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1 Introduction

Motivation and approach

Money is predominantly held by the public in the form of bank deposit contracts.!
These deposits—which are claims on banknotes—are typically created by the banks’
lending decisions. How is such inside money creation controlled, and how can it be
steered towards socially desirable levels? These long-standing questions are the focus
of this paper.?

For several reasons, the constraints on asset and inside money creation—thereafter
simply called “money creation”—in the commercial banking system in today’s archi-
tectures have received renewed attention recently (see McLeay et al. (2014)). First,
the price of reserves, i.e. the short-term interest rate, has generally replaced tradi-
tional quantity instruments in the form of reserve requirements, which do not restrict
lending directly.> Moreover, exceptionally, some central banks purchase securities or
lend to banks at low and even negative interest rates. Whether such policies trigger
a corresponding money creation and foster economic activities is unclear.

We develop a sequential general equilibrium model to study these issues. In particular,
we build the simplest general equilibrium model for which the feature that competi-
tive commercial banks create money by granting loans is crucial. In this setting, we
investigate the functioning of money creation in various circumstances and we exam-
ine which combinations of central bank policy rates and capital requirements lead to
a socially efficient money creation and intermediation of households’ endowments to
the production sectors. The main issues are as follows:

e Does a two-tier process with private money creation through competitive com-
mercial banks via deposit/loan creation to firms and with public money creation
by central banks via deposit/loan creation to commercial banks yield efficient
allocations when prices are flexible?

e How do price rigidities affect the functioning of the two-tier money creation
process?

IToday, the use of banknotes and coins in daily transactions is low. For instance Bennett et al.
(2014) estimate the share of the volume of payments made in cash in the US at 14%.

2Gurley and Shaw (1960) and Tobin (1963) are well-known contributions. Tobin (1963), for
instance, established the so-called “new view” by stressing that there are natural economic limits to
the amount of assets and liabilities the commercial banking industry can create.

3Based on a 2010 IMF survey of 121 central banks, Gray (2011) describes the main purposes
of reserve requirements and points out that nine countries do not have any reserve requirements,
including the United Kingdom, Australia, Mexico, and Canada. Similarly, Carpenter and Demiralp
(2012) show that the standard money multiplier model cannot explain the relationship between
reserves and money. For instance, they point out that reserve balances held at the Fed increased
dramatically—by a factor of at least 50—from July 2007 to December 2008 and that no similar
increase in any measure of money could be observed during this time frame.



e Can capital regulation, together with central bank interest rate setting, alleviate
potential inefficiencies?

e How do financial frictions impact the functioning of the two-tier process?

While there are many papers about the role of bank deposits playing the role of
money and papers with a different focus, this paper is the first paper with a general
equilibrium approach to the two-tier process of private and public money creation, as
we discuss in more detail below in the Relation to the literature.

The details of the model are as follows: bank deposits are essential to buy physical
goods, and these deposits are created by banks in the lending process for firms that
can only obtain funds through monitored lending. The central bank sets an interest
rate (or policy rate) at which banks are able to refinance themselves and which they
can earn by holding reserves at the central bank. Regulatory authorities impose bank
capital requirements. Households sell their endowment of investment goods to firms
and choose a portfolio of bank equity, bank deposits, and bonds. Consumption goods
are produced by firms and they are sold to and consumed by households. With the
proceeds, banks and firms pay dividends and reimburse bonds and loans. Money in
the form of bank deposits is destroyed when firms repay their loans, and money in
the form of central bank reserves is destroyed when banks repay their central bank
liabilities.

Main insights

The analysis of our model produces three main insights. First, with perfectly flexi-
ble prices, i.e. prices adjusting perfectly to macroeconomic conditions, equilibria with
money creation are associated with the first-best allocation, regardless of the central
bank’s monetary policy. If prices are rigid, there exist central bank policies for which
money creation collapses or explodes. In the only equilibrium possible, in these cases,
there is no financial intermediation, and an inefficient allocation occurs. Appropriate
central bank policy can restore socially efficient money creation and lending. Second,
with price rigidities and the zero lower bound, there may not exist a feasible central
bank monetary policy inducing socially efficient money creation and lending. Capital
regulation, in the form of a minimum equity ratio, and monetary policy can jointly
limit money creation, and, under normal economic conditions, restore the existence
of equilibria with socially efficient money creation and lending. Third, when prices
are rigid, the central bank’s choice of zero interest rates and appropriate capital reg-
ulation can only avoid a slump in money creation and lending if economic conditions
are sufficiently favorable.* The functioning of the economy is illustrated in a simple
example in Appendix C.

We also investigate how these insights translate (i) in the presence of financial frictions
at the bankers’ level, (i7) when bonds are denominated in nominal terms, (iii) when

4Formally, this means that there is a positive probability that the real interest rate is above zero.



there are more than two states of the world, (iv) when we also consider asymmetric
equilibria with banks, (v) when there are real costs for monitoring activities, (vi)
when the lending rates or the real deposit rates cannot be written contingently on
the state of the economy, and (vii) when a reserve requirement and a haircut rule for
borrowing against the central bank are imposed by government authorities. While our
results continue to hold for extensions (7i), (iii), (v), and (vi), we obtain three further
insights: First, in the presence of financial frictions, there are equilibria with banks
only when capital regulation is adequately combined with monetary policy. Second,
we demonstrate that there are inefficient asymmetric equilibria with banks when prices
are flexible and that suitable capital requirements eliminate these inefficient equilibria
with banks, so that only efficient equilibria with banks remain. Finally, we show that
the impact of a reserve requirement coupled with a haircut rule on money creation is
identical to the impact of a minimum equity ratio requirement.

One important remark is in order. The features of our model entail results of the
knife-edge type. For instance, money creation is either at optimal level, unlimited,
or collapses to zero. This has the advantage of illustrating in the most simple and
most transparent way both the forces at work and appropriate monetary policy and
capital regulation. Moreover, it should motivate to construct smoother versions of the
model.’

Relation to the literature

Our paper is inspired by the long-standing issue of the limits on money creation by
commercial banks in a world with fiat money. The historical debate on banks as
money creators and on endogenous money is discussed in Jakab and Kumhof (2015).
Independently of this paper, Jakab and Kumhof (2015) construct a DSGE model in
which a bank can create money. They show quantitatively that shocks have greater
effects on bank lending and on the real economy than in the corresponding loanable-
funds model. We focus on the welfare properties of general equilibrium models when
private banks compete with regard to money creation—both in the absence and pres-
ence of price rigidities. Conceptually, our research is connected to four further strands
of the literature.

First, the literature has established that fiat money can have positive value in a
finite-horizon model when, first, there are sufficiently severe penalties when debt to
governments—such as tax liabilities—is not paid and, second, when there are suffi-
ciently large gains from using and trading money.® To this literature, we add the

5Smoother versions might involve, for instance, risk-averse households, transaction costs, and
costs of monitoring and deposit creation, in which cases money creation may react more smoothly
to interest rate changes, for example.

6See for example Shubik and Wilson (1977), Dubey and Geanakoplos (1992), Dubey and
Geanakoplos (2003a,b), Shapley and Shubik (1977), and Kiyotaki and Moore (2003). There are
various important approaches to constructing general equilibrium models with money to which we
cannot do justice in this paper. We refer to Huber et al. (2014) for a summary of the reasons why



two-tier structure with privately and publicly created monies. Commercial banks cre-
ate bank deposits (privately created money) when they grant loans to firms, thus
enabling them to buy investment goods. Bank deposits will be used later by house-
holds to buy consumption goods.” The central bank creates reserves (publicly created
money) when it grants loans to commercial banks, thus enabling them to settle claims
on privately created money among banks. The publicly created money is often called
“central bank money”.

In our model, following the above literature, fiat money in the form of bank deposits
has value due to three reasons. First, firms can only acquire investment goods if they
obtain loans from banks in the form of bank deposits and thus there are large gains
from using money. Second, banks face large penalties when they cannot pay back
the central bank money and default against the central bank. Third, all money is
destroyed at the end of the economy.®

Second, beside the banks’ role in money creation, the existence of banks in our model
is justified by their role as delegated monitors, which goes back to Diamond (1984),
where the existence of financial intermediaries relies on economies of scale in moni-
toring borrowers under moral hazard. Furthermore, Boot and Thakor (1997) provide
a rationale explaining why financial markets and banks can coexist. They show that
high-quality firms can borrow directly from the financial markets and that the moral
hazard problem can be alleviated by banks’ monitoring activities. Similarly, Bolton
and Freixas (2000) develop a model based on asymmetric information with equity and
bond issues as well as bank loans. They also show that safe firms borrow from the
bond market, whereas riskier firms are financed by banks. Based on these insights,
we construct our model on the assumption that there are two different types of firms.
The first type encompasses opaque firms, which are risky and need to be monitored
by banks to obtain financing. The second type comprises firms, which are safe and
can obtain financing directly from households through bond issues.

Third, a large body of literature on banks in partial or general equilibrium has provided
important insights on how appropriate capital regulation may reduce excessive risk-
taking, stabilize credit cycles, and liquidity provision.” We examine the role of capital

the value of fiat money can be positive in finite and infinite horizon models. Shubik and Tsomocos
(1992) extend this type of models by introducing a mutual bank with fractional reserves.

"For simplicity, we will neglect payments via banknotes and thus all consumption goods will
be bought via bank deposits. Since bank deposits are interest-bearing we do not need to impose a
cash-in-advance constraint, as in models of non-interest bearing fiat money (see Clower (1967) and
Lucas (1982)).

8There is an important branch of literature referred to as New Monetarist Models that not only
provide micro-foundations for money but also monetary policy in terms of interest rates on short
term bonds (see e.g. Rocheteau et al. (2018) and Geromichalos and Herrenbrueck (2017) for recent
advances in this literature). We follow the literature mentioned in the previous paragraph on why
money has value. Besides the foundation of the value of money we differ from the existing literature
in the New Monetarist Models as we focus on the interplay between competitive issuance of private
money by banks and public money by the central bank (monopoly).

9Recent general equilibrium models are developed to provide a foundation for counter-cyclical

4



regulation with regard to money creation.

Fourth, our modeling of heterogeneous banks and of an interbank market relates to
the approach of Tsomocos (2003) and Goodhart et al. (2006), who develop a tractable
general equilibrium model to study financial fragility and derive conclusions regarding
monetary, regulatory, and fiscal policies. While in their model, banks lend to firms
the money they have first borrowed from the central bank, we develop a general
equilibrium model in which banks create inside money by granting loans to firms
before any borrowing from the central bank. Banks then have to borrow from the
central bank or from the interbank market to finance any outflow of deposits that is
greater than the inflow.

Fifth, some of the frictions we examine such as price rigidities and constraints such
as the zero lower bound are, of course, discussed in large and important branches
of the macroeconomic literature, which we cannot survey in this paper (for a recent
advancement of this literature, see Caramp and Singh (2020)). We focus on how
price rigidities and the zero lower bound affect the interplay of competitive issuance
of private money by banks and public money by the central bank (monopoly), and
thus our focus is quite different from the above-mentioned literature.

Structure of the paper

The set-up of the model is outlined in Section 2. Section 3 derives the resulting
equilibria and their welfare properties. Section 4 analyzes the role of capital regulation
when prices are perfectly rigid and the central bank policy rate is constrained by the
zero lower bound. Section 5 presents extensions and generalizations of the model and
concludes. The Appendices A.2 to C contain detailed analyses of the stages, proofs
and an example.

2 Model

We consider a two-period general equilibrium model with two production sectors and
one investment good. In Period ¢ = 0, investment takes place in both sectors. At the
beginning of Period ¢ = 1, the production technologies transform the investment good
into a consumption good. The gross rates of return are impacted by a macroeconomic
shock. At the end of Period t = 1, consumption takes place. There are firms in both
sectors, commercial banks, the central bank and the government. Households own
firms and commercial banks.

We next describe the details of the model. We use bold characters for real variables (for
the amount of investment or consumption goods) to distinguish them from nominal

capital regulation. Gersbach et al. (2015) focus on on the role of capital regulation as an equilibrium
selection device. Cao and Illing (2015) model banks’ incentives to overinvest in illiquid assets and
provide a rationale for ex ante liquidity coverage requirements.



variables. All nominal variables are expressed in the numeraire, which will be the
central bank monetary unit. Furthermore, we differentiate individual quantities from
aggregate quantities by using lower case letters for the former and capitals for the
latter.

The economic activities of the four types of agent—entrepreneurs, bankers, house-
holds, and the government—are described in Subsections 2.1 and 2.3.2. Subsection
2.2 describes the macroeconomic shock. The institutional set-up is given in Subsection
2.3. The sequence of decisions by the agents and the markets across the two periods
(t =0,1), including all payment processes, are detailed in Subsection 2.4. Subsection
2.5 defines the notion of equilibrium.

2.1 Agents

In Subsection 2.1 we describe the agents in the economy in more detail.

2.1.1 Entrepreneurs

Two different technologies are employed by firms to transform the investment good
into a consumption good. These firms are run by entrepreneurs, who only play a
passive role and simply maximize the value of shareholders. Firms are owned by
households. There is a moral hazard technology called hereafter Sector MT or simply
MT. Entrepreneurs running the firms employing this technology are subject to moral
hazard and need to be monitored.! We use Ky € [0, W] to denote the aggregate
amount of investment good invested in MT, where W > 0 denotes the total amount
of the investment good in the economy. An investment of Ky produces KyRa units
of the consumption good, where Ryg > 0 denotes the real gross rate of return.

We define a real gross rate of return—also called hereafter real gross rate or simply
gross rate—as being the amount of the consumption good produced by investing one
unit of the investment good. Similarly, we define a nominal gross rate of return—
also called hereafter nominal gross rate or simply gross rate—as being the amount of
money (deposits or central bank money) which has to be repaid to the creditor by the
debtor per unit of nominal investment.

There is a frictionless technology referred to hereafter as Sector FT or simply FT.
Entrepreneurs running the firms employing this technology are not subject to any
moral hazard problem. We use K¢ € [0, W] to denote the aggregate amount of
investment good invested in FT and f(Kg) to denote the amount of consumption
good produced by FT. We assume f’ > 0 and f” < 0.

0T ypically, Sector MT comprises small or opaque firms that cannot obtain direct financing.
HTn practice, these are well-established firms that do not need to be monitored for repayment
after having borrowed money.



