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1 Introduction

In this paper, we obtain a novel solution to the canonical problem of optimal allocation

of prizes in rank-order tournaments. We also provide a set of new comparative statics

results for general multi-prize rank-order tournaments with respect to the number of

players, prizes, and properties of the distribution of noise.

Rank-order tournaments are incentive schemes in which agents, who expend effort

or other resources, are rewarded based on the rank of their output. Such rankings are

often used in organizations to assign discretionary bonuses or “merit raises” to employees.

Typically, a manager is provided a fixed budget for bonuses and has to decide on a rank-

based allocation rule. Our results inform on the effects of such allocation rules on workers’

performance, and on the properties of optimal (effort-maximizing) allocation rules. An

extreme version of rank-based compensation is promotion, which in most cases is limited to

one employee in the group and thus constitutes an example of a “winner-take-all” (WTA)

prize allocation, i.e., an incentive schemes rewarding only the top performer. In many

organizations, promotion has become the only way to receive a significant permanent raise

(Prendergast, 1999); it is, therefore, important to understand under what circumstances

the WTA compensation structure is optimal.

Despite the existence of a substantial literature on rank-order tournaments following

the framework of Lazear and Rosen (1981), relatively little is known about their general

properties. Ryvkin and Drugov (2017) recently provided a comprehensive analysis of

comparative statics for WTA tournaments. In this paper, we extend their methodology

to study tournaments with multiple prizes. We address two related but distinct problems.

First, we provide a solution to the optimal prize allocation problem under symmetry and

risk-neutrality in a setting where the principal allocates a fixed budget. This setting is

similar to the one studied by Krishna and Morgan (1998) and Moldovanu and Sela (2001),

and different from the more traditional setting of Lazear and Rosen (1981) and most later

studies in that it does not impose a binding zero-profit constraint on the principal or a

participation constraint on the agents. As a result, we obtain a unique optimal allocation

of prizes, unlike the more traditional settings where a continuum of prize allocations can be

optimal under risk-neutrality. Our major result is that the WTA prize schedule is optimal

when the distribution of noise has an increasing failure rate (IFR). More generally, for

noise distributions with unimodal failure rates the optimal prize allocation moves closer

to WTA as the distribution becomes smaller in the convex transform order. Additionally,

we show that “winner tournaments,” i.e., prize schedules awarding a positive prize to less
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than a half of all agents, are optimal when the pdf of noise is symmetric.

Second, we provide a set of comparative statics results for multi-prize tournaments,

which generalize some of the results for WTA tournaments by Ryvkin and Drugov (2017)

and rely on the methods developed in that paper. We show that when the pdf of noise

is log-concave the equilibrium effort changes monotonically in response to shifts in the

allocation of prizes to and away from the WTA schedule, in a well-defined sense. For

tournaments with k fixed equal prizes, we show that the equilibrium effort is unimodal in

k and in the number of players, n, when the pdf of noise is unimodal. Under an additional

log-supermodularity condition, the equilibrium effort is also unimodal in the number of

players when it is stochastic and changes in the first-order stochastic dominance (FOSD)

sense. Finally, we discuss how the equilibrium effort is affected by noise dispersion.

Related literature

Starting with the groundbreaking paper by Lazear and Rosen (1981), multiple studies

have explored optimal tournament contracts in an organizational context, comparing their

efficiency to other incentive schemes, such as piece rates (Nalebuff and Stiglitz, 1983; Green

and Stokey, 1983), and identifying their various properties pertaining to the number, risk-

aversion and heterogeneity of agents (Krishna and Morgan, 1998; Akerlof and Holden,

2012; Balafoutas et al., 2017).1

The paper that is closest to ours is Krishna and Morgan (1998), who consider a

Lazear-Rosen tournament with risk-averse agents and a principal allocating a fixed budget.

Their analysis, however, is restricted to tournaments with n ≤ 4 agents and symmetric

unimodal noise distributions. In contrast, we focus on risk-neutral agents but provide

very general results regarding the effects of the number of agents and noise. In particular,

we generalize the (risk-neutral version of the) “winner-take-all principle” formulated by

Krishna and Morgan (1998) for small tournaments.2 We show that it is the symmetry,

and not unimodality, of the pdf of noise that leads to the optimality of WTA when n ≤ 4,

and the IFR property provides an independent sufficient condition for the optimality of

WTA that holds for any n ≥ 2. Schweinzer and Segev (2012) demonstrate the optimality

of the WTA schedule for multi-prize Tullock contests.3

1For a review of the earlier literature see, e.g., McLaughlin (1988), Lazear (1999), Prendergast (1999),
Connelly et al. (2014).

2Under their assumptions, Krishna and Morgan (1998) demonstrate the WTA principle for n ≤ 3 for
risk-averse agents and for n ≤ 4 for risk-neutral agents. Both bounds are tight.

3The symmetric equilibrium in the Tullock (1980) contest model is the same as in an appropriately
transformed Lazear-Rosen tournament with additive noise following the Gumbel (extreme value type-I)
distribution; thus, the Tullock contest model can be thought of as a special case of the Lazear-Rosen
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There is a parallel literature on the optimal allocation of prizes in all-pay auctions

with private information (e.g., Moldovanu and Sela, 2001). Sisak (2009) provides a review

of the existing results on multi-prize Tullock contests and all-pay auctions.

The rest of the paper is organized as follows. Section 2 sets up the model. The

optimal prize allocation is characterized in Section 3. Section 4 provides comparative

statics results and looks at some extensions and applications. Section 5 concludes. All

missing proofs are collected in Appendix.

2 Model setup

There are n ≥ 2 risk-neutral players indexed by i = 1, . . . , n. The players simultaneously

and independently choose effort levels ei ∈ R+. The cost of effort ei to player i is c(ei),

where c(·) is strictly increasing, strictly convex and twice differentiable on (0, c−1(1)],

and continuous at zero with c(0) = 0. The output of player i is stochastic and given by

yi = ei+Xi,
4 where shocks Xi are i.i.d. across players, with a cumulative density function

(cdf) F and probability density function (pdf) f defined on an interval support U = [x, x]

(finite or infinite). The pdf f is atomless, continuous and piece-wise differentiable in the

interior of U . Let F−1(z) = inf{t ∈ U : F (t) ≥ z} denote the corresponding quantile

function, and m(z) = f(F−1(z)) : [0, 1]→ R+ denote the inverse quantile density (Parzen,

1979). We assume that m(z) is continuous and piece-wise differentiable on (0, 1) and

integrable on [0, 1].

A risk-neutral principal observes the ranking of outputs and allocates nonnegative

rank-dependent prizes v1, . . . , vn to the n players. Specifically, a player whose output is

ranked r (where r = 1 corresponds to the highest output, r = 2 to the second highest,

etc.) receives a prize vr ≥ 0.5 By default, throughout the paper we assume that prizes are

decreasing6 in rank, v1 ≥ v2 ≥ . . . ≥ vn, and satisfy the budget constraint
∑n

r=1 vr = 1.

On several occasions, we discuss the consequences of relaxing these assumptions.

Consider a symmetric pure-strategy Nash equilibrium where all players exert some

model (Jia, Skaperdas and Vaidya, 2013; Ryvkin and Drugov, 2017). The Gumbel distribution is IFR.
4Via a change of variables, this model can also accommodate tournaments with multiplicative noise,

with yi = eiXi (see Jia, 2008; Jia, Skaperdas and Vaidya, 2013; Ryvkin and Drugov, 2017).
5Ties in the ranking are broken randomly, but occur with zero probability for an atomless f .
6Throughout this paper, “increasing” means nondecreasing and “decreasing” means nonincreasing.

