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NOR-TECHNICAL SUMMARY

The ratlonal expectatlons revolution in macroeconomics has
emphasized the way 1in which the current behaviour of economic
agents - households and firms - depends on thelr expectations
about future events. And among these events are the future
policy actions of the government. ¥or example, the likely future
path of the money supply and the government's budget deflelt have
immedlate effects on the exchange rate and interest rates, as
recent events in the US clearly demonstrate. Thus expectations
concerning future government actlons affect the current state of
the esconomy.

The key point of the rational expectations hypothesis is that
expectations of future events should be modelled as if they are
formed by making predictlons which use available information in
the best way. Thils implies that knowledge of how the economy
works should be used in calculations inveolving expected future
events. BSo, for example, if inflation were known to be related
to the money supply, ratlonal agents would not forecast inflation
by looking at past inflation and exirapolating this behaviour
into the future, but would instead forecast the future path of
the money supply, and compute the future inflation implled by 1it,
using the known relationship between the two,

This aspect of rational expectations raises questlions concerning
optimal poliey for the government. An optimal policy for
monetary and fiscal policy can s%111l be computed, but the
relevance of such optimal policies has been questloned. This
issue was f{irst highlighted by Kydland and Prescott in 1977 in
thelr discussion of the "time-inconslstency” of optimal plans.
There are a number of famous examples of such time inconsistency.
In the field of macroeconomles, the most stralghtforward 1s the
example of monetary policy and inflation. Suppose the government
desires lower rather than higher inflation, and higher rather
than lower employment and output. In the short run money wages
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are fixed, vut in the medium and iong run the rate of wage
Inflation depends, Indirectly, on the expected rate of monetary
expansion. Then the government has an incentive to announce a
monetary polley which 1s 1initially qulte expansicnary, slnce with
fixed money wages a higher money stock will cause higher
employment and output, but which 1s subsequently much tighter,
since In the long run faster money growth merely induces more
rapid growth of wages and prices and no long-run change in output
and employment. Thus the government may want to have a2 monetary
poliey which 1s "loose"” now, but whiech 1s tight in the medium and
long run. This may be the optimal policy for the govermment.

And indeed, If the government were able to commit itself to a2
partlcular poliey, this may be the one to which it would commit
itself.

Bowever this policy would be difficult for the government to
sustain without such a precommitment because there would always
be a temptation to introduce an unexpected but temporary
loosenling of monetary pollcy to produce a 1ittle more output and
employment 1in the short run. If the policy were unsustainable
for this reason, people would always expect inflation, and the
government would slmply run the appropriate loose monetary poliecy
consistent with nigh inflation.

One consideration which may affect a government ls concern for
its "reputation®. This may persuade 1t to stick to the optimal
tight money polley if the private sector may 1interpret a
deviation from 1t as a sign of weakenlng which presages loose
money 1n the Tuture, thereby inducing expectations of future
inflation, hlgh wage increases and high 1lnterest rates. Once
lost, a government's "reputation” for sticking to 1ts (announced)
tight money pollcy may be difficult to recover. Thus a
"temporary" relaxation of policy, whilst attractive when the
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economy belleves it to be merely temporary, may become very
unattractive when the price 13 a long or even indefinite perlod
of high inflation or higher unemployment In the future.

The purpose of thils paper 1s to formallize this argument and show
that the "reputational effect”™ can exercise sufflicient discipline
on the government so that it wlil stick to its optimal
macroeconomle polley. In recent years thls ldea har been applled
to simpie examples, and this paper generalizes the analysis to
any linear macroeconomlc model and quadratlc objective function.

The paper shows that the exlstenee of a sequence of random shocks
hitting the economy (such as OPEC prilce increases, unexpected
financlal innovations, or foreign flscal and monetary policy
shocks) may be importent il reputation is %o disciplline the
government sufflclently. The paper alsc shows that the
government must have a sufficiently long-term view in order that
reputatlon effects influence 1ts choice of poliey in this
fashlon.

Similar results have deen obtained by Currle and Levine (CEPR
Niscussion Paper No. 94, February 1986) using a continuous-time
model. The analysis in this paper uses discrete time methods,
and so 18 complementary to the work of Currie and Levine.



I. Introduction
In 1977. Kydland and Prescoit asserted that "there it no wav contrel

theory tan be made applicable to econemic planning when expectations are
rationai.® The purpose of this paper 1s to show by contrast (1) that

control theory can be used to desiga optisai policy aad (2} that. in a

Wide ciass of dynamic models with rational expectations. the optimal
policy 15 consistent on Kydland and Prescott’s definition of consisteacy.

This paper extends the work of Barre and Gordon {1983} to a w:ider
class of econemic models and obtains results for gemeral linear dymamic
rational expectations modeis which may have additive shocks. We use the
framework of dynamic games plaved over an infinite horizon. &y coatrast
with oar eariier work on sacrecconomic policy {Backus and Driffill, 1985a
and b) we here assume that the objectives of all the players in the game
are common knowledge.

The planning problem can usefully be thought of as a game piaved
between a governament and agents 1n the private sector of the economy. In
each time period the government selects values for some policy
instruments, and the private sector aaents amake some decisions. In &
nodel where expectations are laportant, the private sector decisions will
depend on the current and expecied future decisions sade by the
governaent. For example, the governasent's policy iastrument might be the
nominal money stock in each perind, and the private sector might have tg

make a decision about the allocation of its portfolio of wealth betwsen



saney apd other assets, investment in real capital, and se on. Typirally,
the private sector's optisal decislon in the current period will depend on
both the current money stock and its expectations about the entire future
path of the soney stock, based perhaps on beliefs about the goverpment’s
policy rule.

In this paper we consider linear macroeconomic models with
stochastic shocks 1n which the current state of the economy depends on
expectations of future vaiues of some variables. The government has a
quadratic objective function which Is well known to sll the plavers in the
game.