Firms in MT and FT are owned by households, and as long as they are positive, the
resulting profits from both technologies, denoted by II,; and I, are paid to owners
as dividends. The shareholders’ values are given by max(Il;;,0) and max(Ilg,0),
respectively. The assumption that one technology is linear and one is concave ensures
that there will be an interior solution for the mix of bond and bank financed firms.!?2

2.1.2 Bankers

There is a continuum of banks labeled b € [0, 1], owned by households, and operated
by bankers who maximize shareholders’ value. At the very beginning, banks are only
labels or indices. By granting loans to firms in MT, Bank b simultaneously creates
deposits d4; = 15,3 We use D); = Ly to denote aggregate private deposits. db;
(or af,) is the distribution of MT firms’ deposits across banks. When MT firms buy
investment goods, these deposits will be transferred to households. The accounts
of households are distributed uniformly across banks. Households convert a share
¢ € (0,1] of their initial deposits D), into an amount Eg = ¢ D) of bank equity and
keep the remaining deposits to buy some amount of the consumption good. In order
to allow banks to start with money creation, households commit to this conversion at
the beginning.

We assume that each bank receives the same amount of equity financing, denoted
by eg.* The aggregate amount is denoted by Eg. As the measure of banks is 1,
the aggregate amount is numerically identical to the individual amount eg. When
Eg > 0 banks are founded!® and can engage in money creation and lending activities.
For simplicity, we assume that banks can perfectly alleviate the moral hazard problem
when investing in MT by monitoring borrowers and enforcing contractual obligations
and that monitoring costs are zero.' Banks provide (nominal) loans to firms in Sector
MT at a nominal lending gross rate R;. The individual and aggregate amounts of
loans are denoted by 14, and Ly, respectively. We can express the ratio of individual
lending by Bank b to average lending by banks as af, := By a7

Ly

Bank equity holders are protected by limited liability. The profits of Bank b are

12The model can be analyzed for other constellations which produce an interior solution: both
technolgies concave or a linear frictionless technology and a concave moral hazard technology. The
latter is special, since it involves a fixed real rate of return. The former is formally more cumbersome.

13Since only deposits are supported by central banks in the payment process and thus can serve as
a medium of exchange, banks do not issue equity when granting loans. In practive, there are further
reasons why this is the case: volatility of the value of equity and smaller deposit units.

4Households are indifferent regarding their equity investment across banks at the beginning when
they need to decide on this conversion.

5 Typically, banks need to have some minimal equity to obtain a banking license.

16Tn the language of the moral hazard setting a la Holmstréom and Tirole (1997), our assumption
means that, through monitoring, banks can pledge the entire output from MT firms to depositors.

17 As the continuum of banks is of a measure equal to one, the aggregate lending Ly, can also be
interpreted as the average lending per bank and o}, as the ratio of individual lending to average
lending.



denoted by I1%. If positive, they are paid as dividends to equity holders in the form

of deposits. The bank shareholders’ value and the nominal gross rate of return on
max(I1%,0)

joamr respectively.

equity are given by max(I1%,0) and

2.1.3 Households

There is a continuum of identical and risk-neutral households represented by [0, 1].
They are the only consuming agents in the economy. We can focus on a representative
household initially endowed with W units of the investment good and ownership of
all firms in the economy. It sells a part of its endowment of the investment good to
firms in MT against bank deposits. Then it chooses a portfolio of bank equity and
bank deposits and lends the remaining endowment of the investment good directly
to firms in FT against bonds.!® The dividends from firm ownership and bank equity
investment as well as the repayments from bonds and bank deposits are used to buy
the consumption good. The details of this process are set out in Subsection 2.4.

2.2 Macroeconomic Shock, Contracts, and Prices

A macroeconomic shock s = [, h occurs at the beginning of Period ¢t = 1 after the
investment good has been allocated to the two technologies during Period ¢ = 0.
It affects the real gross rate of return from production in Sector MT. Specifically,
an investment of Kyy in MT produces KyRY; and Ky R); with probability o in the
good state and 1—o in the bad state of the world, respectively (0 < o < 1), where R},
is the real gross rate of return in State s (s = [, h). We assume that 0 < R}; < RY,.

Banks monitor entrepreneurs running firms in MT and plagued by moral hazard (see
Subsection 2.1.1) and offer state-contingent loans with nominal lending gross rates
(R5)s=in- The lending interest rates are given by (R5 — 1)s—ip-

We focus on a complete market setting in the sense that all contracts can be condi-
tioned on macroeconomic events.!? All nominal contracts are stipulated in terms of
the unit of the central bank money. As the output in FT is not stochastic, the real
gross rate of return on bonds Ry is risk-free.

We will use interchangeably the notations E[X] and X to denote the expected value
of some variable X. We make the following assumptions throughout our paper:

f'(W) < Ry < £/(0).

18 Alternatively, we could assume that firms in FT are only financed by equity. Since households
are the only agents financing firms in FT and financing is frictionless, they are indifferent between
different capital structures, and this would not affect our results.

9The market setting is incomplete in two other respects. Payments must be made with bank
deposits, and households cannot invest directly in all the firms. Firms in one sector rely on financial
intermediation.



In words, the above assumption ensures that the expected total production can never
be maximized by allocating the entire amount of the investment good to one sector
of production.

2.3 Institutional Set-up

2.3.1 Monies and Interbank Market

We have two types of money (privately created and publicly created monies) which are
representative of the modern money architecture. A first type of money is privately
created by commercial banks through loans to firms (or other banks), held at banks
in the form of deposits by households or firms and destroyed when households buy
bank equity and when firms repay loans. We call the first type of money “private
deposits”. A second type of money is publicly created by the central bank—called
hereafter CB—via loans to banks. It is held at the central bank in the form of deposits
by banks. We call this second type of money “CB deposits”.

The essential rules linking publicly created and privately created monies are illustrated
as follows. When households use private deposits to make payments, these deposits
typically move from one bank (account of buyer, say b;) to another bank (account
of seller, say b;). To settle the transfer of private deposits, Bank b; becomes liable
to b;. These banks now have two options. Either b; obtains a loan from Bank b;,
or it refinances itself at the CB and transfers the central bank money received, CB
deposits, to Bank b;. The institutional rule is that one unit of central bank money
settles one unit of liabilities of privately created money, and both types of money
have the same unit. This fixes the “exchange rate” between central bank money and
privately created money at 1.2° Finally, we assume that there are no transaction costs
for paying with private or CB deposits.

The prices of the investment and the consumption goods in units of both privately
created and publicly created monies are denoted by p; and (pf)s—;n, respectively.
We also integrate an interbank market in which banks can lend to and borrow from
each other. Arbitrage arguments yields that the interbank gross rate is equal to the
households’ deposit gross rate, which we denote by (R%,)s=i.2!

2.3.2 Role of Public Authorities

Two public authorities—a central bank and a government—ensure the functioning of
the monetary architecture. We purposely impose favorable conditions on the working
of the monetary architecture and the public authorities involved. These authorities

20In principle, this exchange rate could be fixed at any other level.
2IThe mechanisms by which banks become liable to other banks or hold assets against them are
explained in detail in Appendix A.5.



fulfill three roles.

First, banks can obtain loans from the central bank and can thus acquire CB deposits
at the same policy gross rates (R p)s—in at any stage of economic activities, where
(Rip — 1)s—ip are the central bank interest rates. This implies that banks do not
have to worry about the exact flow of funds at any particular stage. Only their net
position at the final stage matters. Banks can also borrow from, or deposit at, the
central bank contingently on the state of the world s.

Second, the government imposes heavy penalties on those bankers whose bank defaults
on obligations to any public authority.?? As a consequence, no bank will default on
its liabilities against the central bank in any state of the economy. A bank, however,
may default on households’” deposits. In such cases, the government has a third role.
It makes deposits safe by levying lump-sum taxes on households to bail out banks
that default on households’ deposits. In practice, making deposits safe is a necessary
condition for their use as money and it protects unsophisticated households. Thus,
we integrate implicit insurance of bank deposits into our framework. Later we will
introduce a third public authority, i.e. bank regulators, and bank regulation in the
form of a capital requirement.

We explore equilibrium outcomes for different policies—the central bank policy gross
rate and the capital requirement—and for each combination of these outcomes we
determine the associated level of welfare expressed in terms of household consumption.
We assume that the central bank and the bank regulators aim at maximizing the
welfare of households.

2.4 Timeline of Events and Bank Profits

We next describe the timeline of events. For this purpose, we divide each period into
several stages. An overview of the timeline is given in Figure 1.

t=20 | t=1
I I I | I I

Stage A Stage B Stage C Stage D Stage E
Foundation Granting Payment Macroeconomic Dividend
of banks of loans process, shock, payment,
to firms investment production, repayment

and money in FT, and and of debt,

creation payment of potential and
by banks bank equity government payment
taxation process

Figure 1: Timeline.

22As banks are able to borrow from the CB at any time, it is sufficient to assume that heavy
penalties are imposed on those bankers whose banks default on obligations to the CB.
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In Appendix A, we describe every detail of these events, as this ensures the consistency
of the evolution of stocks and flows across the stages. For now, we focus on two
ingredients of the model that are central for the definition and analysis of equilibria.
First, an equilibrium with banks (and thus positive lending to Sector MT) requires

MPe = Ripr, so that entrepreneurs in Sector MT make zero profit. This a direct
consequence of the linear MT technology. Second, the expression of Bank b’s profits
is as follows:

% = (1 — o)Ly RS s + o Ly R — dy RS,
=1 —ab)LyRig+aS,LyR; — (Ly — Ep)R5
= o, Ly (RS — Rip) + Ly(Rep — RS) + EBRS,. (1)

Since banks are maximizing return on equity and operate under limited liability, their
problem is given by:

max {E[max(a}, Ly (RS — Rip) + Ly (R p — RS) + EgR3y, 0)]}. (2)

alj’wZO

The bank’s problem is the central element for our analysis and has three terms. The
first term is the profit from private money creation and loan activities of bank b. As
all deposits created will move to other banks in the payment process, the bank has
to settle the liabilities by central bank money, and thus public money, at interest rate
factor R¢z. The intermediation margin R — R{p thus determines whether these
activities generate profits or losses. The second term describes the consequences from
deposits of other banks moving to bank b. The intermediation margin R¢,; — R}
applies to this part. The third term stems from the reduction of bank debt when
some of the deposits are transformed into bank equity and thus the bank has to pay
less to debtors.

Two important remarks are in order. First, households have accounts distributed
equally across all banks. If one bank creates more money (i.e. deposits) and loans
than the average, then fewer deposits flow back to this bank than it has created when
firms buy investment goods from households and pay with deposits to household
accounts. The bank has to borrow this difference from the central bank, as it has
to settle the ensuing liabilities with other banks. Hence, central bank borrowing is
endogenous and a result of the money creation decision of an individual bank.

Second, by definition of o}, we always have fb clo1] ab,db = 1. Hence, at the aggregate
level net, borrowing of the banking system from the central bank is zero. This is a
fundamental property of the two-tier system. At the aggregate level, the banking
system cannot be a net borrower from the central bank at the stage when loans and
money are created, since the banking system could not pay the interest rate on central
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bank money and some or all banks would need to default on the central bank. For
individual banks, this is possible, since higher money creation than the average in the
economy will lead to higher claims on central bank money in Period 1.

Finally, it may be useful to display all the interactions in figures: Figure 2 summa-
rizes the agents’ interactions during Period ¢ = 0. Figure 3 summarizes the agents’
interactions during Period ¢ = 1.

Flow of physical good
<«—— Flow of money

Market for <«<—— Flow of claims

Investment Good I. = Investment Good
D. = Deposits

L. = Loans

S. =Bonds

E. = Equity

R. = Reserves

Entrepreneurs
Frictionless
Technology (FT)

Entrepreneurs
Moral Hazard
Technology (MT)

Households
m

Figure 2: Flows and interactions between agents during Period ¢ = 0.

Market for
Consumption Good

Central Bank

Flow of physical good

<«—— Flow of money

Market for <«<—— Repayment of claims
Investment Good C. = Consumption Good
D. = Deposits
L. = Loans
S. =Bonds
T. = Taxes
R. = Reserves

Entrepreneurs
Frictionless
Technology (FT)

Entrepreneurs
Moral Hazard
Technology (MT)

C.
Households
S.
@I—
Government

Figure 3: Flows and interactions between agents during Period ¢ = 1.

Market for
Consumption Good

Central Bank

12



2.5 Definition of an Equilibrium with Banks

We look for symmetric equilibria with banks in the sequential market process described
in Subsection 2.4. In a symmetric equilibrium with banks, all banks take the same
decision regarding money creation and lending and thus have identical balance sheets
in equilibrium. Moreover, the policy gross rates (R p)s are set by the central bank,
so equilibria with banks are dependent on this choice. The gross rate of return on
equity of an individual bank is equal to the shareholders’ value per unit of equity, and

b,s
it is denoted by RZ;S — w'
B

Definition 1
Given the central bank policy gross rates (Rig)s, a symmetric equilibrium with banks
in the sequential market process described in Subsection 2.4 is defined as a tuple

&= <(Rf‘i‘>57 (RSD)Sv (Ri)sa RpF,

Pr, (pSC’)S7
EBa DH; (D%)S7LM7 SFa

consisting of positive and finite gross rates of return, prices, savings, bank deposits
Dy at the end of Stage C of Period t = 0, bank deposits (D3)s in Stage E of Period
t =1, and the corresponding physical investment allocation, such that

— households hold some private deposits Dy > 0 at the end of Stage C,23

— households mazximize their expected utility

{Du,Ep,Sr} Pe P

s.t. Egp+ Dy —|—p[SF—T:p]W,

taking gross rates of return (R3;)s and (R3)s as well as prices pr and (p)s and
lump sum tazation T as given,

— firms in MT and FT, as well as each bank b € [0,1], mazimize their expected
shareholders’ value,given respectively by

max {E[max(Kwm(Rype — Ripr),0)]},

KM6[07W]
E f(Ky) — KgRp)p?
KFHGl[%},{W]{ [max((f(Kr) — KrRr)pe:, 0)]},
and r?ax{E[max(a?V[LM(RSL — Rlp) + Ly (REg — RY) + EsRY,, 0]}
onZO

23As deposits are the only means of payment, there can be no equilibria with banks in which
private money creation at the end of Period t = 0 is zero.
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taking gross rates of return (R3)s, (R3)s, and Ry, as well as prices pr and
(p2)s, as given,
— all banks choose the same level of money creation, and

— markets for investment and consumption goods clear in each state. The market
clearing conditions are:
Ly D3,

Kv = — . p8 = —H with D3, := Dy RS, + 115,
M o1 Pc KuR3, H HiIvp B

where I3 are aggregate bank profits,

— the budgets of the monetary and fiscal authorities are balanced.