Whenever the distinction is important, we use the terms “strictly increasing” and “strictly decreasing.”
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effort e∗ > 0. The payoff of player i from some deviation effort ei is

πi(ei, e
∗) =

n∑
r=1

P (i,r)(ei, e
∗)vr − c(ei), (1)

where P (i,r)(ei, e
∗) is the probability that player i’s output is ranked r. This probability

is given by

P (i,r)(ei, e
∗) =

(
n− 1

r − 1

)∫
U

F (ei − e∗ + t)n−r[1− F (ei − e∗ + t)]r−1dF (t).

Indeed, in order to be ranked r, player i’s output must be higher than the output of exactly

n − r other players, and there are
(
n−1
r−1

)
ways to choose those players. The symmetric

first-order condition, ∂πi(ei,e
∗)

∂ei

∣∣∣
ei=e∗

= 0, produces the equation

n∑
r=1

βr,nvr = c′(e∗), (2)

where βr,n ≡ ∂P (i,r)(ei,e
∗)

∂ei

∣∣∣
ei=e∗

, the marginal probabilities of reaching rank r, are given by

βr,n =

(
n− 1

r − 1

)∫
U

F (t)n−r−1[1− F (t)]r−2[n− r − (n− 1)F (t)]f(t)dF (t). (3)

In what follows, we assume that the e∗ given by Eq. (2) is a symmetric equilibrium

effort level.7 Coefficients βr,n are determined entirely by the distribution of noise. The

following properties follow immediately from Eq. (3) (cf. also Akerlof and Holden, 2012):

(i)
∑n

r=1 βr,n = 0, β1,n > 0, βn,n < 0; (ii) if pdf f is symmetric then βr,n = −βn−r+1,n for

all r.

After the probability integral change of variable, z = F (t), Eq. (3) becomes

βr,n =

(
n− 1

r − 1

)∫ 1

0

zn−r−1(1− z)r−2[n− r − (n− 1)z]m(z)dz. (4)

The representation (4), a special case of which for WTA tournaments was introduced by

7That is, we assume that the e∗ solving (2) is a global maximum of πi(ei, e
∗), Eq. (1), in ei. Equilibrium

existence and uniqueness issues are outside the scope of this paper. These are still open questions for
the Lazear-Rosen tournament model. Qualitatively, the existence of a pure-strategy equilibrium requires
that the distribution of noise be sufficiently dispersed and/or the cost of effort be sufficiently large and
convex (Nalebuff and Stiglitz, 1983).
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Ryvkin and Drugov (2017), is useful in that it separates the effects of the distribution

of noise, contained entirely in the inverse quantile density m(z), from the effects of the

number of players, n, and performance rank, r. Note that β1,n = (n−1)
∫ 1

0
zn−2m(z)dz =

E(m(Z(n−1:n−1))); that is, in a WTA tournament with v1 = 1 and v2 = . . . = vn = 0

the equilibrium effort is determined by the expectation of m(z) over the highest order

statistic among n− 1 i.i.d. draws from the uniform distribution on [0, 1] (cf. Ryvkin and

Drugov, 2017). As we show in the next section, more generally, for an arbitrary prize

schedule (v1, . . . , vn) the left-hand side of (2) can be written as a linear combination of

expectations of m(z) over the set of uniform order statistics Z(n−r:n−1), r = 1, . . . , n− 1.

3 Optimal prize allocations

In this section, we characterize the optimal allocation of prizes. In Section 3.1, we rewrite

the problem in a more convenient form and identify the general structure of the solution.

In Section 3.2, we relate the properties of the solution to the shape of the distribution of

noise.

3.1 Restating the problem

We consider a principal whose objective is to maximize total expected output, ne∗. It

follows immediately from (2), and the assumption that c(·) is strictly convex, that the

principal’s prize allocation problem has the form

max
v1,...,vr

n∑
r=1

βr,nvr s.t. v1 ≥ . . . ≥ vn ≥ 0,
n∑
r=1

vr = 1. (5)

Problem (5) is a linear programming problem. If prize schedules were not restricted to

be monotone, its solution would simply be to allocate the entire prize to the rank r that

maximizes βr,n. Therefore, if βr,n is maximized at r = 1, the optimal prize allocation is a

winner-take-all (WTA) tournament with v1 = 1 and vr = 0 for r = 2, . . . , n, for which the

monotonicity constraint is satisfied automatically. If, however, βr,n is (strictly) maximized

at some r > 1, it is impossible to allocate a high prize to rank r without also allocating at

least the same prizes to ranks 1, . . . , r−1. The larger r is, the smaller these prizes will be,

thereby diminishing incentives to compete for higher ranks. A different prize allocation,

therefore, may be optimal in this case.
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Recall that βn,n < 0. This implies that it is never optimal to assign a positive prize to

rank r = n. That is, vn = 0 in any optimal prize schedule. It is convenient to introduce

nonnegative variables dr = vr − vr+1 for r = 1, . . . , n − 1, from which the original prizes

can be recovered as vr =
∑n−1

k=r dk. Further, let Br,n =
∑r

k=1 βk,n denote the cumulative

version of coefficients βr,n. It is straightforward to verify that (cf. also Balafoutas et al.,

2017)

Br,n =
(n− 1)!

(n− r − 1)!(r − 1)!

∫ 1

0

zn−r−1(1− z)r−1m(z)dz. (6)

Note that Br,n > 0 for all r = 1, . . . , n− 1 and Bn,n = 0. Using summation by parts,

rewrite the objective function of problem (5) as
∑n

r=1 βr,nvr =
∑n−1

r=1 Br,ndr. Taking into

account that vn = 0, we can also rewrite the budget constraint in the new variables as∑n
r=1 vr =

∑n−1
r=1 rdr = 1. Thus, problem (5) reduces to

max
d1,...,dn−1

n−1∑
r=1

Br,ndr s.t. d1, . . . , dn−1 ≥ 0,
n−1∑
r=1

rdr = 1. (7)

The representation (7) can be understood intuitively as follows. Recall that βr,n is the

marginal probability of reaching rank r in the symmetric equilibrium, cf. Eqs. (2) and

(3). Therefore, coefficient Br,n =
∑r

k=1 βk,n can be interpreted as the marginal probability

of reaching the rank of at least r. At the same time, prize differential dr is the premium

for reaching the rank of at least r (as compared to reaching the rank of at least r + 1).

Indeed, a player who reached the rank of at least r earns at least dn−1 + . . . + dr = vr.

Since exactly r players reach the rank of at least r, the budget constraint takes the form

as in (7).

Problem (7) is a standard linear utility maximization problem in Rn−1
+ with a budget

constraint where the r-th commodity has price r. “Commodities” in this problem are the

differentials dr = vr − vr+1 between adjacent prizes. Such commodities indeed become

more expensive for the principal as r increases because a positive prize differential once

introduced for some r has to be carried over to all lower r to preserve the monotonicity of

prizes. Coefficients Br,n play the role of (constant) marginal utilities of these commodities.

A generic solution to problem (7) is a vertex solution where the entire budget is allocated

to one commodity that yields the highest marginal utility per dollar spent. We, therefore,

arrive at the following result.

Proposition 1 The optimal prize allocation is a two-prize schedule, with v1 = . . . =

vr∗ = 1
r∗

and vr∗+1 = . . . = vn = 0, where the location r∗ of a positive prize differential is
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given by

r∗ ∈ arg max
r∈{1,...,n−1}

Br,n

r
. (8)

The optimal prize schedule described by Proposition 1 allocates equal prizes to the

top r∗ players. From Eq. (2), the resulting equilibrium effort is given by the equation
Br∗,n
r∗

= c′(e∗). The location of r∗ is determined entirely by coefficients Br,n, Eq. (6), i.e.,

by the properties of the distribution of noise. Generically, the optimal prize schedule is

unique.

