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NON-TECHEMICAL SUMMARY

Tt 1s usually argued that a contract 1s important in facilitating
trade between two parties who have a long-term relationsghip
involving large specific investments. This 1s because ex post,
competition will have little impact on the terms of thelr trading
and so these must be governed instead by contractual provision.

A major problem facing the drafters of the contract is to
anticipate and deal appropriately with the many contingencies
which may arise. In fact since it does not pay to, or one

cannot plan for every conceivable eventuality, contracts will
typically contain large gaps. In this paper, we consider how
these gaps mignt bes filled during the course of the trading
relationship.

We study a situation where the dgaps are due to the inability of
the parties ex ante to describe the objective events which will
ex post determine their benefits and costs. (Ancther
interpretation 1s that the parties are initially unaware of how
their benefits and costs will be related to the cbjective
events.} A contract cannot be made contingent on the realized
values of benefits and costs directly, since these are only
{jointly} known to the parties themselves, not to the enforcers
of the contract - the courts.

The parties can to some extent make up £or this incompleteness 1n
the contract by building into it a mechanism for revising the
terms of trade as they receive information about benefits and
costs. Hotice that ex ante, it will typically be in their
interests to prescribe, as far as possible, the sorts of
revisions that can later take place. For example 1%, having
signed the contract, they each privately take actions which
affect the probability distributions of benefits and costs, then
the ex post division of surplus matters because it will affect
these actions. Or the parties may be risk averse, in which case
the ex post terms of trade will determine the extent of risk-

sharing.



(ii)

One striking conclusion of our analysis is that because the
parties can rescind the originmal contract and negotiate a new one
ex post, severe limitations are placed on the price revision
schemes that are feasible ex ante. We further show that these
limitations depend cruczally on what kind of communication
mecnanisik the parties have at their disposal.

For example, suppose the messages sent between them cannot be
publicly recordad. Thus i1f one party receives a message, he

can choose to reveal it in the event of a dispute, but is under
no obligation to do so since he can always deny that he received
it. 1Ip this case, the only feasible price revision scheme is
very crude: given that there is a single item to trade, the
contract would simply specify a no-trade price and a trading
price, which if necessary the buyer can raise and the seller can

lower.

On the other hand if a public record exists of all messages sent
and received, then 2 more subtle form of dividing the surplus is
feasible, but it is nonetheless still surprisingly resirictive.

We conclude the paper with applications of the analysis. We
characterise an optimal contract in two economic models: first
where the parties are risk averse, and second where they take
actions which affect the probable size of the ex post surplus.
In both models, if messages cannot be publicly recorded then

the fact that the surplus can only be divided crudely almost
always means that the contract is very inefficient. However, if
messages can be publicly recorded then it is possible to share

rigk efficiently in the first model.



i. INTRODUCTION

One of ithe mpat serious problems facing the writers of a contract ia
that of specifying all relevant aspects of contractuszl performence. In
particular, it may be prohibitively costly to indicate the precise actions
that each party te the contract snould take in every conceivable
eventuality. Becauase of these "transactien costs”, the parties are in

practice likely to end up writing a highly incomplete contract.

A formal distinciion can be drawn between problems arising from
contractual incompleteness and those arising from asymmetries of iaformation,
slthough the overlap between the two is considerable. In the latter case,
certain contingent statoments are infeasible because the siate of the world
18 not observed by all parties to the contract. In the case of contractual
incompleteness, on the other hand, the parties may have the sane information;
whet prevents the use of o complete contingent coniract is the cost of
processing and using this informatiocn i1n such a way thet the appropriaste
contingent statements can be included and implemented. These “"transaction
coata” {some of which go under the heading of bounded raticnality) may also

limit the complexity of contracts.

Problems of incompleie contracting have received relatively little
attenticn from economists, presumably because of the difficulty of
formalizing the notion of tranasaction costs. These problems have, however,
been recognized es having important implications for the organization of

econcmic activity {(see, e.z., Williamson (1979)) and lie at the center of the
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legal iiterature on contracts and of many contractual cases uwhich cone before

the courts {see, e.g., Bawson, Harvey and Henderson (1982)).

While the economics literature on incomplete contracts is snall, some
gitempts have peen made fo anelyze them. Among others, the papers by Shavell
{1679} (1984), Rogerson (1984), Dye (1981}, Grout {1984), Hall and Lazear
{1984), Tirole {1985}, and WYeitzman {1981} should be mentioned. DBecause of
the difficulties of formalizing the notion of transection costs, however,
these papers nave tended simply to assume that certain econtingent statenents
nave s Tired cost associsted with them —- in the exireme case this cost 19
infinite and so the statements capnct oe written into the coniract at all.
In Grossmen and Hart (1984}, a2 limited attempt wms made to pxplain why some
contingent statements are infeasible. In that paper, a model 1s considered
of trade between a buyer and seller of an item. [Tne model is similar in
apirit to one in Hall end Ilagesar {1984).) ¥From en efficiency peint of view,
the level of trade, a, end also possibly the payment p of the buyer to the
seller, snouid depend on the buyer's benefit, v, of having the item snd the
geller's cost ¢ of supplying it. Suppoeae, nowever, Vv and ¢ are pot
observable o the enforcers of the contract, i.e., the courts. Moreover,
although the values of v and ¢ are determined by the state of the world, w,
wnich is publieslly observable, suppose is too conplicated te pe described

L

unambiguously in the cuntractr—/ Then contingent statements of the form “q=a
~ A Avn . ; :

if w=w or {(v,c}=(v,2)" mre infeasible and so the contract 13 necessarily

incomplete.

In spite of this incompleteness, it may be possible for the parties to

meke both g and p sensitive to {v,c) through revision and/or renegatiation



of the contract once w is realized. This poasibility, whieh was not
conaidered in Grossman and ifart {1584), 1s the main concern of the present
paper. Tnat ia, we shall analyze the form of an optimal incomplete contract
under the aasumption that the parties te the contract cans revise and/er

2
renegotiate the contract as nev informzticn becomes available.—/

Given rational expectations by the parties, the fact that revisions will
occur will affect the form of the initial contract. Less obvious, perhaps,
1s the fact that it will be im the interest of the twe parties to try to

constrain or limit in the original contract the sorts of pevisions that can

later take place. Thsat is to say, the parties face the problem of desigaing
an optimel revision game o te played once the state of the world, w, is
realized in order to vield final quantities and prices which are
appropriately sensitive to w. This game or mechanism des:ign preblem will be
the focus of much of the paper. It should be noted that cur approach te
nodelling renegotiation 1a rather different from that found in the literature
oz noncooperative approaches to bargaininmg (see, for exemple, Rubinstein

{1981)).

In carrying out our analysis, we ignore other transasctiosn costs reasons
for contractusl incompleteness, such as bounded raticnality. This neglect
may be signifieant since pounded rationaliity may limit the types and
complexity of revision games that the buyer and seller can conceive of. We
ignore the complexity issue, not because we think it is unimportant, but
because we 20 not know how to deal with it st a formal level (for a
discussion of complerity, see, e.g.. Simon (1981)}. We also believe that in

at lesst some situations, the parties to & contract may be sufficiently



sophisticated to consider the type of revision processes we atudy, i.e., it
18 the inability to degeribe w which reslly conatitutes the major

“transaction cost"™:

The paper 1s crganized as follows. The model 1s set out in the next
Section, and the criticail assumptions concerning the timing and transmission
of messages are discussed. In Section 3, the class of possible trading
prices is {ound when messages cannot be verified oy outsiders. Section 4
doea the ssme, but under the assumption that messages can be verified. These
reaults are used for fwo different spplications in Seection 5. foncluaisns

are in Section 6.

2. THE MODEL

We consider the (loag-term) relationship between a buyer ana a seller of
an item or gocd. The buyer and seller write a contraet at some initial date
O which apecifies the conditions of trade between them in the future. To
gimplify, we assume that all trade occcurs at a single date, date 2. At date
2, either one unit 2a fraded, or zero. %he buyer's valuatiom of ome unit at
date 2 is given by the random varisble v and the seller’'s cost by the random
variable ¢. Theae random variables are determined by the state of the world,
uw, i.e. we nave

(v,e} = flw}
whers weQd, the set of all states of the world, and f is some function mapping
2

87, To simplify, we suppoze that the set Q 1s finite. The state w is

agsumed to be determined at date i, and is publically observable. The buyer
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and seller are suppoaed to imow the function U ang nence each can deduce the

pair {v,c} at date i, i.e. there 12 symmetric information between them at

-

date i. The period between date 1 &nd date 2 can be used by the parties io
5
revise and/or renegotizte the initial contract.-/ The segquence of events is

illustrated below:

%wo MF1 MPQ |
i i |
Contract {v.c) Trade? Disputes?
Signeg learned
by buyer and
aeller Revision

+and/cr renegotiation+
of the contract

Qur asaumption %s that if the good is traded mfter date 2, its value
drops to zero {emd it is mot ready to be traded before date 2). Any disputes
by the buyer and seller over whether the contract has been carried out occur
after date 2 and are resolved by & court. In fact, as we ahaili see, in
equilibrium, zno disputes actuslly occur. Finally, the digtribution of v and

¢ i3 assumed to be common knowledge at date O.

We suppose that the buyer and seller wmust make some specific invesiments
after date O i1n order to ensure that leter trade is mutually heneficisal
(aithough we shall not always be explicit spout theae). A3 a result of these
ppecific investments, the buyer sné seller are to some extent locked inte
each other after date 0. In fact, to simplify matters, we suppose that the
lock-in 13 eompiete, in the sense that by the tine date 1 arrives, neither
the buyer nor the seller can trade with any other party. At date O, in

contrast, we suppose that there is no lock-in, in the sense that there are
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many similar sellers (#25p. buyers) with whoa the buyer {resp. the seller)
can form & reiaticnship, and that the division of the ex-ante surplus between

this buyer and seller is determined in a competitive market for contracta.

