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1 Introduction

The Neoclassical growth model is the cornerstone of modern macroeconomics. Its origins

can be traced to the contributions of Robert Solow [23] and Frank Ramsey [21], among

many others. Its power relies on its ability to replicate in a simple and stylized framework

the salient evidence on economic growth, the well-known Kaldor [16] stylized facts.

The Neoclassical growth model builds on, among others, the assumption of a repre-

sentative firm. During the last decades, indeed, following the seminal contributions of

Hopenhayn [11] and Jovanovic [15], a new framework has emerged designed to under-

stand the implications of a growing evidence on firm dynamics and market behavior.1

In this literature, selection plays a fundamental role in explaining market performance.

Firms are heterogenous, and competition creates and destroys firms and jobs, moving

resources from low productive to high productive firms; the exit-entry process (the ex-

tensive margin) and the expansion-contraction of incumbent firms (the intensive margin)

govern market behavior raising average productivity and wages.

In the spirit of both the Neoclassical growth theory and the theory of firm dynamics,

this paper studies a competitive dynamic general equilibrium model with heterogeneous

firms. We will refer to it as the Ramsey-Hopenhayn model (RH in the following). Firms’

technology is assumed to use a fixed heterogeneous production factor (capital) and a

flexible homogeneous factor (labor) to produce a sole good, which as usual may be

consumed or invested. To produce, firms have to pay an entry cost: the price of the fixed

factor. The productivity of firms, more precisely the productivity of firms’ capital, is

unknown to firms before entry. For the sake of simplicity, as in Melitz [20], we assume that

idiosyncratic productivity is time invariant, i.e., firms face no other productivity shock

that the initial one. In addition to that, capital is assumed to be partially irreversible.

When a firm decides to close down, the productivity of its capital is so low that no

other firm would like to buy it. Used capital has, indeed, a scrap value, which is smaller

than the replacement value of capital. The fact that capital has an opportunity cost

makes low productive firms exit. Consequently, fixed production costs are not required

to generate endogenous exit at equilibrium.2

1See Bartelsman and Doms [1] for a revision of the empirical literature.

2We borrow this set of assumptions from Gabler and Licandro [7].
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Using standard aggregation theory, this paper shows that aggregate technology at

equilibrium is Neoclassical with the average value of capital being positively related to

selection. In the limit, the RH model encompasses the Neoclassical model in the cases of

homogeneous firms and/or fully reversible capital. This aggregation result is in line with

aggregation in the vintage capital literature, as in Solow [24] and Solow et al [25], where

different vintage technologies collapse on a Neoclassical production function.3 Indeed,

heterogeneity in the firm dynamics and vintage capital models are of a different nature.

In the RH model, selection is costly due to capital irreversibility, which makes the

user cost of capital larger than its rental rate as derived by Jorgenson [14]. The differ-

ence between them is what Chirinko and Schaller [5] call the irreversibility premium,

due here to the fact that some new units of capital are optimally scrapped straightaway

since they are not productive enough to be profitably used in the production process. In

this sense, selection is costly since it requires some capital units, the less productive, to

be destroyed. The irreversibility premium relates here to the fact that this framework

displays both physical and economic depreciation, which is in line with capital obsoles-

cence in the vintage capital literature (See Malcomson [19] and Boucekkine et al [3]).

At the stationary equilibrium, the RH model shares most properties of the Neoclassical

theory, but endogenous selection positively affects the value of capital at the cost of

increasing the depreciation rate. Nonetheless, consistently with the First Welfare The-

orem, changes in the environment that promote selection are shown to increase steady

state consumption and welfare.

Most of the literature on firm dynamics is based on a critical assumption: firms

have to pay a fixed production cost to produce. In a general equilibrium model of

this nature, a raise in the fixed production cost (all other parameters given) increases

selection. But raising fixed production cots make the economy less efficient, reducing

output and welfare. We formally develop this argument in Section 3. Compared to the

RH model proposed in this paper, a more standard model of firm dynamics is clearly

3Aggregation of vintages technologies has been extensively used in the more recent literature

on embodied technical progress or investment specific technical change. See the seminal paper

by Greenwood et al [10], as well as the endogenous growth extensions by Krusell [17] and

