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1 Introduction

Assessing the performance of an economy requires a measure of aggregate economic activity.
The U.S. Bureau of Economic Analysis (“BEA”) uses real GDP calculated with the Fisher index
as its headline aggregate statistic. In contrast, Weitzman (1976) suggested to use the net do-
mestic product (“NDP”) in consumption units, that is, the difference between current GDP and
total depreciation, each expressed in units of current consumption. While NDP in consumption
units is most popular in environmental economics, it is also widely used in macroeconomics.!
Lastly, GDP in units of consumption is yet another measure of aggregate economic activity that
is used in growth and business cycle theory; see for example Greenwood et al. (1997).

The widespread use of different measures of aggregate economic activity raises the question
whether they give different assessments of economic performance. Table 1 documents for the
postwar U.S. that the average annual growth rates differed widely. In particular, the average
annual growth rate of GDP per worker measured with the Fisher index has been 0.41 and
0.35 percentage points higher than those of NDP and GDP in consumption units per worker,
respectively. Since over long horizons, the resulting cumulative level differences are sizeable,
it matters quantitatively which measure one uses. Moreover, as we will see below, while the
growth rates of all three measures of aggregate economic activity started to slow down in the
1970s, the growth slowdown was much milder for the Fisher index of GDP than it was for the

other two measures.

Table 1: Aggregate Economic Activity 1947-2018

Measure per worker Average annual growth rate  Level after 70 years
Fischer index of GDP 1.68% 1.33
GDP in consumption units 1.33% 1.05
NDP in consumption units 1.27% 1.00

The sizeable differences among the annual growth rates of the three measures of aggregate
economic activity raise the question which one growth theorists should use when they bring
their models to the data. A common view in the literature is that GDP constructed with the

Fisher index is appropriate for productivity analysis whereas NDP in units of consumption is

ISee Heal and Kristrom (2005) and Fenichel et al. (2018) for reviews of the related environmental literature
and Oulton (2004) and Bridgman (2018) for examples of the macro literature.



appropriate for welfare analysis; see for example Hulten (1992) and Oulton (2004). In contrast,
the “hybrid” GDP in units of consumption plays a role mostly when constructing a balanced
growth path and analyzing its properties because GDP constructed with the Fisher index is too
cumbersome to work with theoretically. We assess the common view in the context of the
standard two-sector growth model, in which one sector produces consumption and the other
investment. The two-sector model is a natural starting point in our context because it captures
secular changes in the relative price of investment to consumption, and so the question in which
units to measure aggregate economic activity takes center stage. We use the discrete-time ver-
sion of the model because NIPA data comes in discrete time and we assume that the model
economy is closed because we focus on GDP and NDP.?

Our main contribution is to show that real GDP constructed with the Fisher index is the
preferable measure of aggregate economic activity when one seeks to bring the two-sector
growth model to the data. To arrive at that conclusion, we restrict the parameters so that the
two-sector growth model captures the behavior of the major long-run moments of the postwar
U.S. economy, including the marked productivity growth slowdown and the marked decline in
the relative price of investment that occurred since the 1970s. We show that under the required
parameter restrictions, real GDP measured with the Fisher index has a welfare interpretation
but Weitzman’s NDP in consumption units does not. We add the observation that GDP in
consumption units does not have a known welfare interpretation even though it is often a useful
concept when one seeks to theoretically analyze the two-sector model.

Turning now to the details of our analysis, we start with NDP in consumption units and
derive a discrete-time version of Weitzman’s (1976) result that the NDP in consumption units
is proportional to permanent income (i.e., the return on the present discounted sum of current
and future aggregate consumption). Proving the result in a growing economy requires constant
consumption growth and a constant real interest rate [Oulton (2004)]. We therefore first con-
struct a balanced growth path (“BGP”) of the two-sector model along which all growth rates

including those of NDP and GDP in consumption units are constant and the real interest rate

2To avoid confusion, note that Weitzman (1976) used the net national product (“NNP”), which acknowledges
that the U.S. economy is open. As subsequent work by Oulton (2004) or Bridgman (2018), we focus on NDP
because GDP is more commonly used than NDP and the numbers for NDP and GDP are very similar for the
postwar U.S. We also note that we focus on the question how to measure aggregate market activity, which implies
that we do not speak to the related question of how to measure non-market activity that takes place in the form of
home production or public-goods provision.



is constant too. Afterwards, we derive the discrete-time version of Weitzman'’s result along the
BGP, which establishes that NDP, not GDP, in consumption units has a welfare interpretation.

Despite its simplicity and intuitive appeal, there are important limitations of using NDP
in consumption units as a measure of aggregate economic activity. To begin with, as with all
money metrics, it is a cardinal welfare measure and it does not necessarily rank alternative
equilibrium paths in the same way as the present discounted value of period utility would [Das-
gupta (2009)]. Moreover, and perhaps more importantly in our context, deriving Weitzman’s
result requires that the growth rates of NDP and GDP in consumption units and of the relative
price are all constant. We establish that these requirements are counterfactual for the postwar
U.S.: starting in the 1970s, the growth rate of NDP and GDP in consumption units showed a
marked slowdown; starting in the 1980s, the growth rate of the relative price of investment to
consumption fell more and more strongly.

Next, we show that the counterfactual requirements can be avoided when we measure ag-
gregate economic activity with real GDP constructed with the Fisher index.> We show that if the
economy is on an equilibrium path, then the Fisher index approximates an ordinal welfare mea-
sure in discrete time, irrespective of whether or not the equilibrium path is a BGP. The welfare
result is an adoption of the result of Diewert (1976) on superlative indexes to the two-sector
growth model. Durédn and Licandro (2017) were the first to do that for the continuous-time
version. We provide a new proof for discrete time, which provides separate first-order approxi-
mations for the Laspeyres and the Paasche indexes.

To connect the two-sector model to the postwar U.S. economy, we construct an equilibrium
path that does not restrict the equilibrium growth rates of GDP and NDP in consumption units
and of the relative price of investment to be constant. Since changing growth rates violate the
equilibrium concept of BGP, we need a weaker equilibrium concept. We follow Kongsamut
et al. (2001) and use generalized balanced growth (“GBGP), which just requires that the real
interest rate be constant while other variables may or may not grow at constant rates. We restrict
the model parameters to match the observed constant trend TFP growth in the investment sector,
to match the constant average ratio of consumption to investment expenditure, and to match the
varying relative price of investment. We show that real GDP growth calculated with the Fisher

index then exhibits a growth slowdown along the GBGP just like it did in the data.

3Note that the Fisher index is approximately equal to other superlative indexes such as the Térnqvist index.
Therefore, the results we derive hold approximately also for Térnqvist index.



Our results leave the practical question how to bring the growth model to the data. After all,
notwithstanding the attractive features that GDP constructed with the Fisher index has, there is
no debate about the fact that it is too cumbersome to work with theoretically. We advocate to
proceed in three steps: (i) construct a GBGP in the model that matches the changing growth rate
of the relative price of consumption; (i1) construct GDP with the Fisher index using the model
quantities and prices from the GBGP; (iii) compare the resulting measure of model GDP to
data GDP. This procedure has several advantages. To begin with, it implies that the measure of
aggregate economic activity — the Fisher index of GDP — is constructed in the same way in the
model and in the data. Moreover, the model can generate the productivity growth slowdown of
GDP per worker that is observed in the data. And lastly, the Fisher index of GDP is a measure
of aggregate economic activity that has a welfare interpretation also when there is no BGP.

The organization of the rest of the paper is as follows. We first lay out the two-sector growth
model and then study Weitzman’s proposal to measure aggregate economy activity by using the
NDP in consumption units. Afterwards, we study the BEA’s practice of measuring aggregate
economic activity by using the Fisher index of GDP. Lastly, we conclude. An Appendix con-

tains all proofs and some background material.