Three remarks are in order: First, Df{ are the aggregate deposits households have
when they buy consumption goods and after they have received the profits from
banks given by II%. Second, we always require that the budget of the monetary-fiscal
authority is balanced. Hence, any shortfall of the fiscal side (when it would need
to bail-out banks) and on the monetary side (when banks are unable to pay back
their borrowed reserves) is financed by lump-sum taxation of households. Formal
details on the budget balance are given in Appendix A, and, in particular, in Stage
D of Subcase II.b. Third, we have not specified the objective of the monetary-fiscal
authority. All our results can be rephrased, however, by assuming that the monetary-
fiscal authorities maximize welfare, i.e. the utility of the representative household. At
the end of Section 4, we will discuss the results from this perspective.

In the remainder of the paper, we will use superscript * to denote equilibrium variables.
Henceforth, for ease of presentation, an equilibrium with banks given (R{jg)s is a
symmetric equilibrium with banks given (R%p)s in the sense of Definition 1.

3 Equilibria with Banks

3.1 Individually Optimal Choices

In this subsection we prepare the characterization of equilibria with banks by deter-
mining the individually optimal choices of banks, households, and firms.

We first consider the problem of firms in the MT sector and the resulting equilibrium
condition. Since the technology is linear and there is limited liability, the representa-
tive firm’s demand in sector MT is given by

— an infinite amount if R};p¢ > Rjpr for some s = [, h,

— any non-negative amount if Ry;p¢: = Rjps for s =1, h,
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— zero if Rypl < Ripr for s =1, h,

Due to the Inada Condition that holds in the other sector, we can thus conclude that
in any equilibrium with banks,

mpe = Ripr for s=1,h. (3)

We note that we have assumed that contracts can be conditioned on the aggregate
shock. This implies that although Kp; is chosen ex ante, the zero profit condition
in sector MT in the above equation holds state by state. Otherwise, demand for the
investment good would be zero or infinite, since the technology is linear. Moreover,
note that in each state, revenues in nominal terms are given by KyRRpZ, where
KMR3, is the amount of consumption goods that are produced. The firm borrows a
real amount of Ky investment goods and thus needs an amount of money equal to
Kwapr from banks. This amount has to be paid back with interest and leads to the
repayment obligations Ky Rjpr. Then, in each state, the zero profit condition is

s s __ s
KMmRyy Pc = Lippr- Knm )
Rf—/ v
consumption good produced capital good acquired

which implies (3). We next establish the way in which deposit gross rates are related
to policy gross rates. Since banks can grant loans to, or borrow from, other banks,
we obtain

Lemma 1
In any equilibrium with banks, the nominal gross rates on the interbank market are
equal to R}z  for all states s=Lh.

The proof of Lemma 1 can be found in Appendix B.2. It is based on a simple ar-
bitrage argument: any differential in the gross rates could be used in the interbank
market by borrowing or lending to infinitely increase expected shareholders’ value.
We next investigate the optimal choice of money creation by an individual bank. For
convenience, we denote circumstances in which no finite amount of money creation is
optimal by “occ0”. We obtain:

Proposition 1
If R}, = R}p in all states s = [, h, the privately optimal amounts of money creation
and lending by an individual bank are represented by a correspondence denoted biy**

dn s REL x (0,1) = P(RU {+o0}). Define @, as

o R%_RZ*B
_1—0RZCB—RZL.

Po

241f X denotes a set, we use P(X) to denote the power set of X.
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Then the value of dM((R“Z)S, (R&p)s, go) is given in the last column of the following
Table 1 if all the conditions in a row are fulfilled.

Conditions anr (R3)s, (REp)s: ¢)
R3 > Rip, Vs € {l,h} with at least one inequality strict {400}
R} = Rép, Vs € {l,h} [0, +00)
R; < R, Vs € {l,h} with at least one inequality strict {ahopt
_ _ R}, < Rgp R} > Rt {abest
R > Rep
R}, > Rep R} < Rip {abes}
<o {abos}
h h
R > R¢p © = o {0, e}
o P> @0 {0}
R; < RCB
p <@yt {abos}
I I _
Ry > Fep =y {0, abon}
o> o5t {0}

Table 1: Results of Proposition 1. If all the conditions in a row are fulfilled, the result

for &y is given in the last column.

The proof of Proposition 1 can be found in Appendix B.2. There are several observa-
tions to make. First, the banks’ behavior depends only on (R; — R{g)s—n, which is
the intermediation margin, on average lending by banks, and on their capital struc-
ture . If the intermediation margin is zero in all states, it is obvious that banks
are indifferent between all lending levels. For positive intermediation margins in all
states, banks would like to grant as many loans as possible. For negative intermedia-
tion margins, banks are not willing to grant any loans. Finally, if the intermediation
margin is positive in one state and negative in the other state, banks can use share-
holders’ limited liability and depositors’ bail-out by the government to maximize their
expected gross rate of equity return by defaulting against households in one state and
by making large profits in the other. This strategy is only profitable in the following
two cases: (i) when the expected intermediation margin is non-negative, i.e., banks
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can weakly increase their expected shareholders’ value even if they do not use limited
liability and depositors’ bail-out by the government, (i) when the expected inter-
mediation margin is negative and banks can sufficiently leverage on limited liability,
which occurs when the banks’ equity ratio is sufficiently low. Next we turn to the
households’ investment behavior. We obtain

Since households are risk-neutral, the representative household’s optimal portfolio

choice solely depends on the expected real gross rates of return E [%], E [IZE’],
C C
£ ,pnd EW)

= ; when choosing Eg, Dy, and Sg. The correspondences representing
households’ optimal choices for different constellations of these expected real gross
rates of return are given in Lemma 5 in Appendix B.1. We next turn to the firms’

behavior.

Lemma 2

Demands for the investment good by firms in MT and FT are characterized by two
correspondences denoted by Ky € P(RU{+00}) and Kg : Ry, — P(]0, W]), respec-
tively:

KM = [0, +OO]
{0} if £/(0) < R,

and Kp(Ry) =
F( F) {{f’-l(RF)} otherwise.

The proof of Lemma 2 can be found in Appendix B.2. We note that in Sector MT,

firms are indifferent between any investment level Ky, as the condition in Lemma 4,
yMPo = Ripr for s = [, h, implies that these firms make zero profits at any level of

K.

3.2 Characterization of Equilibria with Banks

The preceding lemmata enable us to characterize all equilibria with banks.
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Theorem 1
Given the policy rates (REg)s—in, all equilibria with banks take the following form:

* Sk SCB
=P, =p—, 5
PI=P PC PR ()

By =¢p(W—7"Ru)). D=0 p(W-"(Ru)).
Dij = p(W = £~ (Rn) ) R, (
L, = p<W ! (I_{M)>, s = (Ru), (8
Ky =W-—f"'Rym), Ki=f"Rm), (

where the price of the investment good denoted by p € (0, +00) and the aggregate equity
ratio o* € (0,1) are arbitrary. Equilibrium profits of firms and banks are given by

g =0, I = pf{scslj (£(f " (Ra) ) = £ (Rn) R ) (10)
5= w*p<W — f'_l(EM)) on- (11)

The proof of Theorem 1 can be found in Appendix B.2. We now look at the equilibrium
conditions in detail. First, all nominal gross rates are equal to the policy gross rates
set by the central bank, as expressed in (4). The equilibrium with banks is unique
in real terms, i.e. the physical investments in both sectors expressed in (9), and thus
with respect to the real values of lending and saving expressed in (8), where we divide
L3, by p.

As expressed in (6) the initial split of investments in banks into deposits and equity
is indeterminate. In fact, in an equilibrium with banks any capital structure of banks
can occur. Equation (7) reflects macroeconomic uncertainty, as the dividends and
the deposit gross rates depend on the state of the world. Equations (10) and (11)
represent the profits of firms and banks. The representative firm’s profits in Sector
FT are paid in terms of the consumption good, while banks’ dividends are paid in the
form of bank deposits.

Finally, the second equation in (5) relates the prices of the consumption good in
different states to the price of the investment good. The latter is not determinate.
The economic system is nominally anchored by the price of the investment good and by
the central bank interest rate. While these parameters determine prices and interest
rates, the asset structure and the payment processes are additionally determined by
the capital structure of banks.
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Here, more remarks are in order. First, no bank defaults in equilibrium. Indeed, the
profits of any bank in State s are given by ¢*p (W . (EM)>RSCB and are thus
positive. The reason is twofold. On the one hand, loan interest rates equal deposit
interest rates in each state of the world. On the other hand, low gross rates of return
R}, trigger a high price pl% for the consumption good, which enables firms in Sector
MT to pay back their loans, which, in turn, enables banks to pay back depositors.

Second, the theorem shows that in any equilibrium with banks, private money creation
is naturally limited. Since R}* = R{.z in both states s = [, h, banks have no incentive
to increase money creation, as they would be forced to refinance themselves at the
gross rates (R%p)s to cover additional money creation. Third, the capital structure
of banks has no impact on the physical investment allocation, so there is no need to
regulate bank equity capital. Fourth, the physical investment allocation is independent
of the central bank’s policy gross rates. Monetary policy is neutral.

Finally, it is important to stress that both conditions for the positive value of bank
deposits are fulfilled: First, there are large gains from using and trading money, since
MT firms can only produce if they obtain bank deposits and can buy investment
goods. Second, banks do not default against the central bank because of sufficiently
large penalties, and thus pay back any borrowed central bank money. If there were no
penalties, banks could, for instance, pay larger dividends to equity holders in the form
of deposits, but could not pay back the ensuing liabilities against the central bank
when their deposits are used to buy consumption goods and flow to other banks.

There are important implications and a variety of further consequences of Theorem
1, which we summarize in the next subsection.

3.3 Welfare Properties and Implications

3.3.1 The First Welfare Result

We start with the characterization of the optimal investment allocation. The social
planner’s problem is given by

max E[KyRS + f(K
A [KmRYy + f(Kr)]

s.t. KM + KF =W.
It is clear that household utility is maximized at KEB := f'~!(Ry). This is called the
first-best allocation. From Theorem 1, we immediately obtain

Corollary 1
For any policy gross rates (R g)s, the equilibria with banks yield the first-best alloca-
tion.
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This result requires a careful interpretation. We have a model that deviates from a
standard Arrow-Debreu setting in two ways. In particular, we consider one friction
and two potential distortions that are at the center of the role of competitive money
creation by banks.

e Moral hazard of entrepreneurs (and thus impossibility for households to invest
directly into sector MT).

e Two-tier money creation and destruction: competitively by commercial banks
via deposit/loan creation to firms and by central banks via deposit/loan creation
to commercial banks.

e Guarantees of deposits by governments and thus bailout by governments in case
of default, financed by taxes.

Alleviating moral hazard of entrepreneurs is standard in rationalizing the need for
financial intermediaries. The two-tier money creation and destruction process is the
object we want to analyze. The guarantee of deposits and the associated bailout of
banks in case of default make deposits safe and thus are the precondition for bank
deposits to be a medium of exchange.

On purpose, we make two assumptions that allow for the possibility that competi-
tive money issuance by banks in the two-tier structure might achieve the first-best
allocation: we assume that banks can eliminate moral hazard in MT at no cost,
and taxation to fund the bailout of defaulting banks is lump-sum taxation and thus
non-distortionary.

Given these favorable manifestations of the underlying frictions and distortions, it is a
priori unclear what competitive money creation by banks and money creation by the
central bank can achieve. Corollary 1 shows that we obtain the first-best allocation.
This holds regardless of the central bank’s policy rate. The intuition follows from the
explanation of Theorem 1: in equilibrium, money creation of banks is limited and no
bank defaults. Furthermore, monetary policy only affects nominal interest rates and
not physical investments.

As a direct consequence, the central bank that has the objective to maximize welfare
is indifferent between any policy gross rates (R g)s—in, as they all implement the
first-best allocation. Essentially, Theorem 1 is a first welfare theorem for an economy
with private money creation. It is a benchmark for the results we derive in the next
section.

The preceding result is a new addition to Modigliani-Miller-type results. We show
that for any liability structure of banks and any interest rate setting of central banks,
competitive money creation by banks yields the first-best allocation. The result com-
bines activities of the private sector and the public sector in one irrelevance result.
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It thus complements the original Modigliani-Miller Theorem, which shows that al-
ternative corporate liability structures are irrelevant, and the public sector result by
Wallace (1981), who has identified environments in which both the equilibrium con-
sumption allocation and the path of the price level are independent from the path
of the government’s portfolio if fiscal policy is held constant. Our result is also com-
plementary to Chamley and Polemarchakis (1984), who show an irrelevance result
for open market operations by the public sector. In particular, when government li-
abilities (including money) are held in private portfolios only as stores of value and
do not provide additional liquidity services, real variables are not affected when the
central bank engages in open market operations with real assets and no subsidies are
distributed or taxes are levied. Our irrelevance result combines actions of the public
sector in setting interest rates for bank refinancing and competitive loan and deposit
issuance by banks with a given liability structure.

3.3.2 Unconditional Nominal Interest Rates

We stress that the welfare theorem does not depend on whether the policy gross
rates—and as a consequence, all nominal interest rates—depend on the state of the
world. Indeed, another immediate consequence is given by

Corollary 2

Suppose that R is the same in both states s of the world. Then the nominal lending
and deposit gross rates are not contingent on the states of the world, and the resulting
allocation is first-best.

The corollary implies that the nominal gross rate of return on deposits does not
need to depend on the macroeconomic shock to guarantee the first-best allocation.
The reason is that in the event of a negative macroeconomic shock, firms in Sector
MT compensate for lower real production gross rates of return by higher prices for
the consumption good, thereby avoiding default against banks and rendering non-
contingent deposits safe even without government intervention. The reason why the
prices of the consumption good increase when a negative macroeconomic shock occurs
is detailed below.

3.3.3 Nominal Indeterminacy

The equilibria with banks described in Theorem 1 are indeterminate in two respects,
with regard to (a) the price of the investment good and (b) the capital structure
of banks. As to the former, it anchors the prices of the consumption goods. Since
the market clearing condition for the investment goods is Ky = % and L, is the
aggregate money creation by banks, and banks in equilibrium are indifferent between

different levels of money creation, the equilibria with banks are simply parametrized
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by the price of the investment good. All of these equilibria yield the same allocation
for investment and consumption goods. Hence, it is sufficient to look at the equilibria
with p; = 1, as we do in the following. However, setting p; = 1 in general as price
normalization is not appropriate, since it would dictate the money creation banks
would need to settle on. For other possible money creation choices, this would require
rationing.