Boucekkine et al [2]. Similar aggregation results are pointed out by Hopenhayn [12] when

relating the literature on firm dynamics with the recent literature on misallocation (Restuccia

and Rogerson [22], for example).
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less efficient, since capital is fully irreversible and in addition production entails fixed

production costs. More important, we show that an increase in fixed production costs

generates more selection at the cost of rendering the economy less efficient. The opposite

arrives in the RH model, where increasing the degree of capital reversibility generates

more selection, by rendering the economy more efficient. Even if for both economies

the First Welfare Theorem applies, and both competitive equilibria are Pareto optimal,

the needed change in the environment that raises selection have opposite effects on the

fundamentals. In the RH model, a raise in capital reversibility makes the economy more

efficient, but in the more standard firm dynamic model a raise in fixed production costs

worsens the fundamentals.

The paper also relates to the literature on occupational choice that follows the seminal

contribution of Lucas [18]. In line with the survey in Hopenhayn [12], our framework

could be extended to study different types of distortions that affect the efficient allocation

of productive resources across firms.

The paper is organized in the following way. Under the assumption that there is no

technical change, Sections 2 describes the Ramsey-Hopenhayn economy and studies its

steady state equilibrium. Section 3 studies the stationary equilibrium of a more standard

firm dynamics economy with sunk entry costs and fixed production costs. Section 4

extends the RH model to the case of disembodied technical progress and endogenous

growth, and Section 5 concludes.

2 The RH Model

2.1 Economy

The model in this paper is a competitive dynamic general equilibrium model with endoge-

nous entry and exit. There is a unit measure of identical households. Each household

member offers inelasticity one unit of labor at any time t. The representative household

maximizes utility

U =

∫ ∞
0

u(ct) e
−ρt dt (1)

subject to a standard budget constraint. Instantaneous utility u(ct) is Neoclassical,

where ct represents per capita consumption. The subjective discount rate ρ > 0.
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As in Hopenhayn [11], a continuum of heterogeneous firms produce a sole homoge-

neous good under perfect competition. Goods production is allocated to consumption

and investment. Firms’ technology employs a fixed production factor (capital) and a

flexible production factor (labor). Capital plays the role of an entry cost; firms need to

buy one unit of capital to enter the market and then produce. Capital is firm specific and

partially irreversible, in the sense that when a firm close down it only recovers a fraction

θ ∈ (0, 1) of its capital. We will refer to θ as the scrap value of capital. Technology has

decreasing returns to the flexible factor, labor. Firm’s productivity is heterogeneous; it

is randomly drawn after entry and remains constant over time.

Let us be more precise on the specification of firms’ technology. Each firm requires

one unit of capital to produce and is characterized by a firm-specific productivity z.

Output of a z-firm is given by

y(z) = F
(
z, `(z)

)
. (2)

Technology F (z, `) is assumed to be C1, increasing in both arguments, concave and

homogeneous of first degree. Variables y(z) and `(z) denote equilibrium output and

employment, respectively, of a firm with productivity z.

To fix ideas, let us interpret the firm specific productivity z as being embodied in

firm’s capital and reveled after investment, as if different capital units have different

qualities represented by z. In facts, after entry, productivity z is drawn from the contin-

uous density ϕ(z), for z in the support Z ⊂ <+ –the associated cumulative distribution

is denoted by Φ(z). In the following, we denote by ζ ≥ 0 and ω > ζ to the lower and

upper bounds of the support Z. Expected productivity at entry is assumed to be one

without any loss of generality. Firms may exit for two different reasons. First, endoge-

nously, when its value is smaller than the scrap value of capital θ. Second, firms also exit

at the exogenous rate δ, δ > 0, in which case the scrap value of capital is zero. Under

these conditions, as it will be shown below, there exists a strictly positive productivity

cutoff z∗ ∈ Z, such that the distribution of firms at the stationary equilibrium, as in

Melitz (2003), is the truncated density

φ(z) =
ϕ(z)

1− Φ(z∗)
(3)

for z ∈ Z and z ≥ z∗.
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2.2 Stationary Equilibrium

Household behavior. Even if firms face idiosyncratic risk, households fully diversify it

by buying the market portfolio. Consequently, the optimal behavior of the representative

household is given by the Euler equation

ċt
ct

= σt(rt − ρ), (4)

where σt is the intertemporal elasticity of substitution and rt the equilibrium interest

rate. At steady state rt = ρ.