2 Two-sector growth model

The two-sector version of the growth model goes back to Uzawa (1963). More recently, it has
been developed in several directions by Greenwood et al. (1997), Gort et al. (1999), and Oulton
(2007), among others. For ease of exposition, we employ the most basic version of the two-
sector model with consumption and investment, noting that either one could be disaggregated

further.

2.1 Environment

The representative household is endowed with initial capital Ky > 0 and one unit of time in

each period. Capital K, accumulates according to

K = (1 - 6)Kt + X,



where ¢ € [0, 1] is the depreciation rate and X; is investment.

The utility function is

iﬁ’ log(C)),
t=0

where 8 € (0, 1) is the discount factor and C, is consumption.

The sectoral production functions for consumption and investment are:

Cr = KYfAuLs) (1

1-6

X, = Ki(AuLa) (1b)

where 6 € (0, 1) is the capital-share parameter; K;; and L; are sectoral capital and labor; changes
in A;, reflect the exogenous, sector-specific, labor-augmenting technological progress. Having
the same 6 across sectors has the advantage that the production side aggregates. Herrendorf et
al. (2015) established that having Cobb-Douglas production functions with equal capita-share
parameters nonetheless captures the key features of labor reallocation in the postwar U.S.

Capital and labor are freely mobile between the sectors. Feasibility requires:

K+ Ky < K,

Lo+L,<L =1.

2.2 Competitive equilibrium

A competitive equilibrium is a sequence of prices and an allocation such that: given prices, the
allocation solves the household’s problem and the firms’ problems in each sector; markets clear.
Since the two-sector model is well known, we state the standard most equilibrium properties
without deriving them in detail. Herrendorf et al. (2014) provided the detailed steps of the
derivation.

The household maximizes its utility subject to the budget constraint and the feasibility con-



straints:*

max th C :
{Cz,K,+1,B,+|};:O ;ﬁ g( t) ( )

s.t. puCr + puKivi + B = [(1 = 6)pw + 1 |K: + (1 +i,)B, + wy,

Ct’ KH—I Z 0, Bt > _E > _OO, KO > 0, BO = 0.

The budget constraint is written in current dollars. B, is the current-dollar value of the stock
of a one-period government bond in period t and i, is the corresponding interest rate. r, and w,
denote the rental prices of capital and labor in current dollars. Lastly, p,, and p. denote the
prices of the sectoral outputs in current dollars.’

The first-order conditions imply the usual Euler equation and transversality condition:

Der+1Cri1 :IBprl (1 _s5+ F41 )’ (3a)
pctCt Dxt Dxi+1
ct+1Ct+1 .
— = 1)
b B +1i,) (3b)
PeiCi
¢
0 = lim g 2=t (3¢)

t—oo PeiCy

Profit maximization in each sector implies that the rental prices for capital and labor, r, and

wy, equal the marginal revenue products. For i € {x, c}, this gives:

K,‘ 6-1
ry = pite (L_t) A}[_Ha (43)
it
K\
Wy = pul = 6) (L—) AL, (4b)
it

Combining the first-order conditions gives the usual result that the capital-labor ratios are

“4For the household problem to be well defined, the objective function must be finite. With log-period utility, a
sufficient condition is that consumption is bounded from above by a sequence that grows at a constant rate. That
will be the case along the equilibrium paths we analyze below; along the BGP of Subsection 3.1, consumption
itself grows at a constant rate; along the GBGP of Subsection 4.3, consumption will be bounded from above by a
sequence that grows at a constant rate.

3As usual in growth models, only relative prices matter and the units are arbitrary. While we think of p;; as
being denominated in current dollars for now, below we will chose consumption as the numeraire in the analysis
of Weitzman’s NDP and investment as the numeraire in the analysis of the Fisher index because doing so is more
convenient.



equalized:
Ky  Ku
== =K, 5
Ly La )

where the last equality follow from the fact that L, = 1. The relative price of consumption to

investment is inversely related to relative sector TFPs:

1-6
Ci A)C
-
Xt

Panel a) of Figure 1 shows that the relative price of consumption to investment increased in the
postwar U.S. We will therefore focus on the case Zx, > ;\\a, where a “hat” denotes a growth

factor. For example,

Panel b) of the figure shows that the growth rate of the relative price started to accelerate in the
1980s. This feature of the relative price will turn out to be a crucial force behind the productivity
growth slowdown.

In Figure 1, and all data work that follows, X; is all investment including the purchases of
consumer durables. In contrast, the BEA treats purchases of consumer durables as personal con-
sumption expenditures, instead of investment expenditure. The BEA’s practice is problematic
because conceptually purchases of consumer durables are investment expenditures that ought to
be capitalized. Capitalizing consumer durables is particularly important in our context because
they importantly contribute to the decline of the relative price of investment, which takes center
stage in our analysis. We therefore follow the methodology of Cooley and Prescott (1995) and
modify the BEA’s published NIPA data in two ways: (i) we reassign the flow of purchases of
consumer durables from consumption to investment; (ii) we add an imputed service flow from
the stock of consumer durables to consumption expenditure. Appendix A derives the imputa-
tion formula for the services flow from consumer durables in a more disaggregate version of
the growth model that explicitly has consumer durables.

Combining (5)—(6), equations (1) become:

C, = K/ALL, (7a)

X, = KA"L,,. (7b)



Figure 1: The Price of Consumption relative to Investment in the Postwar U.S. (log scale, 1947=1)

a) Levels in log scale (1947=1)
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As usual with Cobb-Douglas production functions with equal share parameters, (6) and (7)

imply the usual result that the expenditure ratio equals the labor ratio:

PaCi Ly

DXy - Ly .

Hence, we can restrict our attention to analyzing the properties of the expenditure ratio.

We are now ready to discuss how to measure aggregate economic activity in the model and
connect the result to NIPA data. The goal is to find a measure that does have a welfare inter-
pretation. We start with the suggestion of Weitzman (1976) to use the net domestic product in
consumption units. NDP is applied both in the environmental literature and the macro litera-
ture; see Heal and Kristrom (2005) and Fenichel et al. (2018) reviews of the former and Oulton
(2004) and Bridgman (2018) for examples of the latter. The idea of measuring aggregate eco-
nomic activity as GDP in units of consumption has also gained traction more broadly in the
macro literature; see for example Greenwood et al. (1997). While doing that may be helpful to
analyze the two-sector growth model theoretically, there is no known proof that GDP in con-
sumption units has a welfare interpretation. Therefore, we do not pursue this possibility further

in the main part of the paper.

3 Weitzman’s Net Domestic Product

Since Weitzman’s NDP is in consumption units, it is convenient to choose consumption as the

numeraire and set p., = 1 in this section. GDP in units of consumption is defined as:
YE =C, + puX.
Using (6)—(7), we have that:

Y¢ = KA. 8)

t t* > ct



The net domestic product (“NDP”) in consumption units results after subtracting depreciation

in consumption units:®
ZE = YE - 6puK, = K'AlZ — 6p K.

Weitzman argued that the NDP in consumption units is a measure of aggregate welfare. The
basic intuition behind his claim is that aggregate welfare surely depends on consumption, so
current consumption must obviously be part of any aggregate welfare measure. Net investment
must also be part of it because it increases future consumption. Weitzman (1976) also went
beyond the basic intuition and gave a formal justification for using NDP in consumption. In
particular, he showed in a continuous-time version of the growth model without TFP growth
that NDP in consumption units is proportional to the maximized value of current and future con-
sumption subject to feasibility. He also showed that one can reinterpret the result as implying
that NDP in consumption units is proportional to permanent income.

Subsequent work by Weitzman (1997) and Oulton (2004) established that Weitzman’s result
holds as well if consumption grows at a constant rate as long as the real interest rate is constant.
Moreover, Oulton (2004) showed that Weitzman’s result holds as well if the real interest rate
fluctuates but TPF growth is zero. Going down that path, however, is not useful in our context
because, in at least one sector, TFP growth must be positive in order to match postwar U.S.
data. Lastly, Barro (2019) has recently offered a new take on how to measure welfare, in which
he also argues that current and future consumption is relevant for economic welfare.