With this background, let us now turn to the fomm of an optimai contract

b
at date O.M/ et g = 0 or i be the smount itraded between the buyer and seller

at date Z. Cleariy for trade to be efficient, we must have
{2.1) g =1 <> v )_c-i/

The first point to note 1s that this trading rule can be inplemented by
+he parties without writing a contract at date 01 they can simply wait until
date 2 and bargsin (efficiently) them aboui now the date 2 geins from %rade
should e dividea (note, nowever, that in order to realige the right ex-ante
division of surplus, 2 sidepayment will nave to be made from one party to the
otner at date O). The problem with this solution is that the ex-post
distribution of the surplus whien it generates may be undesirsble from an ex-
ante point of view. Thim will, in particuter, be the case if the parties are
risk-averse or if they tske sctions which affect the probepility distribution
of v end ¢ lin which case the ex-post distributison of surplus will influence

these actions). Throughout the paper, we will have one of these cases in

mind, which 18 wny the "nc date O contrac¢t” solution will be suboptimal.

The "first-beat” contract would specify the trading rule {2.1) and a
price plv,c) that the buyer must pay the seller in state w, where flw) =
{v,c), and pl.) 1s chosen to achieve an optimai division of the ex-past
surpius. In order to enforce such & contract, the couris would have to be
able to rule on whether a particular state w = Q'nad pccurred, which requires

that the parties describe w in detail in the date O egntract. OQur



asaunption 1a that it 1s prohibitively costly to orovide the reievant
detail aboub w, and se the first-best contract 13 infeasible. That is,
imagine thet o cons:ists of a 1ist ef factors, such &g conditions in ralated

input and output markets, the level of GHP, certain excnange rates,

whether a strike 1s 11 y in this industry, whether a war appears impminent
in the Middle-East, ete., efc. Some of these factors can ve thought asout
and described in advance, but others surely cannst. Also, even if all these
factors cen be anticipated and desecribed, the parties may not kpow the
function f at date O, x.e. they may noi smow now all these factors map into
their own velue ant cost -— it may only be after some fime of working closely
togetner that this mapprng is learned by them. In this case althougn
contingent statements about w at date O are possible, they are not useful

aince the relevant variables v,c with respect to which the statements should

be made are only distantly related to w.

S either because & cannct be described or because f 5 not known,
contingent statements ebout v,c are assumed to be impossible. To summarize,
the parties realize et date O that they will both learn (v,c) before they
trade, but they slso recognize that outsiders, such as the courts, will not
obzerve {v,c) ana nence cennof enforce irading rules or prices wWnich depend
directly on (v,c)-ff Az we shell ses, the parties may be able to overcome
thia ignorance of outsxders by sending messages whicn reveal part of {v,c) %o
the courts-il

YWe have argued thet the couris cannct observe {v,c). What caa they
opbserve? We suppose that in the event of # dispute, all they can determine

ig {a) whether trade occurred or not, i.e. whether g = C or i; (8) how much



e

the buyer paid the seller; {c) certain messages, letters or written documents
that were exchanged bxtween the buyer and seller between date 1 and date 2.
If we ignore {¢)} for a moment, the implicetion of {g) and (b} 1is that &
contract vatween the buyer and seller can specify only two prices, Pg and Pyr
where p, is the price the buyer sust pay the seller if ¢ = = {i=0,i}- The
effect of (c) is to allow 8 to depend on some messsges B exchanged by the
puyer and seller between dates | and 2. Hence the contract can specify price

R -4
functions gg(m), pllm) rather than just numbers B Pi’“/

Implicit in {&)-{c) 15 the assumption that the courts cannot determine
why, if 9=0. trade does mot oceur; that is, the courts cannct distinguish
betwesn non-trade due te the seller being uawilliag to supply and due to the

puyer being uawilling to take delivery.

given the i1nitial econtract, and omce messages have been exchanged, trade

will only occcur at date 2 if both parties are willing. The buyer incurs neo
penelties {over and above having to pay PO(?) to the seller} from not
accepting delivery, and neither does the seller from not supplying. That is,
trade will oeccur if and only if

vepytm) > - pylmd,
{2.2) and

pim) - ¢ 2 pyim).
The firat part of {2.2) says that the buyer is better off with g=i than ¢=C.
and the second pert says that the same is true of the seller. (2.2) can be

written more compactly as



(2.3) g=i <=> v > plm) - pln) > e

This same trading rule, out without the messages, 1s considered in il and

. g
Lazear (1984) anc¢ Grossman anad Hart (1984).~/

Before proceeding, we must mention an important 1mplicit assumption that
we have made. 7Tnis is that it is impossible for the buysr and seller fo
inciude a third party in the date O contraect, with fhis thard party acting as
a financias: wedge between the buyer and seller. In this cese the price paid
by the buyer in a particular state does not nave to equal the price received
by the seller, with the third party making up the difference. In Appendix 4,
we shall gave some reasons why three party contracts of this sort may be

difficult te implement.

Returning to the two party situation, let us consider now the exchange
of messsges between dates | and 2. To fix ideas, imagine that the date O
contract specifies only two prices pg, py, rather
than two price functiona. I ¥2p,~pyre &% date 2, trade will take place at
thege prices. DBu%, suppose that vde but either PI'PO>V or e¥py~Py- Then
even though there are gains from trade, they will not be realized ander the
contract. Hence the exchange of mesasges can be seen as & way of revising

the contract.

Put this way, the exchange of messeges (or proposals) is cleerly very
similar to what occurs in the classical bargaining problem where two parties
are deciding how %o divide a pie. There 1s no¥ a sizeable literature vwhich

anelyzes this pergeining problem as a noncooperstive extensive form game
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{see, 2.g- Rubinstein {1981}}. Unforiumately, the particular rodels which
have been anslyzed in this literature have features which seem unsatiafactory
for the purpose at hand. In particular, (a) they do not directly address the
izaue of what happens when there 1s already a contract in place; {b) they
tend to assume that the agents alternate in the making of propesals, which
seenms rather arbitrary; (¢) they de¢ not consider the issue of how it is
verified that an agreement has been reached or how the agreement is

enforced. Thus although influenced by these analyses, we have developed our

own maodel of the way revisions occur.

We imagine that the time between dates 1 and 2 is divided up into a
number of "days", as in Figure 1. Messsges or "leitters” are sent by =
totally reliable "mail” service and taks B dsy to arrive. There is one
collection and one delivery of msil a day {for both the buyer and seller).
Belivery of day (i-1)'s mail ocenrs before collection of dey i's mail. 'The
buyer and seller can send each other messages on the same day (i.e.

simultaneously), and cen send several meagagen ot the same time.

Dny 1 Tay 2 Day 3 Ty 4 +.. Dy n

Date 1 Pate 2

Figure 1

In Figure 1, messages can be sent on deys !-n. It is supposed thet messagea
sent on the last day, day m, arrive before the seller and buyer decide

whether to trade at date 2.
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We assume througnout:

Messapges cannot bz forged. That is, the buyer, say, cennot c¢ilaim that
the seller sent him a messapge vwhen in fact he really didn't. [If can be
imagined that all measages are signed by the person who sent them and

signatures cannot ve forged.

Al though messages cannot be Torpe#, it does not follow from this that

the reciprent of s message cannct deny that he received it. In fact, we

shall distinguisn bvetween two cases:

{a)

{B)

There 1% ne (public) record that any particular message was sent by one
party to amcther. If one party receives & message, he can choase o
reveal it in the event of a dispute, but 1s under no obligation to do so

gince he can alvays deny that he received it.

4 public record exisis of all mesasges sent (and received). Hence &

party cannot deny receipt of a measage.

cese {A) corresponds to the usual mail service. Case (B} correasponds

pernaps to the case of telegrams, where the telegraph company {assumed tc be

tetally relisble and honest) keeps a record of the contents of each telegram

lﬂ/

received or gives the sender a copy.—

It turns out that the form of the optimal contract is very semsitive to

whetker (A) or (B) applies. In the mext sectionm, therefore, we analyze fase
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{A) and in the following section Cazse (B). In both sections we moke one

further assumption:

(##) There is nothing to atop the two parties agreeing at eny time to tear

dp, or rescind, the date O contract ang write & new one.

{**) seems very reasonable. First, it corresponds fo the wey confracts
are treated under the law. Secondly, it 18 nard to see how the parties could

constratn themaeives in advanee not to revise a contract {but see footnote

i4).

3. CASE (A): SENDING A MESSAGE CAMNOT BE VERIFIED

The task facing the buyer snd selier at date 0 is to design s message or
revision game to be played st date 1, which will yield trade ang price
outcomes that are appropriately sensitive %o the realized pair {(v,c}. In
principle, this geme can be very complex: it may involve many woves by each
player, some of which are simultanmeous, some of which are sequential. In
fact, in Case {A), the game really consists of two sub-gaemes, cne of which is
the pure message game played between date | and dete 2, and the other the
dispute game pleyed after dete 2. In thias dispute game, each pariy decides
which of the messages received from the other party to revesl to the court (&
decisieon whieh may depend on the strategy which the party expects the other
part; to follow 1n this regard). This dispute geme is played after g nas
been chosen, its soncern being the price that should be pajid -- n if q was
equal to 1 and py :f g was equal to O. lNote that both aub-ganes are games of

compiete information, since v,c are kmown %o both parties at date 1.



A natural approach 1s to study the (perfect) Nash eguilibria of each
sub-game and, 1n lisht of this, to consider vhat 15 the optimal measage pame
for the buyer and seller to select at date 0. At first sight this exercige
seens daunting, given the potentially very large number of games which maght
be played. It turmns out, however, that, in Case (4), by virtue of {(*%) . the
rossibilities at the disposal of the two parties are actuslly extrenely

limited.

First, note thet in Case (&), neither party can be forced to send s
message; that is, the date O eoniract cannot, for example, peralize the buyer
for not sending a message by raising Pg and py, since the seller can (end
will) then increase his profit by denying that the messsge was received.
his is one way an which & third party could be helpful: the buyer's penalty
for not sending a message could be paid to the third party rather than to the
seller, which would remove the seller’s incentive to deny receipt. In
section 2. however, we ruled out third parties, an aasumption whien 1s

Justified in Appendix A.

Giver that the parties ca#not be forced to send messages, the contract
must specify the prices Pg» Py which will apply if no messages are sent.
One e¢en think of Pg» Py &3 being "default” or "status quo” contract prices,
i.e. prices that rule in the absence of revisiona. We nov show that, in Case
(A}, once the buyer and seller have chosen Pg and py, the whele of the rest
of the contract 1s determined. %he precise way 1n which this oecurs is

deseribed in Propositien i.