The indeterminacy of the capital structure in equilibrium is a macroeconomic mani-
festation of the Modigliani-Miller Theorem. As banks do not default in equilibrium
and the gross rates of return on equity and deposits are the same, households are in-
different between equity and deposits. Moreover, different capital structures of banks
have no impact on money creation and lending by banks. Finally, we note in the
following corollary that with price normalization p; = 1 and some capital structure
choice ¢*, all equilibrium values are uniquely determined.

Corollary 3
Given p;y = 1 and some ©* € (0,1), all equilibrium values are uniquely determined
when the central bank sets the policy gross rates (Rp)s-

The relationship between the policy gross rates and the prices of the consumption
good in different states of the world is contained in the following corollary:

Corollary 4
In any equilibrium with banks (and thus positive but finite money creation), the fol-
lowing holds:

(i) If RSy does not depend on the state s of the economy, i.e. if Rbpy = Rl g,

! Rb

Pc M
then pt <pl and = .
¢ c b Rl

(ii) For central bank policy gross rates (R%g)s characterized by

Rep _ Ry
Rop Ry

the price of the consumption good is independent of the state (P} = pl).

We note that central bank policy gross rates described in (ii) imply RLy < RA,.
Corollary 4 stems from the equilibrium condition in (5) and is based on the following
intuition: if R}y is independent of the state of the world and State [ occurs, the
households possess a comparatively large amount of deposits in Period ¢ = 1 when
production has occurred, which causes the price of the consumption good to rise, as
its supply is low. When the central bank chooses lower interest rates in bad states, the
amount of created money declines in line with the supply of the consumption good.
As a consequence, the price of the consumption good remains constant across states.
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In the next section we explore potential cases of friction that may move allocations
away from the first-best allocation and may even cause a collapse of the monetary
system. We also explore whether monetary policy or capital regulation might help to
restore efficiency. We note that constellations with unlimited money creation could
not happen in a banking model that only comprises a real sector, as in such models,
lending is constrained by the funding of banks with the investment good.

4 Price Rigidities and Capital Requirements

4.1 Absence of Capital Requirements

In Section 4 we explore what happens when there are price rigidities and possibly
the zero lower bound for the central bank interest rate. We also examine how capital
requirements can improve equilibrium allocations. For this purpose, it is useful to
introduce three types of situation:

(1) money creation is positive and limited, but aggregate investment is distorted
between sectors,

(74) money creation is zero, and physical investment occurs only in Sector FT, and

(#4i) money creation would be unlimited if banks existed. There thus exists only
an equilibrium in which no household offers equity to banks and this unlimited
money creation does not take place. All investment goods are channeled to
Sector F'T, and no lending to Sector MT occurs.

We assume in this section that nominal prices are perfectly rigid in the sense that they
do not depend on the state of the world, and we assume that they are equal to some
value pco. One rationale is that prices have to be announced before macroeconomic
shocks are realized, which implies p = pl.. For ease of presentation, we set to pc = 1,
but the conclusions hold for any rigid price of the consumption good.?> Moreover, we
set p; = 1, but the conclusions hold for any given price p;. Throughout Section 4, the
concept of price rigidities refers to p¢. = p; = 1 for both states s = [, h. While this
is a stark scenario, the logic can be applied to any sort of commodity price rigidity.
The price rigidities resolve the nominal price indeterminacy, but also require rationing
schemes, since markets may not clear.

The outcome will depend on whether the central bank chooses its policy according to:
oz = Ry (12)

We first observe that if the central bank chooses the real gross rates of return as its
policy gross rates according to (12), we recover the first-best equilibria with banks in

Z0f course, this is a strong assumption. The results could be extended to models with multiple
consumption goods, where a subset of firms would face such rigidities in the sense of Calvo (1983).
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Theorem 1 since in this case, the prices p;, = p;y = 1 are market clearing prices when
we allow that all prices are flexible.

We next investigate circumstances where the central bank does not or cannot choose
the policy gross rates according to (12). This occurs, for example, if R}, < 1, i.e. the
real gross rate of return in the bad macroeconomic state is sufficiently low, since due

to the zero lower bound, the policy gross rate Rl 5 cannot be set smaller than one.

Since with price rigidities, rationing may occur, we have to specify rationing rules for
the market for investment goods and consumption goods. Regarding both markets,
we assume that there is proportional rationing, i.e. market participants’ demand or
supply is reduced proportionally to clear the markets. We will comment at the end
of this section on the robustness of these rationing rules.

From the considerations of Proposition 1, we obtain

Proposition 2

Suppose prices are rigid and Rig # Ri; for some state s of the world. Then either
there is mo money creation, or it is unlimited.>” In both cases, no equilibrium with
banks exists and in all equilibria, all investments are channeled to Sector FT.

Proposition 2 follows from two considerations. First, money creation incentives of
banks are governed by the return considerations outlined in Proposition 1. In addition,
potential rationing does not change these incentives. For instance, if borrowers from
banks are rationed in the market for investment goods and it is profitable for banks to
issue more loans (and deposits), this incentive remains if borrowers are proportionally
rationed, since still more loans and more money creation to the borrowers of a bank
will lead to more investment goods for these borrowers, and thus more loans will be
taken up from the bank under consideration.

Second, in a symmetric equilibrium with banks, an individual bank cannot grant more
loans and generate more money creation than the average. Otherwise, money creation
is unlimited, as all banks would try to create more money than the average. As a
consequence, the monetary system would break down. In the case where no loan
is granted, no money is created and only investment in Sector F'T is possible, which
constitutes an inefficient allocation. Moreover, we note that the equilibrium allocation
of Proposition 2 is inefficient, as expected output is maximized only when investment

26Tn practice, banks can exchange central bank deposits for banknotes and coins. By storing cash,
banks could, in principle, bypass negative central bank policy interest rates. The same possibility
protects depositors from negative interest rates. Accordingly, the presence of banknotes and coins
is essential in rationalizing the zero lower bound. In our model, we assume that the central bank is
constrained by the zero lower bound by the threat of private agents to withdraw deposits and store
banknotes, but we do not explicitly model banknotes and coins.

?"In particular, we say that there is no money creation when all elements of & ((R3y)s, (REg)s, ©)
are smaller than 1 and we say that money creation is unlimited when all elements of
dM((Rfv[)S, (RgB)&cp) are larger than 1. Finally, we say that either there is no money creation
or it is unlimited if there exist a1, a2 € dnr((R3y)s, (REp)s, @) such that (a; —1)(az — 1) <O0.
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is channeled to both sectors. Expected loss in output and therefore consumption is
given by

(W — £ (Rm))Rm + £ (£ (Rm)) — £(W).

An important remark is in order: Proposition 2 holds for any other type of rationing
scheme as long as a higher amount of bank deposits in the hands of a firm in sector
MT, borrowed from banks, translates into a higher amount of investment goods for
this firm. It does not hold in one extreme case, when rationing is done on a per-capita
basis, i.e. all rationed firms obtain the same amount of investment goods, irrespective
of their demand. In this extreme case, banks never have incentives to issue more
money than the average of banks.?®

l 1 I _ pl l 1
Rop < Ry Rop = Ry Rop > Ry
M C h
Rh <~ Rh Unlimited Money | Unlimited Money Urcl)lr':r?;tecll‘ul\r/llf)ngr
C¢B M Creation Creation . Y
Creation
Rh _ Rhb Unlimited Money Efficient Money Crunch,
B M Creation Equilibrium No Banking
M C h
Rh <~ Rb Uolr.l ebft ;ul\r/llc or Money Crunch, Money Crunch,
nlimite one
CB M . Y No Banking No Banking
Creation

Table 2: Possible constellations with price rigidities.

The possible constellations with price rigidities are depicted in Table 2.

4.2 Capital Requirements

We next investigate the extent to which whenever there is a difference between R¢ g
and R}, for some state s a capital requirement can restore both the existence of an
equilibrium with banks in the sense of Theorem 1 as well as efficiency. A capital
requirement is defined as follows:

Definition 2
A minimum bank equity ratio "9 ("9 € (0,1)) requires each bank to hold more
equity at the end of Period t = 0 than the fraction "9 of its total assets. In other

28Details on this special case are available upon request.
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words, the realized equity ratio of each bank b, which we denote by ©°, has to be larger
than @"9.

We first establish a lemma describing how a capital requirement impacts money cre-
ation by an individual bank.

Lemma 3
Suppose the average capital structure in the economy is ¢ and ©"9 < . Then the
capital requirement @™ 1mposes an upper bound on individual money creation:

¥
gDqﬂeg

ah, < for all banks b.

The proof of Lemma 3 can be found in Appendix B.2. We next determine the optimal
money creation choice by banks when the government sets a capital requirement.
When R{p # R}, for some state s of the economy, money creation is either limited
by the threat of default against the central bank, by the capital requirement, or it is
not profitable. The detailed characterization of the correspondence describing these
three situations is given in Lemma 6 in Appendix B.1. We use Lemma 6 to derive
general conditions under which equilibria with banks exist when R¢ 5 # R}, for some
state s of the world.

Proposition 3

Suppose that prices are rigid and R}z < R}, for some state s. Then there exists an
equilibrium with banks if the central bank policy gross rates (Rip)s and the capital
requirement level ©™9 are set as either (i) or (ii):

. - — Rh 7Rh Rl *Rl
(i) Rep = Ry and max ( ngB M CEICB M) < gres.

— J— 1 _pl h _ ph
(ii) Rop > Rym and 0 < "9 = max (1?70—111\%%};037 ﬁ—R%E};OS) < 1.
The proof of Proposition 3 is given in Appendix B.2. From Proposition 3 and its
proof we can derive the welfare properties of equilibria with banks when a capital
requirement is imposed. These welfare properties are summarized in the following
corollary:

Corollary 5

Suppose that prices are rigid and Ri.z < Ry, for some state s. Then the central bank
policy gross rates (Ri.g)s and the capital requirement level ¢ implement a socially
efficient equilibrium with banks if and only if

o . Rh _ Rh Rl _ Rl
RCB = RM and max < CBRh M, CBRI M) S (p'reg‘
CB CB

The intuition for Proposition 3 and Corollary 5 runs as follows: Let us thus focus on
Rty < R} for some state s. Then, banks would like to expand money creation to
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high, if not unlimited, levels because potential losses in the other state s’ # s would
be bounded due to limited shareholder liability. Now, capital requirement and be
effective by constraining money creation. Two cases may occur.

When Rep = Ry and capital requirements as given in the Corollary and Proposition,
no bank has any incentive to push money creation above average, since first, losses in
some state s’ exactly offset gains from money creation in the other state s # &', and
second, the minimum capital requirement is set at a level that prevents banks from
defaulting against depositors and thus from leveraging on limited shareholder liability.
By preventing default against depositors, such a minimum capital requirement induces
socially efficient money creation and lending.

When Rep > Rum (and, as assumed, Rip < R3, for some state s), banks would
expand money creation above average in the absence of a capital requirement, since
for an increasing money creation level, the shareholders’ value increases in some state
s, while it stays at zero in the other state s’. Thus, the capital requirement directly
limits money creation by preventing banks from granting any above-average amount
of loans. In this case, even though such a minimum capital requirement restores a
potential equilibrium with banks, it does not implement a socially efficient allocation.

The inefficiency in this case results from banks’ default against depositors. When
they make their investment decision, households do not take into account the impact
of banks’ default on the lump-sum taxes levied to bail them out. From the proof of
Proposition 3 it is straightforward that the equilibria with banks’ default can be ranked
in terms of welfare according to the capital requirement level ¢"*9. The intuition
runs as follows: A larger equity ratio reduces the amount of taxes levied to bail out
banks, which in turn improves households’ investment decision making. Therefore,
the intensity of the inefficiency associated with banks’ default declines in the capital
requirement level ¢,

4.3 The Zero Lower Bound and Capital Requirements

As a special case of the preceding considerations, we obtain the consequences when
the central bank is constrained by the zero lower bound and prices are assumed to be

rigid, i.e. when p¥ = p; = 1 for all states s = [, h. From Corollary 5 we obtain

Corollary 6

Suppose that prices are rigid, Ry; < 1 < Ry, and the central bank is constrained by
the zero lower bound (R p > 1 for all states s = 1, h). Then there exist central bank
policy gross rates (Rig)s and capital requirement levels ™9 such that the allocation
of the resulting equilibrium with banks is socially efficient.

(i) The central bank policy gross rates have to satisfy Rop = Rui. One ezample is

EM—(l—O')

Rep=1, Rtp=
CB ) CB o
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(ii) The regulatory capital requirement levels ©"° have to satisfy

l 1
reg > RCB - RM
()0 — Rl *

CB

The proof of Corollary 6 can be found in Appendix B.2. Corollary 6 shows that price
rigidities and the zero lower bound can be countered by a suitable combination of
monetary policy and capital regulation. The capital requirement ensures that money
creation is sufficiently constrained for no individual bank to default. The central bank

7R—M_U(1_U) ensure that in the good state gains

policy gross rates RLp = 1, Rbyp =
from money creation are sufficiently high to offset losses in the bad state. In other
words, setting R, < RR generates sufficient incentives for banks to lend and to
create money. The capital requirement, in turn, ensures that money creation does
not become excessive. We note that any monetary policy that satisfies Rop = Rm
achieves the same purpose and induces a socially efficient allocation. In Appendix C

we illustrate our results with a simple numerical example.

From Corollary 5 and the proof of Proposition 3 we also immediately obtain

Proposition 4

Suppose that prices are rigid, Ry < 1, and the central bank is constrained by the
zero lower bound (Rip > 1 for all states s = I, h). Then there exist no central bank
policy gross rates (Rig)s and capital requirement level ™ making the allocation of
the resulting equilibrium with banks socially efficient. We derive two cases:

— If 1 < RY,, there ewist central bank policy gross rates (R&p)s and a capital
requirement level 0" implementing equilibria with banks.

(a) The central bank policy gross rates have to satisfy Ri.p < RR;. An ezample
is

RlCB - R}CL’B = 1.
(b) The regulatory capital requirement level "9 has to satisfy

o R}1\1/[ _RZ*B

reg __

'

— If RY, < 1, there are mo central bank policy gross rates (R&p)s and capital
requirement level @™ implementing an equilibrium with banks.

Proposition 4 states that in a depressed economy characterized by Ryt < 1, where
prices are rigid and the central bank is constrained by the zero lower bound, money
creation can only be induced by a suitable combination of monetary policy and capital
regulation if RR; > 1.
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If RY, < 1, the only possible equilibrium is the equilibrium without banks, which
is inefficient, as all investments are channeled to FT. The reason is that under any
feasible monetary policy and even with no capital requirement, money creation and
lending are not profitable in such cases.

