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1 Introduction

A central question for economists is the efficiency of markets in the presence
of asymmetric information. In particular, a voluminous literature has con-
sidered markets where the quality of a product is known to the seller but not
observable to buyers prior to purchasing.1 Furthermore, the advice of one’s
friends is frequently the most important and credible source of information
for consumers about the quality of available products.2 We are the first to
study the role of social networks and word-of-mouth communication in de-
termining the provision of quality in a market. In particular, the incentives
for high-quality firms to enter come from the advantage these firms have
vis-à-vis low-quality firms in the word-of-mouth search process of consumers.
Conversely, the incentives of consumers to engage in search are determined
by how successful a friend has been in finding a product herself. We study
the composition of quality in a market (fraction of firms and fraction of sales
that are high/low quality) when consumers learn from their friends about
product quality and high/low quality firms freely enter the market. We find
the characteristics of the social network that result in exclusively low quality,
a mixture of qualities and exclusively high quality. When consumer search
is costly an exclusively high-quality equilibrium is not possible. Moreover,
markets may become stuck in a low-quality equilibrium when equilibria with
better quality are possible.

We consider a market where consumers search via communication with
their social network about the quality (high or low) of the available prod-
ucts/firms. A mass of consumers is born in each period and choose a prod-
uct to purchase. The product is an experience good so that its quality is
unobservable prior to purchase but observable ex-post. Prior to buying the
product, individuals ask their friends, who made a purchase during the pre-
vious period, whether they had purchased a high quality product. In the
event that one or more friends buys and identifies a high-quality product,
the individual randomly selects one of those products to purchase. If no such
friend is found, the individual randomly selects a product from the market at
large. There is free entry of high- and low-quality firms. High-quality firms

1In some instances a market may fail to exist or only low-quality products may trade
(the market for lemons example in Akerlof (1970) is one of the most prominent of many
in economics). In other cases, especially for experience goods, such as health services
(e.g. general practitioners), lawyers, plumbers or even in illegal markets, both high- and
low-quality products co-exist at the same price.

2In the three most recent Nielson surveys (Nielson, 2012, 2013, 2015) of the “Global
Trust in Advertising and Brand Messages”, a word-of-mouth recommendation is the most
trusted source of information and the one that most frequently leads to an action.
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have better outside opportunities than low-quality firms so they must antici-
pate greater profits in order to enter the market. Word-of-mouth search gives
high-quality firms an advantage over low-quality firms. Thus, high-quality
firms may sell to more consumers and may earn higher profits in the market.
We study the steady-state fraction and market share of high- and low-quality
firms.

In our baseline model, we find that there is a unique steady-state equi-
librium in which the conditions on the social network structure and outside
options of the firms determine whether there is a mixture of high- and low-
quality firms or the market is entirely occupied by high- or low-quality firms.
In particular, three key variables matter in determining which equilibrium
prevails: τ , the ratio of outside options for high/low quality firms, p0, the
percentage of individuals with no friends and E[k], the expected number of
friends in the network. For example, when E[k] is greater than 1, then giant
components arise so that a non-zero fraction of consumers are part of compo-
nents that have infinite length in the network, which motivates high-quality
firms enter and exist in steady state. However, if τ or p0 are large enough
or E[k] < 1, then the steady-state equilibrium with only low-quality firms
emerges.

We also show that a First-Order Stochastic Dominance (FOSD) and a
Second-Order Stochastic Dominance (SOSD) change to the distribution of
friendships reduce the market share and the fraction of low-quality firms in
the mixed steady-state equilibrium. Indeed, more friends increases the chance
of finding a high-quality firm while a more compact distribution improves the
search technology because there are decreasing returns to the expected value
of information from additional friendship links. Furthermore, an increase in
τ increases the market share and the fraction of low-quality firms.

We consider two extensions of our baseline model. First, we extend our
model by endogeneizing the social network. In a costly search model, each
individual decides how actively she wants to search for friends. Focusing
on symmetric equilibria, we show that a steady state with only low-quality
firms always exists while a steady state with only high-quality firms is never
possible. Furthermore, when the search costs are low enough, there are
generically two more steady states with a mixture of high/low quality firms.
In the latter case, the utility of a representative consumer is increasing in the
equilibrium effort level. When comparing this solution with that of a planner
maximizing consumer welfare, we show that all equilibria exhibit inefficiently
low-effort levels.

We also extend our model by considering two markets with different net-
work distributions and a fixed number of high- and low-quality firms that
must choose which market to enter. Naturally, the market with the more
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connected social network will have a greater fraction and market share of
high-quality firms. Less obviously, this market will be more congested and/or
will charge a higher price. Interestingly, the planner maximizing consumer
welfare chooses to allocate an infinitesimal mass of high-quality firms in the
market with the less connected social network, and puts all the other firms
in the other market, i.e. the one with the more connected social network.
This is because the planner wants to minimize the probability that a low-
quality firm is chosen by a consumer. As a result, the market and the planner
solutions allocate firms in opposite ways.

As stated above, we believe that our model fits many service industries,
trades, health, personal services where quality is not well observed prior to
purchase and where signaling through advertising and prices is either illegal,3

or the price is regulated and/or the characteristics of the market do not
readily support a signaling equilibrium.4 In these types of markets, we believe
that the recommendation of a friend is often viewed as the most credible
source of information for consumers. In particular, most other sources of
information come from entities with an interest in inducing the consumer
to purchase a particular product and may have incentives to not truthfully
reveal information. Consequently, in markets for experience goods, consumer
search via communication with their friends is an important determinant of
demand for each firm. Moreover, it is reasonable to expect that the efficacy
of this word-of-mouth search process affects the average quality provided in
the market.

The rest of the paper unfolds as follows. In the next section, we compare
our model to the related literature. In Section 3, we develop our baseline
model, characterize the steady-state equilibria, and perform some compara-
tive statics exercises. In Section 4, we extend our model to study network
formation. In Section 5, we consider two markets and how firms allocate
themselves between them. Finally, Section 6 concludes. All proofs can be
found in Appendix A.

3It is illegal for doctors and lawyers to advertise in many countries. For example,
in France, bar associations forbide nearly all forms of attorney advertising; one could
be disbarred for hawking one’s services on anything other than a business card. Bar
associations think that big bold ads are unprofessional, would stir up unnecessary lawsuits,
would drive up prices and could even result in a decrease in the quality of legal services,
thanks to increased competition.

4For example, the retail market for illicit drugs is characterized by (very) low-quality
and high-quality drugs, both sold at the same price and there is a considerable dispersion
in the price/quality ratio (Galenianos et al., 2012; Galenianos and Gavazza, 2017). Even
rip-off transactions, i.e. transactions in which the buyer is sold essentially zero-purity
drugs at a price that is not distinguishable from that of “ regular” drugs, are sustainable
in the long run.
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2 Related Literature

The paper is most directly related to models where firms face a moral hazard
in the provision of quality. This has been a long recognized issue that has
been approached in broadly two different ways. First, in static models, the
focus has been on the ways in which a firm may signal to consumers that a
product is high quality through prices, advertising, money burning activities
and contracts such as guarantees/warranties (see, for instance, Nelson, 1974;
Schmalensee, 1978; Grossman, 1981; Milgrom and Roberts, 1986; Bagwell
and Ramey, 1988). Here, some aspect of the environment supports a signaling
equilibrium whereby consumers may infer the difference between high versus
low quality products from firm behavior and are willing to pay or purchase
more as a result. Hence, high-quality firms are able to earn higher profits
and have an incentive to invest in higher quality. Second, in dynamic models,
consumers observe the quality at some moment after their initial purchase
(this does not need to be immediate). Once a consumer has observed the
quality of the good, their behavior contingent on this information affects
high- and low-quality firms differently. The differences in future profits (after
the initial purchase) for high- and low-quality firms may provide ex-ante
incentives for the firm to invest in high quality. This line of research has
considered dynamic elements such as reputation (Shapiro, 1982; Rogerson,
1983) and quality and price cycles (Gale and Rosenthal, 1994).5

Our paper is most closely related to the dynamic literature, in our case it is
the demand increase, which high-quality firms receive (from positive word of
mouth), that allow these firms to earn greater profits than low-quality firms.
The most related paper to ours is Galenianos et al. (2012), which also studies
a steady-state distribution of quality (in their case this is the purity of an
illicit drug) and has the feature that firms with higher quality sell more in the
steady state. However, the mechanisms for this are very different in the two
papers. Their focus is on how the nature of the ongoing relationship between
a drug consumer and dealer allows high-quality dealers to sell more.6 On the
other hand, in the current paper, a high-quality firm obtains greater future
demand for their product through the effect of positive word of mouth on
future generations of consumers. Here, the connectivity of the social network
is the key for driving this process. Thus, our insights are very different:

5See, also, Godes (2017) and Jiang and Yang (2017), for two recent contributions from
the marketing literature.

6The comparative statics they consider are how the number of sellers, consumer search
costs and temporary unavailability of a dealer affect quality. The authors then consider
how different enforcement policies may affect these quantities and their subsequent affect
on the market.
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we study how the properties (FOSD/SOSD changes to the distribution of
friendships) of the social network affect quality; what equilibria are possible
and the associated welfare when the networks are formed endogenously; how
firms of different quality may sort themselves across multiple heterogeneous
markets and how this relates to a social planner’s solution.

Our paper also complements a growing literature in industrial organiza-
tion that studies firm behavior when information (or more generally a con-
sumption externality) is diffused via a social network (see Bloch, 2016, for
an overview).7 Among other things, this literature has considered classical
industrial organization settings such as monopoly pricing (Galeotti, 2010;
Bloch and Quérou, 2013; Campbell, 2013; Fainmesser and Galeotti, 2015;
Candogan, Bimpikis and Ozdalgar, 2012; Leduc, Jackson and Johari, 2017),
monopoly advertising/marketing/seeding (Goyal and Galeotti, 2009; Camp-
bell, Mayzlin and Shin, 2017), oligopoly pricing (Chen, Zenou and Zhou,
2017; Fainmesser and Galeotti, 2017; Ushchev and Zenou, 2017), oligopoly
advertising (Bimpikis, Ozdalgar and Yildiz, 2016; Goyal, Hiedari and Kearns,
2017) and horizontally differentiated competition (Campbell, 2017). We be-
lieve our paper complements this literature by being the first to study how
information diffusion through a social network affects the provision of quality
for an experience good.