Our goal is to establish Weitzman’s result in discrete time. We first characterize a balanced
growth path (“BGP”) of the two-sector model along which all variables grow at constant rates
(including zero). In particular, along the BGP, consumption grows at a constant rate and the
real interest rate is constant along the BGP. We then derive the relationship between NDP in

consumption units and permanent income along the BGP.

SNDP in consumption units is related to net national product (“NNP”). The difference is that NNP adjusts for
net income from abroad whereas NDP does not. We use NDP here because our model economy is closed.

10



3.1 BGP with constant consumption growth

As above, we denote growth factors by hats. Moreover, given that consumption is the nu-

meraire, we define the real interest rate factor as:

. P
th(1+l,)P L.

ct+1

We will use the real interest rate factor below to calculate the present discounted value of current

and future consumption, which is at the core of Weitzman’s idea.

Proposition 1 Suppose that A, and A, are constant. There is a BGP equilibrium along which

{K;, X, C,, Y,C, Z,C};'ZO grow at the following constant rates:

K, =X, = A, (9a)
C=Y =77 =AJA"". (9b)
In addition, if p., = 1, then
K 6-1
rFQ&i | %)
K 0
m=a—mﬁﬁ, (9d)
=\ 1-0 6-1
A, K,
R,:(:] l1—5+9( 0) ] ()
Ax AxO

R; is constant and {r;, w;, p«};2, grow at the following constant rates:
(A
'y = Pxt = (T] > (91)
A
%, = WA, (9g)

Proof. See Appendix B.1.
We are now ready to derive a relationship between the present discounted sum of current

and future consumption and the initial NDP in consumption units along the previous BGP.

11



3.2 Weitzman’s result in discrete time

We start by discussing the relationship between the allocations of two different problems: the
household problem of maximizing the present discounted value of the sum of current and fu-
ture utility subject to feasibility, which is stated in (2) with p., = 1; Weitzman’s problem of
maximizing the present discounted value of the sum of current and future consumption subject
to feasibility:

[Se]

G
max — s.it. puCi+ puKi = [(1 = 6)pw + 1K, +wy, 10
{CI’KHI};)EO ;; Rl‘ pt ! pkt +1 [( k)p 1 I] t t ( )

Cta Kt+1 > Oa KO > Oa (11)

where R, = II!_,R; for > 1 and R, = 1. The following Lemma links the two problems to each

other:’

Lemma 1 Suppose the {R,};°, implied by the solution to Problem (2) are the discount factors in
Problem (10). {C;, K;11};2, is part of the solution to Problem (2) if and only if it solves Problem
(10).

Proof. See Appendix B.2.

[Se]

=0
the discount factors in Problem (10).? Since, along the BGP, R, = R constant and C = A, x";\\cl‘e,

In what follows we will use the sequence {R,}>, implied by the solution to Problem (2) as

the previous lemma implies that the value of Problem (10) in period ¢ is given by:

[ee)

C, o A‘xelg‘cl—a s
Swa(f)

s=t

The Euler equation from the BGP implies that:

C=AA!"=BR<R. (12)

"Hulten (1992) states a similar result and cites Fisher (1930) for the basic idea of the proof.

8Note that the choice of the real interest factor with which future consumption is discounted is somewhat
arbitrary. As long as the real interest rate factor is constant, Weitzman’s result that NDP in consumption units is
proportional to permanent income holds for any real interest rate factor.

12



Applying the formula of the geometric row and taking the limit for # — oo therefore gives:

[ee)

C, R
R R APA0

s=t

The feasibility constraint implies that along the BGP:
C = Z;C = (puXi — 6puK) = Ztc - pu(Kis1 — K) = ZIC - (Xx = DpuK;. (13)

Thus, we have shown that along the BGP:

[e9)

R-1x~C,  R-1 . ~—
R Z Rs-t R — AVAI-0 [Zt —(Ax - 1)pxth] . (14)

s=t

In words, along the BGP, the return on the present discounted sum of current and future con-
sumption (“permanent income”) is proportional to the difference between the initial NDP in
consumption units, Z¢, and the additional term (Zx — 1)p K, also in consumption units. This
result is closely related to the original result of Weitzman (1976). In a steady state of the model
that Weitzman (1976) considered, A\x = 1 and Weitzman’s original result obtains that permanent
income equals the initial NDP in consumption units:

R-1x Cy .
TR LR A
s=t

While that is no longer the case when sectoral TFP grows, along the BGP of Proposition 1,

Rl y, S and ZC still grow at the same factor A%A]~.

Subsequent work in the continuous-time growth model generalized Weitzman’s initial result
to the case of constant TFP growth and showed that permanent income is still proportional to
the level of initial NDP in consumption units. Appendix C offers a proof of the generalization
in a continuous-time version of our model. While this has been proven before, our proof is
somewhat more direct than existing proofs. Unfortunately, it is not obvious how to establish
the corresponding result in discrete time with A, > 0. We therefore leave it at equation (14).

While it does not establish that permanent income and initial NDP in consumption units are

proportional to each other, it does connect the two in discrete time.

13



3.3 Discussion

Despite its simplicity and intuitive appeal, NDP has important limitations. The first one is that
NDP is a cardinal welfare measure that just adds up period consumption without taking account
of curvature. One implication is that only in two special cases does NDP rank all consumption
paths in the same way as the present discounted sum of period utilities: the marginal period util-
ity is constant for all relevant consumption paths; the model economy is in steady equilibrium
in which consumption is constant.” Along a BGP of our model, either one of these conditions
is violated and there is no guarantee that the NDP ranks consumption paths in the same way
as the present discounted sum of period utilities; see Oulton (2004) and Dasgupta (2009) for
further discussion.'”

An second limitation of NDP is that to derive its relationship with permanent income we
needed to assume that consumption growth and the real interest rate are both constant. While
Proposition 1 shows it is possible to construct a BGP with these properties, along the BGP
Py and ZC are both constant. Figures 1 and 2 show that this is counterfactual. In particular,
relative price growth accelerated in the 1980s and NDP growth slowed down in the 1970s. If
one is interested in matching these prominent features of the data, then one must give up the
assumption that A, and A, are both constant. Unfortunately, that means that it is no longer
clear that ZE has a welfare interpretation, because known proofs all rest on the assumption of
constant level or a constant growth rate of consumption.

Given the limitations of NDP in consumption units, it is natural to consider an alternative
measure of aggregate economic activity. We are particularly interested in a measure that has a
welfare interpretation under more general conditions that allow for the slowdown in the growth
of aggregate economic activity and the acceleration of the decline of the relative price of invest-
ment. We now establish that we can satisfy these requirements for real GDP constructed with

the Fisher index.

9See Dasgupta and Miler (2000) for further discussion.

10To avoid confusion, we should mention that Asheim and Weitzman (2001) showed that if utility is concave
and real NDP is constructed with a Divisia consumption price index, then welfare increases if and only if real NDP
in consumption units increases. While that means that welfare and NDP move in the same direction, it does not
mean that NDP ranks different consumption path in the same way as does the present discounted sum of period
utilities.

14



Figure 2: NDP per Worker in Consumption Units in the Postwar U.S.

a) Levels in log scale (1947=1)
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b) Average annual growth rates over the preceding 20 years
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4 Measuring GDP with the Fisher Index

4.1 Introducing the Fisher index

For any two adjacent periods, the Fisher quantity index is defined as the geometric average of

the Laspeyres and Paasche (quantity) indexes:'!
’Y‘IF = [’Y\IL . ’Y:P = Per-1Cr + pu1 X ) PCr + puXy ' (15)
Pet-1Cit + a1 Xt peCit + puXio

The definition immediately implies that GDP growth with the Fisher index is independent of

the numeraire. To see this, just pull out p.,_; and p. or p,_; and p,, from the numerators and
denominators of equation (15).

