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feedback rules satisfying the Taylor principle for determinacy. In contrast to the conventional view,
the long-run inflation rate here, in the absence of output growth, and even when monetary policy
operates an interest rate rule with a different inflation target, is equal to the growth rate of nominal
fiscal variables, which are controlled by fiscal policy. The conclusion deals with some of the new
perspectives that this novel theory offers, including new answers to several puzzles which arise in
New Keynesian complete markets models during a liquidity trap.
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1 Introduction

The prevailing view on monetary policy (Woodford, 2003; Gali, 2015) is that it works through setting
nominal interest rates, that it controls the inflation rate, and that prices are determinate if mone-
tary policy responds sufficiently strongly to inflation - the Taylor principle. Fiscal policy is largely
irrelevant in this view.

In this paper, I propose that heterogeneous agent incomplete markets models offer a new and
different perspective on these topics. While monetary policy continues to control the nominal interest
rate, fiscal policy is now assigned a significant role. Two results stand out.

First, in contrast to the conventional view, in the absence of output growth and even when
monetary policy operates an interest rate rule with a different inflation target, the long-run inflation
rate is equal to the growth rate of nominal fiscal variables, which are controlled by fiscal policy. A
tough, independent central bank is not only insufficient to ensure price stability in the long-run, it
also has no direct control over long-run inflation, even if it follows an interest rate rule which satisfies
the Taylor principle.! The fiscal determination of long-run inflation leads to a reinterpretation of
one of Friedman’s (1963, 1968, 1970) key propositions that “inflation is always and everywhere a
monetary phenomenon in the sense that it is and can be produced only by a more rapid increase in
the quantity of money than in output.” Friedman assumed that the money supply, purposefully and
astutely controlled by central banks, serves as a nominal anchor to control inflation. 50 years after
Friedman (1963, 1968, 1970) however, central bank practice and academic research has shifted to using
a short-term nominal interest rate as the policy instrument. The money supply is no longer controlled
by monetary policy, but determined endogenously as clearing the money market. I incorporate these
features into the model, which strips money of its anchoring role envisaged by Friedman. However, the
nominal fiscal variables, controlled by fiscal policy, such as nominal government debt and spending,
replace money in this role.

Second, incomplete markets models provide a new theory of price-level determination. Monetary
policy works through setting an arbitrary sequence of nominal interest rates, for example through an
interest rate rule. Fiscal policy sets sequences of nominal government spending, taxes, and govern-
ment debt, for example through a fiscal rule, and these sequences satisfy the present value government
budget constraint at all times and for all prices, that is, the fiscal policy is passive (Leeper, 1991).
In this environment, I show that the steady-state price level is determinate, even if nominal interest
rates are constant, and I derive conditions for policy rules that ensure local determinacy. It is this

determinacy result which rules out sunspot-driven inflation movements and ensures that the price

!Central bank independence ensures, however, that the treasury cannot impose fiscal policies on the central bank,
e.g. monetizing its debt to finance the government.



level and the inflation rate are uniquely determined by policy. As I will show, the price level is
determined jointly by monetary and fiscal policy, and the long-run inflation rate by fiscal policy only.

To understand these results, it is sufficient to combine a few simple insights and it is instructive
to start with a steady state. First, market incompleteness generates a precautionary savings demand
such that the household sector effectively values real government bonds, i.e. their real value exceeds
the value of tax liabilities. When, in addition, government bonds are nominal, shifts in the price level
shift the real value of debt. The price level is then determined such that the demand for real bonds
equals its supply. In contrast, if markets were complete, Ricardian equivalence would hold and the
household sector would be indifferent to the amount of government bonds available, leaving the price
level indeterminate.

Second, the steady-state real interest rate is not determined uniquely by a household discount
factor, but instead depends on the amount of real bonds available. In incomplete markets models,
households are willing to accept a lower return than suggested by their discount factor, as bonds allow
households to smooth consumption more effectively in response to uninsurable idiosyncratic income
shocks (Aiyagari, 1995). Bonds have a “liquidity premium”, which under standard assumptions is
decreasing in the amount of bonds households own. To absorb more government bonds, households
thus require a higher real interest rate. This indicates, that depending on the amount of bonds
available, a continuum of steady-state real interest rates is feasible. Monetary and fiscal policy
now jointly choose one out of this continuum of potential steady-state real interest rates. Monetary
policy sets the steady-state nominal interest rate, whereas fiscal policy sets the growth rate of nominal
government debt. In a steady state, the value of real government debt is constant, such that the
steady-state condition for fiscal policy is that the growth rate of nominal debt equals the inflation rate
(in the absence of economic growth). The real interest rate is then determined by the Fisher equation,
as the ratio of the nominal interest rate to the inflation rate. Clearly, this logic for determining the
long-run inflation rate does not apply if the steady-state real interest rate is pinned down by the
discount factor, as is the case in standard New Keynesian complete markets models.

Section 3 builds on these simple insights and shows that the steady-state price level is determinate
in a large class of heterogenous agent incomplete markets models. I also explain the mechanism
behind the determinacy result; why incomplete market models deliver determinacy and why complete
markets models lead to indeterminacy when nominal interest rates are constant; why fiscal policy
has to be partially nominal; why the Demand Theory of the Price Level proposed here is not the
Fiscal Theory of the Price Level (FTPL); and why adding capital or money to the model does not
alter these conclusions.

Outside of steady states, I demonstrate local determinacy for all monetary policy rules, that is,

those not responding, responding weakly or responding strongly to prices in Section 4. Interestingly,



by responding too strongly to price increases, fiscal policy may induce rather than remove indetermi-
nacy. In such an expansionary fiscal policy scenario, reestablishing determinacy requires monetary
policy to increase nominal interest rates in response to price increases. I provide a characterization
of these determinacy conditions, including how responsive monetary policy has to be if fiscal policy
is excessively expansionary.

It is important to emphasize that these results do not hold in all models in which Ricardian
equivalence fails. For example, the price level is not determinate in an economy where a fraction of
households simply consume their current income “hand-to-mouth”, while the remaining households
act according to the permanent income hypothesis (PTH).? The reason for the indeterminacy is that
only permanent-income households hold bonds, and thus shifts in the value of public debt have no
aggregate demand effects, but only shift consumption from one group to the other. Similar arguments
apply to the perpetual youth model and its variants (Yaari, 1965; Blanchard, 1985; Bénassy, 2005,
2008), in which Ricardian equivalence does not hold, but the price level is indeterminate, as explained
in the Appendix.

This paper shows that using the workhorse incomplete markets model not only provides an em-
pirically superior model of consumption (Kaplan and Violante, 2014) - a key part of the monetary
transmission mechanism - but also entails a windfall gain: the price level is determinate. This seems
important, since a growing body of the literature has recently emerged which incorporates price
rigidities into heterogeneous agent incomplete markets models (HANK).? One motivation to do so is
that, while able to generate a realistic distribution of marginal propensities to consume, the textbook
incomplete markets model does not allow output to be demand-determined, as prices are fully flex-
ible, potentially limiting its applicability to many questions raised by the Great Recession. Adding
a nominal side to the model and allowing for price rigidities however, forces us to address the same

questions we confront in complete markets models: How is the price level determined? What type

Two Agent New Keynesian (TANK) models are a popular model class, due to their theoretical elegance and
tractability (Bilbiie, 2008, 2017, 2018).

3See Kaplan and Violante (2018) for a recent review of this emerging Heterogeneous Agents New Keynesian (HANK)
literature. Additional references include Gornemann et al. (2012), Kaplan et al. (2018), Auclert (2016) and Liitticke
(2015) who study monetary policy in a model with incomplete markets and pricing frictions, but with a different
focus, emphasizing and quantifying several redistributive channels of the transmission mechanism of monetary policy,
which are absent in standard complete markets models. Earlier contributions are Oh and Reis (2012) and Guerrieri
and Lorenzoni (2017), who were among the first to add nominal rigidities to a Bewley-Imrohoroglu-Huggett-Aiyagari
model. More recent contributions include McKay and Reis (2016) (Impact of automatic stabilizers), McKay et al.
(2016) (Forward guidance), Bayer et al. (2019) (Impact of time-varying income risk), Ravn and Sterk (2017) (Increase
in uncertainty causes a recession), Den Haan et al. (2017) (Increase in precautionary savings magnifies deflationary
recessions), Auclert and Rognlie (2017) (Inequality and aggregate demand) and Auclert et al. (2018) (Intertemporal
Keynesian Cross). While all these papers address issues that are complimentary to my paper, the price level is shown
to be determined endogenously in equilibrium only in my paper. In terms of assumptions, the main reason for this
difference is that government bonds are nominal here, whereas they are assumed to be real in the cited work. Only
Hagedorn et al. (2017a) (Fiscal multiplier), Hagedorn et al. (2019) (Forward guidance) and Hagedorn et al. (2017b)
(Model estimation) assume nominal bonds.



of monetary and fiscal policies ensure determinacy? How does taking the zero lower bound (ZLB)
into account affect the conclusions derived from the model? The determinacy results in this paper
provide these answers and show that they are quite different from the standard analysis based on
complete markets. The results are derived within the standard framework in macroeconomics and
dynamic public finance - heterogeneous agent incomplete markets models - and are obtained without
invoking any assumptions on policy except that it is partially nominal. Nevertheless, the literature
has overlooked this model property. Section 5 concludes and discusses how the novel theory proposed

in this paper offers new answers to various issues in monetary economics.

2 A Heterogeneous Agent Incomplete Markets Model

In this Section, I describe a heterogeneous agents endowment economy with uninsurable idiosyncratic
labor income risk in which markets are incomplete, based on Huggett (1993), where only a government
bond can be traded, subject to exogenously imposed borrowing limits. I consider a cashless economy
as in Woodford (2003) where monetary policy sets the nominal interest rate. The household sector
is fully described in real terms, as this allows for a clean definition of aggregate savings in real terms

in Section 2.4.

2.1 Households

The economy is populated by a continuum of households of measure one with preferences over con-

sumption ¢

Eo ) Blulcy), (1)

where u is increasing and strictly concave, (3 is the subjective discount factor and the expectation
is taken over realizations of idiosyncratic endowments. Agent endowment {e;}:°, is stochastic and
characterized by an N-state Markov chain that can take on values ¢, € £ = {ey, -+ ,ex} with the
transition probability characterized by ¥(e’|e) and [e = 1. A household saves real bonds a;11 in

period t subject to the credit constraint

a1 2> —aQ (2)



for a credit limit @.* The real real return is 1 + r,,; and thus, at time ¢, the household faces the

budget constraint
cata = (L+r)a+e —, (3)

where 7 is a lump sum tax. The household choice problem can be written recursively, given initial

conditions (ag, €g),

Vila,e;2) = max u(c)+ 8 ) 9(e|e)Visa(a, ¢ ) (4)
== e'ef
subject to c+d =(1+r)a+e—m7
O =T(Q),

where a prime denotes the next period’s value, Q(a,e) € M is the distribution on the space
X = Ax &, agent asset holdings a € A and endowment e € £, across the population, which, together
with the policy variables, determine the equilibrium prices. 7 is an equilibrium object that specifies
the evolution of the distribution € in the set of probability measures M over X with o-algebra B(X).
The transversality condition is

lim Ey[87u (cr)ars:] = 0. (5)

T—o00

2.2 Government

Monetary policy sets the nominal interest ;, for which I allow the sequence of nominal interest rates

to be exogenous or to follow from some feedback rule. The aggregate Period t price level is P, the

P
Py

state real interest rate can be negative and there is no money in this model, negative nominal interest

and the inflation rate is 1 + m 1 = PEI .% Since the steady

real interest rate 1+ ryq = (1+4441)

rates are possible. Fiscal policy sets the nominal level of bonds B; and adjusts nominal lump-sum

4An alternative assumption to an exogenous credit constraint @ is to impose natural debt limits. The appendix
considers this alternative assumption.

5Tt is important to bear in mind that here, as in all the recent literature on monetary economics, the central
bank sets the nominal interest rate on short-term bonds and not the money supply, which gives rise to price level
indeterminacy in the first place (Sargent and Wallace, 1975).



taxes T} to satisfy the government budget constraint at all times®

E = (]. + it)Bt - Bt+1, (6)

so that households pay taxes 7, = T;/ P, in equilibrium.

2.3 Equilibrium

The asset-market clearing condition is

B
;Jtrl = / at+1th (7)

and the resource constraint reads

/Ctth = /etth =1. (8)

A competitive equilibrium is then a sequence of prices P;, i, 1, taxes T}, bonds By, value function

V; with policy functions ¢, ¢’ and a law of motion 7 : M — M such that:
1. Households maximize utility, taking prices and government policies as given.
2. The government budget constraint is satisfied.
3. The resource constraint is satisfied.
4. The transversality condition (5) holds.
5. The asset market clears.
6. The aggregate law of motion 7 is generated by a’ and p.

A stationary competitive equilibrium is a competitive equilibrium where €, 1+7;, 1+, and 144,

are constant and

B, T, P
By T P

6The government budget constraint is specified here in nominal terms. The only purpose of this specification is that
it enables to easily distinguishing this paper’s theory from the Fiscal Theory of the Price Level (FTPL) as I discuss
below. As I show in the appendix, my theory allows for adding real and nominal government expenditures and more
complicated real or nominal tax functions. The theory only requires that fiscal policy be partially nominal, i.e. not
fully indexed to the price level.

=1+ mg. (9)




2.4 The Savings Function

It is standard to characterize the stationary equilibrium through the asset market clearing condition
and I follow this approach here. Given initial period ¢ assets a;, sequences of real interest rates
(re, i1, Tevo, - -.) and taxes (7, Tyi1,...), each household maximizes utility yielding a sequence of

savings (i1, iy, - ..). Aggregate savings at time ¢,

Sip1 = /at+1th> (10)

is then a function of the initial distribution of assets €2, real interest rates and taxes,
St+1 = S(Qt, 1 + T, 1 + Tta1, 1 + T4y o o 5 TEy Teg 1,y - - ) (11)

In a stationary equilibrium, the real interest rate r,,, aggregate savings S5 and the distribution

of assets (), are invariant, and taxes 7y, = 7r49,5. Steady-state savings is the fixed point of
Sss = S(st; 14 T'ssy 1+ Tss, 1+ Tsgy o ;TssSsm Tssssm .. -)7 (12>

such that steady-state savings is a function S(1 + r) of the real interest rate only.” The equilibrium

is characterized through the asset market clearing condition,
B

S(I1+r) = —, 13

(1+r) = 3 (13)

since equilibrium conditions 1, 2 and 4 are satisfied by construction of the S function, and the asset

market clearing (condition 5) implies that the resource constraint (condition 3) is satisfied.® If the

inflation rate 7 is not zero, bonds in a steady state issued at time ¢ equal B(1 + )" and the price

level equals P(1 + )" for initial values B and P, so that the term (1 + 7)" term cancels itself out

when computing the real value of bonds B/P.

3 Steady-state Price Level Determinacy

In this Section, I establish that the steady-state price level is determinate. This is particularly

difficult, since the nominal interest rate is constant in a steady state and therefore, the Sargent and

"More precisely, the fixed point problem is to find the fixed point Qg of the law of motion 7 : M — M which then
satisfies Sgs = [adQss = S(Qss; 1+ 755, L4155, L+ 755, . 5755 [ adQss, 755 [ adfss, .. .). For existence and uniqueness
under standard assumptions see for example Acemoglu and Jensen (2015) and Agikgéz (2018).

8Note that that this steady-state saving function is different from the savings function which just aggregates
individual household decisions taking prices as given. This is on purpose. Substituting taxes 7,5, using the government
budget constraint, allows me to characterize the equilibrium through one equation (13) as a function of one unknown,
the real interest rate.



Wallace (1975) critique applies fully. One way to understand why the price level in complete markets
models is indeterminate is to note that the number of endogenous variables exceeds the number
of equilibrium conditions by one. I show that the asset-market clearing condition in incomplete
markets models provides an additional equation that is needed to determine the price level. The
formal analysis is complemented with a graphical one, which together show that this result holds
not only in a large class of incomplete market models, but in all models with a steady-state savings
curve, which describes a trade-off between the real return and the quantity of the asset. Prices are
assumed to be flexible throughout the steady-state analysis, since price stickiness is irrelevant for
steady-state determinacy, simply because a steady state requires no price-adjustment other than an
increase at the steady-state inflation rate (Nakajima and Polemarchakis, 2005). Price rigidities will

be added in the local determinacy analysis in Section 4.

3.1 Asset-Market Clearing and Price-Level Determinacy

As is well known, the incomplete markets economy is in equilibrium if aggregate asset supply (house-
holds’” savings) equals real aggregate asset demand (government bonds), which can be represented
by the well-known Figure 1 (left panel).? Household asset demand S(1 + ) is an upward sloping
function of the real interest rate 1+ 7 which is smaller than 1/5. Real steady-state asset supply from
B(14m)t By

Pt = B such that the equilibrium condition is

B _
the government equals 3 =

S(1+r) (14)

=5
This is one equation with two unknowns, the real interest rate 1 4+ r and the price level P. This
suggests that a continuum of price levels (associated with a continuum of real interest rates), e.g.
Py, Py, P3, clears the asset market as illustrated in the right panel of Figure 1. I will now argue that
equation (14) nevertheless determines the price level, since the real interest rate is determined by
monetary and fiscal policy.

The reader familiar with the Bewley (1980) basic model of fiat money will notice the similarities
but also the differences of the two approaches. Following the exposition of the Bewley model in
Ljungqvist and Sargent (2012) but using my notation, the central bank provides a fixed supply of
money M, the only asset in this economy. The derivation of the aggregate money demand function in

Bewley, L(7ss), is basically identical to the derivation of my S function with the important difference

_1
14mss”

the real return on money is 0. The steady-state price level P* is then determined as a solution to

that L depends on the real return on money, The steady-state inflation rate is zero so that

9For a textbook treatment of incomplete markets models and their steady states, see Ljungqvist and Sargent (2012).
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Figure 1: Asset market in incomplete markets economy

the money-market clearing condition

M
5 = L), (15)
which at first glance looks like replacing M with B and L with S in (14). One important difference is
that (14) does not determine the price level yet since the real interest rate is an unknown whereas the
money-market equation (15) does determine the price level. From a conceptual level, the approaches
are quite different, mainly because of the Bewley model’s different objective. The Bewley model
provides a very elegant way to derive a demand for money from first principles, which leads to the
quantity equation (15) known from textbook models. Unsurprisingly, a different objective means
that the Bewley model misses elements that are crucial here. There are no bonds in the Bewley
model, limiting the role of fiscal policy, the central bank sets money supply and does not and cannot

freely set the nominal return on bonds.'® I will explain these differences and the implications for

price and inflation determination and fiscal and monetary policy in more detail in the next Sections.

3.2 How Monetary and Fiscal Policy Determine the Steady-State Real

Interest Rate

A key step in the argument is to show how monetary and fiscal policy determine the steady-state

real interest rate. In both complete and incomplete markets models, a Fisher relationship between

10Coexistence of bonds and money in the Bewley model would require that both assets have the same return, that
is the return i, on bonds has to equal the return on currency ¢ and thus iss cannot be set freely and different from
i™. Note that setting the nominal interest rate in the Sargent and Wallace (1975) critique means the nominal return
on bonds and not an interest rate on some other asset such as currency.



the steady-state nominal interest 7., real interest rate ry, and inflation 7, holds:

1+

1 — .
T 1+ 7

(16)

Monetary policy sets the steady-state nominal interest rate iz. Fiscal policy sets the growth rate
of nominal debt (B) and adjusts nominal tax revenue (7') to balance the government budget. In
a steady state, real tax revenue and real government debt are constant, such that the steady-state
condition for fiscal policy is that the growth rates of nominal tax revenue and nominal debt all equal
the inflation rate in the absence of economic growth (a prime denotes the next period’s value),!!