Finally, our paper is related to the literature of learning in networks
(see Jackson, 2008; Goyal, 2012; Mobius and Rosenblat, 2014; Golub and
Sadler, 2016, for overviews of this literature). Social learning occurs because
economic agents learn from the behavior of others in their local environment
(the members with whom they are in direct contact with in the network).
Two main learning mechanisms have been considered: Bayesian learning
and näıve learning (the so-called DeGroot model). The central finding of this
literature is that there is a unified long-run consensus, which occurs for a wide
range of information structures and decision rules in large classes of networks.
Even though our model is related to this literature, there is a fundamental
difference: we model both sides of the markets, that is we model not only the
consumer’s side with the word-of-mouth learning process but also the firm’s
side, with their free-entry decision and the competition between firms of
different qualities.8 This allows us to have interesting feedbacks from one side

7The economics of networks is a growing field. See Jackson (2008, 2014), Newman
(2012), Ioannides (2012), Jackson and Zenou (2015), Jackson, Rogers and Zenou (2017)
for overviews.

8A paper in this literature that is close to ours is that of Banerjee and Fudenberg (2004),
who analyze a model of rational word-of-mouth learning, in which agents use information
about the experiences of other agents to guide their own decisions. Here, also, only one
side of the market is modeled.
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of the market to the other. Indeed, in our model, on the one hand, the firms’
decision to enter is affected by the structure of the network (for example,
we show that FOSD/SOSD changes to the distribution of the friendship
network increase the fraction and market share of high-quality firms). On
the other hand, the network itself is affected by the competition between
firms. We view our model as complementary to the ones developed in this
(large) literature since we model both sides of the market but with a much
simpler learning process.

3 Model

Time is discrete. In each period t = 0, 1..., a unit mass of consumers is
born and live for two periods. In the first period (when young), they choose
a firm from which to purchase an experience good at a price P . In the
second period (when old), they provide information on the quality of the
good they have consumed in the previous period to their direct friends (who
are young) in the social network. Therefore, there is an overlap between
young and old individuals where the latter provide information about the
quality of the good to the former when they are direct friends. Firms may
be of two qualities: high H or low L. The quality of the good is not observed
by the consumers who strictly prefer to consume a high-quality product.9

High- and low-quality firms have zero marginal costs of production but face
different outside options (denoted η) of participating in the market during
each period with ηH > ηL. We assume firms to be infinitesimal with respect
to the market and hence, consider a mass of each type that will enter the
market. Firms live forever and their main decision is whether or not to enter
the market in the first period t = 0.10 The decision to enter or not is based
on their expected lifetime profit and is made once and for all at t = 0. The
discounted expected profit of a firm of quality q = H,L, with discount rate

9Observe that we assume that the price of the good is the same whether a firm is of
high or low quality. The important assumption for our model is that consumers do not
infer the quality of the product by observing price (or any other activity of the firm such
as advertising) as they may do in models of signaling.

10There is no game between firms since there is a continuum of them and each has a mass
zero but, still, their entry decision influences the other firms in the market through the
network. Indeed, when a low-quality firm enters, it provides a positive externality on the
other low-quality firms because there is less chance that an individual will consume a high-
quality good and thus can refer to it to her friends. It also provides a positive externality
to the high-quality firms because there is less competition between high-quality firms.
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β is given by:

E [Πq] =
∞∑
t=0

βt(PQqt − ηq)

where Qqt is the expected number of sales that a quality q firm makes in
period t. We focus on characterizing the steady state of the market where
the expected number of sales is not changing over time. To simplify our
analysis, we assume that firms are farsighted, i.e. β = 1, such that free entry
by firms at t = 0 results in PQ∗q = ηq where Q∗q is the steady state expected
number of sales per period for firms with quality q.

The good provided by the firms is an experience good such that the qual-
ity of the firm is ex ante unknown to consumers. We study a word-of-mouth
search process through which consumers may learn the quality of some firms
prior to making a choice. A consumer born in period t (young) has k ≥ 0
friends amongst the (old) consumers who made a purchase decision in period
t − 1. Each consumer draws their number of friends from the distribution
{pk}, where pk is the probability that the consumer has k friends.11 We as-
sume p0 > 0 and there is at least a positive mass of people with 2 or more
friends, i.e. ∃k̃ ≥ 2 such that pk̃ > 0. We also assume that friendships are
formed uniformly at random between individuals in subsequent periods. In
each period, the consumers ask each of their friends whether they purchased
a high-quality product in the previous period. In the event that a friend did
purchase from a high-quality firm in the previous period, then the consumer
chooses to purchase from that firm in the current period. If more than one
friend has purchased from a high-quality firm, then the consumer randomly
chooses between the high-quality firms. In the event that none of the con-
sumer’s friends has purchased from a high-quality firm or the consumer has
no friends, then the consumer chooses a firm a random.12

Define the fraction of low-quality firms at time t by θt (conversely the
fraction of high-quality firms by 1− θt) and the market share of low-quality
firms in each period by αt. The former is the probability that a randomly
chosen firm in period t is of low quality and the latter is the probability
that a randomly chosen consumer purchases from a low-quality firm.13 As

11For an example of a social network in our model see Appendix B
12In this case, a consumer who hears from their friends only about low-quality firms will

also condition their own decision on not choosing from any of those firms. In our model,
firms are infinitesimal so there is no distinction between doing this and choosing a firm
uniformly at random.

13These quantities need not be the same because the word-of-mouth search process
improves the probability that a consumer finds a high-quality firm over randomly choosing
a firm. In our model, these quantities are determined both by the word-of-mouth search
process and by the entry of firms.
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stated above, firms make a once and for all entry decision at t = 0 so the
fraction of low-quality firms θt remains constant over time t. We thus drop
the subscripts on θ. The word of mouth search process implies the following
dynamic relationship for the evolution of the market-share of low-quality
firms:

αt+1 = θ
∑
k

pkα
k
t (1)

This says that the probability that a consumer in period t+1 purchases from a
low-quality firm is the expectation that none of that consumer’s friends from
period t purchased from a high quality firm

∑
k pkα

k
t times the probability θ

that the consumer happens to purchase from a low-quality firm when they
choose a firm at random. In the first period t = 0, we assume consumers
choose a firm at random so that the market share of low-quality firms in the
first period is equal to the fraction of low-quality firms in the economy, i.e.
α0 = θ.

3.1 Characterizing the steady state

We are interested in characterizing the steady-state fraction of low-quality
firms θ∗ and the market share of low-quality firms α∗ that arise in our model.14

Search

As a preliminary result, we show that our word-of-mouth search process
defined in equation (1) will converge to a unique market share.

Lemma 1. For every θ ∈ [0, 1], the word of mouth process defined in equation
(1) and starting at α0 = θ converges to a unique market share α̂ ∈ [0, 1]

For a fraction of low/high quality firms entering the market, the word of
mouth search process will result in the relative market shares converging to
those given in equation (2).

α = θ
∑
k

pkα
k (2)

We denote the implicit relationship between α and θ in equation (2) by
αSearch(θ). Our first condition for a steady state pair (θ∗, α∗) is that it satisfies
equation (2).

Condition 1. A steady state satisfies equation (2).

14Given the uniqueness and stability of the steady state shown below, this corresponds
to the limits (limt→∞ θt, limt→∞ αt) of any equilibrium path (θt, αt).
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Entry

In addition to satisfying equation (2), we require that the steady-state pair
(θ∗, α∗) is stable with respect to entry of high- and low-quality firms. As
stated above, the entry decision takes place at time t = 0 and firms of both
types are perfectly patient, so we only need consider the steady-state per-
period profits to determine the mass of high- and low-quality firms that enter.
Denote the per-period revenue per firm by φ ≡ P/F , where F is the mass of
all firms. The expected per-period profit of low- and high-quality firms are
respectively equal to:

πL =

{
φα
θ

if θ > 0

limθ→0 φ
αSearch(θ)

θ
if θ = 0

(3)

πH =

{
φ (1−α)

1−θ if θ < 1

limθ→1 φ
(1−αSearch(θ))

1−θ if θ = 1
(4)

where we define the hypothetical profits of a firm when there are no firms of
the same type in the market, by the limit of per-firm profits as the market
contains only the other type of firms. Entry by high- and low-quality firms
implies that:

πL = ηL if θ > 0 (5)

πH = ηH if θ < 1 (6)

where ηL and ηH are the outside options of low- and high-quality firms,
respectively. Zero entry of low-quality firms θ = 0 or high quality firms
θ = 1 requires that πL ≤ ηL and πH ≤ ηH , respectively. We summarize this
with the following condition.

Condition 2. A steady state satisfies πL ≤ ηL and πH ≤ ηH , with equalities
when θ > 0 or θ < 1, respectively.

While the triplet (α, θ, φ) satisfying equations (2), (5) and (6) defines a
steady state of the baseline model, we may reduce the system and focus the
analysis around (α, θ). Note that revenue per firm φ rescales the entry and
exit conditions for both types of firms and is unimportant for determining
the steady-state fraction and market share of low/high quality firms. When
we take the ratio of the two conditions, we find that the ratio of the outside
options is the determining parameter for these quantities:

θ(1− α)

α(1− θ)
= τ if 0 < θ < 1 (7)
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Figure 1: Entry Condition

where τ ≡ ηH/ηL. We define the implicit relationship in equation (7) by
αEntry(θ). It determines the pairs of fraction and market share values for
which there exists a revenue per firm φ such that both high- and low-free
entry conditions may be satisfied. The relationship, shown in Figure 1, is
continuous, strictly increasing and, in the limits, we have: limθ→0 α

Entry(θ) =
0 and limθ→1 α

Entry(θ) = 1; hence, it partitions the space (θ, α) ∈ (0, 1) ×
(0, 1). At any point above the line, the free-entry condition of low-quality
firms πL = ηL implies that high-quality firms have an incentive to enter
πH < ηH . Similarly, the free-entry condition of high-quality firms πH = ηH
implies that low-quality firms have an incentive to exit πL > ηL. either
scenario pushes θ downward. The opposite dynamic applies below the line.

We require that a steady state satisfy the following stability condition.

Condition 3. ∃δ > 0 such that αSearch(θ∗+ε) < αEntry(θ∗+ε) and αSearch(θ∗−
ε) > αEntry(θ∗ − ε) for 0 < ε < δ

For θ∗ = 0, 1, we only require that the first and second inequalities hold
respectively. Condition 3 implies that in the neighborhood of the steady
state, points that satisfy Condition 1 lie in regions where entry/exit dynamics
will push the fraction of low-quality firms back towards the steady state (see
Figure 2).