The GDP level in a particular year is obtained by choosing a reference year and then chain-
ing the annual growth rates calculated with the Fisher index between the reference year and the
year in question. For example, choosing year 0 as the reference year and denoting the nominal
GDP of period 0 by Y, gives:

Yi =Y, -YF- ... Y.

t

This is what the BEA calls real GDP in chained dollars.

4.2 The Fisher index as a measure of welfare changes

Our goal is to show that GDP constructed with the Fisher index is an ordinal welfare measure
which is invariant to monotonic transformations of utility and which applies on and off the
BGP equilibrium. The construction involves compensating expenditure and indifference be-
tween different allocations. Insisting on indifference is crucial because it is an ordinal, instead
of a cardinal, concept that is invariant under monotonic transformations of utility. The basic
underlying result is due to Diewert (1976), who showed that the Fisher index is a superlative
index, that is, it is capable of providing an approximation to an arbitrary twice-continuously-
differentiable utility function. The basic idea of how to apply this result in the dynamic context
of the growth model is due to Licandro et al. (2002) and Duran and Licandro (2017). Here, we

build on their results from continuous time and prove corresponding results in discrete-time ver-

"Fisher (1922) called it the ideal index. Triplett (1992) and Whelan (2002) offer detailed discussions of the
properties of the Fisher index.
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sion of the two-sector growth model. As in the previous case with Weitzman’s result, achieving
this presents some additional challenges.

We start by defining the expenditure functions and the indirect utility function needed to
construct compensating expenditure. We choose X, as the numeraire and set p,, = 1. This
is convenient because we will construct an equilibrium path under the assumption that A, is
constant but ch, is not. Reflecting the new choice of numeraire, we denote GDP in units of

investment as:
YX = p,C+ X, = KA (16)

The last equality follows again from (6)—(7).
We begin by stating the household’s problem in recursive form. Denoting the value function

by V, we have:

V(Ki, A Acr) = max {10g(C) + BV (Kis1, Awsr, Acrnr)

A,
s.t A—’Ct + X, < KfAlY

- Xt
ct

(Kivts Aot Acrt) = (X, + (1= 0K Ay, Ao )},

where we used that A;;,; = ;\\,-,Ai,. We summarize the state variables by S, = (K, A, A.) and

write V(S,) = V(K,, Ay, A.). We define an indirect utility function as:'?

V(per ¥7'25) = max {10g(C)) + BV (S 1)
st puCi+ X, <Y,

St = (Kt+1’Axt+laAct+1) = (Xt + (1 - 6)Kt’ A\xAxt’A\ctAcl)}-

The definition of the indirect utility function drops the constraints p, = A, /A and Y* =

K?A'~? for period , but leaves them in place for all subsequent periods. Hence, it implies the

2In dynamic contexts like ours there are two indirect utility functions: a period one and a present-value one.
Our indirect utility function is a recursive formulation of the present-value indirect utility function, that is, the
present value of the current and all future utilities that result under optimal behavior. In recursive formulation,
that present value is a function of current income, current prices, and the current realizations of the state variables.
To avoid confusion with the language used in Durdn and Licandro (2017), we call their indirect value function an
indirect utility function.
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value of the program also for realizations of relative prices and income that are not consistent
with equilibrium in period ¢. Similarly, the minimum-expenditure function for reaching the

utility level v given prices p,, is defined as:

e(Per, Vi Sy) = rg[ll)g {pctCt + X,

s.t. 10g(Cy) + BV (S141) 2 v,

Si = (X + (1= 0K, A, A ).

We now develop a measure of welfare changes that is based on compensating expenditure
differences. The basic idea goes back to Fisher and Shell (1972), who generalized existing
superlative indexes to situations in which preferences evolve over time. They emphasized that
since utility is an ordinal concept, one must not compare the utility levels from periods 7 — 1 and
t. Instead, they calculated compensating expenditure levels by imposing indifference in terms
of the same indirect utility function.!® Durdn and Licandro (2017) showed how to apply the true
quantity index of Fisher and Shell (1972) to the two-sector growth model with general recursive
preferences. The basic insight is that it does not matter whether the time dependence of v(-) and
e(+) arises from evolving preferences, as in Fisher and Shell’s model, or from evolving state
variables, as in the growth model.'* While Durdn and Licandro (2017) used continuous time,
we develop a true quantity index for discrete time. Using discrete time is both more natural for
connecting model data to NIPA data and also is more cumbersome because it requires a careful
distinction between different reference periods. A novelty of our work is that this leads to two
perspectives: the backward-looking (forward-looking) perspective uses prices and realizations
of the state variables from “today” (“yesterday”).

The forward-looking perspective compares yesterday’s observed expenditure, Y|, with the
compensating expenditure that the household needed yesterday to reach the same indirect utility
as it gets from today’s expenditure at today’s prices.!> Imposing indifference while keeping

yesterday’s state variables unchanged, this gives e(pct_l,v(pc,, Y,X S-S ,_1). The following

13 Although the original index of Fisher and Shell is a true cost-of-living index, it is straightforward to apply the
underlying principles to the construction of the corresponding true quantity index.

4Fisher and Shell dismissed the forward-looking perspective because yesterday’s tastes are no longer rele-
vant today. In contrast, the forward-looking perspective is meaningful when yesterday’s indirect utility function
represents past realizations of the state variables.

5The latter is closely related to equivalent variation in static micro theory.
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forward-looking true quantity index is:

e(pct—l, V(Pers YIX; Si1)s St—l)

X
Yt—l

ﬁt—l,r =

The backward-looking perspective compares today’s observed expenditure, YX, with the com-

pensating expenditure that the household needs today to reach the same indirect utility as it

gets from yesterday’s expenditure at yesterday’s prices.!® Imposing indifference while keeping

today’s state variables unchanged, this gives e(pc,, V(Per-15 Yt)f 58S ,). The backward-looking

true quantity index is:

— YX

FS, 1= . .
e(pct, V(Per-15 Yt)il; APK St)

The Fisher-Shell true quantity index is the geometric average of the forward- and backward-

looking indexes:

ﬁt = \/ﬁt—l,t : ﬁt,t—l-

The next proposition states our main results that the Fisher quantity index first-order ap-
proximates the Fisher-Shell true quantity index. While this result is a discrete-time version of
the one of Durdn and Licandro (2017), we use a more direct method of proof that provides

additional first-order approximations for the Laspeyres and the Paasche indexes.

Proposition 2 Along an equilibrium path of the two-sector growth model,

FaN VL
FSZ‘—l,t ~ Yt s

— _p
FSt,t—l ~ Yt,

Proof. See Appendix B.3

In sum, we have established that the Fisher index first-order approximates the change in the
Fisher-Shell index. We emphasize that this is an ordinal welfare measure that applies irrespec-
tive of whether the economy is on a BGP equilibrium. In particular, at no point in the above
derivations did we assume that GDP or NDP per worker grow at a constant rate, which was

essential for the proof of Weitzman’s result. This is important because the growth of GDP per

16The latter is closely related to compensating variation in static micro theory.
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worker as measured by the Fisher index slowed down since the 1970s; see Figure 3. In the next

subsection, we will construct an equilibrium path that captures the growth slowdown.

Figure 3: GDP per Worker Measured with the Fisher Index in the Postwar U.S.

a) Levels in log scale (1947=1)
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b) Average annual growth rates over the preceding 20 years
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4.3 A GBGP that captures the growth slowdown

We now establish that one can avoid the counterfactual implications of the previous BGP by
relaxing the assumption that A, be constant. As long as A, remains constant as before, one can
still construct an equilibrium path. The new equilibrium path does not have the counterfactual

features of the previous one, because it permits the growth rates of the relative price and of
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GDP measured in units of consumption (or in the Fisher index) to vary over time.

The new equilibrium path is not a BGP because only a subset of endogenous variables

grow at constant rates. We therefore adopt the less stringent equilibrium concept generalized

balanced growth path (“GBGP”), which goes back to Kongsamut et al. (2001):

Definition 1 A GBGP is an equilibrium path along which the real interest rate is constant.