The optimal location r∗ of the prize differential, Eq. (8), maximizes the objective

β̄r,n = Br,n
r

= 1
r

∑r
k=1 βk,n, which is the running average of coefficients (β1,n, . . . , βr,n). As

discussed previously, if βr,n is maximized at r = 1, this implies immediately that r∗ = 1.

Similarly, as long as βr,n is increasing, β̄r,n is also increasing. Thus, if βr,n is increasing for

all r = 1, . . . , n−1, we have r∗ = n−1. However, if βr,n is interior unimodal, r∗ is located

at or to the right of the maximum of βr,n. The exact location of r∗ for a nonmonotone

βr,n depends on the details of the distribution of noise. This dependence is studied in the

next section.

3.2 A characterization of optimal prize allocations

From Eq. (6), coefficients Br,n can be written in the form

Br,n =

∫ 1

0

m(z)dFB(z;n− r, r) = E(m(Z(n−r:n−1))), (9)

where FB(z;x, y) is the cdf of the beta distribution with parameters (x, y),8 and Z(n−r:n−1)

is the (n − r)-th order statistic among n − 1 i.i.d. draws from the uniform distribution

on [0, 1]. As shown by Ryvkin and Drugov (2017), expectations of the form (9) preserve

the unimodality of function m(z) under additional log-supermodularity conditions. As we

show, these conditions are satisfied by the regularized incomplete beta function, leading

to the following properties of Br,n (all missing proofs are relegated to Appendix).

Lemma 1 For any 1 ≤ r ≤ n− 1,

(i) If f(t) is increasing (decreasing) then Br,n is decreasing (increasing) in r and increasing

(decreasing) in n.

(ii) If f(t) is unimodal (U-shaped) then Br,n is unimodal (U-shaped) in r and in n.

8Function FB(z;x, y) is also known as the regularized incomplete beta function (see, e.g., Paris, 2010).
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(iii) If f(t) is log-concave then Br,n is concave in r.

(iv) If f(t) is symmetric then Br,n is symmetric in r, with Br,n = Bn−r,n.

Part (i) of Lemma 1 follows immediately from (9) by the FOSD ordering of order statistics.

The most general property, part (ii), is implied by Lemma 1 of Ryvkin and Drugov (2017)

on the preservation of unimodality of expectations of unimodal functions.9 In order to

prove part (iii), we note that the log-concavity of f(t) implies that m(z) is concave; and

via integration by parts it can be shown that βr,n = Br,n − Br−1,n is decreasing in r.

Finally, part (iv) follows directly from Eq. (6) (cf. also Balafoutas et al., 2017).

Next, we turn to the analysis of β̄r,n = Br,n
r

, the objective of problem (8) that deter-

mines the location r∗ of the positive prize differential in the optimal allocation of prizes.

Using (6), we write it in the form

β̄r,n =
1

n

∫ 1

0

m(z)

1− z
dFB(z;n− r, r + 1) =

1

n
E(h(Z(n−r:n))), (10)

where h(z) = m(z)
1−z is the hazard quantile function (Nair, Sankaran and Balakrishnan,

2013), which is a quantile representation of failure (or hazard) rate f(t)
1−F (t)

in duration

analysis. We will refer to distributions as having increasing failure rate (IFR) if h(z)

is increasing and decreasing failure rate (DFR) if h(z) is decreasing. The exponential

distribution with pdf f(t) = λ exp(−λt) is the only distribution with a constant failure

rate (equal λ). Representation (10) immediately leads to the following properties of β̄r,n.

Lemma 2 (i) If f(t) is IFR (DFR) then β̄r,n is decreasing (increasing) in r for r =

1, . . . , n− 1.

(ii) If f(t) has a unimodal (U-shaped) failure rate then β̄r,n is unimodal (U-shaped) in r

for r = 1, . . . , n− 1.

Parts (i) and (ii) of Lemma 2 follow from the same arguments as the corresponding parts

of Lemma 1 applied to the failure rate. Part (i) leads to the first major result of this

section, which is the next proposition.

Proposition 2 (i) If f(t) is IFR then r∗ = 1, i.e., the WTA tournament is optimal.

(ii) If f(t) is DFR then r∗ = n − 1, i.e., it is optimal to award prize 1
n−1

to all but the

very last player.

(iii) If f(t) is an exponential distribution, any allocation of prises with vn = 0 is optimal.

9For completeness, we provide the lemma and accompanying definitions in the Appendix, cf. Lemma
3.
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Many standard distributions fall into one of the monotone failure rate classes covered by

Proposition 2. In particular, distributions with increasing or log-concave pdfs are IFR.

Corollary 1 The WTA tournament is optimal if f(t) is increasing or log-concave.

Note that Corollary 1 follows independently also from parts (i) and (iii) of Lemma 1.

Indeed, when Br,n is decreasing or concave in r, the ratio Br,n
r

is decreasing and hence the

WTA tournament is optimal.

The role of failure rate in the optimal allocation of prizes can be understood in-

tuitively as follows. Coefficients Br,n, Eq. (9), can be rewritten in the form Br,n =∫
U
f(t)f(n−r:n−1)(t)dt = fX−X(n−r:n−1)

(0), i.e., they represent the density at zero of the

difference between idiosyncratic noise X and the r-th largest order statistic out of n− 1

i.i.d. copies of X. Indeed, in order to achieve a rank of at least r in the symmetric

equilibrium, a player’s noise realization must exceed X(n−r:n−1). When top r ranks are

awarded with equal prizes, it is sufficient to achieve a rank of at least r to win the prize;

however, the value of the prize, 1
r
, is decreasing in r. Suppose first that pdf f(t) is in-

creasing. In this case, as r increases and X(n−r:n−1) shifts (probabilistically) to the left,

the density fX−X(n−r:n−1)
(0) decreases. Combined with the reduction in the prize value,

this implies the overall negative effect of r on the equilibrium effort; hence, r = 1 is

optimal. At the same time, when pdf f(t) is decreasing or has a decreasing upper tail,

an increase in r leads to two competing effects: while the prize value still decreases, the

density fX−X(n−r:n−1)
(0) increases as it becomes easier to surpass X(n−r:n−1). Which of the

two effects dominates is determined by the behavior of β̄r,n = Br,n
r

given by (10). Further,

Eq. (10) can be rewritten as β̄r,n = 1
n

∫
U
f(t|X ≥ t)f(n−r:n)(t)dt, where the failure rate

f(t)
1−F (t)

is written as the density at t of variable X conditional on X ≥ t. Thus, β̄r,n is

determined by the density at zero of the difference between X and X(n−r:n) conditional

on X ≥ X(n−r:n). Indeed, the probability of reaching a rank of at least r can be expressed

as the probability of surpassing the r-th highest noise realizations out of n conditional on

X being among the top r realizations, multiplied by the probability that X is in the top

r (equal 1
r
). This explains why, as r increases, β̄r,n changes according to the shape of the

failure rate, similar to how Br,n changes according to the shape of the pdf.

As an example of an IFR distribution (which is also log-concave), consider the Gumbel

distribution with parameter 1, whose pdf f(t) = exp[−t − exp(−t)] is shown in the left

panel of Figure 1. This distribution generates the contest success function (CSF) of the

Tullock contest (Jia, Skaperdas and Vaidya, 2013), for which the symmetric equilibrium

with multiple prizes was identified by Clark and Riis (1996) and Fu and Lu (2012). The
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Figure 1: Gumbel distribution with parameter 1. Left : Pdf f(t). Right : The objective β̄r,n for
n = 10 is maximized at r = 1.

right panel in Figure 1 shows the objective β̄r,n of problem (8) as a function of r. As

seen from the figure, r = 1 is indeed optimal. The optimality of the WTA prize schedule

for Tullock contests was demonstrated by Schweinzer and Segev (2012). Proposition 2

generalizes this result to arbitrary tournaments with IFR distributions of noise.