The continuity of equation (7) implies that an interior steady state (0 <
θ∗, α∗ < 1) will also be a point where equations (2) and (7) intersect. Finally,
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αSearch(θ)

Stable Steady State

Figure 2: Steady State

Condition 3 handles the cases θ∗ = 0, 1 where the free-entry conditions for
the high- and low-quality firms are not necessarily defined.

3.2 Steady-State Equilibria

In this section, we characterize the steady state of our model. We find that it
is unique and may be one of three types depending on the parameters of the
model. There can be a “High” steady-state equilibrium where α∗ = θ∗ = 0,
a “Low” steady-state equilibrium where α∗ = θ∗ = 1 and a “Mixed” steady-
state equilibrium with both high and low quality firms where α∗ < θ∗ < 1.

Proposition 1. Assume that Conditions 1, 2 and 3 hold. Denote by p0, the
probability of having no friend and E[k], the expected number of friends.

1. If τ ≤ 1/p0, there exists a unique stable high steady-state equilibrium
where α∗ = θ∗ = 0.

2. If τ ∈ (1/p0, 1/(1− E[k])) when E[k] < 1 or if τ > 1/p0 when E[k] ≥ 1,
there exists a unique stable mixed steady-state equilibrium where 0 <
α∗ < θ∗ < 1.

3. If τ ≥ 1/(1 − E[k]) and E[k] < 1, there exists a unique stable low
steady-state equilibrium where α∗ = θ∗ = 1.
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Consider the conditions on the social network and the outside option of
high-quality firms that determine the type of steady state. The condition
that determines the point at which the steady state transitions from all low-
quality firms to a mixed steady state, where some firms are high quality, is
τ = 1

1−E[k]
where E[k] < 1. At the transition, all firms are low quality and

consumers find firms at random. For a high-quality firm to enter, it must
anticipate being able to capture τ times the number of consumers that a
low-quality firm captures. Now consider how a single high-quality firm will
fare if it entered the market. A high-quality firm will be found as often
as a low-quality firm by people choosing at random. However, each person
who finds the high-quality firm generates further demand from consumers
in future periods via word of mouth. In the period after, there are E[k]
consumers in expectation who are connected to the original individual.15 In
the next period, each individual from the previous period will be connected
to a further E[k] consumers resulting in E[k]2 more consumers. Extending
this to all future periods, the firm sells to a total of

∑
n=0 E[k]n = 1

1−E[k]

consumers for each person who finds the firm at random. This corresponds
to the expected component size starting from a randomly chosen individual in
period t and following all friendships from that person to future generations.
We note that the summation explodes in networks where E[k] ≥ 1. In this
case, a non-zero fraction of consumers are part of components that have
infinite length (this corresponds to a network where a giant component exists)
and there is no value of τ where a low quality steady exists. We return to
the implications of this case in Proposition 4.

Consider now the condition that determines the threshold between the
high steady state and the mixed steady state τ = 1

p0
. In this scenario, a single

low-quality firm competing with all high-quality firms will only obtain cus-
tomers from the fraction of individuals who have no friends p0. High-quality
firms and the single low-quality firm compete equally for this fraction of con-
sumers. All the remaining individuals with at least 1 friend are guaranteed
to find a high-quality firm because, in the high steady state, 100% of people
purchase from a high-quality firm. Thus, high-quality firms compete equally
amongst themselves for the remaining 1− p0 fraction of people and the ratio
of demand for a high-quality firm to a low-quality firm is equal to 1

p0
.

15Friendships are formed uniformly at random between individuals in subsequent peri-
ods. Hence, E[k] corresponds to the expected number of friendships that people born in
period t have with people born in both periods t− 1 and t+ 1.
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3.3 Comparative Statics

We now conduct some comparative statics exercises of the mixed steady-state
equilibrium (α∗, θ∗), and the equilibrium revenue per firm φ∗, with respect to
changes in the distribution of friendships {pk} and changes in the ratio of the
outside of options of high- and low-quality firms τ . When a mixed steady-
state equilibrium (α∗, θ∗) exists (see Proposition 1), equations (2) and (7)
may be rearranged in terms of θ:

θ∗ =
α∗∑
k pkα

k∗ (8)

θ∗ =
τα∗

1− α∗(1− τ)
. (9)

We can combine these equations to find an implicit relationship for the
steady-state market share in terms of just the distribution of friendships
and ratio of outside options:∑

k

pkα
k∗ =

1

τ
[1− α∗(1− τ)] (10)

Our comparative statics affect the steady-state market share (and hence also
the fraction) of low-quality firms through this relationship.

Social Network

Empirically, Leskovec, Adamic and Huberman (2007) and Keller, Fay and
Berry (2007) find that the average and dispersion in the number of friends
consulted prior to purchase varies greatly across product categories. An area
of interest is then how the average and dispersion in the number of friends
in the social network influences the steady-state outcome of our model.

Proposition 2. A First-Order Stochastic Dominance (FOSD) or a Second-
Order Stochastic Dominance (SOSD) change to the distribution of friendships
pk reduces the market share α∗ and fraction θ∗ of low-quality firms, and
increases the per period revenue per firm φ∗.

A FOSD change to the distribution of friendships is a clear improvement
in the search technology. People are, on average, receiving more information
about the decisions that consumers have previously made. This means that
high-quality firms will have a greater advantage relative to low-quality firms
from participating in the market. As one might expect, we find that this
change to the search technology results in the steady state exhibiting a higher
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fraction of high-quality firms and a greater market share being captured by
those firms. Similarly, a SOSD change to the distribution of friendships is
also an improvement to the search technology because there are decreasing
returns to the expected value of information from additional friendships. As
one acquires more friends, it is increasingly likely that one of the first n
friends has purchased from a high-quality firm and that there is no value
of further information from the n + 1 friend. This property of the value
of information in our model means that SOSD changes improve the search
technology resulting in more high-quality firms and a greater market share
for these firms.

Outside Option

Firms in different industries likely have different opportunities elsewhere in
the economy. It is therefore natural to consider how these differences influ-
ence the provision of quality in our model.

Proposition 3. An increase in the ratio of outside options for high/low
quality firms τ will increase the market share α∗ and fraction θ∗ of low-quality
firms, and decrease the per period revenue per firm φ∗.

This is an intuitive result. As it becomes relatively more costly (cheaper)
for high-quality firms to participate in the market then the market’s compo-
sition will adjust to include more low (high) quality firms.

Earlier, we briefly discussed the situation where there is a non-zero proba-
bility that a randomly chosen individual is connected to infinitely many oth-
ers through a chain of friendships. This occurs in networks where E[k] > 1
and is commonly described as a network where there exists a giant compo-
nent. The presence of a giant component in the network bounds the market
share that may be captured by low quality firms. We provide the follow-
ing characterization of the limit as the outside option of high-quality firms
becomes infinitely more expensive than low-quality firms in networks where
there is a giant component.

Proposition 4. The market share of low-quality firms α∗ is bounded strictly
below 1 in the limit when high-quality firms have infinitely higher outside
options, i.e. limτ→∞ α

∗(τ) < 1, if and only if the social network contains a
giant component, i.e. the expected number of friends is greater than 1, that
is E[k] =

∑∞
k=1 kpk > 1.

This proposition shows that for sufficiently well connected social net-
works, where the average number of friends is greater than 1, then there will
be an upper bound less than 1 of the market share that low-quality firms may
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capture. In this case, an infinitessimal mass of high-quality firms (such that
these firms are found with vanishing probability through random search) will
capture a non-zero fraction of consumers exclusively through word-of-mouth
search. Word-of-mouth search therefore ensures that at least this fraction of
consumers will be served by high-quality firms for any τ < ∞. In sparser
networks where E[k] < 1, the fraction of consumers captured through word-
of-mouth search also vanishes as the fraction of high quality firms becomes
infinitesimally small.16

In the next two sections, where we extend this model, we will study the
welfare properties of the steady-state equilibrium. In the benchmark model,
described in this section, there are externalities imposed on other firms when
a new firm enters the market that are not internalized by the entering firm.
The first-best outcome is for an infintessimal mass of higher quality firms
to serve the whole market. When we constrain outcomes to satisfy free
entry of high- and low-quality firms, then firms earn zero profits and welfare
maximization is equivalent to maximizing consumer welfare. In this case,
outcomes are ordered by the market share of high-quality products and the
constrained efficient outcome is to have 100% high-quality firms.

4 Endogenous networks from search costs

In this section, we endogeneize the social networks of consumers.

4.1 Equilibrium

Consider the following model of network formation. There is a continuum
of consumers of mass one, where each consumer i exerts a search (or so-
cialization) effort of si, with associated search costs κsi, to influence the
distribution pk(si) from which they draw a number of friends. The ex-ante

16Proposition 4 holds provided that firms are not capacity constrained. As this as-
sumption may be less reasonable in some contexts, this result should be taken merely to
illustrate the non-vanishing role of word-of-mouth search at these extremities of the model.

16



expected utility of consumer i is given by:17

u(si) =
+∞∑
k=0

pk(si)
[
α(s)kθ(s)VL +

(
1− α(s)kθ(s)

)
VH
]
− κsi

where VL and VH is the benefit of consuming a low and a high-quality good,
respectively, and s : [0, 1] 7→ R gives the profile of consumers’ search efforts.
Observe that both α and θ are a function of the profile of the search effort
of the whole population of consumers, which, in turn, has an impact on the
degree distribution of friends. From the utility function, we can see that if
consumer i has no friend, then her benefit is just: θ(s)VL + (1− θ(s))VH
(random search). If she has k friends, then it is given by α(s)kθ(s)VL +(
1− α(s)kθ(s)

)
VH . The ex-ante expected utility can be rewritten as:

u(si) = VH − θ(s)∆V
+∞∑
k=0

pk(si)α(s)k − κsi

where ∆V ≡ VH − VL is the net benefit of consuming the high-quality good.
We assume that a consumer draws their number of friends from a Poisson

distribution with mean equal to their search effort si. This is a reasonable
assumption that is consistent with our benchmark model where we assumed
that friendship links were formed uniformly at random.18 In particular,

pk(si) = e−si
ski
k!