If Rp < 1 but 1 < R, the central bank and the bank regulators can only make
banking profitable and thus trigger money creation and lending by inducing profits in
the good state and letting them default against depositors in the bad state. From the
proof of Proposition 3 we deduce that the policy gross rates inducing the equilibrium
with banks with highest welfare are given by Rz = 1 for s = [, h. Moreover, a capital
requirement has to be imposed on banks to prevent unlimited money creation.

The equilibria associated with the policy gross rates R¢z = 1 for s =1, h in the case
1 < RY; are inefficient. Hence, the central bank and the bank regulators will imple-
ment such a policy only if the welfare induced by the policy described in Proposition
4, (a) and (b) is higher than the welfare associated to the equilibrium without banks.
A sufficient condition for this is f(W) < RyyW.

The above result in the cases Ry < 1 and R > 1 can be interpreted in terms
of Forward Guidance.? The central bank announces that it will set the policy gross
rates at 1 in both states of the world, even if the real gross rate Ry is larger than one.
This announcement means that banks can expect positive profits in the good state
of the world, thereby making money creation and lending profitable. This stimulates
money creation and lending at the zero lower bound. However, in the bad state of
the world money creation is associated with bank failures, so expected social welfare
is lower than in the first-best allocation.

In summary, price rigidity does not cause a welfare loss unless the central bank does
not or cannot set the policy rates appropriately. The latter situation occurs when
the zero lower bound prevents the equalization of the policy rate and the real rate of
return in the bad state. In such an environment, money creation either is unlimited
or it is not attractive. Both cases result in a collapse of the banking system and in an
equilibrium without banks. When money creation is profitable, capital requirements
are a suitable tool to control the incentive to create money and to restore the existence
of equilibria with banks.

4.4 Optimal Policies

The analysis in the paper reveals three results on optimal policies by the monetary-
fiscal authority. First, with flexible prices, any monetary policy leads to the first-best
allocation. Second, with rigid prices and no zero lower bound constraint and no capital
requirements, we obtain the first-best allocation if and only if the relative magnitudes

29In our two-period model, the central bank does not face a time-inconsistency problem regarding
such announcements. For the implementation of Forward Guidance at the zero lower bound, see e.g.
Woodford (2013).
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of central bank interest rates across states equal the relative magnitudes of real interest
rates across states. Third, if the central bank interest rates cannot match the relative
magnitudes of real interest rates across states, but expected real interest rates are
non-negative, a judicious combination of central bank interest rate setting and capital
requirements can achieve a first-best allocation. Fourth, if expected real interest
rates are negative, no combination of monetary policy and capital requirements can
induce an equilibrium with the first-best allocation. If the real interest rate is positive
in one state of the world, a judicious combination of monetary policy and capital
requirements leads to second-best allocations in the sense that banks are active in
equilibrium, but the amount of investment goods channeled to sector MT is inefficient.

5 Conclusion

The integration of money creation by commercial banks into a general equilibrium
setting allows to investigate the interaction between monetary policy and capital reg-
ulation. Our main findings are as follows: In a general equilibrium economy without
price rigidities, any policy rate set by the central bank implements equilibria with
banks that are first-best. In these equilibria, money creation is naturally limited, so
there is no need for capital regulation. However, if prices are rigid, equilibria with
banks only exist for certain values of the central bank policy rates. Moreover, the
central bank policy rates may cause unfavorable situations: Either money creation
is unlimited, or lending may not be profitable and money may not be created at all.
Both types of failure are associated with inefficient equilibria.

In addition, when the central bank policy is constrained by the zero lower bound, there
may not even exist a central bank monetary policy with positive and finite money
creation. Capital regulation in the form of a minimum equity ratio is an effective tool
for limiting money creation, so it can restore the existence of equilibria with banks
and also social efficiency. Finally, when prices are rigid, Forward Guidance together
with capital regulation can only stimulate money creation and lending if economic
conditions are sufficiently favorable.

Numerous extensions can be performed. In our working paper Faure and Gersbach
(2018), we discuss how the results might be extended (i) in the presence of financial
frictions at the bankers’ level, (i7) when bonds are denominated in nominal terms, (i)
when there are more than two states of the world, (iv) when we also consider asym-
metric equilibria with banks, (v) when there are real costs for monitoring activities,
(vi) when the lending rates or the real deposit rates cannot be written contingently
on the state of the economy, and (vii) when a reserve requirement and a haircut rule
for borrowing against the central bank are imposed by government authorities. While
our results continue to hold for extensions (ii), (iit), (v), and (vi), we obtain three
further insights: First, in the presence of financial frictions, there are only equilib-
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ria with banks only when capital regulation is adequately combined with monetary
policy. Second, there exists inefficient asymmetric equilibria with banks when prices
are flexible and that suitable capital requirements eliminate these inefficient equilibria
with banks, so that only efficient equilibria with banks remain. Finally, we show that
the impact of a reserve requirement coupled with a haircut rule on money creation is
identical to the impact of a minimum equity ratio requirement.

Numerous further extensions and generalizations along the line of Magill and Quinzii
(1992) deseerve scrutiny. We outline the main ones here. Risk aversion of house-
holds and more sophisticated portfolio decisions between bank equity and deposits is
an obvious candidate. Integrating an active government that provides public goods
financed by taxation or debt would provide an opportunity to examine the potential
and limits of Quantitative Easing. A more elaborate model of this kind could also
provide insights into the role of collaterals and haircuts, as well as their impact on
investments. Further down the line, variants of the model could be used in a dynamic
setting with more than one period. This would be useful for investigating the impact
of monetary policy and capital regulation on inflation and price stability.
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A Appendix — Sequence of Events (Solely for the

Referees)

In this Appendix we describe every detail of the sequence of events. We first start
with the periods and then describe more complex stages in detail.

A.1 The Periods

A.1.1 Periodt=0

It is convenient to describe the sequence of economic activities via the balance sheets
of households and banks. The economy starts with the following balance sheets:

Households Bank b

\%\% Ey 0 0

Table 3: Balance sheets at the beginning of Period ¢ = 0.

Ey denotes the households’ equity, which represents the ownership of the investment
good and both production technologies at the beginning of Period ¢ = 0.3

Stage A: Foundation of Banks. Fither banks are not founded because no house-
hold invests in bank equity and the only possible allocation is given in Subsection
A.1.2, or households found banks by pledging to convert a predefined share ¢ € (0, 1]
of their initial deposits D, into an amount Eg = ¢ D), of bank equity before produc-
tion in Stage C. When banks are founded, the gross rate of return on eql};ity is equal
to shareholders’ value per unit of equity, and it is denoted by Rl}f = %js’o). In the
remainder of Subsection 2.4, we focus on the case where banks are founded (unless
specified otherwise).

Stage B: Granting of Loans by Banks. Bank b grants loans [§, = a4, Ly, to firms
in MT at the contingent nominal lending gross rates (Rj)s, which simultaneously
creates dj, private deposits at Bank b and aggregate private deposits Dj;.3! The
resulting balance sheets are given in Table 4.

30Note that households also own firms in Sectors MT and FT and may receive dividends from
firms’ profits.

31These deposits will be used in Stage C to buy some amount of investment good. We do not
consider constellations, for which an infinite amount of loans and money are created, which would
only be compatible with a price of the investment good equal to zero, as such constellations cannot
represent equilibria with banks.
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Households Bank b

W | Ey L,

Table 4: Balance sheets at the end of Stage B.

Stage C: Payment Process, Investment in FT, and Payment of Bank Equity.
Households sell an amount of the investment good to firms in MT. Then they invest
in F'T by buying Sr bonds denominated in real terms at the real gross rate of return
RpF, meaning that such a bond costs one unit of investment good and promises the
delivery of Ry units of the consumption good once production has occurred.?? Finally,
at the end of Period t = 0, households pay for the equity Ep pledged in Stage A with
deposits, which reduces the amount of deposits in the economy. The resulting amount
of deposits is denoted by dy for an individual bank and Dy = L), — Ep for the
aggregate banking system. At the end of Stage C and depending on their lending
decisions, some banks labeled b; have claims d’g 5, and the other banks have liabilities

lejB against the central bank. These processes are detailed in Appendix A.2. The
balance sheets are displayed in Table 5.33

Households Bank b; Bank b;
SF dlgB lgB
Dy Ey i dir i dy
Eg €p €B

Table 5: Balance sheets at the end of Stage C.

A summary of the agents’ interactions during Period ¢ = 0 is given in Figure 2, page
12.

A.1.2 Periodt=1

In Period t = 1 we distinguish between two cases, when either no bank is founded by
households, or banks are founded by households. The latter case can again be divided
into two subcases: Either no bank defaults, or some banks default.

32Tn practice, such bonds are called “inflation-indexed bonds”. Using bonds denominated in
nominal terms does not change the results qualitatively but significantly complicates the analysis, as
one has to verify that firms do not default.

33The banks creating more money than the average automatically force the other banks to hold
claims against the creators of high levels of money. We call such an externality “a money creation
externality”.
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Case I: No Bank Is Founded. When no bank is founded, we have EFg = 0. This
could constitute an equilibrium, as no household can found a bank individually. We
call this an equilibrium without banks. In such circumstances, no money creation takes
place, the central bank is inactive, no investment in MT is possible, and the investment
good is allocated entirely to Sector F'T, which leads to the following allocation: K3; =
0,Ki = W.3* where * denotes equilibrium variables. This is an inefficient allocation,
as households are risk-neutral and the assumption on the production function f(-) has
stipulated that f'(W) < Ry

Case II: Banks are Founded. When banks are founded, they grant loans to firms
in MT, and we can considerably simplify the description of Period ¢ = 1 by making
the observation given by Lemma 4:

Lemma 4
An equilibrium with banks (and thus positive lending to Sector MT) requires Ry ps =
Ripr. It implies 113, = 0 for s =1, h.

Lemma 4 is a direct consequence of the MT technology. If for some state s R};p¢ >
Rjpr, firms in MT would demand an infinite amount of loan, as their shareholders’
value per loan unit would be positive in one state, be at least zero in the other state,3¢
and scale with the level of borrowing. If R};p < Rjp; for both states of the world,
firms would forgo borrowing from banks.37

Subcase II.a: No Bank Defaults. Suppose next that no bank defaults. Then the
following stages occur:

Stage D: Production. The macroeconomic state s is realized. Firms produce and
repayments contingent on s fall due. Using bank balance sheets in Table 5 as well as
the expression of the net position of Bank b against the CB given by Equation (14)
in Appendix A.2, we derive the expression of Bank b’s profits as follows:

1% = (1 — o)Ly RSy + o Ly R — dy R,
= (1 —a})LuREp + b Ly R;, — (Ly — Ep) Ry,
= a’}wLM(Ri — R.p)+ Ly (RLg — R}) + EgRY,. (13)

34Note that no bank deposits are needed to buy the output from Sector FT, as bonds are in real
terms and are repaid in terms of the output.

35Remember that we use the notation X to denote the expected value of some real or nominal
variable X.

36Since entrepreneurs running firms in Sector MT do not have any wealth, they have zero profit
if they cannot repay and thus default against banks.

370Other arguments could be used to derive the zero profit condition in Sector MT. As banks
monitor entrepreneurs running firms in Sector MT, they can offer them state-contingent repayment
gross rates of return, and are thus able to extract the entrepreneurs’ entire surplus.
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Profits from firms in the real sector are given by

I3, = Km(RYype: — Ripr),
1T}, = (f(Kr) — KrRr)pe.
The balance sheets are given in Table 6, where 3, denotes the resulting nominal gross

rate of return on household ownership of the investment good and of both production
technologies.

Households Bank b, Bank b;
SrRy Ey qu dlgB OB llZJjB CB
Dy R, RS dy RS, % RS dy RS,
EpRj, e Ry epRy”

I,

Table 6: Balance sheets at the end of Stage D if no bank defaults.

Stage E: Dividend Payment, Repayment of Debt, and Payment Process.
Households obtain dividends from their equity investment®® and buy the amount of
consumption good produced. All debts are paid back. These processes are detailed
in Appendix A.3. The resulting balance sheets are given in Table 7.

Households Bank b
KMmRYy Ey Ry 0 0
f(Kr)

Table 7: Balance sheets at the end of Stage E if no bank defaults.

Subcase II.b: Some Banks Default. Finally, we consider the scenario where
some banks default. In this case, Stages D and E have to be modified as follows:

Stage D: Production and Government Taxation. The macroeconomic state s
is realized. Firms produce, and repayments fall due. Two cases can occur. First,
it —dygR} < H?B’S < 0, Bank b defaults on households but not on the central bank.
Second, if IT%° > 0, Bank b does not default. We note that the case I1%° < —dyR3 < 0
cannot occur, as banks would default on households and the central bank. Due to the

38Banks pay dividends to households in anticipation of the repayment of loans by firms in Sector
MT.
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heavy penalties incurred for default against governmental authorities banks will avoid
the latter case under all circumstances.

Consider now a non-defaulting bank b. If R}, > Rj for some state s, there then
exists an upper bound on of, given by

S _ 1_ RS
ab, < ady = —CB (1-¢) D

Rep — I

such that this bank does not default on households in State s. ap,j is the critical
amount of money creation at which a bank is just able to pay back depositors in State
s. afy is obtained from Equation (13) by setting H%s = 0 and using ¢ = E—E From
now on, consider a defaulting bank b. If R} 5 > Rj for some state s, there exist a
lower bound af,;; and an upper bound %, for a4, given by

R
s b s L CB
py < Ay < Qpeop = R _ R
CB L

which mark two default points. For of, € (a%y,a%op), Bank b defaults against

households but not against the central bank in State s. For af;, > a%sp, the bank
would default against households and the central bank in State s. o~y is the critical
amount of money creation at which a bank is just able to pay back the central bank
in State s. afp is obtained from Equation (13) by setting I1%° = —DyR3,. The
lump-sum tax levied to bail out Bank b in State s is denoted by t**. Aggregate tax
payments in State s by households are then given by

T° = / t>*db.
bel0,1]

Furthermore, we use HE’S to denote the aggregate profits of non-defaulting banks in
State s. The balance sheets possible are given in Table 8.

Households Bank b; Bank bj
s b,/ bJ/
SrRy En Ry dépr lepr
DyRj5 — by s dy RS, — bir g duy RS —
HTsD l]\;[ RL HTsD lM RL HT{?
Iy 1y + ™ +
tbi/,s tbj”s
Iz

Table 8: Balance sheets at the end of Stage D if some banks default.