AN . .
Proposition ¥ Let (pO, p’) be the prices which the date O contiract specifies
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will apply if no nessages sre sent between dates | and 2. Then, in Case {4},

the trading rule and prices which will obtain at date 2 are aa followa:
(1) If v<e, ¢=0 and the buyer pays the seller SD‘
(2 Ir vl§1-$e>_c, q=1 snd the buyer pays the seller 31 .
A A N

{3) If v>c¥p,~Dn~, a=i and the buyer pays the seller p.+c.

26724~ By By

AA ”
{4) If p1~po)v2_c, g=1 and the buyer pays the seller peﬂr.

n
Propesition 1 is illustrated in Figure 2, where k-_‘-grpc, and v veries

between v snd ¥, and c between c and G.
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Figure 2

Hote that trade occurs if amnd only if it is efficieat ex-post, r.e. if and
only if v»e. In the no-trads region, the price is constant at Eb‘ The trage
region is divided up into three parts. In the dotted box, the anitial
contract price 31 rules. In the triangle to the Horth-Esst of this, the
price §D+c vules. And in the triangie o the South-West of this, the price

A

+ .
gty rules
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We remarked before that our assumption is that the divisien of ex-ante
surpius betweeen the puyer and seller is determined in the date 0 market for
contracts. Let 0 be the market eguilibrium expected utility level for the

i Ao AA . .
geller. Then given k, pg {and nence pt=po+k) will be determined 30 as to
satis{y the seller's expected utility censtraint. In other words,
Proposition i tells us that, given a fixed divisien of the ex-ante surplus,
. A
the puyer ang seller have not two degrees of freedom pG,’Sg, but 1n fact only

one, k, in structuring their coniract.

We now give a (somewhat informal} proof of Propositiom i. Consider
first the region v{c. Whatever messages are sent and revealed, the parties
imow that (2.3) cannot be satisfied. Hence they know that trade will not

oceur st date 2, and the relevant price 18 po(m) . This mesna that the buyer

and seller are playing & zero-sum game over the price Py Given that each
can hold the other o the price QD by sending no mesgages, and .reveéliag none
from the other party in the event of a dispute, it follows that the unique
Rash equilibrium price is ?0. Thet is, over the region v<c, '905/_;0 is

independent of {v,c).

A similar argument appiies to the dotted box region,
{3.1) v -Ryre-
Suppose first the buyer end seller send no messages- Then when date 2
arrives, in view of {3.1), the seller will wish to supply end the buyer will
wish to accept the good, and so trade will occur at the price ﬁ . That is,

it iz feesible for trade to occur withoui any revisions being nade to the
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contract. Hight trade take piace at any other price? The answer i3 no,
since, if the price were higher, as a resull of certain messages or
revisions, the buyer could do better by sending no mesaages and revealing
nore from the seller, which wouild guarantee him a price of Sz. Similariy, af
the price were lower than 31, the seller could do petter by sending no
messages and revealing none from the buyer. %hat is, each party can hold the
other to trade at the price 31, gnd so this must be the unique perfect Nasn

eguilibrium.

Although this aergument is very similar to that given in the no-trade
region vie, it iz in fact = bit more subtle. The game 13 not zero sum
anymore since even thoush trade can take place at the unrevised contract
prices %31 . the parties may exchange messages in such a way that the final

prices pG(m). p1(m} do not satisfy (5.%), in which csse trade will not oceur.

In view of this, one party mey try to threaten the other. For example, the
buyer may send & letter to the seller saying, "If you don't ngree to a price
substantially below @1 , I won't buy frem you". Such s threat ia not
credible, however, aince the seller xnows that if he ignores the letter and,
come date Z, suppiies the good, it will be accepted. So as long as we
inelude the reguirement of perfection or credibility, 3.5 13 the unique HMash

11
equilibrium price in the dotted box—/

Consider next the triangle Morth-East of the dotted box, where
Fa TN 38
{5.2) Y>> Py ~Dg-

) "
Fhe seller can always gusrantee himself o net return of B, by sending ne

messages toc the buyer, refusing to deliver at date 2, and denyang receipt of
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eny messages in the event of a dispute. Hence if trade deoes occur, the buyer
must pay the seller at least 30+cﬂ roposition ¥ tells us that, in the
region where {5.2) holds, the buyer need pay no more. ‘The way the buyer
achieves this i3 as follows. PFirst, he sends no messsges to the seller until
the last mail day before date 2. Then on this last meil day, he sends the
following letter: ©I propose that we rescind the old contract, and write a
new contract with prices (p,, §b+c). If you agree, sign here and retaan”.
Hote that the buyer is offering to raise the price in this new contract --

. A ~
since pgrerp, by (3.2).

This proposed new contract has the following effect. The seller will
now be prepared to supply the good at date 2 since he knows that, if there is
& dispute, he can always produce the nev signed contract as evidence and
obtain at ieast the price ?b+c. HMoreover, the seller :s umsble to chtain
more than (§b+c) because the buyer can always wait for the seller to produce
the new contract snd deny receipt of any messages under the old eontract
which magh%t raise the price above ($b+c}. fote that at the unrevised prices
(36, Eﬁ), the seller would not sgree to supply the good since his net return

fa ia bel Fal
P;-c is below p,-

At first aipght it may seem odd that the buyer 1s able to get all the
gains from trade under {3.2) {i.e. the seller is indifferent between nnt
trading under the old contract and trading under the new one}. W¥hy can't the
seller offer & similar “take it or leave it” new contract at prices (55,
gb+v). thus giving himself al} the surplus? The answer is that the buyer has
no 1ncentive to sign such a contract. It is better for him, in the event of

n oA
a dispute, to rely on the old contract, which gives him a price of PeepytY
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{ty {3.2)). 1In other words, the aaymmetry between the buyer and seller comes
from the fsect that, when (3.2) nolids, the puyer prefers to take the good than
not gt the unrevised prices (SG' %1 }, while the seliler does not. So it 23
the seller who wsnta, snd hence will sign, a new contract, and this gives the
‘buyer the power to dictate terms in the "take it or leave it" contract he

offers on the last day vefore date 2.

In the triangle South-West of the dotted box, where
. AN
(3.3) Py ~EgPV2S,
the asymmetry works the other way. MNow the seller has all the power. (a the
" " Fa) A .
last day”, he offera the new coniract (po, pa*v) and the buyer is then

. A A

prepared to accept the good, imowing that be will omly have %o pay §O+v(p1.
The seller can dictate terms here because he iz heppy to trade under the old

contract, wnile the buyer wants & new contract.

We have now established Propoaition i. Two zpecial cases of the
proposition are worth noting. The first is vhere k{v in Figure 2. Then the
trading price is 304—:, end the buyer has all the power over ithe whole region

‘ A

v>e¢. ‘'The second is where K2E, in which case the price is BV, and the ©

seller has all the power over the whole region v>e.

Bemark: The way ex-post surplus is divided is very different from that found
in the literature on noncooperative approaches to bargaining {see, for
example, Rubinstein (188%)). It might be thought that the result that one
party gets all the gains from trade in one sub-region and the other party

gets all the gains in the other sub-region 13 sensitive %o our aasumption
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that trade must occur at dete 2 or not at all. This is not sc, however.
Suppose, for example, that trade can occur up to T "days" after date 2, but
that the vaiuve v and cost c sre discounted at a constant ratea 6<1 {and
hehee the surplus {v-c) shrinks at this rate}. The above argument shows
that, on the last day, :f trade nas not yet occurred, the buyer will get all
the gains from trade if (3.2) holds {and the seller will if (3.3) holds).

But this means *hat on the penultimste day, the buyer can and will offer the
contract which gives nim all the gains, and the seller may as well saign this
contract and trade then. (Again a new contract offered by the seller will be
ignored by the buyer.} Carrying this argument back to the firat day, we see
that in eguilibrium itrasde will take place at the first opportunity after date
2 at price Sb+° if {3.2) nolds {end &t price gofv if (3.3) holds). In fact,

this seme arpgwient generalizes %o the case T==.

The results of this section can be summarized es follows. When messages
cannot be verified, the sbility of the buyer and seller to limit the wey
contractual revisions are made in the future is very small. In fact, the
buyer and seller are limited to specifying /1;0. /1}1; once this is done, prices
in a1l states (v,c) are determined according to Figure 2. Given that '1:39 is
determined in the ex-gnte market for contracts, this means that the parties
have a single degree of freedon, ?1 «%Ek. In the next section, we shall see

that the perties have many more degrees of freedom if messages between dates

1t and 7 can be verified.
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b CASE (B): SENDING A MESSAGE CAN BE VERIFIED

A mejor difference between Cases A snd B 1s that, when measages can be
verified, the date O contract can force each party to send one or more
messages from & prescribed set. That is, suppose if 1s ex-ante desirsble for
the buyer to send ome of the measages bi'bz'bi' PR bm and the seller to send
one of the messages 51,52,33. . . sn netwean dates | and 2. Then, in Case
{B), this can be ensured by & provision which says that the buyer {(resp.
seller) must pay the seller {resp. buyer) a large sum if he sends = message
other than 31,b2,b3. . « {resp. 8, 18548z~ + .) er dcesz't gend eny mesaage

3
at Bl1.

For remsons which will become clear shortly, it is convenient to
consider the measage gome 1n mormel form. As shove, let the pessages -- or
strategies -~ of the buyer and seller be b1,. o aubpr Byae - 08

respectively-



Seller

89 82 a4 Ej Sp
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Figure 3

Any pair of messages (bi.aj) leads to "revised” contract prices, denoted by
(péj. ;fj). as in Figure 3. That is, if the buyer mends the message b, and
the seller sends the message Sj’ +he resulting price will be p%j if they
trade st date 2 and gJ if they don’t. The messages by ,. . -b, and oy .
=y 8.0 and the mapping from messages to prices, given by the paira (pij.

p?j). are cheice variables in the date 0 contract.



Al though (péj, pfj) are revised contract prices, they may not be final
prices. The reason is the following. Suppose v>e, the buyer sends bi and
the seller sends sj, put pgj - ;63 does not lie between v and c. Then
although trade is mutually veneficial, it will not take prlace under the
revised contract. However, it will then be in the interest of the two
parties fo rescind the revised contract and write & new contract which

enables trade to occur. We suppose that this Rappens in exactly the seme way

as in Szction 3. That 1s, if v>c the final trading price will be:

1] ifvzpfj—aiéic,
(4.1} p?j {vie) =dptd + o if v >eo> p%j - H§j’
i3, v if p%j - péj >ov 2 c.