B -B T -T

1+, = - . 17
+ T B T (17)

Non-constant growth rate policies would be inconsistent with a steady state and are considered in
Section 4. Note that a specific interpretation is assigned to these steady—state conditions: If fiscal
policy decides on a 2% nominal growth rate in nominal debt, 2==, then the steady-state condition
for steady-state real government debt to be constant requires the steady-state inflation rate to equal
2% as well. The steady-state further requires nominal tax revenue T also to grow at 2%. It is
important to note that these considerations do not determine the levels of real taxes and real debt,
except in the sense that these are unchanging over time in a steady state. In particular, the price
level has not yet been determined.

Equation (17) means that the inflation rate is equal to the growth rate of nominal government
debt, implying that the equilibrium real interest rate is determined jointly by monetary and fiscal
policy.'? These conclusions about the steady-state inflation rate are valid, even if monetary policy

implements an interest rate rule such as
Z‘tJrl = max(g + (b(’/rt - W*)a 0)7 (18)
for an inflation target 7*, an intercept 7 and ¢ > 0. In this case, inflation is still determined by

equation (17) and the steady-state nominal interest rate equals!?

B'—-B

i** = max (i + ¢( B

—7"),0). (19)

H'With real economic growth of rate 7, (1 + mss)(1 +7) = L};B = T/;T

12Monetary and fiscal policy cannot simply implement an arbitrary steady-state real interest rate, but only one that
is consistent with a steady state. In particular 5(1 + rss) < 1, since otherwise, asset demand would become infinite,
also a well-known result in incomplete markets models.

13For example if 7 = 0.02, ¢ = 1.5, debt grows at B;B = 0.02 and the inflation target 7* = 0, steady-state inflation
is then 2% and the nominal interest rate equals i*® = 0.02 4+ 1.5 x 0.02 = 0.05. In the (less realistic) case that the
inflation target of monetary policy m* = 0.04 exceeds the 2% that follows from fiscal policy, the steady-state nominal

interest rate equals i** = max(0.02 + 1.5(0.02 — 0.04),0) = 0 and inflation is still 2%.

10



Note that this line of reasoning requires a continuum of potential steady-state real interest rates, and
not just one equal to 1/, as in complete markets models. Therefore, this logic for determining the

long-run inflation rate does not apply if markets are complete.

3.3 Price Level Determinacy

1+iss
147ss

set by policy to eliminate the real interest rate from the list of unknowns, equation (14) now has just

I can now use equation (14) to determine the price level. Using the result that (1 + rss) = is

one unknown, the price level P*:
l+iss, B

S<1—|—7T58) T pr

which serves to determine the unique price level, as illustrated in the left panel of Figure 2. This

(20)

reasoning is based on an upward sloping savings curve, which delivers a unique asset market clearing
price P*. If @ = 0 (no borrowing), a sufficient condition for an upward sloping savings curve and thus
uniqueness in real incomplete markets models is that the intertemporal elasticity of substitution is
weakly greater than one (Achdou et al., 2017).** If this sufficient condition is not met, the underlying
real model could have a backward bending savings curve, such that multiple real stationary equilibria
exist. In this case, a unique price level is associated with each of the real equilibria. Unsurprisingly,
this paper’s theory overcomes nominal but not real indeterminacies.

There are two key assumptions to obtain price level determinacy. First, fiscal policy is nominal.
Without this assumption, fiscal policy would be specified fully in real terms, and the equilibrium in
the asset market would not depend on the price level, such that the equilibrium condition cannot be
used to determine the price level.!> Second, there is a steady-state aggregate asset demand function,
which depends on the real interest rate. This is a standard result in models with heterogeneous
agents and market incompleteness. I explain below why the arguments supporting the incomplete
markets economy do not apply in complete markets environments.

The infinite horizon assumption ensures a non-degenerated savings curve in each period and in
particular in a steady state that can be used to determine the price level. To understand this better,

assume a finite horizon such that in the last period, the demand for bonds is zero. Asset market

“4Household consumption c(a, e;7,7) = c(a, e;7,75) is decreasing in 7, so that an intertemporal elasticity of substitu-

tion weakly greater than one implies that ag—@ < 0. Since household savings s(a,e;r,7) = (1+r)a+e—7—c(a,e;r,7)

aggregate savings '
S = /s(a, e;r,7)dQ, = /(1 +r)ja+e—1rS—cla,e;r,rS)dQ, = /r(a — 5)dQ, —|—/a +e—c(a,e;r,rS)dQ,. (21)
=0
is increasing in 7, since [ a+ e — c(a, e;r,7S)dS, is increasing using the same arguments as in (Achdou et al., 2017)

to show that the monotonicity of ¢ carries over to the stationary distribution.
15T consider nominal government expenditure in Appendix A.I.2.
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Figure 2: Asset Market Equilibrium: a) Determinacy b) Indeterminacy.

clearing then cannot be used to determine the price level, rendering the price level indeterminate.
This last-period indeterminacy carries over to previous periods, such that the price level would be
indeterminate in all periods, as for example in Geanakoplos and Mas-Colell (1989) and Balasko and

Cass (1989).

3.4 Representative Agent and Hand-to-Mouth Consumers

The above reasoning does not extend to representative agent environments, so that the price level
is indeterminate if markets are complete. The key implication of complete markets is that the
steady-state real interest rate is determined by the discount factor only, (1 + ry)5 = 1, whereas in
incomplete market models, the real interest rate depends on virtually all model primitives, so that

the equilibrium in the asset market can be represented equivalently as

1444
1+ g,

= 1+T55(B/P*), (22)

which again determines the steady-state price level P* and where 7, (B/P) is the real interest rate
which makes households willing to hold B/P real assets in steady state. The counterpart in a

representative agent model is _
L+ s

1+ 7

which no longer depends on the price level, which is therefore indeterminate. The right panel of

:]-—I—Tss:]-/ﬁv (23)

Figure 2 illustrates the indeterminacy, depicting supply and demand in the asset market as before,
with incomplete markets. The difference is that the steady-state savings curve is a vertical line at
the steady-state interest rate 1/, whereas it is an upward sloping curve in a model with incomplete

markets. An equivalent interpretation of the reason for indeterminacy is that the representative
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household is willing to absorb any amount of real bonds in a steady state with real interest rate
1/B. The vertical asset demand curve with complete markets then reflects the result that the real
interest rate is independent of the quantity of real bonds, such that a continuum of price levels, e.g.
Py, Py, Py, satisfies all equilibrium conditions.

The same arguments apply to models in which a fraction of households simply consume their
current income, “hand-to-mouth”, while the remaining households act according to the permanent
income hypothesis (PIH). Since hand-to-mouth consumers do not participate in the asset market,
the real interest rate is determined by the discount factor of PIH households only, (1 + ry)38 = 1,

and equilibrium in the asset market is again characterized through

1+ 245
1+ 7

:1+Tss:1/57 (24>

which does not depend on the price level, implying that it is indeterminate. This model shows that
it is not heterogeneity by itself that leads to the result. Rather it is the combination of heterogeneity
and market incompleteness that leads to precautionary savings and a non-degenerated aggregate
savings function, implying price level determinacy. By the same argument, permanent heterogeneity
in productivity, but otherwise complete markets, will not lead to price level determinacy either, since
again (1 +7.)0 = 1 in a steady state.

The graphical representation also suggests another simple way to understand why the price level
is indeterminate in complete markets, but determinate in incomplete markets models. The number of
endogenous variables exceeds the number of equilibrium conditions by one if markets are complete,
rendering the price level indeterminate. Market incompleteness provides an extra non-redundant
equation, namely the asset-market clearing condition (20). At first glance, the argument might seem
wrong, since the asset market has to clear in both models. That is correct, but in the first model, this
equation is redundant, as it merely ensures that the steady-state real interest rate is equal to 1/,
with no role whatsoever for bonds or the price level. In contrast, the savings curve in incomplete

markets models defines a trade-off between the real interest rate and the value of bonds. This extra

1+iss
1+7mss

illustrated analytically and graphically above. Appendix A.I shows that the reasoning for incomplete

and non-redundant clearing condition, together with 14r,, = , then determines the price level as

markets does not extend to perpetual youth models or to representative agent models with aggregate

risk, so that the price level is also indeterminate in these models.

3.5 Adding Capital in Production

The same determinacy result holds in a model with investment [I; and capital K;. To see this, assume

a production function Y; = F(Ky, hy) = F(K;, 1) where labor is inelastically supplied, h; = 1, and

13



capital accumulates as
Kiss = F(Eub) + (1= Ko — [ cud, (25)

for a depreciation rate . Households rent their labor services h;e; = e; to firms for a real wage

wy = Fj (K4, 1) such that the budget constraint changes to
c + a1 = (]. + Tt>at + wier — Ty. (26)

Bonds and capital are perfect substitutes, so that asset market clearing requires

= /at+1th = Si1 (27)

and that both assets have the same return,

b
Py

Fg(K, 1)+ (1=0) = 147y =(1+4d41) (28)

The definition of the steady-state savings function S is as in Section 2.4, with the only difference
being that lump-sum taxes are levied only to cover the interest rate payments on bonds which in

P?jl = Sy — K4, so that now

equilibrium are equal to
Tss = Tss(Sss - Kss)- (29)

In a steady state the two conditions (27) and (28) are

B 1+,
K* —_— = ]_ ss pu— 5
+ 5 S(1+7s) S(sts) (30)
L+ g
Fp(K' 1)+ (1—6) = 14r,=-—"" 31
k(K7 1) + (1 -9) e = T (31)

which together determine the steady-state values of the two endogenous variables K* and P*. In
particular, the price level is determinate using again the asset market clearing condition, but now
taking into account that there are two assets, bonds and capital. The asset market clearing condition
again provides the additional equation needed for price level determinacy, while the second equation

is used only to determine the capital stock.

3.6 Money Demand, Endogenous Money and Open-Market Operations

I now show that the determinacy result derived so far in a cashless economy extends to models

where households have a non-trivial demand for money. To generate a demand for money, I assume

14



preferences over consumption ¢; and real money balances my

Eo ) B'(uler) + p(my)), (32)

where p is increasing and concave. A household carries nominal money P, ym; into period ¢ from
the previous period and acquires money Pym;. 1 in that period. Households then maximize utility for
a budget constraint

Py

B

¢t + A1 + M1 = (1 + Tt)a/t + my + e — Tt (33)

subject to the credit constraint (2) and m,.; > 0. Aggregate steady-state assets and real money are

S = /adQ and L = /mdQ, (34)

where (2 is now the distribution on agents’ assets a, real balances m and endowment e across the
population. Both S and L are functions of the real interest rate 1 + r, the inflation rate 1 + 7 and

taxes T,
S=SA+r1+m71) and L=L+4r1+m71). (35)

Using that steady-state seigniorage revenue is L7 and thus 7 = rS — L{7 determines savings and

money as fixed points to

") and L=L1+rl+mrS—L—
1+m 1+m

S=S1+r14+mrS—1L ) (36)

and yields steady-state savings and money as a function of the real interest rate and the inflation

rate
S=S1+r14+m) and L=L(1+r1+m). (37)

The central bank adjusts money supply M to satisfy whatever money demand households have given

the nominal interest rate iy, > 0 set by the central bank,'® rendering M an endogenous variable.!”

16While the model without money allows for i,, < 0, adding money precludes negative nominal interest rates but
allows for iz = 0 if there is a finite satiation level of money.

1"The same argument holds when the central bank pays an interest rate " on money holdings. Again, the central
bank has to satisfy household money demand. Paying interest rates on reserves also does not overcome the indetermi-
nacy issue and only changes the opportunity costs of holding money. I thus omit this complication. Diba and Loisel
(2017) allow for ¢™ > 0 and in contrast to this paper, assume that the central bank sets money supply M and not the
nominal interest rate on bonds i. It is this latter (and not the first) assumption on setting M that delivers determinacy
in their model.
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The steady-state price level P* and money M™* are determined as solutions to

M* o Ltis

 — 4 T + o), (38)
B 14,

e 1 ss)-

B S<1+7r$5’ + Tss) (39)

Now there are two equations in two unknowns M* and P*, where B and m,, are set by fiscal policy

and ¢ is set by monetary policy. The central bank has to provide nominal money

L
M= P*/mdQ = P'L(; s

14 my) (40)

+ Tss

to implement the nominal interest rate 1 + 7,,. Here the assumption is that households exchange
consumption goods for money. If one assumes instead that households obtain money through open

market operations, then P* and M* solve

M~ 1+ g

- L 1+ 7., 41
P* (]-+7T53’ +7T) ( )

B —M* 1+
S 14 7as), 42
5 (s 1+ ) (12)

again with two equations in two unknowns, or equivalently P* solves

B 1+ i

1+iss
— - S
P* (1+7r85

1+ mgg

1+ 7es) + L( o1+ 7). (43)

Clearly, equation (41) alone does not determine the price level, since the central bank sets ¢ and
not M, which adjusts endogenously to satisfy the quantity equation. Instead it is the asset market
clearing condition that determines the price level, taking fiscal and monetary policy variables as
given.

Both the real value of money M and of bonds B are constant in a steady state,
B'-B M -M

1 s = —
+ B i

(44)

With open-market operations, households hold B — M nominal bonds and money M in a steady
state, which both grow at the same rate as the supply of nominal bonds B, which again equals the

inflation rate:

B—-B (B—M)—(B—M) M —M
s =g B_M M (45)

This is a steady-state condition which will hold in any model with government bonds and money. '8

I81f the central bank sets i, = 0 and the utility function is such that money demand is finite at i, = 0, households
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In simple textbook models, the central bank sets the money supply and according to the standard
interpretation, determines the steady-state inflation rate equal to the growth rate of money. If the
central bank sets M’/M to 2 percent then the inflation rate equals 2 percent in a steady state. If, in
another steady state, M’/M equals 4 percent, then the inflation rate equals 4 percent. Fiscal policy
then has no choice but to adjust the growth rate of bond supply to be equal to the inflation rate
determined by monetary policy. Causality runs from M’/M to 7, to B'/B. What is different here is
that money is not a policy instrument, but adjusts to money demand and price movements, so that
the causality runs from 7y, to M’ /M. Fiscal policy sets B’/B which is then equal to the steady-state
inflation rate, so that the causality runs from fiscal policy to inflation. Again, this is a comparison
of steady states, which first requires fiscal policy to be consistent with steady-state conditions, since
otherwise the economy is not in steady state. And secondly, this adds a causal interpretation, as
fiscal policy follows a simple constant debt-growth-rate policy. If this simple rule sets B’/B equal to
2 percent, then the inflation rate equals 2 percent, and setting B’/B equal to 4 percent implies an
inflation rate of 4 percent. In contrast to the FTPL, no game between the fiscal and the monetary
authority needs to be specified. The result here is just a combination of a steady-state condition
and the fact that fiscal policy implements a constant debt growth-rate policy, and monetary policy
a constant nominal interest rate. These two policies are consistent, as all equilibrium conditions are
satisfied, so that no game needs to be specified to resolve any inconsistencies.

In this sense, fiscal policy can determine the long-run inflation rate (and the price level) through
commitment to such a simple rule. Below, I will consider endogenous fiscal rules which respond
to movements in prices and output and characterize which rules imply determinacy. Determinacy
means that causality runs from policy to prices and inflation and that reverse causality is ruled out.
An example of indeterminacy and thus reverse causality would be a policy which keeps the nominal
interest rate and real bonds constant. The steady-state equation 1 + 744 = BlTﬁB would still hold,

but would be driven by inflation sunspots fully accommodated by fiscal policy through adjustments

in nominal bonds.

are indifferent between holding bonds and money, leaving the ratio of money to bond holdings indeterminate. This is
however irrelevant to the arguments, since S() + L() is well defined, the total supply of nominal assets still grows at

rate 2 ; B equal to the inflation rate, and the price level is determinate using (43).
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3.7 Fiscal Theory of the Price Level (FTPL)

The FTPL' takes a different route to determine the steady-state price level. The starting point is

the government budget constraint in a complete markets model, which in steady state is

NI (46)

t=0

for a real primary surplus s and using the real interest rate as 1 +r = 1/5. In the model in Section

2, the real primary surplus s = 7 for real lump-sum taxes 7.2° The solution for the price level is then

B(1- )

S

P= (47)

One way to understand why the price level in complete markets models is indeterminate is to note that
the number of endogenous variables exceeds the number of equilibrium conditions by one. The FTPL
provides an additional equation, as it assumes that the government budget constraint is satisfied by
only one price level. While this is not the approach pursued in this paper, there is a similarity.
The FTPL uses an equation which states that nominal debt divided by the price level is equal to
“something real”, the discounted present value of primary surpluses. This paper uses a different
equation - the asset market clearing condition - which also states that nominal debt divided by the
price level is equal to “something real”, namely real aggregate savings.

There are, however, two reasons why the two theories are different and why the FTPL does not
operate here. First, the government budget is specified in nominal terms, so that the nominal primary
surplus equals ¥ = T for nominal lump sum taxes 7' (¥ = T'— G if nominal government expenditures

G > 0). The government budget constraint in real terms is

B by

) )

Since the surplus is in nominal and not in real terms, the price level shows up on both sides of the
equation, preventing us from solving the equation for P. The government budget constraint now has

to be satisfied in nominal terms,

by

and if it is, the corresponding real constraint is then satisfied for all price levels P, rendering P

YDeveloped by Leeper (1991), Sims (1994, 1997), Woodford (1995, 1997, 1998a,b), Dupor (2000) and Cochrane
(1999, 2001, 2005) building on Sargent and Wallace (1981).

20In models where real government spending g > 0 (as in the model in Appendix A.I.2), the real primary surplus
s=T—g.
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indeterminate.

A second difference is that here, taxes T" are adjusted to balance the government budget at all
times, taking prices as given. In contrast, the FTPL assumes the government does not take prices as
given when choosing B and s, so that nominal bonds and the real surplus are chosen first and then
prices adjust. More generally, the FTPL requires fiscal policy to be active (Leeper, 1991), that is, the
fiscal authority does not adjust taxes to balance the budget at all times. Without this assumption,
fiscal policy is passive, taxes are adjusted to balance the budget and the FTPL is not operating
and the equation stating that nominal debt divided by the price level is equal to “something real”
is not well-defined. Since this paper assumes a passive fiscal policy, the price level is determinate
but not according to the FTPL. A further discussion of the differences between my theory and the
FTPL using Ljungqvist and Sargent’s (2012) “Ten Monetary Doctrines” environment is provided in
Appendix A.II.%

4 Local Determinacy

To obtain a characterization of local determinacy, I build on the key insight in Werning (2015), that
using an as-if representative agent economy as a reference model enables deriving theoretical results
in incomplete markets models. The first step therefore extends the analysis in Werning (2015) to
models with a positive number of assets - government bonds - and a balanced government budget.
The second step defines the incomplete markets model as a departure from this reference model, which
renders the theoretical analysis tractable. While household decisions are nontrivial, the behavior of
aggregate variables can then be characterized.

Both steps merely describe the consumption/savings decisions of households - the consumption
block of the model - since all other parts of the model are identical. In all models, households take
the same sequences of real interest rates ({1 4 r;}5°,, tax rates {7 };2, and output {Y;}2, as given,

and initial aggregate assets are Aj.

21Kocherlakota and Phelan (1999) (KP) impose a limiting condition, lim;_, oo (M; + (1 + i441)By) H’:ll 1_&1 =0, on
the government budget (equation (25) in KP) to rule out the FTPL (M is money). In their complete markets model,
this condition is equivalent to the household transversality condition which has to be satisfied in any equilibrium. But
the KP condition is not equivalent to the transversality condition when markets are incomplete, which, for example,
and in contrast to KP, is consistent with a real interest rate below the growth rate of the economy. For example, the
KP limiting condition would not be satisfied in a steady state where i = 0 (ZLB), constant M, B > 0 and nominal
taxes equal to nominal government spending, 7' = G, although the government budget constraint and the TVC (5) are
clearly satisfied. Therefore (25) in KP does not apply in incomplete markets models and does not indicate whether or
not the FTPL is operating.
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4.1 The reference model

[ first define and characterize the as-if representative agent consumption/saving problem and then

construct a transfer scheme in the incomplete markets model, such that both models deliver identical

paths of aggregate consumption. I follow Werning (2015) and assume that u(c;) = t and a=20.To
obtain the same real interest rate in the incomplete and complete markets model7 I set the discount
factor in the latter model to S = 1/(1 4 ry) < 1.2 Consumption and assets in the complete

markets allocation are denoted with a CM superscript.