For an example of a DFR distribution, consider the Pareto distribution with parame-

ters (1, 1), with pdf f(t) = 1
t2
It≥1, for which m(z) = (1−z)2 and β̄r,n = r+1

n(n+1)
is increasing

in r. Hence, it is optimal to reward every player but the very last, see Figure 2.

Finally, for an example of a distribution with an interior unimodal failure rate consider

the Cauchy distribution with parameters (0, 1) which has pdf f(t) = 1
π(t2+1)

and the inverse

quantile density m(z) = 1
π[tan2(π(z− 1

2
))+1]

. Then, a two-prize schedule with an interior r∗ is

optimal, see Figure 3.

When pdf f(t) is symmetric (but not necessarily unimodal or with a well-behaved

failure rate), part (iv) of Lemma 1 shows that Br,n is symmetric. In this case, the optimal

location r∗ of the positive prize differential can be restricted as described in following

proposition.

Proposition 3 The optimal prize allocation is a two-prize winner tournament, with r∗ <
n
2
, if f(t) is symmetric.

We refer to prize schedules with r∗ < n
2

as “winner tournaments” (cf. Akerlof and

Holden, 2012) since they reward relatively few top-performing players. In contrast, “loser

11



Figure 2: The Pareto distribution with parameters (1, 1). Left : Pdf f(t). Right : The objective
β̄r,n for n = 10 is maximized at r = 9.

Figure 3: The Cauchy distribution with parameters (0, 1). Left : Pdf f(t). Right : The objective
β̄r,n for n = 10 is maximized at r = 3.
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tournaments,” i.e., those with r∗ > n
2
, reward most players and hence can be thought of

as emphasizing punishment of low performers. One extreme example is the case of Pareto

distribution, Figure 2, where only the bottom performer is punished.

Lemmas 1 and 2 also allow us to characterize the optimal allocation of prizes in the

absence of the monotonicity constraint v1 ≥ . . . ≥ vn. Recall that in this case it is optimal

to allocate the entire prize to the rank r that maximizes βr,n.

Corollary 2 When prizes are not restricted to be monotone in rank, it is optimal to

allocate the entire prize to rank r̂ with the following properties.

(i) If f(t) is IFR then r̂ = 1.

(ii) If f(t) is unimodal and symmetric then r̂ < n
2
.

(iii) If f(t) is U-shaped and symmetric then either r̂ = 1 or r̂ > n
2
.

Part (i) of Corollary 2 follows from part (i) of Lemma 2. Indeed, suppose f(t) is IFR and

hence β̄r,n is decreasing in r for r ≤ n− 1. Notice that β̄r,n ≤ β̄r−1,n implies βr,n ≤ β̄r−1,n.

But β̄r−1,n ≤ β̄1,n = β1,n for any r = 2, . . . , n, which gives βr,n ≤ β1,n. Part (ii) of the

corollary follows from parts (ii) and (iv) of Lemma 1 because βr,n is single-crossing +−
when Br,n is unimodal. Part (iii) follows similarly because βr,n is single-crossing −+ for

r = 2, . . . , n− 1 when Br,n is U-shaped.

Propositions 2 and 3 can be compared to the results of Krishna and Morgan (1998),

who explored tournaments of n ≤ 4 players assuming that the pdf of noise is symmetric

and unimodal. For risk-neutral players, Krishna and Morgan (1998) show that the WTA

schedule is optimal for n = 2, 3 and 4. These results follow directly from our Proposition

3, since for n = 4 fewer than n
2

= 2 prizes are to be awarded. Note that the unimodality

of f(t) is not needed.10 Additionally, Proposition 2 shows the optimality of the WTA

schedule for arbitrary n when the distribution of noise is IFR (such distributions are not

necessarily unimodal or symmetric).

Next, we identify an ordering of noise distributions in terms of their effect on the loca-

tion r∗ of the optimal prize differential. We will use mX(z) and r∗X to denote, respectively,

the inverse quantile density and r∗ corresponding to a random variable X.

Proposition 4 Suppose Y has a unimodal failure rate. Consider another random variable

X such that ρ(z) = mX(z)
mY (z)

is increasing. Then r∗X ≤ r∗Y .

10It can be shown that n = 4 is a tight bound for when the symmetry of f(t) leads to the optimality
of WTA. That is, already for n = 5 a symmetric (and unimodal) distribution of noise can be found such
that the WTA schedule is not optimal. For example, r∗ = 2 for the t-distribution with 0.5 degrees of
freedom.
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Proposition 4 states conditions under which the location of the optimal prize differential

shifts to higher ranks. When Y is DFR, we have r∗Y = n − 1 and the result holds

automatically. For the case when Y is IFR or has an interior unimodal failure rate, it can

be shown that if β̄r,n decreases in r for some r when the noise is Y then it also decreases

in r when the noise is X (see Appendix). This implies, since β̄r,n is unimodal for Y due

to Lemma 2, that the maximum of β̄r,n for X is (weakly) to the left of the maximum for

Y . In particular, under the conditions of the proposition, when Y is IFR and the WTA

tournament is optimal for Y then it is also optimal for X.

Corollary 3 Suppose Y is IFR and ρ(z) = mX(z)
mY (z)

is increasing. Then the WTA tourna-

ment is optimal for both X and Y .

An increasing ratio ρ(z) = mX(z)
mY (z)

is equivalent to X being smaller than Y in the

convex transform order, defined by the property that F−1
Y ◦ FX is convex (Shaked and

Shanthikumar, 2007). Note that being smaller than the exponential distribution in the

convex transform order is equivalent to IFR; therefore, Corollary 3 is related to Proposition

2. However, in general, neither X nor Y have to be IFR for the convex transform order

to lead to a shift in r∗, as described in Proposition 4.

4 Comparative statics and applications

In this section we apply the results from Section 3 to different but related settings. In

Section 4.1, we identify a natural ordering of general prize schedules (i.e., not necessarily

two-prize ones) that leads to the ordering of equilibrium effort. In section 4.2, we analyze

a two-prize but not budget-balanced schedule. In Section 4.3, we show that awarding a

stochastic number of prizes is never (strictly) optimal. In Section 4.4, we characterize

the optimal prize allocation when the number of players is stochastic. In Section 4.5

we apply our findings to tournaments for status, i.e., tournaments in which, following

Moldovanu, Sela and Shi (2007), prizes are proportional to the difference between the

number of players ranked strictly below and above a given player. Finally, in Section 4.6

we analyze the effect of noise dispersion.

4.1 General prize schedules

As we showed in the previous Section 3, two-prize schedules of the form v1 = . . . =

vr = 1
r
, vr+1 = . . . = vn = 0 are optimal for a principal maximizing aggregate effort. It
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may be, however, that two-prize schedules are not feasible for institutional or political

reasons. For example, in tournaments for status the number of status categories can be

predetermined by an organizational or social structure. More generally, the principal may

be restricted to only using prize schedules from a certain class, Γ = {v(θ)}θ∈Θ, where

v(θ) = (v1(θ), . . . , vn(θ)) denotes a prize schedule, and parameter θ can be continuous

or discrete and takes values in some set Θ ⊆ R. For example, Γ may be all linearly

decreasing schedules such that vr+1 = vr − θ, or exponentially decreasing schedules such

that vr+1 = vr
1+θ

. Indeed, bonuses and pay raises in organizations may be structured as

linear or percentage increases between ranks.