Firms’ behavior and labor market clearing. A firm with productivity z solves

max
`(z)

F
(
z, `(z)

)
− w`(z),

for a given wage rate w. The production good is the numeraire. From the first-order-

condition associated to this problem, the optimal labor demand reads

F2

(
z, `(z)

)
= w ⇒ `(z) = G−1(w)z,

where G
(
`
z

)
≡ F2

(
1, `

z

)
= F2(z, `). Remind that F (.) is homogeneous of first degree,

then its first derivatives are homogeneous of degree zero.

The labor market clearing condition is

n

∫
z≥z∗

`(z)φ(z)dz = 1,

where n represents the mass of operative firms per capita, which is equal to the stock of

capital measured in physical units (in units of the production good). After substitution

of individual labor demands `(z) into the labor market clearing condition, we get

nG−1(w)

∫ ω

z≥z∗
zφ(z)dz = 1.

The equilibrium wage rate can then be written as

w = F2(k, 1), (5)

where k = z̄n measures capital per capita in quality adjusted units.4 Remind that a

firm requires one unit of capital to produce and idiosyncratic productivity z measures

4This way of measuring capital is consistent with national accounts, where after a long

debate following Gordon [9]’s seminal work, investment is deflated using constant quality price

indexes.
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the quality of this capital unit, with

z̄ =

∫
z≥z∗

zφ(z)dz

representing the average quality of capital for the whole economy. Since F22(.) < 0, the

wage rate is positively related to capital per capita k which crucially depends on the

average quality of capital z̄. Selection makes average capital more productive, raising

wages. As usual in this literature, the raise in wages reallocates labor from less to more

productive firms.

Substituting the equilibrium wage rate into the labor demand function, it becomes

`(z) =
z

k
=

(
1

n

)
z

z̄
,

where 1/n represents average labor per firm; labor is distributed across firms according to

the relative productivity z/z̄. More productive firms hire more labor in order to equalize

the marginal productivity of labor across firms. Within firm reallocation operates here

through the intensive margin: high productive firms employ more workers than low

productive firms. Selection, as shown below, operates through the extensive margin.

Selection and free entry. Since F (z, `) is homogeneous of first degree, it is easy to

show that stationary profits are linear on z at equilibrium

π(z) = F1(k, 1)z. (6)

Since profits are the return to capital, they are equal to the marginal product of aggregate

capital per worker, F1(k, 1), weighted by the productivity of the firm, z. We discuss this

issue in more detail below.

The value of the z-firm at steady state is

v(z) =

 π(z)/(ρ+ δ) if z ≥ z∗

θ otherwise,

which, for z ≥ z∗, is monotonically increasing in z. Consequently, the exit threshold z∗

is determined by the exit condition

π(z∗) = θ(ρ+ δ) ⇒ z∗ =
θ(ρ+ δ)

F1(k, 1)
. (EC)
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A firm with productivity z < z∗ exits, since the value of producing is lower than the

scrap value of capital. Exit is then the result of capital not being productive enough

relative to its scrap value. It becomes clear now why under partial capital reversibility

there is no need of fixed production costs to the cutoff productivity z∗ be interior.

Let us assume that there is a infinite mass of potential entrants. New firms have to

buy one unit of capital as represented by the entry cost at the right-hand-side of the

equation (FE) below. The free entry condition reads

Φ(z∗) θ +
(
1− Φ(z∗)

)
π(z̄)/(ρ+ δ) = 1. (FE)

With probability Φ(z∗) a newly created firm draws a productivity smaller than z∗, in

which case it closes down and recovers the scrap value of capital θ. Otherwise, with

probability 1 − Φ(z∗) it becomes operative. In the latter case, its value is equal to the

expected value of operative firms, which is equal to π(z̄)/(ρ+ δ) since profits are linear

on z.

Combining the (EC) and (FE) conditions, we get

θz̄

z∗
=

1− θΦ(z∗)

1− Φ(z∗)
, (EC-FE)

which only depends on z∗, since z̄ only depends on it too. It is easy to see that the

(EC-FE) condition does not depend on the particular form of the production function

F (.). Proposition 1 below shows that the RH model admits one and only one stationary

solution for z∗. Proposition 2 shows that z∗ is an increasing function of θ; selection

then raises with capital reversibility. More important, Proposition 2 shows that the

ratio z∗/θ increases with θ. Since, as we show below, z∗/θ affects positively steady

state capital, output and consumption per capita, Proposition 2 also implies that more

selective economies produce and consume more in per capita terms. Finally, Proposition

3 shows that a larger variance of the productivity distribution is associated with more

selection, which increases both stationary output and consumption per capita. As a

consequence, the RH model shows unambiguous welfare gains from selection.