4.1.1 The representative agent economy

The representative household maximizes

o CCM)I o

Oyt
50
> — (50)
t=0
subject to the budget constraint
CPM+ AR = (L+r)APY +Y, -7, (51)
with initial assets Ay. All variables - consumption CEM | assets AYM | output Y; and taxes 7; - are in

real terms. Consumption in Period 0 is a function of current and future interest rates, tax rates and

output,
CoM = COM({1+ 7322, {T} 220, {Ye} 220, Ao) (52)

with elasticities evaluated at steady-state values 7y, Tos, Yss and Ay :23

CM _ %Ass _ 1_ﬁCM Ass. (53)
CO Ao aAO Css ﬁCM Css ’
CM _ 800 I+ rg _ 1_60M Ass. (54)
“Coltro = Pl tr, Ca BOM O,
0C) Ys Yss
Vk>0: €t = O_YEC =(1- 5CM)(5CM)kO—; (55)
oC Tss Tss
Vk >0 Gom = groon =~ BUNBNEE (56)
0Cy 1+, Tes 1
Vk>1: e, = 1 +07“k o= (C’ — ;)(501‘4)’“. (57)

22The appendix describes the necessary adjustments if 1 4+ r,, < 0 or @ > 0.

23A standard result in the New Keynesian literature is “horizon invariance”, that is, a change in the interest rate
at time ¢; or time to has the identical effect on current consumption. As explained in McKay et al. (2016), horizon
invariance is an equilibrium result and the effect of interest rate changes decays in the horizon in a household problem.
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The presence of taxes 7., > 0 implies that an interest rate increase has a wealth effect which leads to
higher period 0 consumption. I assume this wealth effect to be dominated by the substitution effect,
Za 1o Qf e L < 0 for all £ > 1. Time
consistency implies that the same function C¢Y with the same elasticities describes future period

< 0, such that the interest rate elasticity 600 .

t > 0 consumption
Oyt = COM {1+ 122 A2 {32, A7), (58)
Aggregate savings are
A = Y —CPM — 1+ (1 + ) ATM (59)
with initial condition A§™ = Ay = A,

4.1.2 The as-if economy

I now construct an individual- and time-dependent transfer scheme A,;; in the incomplete markets
economy, which yields an as-if economy with aggregate consumption and assets as in the complete
markets model. The consumption and asset choices of individual ¢ at time ¢ in the steady state,
where both the real interest rates and output are at their steady-state levels, are denoted ¢} and a3

respectively. These choices depend on the full history of states (e;o,€;1,. .., €;+) and the mltlal asset
level a;o of individual i, so that ¢f} = c(e;o,€i1,- .., € ai0) and ajy = a(eio, €in,- - -, € aip), but
this dependence is dropped for notational convenience. Households’ period ¢ income is e;,Y;. For a
sequence of aggregate consumption, assets, output, interest rates and taxes{CM, AM Y, r, 7,}22,

define transfers

ACM _ Ass ACM
Aip = =0 G {( ) = (14} (60)
CCM 88 CSS SS

+ ’Lt + (Y;s - Y;&)&j,t - TssAss + Tt

OSS

where Cys and Ay are aggregate steady-state consumption and savings in both the as-if and the
complete markets economies. The as-if (Al) economy and the complete markets economy have the
same interest rates, wages, tax rates, and the same output sequence, and households face the budget

constraint

affyy = (L+r)a —cf +eYs—m+ Ay (61)
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in the as-if economy, where A;; is exogenous to the household. The appendix shows that these
transfers are purely redistributive in the cross-section, f A;4d€)y = 0 and household ¢’s optimal

choices at time ¢ in the as-if economy are

CCM AC’M
CAI _ >t 55 GAI _ t+1 ass (62)
it it ittl T i t+1s

Css Ass

implying that aggregate consumption and assets are identical in the two economies,

ccM C
e = [eans — [ S—enan = conge — oo (63)
Al Al AtCJrA{ onr Ass oM
Aif = /ai,t+1th = A a?ﬁsﬂth = A A = A (64)
We thus obtain
CH = CPM = CM{1 + b2 {r 2 Y20 AT, (65)

implying that the consumption elasticities (53) - (57) coincide in the two economies. Note that the
consumption and savings responses in the Al economy are the combination of the changesinr,7, A, Y
and the associated changes in the transfers A;;. This is on purpose since the changes in A,;; ensure
that the elasticities are identical. Without these changes in A,;;, the aggregate consumption and
savings responses in the as-if and the representative agent economies would differ. The transfers
Ay also ensure that the elasticities are time-invariant, €2/ ,, = €&/ , eét{l e = €O Eét[,YHk =
eé‘éyk,eét{fﬁk = eé‘gﬁk,eét{l brer = eééyl L+, » Since (65) shows that aggregate consumption can be
written as a time-independent function and the elasticities are always evaluated at the same steady-

state values 7y, 7o, Yis and Ag.

4.2 The incomplete markets economy

Werning (2015) allows for cyclical income risk in modeling the incomplete markets economy as a
departure from the as-if complete markets economy. I follow his approach, but use a different de-
parture. In the as-if economy, the A;; transfers redistribute the tax burden, labor income and asset
income such that all households choices are linearly homogeneous in the aggregate variables. I now
disable the redistribution of the tax burden outside steady states through adjusting the construction
of the transfers Ay.

I choose this approach since output is constant with flexible prices and thus, cyclical risk would

have no impact in the benchmark analysis. The logic underlying my and Werning’s approaches is
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however the same. The starting point is the household budget constraint which reads

Gyl Fajg = (Lhr)agy +eiy— 7+ Ay, (66)

for consumption choices ¢/} and asset choices al}%,. The transfers A;; are as defined in (60) with

the important modification that taxes are now set to their steady-state value 7, when constructing

cM cM
Ay, Cp™ and Ay,

ACM _ Ass ACM OCM _ Css
Aig = e {4 ) = (L)} 4+ = e+ (Vs = Yi)eq, (67)

where the complete markets aggregates AE% and CYM are derived from the representative agent

economy with budget constraints
CEM 4 AGN = (1 +1)AM 1Y, — 7. (68)

Solving this model yields a consumption function C** () describing Period 0 consumption as a function
of initial assets, interest rates and taxes

C() - CIM({l + Ts io:()g {Ts 5107 {}/S}Oo A6M>7

s=0>

where the argument AJM means that the initial asset distribution is the steady-state asset distribution
shifted by the same factor ALM /A, for every household.

If , = 745 Vt, the incomplete markets economy coincides with the as-if economy in Section 4.1.2.
If taxes are not at their steady-state level 7, the economy deviates from complete markets, since each
household has to pay the tax 7; and there is no insurance or redistribution to replicate the complete
markets response. Instead, households have different marginal propensities to consume (MPCs) in
response to a tax change, so that the economy can generate the salient features of incomplete markets
models documented in Hagedorn et al. (2017a) and Auclert et al. (2018). As a result, aggregating
the individual responses results in an aggregate consumption response - the aggregate MPC - larger
than 1 — M the complete markets aggregate MPC.

A meaningful local determinacy analysis requires a model that combines elements of the complete
and incomplete markets models. If taxes are at their steady state values, 7, = 7,V¢, then the economy
should behave like a complete markets economy. If taxes are not at their steady state values, the
economy should look like an incomplete markets model. The challenge is to combine these elements

within one model in a mutually consistent way. The appendix describes the necessary adjustments

23



of the transfers and of discount factors such that aggregate consumption and assets satisfy (V¢ > 0)

CtIM = CIM(“"‘TS ?it;{Ts ?it?{ﬂ}?it,AfM), (69)
A = AMA+r)-CM+ Y -1, (70)

and household i’s optimal choices at time ¢ in this economy are again linearly homogenous in aggre-

gates,

C; = C; a; = —Q; .
i, it i,t4+1 i,t+1
Css Ass

IM __ C’ifH\/[ SS. IM Aﬁy{ S8 (71)

If taxes are at their steady-state level in all periods, 7, = 7, V¢, aggregate consumption is then

identical to as-if complete markets aggregate consumption,

CPT = CPM({14 1), {7 = 7} 20, (Y} 20 AP (72)
= COM{1 4}, {r = md 2 (Y}, AP,

s=t» s=t» s=t»

At the same time, for tax changes, this economy features the aggregate MPCs of an incomplete
markets model. Using the as-if economy consumption elasticities in (53) - (57), I obtain the Period

0 saving elasticities for

A{M = }/0 — Tt + (1 + TQ)AO — CéM
- }/0 — T+ (1 + TO)AO - CIM({I + 1 20:07 {TS ;io’ {YZS}EiOv AO)? (73)

Result 1. Elasticities in the incomplete markets model:

664 = EAIM 4 = (1+7ss — 8;?124)?: = (BclM - ! ;Cﬁ]\jM)j—: =1
€ = €A1y, = (Ass— aﬁlCEAZO) ! :14-5:53 = (A — (1= B9M)A,) ! Zs:ss =1;
€ = eamny, = (1-— agiM)ii =(1-(1- BCM»XZ _ ﬁCMXZ’
Vk>1: eky = Eqivy, = _85554 ZZ =—(1- 5CM><ﬁCM>kZSS;
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Since the consumption response to taxes is not the same as in the as-if economy, the 7-elasticities

IM IM
oC, ) Tss R OCy™ Ts
= €pIM = —
87_0 Ass’ b LT aTk Ass

66 = EA{Mﬂ_O = (—1 - Vk 2 1 (74)

are not either, which requires deriving additional properties that hold in all incomplete markets

models. Note that these elasticities are time-invariant, this means e AIM = €41um , since (69) shows
Tk

Teak
that aggregate consumption can be written as a time-invariant function of aggregate assets and all
elasticities are evaluated at the steady-state values Qg, 7gs, Tss, Yss. Similarly, (72) implies that the
elasticities in Result 1 are time-invariant.

The first result characterizes the permanent MPC, the consumption response to a permanent

increase in taxes. Define the savings response Vk > 0, €],

Result 2.

1<) g <o. (75)

The result states that in incomplete markets models, households respond to a permanent increase

in transfers by increasing consumption and also (precautionary) savings. Result 2 can be restated

in terms of marginal propensities to consume. Define mpcf = —ﬂ the period 0 aggregate con-
sumption response to a $1 transfer in period k, so that Vk > 1,ek = mpck and € = —1 + mpc).
Therefore

o0 o

D=1+ ) mpd,

k=0 k=0

so that Result 2 is equivalent to a condition on the permanent MPC,

o0
0< Z mpck < 1.
k=0

The first step of the proof is to recognize that Acemoglu and Jensen’s 2015 comparative static
framework applies. The second step is then an application of their Lemma 1, which builds on Topkis’
monotonicity theorem, or equivalently of their Theorem 6. Note that if markets were complete,
a permanent increase in transfers increases household consumption one-for-one and leaves savings
unaffected. Indeed, for k > 1, & = (1 — BOM)(BEM)k and €] = —B°M in the complete markets
economy, implying Y2 & = 0.

Results 1 and 2 describe households’ partial equilibrium responses to more initial assets and to
higher taxes. In general equilibrium, these responses are linked, as a higher level of government debt
means more assets for households, but at the same time higher taxes. I therefore define the savings

response of an increase in initial assets, taking into account that this leads to higher current and
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future interest rate payments,

which, by the above results satisfies,
1>& >o. (77)

Similarly, define the savings response of an increase in the (initial) interest rate, taking into account

that this leads to higher current and future interest rate payments,

b=t Zklﬂs, (78)
which by the above results also satisfies,
1> ¢ >0. (79)

The next result states properties of the marginal consumption responses to a one-time transfer in
Period k.

Result 3. For k =0:

2 2
For k> 1:
5,&0) = € >0 (80)
() =0 - T, = G- rg, >0 1
If prudence is not too strong:**
€ =€) - el = -2+ (e 20 (52)
€0 =6 — e = = + B — (e 20 (89)

Again, these results are implicit statements about marginal propensities to consume, formalizing
the quantitative results in Hagedorn et al. (2017a) and Auclert et al. (2018). The Period 0 marginal

propensity to consume is larger than (1 — 3“M), the complete markets MPC. Lump-sum transfers

241 verify in the appendix that both properties hold in the calibrated model in Hagedorn et al. (2017a), and that
Result 3 (and 2) hold for asymptotically time-invariant MPCs (Auclert et al., 2019a).
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have a smaller effect on current consumption the further into the future they are paid. However

this argument does not extend to the transfer schemes f,(:) and fl(f) if prudence is too strong.?® I

therefore impose a bound on prudence which ensures that any transfer scheme (fl(cl) or 5,22)) has a

larger effect on current consumption than the same scheme shifted into the future by one period

( 14iss Ltigs 1&3)

s 51&21 or 1= {,(21) Note that without credit constraints, no transfer scheme {,(:), f,(f), would

affect household intertemporal budget constraints, so that 5,51) =@ = 5,533) = 0 Vk > 1 if markets

were complete.?6

4.3 Local Determinacy Criterion

The steady state is locally unique, if there is no other equilibrium in which all variables are within
a neighborhood of their steady-state values. To check local determinacy of the steady state, it is
sufficient to check for the log-linearized economy (Woodford, 2003).2” As I will show below, the

linearized model is of the form
> Owprn =0, (84)

where j is the number of predetermined variables and ©, € R. The standard approach, following
Blanchard and Kahn (1980), of computing eigenvalues does not apply, due to the infinite number of
leads. I therefore resort to the determinacy criterion developed in Onatski (2006), which not only
allows for an infinite lead, but is also theoretically more tractable than Blanchard and Kahn (1980)

in the presence of predetermined variables.?® Define
O(N) = ) Ope (85)
k=—j

and the winding number as the number of times the graph of ©(\) rotates around zero counter-

clockwise when A\ goes form 0 to 2.

Result 4. [Onatski (2006)] A generic model as in (84) has a unique bounded solution if the winding

number of ©(X) is equal to zero.

251f prudence is strong, paying 11_':% in Period 1 and taxing (111'%)2 in Period 2 can lead to a larger aggregate period

3 3 i I ; 3 1+iss 3 ; 1+iss 1 1+iss 2
0 consumption response than paying one unit in Period 0 and taxing 7 e in Period 1, 5 i (mpcy — 1 ey mpcg) >
1+iss

mpcy — = mpcy. The reason is that, if prudence is strong, the first scheme has a large effect on the precautionary
savings motives of Period 0 unconstrained households and thus on their consumption.

26The properties 51(62) >0 and 5,23) > 0 are sufficient, but not necessary for the local determinacy results.

2"Note that this always involves - independently of the number of leads and lags - an application of the infinite-
dimensional inverse function theorem due to the infinite time horizon.

28 Auclert et al. (2019a) also use the Onatski criterion for a quantitative assessment.
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A univariate model (84) is always generic.?® Onatski (2006) also assumes that the model (84) has
no unit roots so that O(A) # 0 for all A € R.

The idea behind the determinacy proofs is to show that the real part of the complex number
©()) is always positive, Re{O(A)} > 0, which has two implications. First, the model has no unit
roots. Second, the winding number is zero, since the graph of ©(\) is within the plane of positive real
numbers and a circle around zero necessarily requires that Re(©(\)) can be positive and negative.

Onatski (2006) shows that for models with a finite lead, his criterion coincides with that derived
in Blanchard and Kahn (1980). This is easy to see for a model of first-order,

Pt + O1pri1 =0, (86)
where the Onatski criterion requires that
1+ @1€_i>\ (87)

does not circle around 0. The Blanchard&Kahn determinacy criterion requires that the eigenvalue
1/01 of pyi1 = @%pt be larger than 1, implying that 1+ ©,e~* circles around 1 with radius [0;] < 1.
Thus, the circle does not contain zero, and the winding number is zero, implying determinacy using
Onatski (2006).

To establish Re{©O(\)} > 0, I use Re(e™**) = cos(—kA) = cos(kA) = Re(e**) and define

O, =0,+6_, (C:)O = 0O, and © . =0for k> j + 1) to first show that
Re{O(N)} =) Oy cos(k) (88)
k=0

and then apply a result from Fejér (1928, 1936):%°

Proposition 1. [Fejér (1928, 1936)] IfVk > 0: oy > 0, — g1 > 0,0 — 20541 + a2 > 0,
then

a o0
7“ + ;ak cos(kA) >0 VA € (0,27).
If in addition cg — 2001 + a9 > 0, then

o+ a
Z0+2

Qp >
> + ; ay, cos(k) —a; >0 VA€ (0,2m).

29Gims (2007) points out that genericity cannot be taken for granted in multivariate models and needs to be checked
for each model before applying Onatski’s winding number criterion. The transformation to a univariate model thus
delivers the additional benefit that genericity “comes for free”.

39The Proposition excludes A = 0, since certain analytical properties cannot be guaranteed. However, it will be
clear from the application of this proposition in the determinacy proofs that the claims extend to A = 0 here.
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4.4 Local Determinacy: Flexible Prices

I now use the Onatski (2006) criterion to assess the local determinacy of the incomplete markets
model defined as a departure from a complete markets model in Section 4.2. I first assume that
prices are flexible, that fiscal policy follows a stationary exogenous policy and sets a fixed amount
of nominal government debt, and that monetary policy sets a constant nominal interest rate, and I

allow for feedback policy rules and price rigidities below. The period ¢ savings function is equal to

Sii=A = YVi—n+ @ +r)AM —cM
= Y-+ (L4+r)AM =M {1+ 2, {n e (Y2, A, (89)

and is thus a function of current assets and future real interest rates, tax rates and output levels
with, by construction, the same elasticities derived in Section 4.2 for AI™. The starting point is the

Period t asset-market-clearing condition

B

St-l-l({l + 7 s= t’{TS s= t’{Y}s thz{M) = Pt ) (90)
which equates households’ aggregate asset demand S;; to the real supply of government bonds Bt“
Linearizing the asset-market-clearing condition around the steady state yields

Z {€Z+1ft+k+1 + €x ek + Ekyffwrk} + €yTo + 66412115 = Bt+1 — D, (91)

k=0

where p; = log(P;/P)) is the log deviation of the price level from steady state for the steady-state
price P = P*(1 + mgs)t, Fra1 = log(m—t“> is the log real interest rate, Bt—H the log deviation of
nominal bonds, 7; the log deviation of taxes and V; = log(Y;/Y™) the log deviation of output from
steady state (also equal to the output gap, since the natural rate of output is constant in the absence
of real disturbances). The elasticities €}, €}, €' and €], are defined in Result 1 and in (74).