In this section, we explore how individual (and hence aggregate) equilibrium effort is

affected by changes in a general prize schedule, i.e., how e∗ given by Eq. (2) responds

to changes in θ. We maintain the budget constraint and monotonicity assumptions,∑n
r=1 vr(θ) = 1 and v1(θ) ≥ . . . ≥ vn(θ) ≥ 0, for all θ ∈ Θ.

Under our assumptions, a vector of prizes v(θ) can be thought of as a probability mass

function (pmf) of a random variable Kθ taking values 1, . . . , n such that Pr(Kθ = r) =

vr(θ). Let Vr(θ) =
∑r

k=1 vk(θ) denote the corresponding cumulative mass function (cmf),

which is increasing in r and satisfies Vn(θ) = 1. Equation (2) then can be written as

c′(e∗) = A(θ) ≡ E(βKθ,n), where the expectation is taken with respect to random variable

Kθ.

From part (iii) of Lemma 1, βr,n = Br,n − Br−1,n is decreasing if f(t) is log-concave.

The following result is a direct application of first-order stochastic dominance (FOSD).

Proposition 5 Suppose f(t) is log-concave and Vr(θ) is increasing in θ for all r =

1, . . . , n. Then A(θ) (and hence e∗) is increasing in θ.

Indeed, consider some θ′ > θ and suppose Vr(θ
′) ≥ Vr(θ) for all r = 1, . . . , n. This implies

thatKθ dominatesKθ′ in the FOSD order and, therefore, E(βKθ′ ,n) ≥ E(βKθ,n) when βr,n is

decreasing in r. This result is rather intuitive. We already know from Corollary 1 that the

WTA tournament maximizes effort for log-concave distributions. The (downward) FOSD

shift in Kθ produces a more sharply decaying prize schedule with larger differentials at the

top, making it more similar to the WTA schedule and thus leading to a higher equilibrium

effort.

To illustrate Proposition 5, consider a class of linearly decreasing prize schedules,

vr(θ) = 1
n

+θ
(
n+1

2
− r
)
, where θ ∈ Θ =

(
0, 2

n(n−1)

]
. A higher θ makes the decline in prizes

steeper, the normalization
∑n

r=1 vr(θ) = 1 is maintained, and the restriction θ ≤ 2
n(n−1)

ensures that vn ≥ 0. The cmf for this prize schedule, Vr(θ) = r
n

+ θr(n−r)
2

, is increasing in
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θ, implying that an increase in θ leads to a downward FOSD shift in the distribution of

prizes across ranks. It then follows from Proposition 5 that, assuming f(t) is log-concave,

A(θ) (and hence e∗) is increasing in θ. The results are similar for a class of exponentially

decreasing prize schedules, with vr(θ) = θ(1+θ)n−r

(1+θ)n−1
, where cmf Vr(θ) = (1+θ)n−(1+θ)n−r

(1+θ)n−1
is

also increasing in θ.

4.2 Schedules with k fixed equal prizes

Consider now a setting where the principal awards a fixed number, k, of equal prizes

w > 0 to the top k ≥ 1 performers in a tournament of n > k players. For example, a

Ph.D. program may offer a certain number of scholarships each year, or a certain number

of top performers in an organization may receive a fixed bonus. In this section, we assume

that there is no budget constraint and explore the effects of the number of prizes, k, as

well as of the total number of tournament participants, n, on the equilibrium effort.

The schedule with k < n equal prizes w is a two-prize schedule with v1 = . . . = vk = w

and vk+1 = . . . = vn = 0.11 The first-order condition (2) for the symmetric equilibrium

effort in this case takes the form c′(e∗) = wBk,n. Lemma 1 then immediately leads to the

following comparative statics.

Corollary 4 In tournaments with k < n fixed equal prizes,

(i) If f(t) is increasing (decreasing) then e∗ is decreasing (increasing) in k and increasing

(decreasing) in n.

(ii) If f(t) is unimodal then e∗ is unimodal in k and in n.

(iii) If f(t) is symmetric then e∗ is symmetric in k (that is, e∗ with k prizes is the same

as with n− k prizes).

(iv) If f(t) is log-concave then c′(e∗) is concave in k.

Suppose n is fixed, and the principal decides how many equal prizes to award in

order to maximize the aggregate effort. As shown above, the optimal number of prizes is

k∗ ∈ arg maxr∈{1,...,n−1}Br,n. This leads to the following results.

Corollary 5 Suppose the principal chooses how many fixed equal prizes to award. Then,

(i) If f(t) is increasing (decreasing) then it is optimal to award one top prize (n− 1 top

prizes).

11The loser prize is set to zero without loss of generality. Any fixed loser prize w′ < w would lead to
the same results with w replaced by w − w′.
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(ii) If f(t) is unimodal and symmetric then it is optimal to award n
2

top prizes if n is even

and n−1
2

or n+1
2

top prizes if n is odd.

It may also be of interest to consider a more general setting without the monotonicity

constraint, when the principal can award k equal fixed prizes to any ranks r = 1, . . . , n−1.

The equilibrium effort is given by (2); therefore, it is optimal to award a prize to all ranks

r such that βr,n > 0. Recall that βr,n = Br,n−Br−1,n; hence, parts (i) and (ii) of Corollary

5 still hold in this case. Moreover, whenever f(t) is unimodal, the optimal prize schedule

is monotone; that is, if rank r is rewarded then all ranks 1, . . . , r−1 are rewarded as well.

For example, for the Gumbel distribution with parameter λ, i.e., the Tullock contest

with discriminatory power λ,

βr,n =
λ

n

[
n2 − nr + r

n(n− r)
−

r−1∑
k=0

1

n− r + k

]
.

The Gumbel distribution is log-concave and hence, by Lemma 1, βr,n is decreasing in r.

Moreover, βn
2
,n > 0 implying that at least half of the ranks should be rewarded. Moreover,

βn
2

+1,n > 0 for n ≥ 6, implying that more than half of the ranks should be rewarded if

there are at least six players.

As seen from the example in Section 3, n − 1 prizes should be awarded if the distri-

bution of noise is Pareto.

4.3 Schedules with a stochastic number of prizes

Can it be optimal to make the number of prizes, k, stochastic? Let K denote the corre-

sponding random variable taking values 1, . . . , n− 1 and following some probability mass

function (pmf) q = (q1, . . . , qn−1), where qk = Pr(K = k) is the probability that k prizes

are awarded, with
∑n−1

k=1 qk = 1.

Suppose first that the budget constraint
∑

r=1 vr = 1 is imposed and the principal

awards k equal prizes. The first-order condition for equilibrium effort, Eq. (2), then

becomes
n−1∑
k=1

qk
Bk,n

k
= c′(e∗). (11)

In order to maximize the left-hand side of (11), we need to set qk = 1 at k that maximizes
Bk,n
k

; that is, r∗ from Proposition 1 is the solution, and there should be r∗ prizes given

with certainty. We conclude that there is no reason to introduce uncertainty over the
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number of prizes in this setting.

Consider now a setting without a budget constraint, assuming k equal fixed prizes w

are awarded. The first-order condition then takes the form

w
n−1∑
k=1

qkBk,n = c′(e∗).

Again, the effort-maximizing choice of q involves no uncertainty, with qk = 1 for k that

maximizes Bk,n. Corollary 5 then applies regarding the choice of k.

4.4 Two-prize schedules with a stochastic number of players

Suppose the principal awards k equal prizes but the number of players in the tournament,

n, is stochastic. Let N denote the corresponding random variable taking values 0, 1 . . . ,M ,

where the upper limit M can be finite or infinite. We will assume that M > k; that is,

with a positive probability the tournament is competitive. Let p = (p0, p1, . . . , pM) denote

the pmf of N , where pn = Pr(N = n) and
∑M

n=0 pn = 1.