We focus now on symmetric strategies where si = s(i) = s for all i. Defining
α(s) := α(s1) where 1 gives the unit function on [0, 1], this distribution
allows us to rewrite the term

∑+∞
k=0 pk(si)α(s)k in the following way:

+∞∑
k=0

pk(si)α(s)k =
+∞∑
k=0

e−si
ski
k!
α(s)k

=
+∞∑
k=0

e−(α(s)si)
(α(s)si)

k

k!
e−(1−α(s))si

= e−(1−α(s))si

17Here, link formation is only due to own search effort si and each individual decides
the average number of friends she wants to interact with. As in Cabrales, Calvó-Armengol
and Zenou (2011), we could consider a more general model where the formation of a link
between i and j depends on both efforts si and sj . This will complicate the analysis
but will not change our main results, in particular, the characterization of steady-state
equilibria.

18See Newman (2010), chap. 12 and Jackson (2008), chap. 4, for more background on
the use of Poisson (degree) distribution in random networks.
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since
∑+∞

k=0 e
−(α(s)si) (α(s)si)

k

k!
= 1. Thus, our utility function may be expressed

as:

u(si) = VH − θ(s)∆V e−(1−α(s))si − κsi

We find a symmetric equilibrium in consumer search effort s = s∗. where the
fraction and market share of low-quality firms are the unique steady state
quantities determined by the ratio of outside options τ and endogenous social

network pk = e−si
ski
k!

. Thus, a consumer’s utility maximization problem may
be written in terms of their own effort si and the symmetric effort level of
all other consumers s.

max
si

VH − θ(s)∆V e−(1−α(s))si − κsi

Where θ(s) and α(s) are the steady state quantities for a social network with
Poisson degree distribution with mean s.

Proposition 5. There is always a low quality, zero effort equilibrium where
α∗ = θ∗ = 1 and s∗ = 0. When κ

∆V
≤ 1

4
, there are also a low and high effort

equilibrium where:

α∗ =
1

2
±
√

1

4
− κ

∆V
(11)

θ∗ =
τα∗

1− α∗ (1− τ)
(12)

s∗ =
1

1− α∗
ln

τ

[1− α∗ (1− τ)]
(13)

We see that, when friendships are costly, a high-quality steady state is
no longer possible because there are no returns to searching for consumers.
Indeed, if all firms are high quality, random choice will do just as well as
asking friends, hence, consumer search effort is zero, no one has any friends
and the unique steady state will be low quality. Rather, a low search effort
equilibrium is always possible, since this steady state is consistent with con-
sumers not searching and consumers having no incentives to search. More
interestingly, for parameters such that the costs of search are not too high
relative to the difference in quality, that is κ

∆V
≤ 1

4
, then there are generically

two (one in the case κ
∆V

= 1
4
) other equilibria with strictly positive search

effort provided by consumers. When these equilibria exist, we refer to them
as the high- and low search-effort equilibria.

Figure 3 displays the degree distribution of friends pk(s) for model param-
eters leading to the low- and high search-effort equilibria. We took τ = 5 and
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κ
∆V

= 0.1 so that the condition κ
∆V
≤ 1

4
is satisfied. The low- and high search-

effort equilibria are respectively given by: s∗low = 0.838 and s∗high = 1.395.
It is easily verified that the corresponding equilibrium values of α and θ are
equal to: (α∗low, θ

∗
low) = (0.887, 0.975) and (α∗high, θ

∗
high) = (0.113, 0.388). In

Figure 3, when comparing the two distributions pk(s
∗
low) and pk(s

∗
high), we

see that the distribution is shifted to the right for the latter compared to the
former. For example, the probability of having three friends is roughly 15 %
for individuals exerting high-socialization efforts and less than 5 % for those
with low-socialization efforts. As a result, there will be less active firms of
low quality in the former than in the latter because the larger is the number
of friends, the higher is the chance of having information on the high-quality
goods.

Figure 3: Degree distribution of friends pk(s) for the low-quality s∗low = 0.838
and high-quality s∗high = 1.395 search-effort equilibrium when τ = 5 and
κ

∆V
= 0.1.

4.2 Comparative statics results

We present the comparative statics in terms of the relative cost of search κ
∆V

and ratio of outside options τ .

Proposition 6. In the high (low) search effort equilibrium:

1. Socialization effort is decreasing (increasing), the fraction of low-quality
firms is increasing (decreasing) and the market share of low-quality
firms is increasing (decreasing) in the relative cost of search κ

∆V
.
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2. Socialization effort is increasing (increasing), the fraction of low-quality
firms is decreasing (decreasing) and the market share of low-quality
firms is independent in the ratio of outside options τ .

The comparative statics with respect to the relative cost of search of
the high-effort equilibrium are intuitive.19 Lower costs or greater difference
in qualities result in more search, higher quality firms and higher quality
market share. When the ratio of outside options is greater, there are more
low-quality firms, however, consumer search increases to exactly maintain a
constant market share for high-quality firms. This result is specific to our
assumption that the distribution of friendships is Poisson. It is, however,
informative of the countervailing force that consumer search plays on the
market share of high-quality firms as their outside options improve. We saw
in Proposition 3 that, in a fixed network, an increase in the ratio of outside
options reduces the market share of high-quality firms. Here, we see that
consumer search may completely offset this change. When the fraction of
high-quality firms goes down, random search becomes a worse alternative
and consumers engage in more search. This additional search effort gives
high-quality firms a greater advantage compared to low-quality firms and
results in the market share of high-quality firms being unchanged.

4.3 Consumer Welfare

We now turn to the relative levels of consumer surplus under each of the
possible equilibria. When the relative search costs are small enough κ

∆V
< 1

4
,

there are three equilibria which, for convenience, we refer to by their effort
levels: zero-effort, low-effort and high-effort equilibria. Plugging (2) into the
utility function, we may write the utility of a representative consumer in a
symmetric equilibrium with effort level s as:

urep(s) = VH − α(s)∆V − κs (14)

In the following proposition, we order the equilibria in terms of the utility of
the representative consumer.

Proposition 7. When there are multiple equilibria, i.e. when κ
∆V
≤ 1

4
,

the utility of a representative consumer is increasing in the effort level of
the equilibria urep(0) < urep(s

∗
L) < urep(s

∗
H). Moreover, all equilibria exhibit

inefficiently low-effort levels, with the utility of a representative consumer
maximized at some se > s∗H .

19The comparative statics of the low-effort equilibrium move in the opposite directions.
We will see in Section 4.4 that the low-effort equilibrium is always an unstable equilibrium,
rendering the equilibrium’s market predictions unreliable.
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We establish that, in the case where there are multiple equilibria (with
associated efforts s∗ = 0, s∗L, s

∗
H , where 0 < s∗L < s∗H), these equilibria may be

ranked with respect to the utility of a representative consumer. In particular,
the equilibria are ordered by the equilibrium effort level - the equilibria with
the greatest utility has the highest level of effort (s∗H), the second greatest
has the second highest effort (s∗L) and the lowest has zero effort. Moreover,
all equilibria exhibit strictly less effort than the efficient level of effort (se).

4.4 Stability

The presence of multiple Pareto ranked (with respect to the welfare of a
representative consumer) equilibria naturally raises questions concerning:

• The stability of these equilibria?

• Whether consumers may be stuck at a Pareto inferior equilibrium?

• Can policies that induce consumers to exert effort above a tipping-point
threshold induce a switch from a Pareto inferior equilibrium to a Pareto
superior equilibrium?

In this section, we consider the slope of a consumer’s best response func-
tion with respect to the effort level of other consumers ∂BRi

∂s
(s∗) to address

these questions.

Proposition 8. The zero effort equilibrium is stable. When there exist equi-
libria with positive effort ( κ

∆V
≤ 1

4
), then the equilibrium with lower effort

is unstable, i.e. ∂BRi
∂s

> 1. For outside options above (below) a thresh-
old, then the high-effort equilibrium is stable (unstable), i.e. ∃τ̂ such that
−1 < ∂BRi

∂s
< 1 for τ > τ̂ and ∂BRi

∂s
< −1 for τ < τ̂ .

We see that the zero-effort equilibrium is always stable and the low-
effort equilibrium is always unstable. The-high effort equilibrium is stable
provided that the ratio of outside options is high enough. Therefore, in this
case, we have two stable equilibria one at zero effort and one at high effort
where consumers strictly prefer the high-effort case (Proposition 7). This
suggests that a market may be stuck at an inefficient (for consumers) outcome
in the zero-effort equilibrium when there exists a better and stable high-
effort equilibrium. Moreover, the stability of the high-effort case suggests
that increasing the fraction of high-quality firms in the short term, so that
consumers have incentives to search, can have a long-term impact through
shifting the market to the high-effort equilibrium.
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Although our analysis makes the assumption that the distribution of
friendships is Poisson, there are some properties of the analysis that are likely
to hold more generally. In particular, the marginal benefits from searching
go to zero as the composition of firms is either entirely high or low quality. In
our analysis, this resulted in there being a stable equilibrium with no high-
quality firms and no equilibrium where 100% of firms are high quality. The
latter would be inconsistent with consumers exerting the requisite effort to
generate a sufficiently connected social network to support the high steady
state. Also, the presence of a low- and high-effort equilibrium arises in our
model through the non-monotonicity of the returns to effort, α(1 − α)∆V ,
with respect to α. This particular functional form is specific to our set up
but, as argued above, the returns to searching are generally going to zero in
the extremes when α = θ = 0, 1 and are positive in between. Hence, given
this non-monotonicity, we can expect the presence of multiple mixed steady
states that are consistent with equilibria in consumers’ effort choice.

More generally, in this section, we have shown that there were ineffi-
ciencies in the choice of seach effort since consumers tend to underinvest in
socialization efforts. This implies that the equilibrium fraction and market
share of low-quality firms is too high compared to the social optimum one.

5 Two markets

5.1 Dual Market Equilibrium

In this section, we go back to our baseline model (where the network is ex-
ogenous) and allow a fixed mass of low- and high-quality firms to choose
between entering one of two markets. Here, we are interested in understand-
ing how differences in the effectiveness of word-of-mouth search (network)
across different locations, products or occupations may influence the relative
quality across these dimensions.20 In this setting, the outside option for each
type of firm from participating in a given market is the profit they could earn
if they were to enter the other market.