If the gaee is plaved a finlte number of periods, there is a unique
subgame-perfect equilibrius sofution, and this 1s the same as the selution
which Kydland and Prescott called the “censistent™ solution. This is the
only soclution of the game which the government can achieve in the abserce
of being abje tp make a binding commiteent at the start of the game to
follow a particufar strategy throughout. This solution will tend ic he
worse than the “eptimal” scletien which 1s the best one the government
could achieve with the help if necessary of a binding commitment at the
start of the game.

If however the game is played an infinite aumber of times, there is
no longer a unigque consistent policy for the government to follow, as
Barro and Gordon {19832 and b} have shown for the case of one particular
nodel. In addition to the policv which 1s the counterpart in the
infinitely repeated game to the unigue consistent policy of the finitely
repeated game {which they call the “discretjonary” peolicys, there are
other policies (“rules™)} which are better from the government®s point of
view and which are aiso censistent. Suppose the agents in the private

sector of the economy plavy the following strategy. If they have observed
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the governsent following a "rufe” 1m the past. they act in the expectation
that the governesent will forever continue to follow it. If however they
have observed the government to deviate from the rule, they act on the
expectatson of discretronary policy by the governaent from then onwards.
In this case, the government may wish at each stage of the game fo stick
with the rule, because if it deviates frem the rule its next hest
ajterpative 1s the discretionary policy. Providing it 1s indeed the case
that the government always under these circumstances wishes to stick with
the rule, then the expectations of agents in the private sector are
rational, and the rule 1s consistent. In this paper we show that in 2
general class of pacreeconomic models the optieal policy 1tself is
sustainable as a consistent rule.

Kydland and Prescoit in 1977 did not consider the possibility of
consistent policies other than the one which is analegous to that which
Barre and Gordon call the “discretionary”™ palicy. 7he other consistent
policies {"rules”} are supported by 2 reputational sechanise {again 1n
Barro and Gordon’s terminolegy). The governasent is induced to follow the
rule each period betause any deviatlon would destrov its reputation for so
d0ing. B8y contrast, when the private sector expects the goverament to
pursue the discretionary policy i1n each future period, the best the
government can do 1s to pursue the discretionary policy. There 15 reo
+ temptation for the government to deviate from it, and the private sector’s
expectations are rational. The discretionary policy does pot reguire any
reputational effect to sustain it.

The plan of the rest of the paper 1s as follows, 1In part 2 the
optimal policy rule is derived for discrete~time stochastic rational
expectations modeis. This draws on the work of Levine and Currie {1984},

The derivatien used gilves z very simple way of calculating optimal policy



rules for such sodels. In part 3 the discretionary eolicy rule is
derived, and 1n part 4 the policy rules are cempared to see whether the
optimal ruje 1s sustazinable. Part 5 contains some nueerical exasples

which illustrate general results, and part & a summary and conclusions.

2.0ptimal policy 1n a stochastic jinear model

The qeneral framework is as follows. 2t is an nxi vector of state
variabies. of which the first nr {x¢} are predetermined variables ard the
remaining nz (yt) are non-predetermined (n: + npz = n). u+ IS5 an @ vector

of palicy variables. The equations of motion of I are
Xt+1 5 AriXxe + Ar2ye + Blut + vxts: (2.1a)

Evyie1 = Az1%e # Azave + Ezun {(2.1b}
where A and B are nxn and nxm matrices of coefficients and vxier 3s an
ni-vecter of white noise innovatlons.

This structure is used as a generai representation of mest dynamic
linear rational expectations aodels. The structure assueed Is
sufficiently general to allow for models in which anticipated aonetary
policy can have real effects, and these 1a which it 1s ineffective.

The government’'s oblective 15 assumed to be the minimization of the

foliowing expected ioss function

ExBE@(za 910+ 20'Ude + wo'H'Zc + diRued. (2.2}

The minimization of (2.2) subject to (2.1} would be straightforuard
but for the fact that {2.1b} has the expected value of ves1 on the left
hand side rather than the actual values, and at any given time t the
values of vyt are not predetermined. Egquation {2.1b} may be replaced

uith



yYier = Agixe 4 Azzye + Bzue 4 vyrel (2.1b"}
where vyeses 15 by construction the imnovation in yee:, and its value is
uncenstrained extept by the requirement that it should be uncorrelated
with any variables dated % or earlier. It is no! exogenously given,
however, unlike vkee1r, and lndeed it is a consequenge of decisions taken
by the private sector i1n their expectations of yee1. The value of yo for
tz] {(denoted by vi1} 1s determined in the same way.

The optlmszation problem can be selved in the following way. First,
y1 and vyt. t=2,3,...., are treated as exogenous, and an optimum feedback
rale fer us 3s computed, Then, values of yi aad vvye which are optimal
from the governmsent’s point of view are found. Finally we check that the
optimal feedback rule for ue can be expressed 1n such a way that, given
the rule, the pravate sector of the economy sakes its declsions in such a
way that the realizations of y1 and vyi are those found in stage tue
above.

We first conssder the estim:zation with respect to ur taking vi and
ver, £22.3...... as exogenous. If the probiem has been solved for time
t+] and future periods with the centrol vectsr expressed as a linear
function of the state vector at each point 1n fime, the cost-to-go
fupction at time t+1 can be written as a quadratic form in the state
vector at t+l, plus a constant. The cost-to-ge al t+1 can be written as
{7ea+1"Wesrzts1 + kes1 ). Thus at any time t, t=2,..... 8, minimlze With

respect to ut the tost function

EeiBlzesr "Vesrzees + Keead # 207020 + Ze'Uut F 9 U720 + e Rue (2.3)
taking 1. as given. This gives the standard result for us,

e = =Fe2e (z.4)
where

Fr oz {BE'VisiB + RITT(BR Vea1a ¢+ UT) {2.5)



and thus 2¢ evoelves according to

zesy = (A - BF}zt + w14 [2.6)
where vis1 15 an n-vector whose first ni elesents are vees: and the rest

are vyrs+1. The cost to go at t is thus

2o { BA-BFe)'"Ves2 (A-BFe) + G ~ YFr = Y'Fu’ + Fo'RFefze #

Bhesr ¢ tr(Buiiax) = zo'Vize + ke {2.7}

Providing Vit converges, it satisfies the eguation
V s BIA-BFY'V{A-BF} + ¢ - UF - ¥'F" + F'RAF t2.8)

and kr converges to
ko= tr(vRIg/{1-8 (2.9)

where £ = cov{Vi).