Consider first a setting with the budget constraint where top k performers receive

prize 1
k
. From the perspective of a participating player, the distribution of the number of

players in the tournament is updated as p̃n = pnn
n̄

, where n̄ =
∑M

n=0 pnn is the expected

number of participants in the tournament (which we assume is finite).12 The first-order

condition (2) for symmetric equilibrium effort then takes the form

1

k

M∑
n=1

p̃nBk,n = c′(e∗). (12)

Let {p̃(θ)}θ∈Θ denote a family of tournament size pmfs parameterized by θ ∈ Θ ⊆ R.

We will assume that an increase in θ leads to an FOSD increase in N ; that is, the cmf

P̃n(θ) =
∑n

l=1 p̃l(θ) is decreasing in θ for all n. We will use P̃ ′n(θ) to denote the derivative

(if θ is a continuous parameter; in this case we will assume that P̃n(θ) is differentiable)

or the first difference (if θ is a discrete index) of P̃n(θ) with respect to θ.

Proposition 6 Suppose P ′n(θ) ≤ 0. Then, in the setting with a budget constraint,

(i) If f(t) is increasing then e∗ is increasing in θ.

12See, e.g., Harstad, Kagel and Levin (1990), Myerson and Wärneryd (2006), Ryvkin and Drugov
(2017).
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(ii) If f(t) is decreasing and P̃k(θ) = 0 (that is, the tournament has at least k+1 players)

then e∗ is decreasing in θ.

(iii) If f(t) is unimodal and |P̃ ′n(θ)| is log-supermodular in (n, θ) then e∗ is unimodal in

θ.

(iv) If f(t) is IFR then the optimal number of prizes is k∗ = 1, i.e., the WTA tournament

is optimal for any p.

Consider now a setting without a budget constraint where some number k of fixed

prizes w are awarded. The first-order condition for the equilibrium effort then takes the

form

w
M∑
n=1

p̃nBk,n = c′(e∗). (13)

As seen from Eq. (13), the dependence of e∗ on n in this setting follows the same patterns

as in the setting with the budget constraint; that is, parts (i)-(iii) of Proposition 6 apply.

4.5 Tournaments for status

Consider tournaments for status where a player’s reward is modeled as the difference

between the number of players ranked below and above her (Moldovanu, Sela and Shi,

2007; Dubey and Geanakoplos, 2010). Assuming the total amount of status in the group

is fixed (and normalized to one), and the status rewards are nonnegative, incentives in a

symmetric tournament for status can be described by a first-order condition of the form

(2) with appropriately defined prizes. The main question in the literature on status is

how to partition the set of available ranks {1, . . . , n} into categories such that within each

category players’ ranks are not distinguishable, and the total effort is maximized. For

example, in the extreme case of the most refined partition, when each rank r is its own

category, the status prize of a player ranked r is vr = α[(n−r)−(r−1)]+β. Indeed, n−r
is the number of players ranked below the player, while r − 1 is the number of players

ranked above. Here, α and β are constants ensuring that
∑n

r=1 vr = 1 and vn ≥ 0.13 In

the other extreme case when the partition consists only of two categories separated by

rank r̂ ≤ n− 1, the status prize of players in the top category is v1 = α(n− r̂) + β while

in the bottom category v2 = α(−r̂) + β.

13Thus, our prizes are an affine transformation of the status prizes used by Moldovanu, Sela and Shi
(2007), who allow status to be negative and normalize the sum of status prizes is zero. In our model, the
nonnegativity of prizes is an important condition; without it, since βn,n < 0, an arbitrarily high effort
can be reached by choosing a large negative bottom prize vn. Under the nonnegativity assumption, the
normalization of the total budget to one is without loss og generality.
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The results of this section imply the following properties of effort-maximizing par-

titions in the tournament for status. Proposition 1 implies that the optimal partition

consists of two categories. Proposition 2 shows that if f(t) is IFR (DFR) then the top

category includes one (n− 1) players. Proposition 3 shows that if f(t) is symmetric then

the top category should include fewer than n
2

players. Finally, Proposition 4 implies that

if Y has a unimodal failure rate and X is smaller than Y in the convex transform order

then the optimal partition under X places (weakly) fewer players in the top category than

the optimal partition under Y ; in particular, if the top category for Y includes one player

then so does the top category for X.

Interestingly, Moldovanu, Sela and Shi (2007) also identify the IFR property and

the convex transform order of distributions as the main determinants of the structure of

optimal partitions, although in their model these properties pertain to the distribution

of (heterogeneous and private) types. The reason is that the IFR property is related

to the FOSD ordering of spacings – the distances between adjacent order statistics of a

distribution. Moldovanu, Sela and Shi (2007) use an all-pay auction model with private

i.i.d. types, similar to Moldovanu and Sela (2001), where incentives are determined by

expectations of spacings in the distribution of types. In our model, players are symmetric

but subjected to i.i.d. shocks, whereas incentives are determined by “quasi-spacings”

βr,n = Br,n − Br−1,n, which are distances between expectations of random variable m(Z)

over adjacent order statistics Z(n−r:n−1) and Z(n−r+1:n−1).

4.6 The effect of noise dispersion

In this section, we explore how the equilibrium effort e∗ is affected by changes in the noise

distribution. Throughout this section, we will use fX(t), FX(t) and mX(z) to denote the

pdf, cdf and inverse quantile density of a random variable X. We will also use Br,n[f, v]

and e∗[f, v] to denote, respectively, the coefficient Br,n and symmetric equilibrium effort

e∗ generated by a distribution of noise with pdf f and prize allocation v = (v1, . . . , vn).

Coefficients Br,n, Eq. (6), depend on the shape of the distribution of noise through

the inverse quantile density function m(z). Ryvkin and Drugov (2017) showed that for

WTA tournaments the equilibrium effort decreases with noise when noise increases in the

sense of the dispersive order (Lehmann, 1988).

Definition 1 Random variable X is more dispersed than random variable Y if F−1
X (z′)−

F−1
X (z) ≥ F−1

Y (z′)− F−1
Y (z) for all z, z′ ∈ [0, 1], z′ > z.
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As shown by Shaked and Shanthikumar (2007), if X is more dispersed than Y

then mX(z) ≤ mY (z) for all z ∈ [0, 1]. The first-order condition in the form c′(e∗) =∑n−1
r=1 Br,ndr and Eq. (9) then immediately imply the following result.

Proposition 7 If X is more dispersed than Y then e∗[fY , v] ≥ e∗[fX , v] for any monotone

prize schedule v.

Proposition 7 is a generalization of a similar result by Ryvkin and Drugov (2017) for

WTA tournaments. Indeed, for any monotone allocation of prizes, the equilibrium effort

increases in
∑n−1

r=1 Br,ndr, where dr = vr − vr+1 ≥ 0 are the differentials between adjacent

prizes. An increase in noise, in the sense of the dispersive order, leads to a reduction in

all coefficients Br,n and hence to a reduction in e∗.

Moreover, if optimization over prizes is carried out separately for X and Y , the

dispersion-based ranking of equilibrium efforts is preserved. Let vopt
X denote the prize

allocation that maximizes effort when the noise is X. From Proposition 7, if X is more

dispersed than Y then e∗[fX , v
opt
X ] ≤ e∗[fY , v

opt
X ] ≤ e∗[fY , v

opt
Y ].

Corollary 6 Suppose X is more dispersed than Y and the prize allocations are optimal

in each case. Then e∗[fY , v
opt
Y ] ≥ e∗[fX , v

opt
X ].

A prominent special case satisfying the dispersive order is when additional dispersion

is generated by a “stretching” transformation.