In each market m = 1, 2, let {pk,m} denote the degree distribution of
the social network, Fm denote the mass of firms and Pm denote the price
level. Also, define the total mass of low- and high-quality firms by L and

20We assume that high/low quality firms and consumers may only concurrently partici-
pate in one of the two markets. This is likely to be the case when the markets correspond
to geographic areas or when there are significant costs to switching between products and
services and when the attribute that allows a person to provide high or low quality product
in one market is transferable to the other market.
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H. In equilibrium, we require that the search condition (equation (2)) for
the fraction θm and market share αm of low/high quality firms is satisfied in
each market. We also require that the mass of low- and high-quality firms
across the two markets add up to the total mass of low- and high-quality
firms. Hence:

θ1F1 + θ2F2 = L (15)

and
(1− θ1)F1 + (1− θ2)F2 = H (16)

Finally, we require that the profit πm of a firm that chooses to enter a market
m is not less than the profit from switching to the other market π−m. Denote
φm ≡ Pm/Fm. Then, these conditions for low- and high-quality firms are
given by:

πLm ≥ πL−m (17)

and
πHm ≥ πH−m (18)

These relationships hold with equality in the cases where θ1, θ2 ∈ (0, 1).
We note that the price level and mass of firms in each market scale the

profits for both types of firms up and down relative to the other market.
We consider two alternative ways that either prices or the total number of
firms may adjust so that no firm has an incentive to switch markets. In
the first, we solve for a market-clearing ratio in the sizes of the two markets
ρF := F1/F2 assuming prices are the same in both markets P1 = P2; we refer
to this as the fixed-price case. In the second, we solve for a market-clearing
ratio in the market prices ρP := P1/P2 assuming the same mass of firms in
both markets, that is F1 = F2; we refer to this as the fixed-market-size case.
Also, let φ1/2 := ρP/ρF = φ1/φ2.

We define a dual-market equilibrium under either the fixed-price or the
fixed-market-size case, as a tuple (θ∗1, θ

∗
2, α

∗
1, α

∗
2, φ

∗
1/2) that satisfy: (i) the

search relationship (equation (2)) in each market; (ii) the adding constraints
(equations (15) and (16)) and (iii) the entry conditions (equations (17) and
(18)).

We say that the word-of-mouth distribution {pk,1} dominates {pk,2} if
θSearch1 (α) > θSearch2 (α) for all α ∈ (0, 1).21,22 The following proposition es-
tablishes the existence of a dual-market equilibrium and its characteristics
when {pk,1} dominates {pk,2}.

21This is equivalent to αSearch
1 (θ) < αSearch

2 (θ) for all θ ∈ (0, 1).
22For example, when {pk,1} and {pk,2} are Poisson distributions with mean degree sm

then {pk,1} dominates {pk,2} iff s1 > s2.
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Proposition 9. Suppose {pk,1} dominates {pk,2}, then a dual-market equi-
librium (θ∗1, θ

∗
2, α

∗
1, α

∗
2, φ

∗
1/2) exists. In this equilibrium, there are fewer firms

or the price is higher in market 1 (i.e. φ∗1/2 > 1) and there is a smaller

fraction of low quality firms (i.e. θ∗1 < θ∗2).

The dual-market equilibrium takes a clear form: the market with the
stronger word-of-mouth search (market 1) contains a greater fraction and
market share of high-quality firms and higher revenue per firm (corresponding
to fewer firms in the case of fixed price or higher prices in the case of a fixed
number of firms). These features follow from two characteristics of the word-
of-mouth search. First, all else equal, high (low) quality firms prefer to enter
the market that has the better (worse) search technology. Second, both
high- and low-quality firms earn greater profits when they are competing
with a higher fraction of low-quality firms. In a dual market equilibrium,
the market with the better search technology will contain a lower fraction
of low-quality firms due to the first effect. Therefore, this market must also
have either a higher price or a smaller mass of firms so that the revenue
per firm is higher, leaving high- and low-quality firms indifferent between
entering either market.23,24

5.2 Welfare

We now consider how a social planner may allocate the high- and low-quality
firms across the two markets to maximize (consumer) welfare. In the case
of two markets, there is a fixed mass of firms (H and L) and fixed quantity
of goods sold (unit mass of consumers in each market). Hence, maximizing
welfare is equivalent to minimizing the sum of market shares of low-quality
firms across the two markets. In this setting, a social planner maximizes
welfare by solving:

min
FH1 ,FL1

[
αSearch1 (

FL
1

FH
1 + FL

1

) + αSearch2 (
L− FL

1

H + L− FH
1 − FL

1

)

]
(19)

where FH
1 and FL

1 are the mass of high- and low-quality firms in market 1.

23P ∗1 > P ∗2 also serves a signal of average firm quality across markets through equilibrium
prices. Note this is distinct to the more common fully-separating signaling obtained within
markets (e.g. Milgrom and Roberts, 1986, under repeat purchases). The mechanism
driving price dispersion is novel, however, as here firms are price takers with M∗1 > M∗2
clearing the market under F1 = F2.

24This is an example of the Simpson’s Paradox whereby the revenue per firm is higher
in the market with better search technology, yet each type of firm is indifferent between
locating in either market.
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The solution to (19) extends the first-best of the benchmark model (see
Section 3.2). Precisely, the fixed masses of high- and low-quality firms im-
ply that the objective of the social planner’s problem is bounded below
by min{αSearch1 ( L

L+H
), αSearch2 ( L

L+H
)}. Furthermore, when {pk,1} dominates

{pk,2}, the bound is αSearch1 ( L
L+H

). A planner may implement an outcome
that is arbitrarily close to this bound by putting an infinitessimal mass of
high-quality firms in the market with the worse search technology and all the
remaining firms in the other market, that is FH

1 = H − ε and FL
1 = L where

ε ≈ 0.25

Indeed, the planner’s problem is to minimize the probability that a low-
quality firm is chosen by a consumer. The best way to do this is to put all
the low-quality firms together in one market, since they crowd each other
out. Moreover, the planner wants to put them in the market with the better
search technology, so that it is easier for consumers to gather information
about high-quality firms. Then, finally, the planner wants to place as many
high-quality firms as possible in that market to maximize the probability
that the consumers will find these high-quality firms via word of mouth and
avoid the low-quality firms.

We observe that when we compare the fraction/market share of low-
quality firms and the mass of firms across the two markets, the planner’s
outcome exhibits the opposite inequalities between the two markets, θ1 >
θ2 and F1 > F2, compared to the dual-market equilibrium where θ∗1 < θ∗2
and F ∗1 < F ∗2 . Thus, an inefficiency arises in the allocation of firms across
markets in the dual market equilibrium. In particular, low-quality firms find
it beneficial to “hide” in the market with the worse search technology but,
from a consumer welfare perspective, it would be better to locate them in
the market where they would be more easily detected.

6 Conclusion

We developed a model of word of mouth search for an experience good to
study the provision of quality in a market. We study the steady state out-
comes of free entry from high- and low-quality firms and how this is deter-
mined by the social network, which describes the pattern of communication
between consumers, and the outside opportunities of high- and low-quality
firms. In extensions to the baseline model, we find, that when friendships are
the result of costly investments by individuals, then only an exclusively low

25We note that there are no capacity constraints for individual firms in our model and
so the planner’s solution permits an extreme outcome - there is an infinitessimal mass of
firms in the second market.
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steady state and mixed steady states with both high- and low-quality firms
are possible. Moreover, consumer welfare is increasing in the equilibrium
effort level of these equilibria and a population may be stuck at an inefficient
equilibrium when a stable equilibrium in which all consumers are better off
is feasible. When we consider multiple markets, we find that markets with
better social networks will exhibit higher-quality firms and have fewer firms
or higher prices. Inefficiencies again obtain, with the markets’ allocation of
high- and low-quality firms the reverse of the first-best allocation.
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Bramoullé, B.W. Rogers and A. Galeotti (Eds.), The Oxford Handbook
of the Economics of Networks, Oxford: Oxford University Press, pp.
776–791.

[7] Bloch, F., and Quérou, N. (2013). Pricing in social networks. Games
and Economic Behavior 80, 243-261.
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APPENDIX

A Proofs

Proof of Lemma 1

Proof. For θ = 0, 1 the sequence immediately converges such that α̂ = α0 =
θ. For every θ ∈ (0, 1) f (α) = θ

∑
k pkα

k
t defines a contraction mapping on

[0, 1] under our assumptions that p0 > 0 and ∃k̃ ≥ 2 such that pk̃ > 0. Hence,
by the Contraction Mapping Theorem our sequence has a unique fixed point
on [0, 1].

Proof of Proposition 1

We begin with a series of lemmata.

Lemma 2. States where α∗ = 0, 1 and 0 < θ∗ < 1 or 0 < α∗ < 1 and θ∗ = 0
fail Condition (2).

Proof. The cases where α > θ are ruled out by the property of the search
relationship that αSearch(θ) ≤ θ. The remaining case is α∗ = 0 and 0 < θ∗ < 1
which we rule out by noting that when we substitute α = 0 into the implicit
search relationship we find 0 = θp0. Therefore, the only solution is θ = 0.

Lemma 3. States where 0 < α∗ < 1 and θ∗ = 1 that satisfy Condition (2)
will fail Condition (3).

Proof. Taking the limit of the search and entry relationships for θ → 1 we
find limθ→1 α

Search(θ) = α∗ < 1 and limθ→1 α
Entry(θ) = 1 hence @δ > 0 such

that αSearch(1− ε) > αEntry(1− ε) for all 0 < ε < δ.

Lemmas 2 and 3 together imply that the only possible steady states are
High, Low and Mixed. We now establish necessary and sufficient conditions
for each type of steady state.

Lemma 4. A High steady state exists iff p0 ≤ 1
τ
.

Proof. First, αSearch(0) = 0 so the state (0, 0) satisfies Condition (2). Second
Condition (2) does not apply because θ = 0 and so Condition (3) determines
whether it is a steady state. It is satisfied when αSearch(θ) < αEntry(θ) in the
neighborhood of θ = 0. We note that limθ→0α

Entry(θ) = 0. We can check
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that the derivatives of both functions are positive in the neighborhood of
θ = 0:

lim
θ→0

∂αSearch

∂θ
(θ) = lim

θ→0

∑
pkα

k

1− θ
∑
kpkαk−1

= p0 > 0

and

lim
θ→0

∂αEntry

∂θ
(θ) = lim

θ→0

1− α + τα

θ + τ(1− θ)
=

1

τ
> 0

It is convenient to express the implicit relationships as explicit relationships
for θ in terms of α.