A cendition for tonvergence of Ve 15 that the syctem being
controlled should be stabilizable (Kuakernaak and Sivan, 1972. chapter &).
4 stronger condition which 1s sufficient 1s that the system be completely
controllable, If either of these hold, then ¥u converges for aay discount

factor b S .8

 Yhe linear difference equation system
Zret = AZr 4 Bue

1s completely controllable if the state of the system can be transferred
from any 1nitral state 2o at initial time te to any terminal state 7; at
time t; 1n a firite time ti-te. A necessary and sufficient condition for
conplete controllability xs that the column vectors of the controllability
natrix

P={B.AB AZE.,...., A" 1B}
span the n-dimensional space.

Stabilizability is a weasker condition, which ensures that, even if
the system 15 not completely centrollable, we can find & feedback matrix -
F such that A-BF js stable. Kwakernaak and Sivan define a stabilizable
systep as one whose unstabje subspace 1s contained in its controllable
subspace. Anv completely controllable system 1s stabilizable.



The expected discounted cost at t=i, the initial point, 15 obfained
as & quadratic form in the whole z vector, And likewise, the control rule
for uer 1n equation 2.4 15 expressed as a feedback on both x: and vi. And
the equation of motion for the systes under control, equation 2.6,
generates values of the state vector which depend on realizations of v
which are not excgenous. Therefore we pow proceed to the second stage of
the proceedure and find values of yi and vve which are optima!l from the
government's viewpoint. v 1% not predetermined at the initial period of
tiee, It can therefore be chosen so as to sinimize the ipitial expected
rost. By partitioning V conformably with (x v} and minipizing we get the

optimal starting value for y:

¥31 = =¥z iVaix:. {2.193)

Te minisize the stochastic part of the cast function, vyu should be chosen

s0 as to minimize Et-ave'Vve and this implies setting

..... {2.108)

L

Vet = ~V¥ra~l¥xiver, tz2,

The mintmized velue of the expected cost funciion is now

¥i'Viyr ¢ tryeiaB/{1-By,

where ¥* z Vrs-VizVe2~1lVzi.

Th1s expression now gives the snitial expected discounted cost of the
optimal policy. The values of the non-predetermined variables vi and veu
for tz2,3,... have now been expressed in terms of exogenous variables, x
and vxuv. However it does not give the optimal policy feedback rule 1n an
pperational form since the system of equations (2.1) with policy given by
(2.4) does not identify a unigue rational expectations soiuticn for the

godel. The reason is that the resulting systes, 2.6 above,



Ze+1 = (ABF}It % vuesa
is stable -- this 15 a conseguence of the conditions for the cenvergence
of the recursion 1n Vo In eguations (2.7) and (2.8) -~ and therefore any
value of v: is coasistent with 2 stable rational é;pectations path for the
economy. The usuai criterion of choosing the path that is stable does not
in this case enable private sector agents to sake & unique choice of
Etyes1. The same arguments apply to choice of vy,

We now go tc the third part of the argument in which we show that it
is pessibie to represent the optimal policy rule In such a way as to
induce the private secfor to sake decisions on Etyes: which will support
the values of y: and vze desired by the govermment. The technique 1s to
represent the optimal policy rule so that the path of the economy implied
by the optimizations above is the unique stable rational expectations path

It 15 ciear from equations (Z.10a) and (Z.3i0b} above that a2 variable
defined as a linear combination of xv and y1,

Prt = ¥Yarxe + Vazye,
will have an 1nitial value of zers (py1:0) and will have zero innovations.
pye 15 the shadow price on the non-predetermined variables. The system of
equations (2.6} can be transformed o give a system of equations 1n 1 and
prt rather thau xt and py:., and the contro! rule 2.4, ran be trensforped
so that ue feeds back on x+ and pyo

pefine

pt = Vze {2.11)
so that puv 15 the shadow price of zi.

Consider the motion of py throuah iime. B8y virtwe of {2.11) we have

paesr T Vziaear + Vazvien

= WxsTexesnr # VozEavesr + Yoa{xes1 - Etxesrh



+ V22{yess ~ Etyter}

T YziEexess + VazBEtvien. {2.12}

Thus as stated above, pyt contasns no inpevations ard can be treated as a
predetersined variable, The system of equations under control can he

transforsed so that thevy give the following equations In xt and pyi:

Kt+41 . it ¥t
= - -
Prts+l T(A-BFIT [; 9y;i] * [} jl {2.13}

where the matrix T 1is defined by

T =§—1 0 (2.14)
Vi

L
Now the value of the control varisble can be expressed in teras of

the predetermined wvariables x: and pyt as follows

T ~FT ¥ x1
Pr1

= ~{Fi-FzV2z~iVarjxe =~ FaV¥-lzzpye : (2.15)

The optimal policy rule derived here 1s equivalent to one derived by
Whiteman (19847 for an exasple with one non-predetermined variable and an
exogenous stochastic driving variabie, using frequency domain sethods. Tt
15 of course the same rule as discussed by Currie and Levine {1925} for
continuous time stochastic acdeis.