The main properties of the equilibrium cutoff z∗ are studied in the propositions below.

Proposition 1 For θ ∈ (ζ, 1), where ζ is the lower bound of the productivity support Z,
there exists one and only one z∗, z∗ in the interior of Z, that solves (EC-FE).
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Figure 1: Determination of the cutoff productivity z∗

Proof : Inverting both sides of (EC-FE) and multiplying them by z̄, z∗ is determined by

z∗

θ
=

1− Φ(z∗)

1− θΦ(z∗)
z̄(z∗) < z̄(z∗).

Multiply then both sides by θ
(
1−θΦ(z∗)

)
, move the term θz∗Φ(z∗) to the right-hand-side

and use the definition of z̄ to rewrite the equilibrium condition as

z∗

θ
=

∫
z≥z∗

zϕ(z)dz + z∗Φ(z∗) ≡ A(z∗). (EC-FE’)

The left-hand-side of (EC-FE’) is linear on z∗, crosses the origin and has a slope 1/θ > 1.

Concerning the right-hand-side, A(ζ) = 1 (remind that the entry distribution has unit

mean) and limx−>ωA(x)/x = 1, which is strictly smaller than 1/θ. Under the assumption

that θ > ζ, it is easy to see that A(x) crosses x/θ at least once in the interior of Z.

The first derivative of A(x) is

A′(x) = Φ(x) ∈ (0, 1).

Since the slope of A(x) is smaller than the slope of the left-hand-side for all x > ζ, A(x)

can only crosses x/θ once, which completes the proof.�

Equation (EC-FE) defines z∗ as an implicit function of θ, say z∗(θ), which functional

form depends on the functional form of the entry distribution Φ(.). (EC-FE) can be seen

as an arbitrage condition: A firm exits if and only if the expected return of reentering

is larger than the current return. For this reason, as shown in the proof above, z∗ < θz̄

8



(remind that the firm will expect getting z̄ with probability 1 − Φ(z∗) < 1). Figure 1

represents both sides of the equilibrium condition (EC-FC’), the diagonal (dashed line)

and the equilibrium value of z∗ (the projection of point z∗ in the x-axis).

It is easy to see that there is no selection in an economy with full capital irreversibility.

When the distribution admits a lower bound productivity ζ = 0 and θ = 0, the solution

with full irreversibility is z∗(0) = 0. In the case of Figure 1, the x/θ line collapses to

the vertical axis and point z∗ moves to (0, 1). Otherwise, when the distribution admits

ζ > 0 and θ is at its minimum admisible value ζ, A(x) = x/θ only admits z∗ = ζ as a

solution. On the other extreme, when θ goes to one, z∗ goes to the upper bound of the

support ω ∈ Z, ω < ∞. The z∗/θ locus in Figure 1 would move towards the diagonal

cutting the A(x) locus at ω. In case ω is unbounded, z∗ tends to infinity. When capital

is fully reversible, firms would always like to try again and again in order to reach the

maximum posible productivity ω.

The fact that the cutoff productivity is increasing in θ can be easily observed in

Figure 1. Notice that an increase in θ moves the x/θ locus to the right, raising z∗.

Indeed, as shown in the proposition below, z∗ raises more than proportional.

Proposition 2 For θ ∈ (ζ, 1), dz∗

dθ
θ
z∗ > 1.

Proof : Take logs and totally differentiate the equilibrium condition x = θA(x), use the

result above that A′(x) = Φ(x) and reorganize terms to get

dx/x

dθ/θ
=

(
1− Φ(x)x

A(x)

)−1

,

which is larger than one by definition of A(x). �

What is the role of idiosyncratic uncertainty in the selection process? The follow

proposition shows that selection is increasing in the dispersion of productivity across

firms.

Proposition 3 If the support of the initial distribution is bounded from above, z∗ is

increasing in the variance of the entry distribution.

Proof : Let the support Z of the entry distribution be the line segment (ζ, ω), ζ ≥ 0

and ω <∞. Firstly, integrate by parts the integral at the right-hand-side of (EC-FE’),

and multiply both sides by θ, to get

z∗ = θ

(
ω −

∫ ω

z∗
Φ(z)dz

)
. (7)
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An equilibrium is a fixed point of this relation (see Proposition 1).