In Table 8, the labels by and bj denote banks with a non-negative and negative net

L . . : y by
position against the CB, respectively. The exact expressions of dlg pr and [ A are not
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needed for the subsequent analysis, but for completeness they are given in Appendix
A.4. We note that the balance sheets in Table 8 are structurally identical to the ones
in Subcase Il.a of Subsection A.1.2. Therefore, the description of Stage E is similar
to the one laid out in Appendix A.3. A summary of the agents’ interactions during
Period t =1 is given in Figure 3, page 12.

A.2 Stage C

We examine the detailed payment process, investment in F'T, and payment of bank
equity in Stage C through a series of substages. For this purpose, we index all variables
changing in some substage by an integer starting from 1.

Stage C, Substage 1: Borrowing of Banks from the CB

In order to have enough CB deposits to guarantee payments using bank deposits,
Bank b borrows from the central bank the amount of*”

b b _ b

As a result, an aggregate amount of CB deposits amounting to Dep, := Dy > 0 is
created. The balance sheets of banks and households are given in Table 9.

Households Bank b

L dis

Table 9: Balance sheets at the end of Stage C, Substage 1.

Stage C, Substage 2: Sale of an Amount of Investment Good to MT

We assume that firms in M'T buy the largest possible amount of investment good they
can afford and do not hold deposits in the production stage D:%

L
Ky = —2.
pr

In order to settle these payments, each bank b transfers d4;, = o4, Dys to other banks
and receives the same amount dy, := D), from other banks in the form of CB deposits.
We note that dy, does not depend on the individual bank b due to our assumption
that households keep deposits evenly distributed across all banks at all times. The
corresponding aggregate amount is denoted by Dpy,. This transaction impacts CB

39 As the description of the interbank lending process is formally identical to that of depositing at
and borrowing from the central bank, we limit the description to the case where all banks deposit
at, and borrow exclusively from, the central bank.

4ONote that relaxing this assumption would not change the equilibrium allocation of the investment
good, as firms would not be able to improve shareholders’ value in equilibrium by holding deposits.
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deposits of Bank b as follows:
d%Bg = dléBl - Oé?\/[DM + DM == DM

The balance sheets of banks and households are given in Table 10.

Households Bank b
Dy, l?w dp,

Table 10: Balance sheets at the end of Stage C, Substage 2.

Stage C, Substage 3: Investment in FT

When buying Sr bonds from firms in F'T, households deliver Kg = Sg units of the
investment good against the promise to obtain KgRp units of the consumption good
from F'T after production has taken place. The balance sheets of banks and households
are given in Table 11.

Households Bank b
DH1 l?w dH1

Table 11: Balance sheets at the end of Stage C, Substage 3.

Stage C, Substage 4: Netting of CB Deposits and CB Loans

Now banks can net their CB deposits and CB loans, as no further payment has to be
made before production. We use

& i=dlp, — g, = (1—aly) Ly (14)

to denote the net position of Bank b against the CB. We distinguish banks with claims
against the central bank from banks that are debtors of the central bank:
By :={b;€[0,1] st. &% >0}
and By :={b; €[0,1] st. & <0}.

Net claims against the central bank are denoted by dlg 5 = 0% for all b; € B; and net

liabilities by lejB := —§% for all b; € B;. Table 12 reports the balance sheets of banks
and households.

Stage C, Substage 5: Payment of Bank Equity
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Households Bank b, Bank b;

b; bj
Sp dCB lCB

Dy, Ey i dp, 1% dp,

Table 12: Balance sheets at the end of Stage C, Substage 4.

Now households pay equity Eg = @Dy, > 0 pledged in ¢t = 1, thereby destroying
the corresponding amount of bank deposits. We use Dy = (1 — ¢) D) to denote the
remaining amount of deposits. Hence, Dy, = Ep + Dpy. The balance sheets of two
typical banks representing a net depositor and a net borrower from the central bank
are displayed in Table 5.

A.3 Stage E — No Bank Defaults

We examine the detailed dividend payment, payback of debt, and payment process
of Stage E through a series of substages. Similarly to Appendix A.2, when a variable
changes in some substage, we increase the index by 1 starting with the last index from
Appendix A.2.

Stage E, Substage 1: Borrowing of Banks from the CB

In order to have enough CB deposits to guarantee payments using bank deposits,
Bank b borrows from the central bank the amount of lg%g = dlé’:jgs .= Dy R% + 117",
We use the notations

bi,s . jbi,s b; s
dep, = dcp, +dopRep
lbj,s

. gbi:s bj s
and OBy = ZCB3 +lagRép.

The balance sheets of banks and households are given in Table 13.

Households Bank b; Bank b;
SrRy EnRy d¢', 15, déin, 15,
Dy R, R3S dyR3, I R3 dyR3,
EgR;, I g

115

Table 13: Balance sheets at the end of Stage E, Substage 1.

Stage E, Substage 2: Dividend Payment
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Bank profits are paid as dividends to households. This creates bank deposits, and
households’ deposits at Bank b become Jj’;l := Dy R}, +113. The aggregate amount of
households’ deposits is then denoted by Df{. In order to settle these payments, each
bank b transfers II%° to other banks and receives II5 from other banks in the form of
CB deposits. These processes impact CB deposits of Banks 0; and b; as follows:

déip, = dgg, — " + I = dgiy Rep + Dy Ry, + 11
and  dgpy, = degy, — ° + 105 = Dy RS, + 115,

The balance sheets of banks and households are given in Table 14.

Households Bank b, Bank b;
SeRe | EnRj, dess, e, dés, 15,
Dy iR, diy LRy Iy
115

Table 14: Balance sheets at the end of Stage E, Substage 2.

Stage E, Substage 3: Repayment of Debt and Distribution of Profits

From the repayment of debt SpRy and the distribution of profits I1%, both in terms
of the consumption good, households obtain f(Kg) units of the consumption good.
The balance sheets of banks and households are given in Table 15.

Households Bank b; Bank b;
s s b;,s bi,s bj,s bj,s
Dy En Ry A, L0, d¢, lép,
f(K) ity iy L Ry L

Table 15: Balance sheets at the end of Stage E, Substage 3.

Stage E, Substage 4: Sale of the Consumption Good Produced by MT

Firms in MT sell all of their consumption goods. Households buy it with their private
deposits consisting of their wealth in terms of equity and deposits.*@ The supply

Hence, the

of KpR3R units of the consumption good meets the real demand gff

¢
equilibrium price is given by

“IThe household receives additional deposits from the banks’ dividend payments.
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In order to settle these payments, each bank b transfers chq to other banks and receives
an amount d?\’/[sl = oz?wci% from other banks in the form of CB deposits. By summing
over all banks b € [0, 1] in the expression of banks’ profits in Equation (13), we obtain
Ly R; = Dy Rj, + 115, which means that d?\’jl = af,; Ly R;. These operations impact
CB deposits of Banks 0; and b; as follows:

bi,s . gbi,s 7s bi,s __b; s b; s
Aoy = dop, — di + dyj, = oy Ly Ry, + dépRop

b]-,s L b]-,s Is bj,s - bj S

The balance sheets of banks and households are given in Table 16.

Households Bank b, Bank b;
S 7S 35S bj yS bj ,S
f(Kr) En Ry A, I, dé'p, I,
KnRis R &y Iy R di!

Table 16: Balance sheets at the end of Stage E, Substage 4.

Stage E, Substage 5: Repayment of Loans by Firms in MT

Firms in MT pay back their loans, and bank deposits are destroyed. The balance
sheets of banks and households are given in Table 17.

Households Bank b; Bank b;
s isS isS bj,s bj,s
f(Kr) Ey Ry i, B, g, les,
KMmR3,

Table 17: Balance sheets at the end of Stage E, Substage 5.

Stage E, Substage 6: Netting of CB Deposits and CB Loans

Banks net their CB deposits and CB loans. Using the expression of bank profits given
by Equation (13), we obtain

desis — e, = oy Ly Ry, 4+ (1= o) LaReg — ((Lar — E) Ry +115°) = 0,
dlg; B lb0j§4 =y LRy — (o — )Ly Rep — ((Ly — EB)R3, + Hg’s) 0.
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A.4 Net Positions of Banks against the CB after a Bail-out

In Table 8 the label b; denotes banks with a non-negative net position against the
CB. For completeness, the net position is given by

;

Ay Re — T if dpRe — T° > 0 and 1" >0,
dbcleT = dbi/ RS TS tlu,s if dbi’ s Ts tbzl,s >0 d Hbz"vs 0 d
cphicp =47 U7 Wdeglicg — 17 + 17" =2 0 and LIz~ <U, an

b;s,s

thrs — s (2 RS A 10 RS, 4+ T — 12 < 0 and 11 < 0,

\

where T are the tax payments introduced in Subsection A.1.2 representing the house-
holds’ deposit withdrawals to pay taxes in State s = [, h and t%/**, the possible bail-out
in State s = [, h if Bank by defaults against households. Similarly, the label b;; denotes
banks with a negative net position against the CB:

"

b.r,s

(RS + T° if T3 >0,
b, . b b.r,s
T° —digRep it digRép —T° <0and Il >0,

lbj’ -
CBT

b . b b.r,
T* — %% — diuRey if digRip — T° + 1% < 0and 7" < 0, and

b .o qb 7,8
IRy + T5 — s Af 12 RS, + T — % > 0 and 11} < 0.

A.5 Appendix — Interbank Borrowing and Lending

In Appendix A.5 we describe how banks settle payments between agents and how
banks can borrow and lend to each other, thereby creating bank assets and liabilities.
Ultimately, we will be able to investigate the implications of this process for the gross
rates of return on private and CB deposits in equilibrium. For ease of presentation,
we omit the superscript s as the same considerations hold for both states of the world.

We use an example with two banks, b; and b;. Assume that Bank b; grants a loan to
Bank b;. Then four entries in the balance sheets are created, as shown in Table 18.

Bank bj Bank bz

D.

J

L; Li D;

Table 18: Balance sheets representing interbank lending and borrowing (1/4).

L; represents the amount of loans granted by Bank b; to Bank b;, and D; the amount
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of deposits held by Bank b; at Bank ;. We have assumed a competitive interbank
market with a single gross rate of return for lending and borrowing. Since banks
cannot discriminate between deposits owned by households and deposits owned by
other banks, the corresponding gross rates are both equal to Rp.

We next investigate the relationship between Rop and Rp. Assume first that some
buyers pay with their deposits at Bank b; and that the sellers deposit the money at
Bank ;. In order to settle the transfer, Bank b; has two options. If Rop < Rp, it
will borrow from the CB and transfer CB deposits to Bank b;. Suppose now that
Rcp > Rp. Then Bank b; directly becomes liable to Bank 0;. The buyers’ deposits
at Bank b; are replaced by a loan Bank b; grants to Bank b;. This loan is an asset
for Bank b; that is matched by the liability corresponding to the new sellers’ deposits.
As assumed in Subsection 2.3.1, Bank b; has the right to require Bank b; to repay
its liabilities with CB deposits, which Bank b; will do as Rcg > Rp. The balance
sheets at the end of the process look exactly the same, no matter whether or not Bank
b; became liable to Bank b; in the first place. Therefore, independently of Rp, the
refinancing gross rate is equal to Rcp. However, assuming that no bank participating
in the interbank market makes any loss by doing so requires Rp = Rcp, which we
show next.

Here we prove that Rp = Rcp. By contradiction, assume first that Rp < Rep. Bank
b;, for example, would borrow from Bank b; at the gross rate of return Rp and from
the central bank at the gross rate of return Rcp, as shown in the balance sheets in
Table 19.

Bank b; Bank b;

; L; L; D,

Dcp Lep

Table 19: Balance sheets representing interbank lending and borrowing (2/4).

Using deposits at Bank b;, Bank b; can now repay CB liabilities. To carry out this
payment, Bank b; has to borrow from the central bank at the gross rate of return
Rcp. The balance sheets are given in Table 20.

Bank b; Bank b;

DCB Lz Lz LCB

Table 20: Balance sheets representing interbank lending and borrowing (3/4).

Bank b; would make positive profits from this operation, while Bank b; would make
losses. As we assumed that no bank participating in the interbank market makes any
loss by doing so, Rp < Rcp cannot occur in any equilibrium with banks.

Now assume that Rcp < Rp. Then Bank b; would like to repay its liabilities against
Bank b; using CB deposits. This would result in the balance sheets given in Table 21.
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Table 21: Balance sheets representing interbank lending and borrowing (4/4).

Bank b; would make positive profits from this operation, while Bank b; would make
losses. As we assumed that no bank participating in the interbank market makes any
loss by doing so, Rp > R¢cp cannot occur in any equilibrium with banks.

B Auxilliary Results and Proofs

B.1 Auxilliary Results

In this subsection we present two auxillary results that will help to proove the main
results. The first result describes the households’ optimal investment choices.

Lemma 5
The representative household’s optimal portfolio choices are represented by three cor-
respondences denoted by

Eg: R%, x [0, W] = P(R; U {+oc}),

Dy :RY, xRy x [0, W] = P(R, U {+00}),

S'F : RLF — P(R; U {+o0}),
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and given by

( ( R%)s, (RD) sapla(pC)&SF)
H( RY)s, (R))s, p1s (PL)s, E, SF),
F((RE>87 (RD)57PI, (pC) )> =
( ({0}, {0}, {W})
if max (E [l;g?
({0}, {p/W},{0}) ]
if max <f,(0) E ﬁ]
({psW},{0},{0}) )
if max <%, E R—D}
([0, pr W], {p/W — Eg},{0}) )

Z-ff’p(O) [sz ) p;E ’ (15)
({0}, {pr (W = Se)}b 48" (wiE [22])1)
fmax (200, £ [%]] < 5 2] < 1o,
({pr (W = Sp)}, {0}, {0 (miE [5E] ))
if max <¥,E I;é’]) <E [iﬁ] < f/p(?);
(10.p1 (W = Se)] {ps (W = Sp) = Eg} {£ (piE [52] )3)
| re0 <u ] -e ] <t

The proof of Lemma 5 is given in Appendix B.2.

The second auxilliary result describes the optim choice of money creation by banks
when they are subject to capital regulation.