It now resains te be shown that the transformed system has a unigue
rational expectations equilibrium along the optisum path., As far as the
private sector of the economy are concerned, the centrol variable ur 1s
given by (2.15), the motion of pir is given by the last nz equations 1n
{2.13) and the equations of motion of xtv and ye are given by (2.1a) and
{2.1bi. Thus the svstem viewed from the prvate sector's point of view can

be written as
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Xxre1 = A11xe + Arzyr + Bide + vaxrad {2.16a)

Eeyeer = AziXxe + Azzye + Baue {(2.16b}

prest T (V21 Vzz) (A-BF)T- 1] xe ] {2.16c)
L?Yt

with e given by {2.15) above. This systes of eguations has been
constructed in such a way that a path of xt v: and pye which satisfies
Prt = V21xe + Vzzve (2,171
15 & solutien., However, there may be other stable soletions. IF that
were so, then, given values of pzt and x«, there would be other values of
vyt than that given in (2.17} above which were consistent with a stable
selution of the system. To check whether this is so, investigate the

rects of the system {2.15), (2.16) associated with the eigenvector
{¥21 Vz2z -1). {2.18)

The vector wt can be defined as

We = (Va1 Vaz -TH xe
¥t
pz1

Sy multiplving (2.18) inte {2.1é) and taking expectations we get the

following relation:

EeWrel = Voa({Vzz-iVziAiz + Azz)Vaz lut.

Thus the conditien for a unique stabie path given xe and pz: 15 that
the eigenvalues of {Vyz~?VziA1z + Azz2) have modulus greater than one.
{Hote that this condition 15 not the same as the condition that the
uncontrulled systes have exactly nz unstable roots. That condition can be
stated 1n the following way. If 6 15 a matrix whose rows are the left-
hand eigenvectors of A, and ordered im such & wavy that the fast nz rows of

§ are associated with unstable ergenvaiues, we have the relation

G22"%Gz2Arz + A2z = Gz2~YBr262:2



1t

where B is the matrix whose diagonal elesents are the ergenvalues of 4,

and Gzz is the last nz rows and columns of that sairix.)}

2.2. Alterpative representation of the optimal policy rule

The procedure used abeve for finding an operational representation
of optimal policy 1s nol the only one possibie. The aralys:s of Levine
and Currie {1984) suggests alternatives. For exasple they derive optimal
policy rules using Lagranglan methods. Ip the following paragraphs, their
derivation is used to get a different representation from the one above.

The optimization problem 1s as above. {2.2) is miniaized subject to

(2.1} with & given value of x1. Set up the Lagrandian
L = E1IFB{ze'02e +270 Uut 4 ur'Rue +

Zpier (AZy # Ble + vess - Zee:)) (2.19}

The first order conditions for an optisum are

U'ze + Rus + B'Etpres = O {2.20a}
071 F Yur + ATErpres ~Bipe = 0 {2.20b)
Az 4 But + vial = Iiaed {2.20c¢)

substitute for ue 1 {2.20b) and {2.20c) using (2.20a} to get an
autonomous system of eguations 1n 24 and pt

Mo aur e} o ] [Fe-utpein 187 :g‘[(]

LE. BR-iB’ Et?t:ﬂ - {A-BR-11E7) 0 Pufveat {2.21)
This is a system of 2n equations, and when B:1 it has alwavs n stable and
n uhstable roots. In fact if Ay is a root. then so 1s 1/As. (Kuakernaak
and Sivan, 1972, ch. 6, section &.4.4}, Along a stable path for the
variables we must have pr = Vxi:, where V s given by the equatien (2.8)
ahove. {If pr = Vze is imposed, for some arbitrary v, and substituted
into {2.21), it 1s feund that V must satisfy equation {2.8).1 MNow {2.8)
implies

pat T Wirxe + Vizve (2.22a)
byt = ¥zixe + Vazve {2.22b)
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{2.22a) can be 1mposed on the systes {(2.20) or (2.21) above, so that it 1s
reduced to equations in xt, vt and pye, and wt. In other words, the
government announces the policy rule for ut a5 a function of x1, vt and
prt, ahd the equation of action of pyr as a funcéion of xr, vv and pre.
The private sector then makes a decision about its expetctations for yeer.
The conditions for the isplied system of equations to give a unigue path
are the same as for the original svstem {2.21). (2.22a) hac already been
i1aposed. and (2.22b) must hcld along the stable path.

Thus when the optimal policy rule and the associated egquation of
sction of pyt is specified in this way -- as a particular function of xt,
yt. and pye -- then there 1S5 a unique stabje path under mild conditions,
Hamely, for S:l, there 1s a unigue stable path for the system under
control if 1t is stabilizable, guite independently of the stability of the
unconsrolled systen.

This procedure is different, however from the one described 1a
section {2.1). There, the policy rule for uc and the eguatjon of sotion
for pve wWere expressed in terss of xe and pyr only. vi had been
substituted ocut of them by, effectavely, imposing the equilibrium relation
{2.22p} which holds along the stable path. Doing that chanpes the dyrasic
structure of the system in a way which alters behaviour off the desired
path and conseguently changes the conditions for saddlepeint stability.

The second procedure pmay seem better In the sense that stability is
assured under weaker conditions, but it has the disadvantage that the
velue of the policy imsirusents 1s dependent on the current valves of
nospredetermined variables which say include exchange rates or stock
parket prices. It may seem desirable to anchor current policy variables

to something firmer in practice. In the model discussed here, of course,
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assuming stability under both representations, it sakes no difference to
the evolution of the systes.

Yet another way of representing optimal policy would be as a
functton of current and past values of the innovations vxe. 8y applying
equation {2.13) repeatedly it 1s possible te produce an expressien for «:
and prt aéd consequently uir as a function of vus..... ver. If the optimai
policy ruie 1s expressed in this way, then the system under control will
have saddlepoint stability if and only if the uncontrolled system had.

It 15 not surprising that the fora in which optieal policy rule 3s
expressed affects the stability of the system. Aoky {1985) makes the
observation that it satterc whether the rule is expressed as a feedback on
state variables or as a function of exogenous imnovations enly, or as a
nixture of the two, as far as the stability of the system 1s concerned.
This 1s particularly important 1a the coentext of rational expectations
nodels where 1t is important to have saddlepoint stability, so that there
is a unigse stable rationai expectations path.

Currie and Levine (1985) discuss alterpative representations of

optimal policy rules in some detail for continuous time stochastic models.