Let the initial distribution be a mean preserving spread (remind that the mean of the

entry distribution is supposed to be one) and make it explicit by writing it as Φ(z;σ),

where σ is the standard deviation.

Let us now consider two distributions of the same family that have different standard

deviations σ1 < σ2. In this case, for any z∗ ∈ (ζ, ω),5∫ z∗

ζ

(
Φ(z;σ2)− Φ(z;σ1)

)
dz ≥ 0, ⇒

∫ ω

z∗

(
Φ(z;σ2)− Φ(z;σ1)

)
dz ≤ 0.

Consequently, the right-hand-side of (7) will move to the right when σ moves from σ1 to

σ2, increasing z∗.�

Aggregate Technology. Per capita output results from the aggregation of firms’ pro-

duction (remind that population has been normalized to unity):6

y = n

∫
z≥z∗

y(z)φ(z)dz = F (k, 1) ≡ f(k). (8)

Remind that at equilibrium F
(
z, `(z)

)
= F (k, 1)z/k, since `(z) = z/k and F (.) is

homogeneous of first degree. Notice that aggregate technology is Neoclassical and has

the same functional form as the individual firm’s technology. The only relevant difference

with respect to the Neoclassical model is that the average quality of capital, as measured

by z̄, instead of being normalized to one is endogenous and, as shown above, increasing in

selection. It is interesting to notice that, from equation (5), labor is paid at its marginal

productivity, since w = F2(k, 1) = f(k)− kf ′(k).

Capital per capita and the User Cost of Capital. Since capital is heterogeneous,

the return to capital depends on capital’s productivity. Individual profits in (6) can be

written as

π(z) = zf ′(k),

5See Diamond and Stiglitz (1974).

6Due to the fact that the average quality of capital, and then investment, is endogenously

given by z̄, in strict sense, investment and consumption are different goods. At the stationary

equilibrium, the price of investment relative to consumption is 1/z̄. In this sense, y measures

per capita output in consumption units and z̄y in capital units.
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meaning that, conditional on the firm being operative, firm’s capital is paid at its

marginal productivity. Profits are the return to firms’ capital, being equal to the marginal

product of per worker aggregate capital k multiplied by the firm specific capital produc-

tivity z. The return to capital is larger, the more productive capital is.

Indeed, from the free entry condition (FE), using equilibrium profits just above, we

get

z̄f ′(k) =
1− θΦ(z∗)

1− Φ(z∗)︸ ︷︷ ︸
irreversibility premium

(ρ+ δ) > ρ+ δ.

Adding one unit of output to the stock of capital has a marginal productivity z̄f ′(k).

As usual, marginal productivity has to be equal to the user cost of capital, represented

here by the right-hand-side of the above equation. Jorgenson [14]’s type user cost of

capital, ρ + δ, is multiplied here by a factor measuring the irreversibility premium.7

With probability Φ(z∗) the firm will get a bad productivity draw, in which case, it

will optimally close down and send its capital to scrap getting in return less than the

replacement cost of capital.

From the exit condition (EC), using again equilibrium profits (6), we get

z∗f ′(k) = θ(ρ+ δ) < ρ+ δ.

The cost of destroying the marginal unit of capital, the less productive, is z∗f ′(k). The

opportunity cost of doing it, indeed, is the return on the scrap value, represented at the

the right-hand-side of the equation above. The user cost of the marginal unit of capital

is smaller than the Jorgensonian user cost of capital, smaller than the user cost of the

average unit of capital.

Given the equilibrium cutoff productivity, we can use the (EC) condition to solve for

the aggregate capital per capita, implicit in

f ′(k) = θ/z∗(ρ+ δ).

From Proposition 2, we know that the more reversible capital is, the lower θ/z∗, making

aggregate capital per capita to be larger. This is fundamentally due to the fact that the

average productivity of capital z̄ is larger. As a direct implication, output per capital as

measured by y is larger too.