Definition 2 Function φ : U → R is a stretching transformation if it is strictly monotone

and for any x, x′ ∈ U such that x′ > x

|φ(x′)− φ(x)| ≥ x′ − x.

For differentiable functions, Definition 2 is equivalent to the requirement that |φ′(x)| ≥ 1

for all x ∈ U . In this case, if X = φ(Y ), where φ is a stretching transformation, we have

(cf. Ryvkin and Drugov, 2017)

mX(z) =
1

|φ′(F−1
Y (z))|

mY (z) ≤ mY (z), (14)

and hence the following result.

Corollary 7 Suppose X = φ(Y ) where φ is a stretching transformation. Then X is more

dispersed than Y and hence e∗[fY , v] ≥ e∗[fX , v] for any monotone prize schedule v.
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A special case of stretching is scaling, X = σY , with σ > 1. Let F (t, σ) and f(t, σ)

denote the cdf and pdf of a random variable with a scale parameter σ > 0 such that

F (t, σ) = F
(
t
σ
, 1
)

and f(t, σ) = 1
σ
f
(
t
σ
, 1
)
. For the inverse quantile densities, Eq. (14)

gives mX(z) = 1
σ
mY (z), implying the following result.

Corollary 8 Suppose the pdf of noise is f(t, σ) where σ is a scale parameter. Then

Br,n[f(t, σ), v] = 1
σ
Br,n[f(t, 1), v], and e∗[f(t, σ), v] is decreasing in σ for any monotone

prize schedule v.

Examples of scale parameters include the width of the uniform distribution, the standard

deviation of the zero-mean normal distribution, the expected value of the exponential

distribution, and the scale of the Gumbel distribution (and hence 1
λ
, where λ is the

“discriminatory power” of the Tullock contest).

5 Conclusions

The exploration we have undertaken in this paper can be viewed as a study of several

aspects of tournament design. Tournaments are a common occurrence in organizations,

political institutions and other social settings; it is, therefore, important to understand

how various parameters of the tournament mechanism, most notably the allocation of

prizes, affect agents’ behavior in tournaments. Our results contribute to the discussion

of tournament prize allocation rules in the literature, as well as in the business world,

revolving around the issue of whether or not, and under what circumstances, the winner-

take-all (WTA) rule is optimal, or, more generally, how “steep” the profile of bonuses

must be at the top.

We use a version of the canonical model of Lazear and Rosen (1981) where symmetric

and risk-neutral agents exert costly efforts distorted by idiosyncratic shocks, and the

principal allocates a fixed budget to award prizes based solely on output ranks. We show

that, generically, a unique optimal (effort-maximizing) prize allocation emerges, which

involves equal prizes awarded to some number of top performers. For a wide class of noise

distributions known as increasing failure rate (IFR), the optimal allocation of prizes is

WTA. More generally, we characterize optimal prize allocations for noise distributions

with unimodal failure rates and show that the optimal prize schedule becomes “more like

WTA” when noise distributions can be ranked by the convex transform order.

The methodology used in this paper is an extension of the techniques developed by

Ryvkin and Drugov (2017) for the analysis of WTA tournaments. Note that while the
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robust comparative statics of WTA tournaments revolve mainly around the unimodality

of the pdf of noise and its preservation under uncertainty, the robust properties of optimal

prize allocations identified in this paper are related to the unimodality of the failure (or

hazard) rate. Nevertheless, once the appropriate class of unimodal functions has been

found, the techniques turned out to be easily transferable. The methods, therefore, show

promise in applications to other problems as well.
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Appendix

A.1 Preservation of unimodality under uncertainty

In this section, we present a condensed version of the relevant result from Ryvkin and

Drugov (2017).

Definition 3 Function φ : U → R, where U ⊆ R, is unimodal if there exists a t̂ ∈ U such

that φ(t) is increasing (decreasing) for t ∈ U ∩ (−∞, t̂] (t ∈ U ∩ [t̂,∞)). Function φ is

interior unimodal if it is unimodal and nonmonotone. Function φ is (interior) U-shaped

if −φ is (interior) unimodal.

Definition 4 Function ψ : S1 × S2 → R, where S1, S2 ⊆ R, is log-supermodular if for

any t1, t
′
1 ∈ S1, t2, t

′
2 ∈ S2 such that t′1 > t1, t′2 > t2,

ψ(t1, t
′
2)ψ(t′1, t2) ≤ ψ(t1, t2)ψ(t′1, t

′
2),

or, equivalently, the ratio
ψ(t′1,t2)

ψ(t1,t2)
is increasing in t2.
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Suppose u(z) : [0, 1] → R is an integrable, continuous and piece-wise differentiable

function and H(z, θ) is a cdf of a random variable Z|θ defined on [0, 1] and parameterized

by θ ∈ Θ ⊆ R. Suppose Z|θ increases in θ in the FOSD order; that is, H(z, θ) is decreasing

in θ. Let Hθ(z, θ) ≤ 0 denote the derivative of H(z, θ) with respect to θ if θ is a continuous

parameter (in which case we assume that H(z, θ) is differentiable) or the first difference,

H(z, θ + d)−H(z, θ), if θ is a discrete index with step size d > 0.

Lemma 3 (Ryvkin and Drugov (2017)) The expectation γ(θ) =
∫ 1

0
u(z)dH(z, θ) is

unimodal for all unimodal functions u(z) if and only if |Hθ(z, θ)| is log-supermodular.

A.2 Proofs

Proof of Lemma 1 We will use the following properties of the regularized incomplete

beta function (Paris, 2010):

FB(z;x+ 1, y) = FB(z;x, y)− zx(1− z)y

xB(x, y)
(15)

FB(z;x, y + 1) = FB(z;x, y) +
zx(1− z)y

yB(x, y)
. (16)

Here, B(x, y) is the beta function.

By construction, order statistics Zn−r:n−1 are FOSD-decreasing in r. Property (15)

implies that they are also FOSD-increasing in n. Part (i) then follows directly from (9).

For part (ii), we will first show that FB
r (z;n−r, r) = FB(z;n−r−1, r+1)−FB(z;n−

r, r) is log-supermodular in (−r, z). Using properties (15) and (16), obtain

FB(z;n− r − 1, r + 1)− FB(z;n− r, r)

= FB(z;n− r − 1, r + 1)− FB(z;n− r, r + 1) + FB(z;n− r, r + 1)− FB(z;n− r, r)

=
zn−r−1(1− z)r+1

(n− r − 1)B(n− r − 1, r + 1)
+
zn−r(1− z)r

rB(n− r, r)

=
zn−r−1(1− z)k+1(n− 1)!

(n− r − 1)(n− r − 2)!r!
+

zn−r(1− z)r(n− 1)!

r(n− r − 1)!(r − 1)!B(n− r, r)

=

(
n− 1

r

)
zn−r−1(1− z)r.

Thus, for any r′ < r the ratio
FBk (z;n−r′,r′)
FBk (z;n−r,r) ∝

(
z

1−z

)r−r′
is increasing in z; therefore,

FB
r (z;n− r, r) is log-supermodular in (−r, z).
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Second, we will show that |FB
n (z;n− r, r)| = |FB(z;n+ 1− r, r)− FB(z;n− r, r)| is

log-supermodular in (n, z). Indeed, from (15) |FB
n (z;n−r, r)| = zn−r(1−z)k

(n−r)B(n−r,r) , which gives,

for some n′ > n,
FB
n (z;n′ − r, r)
FB
n (z;n− r, r)

=
(n′ − r)B(n′ − r, r)zn′−n

(n− r)B(n− r, r)
.