θSearch(α) =
α∑
k pkα

k
(20)

θEntry(α) =
τα

1− α(1− τ)
(21)

Now, in the neighborhood of α = 0

α∑
k pkα

k
>

τα

1− α(1− τ)

if and only if p0 ≤ 1
τ
. This is obvious in the case of strict inequality. When

p0 = 1
τ

we need to check: ∑
k=1

pkα
k < α(1− 1

τ
)

This is true as α → 0 under our assumption that ∃k̃ ≥ 2 such that pk̃ > 0.
Thus, p0 ≤ 1

τ
⇐⇒ θSearch(α) > θEntry(α) in the neighborhood of α = 0. We

know that both αSearch(θ) and αEntry(θ) go to (0, 0) and have a positive slope
in this neighborhood. Thus, θSearch(α) > θEntry(α) in the neighborhood of
α = 0 ⇐⇒ αSearch(θ) > αEntry(θ) in the neighborhood of θ = 0. Hence,
Condition 3 is satisfied and a high steady state exists iff p0 ≤ 1

τ
.

Lemma 5. A Low steady state exists iff E[k] ≤ 1− 1
τ
.

Proof. First, αSearch(1) = 1 so the state (1, 1) satisfies Condition (2). Second,
Condition (2) does not apply because θ = 1 and so Condition (3) determines
whether we are at a steady state. We need to show that ∃δ > 0 such that
αSearch(1 − ε) > αEntry(1 − ε) for 0 < ε < δ iff E[k] ≤ 1 − 1

τ
. We note that

limθ→1α
Entry(θ) = limθ→1α

Search(θ) = 1 and so if Condition 3 is met then

lim
θ→1

∂αSearch

∂θ
(θ) ≤ lim

θ→1

∂αEntry

∂θ
(θ) (22)
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Now

lim
θ→1

∂αSearch

∂θ
(θ) = lim

θ→1

∑
pkα

k

1− θ
∑
kpkαk−1

=
1

1− E[k]

and

lim
θ→1

∂αEntry

∂θ
(θ) = lim

θ→1

1− α + τα

θ + τ(1− θ)
= τ

hence, equation (22) implies E[k] ≤ 1− 1
τ
.

Now, going in the other direction. First, E[k] ≤ 1− 1
τ

implies that

lim
θ→1

∂αSearch

∂θ
(θ) > 0

and

lim
θ→1

∂αEntry

∂θ
(θ) > 0

Morevoer these are equal when E[k] = 1 − 1
τ
. Consider the relationships

in equations (20) and (21), for α in the neighborhood of 1: θSearch(α) <
θEntry(α) ⇐⇒ E[k] ≤ 1− 1

τ
. This is obvious in the case of strict inequality.

To show this in the case of equality, we first show θEntry(α) passes θSearch(α)
at most once from above at some α∗ ∈ (0, 1) satisfying:

τα

(1− α) + τα
=

α∑
k pkα

k
,

or equivalently:

τ
∑
k

pkα
k = (1− α) + τα. (23)

With τ
∑

k pkα
k convex and (1 − α) + τα linear in α, the left-hand-side of

(23) must pass the right-hand-side of (23) from below, which is equivalent to
θEntry(α) passing θSearch(α) from above at α∗ < 1. Therefor, if E[k] = 1− 1

τ

then ∂αSearch

∂θ
< ∂αEntry

∂θ
and θSearch(α) < θEntry(α) in the neighborhood of

α = 1. Now, αSearch(θ) and αEntry(θ) are both increasing in the neighborhood
of θ = 1 and so this is sufficient to establish that E[k] ≤ 1− 1

τ
=⇒ ∃δ > 0

such that αSearch(1− ε) > αEntry(1− ε) for 0 < ε < δ.

Lemma 6. A mixed steady state exists iff p0 >
1
τ

and E[k] > 1− 1
τ
. Moreover,

when it exists it is the unique Mixed steady state.

Proof. In the case of a mixed steady state, both Conditions 1 and 2 hold and
so the steady state satisfies equations (20) and (21). Setting the right-hand
side equal to each other and rearranging we find the following:∑

k

pkα
k =

1

τ
(1− α(1− τ))
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The left and right hand side are both increasing functions that are equal to
1 at α = 1. The left-hand side is strictly convex (under our assumption that
∃k̃ > 2 such that pk̃ > 0 ) while the right-hand side is linear. There is no
solution α∗ < 1 when p0 ≤ 1

τ
or E[k] ≤ 1 − 1

τ
and exactly one solution oth-

erwise. Moreover, when a solution exists, the left-hand side is greater (less)
than the right hand side in the neighborhood below (above) the solution.
Hence, using equations (20) and (21) we conclude that θSearch(α) is strictly
greater (less) than θEntry(α) in the neighborhood above (below) the steady
state. We note that θEntry(α) is strictly increasing in the range 0 < α < 1
and so this is sufficient to conclude that Condition 3 hold whenever a solution
α∗ < 1 exists to equations (20) and (21).

The conditions in Lemmas 4, 5 and 6 are mutually exclusive and exhaus-
tive. Indeed,

p0 <
1

τ
⇒ E[k] > 1− 1

τ
and

E[k] < 1− 1

τ
⇒ p0 >

1

τ
Thus, we have established the Proposition.

Proof of Proposition 2

Lemma 6 shows that there is a single solution to equation (10). Moreover
the left-hand side of (10) crosses the right-hand side of (10) from above
at the solution α∗. The degree distribution only influences the left-hand
side of (10) and so any changes that increase the left-hand side will also
increase the steady state solution α∗ to this relationship. The result then
follows immediately by noting that αk is a decreasing convex function of
k. Therefore, a FOSD or SOSD shift will reduce the left-hand side of the
relationship and hence also the steady-state market share α∗ reduces. Finally,
we can note that the free entry condition (equation (7)) is increasing in its
argument, to conclude that the steady state fraction of low quality firms θ∗

will move in the same direction. From equation (5):

φ =
ηL
α/θ

if θ > 0; α/θ is increasing in α, so φ∗ will move in the opposite direction.

Proof of Proposition 3

Lemma 6 shows that there is a single solution to equation (10). Moreover
the left-hand side crosses the right-hand side from above at the solution.
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The ratio of outside options τ only influences the right-hand side of equation
(10) and so any changes that increase the right-hand side will reduce the
steady state solution α∗ to this relationship. The result follows immediately
by noting that the right-hand side is increasing in τ . As shown in the proof
of Proposition 2, φ∗ will move in the opposite direction.

Proof of Proposition 4

For θ = 1, we can rewrite the search condition in the following way:∑
k

pkα
k − α = 0

This has a solution ᾱ < 1 when
∑∞

k=1 kpk > 1. Moreover in this case, the
value of θ that satisfies equation (2) is greater than 1 for ᾱ < α < 1. Hence,
the mixed steady state where equations (2) and (7) intersect will have a
solution α∗ < ᾱ.

Proof of Proposition 5

First, the steady state when there is no social network s = 0 is the low
quality steady state θ = α = 1. In this case, there is no returns to search
and the symmetric equilibrium effort level is s∗ = 0. Hence, this is always
an equilibrium for any parameter values for τ > 1, κ and ∆V . We now look
for a symmetric equilibrium where consumers search effort is positive. When
all consumers exert a search effort s > 0 then the steady state fraction and
market share of low quality firms will satisfy:

α(s) = θ(s)e−(1−α(s))s (24)

We now write a consumers utility function in terms of both their own effort
si and the effort level of other consumers s.

ui(si, s) = VH − θ (s) ∆V e−(1−α(s))si − κsi (25)

We see that a consumer’s utility is influenced by both how their own effort
determines their number of friends and through how the effort level of other
consumers determines the steady state fraction and market share of low and
high quality firms. The first and second order conditions for a consumer are:

∂u

∂si
(si, s) = (1− α (s)) θ (s) ∆V e−(1−α(s))si − κ = 0 (26)

∂2u

∂s2
i

(si, s) = − (1− α (s))2 θ (s) ∆V e−(1−α(s))si < 0 (27)
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In a symmetric equilibrium

∂u

∂si
(s∗, s∗) = (1− α (s∗)) θ (s∗) ∆V e−(1−α(s∗))s∗ − κ = 0 (28)

Substituting (24), we may write the first order condition as:

(1− α(s∗))α(s∗) =
κ

∆V
(29)

The left-hand side is bound above by 1
4
. Hence, for an interior s∗ > 0 and

a∗ < 1 we require κ
∆V
≤ 1

4
. In this case, there are two solutions to this

relationship given by

α∗ =
1

2
±
√

1

4
− κ

∆V
(30)

We may solve for the fraction of high/low firms using the entry condition:

θ∗ =
τα∗

1− α∗ (1− τ)
(31)

and then solve for the search effort of consumers:

s∗ =
1

1− α∗
ln

τ

1− α∗ (1− τ)
(32)

Proof of Proposition 6

First, the comparative statics of the relative costs of search are completely
determined through its effect on the steady state market share α∗. It is
immediate to observe that the effect is in opposite directions for the high
and low effort equilibria from the equilibrium relationship for the market
share in equation (11), where the high effort case corresponds to:

α∗ =
1

2
−
√

1

4
− κ

∆V

It follows that this is increasing in κ
∆V

and hence the results follow by observ-
ing that steady state fraction of low quality firms, equation (12), is increasing
in α∗ and the equilbrium effort, equation (13), is decreasing in α∗. Second, τ
does not appear in equation (11), and so the market share of low quality firms
is independent of the ratio of outside options. Finally, the term τα∗

1−α∗(1−τ)
is

increasing in τ and so equations (12) and (13) are increasing in τ establishing
the result.
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Proof of Proposition 7

We can write the utility of the representative consumer in terms of an
individual consumer’s utility urep(s) = ui(s, s) where the first argument is
the individual’s effort level and the second is the symmetric effort level of
everyone else. We can now prove the proposition by observing the following
relationships.

urep(0) = ui(0, 0) < ui(0, s
∗
L) < ui(s

∗
L, s

∗
L) = urep(s

∗
L)

and similarly

urep(s
∗
L) = ui(s

∗
L, s

∗
L) < ui(s

∗
L, s

∗
H) < ui(s

∗
H , s

∗
H) = urep(s

∗
H)

In each case, the first inequality follows from observing that an individuals
utility is increasing in the effort level of everyone else and the second in-
equality follows from individual utility maximization with respect to their
own effort.