On the other hand, if v < ¢, trade will not occur esnd the price will be ;%j.

We see then that the possibility that the contract can be renepgotiated
12
nas Ao important implication.——/ The date O comiract cannct make the
“revised" trading price depend directly on v,c {since v,c are not publically

observable}, but only indirectly via the messages b,

X .-z.‘j sent. However, it

iz clear from (4.1} that renegotiation can leasd to a final trading price
which depends directly on (v,c). Note that this is not true of the no trade

price, péj, which ruies if v < ¢, and which depends oniy on Si' bj.

Iet us return to the game, illustrated in Figure 3. Suppose firat that

v>e. Then it follows from the above argument that, whatever messages bi' sj



are sent, trade will occur. This means that the buyer ané seller are playing
a zero sum game where the payoff, p:J {v,c}, defined 1n (4.1}, 25 the amount
the seller receives from the buyer {this payoff ignores the buyer's wvalue v

and the seller’s cost c}. Let pf{v,c) ve the value of this game, defined by

m n i3
{4.2) pT(v,c} = Min Mex L I =m. p, p, {v,c),
T [2] .. i 1
i=1 3=1
m . 2] :
where n ¢ |nlx 3 0, T =m, =ij.peiplp2o, T p.=tl.
I R R I

Then, by the well-knosm saddle point property {(see, e.g., luce and Raiffa
{1958)), all Hash equilibria of this gamé {some of which may involve mixed
strategies) give the seller an expected payoff of p? {v.c) and the buyer an
expected payoff of ~p? {v,c). Amomg other things, this means that, although
there may de multiple Hash equilibria, they are equivaleat from the point of

view of the buyer and seller, i.e. they lead to the same expected payoffs.

If v ¢ ¢, the game is sgain mera asum, where this time the payeff is péj.

We denote the value of this game by

m a
(4.3) pt = MinMax £ I m, p. pe.,
0 O A o B ¢

where 1, p have the ssme domsnins as above. pE is the expected amount the

buyer peys the seller in the event of no irade. Againm, while there may be

multiple equilibria, they ere equivalent for voth the buyer and seller.

The fact that the buyer and seller play a zero sum game, both when v > ¢
and when v € ¢, justifies our decision %o analyse the gsze in pormel form.

In particular, since all HNasn equilibria of a zers sum game ars perfect,
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there 15 ne "loas of information” in moving from the extensive form of the

game to the noma: form.

43 we have noted, the task facing the buyer and seller at date 0 is to
deaign en appropriaie game, 1.e. appropriate messages (or strategies) h%"

., b, 8 <+ 8, and payoffs (péj pij), in the knowiedge that the value

-
R N . i+ L 3 . .
of this geme will be given by By {v,c) or Por depending on whether v > ¢ or v

£ #*
< g. While Py 15 & censtant, B

(v,c) varies with v,ec, and the next guestion
to msk 13 how. This question 13 fortunately not difficult to answer, given

the zero-sum property of the geme.

Proposition 2: Iet pf {v,2) and 15, defined in (4.2} and (4.3), be the

values of the sbove game, respectively when v > ¢ and when v < c. Then

{1} For ell v » ¢, p} (v,c} 15 nondecreasing in v and ¢
{2) v >c',v>e, and 7 {(v',e'} > 14 (v,c), then

=54 (v',e') - ¥ (v,e}) CHax { v - v, e’ - ¢}
{3) Por ell v > c, o (v.e} - v ¢ g 8 (vie) - c.

The first and thiré parts of proposition 2 are not surprising. Part one
tells ua that the price the buyer must pay for the good cannot full if the
seller's cost rises or if the buyer's valustion rises, The third part says
that neither the buyer nor the seller can be vworse off trading than pot. The
second part 18 a bit less intuitive, but it says, smeong other things, that if

v apd ¢ both rise by a, p? risesa by no more than a.
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13
1=‘1'ocaf‘:’-~—Jr To prove Part i, note that the final price contingeni on messages
bi and Si being fent, given vy p?‘-’ {v,e) 1n {4.1}, is nondecreasing in v and

5

c. Hence, :f v\ > vand ¢’ > ¢,

m n 13 a0 i3 .
(4.4 & T np.p. v ,e’) > £ E m.p.p Ylv,c} for all m,p.
o oany BT R U U ol |
i=} j=i =1 =1
From this it follows that
m n 13 n n 1 N
(4.5} Max I I #.p.p,9(v',c')} > Max L E m.p.p, Y{v,c) for all x,
- i~ 3+ = ; A A b
pox=l =1 p i=t =i
and hence that
13 n 34 m n i3
{4.6) Min Max £ T w.p.p, dfv' e’} > Win ¥ax £ E 3P 5By Iv,el.
n op ast g=t Y x op 4= 3=

This establisnes Part .

In Part 2, gset @ = Max ! v' - v, ¢' -¢}. If v e’} > pT(v,c),
then from Part 1, a > 0. I v' - v = ¢" « ¢ = a, it followa from {4.1) that
(4.7) p1ié(v’ A B pjij(v,c) <a for all 1 and j.
Henmce, again using Part i, we see that {4.7) holds if either v/ -~ v (¢’ ~ ¢
=z or
'

¢ -gc <€ v - v =a. Part 2 is then proved by spplying the argument of (4.5)

- {4.6) to (4.7).
To prove Part 3, observe that. from (4.1),
(4.8} psij(v,c) -v < poij < pgi'j(v,c} - ¢ for all i and j.

Now apply the argument of (4.5) - (4.8) to (4.8). 2.E.D.

Proposition 2 states necessary conditions for p“{(v,c) and pa to satiafly
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if they are to be penerated by n message game. The next proposition tells us

that these conditions are aufficient.

Proposition 3: Suppose ;1{v,c) and ;D astiafy
{1} For all v » c, ;1{v,c} is nondecressing in v and c
(2) v >e,v> e, and Bt{v’ ) ;:‘(v,c) then
;1(v',c'} - ‘1.:1(1!,1:) CMax | v - v, ¢ - e
(3) For s11 v e, ;)](v.c) -v< 505_ ;1{\:,::) - C.
[H v is never less than c {so that .1;0 is not defined) then conditien
(3} should be prefsced by "There exiats a ;(} such that ..."]
Then there exist messages 'b1, ey bm, Byr wees s and payoffs (poij,p1ij)

such thet PT{V’Q)' defined in {4.2}, esuals ;E(v,c) for all v > ¢ and p’a,

defined in (4.3), equals .I;G'
Proof: See Appendix B.

T™e proof of Propositiocn 3 is very much in the spirit of Maskin's work
(1983) on the implementation of welfare optima a9 Hash equilibria. A game ia
constructed in which esch party announces & pair (vi,cj}, which can be
interpreted &s iis version of the true values (v,e). The Hash equilibrium of
the game is such that each party wants to tell the truth. Two differences
from Maskin's work can be noted. First, the game we consider 1z & two stage
aone where in the first atage & price pair {?O'pl} 1s determined, and in the

second stage trade occurs only if both parties want it te. In Maskin's work,
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b8

the geme analyzed has s single stage, and 2 “voluntary trade” reguirement is
not izmcluded {although it appears that it eoculd be}. Secondly, Masiin does
not allow for renegotiation. This means among other things that if one party
does mot tell the truth, trade may pot occur even when v 3 ci iR other words,
the game he considers is not zerc sum. {It turns out that in the game
constructed to prove Proposition 3, renegotiation does not occur in
equilibrium; nowever, the posgibility of it influvences out of eguilibrium
behavior. In particular, it prevents the existence of Hash eguilibris other

14
than the %ruth-telling cne.)-—/

5. APPLICATICNS

Ve neve characterized the ex~post divisions of the surplus that the
parties can achieve, both for the case where messages cannot be verifieda end
for the case where they can be. We now consider what implications our

results have for the form of the optimal secomd-best contract.

45 we notea sbove, there are two reasons why the ex-poat division of
gurplus matters. First, the parties may be risk-sverse; secendly, they may
take mctions which affect the size of this surplus. To simplify matters, we
consider these two factors separately, although both would be present 1n &

general model.

Consider firat the case where the parties arve risk-averse, i.e. the

buyer’s utility is Bivg - p) end the seller’s utility 1s 5(p - ca}, where g=0



or i is the level of trade. We suppose that B,S are defined respectively on

@) of the real line, where lin B(I} = lim S{I} = -=,

intervala (IB. =), (I
I*ZB I’ES

gf

& first-best (contingent} coptract is charscterized as follows:

(5.1} alv,e) =1 (=) v 2 e
(5.2)  plv,c} = g, wnen v C ¢

{5.3) B'{v - plv,e)) = S'{plv,e) ~ e} Tor ail v } e;

B'(-py) 5'{ng)

(5.4) f s(plv,c) ¢ (v,e) + pOU—q(v.c}) ~ cglv,e))dFiv,e} = U.
Here plv,e) is the payment from the buyer to the seller in state (v,c) &nd F
is the distribution functien of {v,c). (5.2} is the Boren optimal risk-
sharing condition and (5.3) says that the seller’s ex-ante expected utility
is T], determined in the market for contracts. {5.2) tells us that the no-
trade price is e constant, Por while it follows from (5.3} that
{5.5) v - plv,e) = slv-c),

plv,e) - ¢ = v-g-¢lv-c),
where ¢ is a function satiasfying 04¢'¢1. That is, each party’s net payoff is
a function only of totsl surplus Hax {v-e, 0}. Together (5.2) and (5.5}
imply that {1) - (3} of Propesition 3 are satisfied, where ;O £ Dy -1;1 {v,c}
= plv,e}. It follows that, with verifisble messages, the first-best can be

schieved even though coniingent contracts camnot be written directly.
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When messages cannot be verified, the situation i1s very different. From
Proposition i, the optimal contract solves:
Max { | Blv-k-pg) dF(v,c} + [ Blv-c-pg) dFlv,c)

v>k2>e vyeZ> Kk

+ ] Bl-pg) dF(v,e) + | ginpo)d?{v,c)]
E>v>re wec
5.7. [ 8{pg + ® - ¢} dF(v,e) + | S(py) dF(v,e)

vr>k2ec v>e> k

+ f S(py + v - c) dF(v,c) + | S{pc)dF(v,c} > U

kK>v2>e vic
T i elear from Figure 2 that only quite crude divieions of the surplus are
pongible, and price fusctions of the form {5.5) cannot generslly be
implemented. In some cases, this may not matter. For example, if the buyer
is risk-nentral, the first-best can be achieved by setting k ¢ ¢, since then
the trading price is pg + Cy which means that the seller is fully insured.
Similarly, if the smeller is risw neutral, the firsi-best can be achieved by
setting k > v; this yields the trading price By * Vo end the buyer is fully
insured. In gemeral, however, the division of the surplus indicated in
Figure 2 will be gquite undesirable from a risk-sharing point of view, and the
loss from being in the second-best when pessages cannot be verified is likely

to be quite large.
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Consider now the case where the parties are riak-weutral, but take
mctions to increase the surplus {vec). Let the puyer's action be § and the
seller's mction o, and suppose these are taken just after the date O contract
is signed {we cen think of P and ¢ 88 being specific investments). We assume
that eech party’s action incresses only his own payoff, i.e. B enhences Vv and
o diminishes c¢. To simplify we suppose that v.c are independent, and we
write their distributiom functions as

?h(v,ﬁ}, Fs(c,c).