2.3 Cost-to-go under eptimal poliey

The expected cost of the eptimal policy was given above In equation
{2.18) as

x1°Vexs 4+ tr{veXi1) B7(1-B)

shere V® = {Vii-Viz2¥zz-i¥21). This 1s the optimal policy at the start of
the plan when t=1, and pye=0. However. later on during the course of

time, pyr will not in genreral be zero. Since the cost will 1n generai be

{(xe® Vt'W[h] +triveiha) & (1-B)

¥
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#We can write the expected cost as & function of the predetersined

variables as

it 'V xe 4 pre'Vz2olpye + tr{vi)B/(1-B) (2.23)
The second ters in this expression plcks out the additienai cost caused by
having to continue with an eold plan, and te carry out the accumulated
commiteents, rather than to start afresh. in which case pye would be reset

to zero and the term would be deleted.

2.4 .Evolution of system under optimal policy

We can srite the dynamic systea for xc and pye as

feen = T(A-BFIT-V§ x4 #Hlyxean

Prisi Pyt & {2.24}
where T is the transformation tatrix defined above in equatiocn {(2.14).
Let G be the matrix of left-hand eigenvectors of {A-8F) and A be the

satrix of eigenvalues. Then the above systesm can be written as

Xt+1 = TEA(TE) ¢ | xe  [4fvxras
Presr = Prt b} * {225}
or as
Xt T . Vet-3 —r
R TeA (TG} "¢ (2.26)
Pyt i} J

where vai1-1 can be defined as being xi-T, 3.e.. t-T being the date at
which the optisization was carried out. So the variables can each be

uritten as a distributed [ag on past innevations 1m xe.
T.
n:zohxwu—t

Pre = XTIhpsvnaa (2.27)

Thus the cost to go in equation (2.23) above can aiso be written as a
quadratic fore in the innovations. Hriting vxt,T as the vector of

innovations from t back to Tt . and hx as the satrix (hxe hxt-i hxtez ..o...
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hxe-13, and defining he sisilarly, we can write the cost-te-go as

ve T ' {ha’¥*hx + hp'Voz-lhpive, T4 tr(VRi11)B/(1=R) {2.28)



16

3. The discretionary policy rule.

If the government is optisizing in a discretionary way, then at each
period of tise it optimizes taking the state of the economy x: as given,
and knowing that it will apply the saee procedure in subsequent periods.
It cannot take as given either the non-predetermined variables ye or the
artificial variables py+ which ensbled it to sustain the commitaents
needed for the optiimal programme. The following derivation vields a
policy rule which is the same as that derived tn Backus and Driffill
{1985¢) and 1s eguivalent to the tiee-consistent solution derjved by Cohen
and Michel (1985) for a singie variabie continucus-time sodel. The
derivation used here draws on that by Oudiz and Sachs (1985).

Consider the optimization probles at time ¢. Since xt is the enly
state variable, expectations of vee: can depend only on xes1. We may
write

Eeytsr = HevsEoxees (3.1)
where His: 15 a matrix to be defined fater  Suppose the cost-to-go From
L+ 15 xts1'Nesaxes1 + Weez, mhere wees 15 some constant. Then the

optimiztation probiem for the government is to choose ue to minimize

Alo(xess "Huserxeas + Wrsd} + ze702¢ + 27¢'Hut + ueRue
subject te (1) and (3.1). Using {1} and (3.1}, y: can be eliminated from

the maximand and the equations of motion. The problem can be rewritten

BEe(xeat'"Hearxues #+ wWea1) + xo0xe # 2x0 #ie 4 ueRu

subject to

Xtey 2 Axt + Bur + vares

shere the variables are defined as follows

Je = (Azz ~ Heerdaz) F(Hesads: - Az3)
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Ke = (Azz - Heerdrz) " H{HessBy - B2)
At = Air + Mzt
Br = 81 + Aizke
e = Qa1 + Je @2y + Q12d0 + Je'Q227e.
B o= Qrzke # Ju'Qeake + U1 + Je'U2

Re = (R & Ke'OzzKe + Uz'fs ¢ Ke'Ufz)

Then optisization gsves the standard result that the eptimal choice of ue
can be expressed as a feedback on xt

Ut = ~Fixs

where

Fo = (v + BeB HeasBodmigi + BEewtesife)
Consequently the values of Mis: wie: and Hres can be updated as Follows

We = BiFv-FeFed 'Hues (R-Fefed + 80 - Fo'lle - Uu'Fe + Fu'Refu
We = Bursr +7tracelMessfhu}

He = Je - KtFu.

Gudiz and Sachs remark that there exist no geperal proofs of
convergence of thrs recursion but found no convergence preblems :n
numerical examples. Cohen and Michel (1985) prove convergence for an
example with one predetermined and one non-predetermined variable.
Providing the scheme converges we gel a stationary value of ¥, and H, and
. The beliefs of private agents about the refationship between xee and
yi+1 given by H are then consistent with rational expectations.

The way in which the solutien is derived makes it clear that it 1s
the heliefs of private agents about future policy, as summarized ia H,
which sakes the government unable to manipulate the economy with threats
of future actions, and so restricts it fo a time-consistent policy. oudiz
and Sachs (31985), Cotien and Hichel 1965}, and Levine and furrie discuss 1t
as the result of a strategic interactlon bstween current and future

governments, and that each government uses the feedback rule F because
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that is the best ane, given that future governaments wWwill use F. But it
1s aiso isportant te note the rofe of private secter expectations. By
adopting a particular value of H, the srivate sector constrains the
apility of the government to affect the state of the economy. The probienm
With the gane-between-governments interpretation is that there 1s no
reasan for a later government to want to punish a preceding one, if 1t is
costly to do so. {It will be shown below that it may be costly. In such
cases only beliefs heid by the private sector would sustain the consistent
policy.)

This policy rule 1s also a multidimensional generalization of the
one gerived by Whiteman {1985) using Frequency dosain eethods.