The above ratio is increasing in z, i.e., indeed |FB
n (z;n − r, r)| is log-supermodular in

(n, z). The results then follow from Lemma 1 of Ryvkin and Drugov (2017), cf. Lemma

3.

For part (iii), note that if f(t) is log-concave then m(z) is concave. We will show that

in this case βr,n = Br,n −Br−1,n is decreasing in r. Integrating Eq. (4) by parts, obtain

βr,n =

(
n− 1

r − 1

)∫ 1

0

m(z)zn−r−1(1− z)r−2[n− r − (n− 1)z]dz (17)

=

(
n− 1

r − 1

)∫ 1

0

m(z)d[zn−r(1− z)r−1] (18)

=

(
n− 1

r − 1

)[
m(z)zn−r(1− z)r−1

∣∣1
0
−
∫ 1

0

zn−r(1− z)r−1m′(z)dz

]
=

(
n− 1

r − 1

)
[m(1)Ir=1 −m(0)Ir=n]− 1

n

n!

(n− r)!(r − 1)!

∫ 1

0

zn−r(1− z)r−1m′(z)dz

= m(1)Ir=1 −m(0)Ir=n −
1

n

∫ 1

0

m′(z)dFB(z;n− r + 1, r).

Here, FB(z;n − r + 1, r) is the cdf of order statistic Zn+1−r:n. These order statistics are

FOSD-decreasing in r; therefore, given that m′(z) is decreasing, the integral is increasing

in r. The first term in the expression above is equal to m(1) for r = 1, −m(0) for r = n

and 0 otherwise; hence, it is decreasing in r. Thus, combined we have a sequence that is

decreasing in r.

The symmetry of f(t) implies that m(1 − z) = m(z). Part (iv) then follows directly

from (9).

Proof of Proposition 3 For a symmetric f(t), Br,n = Bn−r,n by Lemma 1(iv). This

implies β̄r,n = Br,n
r

> Bn−r,n
n−r = β̄n−r,n for r < n

2
. To rule out the case r∗ = n

2
when n is
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even and n ≥ 4, we will show that β̄n
2
−1,n > β̄n

2
,n. Indeed, using (9),

β̄n
2
−1,n − β̄n

2
,n =

Bn
2
−1,n

n
2
− 1

−
Bn

2
,n

n
2

=

(
n− 1
n
2
− 1

)∫ 1

0

zn−(n
2
−1)−1(1− z)

n
2
−1−1m(z)dz −

(
n− 1

n
2

)∫ 1

0

zn−
n
2
−1(1− z)

n
2
−1m(z)dz

=

(
n− 1

n
2

)∫ 1

0

z
n
2
−1(1− z)

n
2
−1 2z − 1

1− z
m(z)dz.

We now show that the last integral is positive, by writing it as

−
∫ 1

2

0

z
n
2
−1(1− z)

n
2
−1 1− 2z

1− z
m(z)dz +

∫ 1

1
2

z
n
2
−1(1− z)

n
2
−1 2z − 1

1− z
m(z)dz

> −
∫ 1

2

0

z
n
2
−1(1− z)

n
2
−1 1− 2z

1
2

m(z)dz +

∫ 1

1
2

z
n
2
−1(1− z)

n
2
−1 2z − 1

1
2

m(z)dz = 0.

The inequality follows by replacing the term 1
1−z by its maximum value in the first integral

and minimum value in the second integral. The resulting expression is equal to zero due

to the symmetry of m(z) around z = 1
2
.

Proof of Proposition 4 If Y is DFR, r∗Y = n − 1 and the result holds automatically.

Suppose Y is IFR or with an interior unimodal failure rate. It is sufficient to show that

if β̄r,n,Y is decreasing for some r then β̄r,n,X is decreasing for that same r; that is, we will

show that if
Br−1,n,Y

r−1
≥ Br,n,Y

r
then

Br−1,n,X

r−1
≥ Br,n,X

r
.

Suppose
Br−1,n,Y

r−1
≥ Br,n,Y

r
, then

Br−1,n,Y

Br,n,Y
≥ r−1

r
. It is sufficient to show that

Br−1,n,X

Br,n,X
≥

Br−1,n,Y

Br,n,Y
, or, equivalently,

∫ 1

0
zn−r(1− z)r−2ρ(z)mY (z)dz∫ 1

0
zn−r−1(1− z)r−1ρ(z)mY (z)dz

≥
∫ 1

0
zn−r(1− z)r−2mY (z)dz∫ 1

0
zn−r−1(1− z)r−1mY (z)dz

.

Define function a(z) = zn−r−1(1−z)r−1mY (z). The inequality above then can be rewritten

as ∫ 1

0
z

1−za(z)ρ(z)dz∫ 1

0
a(z)ρ(z)dz

≥
∫ 1

0
z

1−za(z)dz∫ 1

0
a(z)dz

.

Note that z
1−z is an increasing function; therefore, the inequality will hold if the distri-

bution with pdf a(z)ρ(z)∫ 1
0 a(z′)ρ(z′)dz′

FOSD the distribution with pdf a(z)∫ 1
0 a(z′)dz′

. Thus, we need to
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show that for any z ∈ [0, 1] we have∫ z
0
a(z′)ρ(z′)dz′∫ 1

0
a(z′)ρ(z′)dz′

≤
∫ z

0
a(z′)dz′∫ 1

0
a(z′)dz′

or ∫ z

0

a(z′)ρ(z′)dz′
∫ 1

0

a(z′)dz′ ≤
∫ z

0

a(z′)dz′
∫ 1

0

a(z′)ρ(z′)dz′.

Subtracting
∫ z

0
a(z′)ρ(z′)dz′

∫ z
0
a(z′)dz′ from both sides, obtain∫ z

0

a(z′)ρ(z′)dz′
∫ 1

z

a(z′)dz′ ≤
∫ z

0

a(z′)dz′
∫ 1

z

a(z′)ρ(z′)dz′.

But ρ(z) is an increasing function; therefore, the left-hand side of this inequality does not

exceed ρ(z)
∫ z

0
a(z′)dz′

∫ 1

z
a(z′)dz′, whereas the right-hand side is not less than the same

number, and hence the inequality holds.

Proof of Proposition 6 For part (i), note that Bn,k = 0 for n ≤ k. From Lemma

1(i), if f(t) is increasing then Bn,k is increasing in n for n > k. This implies that Bn,k is

increasing for all n and hence the expectation Ep̃(θ)(BN,k) =
∑M

n=1 p̃n(θ)Bk,n is increasing

in θ.

For part (ii), by Lemma 1(i), Bn,k is decreasing in n for n > k. However, Bn,k = 0 for

n ≤ k; therefore, over the entire range of n = 1, . . . ,M Bn,k = 0 is interior unimodal with

a mode at n = k + 1, and the monotonicity of Ep̃(θ)(BN,k) as a function of θ cannot be

established without an additional restriction. Namely, from the assumption that P̃k(θ) = 0

we obtain

Ep̃(θ)(BN,k) =
M∑

n=k+1

p̃n(θ)Bk,n = Ep̃(θ)(BN,k|N > k),

which is decreasing in θ because Bn,k is decreasing in n for n > k.

For part (iii), by Lemma 1(ii), Bk,n is unimodal in n for all n > k. Given that Bn,k = 0

for n ≤ k, this implies that Bk,n is unimodal for all n. Thus, Ep̃(θ)(BN,k) is an expectation

of a unimodal sequence. The result then follows by Lemma 2 from Ryvkin and Drugov

(2017) on the preservation of unimodality under uncertainty (the formulation is similar

to Lemma 3).

For part (iv), Proposition 1 shows that
Bk,n
k

is maximized by k∗ = 1 for any n =

1, . . . ,M . This implies that the sum in the left-hand side of (12) is maximized by k∗ = 1.
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