced inequality would seem to have declined, for while the preexisting inequalities have 
been replicated, doubling the population has introduced a degree of experienced equality.  The 
reason why the conventional approximation of the true Gini understates true inequality is that it 
counts the fictitious zeros of the self-on-self comparisons as if they were real information about 
differences between people.  
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This also provides an intuition for the well-known fact that GL is invariant to population 
replication. Counting the fictitious diagonal zero entries in Figure 2, for example, the number of 
“interactions” in which wealth inequality is absent has doubled as has the number of all of the 
other differences. The result is no change in GL . It is clear, however, that experienced inequality 
differs in the two populations. In the left panel no individual ever interacts with a person of the 
same wealth, while in the right this occurs in three cases (out of a total of 15 paired interactions).  

We now show the general result that experienced inequality declines with replication. Consider 
an initial population of n with the true Gini coefficient 1G  and construct a new population 
consisting of k >1 copies of the initial population with a conventionally measured Gini 
coefficient of L

kG .  By invariance, 1
L L
kG G= , and from equation (2),  

1
1L

k
nG G

n
−

=  

So, for the new population of kn individuals we have  

1 1 1
1 ( 1)6)     

1 1 1
L

k k
kn n kn k nG G G G G

kn n kn kn
− −

= = = <
− − −

 

which shows that replication reduces experienced inequality. 

 
4. EMPLOYMENT, THE PROFIT SHARE, AND INEQUALITY IN A THREE CLASS ECONOMY 

Our definition of the true Gini coefficient (equation (3)) can be applied to income or wealth of 
homogeneous classes where, instead of the three nodes in Figure 1 we have three classes of 
nodes, the members of which own the same amount of wealth.  

Consider an economy in which there is some number l of “producers,” u “inactive” agents and 
n l u− −  “wealthy”. These groups could be employees, the unemployed (receiving no income) 
and employers in the analysis of income inequality or small property owners, the landless, and 
landlords in the study of land-wealth inequality.  The line segments making up the Lorenz curve 
for income inequality in this three-class economy are illustrated in Figure 3.  

Total output is the average product of the producers (q) times the number of producers (l), of 
which the fraction received by the producers is s, and the fraction received by the wealthy, is 1-s. 
We now derive an expression for the Gini coefficient based on the share going to the producers 
and the size of the three classes.  
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There are n – l – u individuals with income ( )l q w
n l u

−
− −

,  l with income w, and u with income 

of zero. To find Δ, the sum of differences between all unique non-identical pairs in the population, 
we sum the number of edges between each of the class pairs times the income difference for that 
pair, so,  

( ) ( ) ( ) ( )

( ) ( )( )
( ) ( )

7)  
l q wln l u l q w w n l u u luw

n l u n l u
l u lq l n l u u u lw

l u lq n u lw

− ∆ = − − − − + − − + − − − − 
= + + − − − − − +

= + − −

 

Then using equation (3′) we have 

( ) ( ) ( ) ( ) ( ) ( )( )1 18)  
( 1) ( 1) 1 1

l u lq n u lw wG l u n u l u n u s
n n y n lq n q n

+ − −  ∆
= = = + − − = + − − − − − − 

 

If n is large, and denoting µ as the share of the inactive and λ the share of the producers in the 
population, it follows that  
 

( ) ( )( )19)   (1 )
1

LG l u n u s s G
n

µ λ µ= + − − ≈ + − − =
−

 

 
The last equality in equation (9) can be seen by summing the areas under the Lorenz curve (in 
Figure 3):  

1 2 3
1 110)     (1 ) (1 )(1 )
2 2

(1 )                          = (1 )     
2 2

B B B B s s s

s

λ λ µ λ µ

λ µ µ

= + + = + − − + − − −

− −
+ −

   

and using this, the Gini coefficient estimated from the Lorenz curve, GL is 

1 211)   1 2 1 (1 ) (1 )  = (1 )
1 2

L A BG B s s
A B

λ µ µ µ λ µ−
= = = − = − − − − − + − −

+
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Figure 3. The Lorenz curve for a group-divided economy. 

Converting this to the true Gini coefficient for population size n, we have:  

( )

12)        1
1 1 1

1 ( ) )
1

Ln u l n uG G s
n n n n

u l n u s
n

+      = = − −      − − −      

= + − −
−

  

which is the expression in the text derived from equation (3) based on unique differences among 
non-identical pairs.  

This confirms that the Gini coefficient based on the area between the Lorenz curve and the 
perfect equality line is not one half the relative mean difference for a finite population.  
Nonetheless, for suitably large populations, we can use equation (9) to express a variety of 
intuitions about inequality among wage earners, the unemployed and employers, or other 
population groups, and how this varies with the share.  
 
This may be of particular interest now that the era of Kaldor’s “stylized facts” and Solow’s 
“constancy of relative shares” appears to be behind us ((Solow 1958, Dorn et al. 2018, Kaldor 
1961, Karabarbounis and Neiman 2014)), especially in light of the recent turn in New Keynesian 
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macroeconomic models from so-called representative agent (RANK) to heterogeneous agent 
(HANK) models including those with three ‘classes’ (e.g. (Ravn and Sterk 2016)).  
 
5. CONCLUSION  

We have provided a method of calculating the Gini coefficient motivated by intuitions about 
inequality as experienced by members of a population, and which, in so doing, incidentally 
avoids the need for a population size adjustment. The intuition is that inequality as experienced 
by the members of a population is best seen as a series of pairwise comparisons between self and 
others. This undirected network representation is the basis of the definition of the Gini 
coefficient as one half the mean difference between the members of all pairs in the population 
relative to the population mean wealth.  For finite populations this is not what is measured by the 
algorithm conventionally used to calculate the Gini and it is not the geometrical definition based 
on the Lorenz curve. Comparison between this measure, G, and the conventional geometric 
Lorenz curve definition, GL, suggests that the replication property of the latter is undesirable 
because it fails to capture experienced inequality.  
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