7In line with Chirinko and Schaller [5].
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To fix ideas, for a given equilibrium cutoff z∗, the equilibrium value of capital can be

written as

k = g(z∗),

where g(z∗) result from inverting the relation f ′(k) = θ(ρ+ δ)/z∗. Since technology F (.)

is assumed to be concave, f ′′(k) < 0, implying that the capital stock per capita is growing

with selection. This is particularly true, from Proposition 2 above, if selection results

from an increase in the degree of capital reversibility θ. Moreover, from Proposition 3,

idiosyncratic uncertainty opens new opportunities that require some degree of capital

reversibility to be realized, raising both capital and output per capita.

Scrapping. Let e be the mass of entrants per capita. At the stationary equilibrium

net entry equals exit, i.e.,

e
(
1− Φ(z∗)

)
= δn.

Remind that entrants that draw a productivity smaller than z∗ automatically exit. At

steady state, e = δn
1−Φ(z∗)

> δn, implying that, as usual in this literature, selection makes

endogenous gross entry be larger than exogenous exit.

In terms of production, y = c +
(
1 − θΦ(z∗)

)
e, since the scrapped capital θ of the

Φ(z∗) e exiting firms is reemployed in production as an input. Substituting e using the

stationary equilibrium condition above, output can be written as

y = c+
1− θΦ(z∗)

1− Φ(z∗)
δ︸ ︷︷ ︸

effective depreciation

n.

Given that selection destroys part of the newly created capital, the less productive, and

the destroyed capital is only partially reversible, the effective depreciation rate is larger

than δ. The difference between δ and the effective depreciation rate is due to partial

reversibility. Selection adds economic depreciation to the physical depreciation of capital,

in a similar way as obsolescence do in the vintage capital literature (see Malcomson [19]).

Since y = f(k) and k = z̄n, using the (EC-FE) condition, the feasibility condition at

the steady state equilibrium reads

f(k) = c+
θ

z∗
δk,

where output per capita is allocated to consumption and investment, both measures

in consumption units. Notice that the relative price of investment is 1/z̄, implying
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that the second term on the right-hand-side is identical to n multiplied by the effective

depreciation rate as defined above (use the (EC-FE) condition to show it).

Neoclassical Model. The RH model encompasses the Neoclassical model in two par-

ticular limit cases. In the first case, the variance of the distribution Φ(z) is assumed to be

zero. This is equivalent to assume that there is a representative firm with productivity

equal to one. At the stationary equilibrium, z̄ = 1, implying that k = n; the real wage

is w = f(k)− kf ′(k), equal to the marginal product of labor. From the (FE) condition

f ′(k) = ρ + δ; the marginal product of capital is equal to the Jorgensonian user cost

of capital. Notice that under firm homogeneity irreversibility plays no role: the firms’

value is larger than the scrap value θ, making all firms optimally stay in the market

irrespective of how low θ is.

In the second case, the degree of capital reversibility θ is assumed to be one, implying

that capital is fully reversible. To the stationary equilibrium be well defined, let us

assume that the support Z is bounded above by ω < ∞ and the exogenous exit rate

δ = 0. By combining (EC) with (FE), it is easy to see that under θ = 1, z∗ = z̄, which

by definition of z̄ can only be true if both z∗ and z̄ are equal to ω. Since capital is

fully reversible, whatever the initial distribution of capital is, all firms with productivity

smaller than ω will eventually scrap their capital and the economy will converge to a

stationary state with a degenerate productivity distribution, all firms’ productivity being

equal to ω. Under these assumptions, k = nω, w = f(k) − kf ′(k) and ρ + δ = ωf ′(k),

corresponding to the marginal product of labor and capital, respectively. Notice that,

even if firms are initially heterogeneous, they become homogeneous at the stationary

equilibrium with selection moving all firms to the frontier technology.

Since at the stationary equilibrium, as shown above, k = g(z∗), g′(z∗) > 0, the

steady state capital per capita of the RH model will be bounded by these two alternative

Neoclassical stationary equilibria. Indeed, irrespective of the fact that capital per capita

in the RH can be larger or smaller than in the Neoclassical model (depending on the

definition), it is unambiguously increasing in selection.
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Welfare. From the feasibility condition above, it is easy to see that selection positively

affects consumption per capita, i.e.,

∂c

∂(θ/z∗)
=

(
f ′(k)− θδ

z∗

)
∂k

∂(θ/z∗)
− δk =

θρ

z∗
ρ+ δ

f ′′(k)
− δk < 0. (W)

From Proposition 2, an increase in capital reversibility, θ, reduces θ/z∗. Stationary con-

sumption per capita, and then welfare, are both increasing in selection, in particular when

more selection is a consequence of larger capital reversibility. More efficient economies,

those with larger θ, are more selective, have a larger capital per capita, produce and con-

sume more at the stationary equilibrium. For a similar argument, steady state welfare is

also bigger in economies with larger dispersion of the idiosyncratic productivity shock.