The cost-to-go under discretionary policy is given by

¥e'Hxe + trace(W faa1 B/ {1-8)) (3.15)

4. Compparing optimal and discretionary eplicy rules.

It 1s clear that if a government had a coampletely free hand, with no
cutstanding commitments left behind from earlier periods, thes the
optimai feedback rule derived in section 2 above would be better than the
discretionary ruie, assuming that the optimal policy rule would be carrted
out without reoptimization or cheating. That 1s to say that for any given

vaiue of x1,

xe"VEXe + Er(VEQa)B/{1-8) {4.1}

i5 less than the value of

re'Mxe + tritis B O-B). {a.2)

Thus, if the government had the choice, it would clearly use the optimal
policy. However, the optimal policy has the problem that it say be
difficult to sustaip without some fors of precemmitment to if. This 1s

the fawmpus time-inconsistency problem foreulated by Kydland and Prescott
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{1977}. 1n period 2 and in subsequent periods the cost-to-go under the

continuation of the optimal plan devised at t=1 1is

Xt'WExe 4 pye’Vazoipye 4 tr{VEM1 )R/ (1-8) (4.3}

where pyt« will 1n general not be equal to zere. By contrast the cost-to-
go at t=2,3,.... if eld comzitments are abandoned 1s the same expression
with pys set to zero, This 1s clearly an improvement and a government
which had the cheice would take it.

Huch of the discussioan of dynam:ic inconsistency has been based en
the assumption, sade either expliicitly or 1mplicitly, that the governsent
could abandon old plans and reoptimize. This invelves the government in
repeatedly making pians or announcements about future policy in ene perlod
which are repudiated in the next period but which are nevertheless
pelieved by the praivate sector. This is an unrsalistic situatsion. Of
course, as Kydland and Prescott observe, this 1s likely to lead to the
private sector expecting perilod-by-period reoptimizatien, and this will
iead the government to being stuck with the discretionary pelicy as the
best it can do. In some cases this may not be too bad relative to the
optimum policy, and in others it mav be terrible. Kvdland and Prescott
discussed the case where the pslicy was & tax on capital, and there the
discretionary policy is terribie. #hiteman (1985) discusses varlous
macroeconozic exasples where its relative demerits depend on the time-
series properties of the exogenous varlables driving the system.

The idea that the governmeant will not be able to reoptimize,
repudiate old pjians, and at the same time have the private sector continue
te beiieve its plans {except insofar as they are consistent with peried by
persod optimization) 1s embodied in recent work by Barro and Gerdon ([1983a

and b), Backus and Driffill {1985z and b), and Barro {1985). Barro and
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Gordon in a simple macro asdei assuse that the governseat’s anncuncesment
that it will stick to the optisal pelicy will be believed so leng as it
does that, but that if it ever deviates frosm playing the optisal policy,
then for some period of time afterwards the private sector will "punish®
the government by expecting that the government will use the tims
consistent policy. Backus and DPriffill rationalize a similar situation by
usimg Kreps and Wilson‘s (1982} enalysis of the “chain-store paradox® and
ieposing on the private sector beliefs about the government's behaviour
which are updated as the game is plaved.

These assumptions about private sector behaviour seem smore plausibie
than the degreee of gullibility 1mplied 1n the traditional comparison on
which the "time~incansistency probles” 15 based. It can be incorporated
in the present analysis as felleows. Assume that the private sector agents
play as fallows: if the government has alwavs plaved the optimal policy,
the private sector will act in the belief that the government will forever
continue to do so. But if the governaent ever deviates from the optimal
pelicy in any period, the private sector #ill froo then enwards expect
discretionary policy. Thus thé government in any period has a choice not
between {4.3) and (4.1}, but between (4.3} and (4.2).

Comparing the two expressions, the cest-to-go of sticking fo the old
optsmal plan is no greater than the cost of going over to the

discretionarvy policy if
e H{VT-H)xe 4 peitVaztipyr ¢ tr{{ve-wiriy 3B/ (1-B15p (4.4)

The first and last terms of {4.4) are non-positive, but the middle tera is
non-negative, and so it is not clear whether the whole expression is non-
positive. Consider two cases., first a deterministic aodel, and the a

stochastic sodel.
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In the detersinistic case, the third term in (4.4} is resoved.
There is no teeptation to abandon the oid plan if for all t=1,2,....

Xt "{V*~Wlxe + pye'Vaz“lpy,e % 0 {4.5}
where xt and pye are given by {13) with vii set to zero. Froa (26 we

have

xr = ((T&lnaht-i (760411 + {TGlizdzt-1{TE) 321 )1 (4.6}
Prt = {{TBJ21dgt-1{TE) %15 4 (TB)ealat-E(T§)"i21)1s (4.7}

((TG}r: s the matrix consisting of the first ni rows and colusns of {16},
{T6)"*11 is the first m rows and columns of the inverse of (76), and A:
is the matrix consisting of the first n; rows and columns of the matriy of
eigenvalues of {A=-BF).}

There do not appear to be any gereral results on conditions when the
inequality 4.5 will be satisfied. It deperds on the podel and the
ebjective function, and also mavbe on the snitial value of the system x1.

Because of this, Currie and Levipe suggested that the presence of
uncertainty may help to support the optimal policv. HNow consider the case
where the model is stochastic. If the variance-covariance matrix of vse
is non-2erc, there is the third term in (4.4) which 1s non-positive, and
this may help to tip the scales i1n favour of the optimal policy. However,
if the mode{ is stochastic, then x. and py: are randos variables whose
distribution depends on the value of the variance-tovariance patrix Xi:.
It will not as a rule be possible to exclude the possibility of the
expression in {(4.4) becoming positive. For exanple, suppose the
distribution of vat is npon-degenerate sultivariate normal, then at any
tiee t:2.3,.... it i5 possible that the innovation vxu is such as to make
tt zere or sufficrently clese to zero whilst leaving py: large enoush for

the whele expressien to be positive.



22

In a similar excercise using cortinuous-time analysis, Gurrie and
Levine {1986) show that if the support of the distribution of shocks is
bounded and the discount factoer is large enough, -then guite generally the
optimal policy rule 1s consistent. The argument Is basically the sase as
that of James Friedman (1977, chapter 8) in the context of oligopoly (in a
deterministic framework). The argument is as follows. If the support of
the distribution of vxt is bounded, then it wili be possible to place
bounds on the size of pyi via equation 2.27, and hence to place a bound oa
the size of the term pyt'V22-!pye in 4.4, This bound 1s a continuous
function of the discount factor &, B &[u.1].