Given that investment is the numeraire, the real interest rate factor now equals:

P,
R, = (1 +i)—=.

xt+1

(7)

Proposition 3 Suppose that ;l\x is constant. There is a GBGP equilibrium path along which

(K., X,,C,, YX,YC, ZE)>  grow at the following rates:

o7t~ I=0

In addition, if p,;, = 1, then

n=0\a)
Xt

9
wt:a—e)(%),

0-1
Ky

R =1-6+6|— .
t (AxO)

Lastly, r, and R, are constant and {w, p.},°, grow at the following rates:

Proof. See Appendix B.4.

(18a)
(18b)

(18c)

(18d)

(18e)

(18f)

(182)

An important implication of Proposition 3 is that ?tc and ZC are not necessarily constant

along the GBGP equilibrium, as they depend on A,, that no longer is restricted to be constant.

Moreover, it turns out that ZC and ZC may now slow down.

21



Corollary 1 Suppose that Zl\ct declines, Xx is constant, and A\C, < Xx. Along the GBGP:

Y,C < YX; Y,C = Z,C declines; Y* is constant.

Proof. See Appendix B.5.

The previous result implies that it is possible to construct an equilibrium path which features
a slowdown of both ?,C and ZC. For connecting the model with the data, this result is not very
useful though because ZC has a known welfare interpretation only when it grows at a constant
rate. GDP calculated with the Fisher index is more useful in this context, as it has a welfare
interpretation also if the economy is not on a BGP. To characterize its growth rate, we rearrange

the terms in (15) while using that Y€ = C, and Y* = X, along the GBGP:

Xt Pxi— c C ct—
Ptzpz1+1 1+Pt t Pet-1
’)71: _ ?c C: D _ ’Y\X X; Pa (19)
! ! Dxt-1Xi-1 Pxt 41 ! 1+ Pei-1Cio1 P
Ct—] Dxt-1 Xt—l Der-1

Using equation (6) together with the assumption that A\x is constant and the fact that p.X,/C,
and p.C,/X, are constant along the GBGP, we get that along the GBGP:

(20)

Using these equations, we can show that:

Proposition 4 Suppose that A,, declines and 0 < A,, < A,. Along the GBGP: ZC < ?,F < EX;

YF declines.

Proof. See Appendix B.6.

Proposition 4 raises the question of how large the differences between ?,C, ?tx , and ZF are in
the data. Figure 4 shows that they are sizeable. This implies that it matters which measure we
use. It also implies that it is crucial to use the same measure of GDP in both model and data.
This point, of course, illustrates the importance of the more general principle that one must

measure things in the same way in the model and in the data.!” Figure 4 also shows that while

7Whelan (2003) emphasized this principle in the context of GDP measurement.
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Figure 4: Different Measures of U.S. GDP per Worker
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GDP growth measured in the numeraire investment has a near constant long-run trend, GDP
growth measured with the Fisher index indeed slows down, but not as much as GDP growth
measured with the numeraire consumption.

Figure 5: Data versus model of GDP per worker measured with the Fisher index
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The question remains whether the GBGP can quantitatively generate the growth slowdown
of the Fisher index of GDP per worker. Figure 5 plots the Fisher index of GDP per worker.
The solid line represents the data whereas the dotted line represents the model along the GBGP,
where GDP along the GBGP is calculated by fixing ZX, and p.C,/X, at their average values Xx
and p.C/X and by choosing ;1\0, so as to match the p.,. Figure 5 shows that the GBGP of the
model does generate the entire growth slowdown. We note though that in the model the growth

slowdown starts about ten years later than in the data (that is, in the early 1980s versus the early
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1970s). The discrepancy in the timing comes from the fact that along the GBGP of the model
the sole driver of the growth slowdown in GDP per worker is the acceleration in the growth
rate of the relative price of consumption; see the second equality of expression (20). Panel b)
of Figure 1 shows that the acceleration starts in the early 1980s, which is about ten years after
the start of the productivity growth slowdown. The initial slowdown in GDP per worker in the
data is driven by additional low-frequency fluctuations in A, which are noticeable in Figure 4

above. The GBGP misses them by construction because it requires A, to be constant.

4.4 Related literature on Baumol’s cost disease

In the previous subsection, we have established that the two-sector growth model generates
the growth slowdown of GDP per worker measured with the Fisher index, but that it does
not get the timing exactly right because A\f‘ , and therefore ?,X , show important low-frequency
movements. The recent literature on structural change and Baumol’s cost disease suggests that
structural change may cause low-frequency movement in A,. The underlying reason is that at
a more disaggregate level, investment and consumption are composites of goods and services.
While the composition differs in that investment has a considerably higher goods share than
does consumption, the usual patterns of structural change apply to the investment sector as they
do to the consumption sector. In particular, as GDP increases, the share of value added from
the goods sector in total investment expenditures goes down and from services sector goes up.
As a result, the TFP of producing investment, A,,, endogenously depends on the TFPs in the
goods and services sectors. Since TFP growth is usually faster in the goods sector than in the
services sector, structural change can cause a decline in Xx,. Herrendorf et al. (2020) established
this claim analytically under the assumption that investment is a CES aggregator of goods and
services.

Herrendorf et al. (2020) also explore the effects of structural change on the relative price of
consumption and showed that a sizeable part of the accelerating increase in the relative price
of consumption to investment is due to the fact that consumption expenditure contain a much
larger share of services value added than investment expenditure. Faster TFP growth in the
goods sector then endogenously increases the relative price of consumption to investment.

The slowdown in GDP per worker is closely related to the observation of Baumol (1967)

that the costs of producing GDP increase and labor productivity decreases as the value-added
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share of services increases. Several recent papers discussed this observation. Ngai and Pis-
sarides (2004) mentioned that Baumol’s Cost Disease can lead to a GDP growth slowdown
when GDP growth is calculated with constant relative prices. However, they did not pursue the
growth slowdown further but framed their entire analysis in terms of a balanced growth path
and constant GDP growth measured in a current numeraire. Moro (2015) provided an interest-
ing model in which Baumol’s Cost Disease reduces GDP measured with the Fisher index. His
analysis differs from our analysis because he focused on the role of differences in the sectoral
intermediate-input shares in a cross section of middle- and high-income countries. In indepen-
dent work, Leon-Ledesma and Moro (2017) asked to what extent structural change may lead
to violations of the Kaldor (1961) growth facts. In their simulation results, based on the model
of Boppart (2014), structural change leads to a growth slowdown of GDP measured with the
Fisher index. Lastly, Duernecker et al. (2017) study the natural follow up question whether
GDP growth will slow further in the coming years. A particular worry is that the slowest-
growing services industries could take over the economy. They find that substitutability within

the service sector prevents that from happening.

5 Conclusion

We have studied two popular measures of aggregate economic activity: Weitzman’s NDP in
consumption units and the BEA’s real GDP constructed with the Fisher index. We have estab-
lished for the postwar US that it matters quantitatively which one is used because their growth
rates differed substantially. We have compared their properties in a discrete-time version of the
standard two-sector growth model with consumption and investment. Both measures can be
given a welfare interpretation if the model is on an equilibrium path, but for the NDP the re-
quired parameter restrictions are so stringent that they rule out the observed productivity growth
slowdown that has happened during the last decades. In contrast, for real GDP constructed with
the Fisher index the required restrictions are less stringent and allow the model to generate the
observed GDP growth slowdown.

We have concluded from our results that measuring real GDP with the Fisher index is prefer-
able over using Weitzman’s NDP. We have advocated to proceed in three steps when connect-

ing aggregate economic activity in model to the data: (i) construct a GBGP in the model that
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matches the changing growth rate of the relative price of consumption; typically that will in-
volve choosing a numeraire and expressing GDP in it; (i1) construct GDP with the Fisher index
using the model quantities and prices from the GBGP; (iii) compare the resulting measures of
model and data GDP. This procedure implies that the measure of aggregate economic activity —
the Fisher index of GDP — is constructed in the same way in the model and in the data. More-
over, this procedure implies that the model can generate the productivity growth slowdown of
GDP per worker that is observed in the data. And lastly, the Fisher index of GDP is a measure
of aggregate economic activity that has a welfare interpretation.