The aim of the determinacy proof is to use equilibrium conditions to substitute for 7, 7, Y and B
in the asset market clearing condition, which is then the only remaining equilibrium condition. First,
note that output is constant, with flexible prices and without exogenous disturbances, Y, = 0. In the
presence of price rigidities, output is not necessarily constant and affects savings, as I will discuss in

Section 4.6. Second, the real interest rate satisfies the Fisher equation,
Per1 = deg1 + Pe — Prat,

where i, = log<1+“+l> is the log nominal interest rate. Third, the tax rate is endogenous and
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satisfies the government budget constraint

By
By

B,
= (1+4)—= — 7. 92
( + Zt) Pt Tt ( )
Linearizing around the steady state yields, using in a steady state Ags = Byy1/P; and P /P =
Biy1/By = 1+ Ty,
A 1+i88 1+?:35 A TSS A

Biiy — Py = B, —p) — . 93
t+1 — Dt Zt1+7rss+1+7Tss(t Pt) AssTt (93)

Since both nominal interest rates and government bonds are constant, 'Ztﬂ =0 and Bt = l%tﬂ =0,
this simplifies to
Tss ~ 1 + iss N Tgs — Z'ss ~

— py = —o 5 94
Ass E 1+ 71-sspt T 1+ g b ( )

ASS

Tss

Using these three steps in (91), A, = B, — p_1 = —pi_1 and € = ¢, renders the asset market

clearing condition a univariate equation in prices,

- r A A 7 Mss — Iiss A r/oA A ~ A
Z {Ek+1(pt+k — Deit1) + Ekl—i——wp“rk} + € (Pr-1 — Pe) — €4Di-1 = —Pr, (95)
k=0 Ss

It follows that a price sequence {p;}° ; is an equilibrium if and only if the asset market clears.
To prove determinacy, one has to show that the steady state price, that is p;, = 0, is the only
equilibrium. In particular one has to rule out a price sequence in which all prices shift up by p

percent, p, = p for all ¢. If markets were complete, this price sequence satisfies (95) since &, = 1,

0
S {qnw-n}=pE-1 =0 (96)
k=0

and would constitute an equilibrium, rendering the complete markets model indeterminate. Indeed,

the real value of bonds, household wealth and savings would decrease by p percent, implying asset

market clearing. And lower real debt would mean lower interest rate income and lower taxes of the
same magnitude, leaving household consumption choices unaffected by Ricardian equivalence.

With incomplete markets, however, this logic breaks down. While the real value of bonds and
household wealth again decrease by p percent, the lower wealth now affects consumption and thus
savings decisions, reflected in € < 1, so that (96) no longer holds. Instead, demand exceeds supply
by p(1 — &) > 0. Since €, > 0, asset market clearing requires a decrease in real interest rates (on
average), so as to lower demand, implying that future prices increase and move away from the steady

state. In the Blanchard&Kahn framework, this would mean an eigenvalue larger than one and prices
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diverging to infinity. I obtain, applying the Onatski (2006) criterion to (95):

Result 5. The model with a constant level of nominal interest rates and bonds has a unique bounded

solution, that is, the economy s locally determinate.

To provide further intuition, I now consider a limited information, special case of the incomplete
markets model. The type of informational friction is deliberately kept simple here.?* Households’
period ¢ information set only contains 1 4 74,1 4 7441, 7: so that the asset market clearing condition
now reads

B
Spir(1+ 7, 1+ regq, 7, AfM) = %1 (97)
f

Other parts of the model work as before, for example future taxes might change, but households’

information set does not reflect this. Linearizing (97) around the steady-state yields

~ N oy TTss — Z'ss A r/a A ~ ~
€1 (Pe — Pra) + O P + €5(Pr—1 — Pr) — € Dr—1 = —Dr, (98)
which simplifies to, defining consistently with (78), € = ¢} + 66%,
. 1—6,.
Prr1=(1+ o 9)pr, (99)
1

cr
1-€j
'
€1

thus the eigenvalue is larger than one. To grasp the intuition for this determinacy result, suppose

with eigenvalue 14 . This one-dimensional model is determinate, since 1 — € > 0 and €] > 0 and
that P, > P* is an equilibrium price which implies a fall in the real value of debt, since, for the time
being nominal debt is constant. The drop in real debt exceeds the fall in savings as €, < 1. Since
€] > 0, asset market clearing then requires a decrease in the real interest rate, which is equivalent
to P41 > P; because the nominal interest rate is constant. Iterating this argument shows that the
price level diverges monotonically to infinity, or equivalently, that the eigenvalue is larger than one,

meaning that the economy is locally determinate.

4.5 Local Determinacy: Policy Rules

The previous section establishes price-level determinacy when monetary and fiscal policy are con-

stant. I now extend the analysis and allow for policies responding to price deviations from their

31 An emerging literature, for example Paciello and Wiederholt (2014), Mac¢kowiak and Wiederholt (2015), Angeletos
and Lian (2018), Farhi and Werning (2019) and Auclert et al. (2019b), features some form of informational frictions
with or without limited processing capacity. While the informational frictions are much less involved here than in
these papers, the simple model here suggests a wider applicability of my results.
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respective steady-state values, and establish conditions for policy rules which deliver local determi-
nacy. Interestingly, policy rules do not overcome indeterminacy, and may even induce it. Prices are
again assumed to be flexible such that output is always at its natural level. Below I add sticky prices,
implying output deviations from the natural level, and policy responding to these deviations.

I assume an interest rate rule,

b4 = ©'Pr, (100)

where ¢ is the response to price deviations. Since prices are the state-variables, it is convenient to

specify the rule in terms of prices and not of inflation. Similarly, I assume a rule for nominal debt
BtJrl = @Bﬁt (101)

with a price response . Taxes are still set to balance the government budget constraint,

Tss ]-+Z.ssf 1+iss

_ By ) — (B — 7
ASSTt T+ %‘i‘ 1+7Tss< v — Dt) — (B — D)
1+ZssA 1+iss B~ B N
= — — 1)p,. 102
901+ Di— 1+1+7Ts (07 Pr—1 — Pr) — (¢ )Pt (102)

The asset market clearing condition, again after substituting using equilibrium conditions, is

oo

Z {€Z+1(¢iﬁt+k + Digk — Desky1) + € [dﬁt%_l
k=0

+ ES(SOiﬁt—l + Pro1 — D) + 664(<PB —D)pry = (SOB — 1)py,

1+t 1+ i
+

T+ 1+ (©PPerr—1 — Pear) — (7 — 1)]5t+k]}

Determinacy requires showing that p; = 0 is the only equilibrium. It is again instructive to first
consider the price sequence p, = p > 0(Vt), and to show that demand exceeds supply, leading to the
condition

o0

if 7 67{ 1+7fss B ~r
et T g T o) > (1= =) (103)

Note that this condition nests Result 5, as it indicates determinacy for constant policy (' = p? = 0)

since €, — 1 < 0.32 Tt is easy to establish the conditions for local determinacy for two special cases.

32Note that steady-state prices are not necessarily constant, and inflation can be negative or positive in this case.
In particular, no price target for the central bank needs to be specified, since the economy is already determinate even
if the nominal interest-rate is kept constant (Result 5). In contrast to complete markets models (Woodford, 2003;
Giannoni, 2014) and similarly for the analytical HANK model with fiscal policy in real terms (Bilbiie, 2019), the role
of monetary policy is not to render an indeterminate economy determinate here, but instead, monetary policy plays a
role only when fiscal policy is too aggressive.

32



When monetary policy is constant (' = 0) and only fiscal policy responds, or when fiscal policy is
constant (¢® = 0) and only monetary policy responds. If monetary policy is constant (¢! = 0), the
economy is locally determinate if ¢® < 1. The intuition is straightforward as to why determinacy
can be ensured only if parameter restrictions on fiscal policy are imposed. Consider debt policy first
and assume that P, > P*. If debt policy does not respond to prices, o® = 0, P, > P* implies a fall
in the real value of debt, so that households require lower real interest rates or equivalently, higher
inflation rates, so as to absorb less real debt. That is, prices move further away from the steady state
and thus cannot constitute an equilibrium. By contrast, if debt policy is aggressive, ©® > 1, this
reasoning does not work, since in this case, P, > P* implies a policy-induced increase in the real value
of debt. Households then require higher real interest rates, if they are willing to absorb more real
debt. If the nominal interest rate does not respond to prices, this requires a fall in prices, implying
indeterminacy. In the Blanchard&Kahn framework, this case would correspond to an eigenvalue less
than one.

Monetary policy works through three channels. Tighter monetary policy increases the initial
interest rate 147y, rendering households richer, and aggregate savings increase by ¢j. Second, higher
interest rates also induce an intertemporal substitution of consumption, implying higher savings as

reflected by 1_;% Third, higher interest rates increase the tax burden and thus reduce savings,

1+iss
1+7ss

relevant case that a tightening of monetary policy leads to a drop in consumption and an increase

> re o €r < 0. While condition (103) always ensures determinacy, I only consider the empirically

in savings.®® Given this realistic restriction, there are no restrictions on monetary policy, so as to
respond to prices, and the economy is determinate for all ¢* > 0, even including ¢* = 0.

Condition (103) combines monetary and fiscal policy. An expansionary fiscal policy (o > 1) now
induces determinacy, but monetary policy has to be sufficiently contractionary, that is, ¢ has to be
sufficiently high. The intuition behind this result builds on the above explanations of the determinacy
of monetary and fiscal policy. Suppose again P, > P* and ¢® > 1. Again, real debt increases, so
that households require higher real interest rates to be willing to absorb more real debt. If monetary
policy were passive, this would require a fall in prices. But if the nominal interest rate increases more
than the required real interest rate, p; = p would then imply that real interest rates are too high. As
a consequence, future prices must again increase to bring the real interest rate down. That is prices
move away from the steady state, implying determinacy.3*

In contrast to Result 5, it is now not sufficient to rule out the price sequence p; = p to ensure

determinacy and the condition needs to be modified. For natural sign restrictions, ¢* > 0, % >0, I

33 " r €1 Itiss JOOO o7 : ; : Ibigs NNOO o7 S EIY
The condition, €] + T—pom + Zk:o €. > 0, is quite weak, since e Zk:o €. > —1 and Tgorr N 70 for

standard calibration choices (Kaplan et al., 2018).
34With complete markets, & = 1, and condition (103) reduces to ¢! > 0, the determinacy condition for price level
targeting (Woodford, 2003; Giannoni, 2014; Bilbiie, 2019).
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obtain?3? 36

Result 6. The model with a policy rule (100) for nominal interest rates and (101) for bonds with
natural sign restrictions, ' > 0,08 > 0, has a unique bounded solution, that is, the economy is

locally determinate if

~r ~71+i35
)] > (1= ") (& — 1)+ 207 (1 + &

: 104
1+ Tss I+ 77-53) ( )

The need to rule out negative or alternating price sequences requires modifying the term for
the intertemporal substitution channel of monetary policy in (103), HZ,% This includes, but is
more involved than merely ruling out negative eigenvalues larger than —1, and leads to a weaker
lower bound on the magnitude of this channel. Similarly, ruling out price sequences other than

pr = p also requires replacing the remaining terms describing monetary policy for p; = p in (103),

i 1tiss
14+7mss

Period t with fewer assets if o > 0 and obtain lower interest rate income if ¢* > 0, rendering them

plen and Y reo €k If the previous period’s price is low, P,_; < P*, households then start
poorer. As a result, households lower savings, but at the same time Period ¢ taxes are lowered which
increases savings. Combining both effects leads to a savings decrease, which requires replacing the

term ' (e + 112== Y700 () in (103) by the term —(¢" 4 2¢”)(1 + €51H==) in condition (104).

4.6 Local Determinacy: Sticky Prices

The appendix adds price-adjustment costs to the model as in Rotemberg (1982), and shows that this

leads to the standard New Keynesian linearized Phillips curve3’

iy = kY; + BM T4, (105)
which allows expressing Y, in terms of prices
Pr = P = BM (s — o)

Y, = . (106)

K

Using this to substitute for ¥; in the asset market clearing condition (91) renders Onatski’s

criterion applicable and I obtain:

35While a negative o < 0 pushes towards determinacy, and if negative enough, determinacy is obtained without
imposing any condition, monetary policy with ¢* < 0 now pushes towards indeterminacy, rendering the determinacy
condition tighter. The appendix provides the details for these empirically less relevant scenarios.

36The proof in the appendix shows that the condition can be slightly strengthened.

37Note that profits in the linearized model are discounted using the steady-state real interest rate and that the

inverse of the steady-state real interest rate, 3M = 114%
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Result 7. Allowing for price rigidities does not change the determinacy criterion. For natural sign

restrictions (¢, 0% >0), the economy is locally determinate if

~r ~71+7;53
Wss)] > (1= ") — 1)+ 20" (1 + 1+

). (107)

Considering the price sequence p;, = p Vt indicates why allowing for sticky prices does not alter the
criterion. For these prices, (106) implies that Y, = 0V¢, so that the asset market clearing equation,
and thus the determinacy criterion, are unchanged. The proof builds on this insight and then rules
out all other price sequences such that p; = 0 is the only remaining equilibrium price, implying
determinacy. The underlying reason for an unchanged determinacy criterion is that adding price
rigidities only affects the magnitude of price changes, but not the condition for determinacy, echoing
results in Nakajima and Polemarchakis (2005). (In)determinacy is about whether an equilibrium
price p; # 0 exists. The magnitude of the price deviation from 0 is irrelevant. The economy would
be indeterminate if p; = 2% constitutes an equilibrium for flexible prices, or if sticky prices constrain
the price deviation to 1%. The finding on the irrelevance of price stickiness is also consistent with the
determinacy criterion in New Keynesian representative agent economies, which requires the coefficient
for inflation in the interest rate rule to exceed 1, independently of the degree of price stickiness.3
Price rigidities alter the determinacy analysis, both in the representative agent and the incomplete
markets economies if the policy rules also respond to output deviations. I thus now allow policy rules

to respond not only to price but also to output deviations,

%t+1 = @iﬁt‘i‘@%/yta (108)
§t+1 = @Bﬁt‘HDth- (109)

Imposing natural sign restrictions - ¢¢ > 0 (higher interest rate in a boom) and 2 < 0 (expansionary
fiscal policy in a recession) shows that the local determinacy condition is unaffected by ¢} and
o8 under two assumptions (precisely stated in the appendix). Firstly, monetary policy operates
through an intertemporal substitution effect and through its fiscal effects. I assume that the first
effect outweighs the second such that an increase in nominal interest rates increases savings and
lowers consumption as observed in the data. Secondly, I impose an upper bound on ¢ which

approximately states M e} > —o8(mpc) + M — 1). If markets are complete, the two conditions

38 Another property of the basic New Keynesian is that the norm of the complex eigenvalues falls, if price rigidities
increase, what can be interpreted as rigid prices slowing down the adjustment of inflation. The norm of the eigenvalue
of the transition matrix equals the determinant of the transition matrix which is increasing in x (see Woodford, 2003,
Appendix C.2). The eigenvalues of the simple New Keynesian representative agent model are complex, if the inflation

(ro+(1-8))*
4Bko

coeflicient in the interest rate rule satisfies the mild condition of being larger than 1+ , which, for standard

parameter choices, equals about 1.01.
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are always satisfied since mpc) = 1 — M implying that both conditions are also satisfied if the
incomplete markets allocation is sufficiently close to the complete markets allocation. The reason
why price rigidities require additional assumptions is that the policy responses to output deviations
have fiscal consequences, which affect consumption and savings in incomplete markets models. The

two assumptions impose bounds on the magnitude of these fiscal effects.

5 Conclusion

This paper shows that the price level is determinate in Bewley-Imrohoroglu-Huggett-Aiyagari het-
erogenous agents incomplete markets models. A key finding is that the price level is determined
jointly by monetary and fiscal policy, with long-run inflation determined by the growth rate of nom-
inal government debt, even if monetary policy is operating an interest rate rule with a different
inflation target. The nominal anchor - nominal fiscal variables - is controlled by fiscal policy, which
therefore has the power to set the long-run inflation rate.

Price level determinacy is derived within the standard incomplete markets framework, with a
partially nominal fiscal policy and without any additional new assumptions. The determinacy re-
sult is then merely a consequence of well-known properties of aggregate consumption, savings and
real interest rates in incomplete markets models. The literature has however, not recognized how
combining these properties yields determinacy.

This novel theory of price and inflation determination calls for a rethinking of various issues in
monetary economics, which should be addressed in future research. Applied to recent attempts by
the ECB to increase inflation in the Euro area, the findings in this paper suggest that these efforts are
unlikely to succeed. Instead, higher inflation would require an expansion of nominal fiscal spending
by Euro area member states, in order to stimulate nominal demand, assigning an important role to
large countries such as Germany. A fiscal stimulus by a small country within the Euro area would
have very little impact on inflation, as it has only a negligible effect on area-wide demand, but would
lead to a real exchange rate appreciation (with probable adverse economic consequences) for this
small country.

If the US or the world economy in the future finds itself stuck in a liquidity trap with zero
nominal and real interest rates for an extended period, the results in this paper suggest an easy
solution. Although the ZLB prevents further cuts of the nominal interest rate, fiscal policy can
increase the growth rate of nominal spending and therefore the inflation rate, leading to lower real
interest rates, provided that this policy is sufficiently persistent and credible to households and firms.
If instead, fiscal policy were to implement an austerity plan of bringing low inflation rates to around

zero, then the real interest rate would also hover around zero, even in the long run.
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The theory set out in this paper also offers a different perspective on US inflation history. After
experiencing high rates in the 1970s, the 1980s witnessed success in keeping inflation low. The
standard interpretation is that central banks eventually recognized that keeping inflation low was
their primary objective and as a consequence, were successful in doing so. The framework proposed
in this paper suggests that it was not in fact the change in monetary policy that kept inflation
in check, but rather a shift to a less expansionary fiscal policy during the Reagan administration,
perhaps imposed by the prolonged high nominal interest rates set by central banks under chairman
Paul Volcker and the resulting high deficits. Having established a framework with a determinate price
level allows for a rigorous study that sheds new light on these and many more important policy and
empirical questions such as forward guidance (Hagedorn et al., 2019) and fiscal policy in a liquidity
trap (Hagedorn et al., 2017a).
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APPENDIX

A.l Appendix to Section 3

In this Section, I first explain price level determinacy in incomplete markets models with a natural
borrowing constraint (Section A.I.1). In the remainder of this Section, I discuss additional aspects

of steady-state price level determinacy, supplementing the arguments in Section 3, with:

- Fully Indexed Bonds and Nominal Government Expenditure (Section A.1.2).
- Explaining price level indeterminacy in perpetual youth models (Section A.I.3).

- Explaining price level indeterminacy in representative agent models with aggregate risk (Section
AT4).

A.l.L1 Price Level Determinacy with Natural Debt Limits (NDL)

In the main text, debt limits are exogenous. With such debt limits, the intuition (already in Bewley,
1980) for the determinacy result is that with incomplete markets, the household sector effectively
values real bonds, and fiscal policy determines the level of nominal government debt.

The NDL assumption differs from exogenous credit constraints, since it merely requires that the
household can definitely repay the loan. In a steady state for an interest rate > 0 and e; = min{e |
e € &£} this yields

%Hz—%. (A1)

If the real interest rate r < 0, which is possible in incomplete markets models, an exogenous constraint
as (2) needs to be imposed, and we are back to the exogenous constraint case. I therefore focus on
the » > 0 case.

The NDL can give rise to a Modigliani-Miller theorem of government finance, where there is
a continuum of government policies that leads to the same equilibrium consumption choices as in
(Wallace, 1981; Chamley and Polemarchakis, 1984; Peled, 1985; Sargent and Smith, 1987). An
incomplete markets model with NDL allows for such a theorem, where the level of real government
debt is irrelevant and thus does not affect household consumption choices (Bhandari et al., 2017).
This type of real indeterminacy translates into steady-state price level indeterminacy, if there are two
stationary equilibria with the same real interest rate 1 4 ry, and the same household consumption
choices but with different price levels P; and P».