3 Fixed production costs and sunk entry costs

This section studies the main properties of an alternative general equilibrium model.

Let us refer to it as the standard Hopenhayn model (SH), standard in the particular

sense that instead of assuming partial capital reversibility, we assume that there is a

sunk entry cost (capital is fully irreversibly) and a fixed production cost λ, λ > 0, which

for convenience we measured in units of the consumption good.8 In this alternative

framework, selection is positively related to fixed production costs. But, an environment

with larger fixed production costs is less efficient. Nevertheless, in the RH model selection

is positively related to capital reversibility, with the polar property that an environment

with larger capital reversibility is more efficient.

Under the previous assumptions, net revenues π(z) adopt the same functional form

as profits in the previous section

π(z) = f ′(k)z.

The new exit condition, indeed, becomes

π(z∗) = λ ⇒ f ′(k)z∗ = λ.

8Assuming that the production cost λ is fixed in units of the consumption good instead of

labor is not critical for the main arugment, but simplifies the analysis by allowing us to use

the main results of the paper. The critical difference between the standard Hopenhayn type of

model and the Ramsey-Hopenhayn model relies on assuming a fixed production cost instead

of partial capital reversibility.
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A firm with productivity z ≥ z∗ will be active, since profits are positive at the stationary

equilibrium.

The new free entry condition is(
1− Φ(z∗)

)(
f ′(k)z̄ − λ

)
/(ρ+ δ) = 1.

Since capital is a sunk cost, with probability Φ(z∗) the firm close down and gets nothing

in return. Otherwise, it expects to get the discounted flow of expected profits
(
π(z̄) −

λ
)
/(ρ+ δ).

Combining the new exit and free entry conditions, we get

ρ+ δ + λ

λ
z∗ = A(z∗),

with A(z∗) defined as in Proposition 1. Notice that this equation is identical to (EC-

FE’) in the proof of Proposition 1, with λ
λ+ρ+δ

∈ (0, 1) instead of θ. Consequently,

Propositions 1 to 3 all apply to the SH model too.

To fix ideas, let us assume that the productivity distribution at entry is Pareto,

Φ(z) = 1−
(
ζ

z

)κ
,

with tail parameter κ > 1, and lower bound productivity ζ = (κ − 1)/κ in order to

the expected productivity at entry be one (the same normalization as in the previous

section). The cutoff productivity of the RH model, emerging from equation (EC-FE) is

z∗ =

(
θ

(1− θ)(κ− 1)

) 1
κ

ζ,

which is increasing in θ. Take logs and differentiate the equation above (taking κ and ζ

as given) to show that
dz∗/z∗

dθ/θ
=

1

κ(1− θ)
,

which is larger than one, since θ ∈ (ζ, 1). This result is just an application of Proposition

2. The ratio z∗/θ is then increasing in θ. We can finally use the (EC) condition to solve

for k, which positively depends on z∗/θ. Consequently, an increase in θ makes the RH

economy more selective and more capital intensive. This will reflect on larger output

and welfare at steady state.

Let see what the equivalent result is in the SH economy. Using the equations above,

z∗ =

(
λ

(ρ+ δ)(κ− 1)

) 1
κ

ζ.

15



Indeed, it is easy to see that
dz∗/z∗

dλ/λ
=

1

κ
< 1,

since κ > 1; the ratio z∗/λ is decreasing in λ. Given the exit condition above, k is

positively related to z∗/λ, which is decreasing in λ. Then, an increase in λ generates

more selection, at the cost of a reduction in capital per worker. The fundamental reason

is that an increase in the degree of reversibility in the RH model raises the value of capital,

but an increase in the fixed production cost in the SH model reduces it, since production

will be more costly. In these two economies, the incentives for capital accumulation move

in opposite directions when the economy faces more selection.

Let us now define output as value added

y = n

∫
z≥z∗

y(z)φ(z)dz − nλ = f(k)− nλ.