Weitzman’s NDP and real GDP constructed with the Fisher index abstracts from several
relevant features of reality that affect welfare. Important examples are inequality, leisure, and
life expectancy. Jones and Klenow (2016) proposed a broader welfare measure that takes these
features into account and implemented it for a set of countries. Weitzman’s NDP and real GDP
constructed with the Fisher index also abstract from home production, which for many basic
services is a close substitute to market production. Bridgman et al. (2018) proposed a way to
impute the value of home production and they provided a broad measure of market and home
production for around 30 countries. We leave integrating these additional relevant features of

reality into the current framework is an important task for future research.
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Appendix A: Imputing the Services Flow from the Stock of
Consumer Durables

Consider a more disaggregated multi-sector model with consumption goods C,,, consumption
services Cy, capital K;, and consumer durables D,. Consumer durables are part of the capital
stock and generate a services flow u,D, in units of consumption services. There is also a one-
period nominal bond. B; denotes the current-dollar stock of the bonds and i, denotes the interest
rate in period z.

The household in the modified model solves:
max "u(Cy, Cy + u,D
{%meﬁm&ﬁbggﬂ(iﬁ Do)
s.t. pgtcgt + PsCst + parDiv1 + PuKis1 + Briy
= =6)paD; + [(1 = 6)px + 1 ]K + (1 + i) By + wy,

Cgh Cst’ Dt+l9Kt+l > 09 DO’ KOa Bt > _E > —00, BO =0.

Note that, as in the body of the paper, the budget constraint is written in current dollars.

The first-order conditions are:

tau(cgh Cy + u:Dy)

Cyr 0=8 acgt = AP
ou(C,,, Cy + u,D,)
Cy: O :ﬁt ¢ ac; atb AiPsts
u
Dy 0==Apy + A1 (1 = 60)pars +ﬁt+lt_+l,
Ct+l

Kivi: 0=-Apy+ /lt+l[(1 = Op)Pxr+1 + rz+1],

Bii: 0=-4+ /1t+1[1 + it+1]-

Using the abbreviation:

ou(Cgy, Cy + u;Dy)
Uy = o9C
st
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and consolidating the first-order conditions gives:

Psi+1 U :ﬁpdml [(1 —5)+ Ut+1 D st+1 ] ’ Q1)
Dst Uyl Par Dar+1
Pst+1 U2t :ﬁprl [(1 —5) + Ti+1 ]’ (22)
Dst U+ Dxt Pxr+1
pSH—l u2t :ﬁ[l + i[+1]_ (23)
Pst U2+l
Equating (21) and (23) gives:
Parc1(1 =64) + 1 pget = par(1 + ). (24)

Note that this can be rewritten into the standard asset pricing formula in discrete time:

Urr1 Psiv1 + (1 = 02)Pars

Pdr = ;
I+ i

The price of durables today equals the discounted sum of the payoff plus the price of the un-
depreciated durables tomorrow. Since everything is in current dollars here, we use the nominal
interest rate to discount.

To obtain an equation for the imputation of the service flow from consumer durables in
period ¢, we solve the pricing equation (24) for the service flow and multiply the result with the

stock of durables, D;:

DsitD; = P;z—l (A +i)paDi — (1 = 64)paD:. (25)
dt

The terms of the right-hand side of (25) are measurable. pg/ps-1 is the inflation factor of
durable goods, p,D; is the current-cost net stock of durable goods, and 6,p,;D; is the current-
cost depreciation of consumer durables. We calculate the interest rate using that equations (22)

and (23) imply:

1+ =

Dxt [1 + 1K — 5th].
Pxr-1 thKz

P/ Pxu—1 18 the inflation factor of investment other than durables. We use the corporate accounts

of NIPA to calculate the remaining terms. K, and 6; K, are current-price capital income and
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current-price depreciation. p, K, is the current-cost net stock of fixed assets in the corporate
sector. We use 3-year moving averages of pg/pas—-1 and p,,/p.—1 to capture the expectations of

future values.

Appendix B: Proofs of the Propositions

Appendix B.1: Proof of Proposition 1

We begin by eliminating prices and consolidating the equilibrium conditions so that the only

unknowns are equilibrium quantities:

(O X

1= — 4 —, (26a)
KA KPALS
—~ X
K. = Ef +1-6, (26b)
t
1 1-6 K 6-1
(Axt+1) Et+1 ::8[1 —5+9( t+l) }’ (26C)
Act+l AXH'I
AN K
0=limg =< el 26d
t;gﬁ ( Axt) C, (26d)

We need to show that if A, and A, are constant, then an equilibrium path exists along which all
endogenous variables grow at constant rates. We do so by constructing a path for {K;, X;, C,} ;2
that satisfies (26a)—(26d) and has these properties. In particular, the path satisfied (9a) and the
first part of (9b). We then show the additional claimed properties for {Y, ZE, R, ws, 11, P},
that is, R; is constant and the second part of (9b) as well as (9¢)—(9g) hold.

To construct {K;, X;, C;}2,, we set I?, = A\x. We define {)?t};’il such that equation (26b) is

satisfied for all # > O if it is satisfied at # = 0. Since

X, - _
X w1 —(1=0)=A,—-(1-9),

t

this implies X;/K, must be constant. Thus, we set )?, = Zx. We define {a};’il such that (26a) is
satisfied for all 7 > 0 if it is satisfied at 7 = 0. Since K, = X, = A,, (26a) implies that C,/(K’AL-*
must be constant. Hence, we set C = A’Al.

Next, we set (Ky, Xy, Cp) such that (26a)—(26b) hold at t = 0 and the Euler equation (26¢)
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holds for all + > 0. Together with the previous growth factors, this uniquely determines

{K:, X, Ci}72,- Using consumption growth and that K, /A1 = Ko/Ax, (26¢) becomes:

- Ko 6-1
Ax_ﬁ(1—5+6’(Axo) )

We choose the unique solution Ky, > 0 given A,y > 0. Given K, we set X = [;fx —(1-9)]Ko
to satisfy (26b) at t = 0. Given X, and K, we choose C to satisfy (26a) at t = 0:

To show that the transversality condition (26d) holds, we substitute the growth factors for K,
and C; into the right-hand side:

B ‘& o ﬁ :lgf@
Axt Ct CO.

Since this converges to zero as t — oo, we have constructed an equilibrium path.
This leaves to show the statements about {r,, w,, R;, P, YtC , Ztc }2o- The choice of numeraire,

P = 1, and equations (4) and (5) imply that:

Ty 1 41—
— = 60K/'A”,
Pxt

w, = (1 -0)KIA.

The two Euler equations (3a) and (3b) imply that the real interest rate factor in units of con-

sumption is given by:

—

a 1-6 K 6-1
we(3) ool |
A, Ay

which is constant. To obtain equations (9f)—(9g), note that since K = Xx along the equilibrium
path, the previous equations imply that w, = A?A!~% and 7, = p,,. Equation (6) together with
the assumption that the TFP growth rates are constant gives (9f).

Equation (8) and that K =4, imply that:



Equation (6) together with together with the previous results for X, and ?,C give the remaining

equalities of (9b):

ZE =YC —6p.X, = AVA.