Define F{8 = maximum pye'Vzz"lipye,

Vetsy
subject to pynggflhyxv::-s
and th-iiqu,;x]
Similarly v and ¥ are continuous functions of B, B g#%,ﬂ. Consider the
expression

(1-BIF(R) — (tr{H{p}-V¥{B)IX1:)R. {4.8)
This is negative when 8 = i, since {tr(W{B)~v3{B))R1} 1s strictly
positive. The whole expression (4.8) is contineous 1n B, ss@.g. and thus
there exists a region B { =Bi i 1n whichk it 15 non-positive. For
these values of B. {4,4) 1s aiso non-positive. Thus we can state as a

fheorem

In any stochastic linear model, if (i} the discount factor is sufficiently
close to one, and {ii) the support of the distribution of stochastic
stocks hitting the economy is bounded, and (iii) the private sector
responds to a deviation froa the optimal policy by expecting discretionary
government behaviour from then onwards, then cetimal policy 1s time

consistent,
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5. Numerical Exasples

The points made above can be illustrated using some ssall models.
Those discussed by Whitesan and Cohen and Hiche] will be used in what
follows,

Models with one predetermined varlable, one non-predetermined
variable, and one control variable are easy te deal with and at the sase
time rich enough to illustrate some of the possibilities mentioped above.
The exaeples of Whiteman and Gohen and Hichel fall into this class. In
this case, the equations for the evelutien of the system simplify
sosewhat, since ¥, vy, and py are all scalars. In the deterministic case,

equations {4.6) and (4.7) above can be writfen as
¥y = {agtd + (1-ajg}? in (5.1}
pyt = b{gt-1 -gi~1)n (5.2)
where a and b are defined by
a = {T6)1:(TE) *1s
b T {T6)z1{T6)"t11.

U]

The movements of xi¢ and pye over time will depend on the values of
a, b, or and gz. 9: and g2 musi be Iess tham one in abselute value for
the system to converge. But within that limitation are gquite a number of
possibilities, depending on the sizes and signs of these variables.
HWhiteman {1985} uses the following model. & non-predetersined
variabie g+ ks affected by expectations of its own future value, by an

expgenous drivipg variable x: and by a controd variable ue:

Ererar = 3y + X + W {5.1}
The variable e could be something like the exchange rate, For exanple.

The driving variable is some ARNA process, here AR{l), for simplicity:

Xts1 5 DXt + vieg (5.2}
where vess 1s a serially uncorrelated 1anovation. The government is

assuped to want te control the exchange rate, say, and also 1s concernhed
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about the cost of using the control variable. It atteapts to sininize =

cost functien

Etﬁzﬁ‘{ei + cuf) {5.3)

This is an.exasple which falls into the ciass of sodels discussed in
the above sections. HKere We have vy« = es. In terms of the sysbols used
above

Azib 0 8 =fo

i a iJ

o={0 o u:[-e.‘ R=c
1

o) L]

This system is not completely contrcllable because x cannot be comtrolled

"

at all. But it 1s however stabilizable. since the centrof variable u can
pe- chosen so0 as to produce any desired value of ets1 starting from any
point es.

Consider an example with the following numerical values: 5=.95, a =
1.2, e=1.0, § =0.96. In this case, if this is considered as 2
deterministic model, the cost io go under the optimal policy i1s 6.5983Bx:?
+ .516449py1 2. while under the consistent policy it is 1D.8068x:2, The

equations of astion of x¢ and pyt under control are
xt = {.95)%"4xy

prt = 1.0688((.95)t-F ~{ 419749} )1
Thus as the driving variable decays towards 2ero, the co-state variable
prt at first increases and then itself begins to decline towards zero. At
no time does the cost of the optimal policy exceed that of the consistent
policy. Over time, the ratio pye/xt increases towards 1.0688, and so the
cost-to-ge of the optimal pelicy at no time exceeds 7.}8834x:2. Thus in
this particular Enstance there is never any temptation for the government

to renege on the optieal policy under the conditions stated above.
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Consider the same sodel with slightly different parameter values.
Suppose that the value of b 1s reduced to .75 (fros .95). WNow the cost-
to-go under optisal policy is 1.49928x:% + .516449pye? while the cost
under consistent policy 1s 2.23861x1?. The equatiens of sotion of xu and

pys are now
1= {73t

pre 7 1.51792({.73t-1 + {.41975)t"1)x1
In this instance, the ratio pyr/xe appreaches 1.51792 as t increases, and
the cost of continuing with optimal policy approaches 2.68%22x.7 which
exceeds the cost of the consisteat policy.

So this numerical exsmple illustrates that just by changing
parameter values it 15 possible 1n the case of deterministic acdels to
have on the one hand a case where the ﬁpzinai policy is sustainable, and
en the other hand a case where it is mot. This supports the general point
pade above that there are no general conditions shich define when optinmal
pelicy can be sustained.

An interesting feature of this example is that the dynamic
inconsistency arises enly because the driving variable xe 1s non zero. If
there are no shocks in this model and x« is equal to zero at all tiees,
optinmaj and consistent policy colncide., There is nothing to do of course:
de should be set to zero 1n both case.

The results above bear out 2 remark smade by Khitemar that the
optimal policy does better relative te the discretiomary policy the more
highly auteregressive is the driving variable.

Consider now another example. This 1s described by Cohen and Hichel
{1985}. 1In this a predetermined state varlable xv is determined by its
oun past value, that of another {non-predeteremined) state variable, ve,

which C-M derive as the controf variable of private sector agents, and the
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governgent's control variable us. vyu behaves like a non-predeteresined

varible such as an exchange rate. The equations are as follows:
Xt+1 = axt + yr + Ut

Yee1 = baxe + bzve,
where bz 7 1 and a ( 1. The ebjective is to sinimize a discounted sum of

squared values of x. and ue:
£ z”t‘{qxz + oret).