If the scticns B, o were publically ohserveble, their existence would
cause no new problems. The contract would simply specify the optimal B and
o, with esch party naving to pay the other party & large swm if ne did not
carry out the appropriste action. We shall suppose, however, that B, o are
"private” variablea, which are observable only to the perty carrying them out
(they correspond to effort, sey}. As 8 result, the contreet cannot mention
g, ¢ explicitly, but can only gesr paymenis to the resulting realizations of

v and c.

Before we analyze the second-best, it 1s again useful to consider the
first-best -~ where B, ¢ can be specified and prices can be made contingent
on (v,c). The ¢ptimal firat-best contract sclves:

(5.6) Hax | {v-e) dFy(v,p) dFg(e,0) - ny(B) ~ hgled,
Byo vic

where hb, hs sre the costs (in monetary) terms to the buyer and seller of the
actions §, o. That is, because of the risk meutrality of the buyer and
seiler, B, o should be chosen to marimize expected surplus {this surpius will
then be divided up so that the seller receives 0 by means of a date O side

s =
payment). Let the solution of this problem be 8,¢a .
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In fact it turnz oui that even though Bé, c* cannot be specified in the
contract, the firsi~best can s3till be implemented as long 85 & coamtingsnt
contract can be written on v and c. ‘This may be achieved as fnllows: Define
plv,c}, the smount the buyer pays the seller in state (v,c), by
(5.7 slvie) =) o dF (5, o®)+ | v aF, (v,8%).

we voe
That 1s, the buyer pays average cost conditiona: on cost being less than the
resgiized velue multiplied by %the prebability of this event pluna average
benefit conditional on benefit exceeding realized cost multiplied by the
probability of this event -- both evalusted with respect to the optinmal
acticna, 8%, g*. Then one contrzct which ackleves first-beat is:
If v>e: pylv,e)= wlv,.c)

and pO{V,c} = p{v,e) = k£, where k 15 any mumber in [e,v]

{5.8)
If v < oo ;-U{v,c} = plv,e)
and p1{v,c) is arbitrary.
This contract leads to efficient trading: g=% 1ff v > ¢, and it is not
diffieult to szhow that it induces efficient actiopa. lMote that there are

also generally other achemes which implemeat first-best -- we do not nave

unigueness nere.

Unfortunateiy, this prieing scheme dees not generally satisfy the
conditions of Proposition 3 since, among other things, p(v,:) in not constant
over states v ¢ ¢. {This is mise true ¢f other schemes which implement the
first-best.) This iz not surprising. In order %o implement
ﬂ* and cr*, it is necessary to reward (penalize) the buyer when v is high
(low} and the seller when ¢ 18 low {haign), mnd over the no-trade region this

is aechieved via variatioma in p{v,c).
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Thus in general it 13 imposaible %o echieve the firat-best in the
action-risk neutrality cese using a verifiable message scheme, and hence &
fortior: using a non-verifiable mesaage seneme. There sre gsome exceptions to

thiz, and these are grouped together in the next proposition.

Proposition 4: In the action-risk peutrality case, the first-best can be
achieved using a nom-verifisble message scheme if any one of the following
conditions holds:
H)vicﬁﬁpmhﬂhﬂlfuauﬁ,a;Q)%Wﬁ)miﬁwn@ﬂofh

(3) Fs(c,c) 18 independent of o.

To establish {1}, note that, if v > c always, plv,e) is & conatent in
{5.7). Also vy > ¢ {since v,c are independent). Hence simply choose « such
thet v > k> E and let the contrect prices be (PD

that the seller receives an expected utility of U.

i Dyt k), vhere F, s such

In ease (2), the buyer's sction is irrelevant. The first-besi is mow
achieved by choosing k > ¥ so thet the buyer never wants te trade under the
originsl contract. This means that when the comtrset is revised at date i,
the tronding price will be By * Vs and hence the seller's ohbjective function
ias {v-¢); this ensures that he takes an efficient action. Case (3) works the
other way round: now k < ¢, so that the revised price 1s py + o, and the

buyer takes an efficient action.

(1} - (3) sre very stroeg conditiong. In genersl, if v ¢ ¢ with

positive probability and both the buyer's and seller's actions matter, the
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first-best cennct be achieved. This raises the question of what ia the form
of the optinal second-best contiract, i.e. the coniract which maximizes (5.6)
subject to {pg, p1{v,c)) satisfying {1) « (3) of Proposition 2 {in the case
of verifisble messsges) and (1)-(4) of Proposition i (in the case of non-

verifiable messages). One case where we have been able to answer this

gquestion is:

Proposition 5: In the action-risk nentrselity case, if f and o can be acaled

so that they both lie in [0,i]}, and

{1} for each § ian (0,i), the {non-degenerate) support of Fh{v,ﬁ) is
P oo = = o i
fy=v, i €y € s Cvp =7 txr > 23}
and the probability of v; is

w,(B) = Bn,

+ -
+ {?—ﬁ)ﬂi

where n° and n~ are probability distributions over Ev1, serr Yy }

and ﬂi+/xi' i3 increasing in i
(2} for each ¢ in (G,1), the {non-degenerate) support of Fs(c,c) is
|g = Sy > aas ? Cy> e dep=g | 3 2)
and the probakility of cj 1g
+ -
Aa) = ap. + {i-d)p,
p4la) oy v { )pJ

where p* and g~ are probability distributions ever ch, ey ch

4w 5 - 5
and pj /pj is inereasing in j
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(3) nyl+) and n(+) mre convex and increamng in [0,i], with

tim ny'(B) = lim n o) = 0
A0 o+0

and Iim hb'(ﬁ) = iim ha'(d) = =
g+ a+1

(4) v <cBand ¥>c

then, even if messages are verifiable, the second-best can be achieved using
a nun-verifieble mesasge scheme. Also the second-best actions B &nd o are
both strictly less than their respective first-best levels f% and o* {assumed

15
unlque);—~/

Remark. If (i) the first part of condition (4} did not nold {i.e. if ¥2@),or

{ii) the distribution ?b(v.ﬁ) vere degenerate {i.e. I = i}, or

i}]

{3i1i) the distribution Fs(c,c) were degenerste (i.e. J
ther we imow Trom Parts (1), {2}, and {3} respectively of Propositicn 4 that

the first-best can be schieved using a non-verifiable message scheme.

Conditions {1} - (3), then, are sufficient to ensure that there is some
simple two-price contract py, Py -= &9 in Proposition i -- wnicn periorms
just aa well = more sophisticated contract which uses verifiable pessages (of
course if messages cannot be verified then the contract would have to be
simple anyway). Condition (3) ensures a unigue, interior solution for B and
5. Conditiops (1) apnd (2) are the importent ones. They amount o a
conbination of the Spanning Condifion and the {strict) Monotone Likelihood

Retic Condition discussed in Grogsman and Hart (1983, pages 23 and 253,

The rough intuition behind Propasition 5 is as follows. Suppoae

mesaages can be verified. A secomd-bzai contract will incuce the buyer and



seller to taxe actions as close to B* and o* as poasible, given the
constraints on what divisiona of surplus can be implemented. One constraint
is that the {frsding price p1'(v,c) has to be non-decressing in v and ¢
{(Preposition 2(1}). Consider the buyer. From condition (1) in Proposition
5, the larger {(amaller) the buyer's surpius in the high {low)v; states, the
larger will be B. BSo, if the second-best B is less than B*, then 91*{v,c)
should inerease with v as little as possible. A samilar argunent for the
seller, using cendition (2), suggests that if the sccond-best o is lesa than
o%, then pl*(v,c} sheuld incresse with ¢ as little a3 passible. But there
ere other constraints on pt*{v,c); ir particular trade has to be voluntary,
i.e.

gt e £ pFlv,e) Lt {Proposition 2(3)}
The best "compromise” set of trading prices has the form giver 1n figure 2,

16
end this can be achieved without verifiable messages.——/

To summarise the results of this section: we nave examined two casea in
which the er post division of surplus metters, firat where the parties are
risk averse, and second where the parties are rigk neutral but talke actions
vhich affect the size of the surplus. From sectiom = we know the form the
trading prices must take if messages cannot be verified, and in both our
cases the firsi-best can rarely be achieved with such a crude givision of
surplus. the guestion is, what difference does it make if messeges can he
verified and the trading prices can take the more subtle form given in
section 47 In the risk aversion case, it turna out that the first-best ecan
now be implemented. On the other hand, for a particular erample of the

action-risik neutrality case, being sble to verify messages makes ne

difference.
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6. Conclusions

Tt is usuaily argued that s contract 1s important in facilitating trade
between two parties who have & long-term trading relstionshap involving large
specific investments (see, e.g., Williamson {1%79)). This is because ex-
post, competition will have little impact on the terms of the trading
relationship and se these must be governed imstead by contractual provision.
A major problem facing the drafters of the contract is to aanticipate and desl
appropristely with the many contingencies which may arise during the courae
of wnat may be & very long relationship (in the ceal industry, some cortracis
invelving coal mines and electricity generating plants last more than thirty
veers; see Joskow (1984)). Im fact, since it does not pay to plan for every

conceivable eventuslity, contrascts will typically contain large gaps.