To characterize the type of fiscal policies which give rise to such an indeterminacy, we define

the nominal taxes of an agent with endowment e as T'(e). Without government expenditure, taxes
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are only raised to pay for interest payments on bonds, so that the steady-state government budget

constraint is satisfied,

/ T(e)dQ = iB3. (A2)

Consider a household in the equilibrium with price level P, endowment e and beginning-of-period
real assets a1(e). Let as(e) be real assets of this household in the other price P, equilibrium. For the
consumption choice of this household to be the same across the two equilibria, the budget constraint

has to be the same, implying>’

T(e) T(e)

rss(ai(e) — ag(e)) = 2 B

(A3)

In the model with exogenous credit constraints, this condition would not leave household consumption
choices unchanged. For example, consider a credit-constrained household in the P; equilibrium. Then
as(e) < aq(e) is not feasible, as it violates the credit constraint and if as(e) > aq(e), some of the
additional wealth is consumed. With NDL, this argument could break down, as some Ricardian
equivalence-type argument kicks in. With NDL, the credit constraint depends on future after-tax
income and thus the credit constraint is relaxed if future tax obligations fall. If tax obligations fall
enough, this could render as(e) < ay(e) feasible. I will show and verify below what “falling enough”
means, but I proceed now just using (A3) and assume that the consumption choice is unaffected.
This implies that the difference in assets across the two equilibria carried to the next period is
ai(e) — az(e). For the consumption choice in the next period to be unaffected requires again that the

budget constraints be the same, implying

rss(ar(e) —az(e)) = (A4)

with the important difference that taxes depend on next period’s endowment ¢’. Iterating this

39The Period t intertemporal budget constraint for e, = e implies

oo

(1+ Tss)(a17t(6) - az’t(e)) =& Z (1 +1Tss)s_t(T§flS) a ng;)>

and the Period ¢ + 1 intertemporal budget constraint for e;; = e implies

(L4 7ss)(are1(e) — ageler)) = Erpa i (1 +1r )S_t_l (TI(’;S) - T;e;))
s=t+1 88

so that the differences in beginning of Period ¢ assets , a1 +(e) — a2 +(e), and of Period t+ 1 assets, a1 ++1(e) —az ¢11(e),
are identical,

ari(e) —azi(e) = arey1(e) — azira(e),

so that these terms cancel in (A3).
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argument shows that

T(e) T()

(€)= ax(e)) = 5 — (45)
for all é € £, that is the right side is constant. Therefore,
. T(e)—T(e) T(e)—T(é)
Ve e & : = A6
implying, since P, # P,, that taxes do not depend on e and are lump-sum,
T(e)="T. (A7)

In line with the arguments in the literature cited above, lump-sum taxation implies that constructing
a continuum of equilibria is straightforward, but more subtle than merely multiplying all prices by
some number A > 0. Start with one price level P and an associated stationary asset distribution
described through 2. We now consider a different price P # P, and construct a different stationary
equilibrium.

Define 6 = (% — £)/r and shift the distribution of assets by 4, that is, if a household holds a in
the P stationary equilibrium, then it holds ¢ = a+ ¢ in the new P stationary equilibrium. Household

budget constraints change to
R T T / )
(1+r)a—c+e—§:(1+r)(a+5)—c+e—ﬁ—r5:(1+r)a—c+e+5:a +d=a". (A8)

That is, for the same consumption choice ¢, the household now carries 4 more assets, a’ + ¢, to
the next period, consistent with the idea that the asset distribution is shifted for each household in
all states by §. Following (Bhandari et al., 2017) it is now straightforward to show that the same
consumption choices are optimal in both equilibria. The main idea is the same as in Ricardian
equivalence proofs. The difference in lump-sum taxes is equal to the difference in interest payments
for each household, such that a higher level of assets is merely used to cover higher tax payments

without affecting consumption choices. The government budget constraint is also satisfied,

T T B

]—5:F—l—rézr(F—l—é):r/(ai—l—é)di:r/didi. (A9)
Note that in none of these equilibria is the real value of bonds owned by a household equal to the
present value of its tax obligations. The reason is simple: households hold different amounts of bonds,
but all pay the same amount of taxes. Instead, the difference in the real value of a household’s bonds

across equilibria is equal to the difference in its present value of taxes. This also explains why it is

not sufficient simply to multiply the price P with A. Such a multiplication would change the tax
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obligation for everyone by the same amount, x, but the real value of household bonds is not changed
by the same absolute amount, but only by the same percentage, 1/X\. MPC heterogeneity implies
that this redistribution of wealth does not leave consumption choices unaffected.

These arguments show that the only scenario in which the price level is indeterminate, is with NDL
and lump-sum taxes as the only tax instrument. In this case, constructing aggregate steady-state

savings as in the main text as a fixed point of
S=81+r,7=rS) (A10)

is not well-defined. If S is a fixed point, then S 4 § is a fixed point as well, as I have just shown.

In all other cases - exogenous borrowing constraints or non-lump sum taxes - the price level is
again determinate and the fixed point is well-defined, since no Modigliani-Miller theorem of govern-
ment finance holds. Shifts in taxes affect consumption choices and thus savings decisions in such a
way that no other fixed point is obtained. This latter scenario is the empirically relevant one. The
NDL allocation is too close to the complete markets outcome and thus cannot match the empirical
facts that motivate the heterogenous agents model. Income heterogeneity also restricts the size of
lump-sum taxes to be less than the lowest income level, requiring a richer tax code to cover govern-
ment expenditures (Werning, 2007). This renders the indeterminacy case an interesting but purely
theoretical possibility. The NDL also does not lead to indeterminacy when government expenditure

is (partially) nominal, as I show in the next Section.

A.l.2 Price-Level Determinacy with Fully Indexed Bonds, Nominal Gov-

ernment Expenditures and more on NDL

I now generalize the discussion of price-level determinacy to a scenario in which government bonds are
real, and show that the price level is nevertheless determinate if spending and taxes are (partially)
nominal. For illustrative purposes, I consider the extreme case of the real value of government
bonds fixed at B % and government spending and taxes entirely nominal.*® One example is without
government bonds, B = 0, and where nominal taxes are equal to nominal government spending
in each period, T'= G.

The inflation rate is again determined by fiscal policy

T-T G-G
T G

40This assumption also makes clear that the theory in my paper is different from the Fiscal Theory of the Price Level
(FTPL), where the price level is determined such that the real value of bonds clears the government present-value
budget constraint. Obviously the FTPL has no bite, if the real value of bonds is fixed and nominal taxes are set to
balance the budget each period.

14 7oy = (A11)
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As in the main text, steady-state savings depend on the real interest rate, 1+ r, and the real value of
taxes, T'/P. The difference from the main text is that now, the real value of taxes and thus savings

depend on the price level, such that the asset market clearing condition is

S=8(1+nrT/P)= B (A12)

where % = % — w + B for a linear endowment tax w and i = r assuming 7 = 0. Note that
this is no longer a fixed point in S, since real interest rate payments are fixed at B™%r, implying
that even with NDL, the price level is determinate. The left panel of Figure 3 shows that different
price levels shift the savings curve, while the real value of bonds is unchanged at B"**. The reason
why household real asset demand depends on the level of real taxes, T/ P, for a fixed real interest
rate, is explained by heterogeneity and incomplete markets, and is formally established in Result
2. These features imply failure of the permanent income hypothesis and that agents, as a result of
this failure, engage in precautionary savings. A lower steady-state level of real taxes increases both
demand and (precautionary) savings. This reasoning extends to changes in the price level, which
translate one-for-one into changes in real taxes, since the nominal level of taxes is fixed.

The intuition is straightforward. A higher steady-state price level lowers real government con-
sumption, since fiscal policy is nominal, and at the same time, lowers the tax burden for the private
sector by the same amount. Households, however, do not spend all of the tax rebate on consumption,
but instead, use some of the tax rebate to increase their precautionary savings. This less than one-for-
one substitution of private sector demand for government consumption implies a drop in aggregate
demand (households plus government demand) and an increase in household asset demand. This
would require an adjustment of the real interest rate so as to stimulate demand and lower savings,
such that both the goods and the asset markets clear. The steady-state real interest rate cannot
adjust to equate supply and demand, because it is pinned down by the nominal interest rate set by
monetary policy, and by the inflation rate, which is equal to the growth rate of nominal government
spending. Therefore, the equilibrium price level P* must adjust such that demand equals supply

when the real interest rate equals 1 + ry, = 111—; and solves
SSs

1+

S
(1+7Tss

T/P") = B, (A13)

as the right panel of Figure 3 illustrates. These arguments extend to cases in which government bonds
are nominal. In particular, the price level is determinate even with NDL, and for all tax policies, as

long as government expenditure is (partially) nominal. If bonds B are nominal, taxes now satisfy

T G B
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Figure 3: Asset Market Equilibrium with Price-Indexed Government Debt B4,

such that steady-state savings are a fixed point of
G
S:S(1+T,F—w+r5). (A15)

Although this is again a fixed-point problem, the above arguments for showing price-level indeter-
minacy with NDL do not apply here. To observe this, suppose to the contrary that there are two
different equilibrium prices P; and P,. The same arguments as above show that a necessary condition

is again that taxes are lump-sum, so that w = 0. Shifting the assets of each household by §, where

B B

—=—+49 Al6
then requires

T T

o — 4 Al

BB +or (A17)

to keep household budget constraints unaffected. But then, the steady-state government budget
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constraint for P, is not satisfied, if it is satisfied for P;

G B T
G B T
_ ¢ 6. 6 B T (A21)

_ s &, &, .5 1 A22
B PR P B (A22)
~;
G G
_ Y “ A2
7 B (A23)

The intuition is straightforward. The shift in prices not only shifts taxes one-for-one with interest rate
payments on debt, but also shifts real government spending if it is partially nominal. This leaves the
household budget constraint unaffected, but not the government budget constraint, as government

expenditure shows up in the latter, but not in the former constraint.

A.l.3 Price Level Indeterminacy: Perpetual Youth Model

Similar arguments for showing indeterminacy in complete markets models apply in “perpetual youth”
models (Yaari, 1965; Blanchard, 1985) since the steady-state interest rate is again equal to the
discount rate, but now adjusted for the probability of death or retirement, so that (14 rg;) f=1ina
steady state for the adjusted discount rate B . Again, the steady-state real interest rate is independent
of the price level and only the change in prices, 1 + 7, but not the level itself is determined.

In this class of models, however, this is not the only equilibrium, if the Samuelson dynamic
inefficiency condition is satisfied. In this case, both a bubbleless as well as a continuum of bubbly
equilibria exist, a scenario explored in recent work by Gali (2017). Whereas most papers assume
that the bubble is a real asset affecting the stock market or housing market, a monetary bubble
may coexist, so that money has value as in Samuelson’s work. As a result, there is a continuum
of equilibria, each associated with a different value of money (= different size of monetary bubble)
and each associated with a different price level. As an example, suppose that a bubble exists that
has a real value of one. In one equilibrium, nominal money has a value of one, the price level is one
and there are thus no real bubbles. In another equilibrium, the price level is two and there is a real
bubble with a value one half. Alternatively, the price level is three and the real bubble has a value

of two thirds. Or the real bubble has a value of one and money has no value.
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Bénassy (2005, 2008) make a particular choice on the size of the monetary bubble through ruling
out real bubbles (the first case in the previous example) and conditional on this choice, find a
unique bubbly price level. This approach however, does not overcome the indeterminacy problem
in the “bubbleless” equilibrium and it rules out other bubbly equilibria with different price levels by
assumption.?! Bénassy (2005, 2008) need to make this equilibrium selection in order to obtain a well-
defined demand for money (or more generally for nominal government liabilities), since the Samuelson
logic only delivers the existence of a monetary equilibrium, but not uniqueness. This shows again,
as in the Hand-to-Mouth economy, that the failure of Ricardian equivalence is a necessary but not

sufficient condition for price-level determinacy.

A.l.4 Price Level Indeterminacy: Complete Markets and Aggregate Risk

Price level indeterminacy also arises in representative agent economies with aggregate risk. Assume
there are n aggregate shocks sq,...,s, with associated consumption levels of the representative
household ¢4, ..., ¢, and marginal utilities of consumption uq, ..., u,. The FOCs for nominal bonds

are therefore

u; 1+ dg — Uj
E =p 1+ n ;%Ea
where g;; = Prob(s; | s;), P; is the price level in state s; (normalized by the price trend) and the
inflation rate 7, which is equal to the constant growth rate of nominal debt. Since consumption c¢;
is equal to endowment in this state s;, marginal utilities u; do not depend on prices. Therefore, for
each x > 0 multiplying all prices in all states by & is also an equilibrium, establishing indeterminacy.
Adding aggregate risk to an economy with PIH-households and hand-to-mouth households also does
not overcome the indeterminacy problem. The same arguments for the representative agent now

apply to the PTH households.

A.ll  Monetary and Fiscal Policy and Ljungqvist and Sargent’s
(2012) Ten Monetary Doctrines

In this Section, I explain the differences between the FTPL and my theory in more detail. The
starting point is Chapter 26 on “Fiscal-Monetary Theories of Inflation” in Ljungqvist and Sargent
(2012), which considers a policy designed to differentiate between the initial Period ¢ = 0 (“short

run”) and the remaining Periods ¢ > 1 (“long run”). I adopt this setting in my model and thus also

41Bénassy (2005, 2008) implicitly assumes a particularly strong dynamic inefficiency condition - the population
growth rate exceeds the real interest rate (which exceeds 1/f) - since consumption by the initial generation would
otherwise eventually exceed GDP.
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allow for real government expenditures g;, such that the Period ¢ government budget constraint is
7—;5 = (1 + it)Bt + Ptgt — Bt+1 (A24)
and assume that

g = g V>0 (A25)
™ = 17 Vi>0
B, = B Vit>1
T, = T vt>1,
i o= i V>0,

where I permit initial bonds By # B and initial lump-sum taxes Ty # T. The steady-state inflation
rate is w5 = 0.

I use the savings function Sy, (€2, %i, L4+ ryq, L+ 700, T, Teat, - - -) but with some modifica-
tions to simplify solving the model backwards. €); is now the joint distribution of nominal assets and

productivity at the beginning of Period ¢ and savings S;.; depend on 1“

42

Savings S;y1 still depend
on the sequence of future real interest rates and taxes.
Using 14+ 744541 = (1414) 5 Pt*’“ -Vk > 0 and the government budget constraint (A24), the equilib-

rium asset market clearing condltlon in Period ¢ is then

1+ P Pt+1 (1 +Z)Bt - Bt+1 (1 +i)Bt+1 — Bt+2
Se1(82 1 1
141 (0, —5— P (L4 )Pt—i—l (L+ )Pt+2 19t P, y Je41 T+ Pt —
B
— =0. A26
5 (A20)

Assume now that such an equilibrium sequence of savings, distributions and prices exists and that a
steady state is reached after NV periods. Given this sequence of equilibrium distributions, the sequence
of prices can easily be determined backwards.?® Condition (A26) is upward sloping in the price P,
since €] +1 — e — €] > 0 as shown in Section 4, implying a unique solution P;, taking all other future
prices as given. Startmg with the steady-state price level Py = P*, this argument allows computing

the full sequence of prices backwards. First, the price Py_; is calculated, taking Py as given as the

42Note that the Period ¢ — 1 real value of nominal assets b; acquired in Period t — 1 is b;/P;_; and that the real

Period t payoff is b;/P;_1(1+1)—5 Peoy — =bp 1“ , explaining why Period ¢ savings depend on 1“ Household Period ¢ real
143

asset income thus equals b; =3

43Computing an equ1hbr1um requires an iteration of two steps. Given a sequence of distributions, we compute the
sequence of prices backwards. Given a sequence of prices and thus real interest rates, we compute the household
problems which yield a new sequence of distributions.

and the household problem is fully real.
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solution to

1+ Py_1 . B B B

SN Qn_1,——, (1 +1 14 re, ... , e = 0.
w( N1,PN_17( + 1) Py’ +r gt+ZPN19+ZPN ) Py
In the next step, Py_» is the solution to
142 ~Pn_o ~Pn_yq . B . B B
Sn_1(Q2n_ 1 1 1+ reg, ... o — yel) — = 0.
N 1( N Q’PN—Q’( +Z>PN_1”( +Z) PN ) +r gt+2PN_2 g+ZPN_1 ) PN—2
This procedure is iterated until the initial price level Fy is computed. If B_; = B, then
P, = P Vt>N0. (A27)

The Fiscal Theory of the Price Level (FTPL) takes a different approach. To clarify the difference,
now I assume that markets are complete and that lump-sum taxes are in real terms and fixed at 7.

The Period t government budget constraint in real term reads

B
By

:(1+7"t) N

t
+qg—T. A28
Bt (A28)

Since aggregate endowment and thus consumption are constant, the real interest rate 1 +r, =147

is also constant. The intertemporal government budget constraint states that
(o]

By 1
CRP I )

and thus, we obtain for the initial debt level By

By 1 B 1« 1 (r—9)(1+r)
P +ip T 1+i;(1+7“)t(7 9) r(l+i) (A30)
which using the complete markets property 1+ r = 1/, yields
By T—4g
— = = A3l
R~ (0+001-5) A3

The FTPL assumes that g and 7 are exogenous, so that the initial price level PITPL is determined
as the ratio of outstanding nominal debt By to the present value of the primary surplus.
Apparently, the determination of the price level when markets are incomplete, or when the FTPL
is operating, are different. In the first case, the asset market clearing condition is used, so that the
price level depends on savings demand. In the second case, the government budget constraint is used,

so that the price level depends on the initial outstanding government debt level By and the fiscal
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variables g and 7.
If By = B the difference becomes even clearer. Suppose that both theories delivered the same
price level, P* = PFTPL Then
B B T—g

S(l—i-?’):ﬁ: DFTPL = P (A32)

implying that steady-state savings, using 1 + r = 1 + 4, equals

S(1+r):5(1+i):7—;g, (A33)

which is generically not true. For example, it is well known that savings converge to infinity if
1 +r — 1/, whereas the right side does not,

lim S(14i)=o0c0> lim 9
1+i—1/8 1+i—1/8 1

(A34)

The reason for the difference is that P* is determined as clearing the asset market and that the price
PITFL is determined as satisfying the government budget constraint. This constraint also has to
be satisfied in the first case, although it is not the price, but the lump-sum tax 7" which ensures
this, such that both the asset market clears and the budget constraint is satisfied when markets are
incomplete. Also, fiscal policy is passive in the first case, whereas it is active in the FTPL (Leeper,
1991).

Both constraints are also satisfied when the FTPL is operating. The government budget constraint
is satisfied by construction. The asset market clears as well, but in the context of the FTPL markets
being complete and asset market clearing only pinning down the real interest rate 1+ = 1/3. This
is a consequence of Ricardian equivalence, since the private sector is willing to absorb any equilibrium
amount of real bonds. Using the FTPL in different environments in which Ricardian equivalence does
not hold, for example if markets are incomplete, requires the private sector to be willing to absorb

the real value of debt, which satisfies the government budget constraint.

A.lll  Proofs and Derivations
A.lll.1 Derivations of Section 4 [Local Determinacy]

Derivations of Section 4.1.2 [Properties of A, ;]
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The transfer scheme is

ACA{[ _ ASS S8 ss ACM
Ay = t+Ass —aji g T ai{(1+7) — fziss (147}

CCM - Oss

+ : C Cfﬁf + (YV% - Y;f)ei,t - TssAss + Tt,
ACA{ B ASS ss 58 ACM ACM 58 ss

= = Ass ai,t-i—l - ai,t( jss - 1) — T Iiss (CLM - Ass) + rss(@iﬂf - Ass)
CCM - Css

+ -t s C Cf; + (Ygs - K)@iﬂg — ’T‘tAtCM + Tt,

The definition (59) of AZY implies that these transfers are cross-sectionally purely redistributive

/Ai,tth = (AZN — Ay) — (ASM — Ay) + (CEM — Cyg) + (Yos = Vi) — 1 APM 4+ 1 = 0.