QED

Appendix B.2: Proof of Lemma 1

The current-value Lagrangian for Problem (10) is:

& = i %{C, + A|ALK! + (1= 8)PyK, = C, = PyKo ).
t=0 i

The first-order conditions are:

0 1

=—(1-21)=0, 27
ac, 7?,( 1) (27a)
0L 1 1 0 o 1
oK. = —R?t/lszz + m/lHlHAitflKi.[l + E/lmpxm(l -0) =0, (27b)

1
lim _/l[thK[+1 = 0. (27C)
t—o0o R,

Consolidating implies:
A, 1-6 A, 1-9
R = ( ’) ((1 -~ 5)( ’“) + eAi;%Kf;f), (28a)
Act Axt+l
A, 1-6 A, 1-6
AlZOKY — 5(A—f) K, =C + (A—f) (K1 — K)). (28b)
Xt Xt

Since both problems have the same real interest rate, (28a) and (28b) are first-order for each
of the two problems. Hence, {C;, K11}, 18 part of the solution to Problem (2) if and only if it
solves Problem (10). QED

Appendix B.3: Proof of Proposition 2

We prove the claims by establishing that the Laspeyres and Paasche quantity indexes are first-

order approximations to the forward-looking and backward-looking Fisher-Shell true quantity
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indexes:

X
FS. .~ Xi + pa-1C FS. .~ Y;
=10~ T ox -1~ 5 4~ -
-1 Xi—1 + paCio

Two identities are helpful:

(96(pcz, V(Pers Y,X§ S1); SI) V(per, YIX; S) B

=-C,, 29

ov 0Pt ! 29

a‘Q(Pcz, V(Pets Y,XQ S0; St) V(per, YtX; S

=1. (30)

Av i) es

(29) follows from Roy’s identity,
V(pers Y,X;St) - WV(per, Y;X;St) - _C
0YIX apct v

and (30). (30) follows by taking the derivative of e,(-) with respect to Y* and rearranging.
We establish that ﬁ,_l,t ~ ?,L by showing that e(pc,_l, V(Pers Y55 S 11); St—l) ~ X; + pe-1C..
Interpreting e(pct_l,v(pc,, YtX S-S ,_1) as a function of (p., Y,X) and linearizing it around

(Pe-1, YY) gives:

e(pct—l’ V(Pers Y58 101); St—l) ~ e(pct—lav(pct—l’ YE S, St—l)

3€(Pct—1, V(Pe1, Y138 1) St—l) NWV(Per-1, YE 581-1)

+ ot = Deie
v Opos PP
6€(Pc~z—1,V(Pct—1,Yt{l;Sz—l);Sz—l)@v(pct_l,Yl)fl;S,_l) ¥ ¥
+ Y, =Y.).
ov GYZ{I

Using (30)-(29) and that e(pe1, v(pe-1, Y¥1:521): S o) = YX, gives:

e(pct—l, V(Pets Y;X§ Si-1); St—l) ~ e(pct—l, V(Per-1, Yt{l;Sz—l)Q St—l) = Ciot(Per = Per-1) + (Y;X - Y;{1)
= Y;X —Croi(Pet = Per-1)
=X; + pe-1C + (C; = Co))(Per = Per-1)

~ X; + Pct—lCn

where the last step leaves out the second-order terms.

35



We establish that 133,,,_1 ~ ?,” by showing that e(pc,, V(Per-1, Y 1580 S,) ~ X;_1 + peCii.
The proof follows by interpreting e(pct, V(Per-1, Y fﬁ 5SS t) as a function of (p._1, 7Y, t’f 1), lin-

earizing it around (p,;, Y), and following the same steps as before:

e(pclv V(Per-1, Yt)il;S,); Sl) X €(Pcz, V(Pets Y,X; S); St)

03(Pcz, V(Pets Y,XQ S0; St) V(per, YtX; S

+ 9y 3[%, (pct—l - pct)
Oe(pcz, V(per, Y5810, S ,) NW(pe, Y5 S, (¥E. — 75)
+ —_
v oYX e

= Yt)il - Ct(pct—l - pcl)

~ X1 + peiCiot.

QED

Appendix B.4: Proof of Proposition 3

As in Proposition 1, we consolidate the equilibrium conditions so that the only unknowns are

equilibrium quantities:

1= + , 3la
K7AL? " KIAL? Gl
Ko=Xig s (31b)
t+1 — Kt )
;f 1-6 K 6-1

(AXHI) a+1 =,3l1—5+9( l+1) :|’ (31C)

Act+l Axt+l

AN K
0=limg (=% == 31d
tggﬂ (Axt) Ct ( )

We show that an equilibrium path exists by constructing a path {K;, X;, C;}?, such that X, and

K, grow at constant factors, L, = 1 is constant, and (31a)—(31d) are satisfied.
We first construct {K;, X;, C;};2 . Set I’(\, = Zx, which is constant. We set {)?,}‘;"1 such that

equation (31b) is satisfied for all # > O if it is satisfied at t = 0. Since

X —
E’=KH1—(1—6)=AX—(1—6),

t
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this implies X;/K, must be constant. Thus, we set )’(\, = Xx. We set {C’f\,};’il such that (31a) is
satisfied for all # > 0 if it is satisfied at 7 = 0. Since K, = X, = A,, (31a) implies that C,/(K’A}*
must be constant. Hence, we set C, = A’Al~0.

Next, we set (K, Xo, Cy) such that (31b) holds at # = 0 and the Euler equation (31c) holds
for all 7 > 0. Together with the previous growth factors, this uniquely determines {K;, X;, C;}},,.
Using consumption growth and that K,,1/A+1 = Ko/A, (31c) becomes:

- Ko 6-1
Ax_ﬁ[1—5+6(Axo) )

We choose the unique solution K, > 0 given A,y > 0. Given K, we then set Yé( = KgAl(‘)e and
Xo = [Xx — (1 = 0)]K, to satisfy (31a) at t = 0. Given X, and K, we choose C to satisfy (31a)

att =0:
Xo
Co = (1 - —_) KiAsw"-
KiAR!

To show that the transversality condition (31d) holds, we substitute the growth factors for K,

and C, into the right-hand side:

ﬁt & 1-6 Kt+1 :ﬁtﬁ-
Axt Cl CO

Since this converges to zero as t — oo, the transversality condition holds.
This leaves to show the statements about {Y ,C ,Y IX > Ty Wiy Pers }z—o' Equations (8) and (16) and

the previous results imply that:

YS = ATALY,
/Y\tx = Xx

In addition, Y€ = p_'YX and Z€ = p_}(YX — 6K,). Since, YX, = K,, we also have YC = Z.

If p., = 1, then equations (4) and (5) imply that:

(AXI)I—G
}"IZH ? 9

t

w,=(1-0)K'A.
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Since E = Xx along the equilibrium path, w, = Xx and7; = 0. Hence, r, — 6 constant. Lastly,

the statement about p,, follows directly from p,, = 1 and equation (6). QED

Appendix B.5: Proof of Corollary 1

The first claim follows from the fact that along the GBGP:

—_

VO = RUA0 = AR < A, = VY.

X 7c t

The second claim follows from the fact that along the GBGP ’ftc = Xi@,‘ % and the assumption
that A, is constant and A,, declines. Thus, ?,C slows down. Since ?,C = ZC, this means that ZC
slows down too. The third claim follows from the fact that along the GBGP ?,X = Xx and Xx is

assumed constant. QED

Appendix B.6: Proof of Proposition 4

Given the assumptions, the first claim immediately follows from (20). Turning to the second
claim, YIF slows down if and only if:
YF > Y

t t+1°

Using that Y¥ = A¥, the second equation of (20) implies that this is equivalent to:

Multiplying out gives:
(XA\x + chth)(XA\ctA\ctH + chZcht) > (XZx + chXcHl)(XA\ctA\cHl + chXxEcHl)-

The only difference between the left-hand and the right-hand side are in the second terms of the
respective sums, which are highlighted in boldface for convenience. On the left-hand side, they
contain A\C, whereas on the right-hand side they contain Xml. Since all terms are positive on

both sides, this implies that the inequality holds if and only if A, > A1, which happens when
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A\C, declines. QED

Appendix C: Derivation of Weitzman’s Result in Continuous
Time

In this appendix, we derive Weitzman’s result in continuous time. To this end, we briefly state
the key conditions of our two-sector in continuous time. We then derive the continuous-time
version of (14). Finally, we show that it is equivalent to how Weitzman stated his result in

continuous time.