In this paper, we have considered how these gaps might be filled in
during the course of the trading relatiomship. We have atudied a situation
wnere the gaps are due to the inability of the parties ex-ante to describe
the objective evenits which will ex-poat determine the state of the world
{another interpretation 1s that the parties are initielly unsware of the
relationship between these events and the state). The parties can make up
for this tc some exrtemt by building into the contract a mechanism for
revising the terms of trade as each party receives information about
benefits and costs. We have studied the design of mn optimal mechaniam of
this type under two different assumptions abut the communication mechanism at

the parties’ disposal-
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A patura! guestion to ask 13 whether mechanisms of the sort that we hnave
deseribed are found in practice. It is very commor for long-term contracts
to contain formulae linking future terms of trade to seme objective industry
price or cost index, or to actual cost through a cost plus arrangement. QOur
mechanism is rather different, however, im that it invelves one or bath
parties having & direct influence over the terms of trade {the mechanism
coutd, of course, easily be suppiemented by the use of externsl indexes or
cost plus arrangementsz). I% is worth noting that, in his interesting study
of long-term contracts involving coal suppliers ang electricity generating
piants, Joskow {1984) discusses a case of a contract whieh gave the coa:
supplier an opticn to switch from en indexed arrangement to & cost plus
arrangenent on 8ix months notice. This 18 & special case of the mechenism we
consider {in general, both parties will hsve some choice over the price
schedule), althousn it is also consistent with certain asynmetric information

mechanisms (see, e.g., Riordan {1684}).

Cne striking conelusion of our analysis 1s beczuse the periies can ex
post rescind the original contract and negotinte a new one, severe limita mre
placed on the price revislon schemes which are feasible ex ante. It may be
noted that in equilibrium no renegotiation is ever required (we have alreasdy
noted this in the verifiable message case: in the nonverifisble case, the
Figure 2 outcome can be schieved by specifying the prices ?%, ;b*k and giving
the buyer the power to raise prices and the seller the power to lower them}.
CQur supposition 1s that this 13 connected to the assumption of unbounded
rationality. GSince the parties have unlimited ability tc conceive of all the
possible benefit-cost aituations -- that is, (v,c) pairs -- any renegotiation

can be
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enticipated and built into the revision process embodied in the original

contract.

In order to understand renegotistion as an equilibriwum phenomenmon, it
would seen therefors that we must drop the assumption of unbounded
raticnality. If goes without saying that this is a vital -- if forbiddingly

difficult ~— topic for fuiure research.
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The courts are aasumed not to kpow how v and ¢ depent on w. We are thus
using the term state of the world rather lcosely here since it does not
inciude the values of v and ¢; by the state we mesn those fmctors or
events which are publically observable.

Revisions have aiso been studied by Rogerson (1984) and Shavell (1984} .

We suppose that this revision apd/or renegetimtion :is costleas, which i
clearly &n ertreme assumption. The opposite assuamption -- that they are
prohibitively costly -- whieh 1s slso extreme, was mede 1n Grossmwen and
Hart (1984).

We confine attention to a contract between 2 separately owned buyer and
geller; that 1s, we do not consider the possibility that the parties
might resolve their contractual problems by vertically integrating. For
an analysis of this, see Orossman and Mart (1984).

We pdopt the convention that ¢ = i if v = c.

In other words, v and c are observable, but not verifiable; as in
Holmstrom (1982} or PBull (£983).

In order to justify the assumption thet v,c are not ohzervaile to a
court, we must suppose that these are pravate benefits and costs which
accrue directly to the managers of the two firms -« i.¢., like effort,
they don't show up in the accounts. More gemerally, actual benefita and
coats might be observable, but the relationship between these ohaervable
variables and the uvnobservable effort levels of managers might be
uncertmin. It seems likely that our analysis could be exiended to this
case.

{pg{m), py{m)) cam be thought of as a momlineer price schecule.
A ternstively, gj(g) can be thought of as the damsges the buyer pays the

seller {which might be megative) if "bresch” occcurs (in legal terms,
these are “liguidated” damages).

It is worth moting that the extension of this rule to the czse where g
takes on more than two walues is by no means obvious.

The telegraph company is s third perty, and hence the same fectora which
make the inclusion of any third party in the contract problematicsl may
be relevant here (see Appendix A). Case B mey, however, apply in the
gbsence of a third party if, say, messages are transmitied by telephone
and can be recorded {and the resordings cannot be meddled with). Hote
that registered mail does not satisfy the conditions of Case B since,
althouzh it may be established that a message was sent, there is no
record of the contents.

There 15 & second sort of threat which is petentielly more powerful.
The buyer, say, could send the followang two letters to the seller at
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the seme time. The first letter says: "If we ever ‘rads under the old
contract, I agree to pay you & large sum over ané above %,." The second
letter saya: "I propose that de rescyind the old contract and s1gn a new
contract which specifies prices {%;, po+c). Please wriie pack
confirming that you agree to this. (The letters are sent so that the
seller has enougn time to respond bvefore date 2.) The first letter
poses a sericus problem for the seller. If ke hangs on to it, the buyer
knows that if g=%, the seller will preduce it in the event of a diapute
in order %o obtsin a very high price. The seller, knowing this,
realizes that the buyer will not accept the good at dete 2. Hence the
seller may a3 well sign the new contract, which gives him a price less
than ?ﬂ. We implicitly mssume that the seller can neutrslise this
threat in one of two ways: he either returns the letter to the buyer or
ke writes a new letter saying "I reject the terms of your first letter.”
In both cases, this has the effeet of returning the buyer and seller to
the position where trade will occur at price py.

The exact way the contract is renegotiasted may be more cemplicated than
in Section 3. Suppose, for example, the messages b, sj are sent on the
iast dey, n. Then since there ia no time left for renegotistion, the
new coniract meat pe exchanged at the same time. Given thet it is anot
yot clear what the prices under the old coantract will be or who has the
power to dictate the terms of this new contract, one can imagine that
each party sends a new contract on day n, proposing prices which are
contingent on the message the other party senmds on that day. By date 2,
it will be cliear whet the old contract prices are gnd which of thess new
contracts has force; the revised prices will then be given by {4.1)

We are grateful to Erac Maskin for providing the following argument.

It con be shown, both in the nonverifiable and verifiable cases, that
the poassibility of ex post renegotimtion reduces the set of feaaible
contracts ex ante. In view of this, cne might ask whether the parties
can constrain themselves not to use the renegotiation option. One

88ibility ia for them %o agree that any suggestion by one tu the other

through the mail, say) that the old coatrect should be rescinded should
be heavily penaslised. This may be diffieult to arrange for two reasons.
First, certain rescissions and negotiation may be desirsble (slthough we
have not modelled this), and it may be difficult to specify in sdvance
which these are. Secondly, the party propes:ing rescission could take
the new contract personally to the other party, parting with it enly
once it has been signeda by this party; the new contract, moreover, ¢ould
contain a cleause waiving the penalty.

Underinvesatment results hsve also been esiablished by Crout (1984),
Pirele (1985}, althougn 1n the absence of a date O contract.

It is of interest fo note that the thard comstraint on pi(v,c) -~ given
in Proposition 2{2) ~- 13 nowhere binding {with a positive multipiier)
in the second-best centract for this ection-risi neutrslity model.

The argument that collusion may threaten three party contracts has glso
been made by Tirecle (1985). MNote that the collusion we discuss is
rather different from that found in the incentive compatibility
literature (see, e.g., Green and Iaffont (1979}). There it is typieally
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supposed that the colluding pariies can share pravats information, an
assumption we don't make.

Given the asaumption that third parties are corruptible, the reader may
wonder whether it is reasonetle to suppose that the couris sre not. Ome
Justification is that, given the possibility of appeal, several courts
may be involved in judning the case end it sy be difficult for ons
party to bribe them all {in contrast. there in a single designated third

party).

We are grateful to Steve Matthews for this argument.
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Appendix &

We have studied contragts invelvimg only the buyer and seller. At
several points, however, we hsve noted that it may be desirable for the iwe
parties to inciude a thiré perty in the date O contract. This can he seen
readily in the action-risk neuntrality case. {all the third party T and
assume that e is risk newtral (ihis may be & reasonable assumption if T ecen
diversify by acting Bs a thirda party in a large number of independent
ventures). Then the first-best can be achieved in the feilowing manner. The
econtract stetes that {1) at dste 1, the buyer {8} sends T a message
announeing his benefit Var ang the seller (S) sends a messege sanouncing his
cost c ; {2) g=t if and oaly if v, 2 c,i (5) if g=t, B pays ¥ 2y and T pays S

Vo vhile if q=0, payments are zeroc.

This "Groves-type” scheme will elicit the truth from B and § at date 1
since neither's payment depends on his announcement. It alse ensures
efficient sctions since B and 5's payoffs (gross of effort) are both egual to
social surplus {v-c). T makes an erpected loas from participating in the

contract, but he can be compensated by en appropriate aidepayment at date O.

While there may be large potential efficiency gains from the inclusion
of a third party, various practical problems may prevent these gains from
actunlly beipg realized. The most serious of these involves the posaibility
of collusion by two of the parties agsinat the third. TFor example, in the

case deacribed sbove, there 13 an incentive for B and T to write a new "gide~
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contract” just after the initial three party conirset is signed. Thia new
side-contract says that all payments made by T o § under the original
sontract must be matened by payments from B to T ana that all paymenta nade
by B to T must be returned. Thig arrangement is equivalent fo a merger
between B and T, with T's net payment beconming zero in every state, i.e. B

buys T out. B's new payment, on the other hand, becomes

Obviously T i3 indifferent to this merger. B cannot be worse off since
fhe can always choose the same action as without the merger and, given that he
is risx neutral, the change in the distribution of retarns 1s of no
consequence to nim. (We are implicitly assuming that § doesn’t observe the
writing of the new contract until after he takes his action; otherwise his
action might change — for more on this, see below.) In fact it is easy to

ahow that B will be better off.

Fxactly the same srgument shows that there is an incentive for S and T

to merge.