For individual choices

P VI

I t Ss . I _ + ss

Cit = C Cits Aitr1 = A A 415 (A35)
SS SS

the household budget constraints are satisfied:

Al Al
(1+ Tt)ai,t — Gy + €itYr — T+ Aiy
AC’M o
t+1 SS 58 ss Ss
= — U+ (1+ Tss)ai,t —Ciy T+ €itYss — Tss

Ags
CcM
At-‘rl B ASS ss ss
—Q +a
- A i,t+1 i,t+1
ss

Al
= Qj411-

The Consumption Euler-equations are satisfied. If the credit constraint is not binding, then

(@) = B+ 1) Elci) (A36)
holds in the steady state. The Euler equation in the complete markets model holds
(CEM)™ = BMA+ ) EB(C) ™ (A37)

7

Combining these two equations implies that the consumption Euler equation holds for the new
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allocation

0 = @ () = B ) Bt B () B (a3
it — Uit Css - ss ) Et\Cy gy t+1) £ Css .
= B(1+ Tt+1)Et(CftI+1)_U (A39)

If the credit constraint is binding in the steady state for individual 7 at time ¢, aj;,; = 0, then the

same is true in the new allocation, since the same arguments show that

()7 > B(l+rw)E(ciig) "’ (A40)
implies

()7 > BA+re)E(c ). (A41)

Aggregate consumption and savings in the incomplete markets economy are now

AT AT th M ss o Css CM

cl = Cit dQ, = 5 cmth = C} o= cy, (A42)
Al Al A? M 58 o Ass oM

AP = [ a;, dQy = I a;d$y = Ay 1= A7, (A43)

that is, the paths of aggregate consumption and savings coincide in and away from steady state. We
thus have for ¢t = 0,

CAL = COM = ({1 + 120, {1 )20, 1Y 120, Ao) (Ad4)
and for ¢t > 0,
CAL = CEM = COM ({14 1.}, {7} 2 Y2} 20 ACY). (A45)

Modifications if @ > 0

Note that some simple modifications reveal that the result extends to the case @ > 0. The set of
households is split into two groups, one with non-negative assets and the other with negative assets.

Let A,, be the aggregated steady-state assets of the first group with nonnegative assets, such that

~ CM
Ags — A, are aggregated assets of the second group with negative assets. Again define cf}t] = %chi

but .
a;’ if a7} <0

Al _ ACM
ai,t - At

SS 3 88
—a;; ifa} >0
Ss
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for ACM .= ACM 1 A — A,,. The transfer is then defined as
Ajy = aftl—s-l - afjﬁ—l—l + afft(l +7ss) — a;}tl(l + 1) + cftj - Czsi + (Yss — Yi)eiy — rssAss + 7o

Since

o : N
Al t ss ss CM CM
42320 az5<0

SS

the transfers are again cross-sectionally purely redistributive
/Ai,tdat = (AN — Ag) — (AFM — Ag) + (CFM — Cye) + (Yos = V) — 1AM + 7, = 0.
The household budget constraints are satisfied:

Al Al
(L+raiy — iy +eiYs — 7+ Ay

Al ss ss SS
i1 — Qigpp + (1 + TSS)ai7t — Gy T+ ei,t}/;s — Tss

Al
Qjpi1-

The Consumption Euler-equations are satisfied by the same arguments used for a = 0 since con-

sumption changes by the same factor for everyone. Aggregate consumption and savings are then
CcAM = / cifdQy, =CfM and AM = [afldQ, = ATY, (A46)

that is, the paths of aggregate consumption and savings coincide in and away from steady state.

Derivations of Section 4.2 [Construction of Transfers|
The idea is again to construct transfers such that household consumption and asset choices are
linear homogeneous in aggregate variables. The approach starts with the economy described in the

main text where the household budget constraint (66) reads
élliw + di{%rl = (I+ Tt)aily +eir— T+ Dy, (A47)

and A;; is defined in (67). Solving this model yields Period 0 consumption as a function of initial

assets, interest rates and taxes
Co = CIM({l + 7s}ocos {Ts}gim {Y;}gioa A6M>7

where the argument AJM means that the initial asset distribution is the steady-state asset distribution
shifted by the same factor AJ /A, for every household.
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Now define a sequence of aggregate consumption and assets iteratively for t = 0,1,2, ..,

CIM = ¢,
A = AM14r) - CM 4+ Y, -1,
Ctlﬁ = CIM({l‘H”s ?O:t+1v{Ts gozt+1a{Y:s}§O:t+1aA{ﬁ)-

Note that A/M > 0 since C/M aggregates optimal consumption choices given aggregate assets A/M.
The individual choices underlying these aggregates do not constitute an equilibrium. A Period 0
household forms expectation about its Period ¢ choices which are not necessarily identical with the
actual Period t choices underlying the construction of C~'tIM . I therefore construct a new economy
with different individual choices but with the same aggregate outcomes. I thus use these aggregate

series to define a transfer scheme A;;,

A Alﬁ[% - ASS ss ss ~1{M
By o= AT A (14 ) — S (14 1) (Ads)
G{M — OSS ss

+ Ci,t + (Y:?S - Y;E)ei,t — Tss T Tt

CSS
so that the household budget constraint reads
CZIQ/[ + az‘l,ft\il = (1+ Tt)az‘léw +eiYy — T+ Azt (A49)

The construction of the aggregate consumption and asset sequence in (A48) implies that the transfer

scheme is again cross-sectionally purely redistributive
/Amth — (AP A = (A AL 4 (G - O 4 (Yay — Vi) — AP 7, — 0,

I also adjust the sequence of discount factors to

A (1+TSS)(O{M)_U A50
@ A0

Household i’s optimal choices at time ¢ in this economy are

CIM AIMl
IM t ss , IM o t+1 ss
it T o Cit> Qi1 = A Qjy1- (A51)
SS SS
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To see why, note first that the household budget constraints are satisfied:

(1+7”t)a¢[, —Czt +ei Yy — Tt+Ai,t

AIM _ A
t+1 S8 ass
= zt+1+(1+rss) Zt—Clt—l-@”Y;S—’Tss

ASS
AIM
_ At-i-l ASS ass +
= —A it+1 az’ 41
SS
_IM
= Qi41q-

The consumption Euler-equations are also satisfied since the construction of Bt implies that

(14 74)(CIM)—
(1 + 1) (CIM)

Bl + ) (CIY) 7 = 8 (1+ 7)) (G ™7 = B+ 1) (CI) ™7 (AB2)

and thus
—0 SS\—0 éIM —0 gBt<1 +rt+1) C'U\/lj s
(Czl,ff\/[) (Ci,t) (Ct_ss) = 5(1 +T55)Et( zt+1) ﬁ(l +T55) ( Ct,:s ) . (A53)
= Bl +re)Eicl}l) ™ (A54)
Aggregate consumption and savings are then
CiM = /c{,?fdﬂt = CM =™ ({12 e, (Y2, A, (A55)
A = [atitan, — A (A56)

that is, the paths of aggregate consumption and savings coincide in the two economies. The con-

struction also ensures that the elasticities are by construction time-invariant. For tax changes,

aOtIM aCIM({l A Tas Foc s A Tos Focsr { Yes Focss A]M)

_ — = AB7
OTivk OTt 4, A
— aCIM({l + Tss}s =0> {TSS}S 0 {}/53 s=0 Aéé\/[) — aCéM (A58)

O, 0Ty,

This economy features the same aggregate MPC as the previous one, since by construction CIM =
C’tl M but the two economies differ at the individual level. Instead of a potentially large heterogeneity
of individual MPCs, all households now adjust their consumption proportionally. However, since
only the aggregate consumption response matters for local determinacy which coincides in the two
economies, this is irrelevant.

All other elasticities are also time-invariant and coincide with the complete markets elasticities.

A-16



For interest rates,

aCtIM _ aOéM _ aCIM({l + Tss f oo {788}2207 {Yis o0 Agw) (A59)
Ol + 71 Ol+r, 01 +ry,
aCCM({l + Tss}zi ) {Tss}zi ) {Yss}:i >A£é\/[>
_ o Tl 0 s (AG0)
output,
aOtIM . acv(.)fM _ aCIM({l + T'ss ?,0207 {788}30:07 {)/SS CsX;OJ Ag\/[) (Aﬁl)
) AT oY}
aCCM({l + Tss};x; ) {Tss}csx; ) {Yss}gi ) A£y>
. o (Tl (2o, A1) (A62)
and initial assets
aCtHM 80({M aCIM({l + Tss F 5205 1 Tss Foos { Yas Foo» Agéw)
QA — 9AIM OAIM (A63)
8CCM({1 + Tss}gi ) {Tss}zi ) {Yss}gi ) Agé\/l)
— OaAIM 0 0 . (A64)
0

The “IM” incomplete markets economy satisfies the requirements for the local determinacy anal-
ysis. It is a consistent model that describes an incomplete markets model as a departure from a
complete markets model. And the elasticities evaluated at the steady-state are time invariant with

properties derived in the main text.

Derivations of Section 4.2 [Properties MPCs]

Result 2: MPC, permanent transfer

The proof is largely an application of the results in Acemoglu and Jensen (2015). Acemoglu
and Jensen (2015) define a positive shock as a change in an exogenous parameter which leads to an
increase in a household’s decision variable. I therefore have to show that a permanent increase in
transfers is a positive shock, since this implies that a permanent increase in transfers leads to an
increase in individual savings in an incomplete markets model.

Lemma 1 in Acemoglu and Jensen (2015) provides sufficient conditions for an exogenous parameter
change to be a positive shock. T therefore need to check the assumptions of Lemma 1 in Acemoglu
and Jensen (2015), which builds on Topkis’ monotonicity theorem.* Acemoglu and Jensen (2015)
show that an incomplete markets model satisfies their assumptions 1 and 3.

What remains to be shown (to apply Lemma 1) is that a household’s budget constraint has strict

440ne could also apply Theorem 6 to a single individual, noting that market aggregates (real interest rates, aggregate
output,...) are constant in a household problem.
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complementarities, that is, if for two asset levels a? > a} and two lump-sum transfers 72 > 7!, if two

assets choices satisty a;; and a,,, satisfy
a1 < (1+7)a; +ep+ 7% A1 < (1+7)af +e; + 7' (A65)
then it holds that

min (a1, dr1) < (14+7)a; + e+ 7! (A66)
max (a1, arp1) < (14 7)a? + e + 72, (A67)
which is obviously correct. Furthermore recognizing that u has strictly increasing differences,

Pu((L+r)ay+ e+ 7 — apy1)
8at+187'

>0, (A68)

renders Lemma 1 applicable, implying that a permanent increase in transfers increases savings.
This result ensures that each household’s savings are non-decreasing. To establish that aggregate
savings strictly increase, it is sufficient to show this for one individual. Using the arguments in Edlin
and Shannon (1998) establishes this for all unconstrained households. Alternatively, consider the
first-order conditions of household ¢ with the highest consumption level ¢;; in Period ¢, implying that

this household is unconstrained and that the consumption Euler equation holds with equality:
u(cip) = B4 o) Byt (Cigsa)-

If savings were unchanged for all households, then a necessary condition for unchanged savings to be

optimal for household 7 is,
u'(cip) = B(L+ re) B (Cigg1),

the derivative of the consumption Euler equation with respect to a permanent transfer increase (which
is consumed in each period). Using CRRA utility and Cctﬁ > 1 with strict inequality for at least one
t + 1 state (follows from B(1 + r4) < 1), then implies

Cit

U/(Ci,t) =[(1+ Tss)Ei,tU/(Ci,tH) > [(1+ Tss)Ei,tU/<Ci,t+1>7

Cit+1
a contradiction, establishing that savings strictly increase for this individual and thus aggregate
savings strictly increase. Similar arguments establish that consumption is non-decreasing for uncon-
strained households, so that aggregate consumption strictly increases, since constrained households

strictly increase their consumption.

Result 3: MPCs, transitory transfer
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First, for k = 0, the result that
1+ g S

02%614—# -

is equivalent to
1— BM < mpeh < 1,

and follows, for example, from Carroll and Kimball (1996, 2005), Huggett (2004), Holm (2018), who
establish that the consumption function is concave in wealth, and that it approaches the complete

markets consumption function when wealth converges to infinity.

Second, for k£ > 1:

is equivalent to

mpcg > 0.

This follows, since the Euler equation implies that unconstrained households increase consumption
in Periods k and k — 1. They increase consumption in Period k, the time of the transfer, since the
consumption function is strictly increasing in wealth. The consumption Euler equation then implies
that unconstrained households which increase consumption in some state in Period £ also increase
consumption in Period £ — 1 through saving less. Households constrained in Period & — 1 do not
respond. The same arguments apply to Periods k—1 and k—2, k—2 and k£ —3 and so on, establishing

that consumption increases in all these periods including Period 0.

Third, for £ > 1:

1+ g5
e LSS 5 A69
%77 g Cky1 = ( )
is equivalent to
A T P kil
mpcg > mpcg . (A70)

SS

In words, a transfer of one unit paid in Period k£ > 1 has a larger effect on Period 0 consumption than

1+igs
1+mss

households from increasing current consumption when future income increases.

a transfer paid in Period k + 1. This is a result of credit constraints which prevent constrained

For credit-unconstrained households in Period k, i.e. those with positive savings from Period k

to k + 1, the two numbers are the same, mpcf = lli%mpcgﬂ. This follows from the observation
that any consumption plan that is feasible if a transfer is paid in Period k£ is also feasible if a transfer
111; is paid in Period k + 1 and vice versa.
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For constrained households this argument is incorrect, as they cannot transfer resources from
Period k£ + 1 to Period k. A transfer paid in Period k£ + 1 does not affect Period k£ consumption,
or consumption in previous periods, so that mpclgJrl = 0 for these constrained households. They
increase their consumption in Period k& and in previous periods for a transfer paid in Period k, so
that mpc’g > 0.

The response of Period 0 aggregate consumption - the sum of the responses of Period k constrained

and unconstrained households - is therefore larger if one unit is paid in Period k£ > 1 than if a transfer

11++—7’r is paid in Period k + 1, mpcf > %mpclgﬂ.
Fourth, for £ > 1:
(F — ) — Tt (fr — i an) 20 (A1)
is equivalent to
(mpck — ;i::sim ch ) — ;i—i(mpc’(ﬁ“ — ii—Zmpclg”) > 0. (A72)

14455
14755

k 4+ 1, has a larger effect on Period 0 consumption than the same scheme shifted by one period,

namely scheme II, a transfer 11++—; paid in Period k£ + 1 and a tax (11++—7’r)2 in Period k + 2. Note that

without credit-constraints both schemes would produce identical consumption responses.

in Period

Expressed in words, scheme I, a transfer of one unit paid in Period £ > 1 and a tax

To show this if prudence is sufficiently small, I first assume quadratic utility, i.e. no prudence,
and show that the aggregate consumption response is strictly smaller in Period m — 1 than in Period
m < k. If utility is quadratic (no prudence) then marginal utility is linear, ug — ujc with ug, u; > 0.

The consumption Euler equation for an unconstrained household i is
Uy — UGt = BCM(l + 7rss) Ei i (uo — u1€i41). (A73)
Solving for ¢;; yields

u
Cit = u_0<1 — BN+ 140) + BN+ 146) BigCipin (A74)
1

Credit constraints now imply that the aggregate Period m — 1 consumption change, [ Ac;,,—1di, is

smaller than the Period m change, f Ac; mdi, for both schemes I and II:
/Aci,m—ldi = / ACi,m—ldi = BCM(l + Tss)/ Ei,m—lACi,mdi
ai,m>0 ai,m>0
< BCM<1 + Tss) / Aci,mdi < /VACi’de'7
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where the first equality makes use of the result that only unconstrained agents adjust Period m — 1
consumption, the second equality is implied by the consumption Euler equation for quadratic utility
and the first inequality makes use of the result that Ac;,, > 0 for all i, as shown in step 3 above.?

This implies the desired result since the aggregate consumption response in scheme I, f Acl{odz’

/ Ad ydi > / Al di > / Aclhdi, (AT5)

where the first inequality holds, since households in scheme I in Period m — 1 can imitate the
corresponding households in scheme II in Period m and thus can have higher consumption: It is

feasible for household i to set ¢f,, = ¢/’ . form = 1,.. .k, meaning that budget and credit constraints

i,
are satisfied. This consumption path would leave household 7 in scheme I with (1 + rss)AcZ{{) >0
additional resources in Period 0, implying that consumption in Period 0 (and future periods) increases,
that is Ac/, > Ac/l. The second inequality is the result of decreasing aggregate consumption
responses shown before. Continuity implies that the results also hold if prudence is close enough to

Zero.

Fifth, analogous arguments show, for k£ > 1:

I+ i
1+ g

1+ 24
1+ 7

~T ~T ~T 1 + 7:55 ~T
€. — 3( )&+ 3( )2 — (1 n )’ €3 20, (A76)
TrSS
which is equal to zero in the absence of credit constraints.
Finally, note that weaker inequalities than those shown here are used in the subsequent proofs:

First,

— I+t ., I+ igs .
. — 1+ m)ekﬂ T, e >0 (A7)
is used, which follows from
=T 1+i53 ~T 1+i55 2~T
€L (1 +7T88) k+1 (Tﬂss) €2 = 0, (AT78)
since
~ Vb Vs r o i e
[ — (1+ m)ﬁkﬂ + mﬁmz} — [& — Q(TMS)E’““ + (m)%kd (A79)
1+ g — I+
= (1 e 1)(&q1 — m%w) > 0. (A80)

45Note that the second equality could be a “>" if prudence is strong, which could imply that f Acim—1di > f Aci mdi.
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Second

Ltise o Lt

CM ~t CM
BMeg —(2+8 )€k+1+(2+m 2T T

oy >0 (A81)

is used, which follows from

1+ i 1+ 1+ .5

~T ~7' 2~T ~’7’
€ — 3(T7Tss) k1 T 3(rﬂ85) €t — (m) ks = 0, (A82)
since
142 1+
CM ~t CMN-T S8\ ~T T lssor
BYM & — 2+ B85 )E, + 2+ rﬂss)eku . €hy3) (A83)
e 1+ g ., 1+ ts5 .9,
[5CM€k — O€p 1+ 3(r>€k+2 - (H—W>2€k+3] (A84)
I+ iy & 1+ iss &
= (1= (& — T3 o, k2 + (1+—7r) €ry3) = 0, (A85)
using that (3™ — 1)—11;;’r =1- —111; .

Verifying the properties of f,(f) and §,i3) in Result 3.

I use the calibrated incomplete markets model in Hagedorn et al. (2017a) to calculate?