We show ∂2

∂s2
α(s) > 0 as follows. We first find ∂α

∂s
from:

e−(1−α)s − 1

τ
[1 + α (τ − 1)] = 0

Implicit differentiation

∂α

∂s
= −− (1− α) e−(1−α)s

se−(1−α)s − τ−1
τ

=
(1− α) e−(1−α)s

se−(1−α)s − τ−1
τ

=
(1− α)

s− τ−1
τ
e(1−α)s

=
(1− α)

1
1−α ln( τ

1+α(τ−1)
)− τ−1

1+α(τ−1)

=
(1− α)2

ln( τ
1+α(τ−1)

)−
(

τ
1+α(τ−1)

− 1
) (33)

Differentiating (33) with respect to α yields:

∂

∂α

∂α

∂s
= (1− α)

−2 ln
(

τ
1+α(τ−1)

)
−
(

(τ−1)(1−α)
1+α(τ−1)

)2

+ 2
(

(τ−1)(1−α)
1+α(τ−1)

)
(

ln( τ
1+α(τ−1)

)−
(

τ
1+α(τ−1)

− 1
))2
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Denoting x := τ
1+α(τ−1)

, the numerator can be written −2 ln(x)− x2 + 1

where x ∈ (1, 1/α). This function is decreasing in x, and thus maximized
at x → 1, obtaining a value of zero. Thus, ∂

∂α
∂α
∂s
< 0 for all α and τ . With

∂α
∂s
< 0, this then implies that ∂2

∂s2
α(s) > 0. Thus, urep(s) from equation (14)

is concave in s. By individual utility maximization at s∗H , ∂
∂si
ui(si, s

∗) = 0.

And with ∂
∂s
ui(si, s

∗) > 0, urep(s
∗
H) > 0. It follows that the unique se solving

urep(s
e) = 0 is above s∗H .

Proof of Proposition 8

We first establish that the zero effort equilibrium is always stable. Ob-
serve that the marginal cost of effort is constant and marginal benefit of
effort at si = 0 is (1− α (s)) θ (s) ∆V which approaches 0 as s → 0. Hence,
for small s the best response for a consumer is to exert 0 effort. We now
consider the stability of the two equilibria with positive effort when they ex-
ist. A consumer’s best response function BRi(s) for s > 0 is defined by the
implicit relationship from the first order condition:

(1− α (s)) θ (s) ∆V e−(1−α(s))si(s) − κ = 0

We can substitute in θ (s) = α
e−(1−α)s

(1− α)α∆V e−(1−α)∆s − κ = 0

where ∆s = si − s. Implicit differentiation yields

∂BRi

∂s
= −

∆V e−(1−α)∆s
[
∂α
∂s

(1− 2α) + ∂α
∂s

∆s (1− α)α + (1− α)2 α
]

− (1− α)2 α∆V e−(1−α)∆s

at a steady state ∆s = 0 this simplifies to

∂BRi

∂s
=

∂α
∂s

(1− 2α)

(1− α)2 α
+ 1 (34)

where ∂α
∂s
< 0. There are two solutions to consider α∗ > 1

2
and α∗ < 1

2
. In

the low effort case, α∗ > 1
2
, the term

∂α
∂s

(1−2α)

(1−α)2α
> 0 so we may immediately

conclude that ∂BRi
∂s

> 1 and the low effort steady state is unstable. In the

high effort case ∂BRi
∂s

< 1 by
∂α
∂s

(1−2α)

(1−α)2α
< 0. We need to check the magnitude

of ∂α
∂s

to determine when ∂BRi
∂s

> −1.
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Substituting equation (33) into equation (34) we get

∂BRi

∂s
=

(
1
α
− 2
)

ln( τ
1+α(τ−1)

)−
(

τ
1+α(τ−1)

− 1
) + 1 (35)

We note that:

1. Increasing τ from 1 to ∞ we increase τ
1+α(τ−1)

from 1 to 1
α

.

2. For τ > 1 the denominator ln( τ
1+α(τ−1)

)−
(

τ
1+α(τ−1)

− 1
)

is decreasing

in τ and τ
1+α(τ−1)

and hence ∂BRi
∂s

is increasing in τ and τ
1+α(τ−1)

.

3. The denominator is < 0 and limτ→1 ln( τ
1+α(τ−1)

)−
(

τ
1+α(τ−1)

− 1
)

= 0.

Hence limτ→1
∂BRi
∂s

< −1. We now show that limτ→∞
∂BRi
∂s

> −1 where
we use limτ→∞

τ
1+α(τ−1)

= 1
α

:

lim
τ→∞

∂BRi

∂s
=

(
1
α
− 2
)

ln( 1
α

)−
(

1
α
− 1
) + 1

(
1
α
− 2
)

ln( 1
α

)−
(

1
α
− 1
) > −2

1

α
− 2 < −2

(
ln(

1

α
)−

(
1

α
− 1

))
2 ln(

1

α
) <

1

α(
1

α

)2

< e
1
α

We now note that this is true for α < 1
2

because x2 < ex for x > 2. We
conclude that for any steady state α∗ < 1

2
there is a critical value τ̂ such that

for τ > τ̂ the steady state is stable and for τ < τ̂ the steady state is not
stable.

Proof of Proposition 9

We begin by proving existence of a dual market equilibrium. For an
exogenous value of τ ∈ (1,∞) define (θ∗1 (τ) , α∗1 (τ) , θ∗2 (τ) , α∗2 (τ)) to be the
unique steady states for markets with social networks given by {pk,1} and
{pk,2} as in our baseline model. Proposition 1 and Proposition 3 show that
θ → 0 as τ → 1, θ → 1 as τ →∞ and θ (τ ) is increasing.
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Lemma 7. The steady state θ∗ (τ ) is continuous in τ .

Proof. By Proposition 1, τ ≤ 1
p0

=⇒ θ∗(τ) = 0 and τ ≥ 1
1−E[k]

=⇒ θ∗(τ) =

1 so θ∗(τ) is continuous on τ < 1
p0

and τ > 1
1−E[k]

. For τ ∈ ( 1
p0
, 1

1−E[k]
), θ∗(τ) ∈

(0, 1) the steady state is defined by the point of intersection θEntrym (α) =
θSearchm (α) where θEntrym (α) crosses θSearchm (α) from above (see proof of Lemma
6). By the implicit function theorem, θ∗(τ) is continuous at all points τ ∈
( 1
p0
, 1

1−E[k]
). We now show that limτ→ 1

p0

θ∗(τ) = 0, and limτ→ 1
1−E[k]

θ∗(τ) = 1

when E[k] < 1. We note that limθ→0α
Search(θ) = 0 and limθ→1α

Search(θ) = 1
provided E[k] < 1, hence, in each case, this corresponds to showing that
limτ→ 1

p0

α∗(τ) = 0 and limτ→ 1
1−E[k]

α∗(τ) = 1. α∗(τ) is defined by the implicit

relationship: ∑
k

pkα
k =

1

τ
[1 + (τ − 1)α]

The left-hand side is equal to p0 at α = 0, 1 at α = 1, is strictly convex in α
and the derivative at α = 1 is E[k]. The right-hand side is equal to 1

τ
at α = 0,

1 at α = 1 and is linear in α with slope τ−1
τ

. These characteristics imply that
lim

τ→ 1
p0

− α∗(τ) = 0 and limτ→ 1
1−E[k]

α∗(τ) = 1 provided E[k] < 1

For the case of fixed market size, we use the intermediate value theorem

to establish a value of τ ∗ such that
θ∗1(τ∗)+θ∗2(τ∗)

2
= L

F
. Now, define αEntryτ (θ)

by

θ(1− α)

α(1− θ)
= τ

and

φ∗1/2(τ ∗) = ρP =
limθ→θ∗2

αEntry
τ∗ (θ)

θ

limθ→θ∗1
αEntry
τ∗ (θ)

θ

which may also be expressed as:

φ∗1/2(τ ∗) = ρP =
limθ→θ∗2

1−αEntry
τ∗ (θ)

1−θ

limθ→θ∗1
1−αEntry

τ∗ (θ)

1−θ

because
1−αEntry

τ∗ (θ)

1−θ = τ ∗
αEntry
τ∗ (θ)

θ
by definition.

The tuple
(
θ∗1 (τ ∗) , α∗1 (τ ∗) , θ∗2 (τ ∗) , α∗2 (τ ∗) , φ∗1/2(τ ∗)

)
satisfies equation

(2) by virtue of (θ∗m(τ), α∗m(τ)) for m = 1, 2 being steady states. The defi-
nition of τ ∗ ensures that equations (15) and (16) are satisfied. Finally, the
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definition of φ∗1/2(τ ∗) and (θ∗m(τ), α∗m(τ)) for m = 1, 2 being steady states

ensures that equations (17) and (18) are satisfied. This is obvious in the
cases where there is a positive mass of high/low firms in both markets. In
the case of no low quality firms (θ−m = 0) we must check

φm
αm
θm
≥ lim

θ−m→0
φ−m

αSearch−m (θ−m)

θ−m

using the definition of φ∗1/2 this requires

lim
θ−m→0

αEntry−m (θ−m)

θ−m
≥ lim

θ−m→0

αSearch−m (θ−m)

θ−m

which holds by virture of market −m being a steady state and satisfying
condition 3. In the case of no high quality firms (θ−m = 1) we can apply the
same argument to check:

φm
1− αm
1− θm

≥ lim
θ−m→1

φ−m
1− αSearch−m (θ−m)

1− θ−m

For the case of fixed price, define τmin and τmax as the value of τ such
that max{θ∗1(τ), θ∗2(τ)} = L

F
and min{θ∗1(τ), θ∗2(τ)} = L

F
respectively. Now

for τ ∈ (τmin, τmax) define ρAF (τ) as the solution to:

ρAF
1 + ρAF

θ∗1(τ) +
1

1 + ρAF
θ∗2(τ) =

L

F
(36)

where ρAF (τ) is continuous, limτ→τmin ρ
A
F (τ) = 0 and limτ→τmax ρ

A
F (τ) =∞.