One way to svoid these mergers, of course, 18 to prohibit them in the
original contract. This mey be problematicel, however, for two reasons.
First, there may be s perfectly legitimate reason for Baond T {or S and T) to
write certain sorts of new contracts with esch other, and it may be difficult
to speeify 1n advance which new contrects are sllowable and whieh are not.
Secondly, the side-contrset may he very compligated, inveoiving subsidieries

of the two companies or intermediaries. For exampite, B might merge with X
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vho might merge with Y... whe might merge with T. It may be very difficult
te give an exnaustive list in the date O contract of ali illegitimate

combinetions of such side-arrangements.

If for these resscns, side-contracta cannot be prevented, the shove
grgument shows that the firat-best will not be schievable using & Groves
scheme in the action-risk neutrality case. In fact the argument establishes
more. Conaider any three party contract invelving B, 5 and 7, where B B, T
are rist neutrsl. Then, since B and ¥ {or S and %) eannot lose from merging,
this contrect muat be eguivalent to a ftwo party contract involving just B and
S. In other words, we may as well focus on two party contracts from the

beginning.

So far we have soasumed that the parties are risk neutral. Ts there a
more subtle form of side-contracting which would upset a three party centract
wher, asy, both the buyer and seller are risk averase? The following lime of
argument suggests that there is. But it must be pointed out that this is not
a full ammlysis of the problem because we do not model the side-contraciing

gome explicitly.

Suppose we drop the assumption that g is publicaily cbservable. Instead
ve suppose that {1} the buyer end seller can cbserve g3 {ii) after date 2,
each has enough evidence to "prove” to & court what the true g, g asy, was;
but {3ii) the two parties, if they cooperate, can falsify the evidence to
make it look as if & g other than g% cccurred. {We are adapting an argument

given in Grossman end Hart (1984).)
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Let the three party contract state that if messages m are sent B should
pay p1b{m), pob(m) to T 4f g = 1,0 respectively, and T should pay pis{m),
pos(m) to § if q = 1,0 respectively. To simplify matters we suppose that

messeges are verifiable -- -but s similar srgument applies in the

nopverifieble caze. Then T's net totel receipts from B and S are lng) =
b : = = w 93 : =
r, {f) - p15(?} if g = 1, and Ko{f) = By (f) - Pos(f} if g = 0.

Define m

Brint Tmin to be any choice of messages Lt and trading decisionm q

{= D or i) vhich minimize Lq(m). ind let the minimun value be A, . Now

consider amy three party contract in wvhick, for some realized psir {v,c), the

egquilibrium messages, o*{v,e}, and trading decision, q‘(v,c), are sueh that
A # = ] i ti ide-
Aq,{v'c)(% {v,e)) = Ayin Ak > 0. B and S ean do better by writing a side
contract in which they sgree, in the event {v,c), io send messages Bint and

(if meceasary) forge the trading decision q ;. as in {iii), snd divide up the

additional surpius Ak between them.

It followz that we may assume without loss of generality that in
equilibrium T always receives hmin' But 1n order to emsure that T breaks

= -
even, A_._ must therefore be zero

This does not yet prove that the third party is pleaying no role in the

contract, theugn. Off the equilibrium path, kq(m) may be pesitive. That is,

an equilibdrium may be sustained via the threat of havaing {on balance) to pay
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T something. But there wouid then be acope for B (or §) to write a side-
contract with 7 in the way we described earlier. so as to effect a merger. B
cannot be worse off from having merged with T, Because he could always mimic
nis previcus sectich, messages, and trading strategy -- leaving his risk
pogition unaffected since T playa no role in equilibriwm. Tt ia easy to see

that B could deo better -- or, if not, then S could.

In sum, if %he three pariy contract 13 %o be invulnerable to side-

contracting, thes it cmanot involve net payments to T: Rq(m) oust be

identically zero. But then the contrect i1s in effect a two party one
17/ 18/
involving only B and S.—f -
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Appendix B

Bl. PFroof of Proposition 3

Tave mil the distinct pairs {v,¢) which have a positive joint
probability, and for which trading is effieient, i.e. v » c. BSuppose there

are t > ) such pairs. Then number them

Hy = (V1 v¢1} . Wy = {VE'CE)’ sra oy W T (Vt,ct),

where ¥ 15 just & shorthand for {v,c}. Finslly, let w atand for all (v,e)

L+

pairs {(if any} which have a positive joint probebility and v < c.

We choose the payoffs of the message game in such a way that iz
equilibrium both parties want fo tell the truth. Hote that we cannot punish
the parties for "dissgreeing” about (v,¢) since, in the absence of a third

party, one party's punishment is another’s reward.

The construction of the game is illustrated in figure 4.
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Figure 4

The diagonal elements, for v > c, comsist of a trading price equal to
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the desired one, p;(v'c}. and a nontrading price cnosen to ensure that trade
occurs (we have selected N p1(v,c) - v, but aay p, = p1(v,c} - ¥ where ¢
€k ¢ v would d0). The final disgonal element has the nontrading price equal

to the desired one, By {since trade never occurs whea v < c, the trading

price 1s irrelevant -- here we have set it &t po).

The off-diagonal elements are = bit nmore complicated. They are
indicated in the diagram for the cese where one parily SnNOUNCES Wi, .. He now
deseribe how they are determined 1n the case where one party apnounces v, and

the other wj, where 1,3 ¢ t*+3, 1 # jJ.

Consider the sub-box {or sﬂbngame) corresponding to the anmouncements

. ..
i* HJ

Seller

Hi Vj

v (G 51 3,0
Buyer i | By {wdmvys By)) 18P N

W
3 EEA 1 - . - .
(g™ s 7y } (pl(ij Vi pltwi))

Figure 5

Without loss of generality, suppose ; (w.)> ; {w.). There are three
L MR S 3

cages:
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Case (i) ?1(wj) = plw ).
Then choooe (polj; 9113} = (peﬂlt ?131) = (Pes Pg("j))

JC, o= By«

J

Then cheose (poijs plij) = (;1(“3) - Yy Pl("j))

(pgd%, 3,3 = {3 00) = vy D)

Case (ii) p‘(wj} b Pi(wi} and veom Yy

Case {iii) Ei{wj) > ;H(Hi) and vim v 4 T

Then choose {polj1 piij} = {51(wi} - ey 51{wi))

(3%, pydh) = (pytwg) = ey 3y L))

Ve have now deascribed how ail the payoffs of the game are determined (if
51le) < Eﬁ("i)’ reverse i,] in caases {ii)-(iii} ebove}. It remains te show
that given any reslized ivi,ci} Wy each party will tell the truth, i.e.
gend the measage W, - =0 thet the price ;t{ui), together with trade, is

impiemented if vi z_ci,and the price ;b' together with ne trade, is

implemented if v, < oy

Suppese firat the realization is sueh thet v < c. Then mo trade occura
wnatever messages are sent. If the buyer announces v, i < t+1, while the

the buyer pays price ;H{"i) - e ;b by conditien (3)

E‘n’

seller announces “t*i’
of the proposition. Hence a deviation by the buyer from the strategies
{“t+1’ “t*E) is not profiteble. On the other hand, if the seller announces
LA 1 < t+#1, while the buyer announces ¥ ... the seller receives pi(wi) -y

L gy by condition {3). Hence & deviation by the seller is also not

profitable. It follows that (wt+§, “t+t) 4s & Hash equilibrium when v ¢ o.
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{Note thet there may be other lash equilibria; however since the geme is
¥ [

zero-sum, they are all equlvalent.)

Suppese next the realizstion is suen thet vy > e.. Consider first
whether the buyer wanis to deviate from “truth-telling", given that he
expects the seller to announce W If the vuyer announces Wigqs the price
pair will be (p,{w.} -~ v.. p,{w. )}, and sc, since v, > c,, trage will occur

i1 i 1774 Lo~ T
at price ,91(&:,.), which is anlso the ruling priee if the buyer tells the truth.
-~

Sc a deviation to w 18 not profitable for thes buyer. Whai about a

t+1
deviation to wj, where 5 < t+1? ‘Then figure 5 applies, and the price prir is

(poji, pgji}. To see that such & deviamtion 13 unprofitable, we separately

consider the following cases:

Case (a}: Bl(wj) = -1;‘("i)-

Trede occurs at prace ;1 (wj), apa s0 the buyer gsins ncething.

Case (B): -1;1 ('ffj) > ;1(1{1) and vyt vy b 6y - oy

Trade occurs st price ig(w_. Y, and so the nuyer gains pothang.
<

Coae {eo): p%(wj) > p1(wij and vj -V < cj -

From condition (2} of the proposition, c:,F -8 2»;1{“;]) - 51 (Hi) > 0, =0
the seller wants to trede at prices (gi(wj') ey :{:4 (wj))- But the buyer may
not {he won't if v, < cs.). If the buyer does want to, the trading price will

be 91{&‘3), which exceeds p1(ui}, and so he will not have gsined by his



~Bf-

deviation. If the buyer does not want to trage at prices (p]{wj) = g4

p1{wj}}, the contract will be renegotisted and the trading price will e

;i(gj) - oy + v.. But from condition (3), this smount is at least ;1(“5.)'

Hence the puyer's deviation is unprofitable.

Cage {d): 51€wi) > i’g(—“j) ana v, - Vs 2 - &5

Trade oceurs at price D {w,), and ss the vuyer gains nothing.
Py toy

(e): p 13 op(w, A v, ~v_ <c, -¢,.
Case (e) pylw, ) > pf(",)) and v, vi <oy -y
From condition (2} of the proposition, € - oy > p1(wi} - p1{wj} >0, so

the seller will not trade at prices (g {"3‘) -5 Py fwj)). T™e contract will
be renegotisted and the trading price will be p1(w3} - ca. + &, which {again
by condition (2)) is at least 51“5,)' Hence the buyer's deviation is

unprofitable.

We have established that in all cases, if the seller sanounces the
truth, the buyer can do po better than announce the truth too. 4 similar
argument shows that it does not pay the seller to deviate from the truth, if
the buyer is not going to. Henmce truth-telling is & Mash equilibrium if v >
¢ {agein there may be other Hash eqguilibria, but they are all equivalent).

—

This proves proposition 3. Q.E.D.
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2. Proof of Proposition 5

Proposition 2 specifies what praces cen pe implemented when messages &re
verifiable. It will be helpful to simpiify the notaticn & little.