L+ s L+ s 1o

2 1 I+ 2ss ~ & ~r
5;(6): ](g) Ttn §k+1 = Ek_2(1+7r )k+1"’(1+7T ) €2 = 0
2 1 + Zss ~T 1 + Z.ss ~T 1 + 7:88 ~T 1 + iss ~T
fk = ( = 512421 = & —3(——)¢ €1 T 3(—)26 ( )3 k+3 = 0

1+ 7y 1+ 7

Figure 4 shows the results, confirming that £,(€2) > 0 and §,£3) >0 forall £ > 1.
The finding that & ,(f) > 0 implies the weaker inequality

B R (T . 141,
& — (1+ m)ek-&-l T, ke = P (1+ :

]' + .SS
s ympcitt 4 1_i_—:rmpcngr2 >0, (A86)

a property used in the subsequent proofs. Similarly, & ](€3) > 0 implies the weaker inequality

1 + iss ~T 1 + ZSS ~’T
BMeE — (24 M), + (24 H—W)ka To o Gk (A87)
1+ g I+ g
= Bmpch — (24 B MYmpchtt + (2 + rﬁss)ﬂwc{}”r2 — mmpc§+3 (A8R)
> 0. (A89)

461 thank Kurt Mitman for running these experiments.
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(2) ’(C = &~ 2(111;2)%“ + (11%;5;)26;% (b) & = 61@_3(1+ms )6k+1+3(1+ms) 61c+2_(1+ms )352+3

Figure 4: Transfer schemes {,(f) > (0 and 5,(:’) >0

again the property used in the subsequent proofs.
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Verifying Result 3 and 2 for asymptotically time-invariant MPCs (Auclert et al., 2019a)

acIM
87’

t+k, where k € Z. For k > 0 and t = 0, the “left MPCs” mpc™ are equal to mpck in the main text.
Auclert et al. (2019a) show that mpci™ is time-invariant for t — oo, i.e. 1> A\; > A, exist such that
the “right MPCs” decay at rate Ay,

Define mpct™ = as the Period ¢ aggregate consumption response to a $1 transfer in period

thm mpc ™ = (A)7F thm mpcs, for k <0,
the “left MPCs” decay at rate Ag,

lim mpcit™ = (A\)* lim mpcl, for k >0
t—o0 t—o0

and the left decay is faster than the right decay, A\; > 111; Ao.
Then condition (82) holds at the limit V& > 0,

t+k

: : L+ s L+ s
lim &7, = lim {mpef ™ = 2 e (e

1+ 7 1+ mgs

1+ 1+

~ i t+k{1—2 55)0 59120\ 2}
i TP <1+7rss) 2+<1+wss> (o)

1+iss

1+ 7

= hm mpct+k{(1 - )\2)2} >0

and for condition (83) in the limit V& > 0,

me® { tk 1+ i trk1 Lttssvo  erwra (L4 %ss s t+k+3}
Him &5 Hm qmpey™ = 3(5 +7T58)mpct +3(5 +7rss) mpc; (1 +7rss) mpc;
1+ 1+ 1+
:1 t+k{1—3 2N 3—882)\2——883)\3}
i mpet {1 = B )+ () - ()
1 ‘SS
= hm mpc”k{(l — l)\2)3} > 0.
1+ s

For Result 2, Auclert et al. (2018) show that

and (Auclert et al., 2019a) that mpctF = mpct 4 holds in the limit. Together, these two results
imply at the limit,

1 88 \ — . 1 SS
1 = lim E mpct ™ ( e )7F = lim g mpck( +7_T )R
i

t—o0
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Therefore

1 SS
lim Zmpct“~C = hm Z mpch( )\2 hm Zmpct + e )P =1,

t—o0

meaning that the permanent MPC is less than one, which is equivalent to Result 2.

Derivations of Section 4.4 [Local Determinacy, Flexible Prices]

Result 5: Flexible Prices

As shown in the main text, the linearized asset market clearing condition after all substitutions

18

e lss — Ts . . . .
Z {€k+1 Dk — Dekt1) — kTpt+k} + €o(P—1 — Pt) — € Pr—1 = —Dr- (A90)
k=0

Collecting p terms and re-arranging yields

00 .
r r ~T lss — Tssy A M,-Zss — Tss\ ~
(1 -+ €1 — € () 1 i —_ )pt = ;(Ek 6k+1 + EkTﬂ'Ss)pt+k (Agl)
so that the Onatski function
Z'ss — Tss - r r ~T iss = Tssy\ —ikA
@(A) (1 + El EOT']TSS) — ;(Ek — €k+1 + EkTﬂ_ss)e . (A92)

I now show that Re{©(\)} > 0 for all A € [0, 27|, implying that the winding number is zero and thus
Onatski (2006) implies that there is a unique solution, that is, the economy is locally determinate.
Since €, — €}, > 0,limy_,c €, = 0,¢5 = 1 (Result 1), €, > 0 for k > 1 (Result 3) and cos(-) < 1

r r ~T Z.ss — Tss - r r ~1-7;ss — Tss
Re{ON)} = (L46 —ep—g———")=> (e —€ryy + G eos(—=kA) - (A93)

i, & Tas
r r ~T 7;ss — Tss - r r ~T iss — Tss
> (L+¢ —Eo—ﬁoH—ﬂ) —Z(ﬁk—€k+1+€k1+—ﬂ) (A94)
SS k=1 SS
= 1-&>0, (A95)

by Result 2. Thus the graph of ©(\) is within the plane of positive real numbers and does not encircle

zero, implying a winding number of zero and local determinacy.
Derivations of Section 4.5 [Policy rules|

Condition (103): Flexible Prices, Policy Rules, Ruling out p; = p
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Obviously, noting that

- ir i T - i €1
E Pl =¥ 6G § (5CM)]€:SO—1_;CM-
k=0 k=0

Result 6: Flexible Prices, Policy Rules

As shown in the main text, the linearized asset market clearing condition after all substitutions is

S L+iss ;. L+iss 5. .
Z {€k+1(90 Drtk + Dk — Perkr) + € [1 o ¢ Pk R (P Prin—1 = Pryr) — (97 = 1)pt+k]}
k=0 58

eg(@ D1 + Dot — Pe) + €0 (97 = 1)1 = (SOB — 1)pr,
Collecting p terms and re-arranging yields

~T Bl+iss ~T i1+iss

e Lo R )
1+1 14+ 1 T
B r ~T SS T B ~r 1 ss ~7 Uss CERIN
—eP) -t (1
+ [(1=¢7) =+ (1+¢")e — (& — 1+7T551) +€SO]—+7T58 01+7Tss]pt
= i 7 1 +Zss & B _’_iss ~7—'Lss Tssq A
- Z[ (14 ¢ )€ + ( 1+ k+1)<P R T T ]pt+k

and thus the Onatski function is

o) | | |
= =) = () = @~ e+ A T A
+ [gggoBllijTZ gggpilliiz b el 4+ pPed]e
_ :1 ler — (L4 @")eyr + (6 — %IH)@B e 111 Uss n kil - ;:s]e_ik/\'

I show that Re{©(A\)} > 0, implying that the winding number is zero, since O(A) is located in the
plane of positive real numbers and thus does not circle around 0. Onatski’s theorem then implies
that there is a unique solution, that is, the economy is (locally) determinate.
The proof uses two auxiliary results. First,
o0 i,.r
Zwkﬂe W= (M =

k=0
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Second,

1
< Re{

S
1+6CM — 1_BCM€7M :

This follows from

1 B 1 — BM cos(N\)
11— QCMe—iA} T 1 23M cos(\) + (BOM)?

Re{

with A derivative

(M) = 3] sin()
[1— 267 cos(3) + (FM

which is equal to zero within the interval [0,27) iff A = 0,7. Since cos(0) = 1, cos(n)

Re W attains its maximum 1*5% at A = 0 and its minimum lﬂgﬁ at A = .

Using €, — €., > 0,6 — ==, > 0,& > 0 and cos(—A) = cos(}),

Re©(A)

> [(1-¢") —e+6 — (& -

142 1+ 4
~r B sS ~r 4 L i r B A
T A
+ & 1+ 50<P1+7T58+<P50+90 €] cos(A)
. il o i g i — T
+ ;[€k+190 rﬂss] cos(—kA) — ;[(Ek - m%ﬂ)@ i . ]
- r r ir 1
k=1
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which is equal to

~T 11+Z
= [1—¢") —e—Gp" + e ]

A-28

~T + iSS ~T, 0 il g
T T O o)
1—}—255 o ss = Mos | N o dss — s p
k=1 k=0 k=1
QT 1
+ ¥ ElRe{l _BCM 71')\}
L+iss o ;141
> 1— o __~1, B er i
> [(1-¢"%) —— &y 1+7TSS+ ey 1+7TSS]
. plti i Lt 1+
G e e e e B € + &’ T s
- ~T % 1 + 235
+ 3l 1+ms]cosw)
k=2
p'ey
+ Z’fl_i_ﬂss 1+ gCM"
That is, we have
Re©O()\)
- 1+ . 141 2 g — o€
> 1— BY r _~r B ss T i B—l ~7 Uss ss 1
> [( ©”) — € — & 1+ 7 61901—1-71'53 ( )kzzoek 1+, 1+BC’M]
=ap/2
+ [& pliis | o i1+iss—|— + + & i1t s cos(A)
€ Eqpl—— € €
09014_7‘['53 ngl_'_ﬂ'ss 900 900 2901+SS
e
+ io: €7 14" L L | cos(kA)
¢ — T s
E+1¥ 1+,
k:2\ - S
=:ay
I first consider the benchmark
o o' >0 and [P L 4 gttt 4 gich + pPel] > 0.
The latter condition holds if ¢® > 0, since —¢j, llj_” <1=¢
Application of Proposition 1 requires showing that
Vk>0: ap > 0,ap —agpr 2> 0,ap — 20441 + agq >0



and

ag — 201 + ag > 0.
— For k > 2, Result 3 and (A77) impliy that

1+iss

— ——— (€411 — €510) >0
1+7Tss( R~ €hy2) 20,

€ — 26541 + €yn = (G — En) — (Gopq — Ghg2) 2 (G — €141)
g;; - g7I;-i-l > 07

)

and thus o — 2ak41 + agye > 0,06 — agy1 > 0,0 > 0.

— For k =1, [égapB% + €6wi% + ¢leh + pPel] > 0 and Result 3 imply
aq Z 07

~ Bl+iss ~T 7;14_7;53 '1+iss

i,r A i ~T ~T
a — ay = [€p . €% 1+7TSS+90€0+80B€0]+90 1"‘77'33[62_63]20’
~T 1+iss ~T '1+iss 1 '1+i88 ~ ~T ~T
a1_2a2+a3:[60¢B1+ﬂ +60¢1+7T +¢z66+¢35§]+¢1H—W[62—2€3+64]ZO.

— For k =0, I now show that condition (104) implies that oy — 204 + ag > 0.

Using € = e = 1, it follows that
g € 0

ap — 201 + ap

14ids 1 +ig, 2 gy — Tes olel

:21_ B_E’I’_E’TB +€Tz + B—l ET +

[(1—¢7) — e — & T L (¢ )g e 1+60M]

1414 141 . i

_2~7'B Ss ~T 1 SS ir B _A ~T 1 S8

[E0¢ 1+7Tss+€0¢ 1+7TSS+90€0+90 €y T € 1+7Tss]
+ [~7- i1+i85]

€

3%01_|_7T88

S P 141

_ 2 B—]. ~r Uss 88_4 B]_ ~T Ss

(¢ );Gk—l_’_ﬂ_ss e ( +€01+7r85>

I3 €1 ~T ~T ~T ~T 1+iss
+ 290[14_;01\4_1“‘(51"‘63/2_60_52)?%8]
> 0,

which is implied by condition (104) in Result 6, since Result 3 implies €] + €]/2 — €] > 0, explaining
footnote 36. This in turn implies that

ao—a1:(a0—2a1+a2)+(a1—a2)>0,

ag > ap > 0.
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The assumptions of Proposition 1 are thus satisfied so that

lgs — T 1+
Re©®(\) > B_1 &= %9 1+€) 2
cO(\) = (¢ );;%1+W% ¥ ( +01+%3
7 671n ~T ~T ~T ~T 1+l35
—Hp[—l—l-ﬁCM_1+(61+63/2_60_62>1+7Tss}
> 0,

implying local determinacy. For completeness, note that

Re{O(0)} > ao/2+ o1 + »_ ag > ag/2+ a1 > 0.
k=2

o If ' >0, [€]" 111;” + Efpidties 4 il + pBel] < 0 (implying ¢? < 0) then

147ss
Re{O(\)}
1+ R Y X g — T )
> 1— By o _-r B ss T 4 ss SS 1
> (=" =6 = e Tt A T (P - D A+ ]
~r ]-‘l’zss ~T Z‘l_'—ZSS i r A
+ [& 31_1_ SS+€0801+ SS+90€0+SOB€0]
o
~T i A
(T b eos()
=
+ i[g; 19011 ] cos(kN)
- 1 ss
k=2 o P
=0y
with
g o o0 ()OZGT
— 1 — BY r __~r B T AL 1
o) [(1—¢") — e — & e kZ:O "“1—1—7@S 1+50M]
141 +1
~r B 58 ~T ss ir B_A
+ [& 1+7Tss+0 1+WSS+90€0+<P €]
B . ~'T7:SS_7TS ~T]‘+,LSS Spleg ~T i]‘+i55
= —1 P —— 1 0
::Evor>0
> 0,

without any assumptions, since ©® < 0. Since @y > 0 and ¢* > 0, Result 3 implies that the
assumptions of Fejér (1928, 1936) are satisfied and thus Re{©O(\)} > 0.
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o If ¢’ < 0 then

Re ©O(A)
gl = 14 SR olel
> 1_ B_ET'_ETB ss+ 67—1 ss+ B—l ETSS ss+ 1
> [(1—=9") =€ — & T+, kgol—HTss (¢ )§ e 1+50M]
=T 1+i33 i_r
— [GOSOBHWSS + ey + €|,

which needs to be positive to ensure determinacy.
If [efpPtiee + el + pPell] <0, the condition then simplifies to

1+mss
OON 'l‘l"éss B Oo~iss_7rss ; 67{
Tt -1 —— 1+ ———=—)>0.
Zek@1+ﬂss+(9@ >Z€’“1+w55 + '( +1+60M)
k=0 k=0
If [e]® 111% + ¢'eh + pPeil] > 0 then the condition simplifies to
B - ~Ti85—7r55 B NT]‘—"_Z.SS - ~T i1+i55 i 67{
-1 —= —207(1 —1)>0.
(¢ )k§_0€k1+7rss o7 ( +€01+7Tss)+k§_oek(p1+W55+¢(1+5CM )

Both conditions are strong, since ¢* < 0, so that monetary policy now pushes towards indeterminacy.

Derivations of Section 4.6 [Rigid Prices]
Result 7: Rigid Prices

Allowing for rigid prices adds »_,- ekY}A/}Jrk to asset demand, so that the asset market clearing

condition now reads

IT4+1ss 1+
]-+7Tss ]-+7Tss

Z {qu;ﬂ((ﬁiﬁwk + Peak = Prek1) + &[0 Perr (&5 Prak—1 = Prr) — (¥7 = 1)ﬁt+k]}

k=0
+€6(90i15t71 + Pro1 — D) + 664(<PB —D)pr1 + Z kaﬁm = (SOB — Dpy,
k=0

Using the Phillips curve

~ 1 ~ R .
Y, = E[(l + BMYpy — pry — B M pria],
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implies that

[o.¢]

Ve
E €L Yirr
k=0

o0

1 . .
- Z EZ 1+ p“M )Ptk — Dith—1 — 50Mpt+k+1]
k=0

1 & 1 .1y
= K Z 1 + 5CM k+1 5C Ek 1]pt+k + — [60 (1 + BCM) - e?]pt - EEUY]%A
k=1

Using this and collecting p terms and re-arranging the asset market clearing condition yields

~T Bl—{—ZSS er 11+ZSS

& A T + ¢leg + @ e b
, 1414 1414 legg — T
1 — By __ r 1 i ~T ss r ~r 4 Ss ~7- EERDA
+ (1= @) —eh+ (1 + ¢ — (& - 1+%£W’+Q¢L% 01+%Jt
1+ZSS~T B & 1+Zss ~7—Z' Tssq A

[ -1+ @i)52+1 + (& — k:+1)90 1P T 1or kT]ka

I+

|M8

—_

S A 1 1y
t Z X (L BM) = ey = BV e+ - [ey (14 A7) = e — — e e

I
O:&

and thus the Onatski function is

o ; . .
L
TG ij;z n ”fsolljﬂ e e
- g[ — (L + ")y + (&, %EH)@B Eri1® 11::: los ~£i1 - Wﬂ:]eik,\
* % ik’fy(l + BM) — en — BN e T + %[65(1 +8M) — €] - %egei*.

k=1
Allowing for rigid prices thus adds
i ek (14 8°Y) — et = B el ile ™ + é[em +8M) -] - %egeu
M=

to the Onatski function, and I show that the real part of this additional term is nonnegative.
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same condition (104) as with flexible prices then ensures Re{©O(A)} > 0 and thus determinacy.
Result 1 implies that

— For k > 2:
lex (1+ 8M) — el — BMer_y] = 0.
— For k=1:
e (1 ) — e — BN = S = (1= B (14 FHY(BO) + (1= FOM)(FOM P — (592}
— S N = () + (5N - (57 — (5P} = — .
— For k = 0:
(1 6O — e = (14 BENON (11— g OU < 9N T
Therefore
£ 8y = B 0 < ) - e
= IE; (=pMem™ 4 259N — gOMeR) (A98)
with real part
Re{%(—ﬁme—“ +2BM _ gOM i — 25;# Re{(1—e™)} >0 (A99)

since Re{e™"} < 1.

Results: Rigid prices, policy rules

I make two assumptions. First, in an incomplete markets model, monetary policy affects savings
through the intertemporal substitution channel and a fiscal channel. The intertemporal substitution
channel operates as in complete markets models, so that higher interest rates lead to higher savings.
The fiscal channel is a combination of two effects. An increase in the interest rate makes households
richer and leads to higher savings. At the same time, higher interest rates lead to higher taxes which
reduce savings. [ assume that the intertemporal substitution channel outweighs the fiscal channel,

such that an increase in nominal interest rates increases savings,

e > (1+ M1+ ¢ ). (A100)
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Second, an increase in debt induced by an output change makes households richer and leads to

higher savings and at the same time, to higher taxes which reduce savings. I assume an upper bound

€} on the sum of these two effects,

_ oM

1+ .
€

€),

S I R .

which approximately means 3MeY > —@B(mpc) + M — 1). The proof requires an even weaker

condition once monetary policy is taken into account:

5CM

@Y) 3 —
1 >_2=F
4 (1+50)2

% 1+ 253 ~T
5 (% + B) (1 + ¢ ) (A101)

I+
Note that if markets are complete, both conditions (A100) and (A101) are satisfied, since 14 === 1“” € =
0. The conditions are also satisfied if the incomplete markets economy is close enough to the complete
markets economy.
Allowing for monetary and fiscal policy to respond to output changes, parametrized through ¥

and ¢!, adds

¥y Y
to the supply of assets and
= r iV ~Ti1+55 1+ 45 9 Ty A By
Z {€k+1<PYY;f+k: TGPy g Yigp—1 + EkSOY(l g Yitr—1— Y}Jrk)} + oy Y1 + gy Yia
k=0 58 ss

to the demand for assets.

The idea is again to show that the real part of the Onatski function is nonnegative. I therefore first
consider each term separately, before summing them and showing that the real part is nonnegative.
First,

o0 1 ’L R N
B oLt s
E € Yiipr 1Y
Py 2 k(l ~ t+k—1 ik

B . o0
y 1+ i T 1
= T D {0+ 289 = 28 + (B + (B E L — adhe

SS k‘=1

B 1 .
%#{{“*wmﬁ — (2B 4 (BM))E — &y + {1+ 28)E — E}pir — G2}
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The real part of the corresponding Onatski function equals

of 1+, oM oM | (geM oM —r
EY L b S (14 29y — (28 4 (BN + (3L — o) con(—k)
SSs kf 1

+ %11:‘2{{(1+2BCM>”—<260M (BM))eg — &} +{(1+ 28" —a}cos<A)—egcos<2A>}

f 1+ oM CM | (gCMY2 CM\2
?H—WZ{(H% Ve — 26°M + (B )& + (B — &
k=3

(PKY 111‘ lss {(1 + QBCM) (2,@0M (BCM) ) (ﬁCM) gZ}COS(—Q)\)

+ fﬁj%%u+wwﬁ — (BN 4 (5PN + (528 — &} cos(—N)

v

* %111:; {{(1 +28M)e — 28N + (BM))& — &} + {(1+28M)E — &} cos(N) — & cos(2)\)}

since the natural sign restriction ¢ < 0 and Result 3 and (A81) show that for k > 3, (1+28“M)er, , —

(26°M 4 (BM)?)er + (BM)2 G, — Eyp > 0.
For the next term,

~ ~ 1 R R R R R R
6649053@—1 - <P$Yt = 2{905[(1 + 5CM)pt—1 — Pt—2 — 5CMpt] - 905[(1 + 5CM)pt — Pt-1 — ﬁCMthrﬂ}a

with Onatski function

<~

{BCM cos(—=A) — (1 4+ 28M) + (2 + BM) cos(N) — cos(2/\)}

|“6m3 |“G

_ KY{ — (14 28°M) 4 2(1 + BOM) cos()) — 008(2)\)}.