Fixed production costs λ are (internal) inputs used in the production process that needs

to be subtracted to define firm’s output as y(z)− λ. Let us combine the definition of k,

i.e. k = nz̄, and the property of the Pareto distribution that z̄ = κ/(κ− 1) z∗, to write

n = κ−1
κ

k
z∗

. Let us then use the exit condition f ′(k) = λ/z∗ to get9

y = f(k)− κ− 1

κ
f ′(k) k ≡ g(k).

Notice that its first derivative is

g′(k) =
f ′(k)

κ
− κ− 1

κ
f ′′(k) k > 0.

Indeed, output is increasing in k, even if an increase in k may be raising fixed production

costs. Since k is decreasing with selection, output is decreasing too, and consequently

welfare.

Compared to the RH model in the previous section, this economy is clearly less

efficient, since capital is fully irreversible and in addition production requires the fixed

production cost λ. More important, an increase in λ generates more selection at the cost

of rendering the economy less efficient. The opposite arrives in the RH model, where

increasing θ to generate more selection, renders the economy more efficient. Even if for

9Of course, conditions may be imposed on firm’s technology f(k) in order to the aggregate

technology g(k) be Neoclassical. Notice, however, that the aggregate technology depends on

the productivity distribution, which is not the case in the model with capital reversibility.
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both economies the First Welfare Theorem applies, and both competitive equilibria are

Pareto optimal, the needed change in the environment that raises selection have opposite

effects on the fundamentals. In the RH model, a raise in θ makes the economy more

efficient, but in the SH model a raise in λ worsens the fundamentals.

4 Extensions

Disembodied Technical Progress The model can be easily extended to the case of

exogenous labor saving (disembodied) technical progress. For this purpose, let us assume

that the technology of a firm z is

yt(z) = F
(
z, At`t(z)

)
,

where At = A eγt, A > 0, and γ > 0 representing the rate of technical change. In this

case, a balanced growth path exists where per capita output, capital and consumption, all

grow at the rate γ. It is easy to see that the cutoff productivity z∗ is determined as before

by the (EC-FE), which does not dependen on technology. Propositions 1 to 3, then, apply

and selection plays the same role as in the previous sections. It is important to notice

that under disembodied technical progress, the position of a firm in the productivity

distribution remains unchanged at a balanced growth path. The equilibrium distribution

is then given by the truncated distribution (3). As a consequence, the average quality

of capital z̄ remains constant at the balanced growth path, meaning that all raise in kt

is due to an increase in capital when measured in physical units.10

Endogenous Growth The aggregation argument developed above applies to any

firm’s technology x = F (z, `), increasing in and homogeneous of first degree on both

arguments z and `, and concave on `, but not necessarily concave on z. It then applies,

10The case of embodied technical progress is less straightforward, belonging to the vintage

capital literature (see Boucekkine et al [4] and Gilchrist and Williams [8]) with within-vintage

heterogeneity. The natural extension will be to assume that the average productivity at entry

grows at the rate γ, meaning that on average newer vintages are more productive. As time

goes, the equilibrium cutoff productivity will be moving to the right. Since it is common to all

vintages, the equilibrium distribution will not simply be a truncation of the entry distribution.
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in particular, to the firm’s technology

x = Az +H(z, `),

where H(z, `) is is assumed to be increasing in, concave and homogeneous of first de-

gree on both arguments z and `. Using a similar argument as above, it aggregates at

equilibrium to the aggregate technology

y = Ak + h(k),

where h(k) = H(k, 1). Selection, as in the RH model, only depends on the scrap value

of capital θ and the parameters of the productivity distribution at entry, Φ(z). For a

given average productivity z̄, if h(.) is a Neoclassical production function, the economy

behaves at the stationary equilibrium as in Jones and Manuelli [13]. At the unique

(asymptotic) balance growth path, under the assumption that household preferences are

constant intertemporal elasticity of substitution, consumption grows at the endogenous

stationary rate

g = σ(Az̄ − ρ− δ).

In this framework, selection, by making the productivity of capital larger, positively

affects the stationary growth rate of the economy.

5 Conclusions

This paper extends the Neoclassical growth model to accommodate for firm heterogeneity

in the spirit of the literature on firm dynamics. In this framework, selection raises the

value of capital and per capita output. More important, it increases steady state welfare.

The argument also applies to endogenous growth models of the AK type (see [13]).

In this case, selection has a positive effect on the endogenous growth rate by increasing

the equilibrium expected return to capital accumulation.
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