Lemma 6

Suppose that banks have to comply with a minimum equity ratio ¢"*9 at the end of
Period t = 0. If R}, = Rip in all states s = I, h, the privately optimal amounts of
money creation and lending by an individual bank are represented by a correspondence
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denoted by &4 Ry, x [, 1) — P(R; U {+o00}) and given by

aa ((RL)s, (Rep)s, ) =

( {5 if (RS > Rip for all states s =1, h

with at least one strict inequality) or

if (R > Rep, Rt < RLy, Rhy, < RY . and S < abop) or

if (R > Rep, R < Rlp, RL; < RY, and o < alog) or

if (R = Rep, RY < RLy, Rby < R, and ol < S < abop) or
if (R, = Rep, R < Ry, RLy; < RY, and a%H < soig <alop) or

D D l l h h l
Zf (RL < RCB; RL <RCB7 RCB <RL aDH < L= 'reg <aDCB7
_o R}-Rty

and "9 < 77 T ) or
Zf (RL < RCB, Rh < RCB7 Rlch < RZL aDH < pred < OCDCB,
reg I—_UR RCB
and "9 < = T )
! Y3 N ) ! ! h hool
{apept i (RL < RCB; RL < Rpp, Rép < R, dpop < SD:-ig:
and gp < JRZL ) or

=
h h I Ik
{apept o (RL < Rep, R < Rhp, RLp < RL, alop < jr%,
R —R!
aURh CB) or

if (R, > Re, R’i < Rlp, Ry < RY, and oy p < reg)
[0, ﬁ} if (RS = Ry for all states s =1, h) or

if (R, = Rep, RY < RLy, Rhy < RY, and i < abyy) or

if (R, = Rop, R < Ry, RLy < RY, and S < ),

and ¢ <
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ATeg((RL)a( SCB)S: ‘P) =

©
{07 ‘p'reg }

{0, 041}_3)03} if (EL

and

and —<— 1

and =2

Proof of Lemma 1
As set out in Subsection 2.3.1, banks can lend to, and borrow from, each other at the
gross rates (R%)s contingently on State s. Similarly, as explained in Subsection 2.3.2,
they can also borrow from, or deposit at, the central bank at the policy gross rates
(R p)s contingently on State s. Suppose now, by contradiction, that Ry # Rf g for
some state s. If R}y < R¢p, all banks would like to become liable to other banks and
use the money obtained to hold assets against the central bank, contingently on State
s. Similarly, if R}y > R{pg, all banks would like to become liable to the central bank
and use the money obtained to hold assets against other banks, contingently on State

and @"Y
and "9 =

and ¢ = 7

and =2
o

[

if (R, < Rep, RY < RLy, Rhy < RY,

— g R RCB
= 1= —Rc ) or

if (R < ECB, R < Rh, RL, <Rl

UR hRCB)
RC’B

{O,alDCB} Zf (EL < ECB, RL < RCB7 Rng < Rh

I
L @pcp < PR

h h
g RL*RCB
L _pl />
1-0 Rpp—R},

I L b
< Rep, R} < Rip, Rop < Ry, dbep < orea

and @ = 10" gféBffﬁ)
{0} if (R3 < REp for all states s =1, h

with at least one strict inequality) or

Zf (RL < RCB; RL < RCB7 Rz’B < Rh

L» YpcB = Gregs

Rh
U—Rl <) or

if (RL < Rep, R < Rh,, RL, < RY

h
L» @pep < orea s

» R, — R
R;,—CB<Q0)OT’

Zf (RL < RCB; RL < RCB’ RZ’B < R}ILM

R RCB Te
— < 9 or
T @)

V4 h l l h
Zf (RL < RCB, R < RCB’ RCB < RL7 aDH < oreg < OZDCB,

R RCB

< ") or
o @)

Zf (RL < RCB; RL < RCB7 Rng < R}ILM

The proof of Lemma 6 is given in Appendix B.2.

B.2 Appendix — Proofs
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s. As we assumed that no bank participating in the interbank market makes any loss
by doing so, both cases cannot hold in an equilibrium with banks. O

Proof of Proposition 1
Let b € [0,1] denote a bank. As R$, = R{p in all states s = [, h by Lemma 1, the
expected shareholders’ value of Bank b is given by

E[max(ab, Ly (RS — RSp) + EgRS),0)].

Suppose that R, < Reg.

— Suppose first that R} < R{p for all states s = [,h with at least one strict
inequality. In this case, Bank b’s expected shareholders’ value is decreasing in
the volume of loans. Therefore, its choice is o, = 0.

— Suppose now that R}, < RLp and RL; < R, For these constellations Figure
4 depicts three typical cases representing the expected gross rate of return on

equity as a function of a4,. The three different cases are given by the comparison
T
l=0 Rep—R],

between the capital ratio ¢ and

For ob; < b, Bank b does not default on depositors, and its expected share-
holders’ value is decreasing with o, as illustrated in Figure 4. However, for
oy < af,, Bank b defaults on depositors in the bad state. Then Bank b can
further increase expected shareholders’ value by granting more loans, as illus-
trated in Figure 4. The reason is that shareholders are protected by limited
liability and due to depositors’ bail-out by the government, the deposit gross
rate of return of Bank b received by households in the bad state is RY,.
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No default Default in State [ only
0Fy _Ry-Res _,  ORp _ _Ri—Rly

= >0
8041]’\4 © 30&?\/] %2

Figure 4: Expected gross rate of return on equity of Bank b as a function of a%, when
Ry, < Rop and R, < RP for three typical relationships between the capital ratio ¢
o RE-RL,
1-0 RL,—R."

and The corresponding areas of default and no default are depicted for

RF-RM,. . : .
¢ = 1= =F—<£ including the critical value o, .
—0 Rpp— R}

However, money creation levels o, > al,.p cannot be optimal for Bank b, as
it would default on the CB and its banker would be subject to heavy penalties.
Therefore, Bank b compares expected shareholders’ value with o, = 0 given by

EgRcp
and expected shareholders’ value with o4, = o, given by
o (apopLm(Ry, — Rep) + EpReg) .
This comparison leads to the threshold of the equity ratio ¢

g R%_RZ‘B
1—JRICB—RIL’

below which Bank b chooses af; = o),z and above which it chooses o}, = 0.
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— Suppose now that R? < Ry and Rl 5 < RL. Analogously to the previous case,

o Rp— R}

is the equity ratio below which Bank b chooses of; = a5 and above which it
chooses o, = 0.

Suppose now that R, = Rep.

— Suppose first that R} = R{p for all states s = [,h. In this case, Bank b
cannot influence its expected shareholders’ value by varying its amount of loans.
Therefore, [0, +00) constitutes the set of Bank b’s optimal choices.

— Suppose now that R, < RL, and Ry < R. In this case, for of, < ok, Bank
b does not default on depositors, and its expected shareholders’ value is constant
and equal to EgRp. However, for oy, < ob,, Bank b defaults on depositors in
the bad state. Then Bank b can further increase expected shareholders’ value by
granting more loans. The reason is that shareholders are protected by limited
liability and due to depositors’ bail-out by the government, the deposit gross rate
of return of Bank b received by households in the bad state is RY,. However,
levels of money creation oy, > al,,pz cannot be optimal for Bank b, as it would
default on the CB and its banker would be subject to heavy penalties. Therefore,
Bank b chooses the highest level of lending for which it does not default on the
CB. This means that Bank b chooses o}, = ol p.

— Suppose finally that R? < RL, and RL,; < R}. Analogously to the previous

case, Bank b chooses b, = ol 5.

Suppose finally that R; > Rep.

— Suppose first that Rz < Rj for all states s = [, h with at least one strict
inequality. In this case, Bank b can increase expected sharcholders’ value by

granting more loans. Accordingly, its choice is o}, = +o0.

— Suppose now that R, < RL, and Ry < R?. In this case, for of,; < ok, Bank
b does not default on depositors, and it can increase expected shareholders’
value by increasing its lending level. However, for o)), < of,, Bank b defaults
on depositors in the bad state. Then Bank b can further increase expected
shareholders’ value by granting more loans. The reason is that shareholders are
protected by limited liability and due to depositors’ bail-out by the government,
the deposit gross rate of return of Bank b received by households in the bad
state is Rl,. However, levels of money creation of, > ol .5 cannot be optimal
for Bank b, as it would default on the CB and its banker would be subject to
heavy penalties. Therefore, Bank b chooses the highest level of lending for which
it does not default on the CB. This means that Bank b chooses o}, = ol 5.

— Suppose finally that R} < R, and RLy; < RY. Analogously to the previous

case, Bank b chooses b, = ol 5.

We can summarize the choices of lending levels by banks, given gross rates (R)s,
policy choices (R¢p)s, and their equity ratio ¢, with the correspondence G ((R5)s,

(RZp)s, ) given in the proposition. O
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Proof of Lemma 5 . . /
Suppose first that max (E [};D] JE [RSED < %‘Im. Now we define the auxiliary func-

S
C bc

tion

61(Sp) == F(W) — (f<SF> +pr(W — Sp) max (E [Rz) } = {RED) |

Pé P&

It is easy to verify that, for all Sp € [0, W), ¢1(Sr) < 0. Moreover, g;(W) = 0.
Therefore, g;(Sr) > 0 for all Sp € [0, W), which establishes the first case in Equation
(15).

Suppose now that max <m, E [R—jf]) < E [R:D
pr Po P

]. Next we consider the function

S R )

which shares similar properties to g;: for all Sg € [0, W], ¢5(Sr) > 0, ¢g2(0) = 0, and
thus go(Sr) > 0 for all Sp € (0, W]. Accordingly, we can apply the same argument
to go as previously for g; and obtain the second case in Equation (15). With similar
arguments we also obtain the third and fourth cases.
Suppose finally that max <%, E [p ]) <E [ ] 0 Now we consider

C

- DI

o =1(e o 8]) o (o) 2

_ (f(SF) + pr(W = Sp)E {?D |

S
C

We observe that gz is strictly convex in Sp, ¢5(0) = —f'(0) + p,;E [I;D} < 0, and
C

g5(W) = —f'(W) + p,E [IZD] > (0. Hence, on [0, W], g5 takes the minimum at Sp =
(e}
fr1 (p[]E [f—gb and it holds that gs <f’—1 (pIIE [fg])) — 0. Therefore, g3(Sr) > 0

for all Sp # ! ( I ng >, which proves the fifth case in Equation (15). With
similar arguments we also obtain the last two cases. [

Proof of Lemma 2
Demands for the investment good by firms in MT and FT are directly derived from
the following shareholders’ value-maximization problems:

Kﬁ%xw}{E[maX(KM(RMpc Ripr),0)]}

s.t. R{upe: = Ripr for all states s =1, h
and  max {E[max((f(KF) — KrRr)pe, 0)]}.

Kreo,W
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Proof of Theorem 1
Let £* be an equilibrium with banks.

Then all banks choose the same level of money creation and lending denoted by aj,.
At the aggregate level, however, the amount borrowed by banks from the CB has to
equal the amount deposited by banks at the CB, meaning that fol ab,db = 1, which
translates into aj; = 1. The result of Lemma 1 implies that we can apply Proposition
1. Thus, given gross rates of return (R5*)s, policy choices (RY g)s, and the equity ratio
¢*, all banks b € [0, 1] choose a lending level o, € dn ((R5)s, (Rip)s, ¢*), as given
in Proposition 1. The only gross rates of return in Proposition 1 rationalizing o}, = 1
are

sx __ S
Ry = Rep

for all states s = [,h. A direct consequence of this relation, Lemma 1, and the
expression of profits in Equation (13) is that

r = Rp = Ry’ = Rop (16)
for all states s = [, h. Moreover, due to Lemma 1 and the tie-breaking rule introduced
in Subsection 2.3.1, the interbank lending market is not used in an equilibrium with
banks. Finally, II%5 = 0 for all states s = [, h (see Subsection A.1.2), which translates
into

S .Sk __ Sk %

mPc = i Py
for all states s = [, h. Given gross rates of return (R3)s and (R3;), as well as prices pj
and (pf¥),, households choose Ej € Eg((R$)s, (R3)s: 1y, (D)5, Sp) given Sp, Dy €
Dir((R)s: (RE)e, b, () Efy, Sp) given Ejy and Sp., and 53 € Sp (R, (BE)s, 93 (08):)-
These correspondences are given in Lemma 5 in Appendix B.1. Only the first, the
fourth, and the seventh cases of the definition of the correspondences Fg, Dy, and Sg
correspond to equal nominal gross rates of return R and R} and are hence consis-
tent with the equality of nominal gross rates of return in Equation (16). However, the
assumption f'(W) < Ry < £/(0) plus R} pif = R5*p} rule out the first and fourth
cases. As in an equilibrium with banks E}, D}, > 0, we thus obtain

By € (0,p7 (W — 7' (Rm))),
Dy = pj (W — £ (Rar)) — By, and
=1 Rm).
Finally, R} can be determined by using Lemma 2 and equating the demand for the

investment good Kj to its supply S3. With the help of the equity ratio ¢*, we can
then rewrite all equilibrium variables as given in Theorem 1.

In turn, it is straightforward to verify that the tuples given in Theorem 1 constitute
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equilibria with banks as defined in Subsection 2.5. n

Proof of Lemma 3
Let £ be an equilibrium with banks for which a minimum equity ratio ¢"* is imposed
on banks at the end of Period ¢t = 0. If a4, > 1 for some bank b € [0, 1], the minimum

equity ratio imposes the following constraint on money creation of;:

E*
3 E — > ", or equivalently
VeIV

b ¥
oy < pes

*

If af; < 1, the previous constraint becomes
Ly
Ly
90* Z SOT’(ig.

reg

> " or equivalently

Proof of Lemma 6

Let b € [0,1] denote a bank and assume that a minimum equity ratio ¢"? < ¢ is
imposed on banks at the end of Period ¢ = 0. Using Lemma 3 and the property
R}, = Ri.p for all states s = [, h, Bank b’s maximization problem simplifies to

max_ {Emax(a}, Ly (R} — Rip) + EsREp. 0)]}.

b
aj€ [07 P7eg

As the arguments used in this proof to investigate the impact of lending on sharehold-
ers’ value are similar to the ones given in the proof of Proposition 1, we refer readers
to the proof of Proposition 1 for further details.

Suppose that Ry, < Rep.

— Suppose first that R} < R¢p for all states s = [, h with at least one strict
inequality. In this case, expected shareholders’ value of Bank b is decreasing in

the volume of loans. Therefore, its choice is o, = 0.

— Suppose now that R, < RLp and R, < RE.
— Suppose first that alyop < ;,%g. Then the equity ratio requirement does

not impose an additional constraint on Bank b, and its optimal choice of
money creation is

h h
o R} —R¢p

b .