For monetary policy parameterized through ¢! > 0, the first term:

K 14+ 7

B v L+ °°~T A )
Z Gy T Yt+k—1 S Z (1 + B prpr1 — Pein—2 — BN Pl
1+7 —

QO 1 + /LSS ~T ~T1.A ~T ~T7 A~ ~T A
- %1 + 7 { Z Epa(L+ ﬁCM) ~ Cht2 T 50M€k]pt+k + [& (1 + BCM) — &pe-1 — 6optfz}'
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The real part of the corresponding Onatski function equals

O 1+ [ v _ i _ ~ ~
% Ttn { Z[€k+1(1 + BMY) — €ktr2 — BEMET cos(—kN) + [€o(1+ BEMY — 7] cos(A) — & cos(2/\)}
55 > 120

O 14 iss . _
= Z[€k+1(1 + M) =&y, — BN

>
K 14 7 —
L I T _ o
+ KY rﬁss[es(l + 5CM) — €4 — BCM% - 60] cos(2)
oy L +iss _
+ /{Y 1—1——7T[€2(1 + BCM) BCMel + & (1 + BCM) €1] cos(N)

O 1+ idgs _ _
HY rﬂss[ﬁ(l + M) — & — M,

since ' > 0 and by Result 3 and (A77), Vk > 3 : €, (1 + M) — &7, — B¢, <0.

The next term,

- r iV (101 - r A o A
Z k1 Py Yirk = ?Y Z erir (L4 B Dok — Pryn—1 — B Prynga] (A102)
k=0 k=0

i

SOZ’ - r SO 1A Py A
= ?Y Z €hrr (14 M) = ey — BM el prin + - Cler (14 M) — eblp — %th—l(AlOS)
k=1

= %e;@ — pro1) (A104)

since €], (1+ M) —e} ,—BMer = 0 for k > 1 and ) = fM¢}, which leads to an Onatski function

with real part
&67{(1 — cos(A)). (A105)
The last term
ehos Y = gp—j{ — BMpy+ (14 BM)po1 — Pra}
leads to the real part of the Onatski function
%{ — BM + (14 M) cos A — cos(2A) }.
Summing all these terms and adding (A99),

s gonrg(y _ gy,

R
ol KA
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yields

Re{O(\)}

Py 1tis MY _ o CM =1
— 1
K 1+ 7 2[61”1( + B ) €k12 -0 fk]

v

b BELb I SR L agoM L (50N 1 (FOMP) + (NP, — )
K ]."’7735 p— k+1 €k—1 k+2

1+ tss . _ o
{ [53(1 + 5CM) — € — 5CM€2 - 60] - 1}

_l’_
|§@

PRCEEN
B 2900 — (5 5P+ 0O == )1 o
+ [%{ 111; (1 + B°M) — & — BOME L e (14 M) — & + 1+ B°M — e’l“}
* %ﬁliz{(l”ﬂm@ — (289 4 (BMYD)E + (BOM)EG — & + (1+287M)5 — &} |
+ %2(1 +8°M) — 2%%”] cos(\)
+ %{11128;[7(1 + BN — & = pNE] + € - 6CM}
b BT (4 ageg (2 ()5 — ) — (14287 ) 42 Do o
Define the cos(A) coefficient
o= (2 (1 0M) - & — BV + (1 4+ 87) — )+ 14 87 - €
T { 111; {(1+287M)8 — (28°M + (B™M))E + (B)%6; — & + (1 +28°M)g — &} |

K
v Y.
+ 90_Y2(1_’_BCM)_2 55 BCM
K KAgq

and the cos(2)\) coefficient,

O (1 +idgs . o
@z = {1+7r53[63(1+/60M)_64_BCM€2—€0]_1}

{fiiﬁ(wzﬁwﬁg—(wa +(BOMYE + (B7ME - & — gy —1}].

'
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For a;:

1+ ss~7— 1+iss~q— r

‘P%f cM
< —{(1 1 _
a1 = R{( +1+7Tss )( + B°Y) — 1tr 51 €}
B
% oM 1+ g5 1‘Hss oM Yss Lom
—{(1+2 1 — _ 9 55
b2 1 G gl ey oy p Y
1. p cM i cM L+ s
= —[pf(1+28M) + i (1+ )1+ ¢ )
K I+ 7
1 i i 141 lss Y;s
- —{¢y61+(90y+90y)61 —soy(l—@CM)vL?—ﬂCM}
1+7 Agg
oy + oY M 1+i85 0y . 90Y~71‘Hss Yss Lom
< (] 1 e — -2
< - (1+B8"")(1+¢€ 01+7Tss) K€1 P 11+7Tss FGASSB ;

since Result 3, (A81) and €] = —1 + mpc) imply
(1+268M)e; — (28°M + (BM)*)e] + (B°M)?e — & > —(pM)?

and

PRUB™ + & - Gt} + w1 - 5

11+
B/ aCM 11+ oM
= o {(BM+ (=14 mpcy) — mpcol+ )+ (1 -8}
1—1—2
o B s8
= py{mpcy — mpco—l n )}

< 0

showing that (1+ 8°M)(1 4 & =) — ¢/ < 0 implies oy < 0.

For as:
Py 14 iss (o, _
o = [0 ) - a1}
B .
90 1+ZSS ~T ~T
+ B LT L 2 e — (2890 4 (BOM))E + (BOMYE - — &} — 1]
k U1+ 7
@@{Hiss . } so;]?{lﬂss . H
< | X g I QT 6 5 (NN LN A |
= [n 1+7rss[ ] + 1+7rss[ ]
; 1+ i 1+ g
- [ ) )]
K 1+ g 1+ 7
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since by Result 3, (1 +28°M)el — (28“M + (B9M)2)er + (B9M)2%€] — €] > 0. Therefore

i ~ B ~
()OY{ 1 + /IISS NT} SOY{ 1 + /LSS NT}:|
_ _ > Yy Yy
dog — vy > 4[;1 1+1+7T3360 + - 1+1+7T5360
B i ~
Yy + Py cM 1+
— (1 1
(14 M) (L4 G
ng/ r Spfg/w' 1 +i35 YSS CM
Y r g PV 2
+ Kel+ /@611+7r85+ HASSE
3_ﬁCM

. 1+
7 B S8 ~
- (SOY+<PY>< +1+7Tss€0
@%/r ‘P§/~Tl+iss Yss om
— — 2
+ /{€1+ /1611+7Tss+ KASSB

>0,

which follows from

3 - BCM 1 + Z.ss ~T Y;s
S g g <ot g

or, taking monetary policy into account from

3—peM B 14 s @
- (¢ 1 T) < Y<1 —Y>
9 (SDY‘HOY)( +1+7T5560 Se |1+ %

Next, I show that —4as — a; > 0 implies that
E(N) = g cos(N) + ag cos(2))
is minimized at A = 0 with value a; + as. The derivative
Z'(N\) = —ay sin(\) — 2a sin(2))

2_ 2
16a5—a7 —ay

has four zeros: 0,7, arctan (j: 7 )
a9 4o

> in (—m, 7m]. The second derivative evaluated at A = 0
Z'" (A =0) = —a; cos(0) — dag cos(0) = —ag — dap > 0,

implying that A = 0 is a minimum, since Z"(\ = 7) = —a; cos(m) — 4day cos(2m) = oy < 0 and one of

A-39



? dag

2 2
the two other zeros - arctan (j:\ / W?T% ﬂ) - is positive and the other is negative. Thus

Re{O(\)}

90§/1+ZSS - CM er CM ~t
= ?1+ﬂss;[€k+1(1+5 ) = €z — P

P¥ 1 +iss o oM CM | (geM oM T
+ ?H——wz{(l*‘% Ve — 2B+ (BTG + (BTG — i}

88 k=3

: 1 a5 ~T ~7'
v

B 1 ‘ss B ~
+ B (L 28 — (28 + (7)) + (6°VE - 6 - ) — 1]
b [E T g ) - - OV 4 1+ 5 — & 1 6 - )

B
+ wY{11+ZSS{(1+260M) — (2B9M 4+ (BOM))E + (B — & + (14289 - &} |

Ss

K
oy CM Yos nom
+ 2146 )—2%5 ]
+ ﬁ{HZ“[~I<1+BCM>—%—BCM%]H’{—,@CM}
Kk Ul + mgg
ey [ L+
K

{(1+28°M)g — (28°M + (B°M)eg — &) — (1+ 2ﬁCM)} n 2:% o

—
—_

+ Tss

I
o

since all terms cancel.

Local Determinacy, 1 + r s = lli% <0

Note that 147, < 0is not sufficient to rule out bubbles, implying that the real incomplete markets
economy features multiple equilibria. The analysis in this paper is about nominal determinacy and
thus cannot remove this real multiplicity. The following arguments therefore refer to the bubble-free
equilibrium and cannot ensure a unique equilibrium more generally.

An economy with 1+7,, < 0 cannot be considered as a departure to a complete markets economy.
I therefore make use of the general approach for incomplete markets models in Section 4.2, which I
developed above in Section A.III.1.

I follow the same steps and first solve the model, which yields Period 0 consumption as a function

of initial assets, interest rates, output, and taxes
Co = C™M ({1 4 7:}220, {71220, {Ye} 220, AIM)
where the argument AéM means that the initial asset distribution is the steady state asset distribution

A-40



shifted by the same factor AL /A,, for every household. Consumption at later periods is defined as
C’t-i-l = C]M({l +7s zit—i-lv {TS git—i—lv {Y }5 t+1> Atlﬁ) (AlOG)
and aggregate assets satisfy

Al = AL 4r) = G =Y -

I then use the same A transfer scheme as in Section A.III.1 such that household i’s optimal choices

at time ¢ in this economy are

CIM AIMl
IM __ t Ss. IM _ t+1 ss
Gty = C Cits Qi1 — A Qi riq (A107)
Ss SS

and aggregate consumption and savings are then

e = [elitan, = EM =™ ({1 bz R VR AR). (AL09

ATV / Mo, = A, (A109)

The linearized asset market clearing condition is the same as in the main text,

- r ~ ~ iss — T PN ~ ~ ~
Ey Z {€k+1(pt+k - pt+k+1) kTthrk} + Eo(Pt—l - pt) - 664]%—1 = —Dt; (AllO)
k=0

but since 7,5 = 0 if ;3 = 0, the T—elasticity is replaced with the derivative,

ocM . 1 ociM 1
T:: —1 — : T::— >
€5 = ( o A r Al TRzl (A111)

€, = €, Ass and 7, = 7, — T, is the difference, so that

7A—t 1+iss N A Tss — ZssA

— Al112
A e Wsspt + D= T+ n Pt ( )

Using the same notation for the other elasticities as in the main text, collecting p terms and re-

arranging yields

r r NTZ. - T ~ - i T
(I+6 —e—&G———")p = Z(Gk €1 T EkH)ka (A113)
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so that

‘ 7Tss - lgs — Tes —ik\
@(A) (1 + 61 60 1 T . kz:; €k+1 + EkTﬂ_ss)e . (A114)
[ again show that Re{©(\)} > 0 for all A € [0, 27|, implying that the winding number is zero, and thus
Onatski (2006) implies that there is a unique solution, that is, the economy is locally determinate.
The findings in McKay et al. (2017) imply that, Yk > 0 : €}, > €, > 0 and limj_, €, = 0.*” Since
Result 3 applies in any incomplete markets model €], > 0 for £ > 1. Therefore

Re{O(\)} = (1+67{—66—~TM)—Z(ei—ezﬂ—i—égli'&_—%)cos(—k)\) (A115)

7TSS
k=1
Tog — T > log — T
> (146 -G =G = Y (G~ G + G (A116)
SS k:1 SS
= 1—¢ >0, (A117)

since Result 2 holds and implies that ¢ < 1.%® Thus the graph of ©(\) is within the plane of positive

real numbers and does not encircle zero, implying a winding number of zero and local determinacy.

The model with price rigidities

I follow the standard approach in the New Keynesian literature so as to add price stickiness to
the model.

Households First, labor h; is elastically supplied and preferences are

Zb’t u(er) = v(hy)), (A118)

where v is increasing and strictly convex. Agents rent their labor services, hse;, to firms for a real

wage wy and the budget constraint is

Ct + a/t+1 = (1 + Tt)at + wthtet — T¢. (Al]_g)

4TNote that these are properties of the partial equilibrium household consumption/saving problem, where output
and fiscal policy are unchanged. Note also that Werning (2015) and Hagedorn et al. (2019) present equilibrium results
and thus do not apply here.

48Note that an increase in rq is equivalent to a one-time period zero transfer to households, implying that €} < 1
since the marginal propensity to consume is larger than 1 — 3¢M.
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Final Good Producer A competitive representative final-goods producer aggregates a continuum

of intermediate goods y;; indexed by j € [0,1] and with prices pj;:

1 e—1 5_%
Y;f = (/ yjte d]) )
0

where € > 1. Given a level of aggregate demand Y;, cost minimization for the final goods producer

implies that the demand for the intermediate good j is given by

Yjt = ?J(pjt; Pt,Yt) = (%) Y:, (A120)
t

where P, is the (equilibrium) price of the final good and can be expressed as

1 T
P, = ( / p};ﬁdj) :
0

Intermediate good producer FEach intermediate good j is produced by a monopolistically com-

petitive producer using labor input n;;. The production technology is linear,
Yjt = Tjt-

Intermediate producers hire labor at the nominal wage P,w; in a competitive labor market. With

this technology, the real marginal cost of a unit of the intermediate good is
mcj; = Wy.

Each firm chooses its price, so as to maximize profits subject to real price-adjustment costs as in

Rotemberg (1982),

p' SS
D (pje, pje—1) Ye = O( I —n )Y (A121)
Pjt—1
which depend on the set price p;; and on the previous period’s price p;;—;. Costs ® are increasing

and convex in its first argument and zero in a steady state with price level P}, ® (Pt*, Pt*—1) =0 and
lim @ (pji;pje—1) = 0.
pth)OO

Given the previous period’s individual price p;;_; and the aggregate state (P, Y, wy, r¢), the firm

chooses this period’s price p;; to maximize the present discounted value of future profits. The firm
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satisfies all demand y(pj¢; P, Y;) by hiring the necessary amount of labor,

Nt = y(pjt;Pt’Yt): <%> Y. (A122)
t

The firm’s pricing problem is

p.
Vi (pjt—1) = Hll)aX P%ty (pjt; PY;) — wty(pjt; P,Y;) — @ (pjt;pjt—1) Y + 5CMVZ+1 (pjt) .
it 1
In equilibrium, all firms choose the same price, and thus, aggregate consistency implies p;; = F; for
all j and t. Accordingly, -2 = PL =1+ m and 22 — % = 1+ m1. The equilibrium real
Pjt—1 t—1 Pjt %
profit of each intermediate goods firm is then

dt = m(l — U)t).

This does not include price adjustment costs, because I follow the preferred interpretation of those
costs in Rotemberg (1982) as being virtual—they affect optimal choices but do not cause real resources
to be expended. Thus these costs affect firms’ pricing decisions, but neither lower their profits nor
enter the aggregate resource constraint. None of my conclusions are affected by this assumption,
since steady-state adjustment costs are zero. Household 7 receives a share \; of real profits d; at time
t.

Wage setting The assumptions for wages and labor supply are made to replicate the textbook New
Keynesian counterpart. I therefore assume that wages are flexible and that a middleman firm (e.g.
a union) solves the aggregation problem such that all households provide the same amount of labor.
As in the representative agent literature, each household i provides differentiated labor services h;;e;;
which are transformed by the union into an aggregate effective labor input, H;, using the following

technology:

‘w

1 . cw—1
H, - ( / sit(hit)“?wdi> , (A123)
0

where €, is the elasticity of substitution across differentiated labor.

The union is assumed to maximize?®’

U(hfit> .
o | (wihi— i)

where C} is aggregate consumption, and the competitive wage w; is taken as given. The absence of

49Equivalently, one can think of a continuum of unions, each setting hours for a representative part of the population
with ['s =1 at all times.
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wage adjustment costs implies that the problem is static.?® For each household 7, I obtain the same

first-order condition

w = ' (A124)

w, = . (A125)

Adjustment of Ay

Section 4.1.2 in the main text constructs a transfer scheme A;;, such that the evolution of aggre-
gates is identical in the incomplete and complete markets economies. I now show how to modify A;;
in the model with endogenous labor and sticky prices to obtain the same result. I therefore replace
(Yss — Yi)ei s in the definition (60) of Ay with (wsshss — wihi)e;r + Ai(dss — di) so that now

ACM _ Agg ACM
Ay = %af}iﬂ + ai {(14ry) — ,Zi (1+7)} (A126)
CtCM — CSS ss
+ C—Cz’,t + (Weshss — wihy)eiy + Ni(dss — dy) — rosAgs + 73,

These transfers are again cross-sectionally purely redistributive

/Ai,tth - (AthL]\{ - Ass) - (AtCM - Ass) + (CtCM - Css) + (wsshss - wtht) + (dss - dt) - TtAtCM + Tt

= (AGY = As) = (APY = A) + (CFY = Co) + (Yoo = Y3) = 1reA7Y + 73 = 0.

Household budget constraints are satisfied

Al Al
(1+ Tt)ai,t — Gy + eigwihy + Nidy — 7 + Ay
ACM o
t+1 55 _ss ss Ss
= Q141 + (1 + TSS)ai,t — Gy + ei,twsshss + /\idss — Tss

ASS

CcM
At+1 B ASS ss + a5
- A i,t+1 i,t+1
ss

Al
= Qj411-

The consumption Euler equation is unchanged and thus also satisfied. The same arguments apply to

the transfers defined in Section 4.2 and are thus omitted here.

50Wage setting here can be thought of as the flexible wage competitive limit of the wage setting model in Hagedorn
et al. (2017a).
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Derivation of Phillips Curve

The firm’s pricing problem is

Vi (pjt—1) = max %y (pjt; P, Y1) — wy(pje; P, Yy) — @ (ppjt — Wss> Y: 4+ BMVii (p4e)
it L it—1

subject to the constraints n;, = y(pje; P, Y:) = <%t>7 Y,
Equivalently

_ Dji [ Djt B Pt B Dt oM
Vi (pjo_t) = max -2 (2L) v, —w, (22} v, — @ — 75 | Y+ BCMVL (s
! (pjt 1> H;ix F)t (Pt ) K e (Pt ) ! (pjt—l m > ! ﬁ i (pjt)

The FOC w.r.t pj

—€ —e—1
DPjt Y (pjt> Y, / ( Djt ) Y, CMy s
1—e P B Tew D - @ — Tss +5 V. ) =0
= (Pt) P\ R P, P P ‘1 (o)

and the envelope condition

Djt+1 Dijt+1 Yit1
Vi (py) = @ (J__W )J__
() )

Combining the FOC and the envelope condition

—€ —e—1
(1—¢) (@) ﬁ + ewy (@) ﬁ — P (& _ 7Tss> Y + @CM(I)/ (pjt+1 _ Wss) Pjt+1 Yig1 —0

P, P, P, P, Pjt—1 DPjt—1 Pijt Pt Pyt
Finally, on the basis that all firms choose the same price in equilibrium, that 22 = 7., and
dividing by Y;/P, = Y;/p;: yields the non-linear Phillips curve:
/ CM x/ Y;f+1 o
(1—¢€)+ew, — @ (my — mgs) M + L7 D (mp01 — Tss) Tit1 v, = 0. (A127)
t
Linearization of the Phillips Curve
A linearization of (A127) around the steady state yields
€pY; — 0ty + MO, = 0 (A128)

where 6 = ®"(0), ®(0) = 0 and @, = Y; (from linearizing (A125)) and 7 is the deviation of inflation
ep

from its steady-state value m,s. Equivalently, for k = <
7= kY, + BMA (A129)
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or in terms of prices
pe = Pr-1 = KYe+ BN (Drar — P, (A130)

where p, is the deviation from the steady-state price P = P*(1 + my)".
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