Appendix C.1: Solving the household problem in continuous time

As in discrete time, the following equilibrium conditions hold in continuous time:

Act 1-6
L= =), 32
DPxt (Axt) (32)
Y, = AK! (33)
Z¢ = AKY - 5p K, (34)

Weitzman had the household maximize the present discounted sum of consumption subject to

feasibility. In continuous time, this amounts to:!8
max f Ce™dt st Kpy=AK - p.oK, - C,. (35)
0

Note that the equilibrium path differs from the ones studied in the main part of the paper be-
cause, in addition to using continuous time, the objective function in (35) now is the present
discounted value of all period consumption instead of utility.

The current-value Hamiltonian associated with the household problem is:

. Al-0K? C
%EC,+/I,K,:C,+/1,( o L _§K, - —).
DPxt DPxt

131n the discrete-time model in the body of the paper, we used r; and R, to denote the rental price of capital and
the real interest rate factor, respectively. For lack of obvious intuitive alternatives, we use R to denote the real
interest rate in the continuous-time model. We trust that this does not lead to confusion.
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The first-order conditions are:

Pl
a‘%:l——’:o, (36a)
aCt th
KA OAL-0 Kb-1 .
(9Kt = (% - 5) = -1, + AR, (36b)
t Xt
lime ®A,K, = 0. (36¢)

>0

(36a) implies that the shadow price equals the relative price of investment in terms of consump-

tion: A, = py. Using this, we can write the equilibrium conditions as:

Ztc = Ai;eK? — 6puK, = C, + puK,, (37a)
gAi;QKte_l — 0Py = Rpxt — D> (37b)
lime®p,K, =0, (37¢)
t—o0
A\
xt =\ 7 . 37d
Pt (Axt) ( )

Appendix C.2: Constructing an equilibrium path in continuous time

From now on we focus on an equilibrium path along which the interest rate is constant. Equa-

tions (37b) and (37d) imply that:

A 1-6 A 1-6
—ol22) _s+pm ool _ —0O (A - A
R_e(K) 5+px,_0(K) 5+ (1-6)(A. - A,), (38)

t t

where “tildes” denote growth rates in continuous time. For example,

N

A;

it

, 1€{c, x}.

S

it

As in the analysis in discrete time, we assume that both growth rates are constant. If the interest

rate is constant, then A,,/K; is also constant and

K = A, (39)



Note that together with (38), this means that given A, we can choose K so that the real interest
rate equals any value, including the real interest rate that obtains along the BGP of the growth
model of the main part of the paper, in which the household maximizes the present discounted
value of utility instead of the present discounted value of consumption.

Equations (37a) and (37d) imply

A\ ANTC -
Sa)l o _s=|SM) 4K, 40
(K) (Aa K" “0)

The left-hand side and K are constant. Hence the first term on the right-hand side must also be

constant, which is the case if and only if

C=0A,+(1-0)A.. (41)
Finally, the law of motion for capital accumulation,

K1 =X, +(1-96)K,

implies that X;/K, is constant. Thus:

X =A,. (42)

We are now ready to derive Weitzman’s result in continuous time. We start with a simple
direct derivation that follows the exact same steps of the discrete-time derivation in the body
of the paper. Abbreviating the constant growth rate of consumption in equation (41) by g, the

present discounted value of consumption along BGP can be written as:

(v} 00 1
f Coe s = C, f e RO0Ngy = ¢, 43)
t t R - 8

where we assumed that lim,_,,, e"®®* = 0, which is the case if R > g. Using (38)—(41), this is

equivalent to assuming that:

Ax 1-6 _
e( 0) —5-A,>0. (44)
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Multiplying both sides of (43) with r and recalling that
C = AL'K] = 6+ A)puK: = Z] — ApuK,,
we end up with:

(o] R .
R Ce R s = — (72 - A.p.K,). 45
I 1€ s R—g(t Dxt t) (45)

(45) is the continuous-time equivalent of the discrete time result (14) from the main part of
the paper. In particular, on the left-hand side, it has permanent income, i.e., the return on the
present discounted value of consumption. Note that in continuous time, the interest payments

occur in the current period and therefore do not need to be discounted. On the right-hand side,

it has the NDP along with the additional term, that is, —A, p,;K;, which is the continuous-time

equivalent to —(Zx - DpuK,.

Appendix C.3: Weitzman’s result in continuous time

We will now show that in continuous time (45) is equivalent to Weitzman’s result that permanent

income is proportional to the NDP in consumption units:
Rf Cye ®50ds o« ZC.
t

The first step is to derive the growth rate of the NDP along the BGP. The previous results

imply that:
Z€ = AK? - 6puK, = Ci + puk; = C, + puK.K,. (46)
Taking the time derivative yields:
ZE = €+ puki+ puKiK, + puKK, = C.C, + puki (P + K.). 47)

where we used that along the BGP E, = Xx is constant and so E = (. Using that px,Kt = ZtC—C,,
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it follows that:

% = 5 (1= 225+ B) = (5 + B) + 5 (€ 7).

t t

(37d), (39), and (41) imply that
P+ K=C=(-0A.+0A,. (48)

Hence:
Z€ =g =(1-60)A. +6A,. (49)

The next step is to totally differentiate Z,C:

dz¢  d(AKY - 6p.uK,)

dt dt
=( H)A_GAC[K? + Ait_eeKte_IKt — 6Py K, — 6puK,

= (1-0)A KA, — 6P K, + (GA;(’K,@“ - 5) puk..

Using (37d), (38), and (46), we get:

yid ~ ~ — _ .
== (1= 0) (A K = 6puK) A + (1 = 0)0puKiAct = 5puK P + (R = P puki - (50)

=(1- 6’)ZCA:t +(1 - 9)5szKthz - thKt?)xt +R (Ztc - Cz)

K+ puki
((1—9)AC,+(1—9) Ll )ZC+R( -C).

ZC ZIC
It is helpful to define
op.K
K = pZ’ 3 (51)
t
— — 4K,
Y= (1-04, + (1 - 04, - 2K, (52)

t

Along an BGP, «; = k and y, = y are both constant. The reason ist that (48) and (49) imply that

along an BGP p,.K, and ZE grow at the same rate g.
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Collecting the results from the previous paragraphs, we have:

dz¢
dt

=yZf +R(Zf - C)).

Multiplying both sides by e ® and rearranging then gives:

d(zEe™)  gz¢
( ;it ) = dtt e R —RZCe™ = y7Ce™ — RCe™™. (53)

Integrating both sides, we obtain:

S—00

lim ZEe™™ — ZCe™ = yf ZEe™sds — Rf Cie ™ ds.
t t

Using that along an BGP lim,_,., ZEe™® = ZC lim_,, e85 = 0, this can be rewritten as:

Zr = —yZ; f e ds + R f Ce ™ 7ds = - R—7 ZE+R f C,e R
t t t
Hence, we have proven Weitzman’s result:

“ R—g+
R f CoeRongy = ~— 87 Y yC (54)
t R - 8
On the face of it, this version of Weitzman’s result differs from the previous version, (45). To
begin with, (45) has the additional term ~A, P« K, in parenthesis on the right-hand side, whereas
(54) has only the NDP as the second term on the right-hand side. Moreover, the proportionality
factors differ.

It turns out that (45) is nonetheless equivalent to (54) in continuous time:

R ~ R-g+
(2 - ApuK)) = — 22 7C
R-g R-g
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To establish this, we substitute the definitions of g and vy into the previous equation:

— ~ — puK_
R(ALK] = (6 + A)puK,) = (R — 0A, + k(1 — O)A, — % pxt) (ALK = 6p.uK;)

t

— —RXxthKz = _ng (AZ;HKZH - 6pxth) + 6pxth(1 - Q)Zx - pxthFp'xt
— RXxpxth = HAi;gKf_lgxpxth - 6prxth + 5xtgxpxth

= R=0AK"-6+(1-0)(A -A,),

where we used (37d) and that K = A, along BGP. The last equation is just a restatement of
the expression for the real interest rate, (38). Hence, in continuous time, (45) and (54) are the

same. QED
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