=0 f <
M ' 1—oRLp— Rl &

_ o Rh—R:
oy € 0.0y} it p= L Ren
B L

R} — R}
and ob; = abop ifgp<1i0RlL _;?.
CB L
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— Suppose now that ab.p > Ses- Then either by < st and expected

shareholders’ value of Bank b is decreasing for o, € [0, al, ;] and increasing

for b, € [aby, Sreal, or by > e and expected shareholders’ value is

reg

decreasing for af, € [0, S5 Therefore, if by > Sreg» the choice of Bank

bis ab, = 0. Suppose that oy < @ﬁ:g. Then the choice of Bank b can be
derived by comparison between expected shareholders’ value for of, = 0
and for of, = St~ Using the expression for profits in Equation (13) and

rearranging terms establishes that the choice for Bank b is

g R%_Rl(ljB
l1—0 RICB
4 R%_Rlé’B
l1—0 RZCB '
4 R%_RléB
l1—0 RZCB

b o .
ay = if

< (pT'(ig ,

oy € {0, 55} if g9 =

b _ ¢ ;
and Oy = e it " <

— The analysis for R < RL; and RL; < R} is similar to the previous one.
Suppose now that R, = Rep.

— Suppose first that R} = R¢p for all states s = I, h. Then [0, J£5] constitutes
the set of Bank b’s optimal choices.

— Suppose now that R, < RL and R, < RE.
— Suppose now that oy, < Wﬁg. Then the expected shareholders’ value of

Bank b is constant for all o4, € [0,al,,] and increases with of; in the

interval [a4),, sies)- Therefore, Bank b chooses ab, = min(ab g, Sea)-

— Suppose now that al,, > %. Then Bank b’s expected shareholders’ value
is constant for all a4, € [0, otes)- Therefore, [0, 5] constitutes the set of
Bank b’s optimal choices.
— The analysis for R < RL; and RL; < R} is similar to the previous case.

Suppose finally that R > Reg.

— Suppose first that R} > R p for all states s = [,h with at least one strict
inequality. In this case, Bank b can increase expected sharecholders’ value by
granting more loans. Therefore, its choice is o}, = E,‘%.

— Suppose now that R} < RLp and REL; < RY. In this case, Bank b can increase

expected shareholders’ value by granting more loans. Therefore, its choice is
b i (Al

ajyy = min(apep, ﬁ)-

— The analysis for R} < R}y and Rl < RY is similar to the previous case.

We can summarize our findings with the correspondence &} given in the lemma. [
Proof of Proposition 3
Let £* be an equilibrium with banks for which a minimum equity ratio ¢ is required

to be held by banks at the end of Period t = 0. We first note that a direct consequence
is that ¢* € [, 1).
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Then all banks choose the same level of money creation and lending denoted by aj,.
At the aggregate level, however, the amount borrowed by banks from the CB has to
equal the amount deposited by banks at the CB, meaning that fol ab,db = 1, which
translates into o}, = 1. The result of Lemma 1 implies that we can apply Lemma 6.
Thus, given gross rates of return (R5")s, policy choices (R g)s, and the equity ratio
¢*, all banks b € [0,1] choose a lending level of, € & ((R5)s, (R&p)s, ¢*) as given
in Lemma 6. Therefore, the only gross rates of return and capital structure ¢* in
Lemma 6 in Appendix B.1 rationalizing o}, = 1 are such that

cither Case a) (R} = Ry for all states s =1, h),
or Case b) (R, = Rep, Ry < RLy, Ry < R, and ol > (p‘f:g),
or Case c) (R, = Rep, Rl < RlLg, RLy < RY, and ol > W:g),
or Case d) (R, < Rep, Ry < RLg, Ry < R ol <1,

Rh*_Rh
and " = @'Y = g7 SR,
v —

or Case e) (R, < Rep, R < Rh, RLp < RV, ol <1,

and (,0* — (preg — P_URZLTR_thCB%
o CB
or Case f) (R3*> Ry for all states s = [, h with at least one strict
inequality, and ¢* = "),
or Case g) (R, = Rep, RY < RLy, Rby < R aby <1, and ¢* = @),
or Case h) (R, = Rep, R < Rlp, Rbp < RY ol <1, and ¢* = @),

or Case i) (R, < Rep, RY < RLy, Rby < R, oy <1,
R’i*fRéB)

R Rep 7

or Case j) (R, < Rep, R < Ry, Rbp < RY ol <1,

and ¢* = "9 < -

l—0o

1£3 )
1-o R —Rep )
o Rtp ’

or Case k) (R;, > Rep, R¥ < RLy, Ry < Rl and o* = '),
or Case 1) (R, > Rep, R¥ < Ry, RLy < Ry, and o* = o).

and p* = " <

Note first that in Cases f) to 1), the expected gross rate of return on equity achieved
by any bank b when choosing a4, = 1 is higher than the expected gross rate of return
on equity when choosing af, = 0. Since the latter is equal to the expected deposit
gross rate, we can conclude that in all cases f) to 1) the expected gross rate of return
on equity is larger than the expected deposit gross rate. Moreover, for Cases a) to e),
the expected gross rate of return on equity is equal to the expected deposit gross rate.

Given gross rates of return (R$)s and (R3y)s as well as prices p; = pf, = 1, households
choose B}, € Eg((R3)s, (RY)s, 0} = 1,p = 1,55) given

2 D}i{ € DH((R%*)S, (R3)ss 0 = 1,p& =1, B}, S}}) given E% and S}, and
Sty € Sp((R%)s, (R3)s,p} = 1,p& = 1). These correspondences are given in Lemma
5 in Appendix B.1.

In Cases f) to 1), Lemma 5 implies that Dj; = 0, which is excluded from the definition
of an equilibrium with banks. Therefore, Cases f) to 1) do not correspond to possible
equilibria with banks.
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In Cases a) to e), expected gross rates of return EE and E*D are equal, and only the

first, the fourth, and the seventh cases of the deﬁmtlon of the correspondences Ejp,
Dy, and Sy in Appendlx B.1 are consistent with R, = R},

In Cases a) to ¢), the assumption f'(W) < Ry < £/(0) together with Ry = Ry = R
rule out the first and fourth cases. As in an equilibrium with banks E}, Dy > 0, we
obtain

Ep € (0, (W —f""(Rwm))),
Dy = (W —f"'(Rm)) — Ej, and
St =f"1Rnm).

In Cases d) and e), the assumption f/(W) < Ry together with Ry < Ry, = R rule
out the first case. As in an equilibrium with banks E}, D}, > 0, we obtain

Ep € (0,(W = S5%)),
D;I = (W_S}k’) —EE,

. { £ (Rep) i £(0) > R,
SF =

0 otherwise.

In turn, it is straightforward to verify that the tuples found in this proof constitute
equilibria with banks as defined in Subsection 2.5. O

Proof of Corollary 6 o
Corollary 6 immediately results from Corollary 5 and from the observation that Rop =
Rym, Ry < 1 <R, and REp > 1 for all s =1, h together imply that RE, > Ry

]

C Appendix — Example

We illustrate our results with an example. In this example we use the normalization
p; = 1, and we set households’ portfolio choice to ¢* = 0.4. We use the parameter
values given in Table 22. We note that all assumptions on parameters and the function
f(-) are fulfilled, including the assumption that (W) < Ry < f/(0). We now
distinguish two cases:

— Either the central bank sets (RLg, Ritp) = (1.02,1.02). Then we obtain the
variable values given on the left side of Table 23.

— Or the central bank sets (RL 5, RE:5) = (Ry;, RY;). Then we obtain the variable
values given on the right side of Table 23.

In the case of price rigidities characterized by pr = 1 for s = [, h, the policy presented
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W 1

(R, RE) | (0.98,1.06)

o 0.5

f(Ke) | 2(Kp - 55

Table 22: Parameter values.

(Rp, Rp) (Rp, Rp)

= (R,,RY) | (1.02,1.02) = (R,,R") | (0.98,1.06)
= (R, RY) = (R, RY)

Ry 1.02 Ry 1.02

(ply, pi) (1.04,0.96) (P, pi) (1.00, 1.00)
Ly =Ky | 051 Ly =Ky | 051
Sp=Kg |049 Sp=Kg |049

Dy 0.31 Dy 0.31

Ep 0.20 Eg 0.20

(DL, D) | (0.52,0.52) (DL, D) | (0.50,0.54)
IT3, 0 113, 0

(TT%,, T1%,) (0.25,0.23) (TT%,, TTh,) (0.24,0.24)
(ITy,, 1I%) | (0.21,0.21) (I, 1I%) | (0.20,0.22)

Table 23: Variable values with policy gross rates (RL 5, RE5) = (1.02,1.02) on the left
side and (RL g, RE5) = (0.98,1.06) on the right side.

in Corollary 6 yields the following values:

R.p,=1, RLp,=104, and ¢ =0.02.
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D Appendix — List of Notations

Symbol Meaning

FT Frictionless technology exhibiting decreasing marginal returns
MT Moral hazard technology exhibiting constant returns to scale
CB Central Bank

Representative household
t Period t = 0,1 of the economy
\\% Initial endowment of investment good
Kg Amount of investment good invested in FT
KFB Socially efficient amount of investment good invested in F'T
Kp Correspondence matching the real gross rate of return Rg

on bonds to FT firms’ optimal demand for investment good

Km Amount of investment good invested in MT

K Correspondence giving the optimal demand for investment good
by MT firms

DI Price of one unit of investment good

De Price of one unit of consumption good in State s

f(Kr) Amount of consumption good produced by investing Kg in FT

Rr Gross rate of return on investment in FT in terms

of the consumption good per unit of investment good
Rp Deposit gross rate of return on investment in F'T in terms
of the consumption good per unit of investment good
Rwm Real gross rate of return on investment in MT
in terms of consumption good per unit of investment good
R3 Real gross rate of return on investment in M'T

in terms of consumption good per unit of investment good

in State s
RS, Nominal gross rate of return on households’ assets in State s
R¢p Nominal policy gross rate of return on CB deposits
and CB loans in State s
Rj Nominal gross rate of return on investment in deposits
in State s
Ry Nominal gross rate of return on bank loans granted to MT
Rj Nominal gross rate of return on bank loans granted to MT
in State s
R Aggregate gross rate of return on bank equity in State s
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51)

biEB]

bjEB]

€B

Gross rate of return on equity of Bank b in State s

Profits of Bank b

Profits of Bank b in State s

Aggregate profits of non-defaulting banks in State s

Profits of firms in FT

Profits of firms in MT

Profits of firms in FT in State s

Profits of firms in MT in State s

State [ or h of the world

Bad state of the world

Good state of the world

Probability that State s = h occurs

Overline to denote the expected value of variables

depending on the state of the world (for example, Ry = E[RS,])
Superscript denoting equilibrium variables

Power set of Set X

Tuple of variables used to define an equilibrium in Subsection 2.5
Amount of bonds purchased by households

Correspondence matching gross rates of return (R%)s and (R})s
and prices p; and (pf)s to the optimal choices of households
regarding investment in FT

Amount denominated in terms of the currency unit

denoting households’ equity

Label in [0, 1] denoting a bank

Net assets of Bank b against the CB if positive and

liability against the CB if negative

Variable denoting banks with assets against the CB

at the end of Stage C, i.e. for which §* > 0

Variable denoting banks with liabilities against the CB

at the end of Stage C, i.e. for which §7 < 0

Amount in terms of the currency unit invested by households

in bank equity of an individual bank

Aggregate amount in terms of the currency unit

invested in bank equity

Correspondence matching gross rates of return (R%)s and (R$,)s,
prices pr and (pf)s, and investment S to the optimal choices

of households regarding investment in bank equity
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dis

b,s
dMl
Dy

o
L

b
dCB

b
los

b b
dCBl Y dCBQ

b b
lCBl ) lCBQ

b,s b,s
dCBg7 ...,dCBS

lb,S lb,S
CB3’"CBy

Dcp,

b
dCBT

P
CBT

Dcp

Lep

Interim amount of deposits held by households

at an individual bank (also in the form of dy)

Aggregate interim amount of deposits held by households

(also in the form of Dy)

Amount in terms of the currency unit invested in deposits

at an individual bank by households

Aggregate amount in terms of the currency unit

invested in deposits by households

Correspondence matching gross rates of return (R%)s and (R$,)s,
prices pr and (pf)s, and investments Ep and Sg

to the optimal choices of households regarding investment

in bank deposits

Amount in terms of the currency unit of deposits held by MT
at Bank b

Amount in terms of the currency unit of deposits held by MT
at Bank b in State s in Stage E, Substage 4

Aggregate amount in terms of the currency unit of deposits
held by MT

Amount in terms of the currency unit invested by Bank b in MT
Aggregate amount in terms of the currency unit invested in MT
Amount in terms of the currency unit borrowed by Bank b
from the CB

Amount in terms of the currency unit lent by the CB to Bank b
CB deposits of Bank b at different stages of the economy
Amount in terms of the currency unit borrowed by Bank b

at different stages of the economy

CB deposits of Bank b at different stages of the economy

in State s

Amount in terms of the currency unit borrowed by Bank b

at different stages of the economy in State s

Aggregate amount of CB deposits

in Stage C, Substage 1

CB deposits of Bank b after lump-sum taxation and bail-out
Bank 0’s liability against the CB after lump-sum taxation

and bail-out

In Appendix A.5 deposits held by banks b; or b; at the CB

In Appendix A.5 debt due by bank b; or b; to the CB
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S
YpeB

S
OpH

tb,s

91,92, 93
AB,C,D,E

In Appendix A.5 amount of deposits held by bank b; at bank b;
In Appendix A.5 amount of loans granted by bank b; to bank b;
Ratio of individual lending by Bank b

to aggregate lending by banks, or equivalently,

ratio of individual to average lending

Correspondence matching gross rates of return (R3 ), and (R&g)s
and capital structure ¢ to the set of privately optimal

levels of money creation by banks

Correspondence matching gross rates of return (Rj)s and (R p)s
and capital structure ¢ to the set of privately optimal

levels of money creation by banks when prices are perfectly rigid
and a minimum equity ratio ¢"* has to be held

at the end of Period ¢t =0

Threshold for af; above which Bank b defaults on the CB

in State s

Threshold for aj; above which Bank b defaults on households

in State s

Share of households’ deposits converted into equity

in Stage C of Period 0

Equity ratio of Bank b

Minimum equity ratio imposed by government authorities

that has to be held by banks at the end of Period t = 0

a banker cannot pledge to investors

Aggregate tax burden borne by households

if some bank defaults in State s

Tax households have to pay in order to

bail out depositors at Bank b in State s

Auxiliary functions used in the proof of Lemma 5

Stages of economic activity
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