Also, define ρBF (τ) by:

1

ρBF (τ)
=

limθ→θ∗2(τ)
αEntry
τ∗ (θ)

θ

limθ→θ∗1(τ)
αEntry
τ∗ (θ)

θ

which may also be expressed as:

1

ρBF (τ)
=

limθ→θ∗2(τ)
1−αEntry

τ∗ (θ)

1−θ

limθ→θ∗1(τ)
1−αEntry

τ∗ (θ)

1−θ

because
1−αEntry

τ∗ (θ)

1−θ = τ ∗
αEntry
τ∗ (θ)

θ
by definition.

Note that ρBF ∈ [ 1
τ
, τ ] for each τ and so ρBF ∈ [ 1

τmax
, τmax] for τ ∈ [τmin, τmax].

Now both ρAF and ρBF are continuous on τ ∈ (τmin, τmax), limτ→τmin ρ
A
F (τ) <
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limτ→τmax ρ
B
F (τ) and limτ→τmax ρ

A
F (τ) > limτ→τmax ρ

B
F (τ) so ∃τ ∗ such that

ρAF (τ ∗) = ρBF (τ ∗).

Define the tuple
(
θ∗1 (τ ∗) , α∗1 (τ ∗) , θ∗2 (τ ∗) , α∗2 (τ ∗) , φ∗1/2(τ ∗)

)
where

(θ∗m(τ ∗), α∗m(τ ∗)) for m = 1, 2 are steady states and φ∗1/2(τ ∗) = 1
ρBF (τ∗)

. This

tuple satisfies equation 2 by virtue of (θ∗m(τ), α∗m(τ)) for m = 1, 2 being
steady states. The definition of ρAF (τ) ensures that equations (15) and (16)
are satisfied. Finally, equations (17) and (18) are satisfied because φ∗1/2(τ ∗)
is defined in the same way as in the fixed market size case and we may apply
the same argument.

We now proceed to prove that in a dual market equilibrium θ∗1 < θ∗2.
First, equations (17) and (18) imply that ∃m,−m such that θ∗m ≥ L

F
and

θ∗−m ≤ L
F

. Moreover, when pk,1 dominates pk,2 then:

θ(1− αSearch1 (θ))

αSearch1 (θ)(1− θ)
6= θ(1− αSearch2 (θ))

αSearch2 (θ)(1− θ)

for θ = L
F

and so @φ∗1/2 to satisfy both equations 17 and 18. Thus, we conclude

that ∃m such that θ∗m > L
F

and θ∗−m < L
F

.
Consider the case where 0 < θm, θ−m < 1. Equations 17 and 18 imply

that φ∗m
α∗
m

θ∗m
= φ∗−m

α∗
−m
θ∗−m

, φ∗m
1−α∗

m

1−θ∗m
= φ∗−m

1−α∗
−m

1−θ∗−m
, and hence, that θ∗m(1−α∗

m)
α∗
m(1−θ∗m)

=
θ∗−m(1−α∗

−m)

α∗
−m(1−θ∗−m)

. Thus, ∃τ such that θ∗1, α
∗
1, θ
∗
2, α

∗
2 satisfy θ(1−α)

α(1−θ) = τ . This im-

plicit relationship defines θEntry(α) and as argued in the proof of Lemma 6,
θEntry(α) crosses θSearch(α) at most once from above on α ∈ (0, 1). Then,
given θEntrym (α) is increasing in α and {pk,1} dominates {pk,2} we conclude
that θEntry(α) crosses θSearch1 (α) at a lower α than θSearch2 (α) and so we have
the following ordering in a dual market equilibium θ∗1 < θ∗2 and α∗1 < α∗2.

Consider the case where 0 < θm < 1 and θ−m = 0. Equations (17) and
18 imply the following:

φm
1− α∗m
1− θ∗m

= φ−m

and

φm
α∗m
θ∗m
≥ φ−m lim

θ→0

αSearch−m (θ)

θ

combining these we find

α∗m(1− θ∗m)

θ∗m(1− α∗m)
≥ lim

θ→0

αSearch−m (θ)

θ
(37)

Now define θEntry(α) by θ(1−α)
α(1−θ) = θ∗m(1−α∗

m)
α∗
m(1−θ∗m)

= τ ∗ and note that limα→0
dθEntry(α)

dα
=
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τ ∗. Hence, equation (37) implies that θEntry(α) lies weakly below θSearch−m (α)
in the limit α→ 0.

Suppose 0 < θ1 < 1 and θ2 = 0 in a dual market equilibrium. Now observe
that θEntry(α) crosses θSearch(α) from above on (0, 1) and so if 0 < θ1 < 1
then θEntry(α) > θSearch1 (α) as α → 0. When {p1,k} dominates {p2,k} then
θSearch1 (α) > θSearch2 (α) as α → 0 so this further implies that θEntry(α) >
θSearch2 (α) as α → 0. However, equation (37) requires that in a dual market
equilibrium θEntry(α) lies weakly below θSearch2 (α) in the limit α→ 0 and so
we have a contradiction. We conclude that 0 < θ1 < 1 and θ2 = 0 are not
part of any dual market equilibria.

Consider the case where 0 < θm < 1 and θ−m = 1. Equations (17) and
(18) imply the following:

φm
α∗m
θ∗m

= φ−m

and

φm
1− α∗m
1− θ∗m

≥ φ−m lim
θ→1

1− αSearch−m (θ)

1− θ
combining these we find:

α∗m(1− θ∗m)

θ∗m(1− α∗m)
≥ lim

θ→1

1− αSearch−m (θ)

1− θ
(38)

Now, define θEntry(α) by θ(1−α)
α(1−θ) = θ∗m(1−α∗

m)
α∗
m(1−θ∗m)

= τ ∗ and note that limα→1
dθEntry(α)

dα
=

1
τ∗

. Hence, equation (38) implies that θEntry(α) lies weakly above θSearch−m (α)
in the limit α→ 1.

Suppose 0 < θ2 < 1 and θ1 = 0 in a dual market equilibrium. Now observe
that θEntry(α) crosses θSearch(α) from above on (0, 1) and so if 0 < θ2 < 1
then θEntry(α) < θSearch2 (α) as α → 1. When {p1,k} dominates {p2,k} then
θSearch1 (α) > θSearch2 (α) as α→ 1 and so this further implies that θEntry(α) <
θSearch1 (α) as α → 1. However, equation (38) requires that in a dual market
equilibrium θEntry(α) lies weakly above θSearch1 (α) in the limit α→ 1 and so
we have a contradiction. We conclude that 0 < θ2 < 1 and θ1 = 1 are not
part of any dual market equilibria.

Consider the case where θm = 0 and θ−m = 1. Equations (17) and (18)
imply the following:

φ−m ≥ φm lim
θ→0

αSearchm (θ)

θ

and

φm ≥ φ−m lim
θ→1

1− αSearch−m (θ)

1− θ
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Evaluating the limits on the right-hand side we find:

φ−m ≥ φmpm,0

and

φm ≥ φ−m
1

1− E−m[k]

where E−m[k] < 1. Combining we find

pm,0 ≤
φ−m
φm
≤ 1− E−m[k] (39)

To form a contradiction suppose θ1 = 1 and θ2 = 0. Now, given that {p1,k}
dominates {p2,k} then 1 − E1[k] < p1,0 < p2,0 thus there is no value of φ−m

φm

that satisfies equation (39) and so θ1 = 1 and θ2 = 0 is not a dual market
equilibrium.

Finally, we show that φ∗1/2 > 1. When {p1,k} dominates {p2,k} and θ∗1 < θ∗1
then α∗1 < α∗2 In the case θ1 > 0 the low quality firm entry condition (equation
(17)) is:

φ1

∑
k

p1,k(α
∗
1)k = φ2

∑
k

p2,k(α
∗
2)k

Now
∑

k p1,k(α
∗
1)k <

∑
k p2,k(α

∗
2)k when {p1,k} dominates {p2,k} and α∗1 < α∗2

so we may immediately conclude that φ∗1/2 = φ1
phi2

> 1. In the case θ1 = 0 the

high quality firm entry condition (equation (18)) is:

φ1 ≥ φ2 lim
θ→θ∗2

1− αSearch2 (θ)

1− θ

which implies

φ1/2 ≥ lim
θ→θ∗2

1− αSearch2 (θ)

1− θ
(40)

Observe that when θ∗2, α
∗
2 < 1 it is always true that θ∗2 > α∗2 and when

θ∗2 = α∗2 = 1 limθ→1
1−αSearch2 (θ)

1−θ > 1 so the right-hand side of equation (40) is
strictly greater than 1 and we conclude φ1/2 > 1.

B Social Network Example

To illustrate the way the social network is constructed, consider a degree
distribution {pk} for which 50 percent of the consumers have 0 friends (k = 0)
and 50 percent of the consumers have 2 friends (k = 2), i.e. p0 = 0.5, p2 = 0.5
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and pk = 0 for all k 6= 0, 2. Consider a fixed population of 4 consumers that
are born at each period of time. At time t = 0, the first population of
4 consumers labeled {10, 20, 30, 40} is born and search randomly. At time
t = 1, a new population of 4 consumers labeled {11, 21, 31, 41} is born and
each individual uses her social network to search for a high quality good.
Links are formed at random and let us assume that, at t = 1 the following
links are formed: 10− 11, 20− 11, 30− 41, 40− 41 so that consumers 21 and 31

have no link while consumers 11 and 41 have 2 links each. Remember that the
network is directed so that a link goes from consumers at t = 1 to consumers
at t = 0. As stated above, we assume that links are formed independently so
that each individual has the same chance to form a link with another person.
So at time t = 2, the new consumers 12, 22, 32, 42 are born and any random
combination of links can be formed as long as each consumer has either zero
or two links to period one consumers.26 In particular, consumer 11, who has
two links from the previous period, has the same chance of having a link with
consumers from period t = 2 than consumer 21 who has no link at period
t = 1.

What about information transmission? At period t = 0, consumers search
randomly and assume that θ = 0.5, i.e. each consumer has a 50 percent
chance of finding a high-quality firm. For example, consumers 10 and 20 have
found a high quality firm while the others have not. Then, at t = 1, consumer
11 can hear from a high-quality firm either through her social network since
she is linked to individuals 10 and 20 or by random (with a probability of 50
percent). If, for example, consumer 11 does not find a high-quality firm at
random, then she will choose randomly among her two friends 10 and 20 the
firm for which she will buy the high-quality good. There is thus congestion
between high-quality firms which will influence the free entry of firms and
the steady-state equilibrium.

26Our model considers a continuum of consumers, so the law of large numbers will
guarantee that exactly half of the consumers will have two links.
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