First, for all vy 1.03, define

[H]

P,

5 2Py (vgeey) - B -

Then, from parts (1) amd (3} of Proposition 2, we know

Pi,3+1 £ Piy P,y { monotonicity)
and c. < P.. < v, {voluntary trade}
3= 13~ 3J

Secondly, for all i and 3, define
A Em, -~ M.
i

apd Ap

I
o
I
i~
.

3 3 3
Then Aﬁi/ai(ﬁ) and Apj/pé{a) are increasing im i and j. Notiee that these
imply first-grder stochastic dominance-

1

Thirdly, 1in what follows, let E denote &
i=t 3

M C.
Vl_./_ i

b1 ey

fl

H

The buyer’s net gain from marginally "increasing B is
E tmgpsio) [v; ~ Pyl - BLlB).
e first term is bounded. It is also popnegative -- using stochastic
dominance and the fact that v, - Pij is nondecreasing in 1 {from Proposition
2{2)). 8o it follows from condition {3} of Proposition 5 thait & necessary

and sufficient condition for the buyer's optimal choice of B in [0,1] is

{B2.1) b Anipj(c)[vi - ?ij] - by(B) = 0.
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Likew:se, the seller's choice of ¢ csa be summarised by
{B2.2) L ﬁi{ﬁ)dpj{!’ij - cj] - ni{s} = 0.
Consider the following relaxed programme {RP):

Maximige E ni(ﬁ)pj{a)[vi - cé] - hb(B} - nsia)

subject to (B2.3}) I A“ipj(g)[vi - P ] - né{ﬁ) >0

55
J
(B2.4) L m(Blap [P, - eyl -nilo) 20
B, o2 0
and monotonicity + voluntary trade.

(RP) i= “"relaxed” in iwo reapects. First, the equalities (B2.1) and
(B2.2) have bveen repiaced by inegualities. This is just a technical device:
in Lemma 3 below, their reapective (nonnegative) Kuhn-Tucker multipliers y
and 8 will be shown %o be positive et an optimum, impiying that the
ineguslity constraints are binding. Secondly, the restriction on P?(v,c) in
Proposition 2(2} has been omitied. The reason for this is that, as we will
see, the trading prices which solve (RP) satisfy this restriction anyway.

Note that the level of PB 13 left undetermined in {RP): this is because,
with risk peatrality, it is equivalent to a transfer payment at date O which

ensures that the contract is worth U %o the meller.

The necessary [irgi-order condition for § 1s
L ﬁﬂipj(o)[vi - cj] - nb{ﬁ} - vhy (py +6 & Anidpijij - cj] <0,
with equality if g > ©. [Using {B2.3}, we see that this implies

{B2.5) ¢ Aﬁipj(c)[?ij - cj] - yny(B) v+ 8L AniApJ[Pi3 - cjj < 0.



-

~BG=
Likewise the first-crder cendition for ¢ impiies
{B2.5) L nitﬁ}t,\pj{vi - Pyl - enyile) vy 2 [miﬂpj[vi - Pij] < 0.

The proof of the Proposition proceeds via the {following three Lenmata.

Letma i. At s solution to (RP), 1f 6 > O, then for j ¢ J end ¥; > ey

Pij = mex [Pi.ji—‘i’ cj}‘
and if ¥ ¢ O, ther for 3 < I and vy Z_cj,
Py = min iPi+i,j' vi§.

Proof. By symmeiry, we need only prove the first nalf of the Lemma. Suppose

it is not true: for some vy E_cj,

. - N + -
Pij = ¥ and Pi,j+1 = k” where k¥ exceeds ¥ and cj-

Let t be the minimum 1 satis{ying Prj = k¥ and Ve Z_cj. ind let T be the

marimum t gatisfying PT 341 = k~. ‘Then nmonotonicity and voluntary trade
*

. . : )
imply that P1,3+i < PT} & v, am Prj >k > ey for all t in {t, ..,, Tf. 4nd

so without violating monctenicity or voluntary trade, we cem, for esch ¥ in

{t, .. ﬁﬂ, lower ?;3 by £5 > O and waise 2t,j+1 by £ 41 > 0 == where the

(small} Ej, Ej+1 are chosen so as not to disturd the LUS of (B2.3):

it.e. Pj(ﬁ){"ﬁj) + pj_‘_«‘(ﬂ')Ej‘“ﬁ = (.
The effect on the LHS of (B2.4) is

I on(8) [ap,(c) » & - £ (B (o) {___{_TAPJ'” ~_{——Ap5 ]
- +* = -
n (B 53( €y L E = (B o lode o8 B 5

=t
— which is positive. But the fact thaot we can slacken the constraint (82.4)

in this way comtradicts 8 > 0.
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Hext a technical lemma which will be of use later.

Lemma 2. I x; 18 nondecreasing in :, and yj 15 noninereasisg in 3, then
I J ]
o E An dp . - y.}] 2> 0
i=fog=t  * Palrs - vl 20
s
::1_3«"j
and the inequality s stract if and only if :cz - ¥; >0 Ty - ¥y

Proof. Define zi3 £ max fO, X - yj] - It 13 stre:xgntferward to show that,

for 1 ¢ I ang 3 < J,

{82.7) z -z +zZ,, 2 0C,

i+i, 3¢t 7 BL, 341 i+1,j i3 =

#ith eguality iff either LI < yj+1 or X; 2 ¥
3
For each i. define Ei ¥ L Ap,z
Take & perticular i < I. Jow

J
51«-1 - El = JEE Apj[zj_+1.a . Zij}r
which from {B2.7) end stochastie dominance 1s non~negative, apd zero iff
elther S Tieq OT Xy > ¥3 for a1l j ¢ J ~— i.e. iff either Ti4g iy; or
I
X > ¥y Therefore. again from stochastic dominance, ) ﬁmit;i 2 0, with

1=

equality iff either i £ ¥y or X,

i s ¥, for g1l 1 ¢ I -~ i.e. iff either Ty

< ¥y or ):1 > y1. Q.E.D.
Lemms 3. At e solution to (RP), v > O and 8 > 0.

Proof- Suppose not: without loss of generality, suppose y = 0.
First we show that 8 > 0. For if 6 = 0, then from (B2.5) and (B2.6),
I Aﬂipj(o'}fPij - cj] <0,
end I ni(a)ﬁpj[vi - pij] < 0.

But monotonicity, voluntary trade, and stochastic dominance together imply
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that the LHSa of these inegualities asre nonnegative, and egusl zero if and

enty if
vi 2 e5 = Pij ig independent of : {end egusl %o g5 if vy ¢ cj)
A = 3 9 - -~ 5 1 3
and o < v > Pij is independent of } (and equal fo v, if ¢ 3 vi).
Either vy < ey oor v, 2 Cg+ Terefore, either PI.} = opoor PIJ = P1J = vy

But a2 symmetric arguent shows that either P]-_J = vy or FIJ = qy. But this

contradicts I, J > 2 and assumption (4) of the Proposition. Hence 8 > O.

Consider the LHS of {B2.5). Monotonicity, voluntary trade, and
stochaztic dominence together imply that the first term is nonnegative. The
second term is cero, since v = O. Henmce the third term must be nonpositive.

But, sinee 8 > O, lemme 1 tells us thsat, for those vy > c}-, either Pij = z:;i

or Pij eguals some ®yv BBY, which is independent of j and (from monotonicity)

nondecreasing in i. Hence Lenma 2 applies (setting yj B cj), and the third
term of the LHS of (B2.5) is non-negative, and zeyo oniy if Pi;j = cj for all
vy 2 ey But this last cannot ze the case, since it would mean PIJ < min

ivI, PI,J-EI and therefeore & firgt-order condition for PIJ(' BzzI(B)ApJ L0 --

which contradictas 8, Ap‘}. » 0. Q.E.D.

Lemman 1 and 3 fogether imply that in B second-best contraci, the
tradisg prices have the form given in Figure 2. These can be achieved with a
simple two-price contract (PG' ?O+ic) without messages, as e¢laimed in

proposition 5. HNote that the omitted reatriction on trading prices given in

proposition 2(2) is satisfied.

AA
For clarity, dencte the second-best levels of B,0 by ,0. It remeins to
A A
show that B ¢ B* and U < o*.
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Define clg,0) = £ ni(B)pj(a}[vi - cj]
X(p,o) 22 ni(ﬂ)pj(ct}{vi - Pij]
¥(B,0) =2 L ﬂi(ﬂ}pj(a){r'ij - cj}.

Then G1(5*' g¥) = h;:ugi) and GZ(H*' o*) = h;(c*).

Mso G,, X

Y, are iadependent of § and GZ' Xz. Y2 gre independent of o.

LA A
Honotonicity, voluntary trade and stechastic dominance together imply G1 >

X, %, 20, €y > ¥y, and ¥, > 0. Finally, G, = ZAﬁiﬁpé[vi-cj] > 0 from

2 2" ]

Temma 2.

ey
Suppose g £ (<) o®. fThen
. A ~ A FLY /\ . A
h;)(ﬂg‘} = Gy (R, a®} > (5) ¢ (B, d) = {8, o) > X (B, o) = hb(ﬂ)-
A
Taus f ¢ (<) B*. Since we have shown, in the first pert of the proof of
LS
Temms 3, that (8,-K,, Gp-T,} # (0,0), it follows that (B, ?) + (g%, o%). By
syumetry, then,
A A
gither B ¢ 6% and ¢ < o¥

A A
or £ > 8% and o > o¥.

Y2 now use revealed prefersnce to rule out the Iatter pnssibﬂityli/
Since (p%, o*) is first-best,
e, D - ae®, %) ¢ 5, (B) - By (8% + 1, (@) - nyle™
which in turn is no more than X{?. 'c}) - X{g®, ';') + ‘:(E, ?r) - 1(3, o®)
since ? is the buyer’'s choice if o = : and 9 is the seller’'s choice if § = E.
Bt X8, D) + WE, 9) = o(f, D), and =0
(82.8) G(g®, o®) > x(a*, B) + (B, o%).
Fow, using X, > 0. ¥, > O, if? > B* and 5> a®, the RIS of {B2.B) is not
less than X{p%, o®) + ¥(p¥, o*) ~ G{g%, o%}.

Contradiction. Propositiomn 5 iz proved. Q.E.D.