This falls into the same pattern as before, this time with the parameter
values

a:la -f 8 =11 ¢=1{g 0 v:fo]

bs bz 0 o U. 0 J

and R = r, and 2 - . With az.5, biz-.4, b2=1.3, q=1,r=1,and bz, the
system behaves ;uch 16 the same way as above. % converges sonotonically
en zero. pyr at first increases, and then falls back toward zero. After
the first period, the optimal policy 1s more costly to continue than it is
costly to use consistent policy.

Hith the same nuserical values except for a change in by from -.4
to #_.4, the resullts are a little different, The feedback eayation for ur
is

gt = ~,7310374x1v ~ 0.427435x2¢
and the roots of the controlled system are complex. The equations of

motion of x: and pye are

xt 5 ~10.16B66(.545424) " isin{r{t-1}) - @)1

Pyt = 16.7567(.545428)t 1sin(r{t-1}}x:
where r = .047353 and * = _09858 (radians). The systee has heavily
danped oscillations. Starting out with x1 = 1.0, xe is at first postiive,
passes though zero between tz3 and tz4, and then it 1s negative until
after t=6%, when it becomes positive again. pyt starts out at zero when

t=1 and is thereafter positive for 66 perjods, peaking around t=3. This

is an exanple where xi passes through zero along the eptimal path, and at
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the same time p2eis non-zero. Clearly at this point the discretionary
policy has to be better than the optimal policy. 1In fact, in this
exasple, it turns out that the cost to go under discretionary policy 1s
less than under optieal policy from t=2 until t=25 at least. (At that
point the simuiation stops.)

Consider now sosie examples of stochastic models. The following
exaapie shous that the stochastic element can enable the optimal policy

ruie to be consistent. Take the "Nhiteman” exaeple above with parameters

Asfr 0 Tesol a:zfo 0] w=fo R
!_;.01.2 ;J [l:njﬁ 1} 8

s0 the autoregressive parameter on the predetermined variable 1s .7, and

]

i

1t

.96,

the discount rate is 4%, In this instance the cost-to=-go wnder optimal
policy is

1.23018x% + _516449py% + 29, 5243253
and under discretisnary pslicy it 1s

1.79971{x? + 24s8).
The splution for xe and py: under optimal policy turns out to be

SR ‘227’Vxl-i

Pro =1.738520NE(.7% - 4197491 }vmi-s.
If this ts treated as a deterministic model, with s%:0, and an jnitial
perturbatien vx1, vas being zero at all other times, then after t=3 the
discretionary policy would dominate the sptimal policy.

If vxt is a sequenee of i. 1. d. norsal random variables with zers
sean and variance s%, then it is not possible te rule out the
possibility that at any time the value of pyv 15 large enough {in absolute
value) and x: small encugh (in absolute value} so that the discretionary
policy appears cheaper than the optimal poelicy. In this case the eptimal

policy caanot be sustained as a consistent policy.
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But if the distribution of vxe is such as to limit the paxinue
possible value of pyu that could sver occur. then this say not be true.
1f vz+ is uniformly distributed over the (closed) intervsl from -1 to +1,
its.varxance s% is 1/3, and the maxisus possible value of pyr Is
2.79892. xf is non-negative, and examination of the above expressions
for cost-to-go under the two policies shows that there can never arise a
situation where the governsent would wish te switch to a discretionary
policy. In this case, the optimal policy is consistent. The private
sector’s strategy in this game is that if the governmert uses the policy
prescribed by the optimal rule 1n a peried, the private sector acts as if
they believe the government will stick to the rule forever, but if the
government deviates from it, the private sector acts as if they expect

pericd-by-period reoptimizatien from then onwards.

6. Coacius;ions

This paper has applied the lessons of Barro and Gorden and Backus
and Driffill to general dynamic stochastic smacroeccnomic models with
rational expectations. It shows that optimal policy rules 1n thess models
2ay be time-consistent when the private sector agents form expectations
about future goverament behaviour which effectively "punishes™ government
deviaticns from the optimai policy ruie. There is not always a need for
censtitutional restrictions en government action or some other form of
formal precommitment to achieve optimal outcomes. The game specified 1a
the above analysis uses the idea that if the government deviates from the
optimal pelicy rule, the private sector will cease to believe that such a
rule will guide policy in the future, and the government takes this
into account when deciding on its policy actiens &t each peint In time.

-Time—i1ncorsistency—tras Ooen used as--an-objection to pplicy-
JLoptimization as a—~theory—of pelicy. But-time ineconsistency itself ig
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Previgus criticism of optimal policy rules for being “"time-inconsistent™ has been

based on the anaiysis of a particularly simple model of private sector behaviour.

It has been asked whether there exists temptation for a government to “renege® on

an optimal policy ruie, under the assumption that the private sector would believe
that any new policy rule or pilan would be adhered to as announced. If such a

temptation exists, the optimum policy rule has been said to be time-inconsistent,

This is based on a surely implausible mode! of private sector behaviour, in which
it 1s assumed that the private sector has rational expectations of the workings of
the economy, except for a blind spot when it comes to forecasting the behavicur of
the government, In the case of the government, they simply believe the
government®s policy announcements even though they might thereby make systematic

errors.

We must mode) private sector agents' behaviour in such a «ay that their
expectations are rational with respect to government behaviour as wikh other
aspects of the economy. In addition we show that "rational expectations™ does not
identify a unique equilibrium of the infimiteiy repeated game, Both the
*discretionary® policy rule and the optimai policy rule may be consistent
solutions. Which policy rules are consistent depends on the way in which the

private sector agents piay.

Although a decentralised private sector has no strateg:¢ power -- individual ageats
behave only in accordance with individual self interest and act as if therr actions
do not affect the evolution of the aggregate economy —- it 1s nevertheless

flecessary to specify the policy problem as a game.

The anatysis shows that the stochastic element in models may be important in
letting optimal policy be sustained in equilibrium, as suggested by Levine and
Currie {1384). It matters whether there are shocks or not, and the distribution

of the shocks matiers.
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